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Abstract

Virtual tissue models aim to predict the effect
of localized interventions in a spatial context.
Yet current generative counterfactual models fo-
cus largely on global metadata or image-level se-
mantic attributes. Biological interventions, like
targeted therapy or targeted radiation, perturb
stochastic tissue dynamics in space and time, re-
quiring a field-theoretic perspective rather than
just high-dimensional variable sets. Modalities
like spatial transcriptomics and serial H&E imag-
ing provide only partial snapshots of the stochas-
tic evolution. Such settings require path-level
causal questions: what trajectory follows from
a localized treatment, and what would have hap-
pened in the same patient under a different region,
dose, or timing? We give a causal path-integral
formulation for It6 stochastic PDEs with additive
Gaussian noise by interpreting the Martin-Siggia-
Rose-Janssen-de Dominicis and related Onsager-
Machlup construction as a structural causal model
on trajectories. The noise path is the exoge-
nous variable, drift deformations are interventions,
and doubled same-noise path integrals implement
Pearl-style twin-world counterfactuals. We show
that we recover Causal Field Theory (Mehrjou &
Scholkopf, 2026) in the tree-level linear response
limit. The construction translates field-theoretic
tools into estimators for nonlinear treatment ef-
fects, fluctuation-induced feedback, and counter-
factual path sampling. We evaluate the framework
on known-mechanism systems and demonstrate
finite interventions, same-noise counterfactuals,
rare events, and higher-order treatment interac-
tions. The resulting dictionary provides a path-
space route to evaluate counterfactuals in spa-
tiotemporal systems where sequential abduction-
action-prediction estimators are unstable.
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1. Introduction

Causal inference for stochastic spatiotemporal systems is
naturally a path-level problem. This is particularly clear
in tissue-level biology. Spatial transcriptomics measures
molecular state across a tissue slice (Qin et al., 2023; Hunter
et al., 2021; Wang et al., 2023a), serial H&E or whole-slide
images record evolving morphology (Yuan, 2016), and tar-
geted therapies such as focal radiation (Timmerman et al.,
2010), intratumoral drug delivery (Melero et al., 2021),
or region-specific immune modulation perturb only part
of a heterogeneous tumor microenvironment (Junttila &
de Sauvage, 2013). These are path-level causal questions:
how a local intervention propagates, how timing or dose
changes the trajectory, and what would have happened in
the same patient under a different localized action. A lo-
calized intervention changes a mechanism, its effect propa-
gates through space and time, and a unit-level counterfactual
must hold the exogenous randomness fixed, consistent with
the observed trajectory. Recent Causal Field Theory (CFT)
work connected do-calculus to PDE-based systems and com-
puted localized treatment effects with Green’s functions in
the linear-response regime (Mehrjou & Scholkopf, 2026).
That result however did not address three questions that
are central in stochastic systems and for causal inference:
how to treat finite nonlinear interventions, how fluctuations
change mean treatment effects, and how to condition coun-
terfactuals on the same noise path that generated a patient’s
observations.

This paper studies those questions for [td SPDEs with addi-
tive noise. The Martin-Siggia-Rose-Janssen-de Dominicis
(MSRID) construction (Martin et al., 1973; Janssen, 1976;
De Dominicis, 1976; Tauber, 2014; Bonicelli et al., 2025)
represents the diffusion path measure as a functional inte-
gral over a physical field X and a response field X. After
eliminating X, the Onsager-Machlup functional gives an
unnormalized density on trajectories (Onsager & Machlup,
1953; Graham, 1977). We use this representation as a struc-
tural causal model on path space, where the exogenous
variable is the noise trajectory, and an intervention is a de-
formation of the drift. To map the construction to a causal
model, in addition to the additive noise assumption, we as-
sume It6 causality so that u; is non-anticipating, as well as
exogeneity of the noise prior. The additive noise assumption
can in principle be relaxed, at the cost of state-dependent
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vertices and log-det Jacobian in the action.

To obtain stochastic estimates the central object is the gen-
erating functional Z[J, J;u]. Derivatives with respect to
the observable source J generate associational statistics; fi-
nite changes in the drift argument u generate interventional
distributions, response-field insertions generated by J give
causal sensitivities, and a doubled path integral with shared
noise implements Pearl’s twin-world construction (Pearl,
2009; Balke & Pearl, 1994) without requiring sequential
abduction-action-prediction steps. Table 1 summarizes the
resulting dictionary.

This work builds on a large corpus of results in statistical
field theory, stochastic optimal control, and causal inference.
Continuous-time causal inference and dynamic SCMs al-
ready give causal semantics to stochastic or deterministic
dynamics (Lok, 2008; Rg@ysland, 2011; Hansen & Sokol,
2014; Mooij et al., 2013; Boeken & Mooij, 2024), MSRID
response fields, Onsager-Machlup actions, function-space
MCMC, stochastic adjoints, and instantons are established
computational tools (Cotter et al., 2013; Kappen, 2005;
Theodorou et al., 2010; Freidlin & Wentzell, 2012; E et al.,
2004; Heymann & Vanden-Eijnden, 2008). This paper adds
an explicit unified view and a causal dictionary that speci-
fies which source, contour, or approximation answers which
Pearl-rung query, together with an energy-based view that
lets us answer non-markov queries. Further related work
appears in Appendix A.

Main contributions. In this paper, we develop a path-
space framework for estimating interventional and coun-
terfactual effects in stochastic spatio-temporal systems for
localized interventions, particularly relevant for biological
systems where interventions propagate under noise and un-
certainty. We formalize the MSRID/Onsager-Machlup con-
struction as an SCM on trajectories with the noise path as
the exogenous variable, drift edits as interventions, and a
doubled action with shared noise as the twin-world coun-
terfactual mechanism (§2). We further connect this formu-
lation to path-space energy-based models for both inter-
ventional and counterfactual queries, enabling path-space
sampling without explicit abduction. In known synthetic
systems we show that (i) tree-level retarded Green’s func-
tions reproduce the CFT linear-response limit; (ii) one-loop
and Gaussian-2PI/Hartree closures show when fluctuations
shift the ATE; (iii) function-space MCMC on the Onsager-
Machlup action samples finite-intervention and conditional
counterfactual distributions beyond linear response; and
(iv) in the additive-Gaussian low-noise/MAP regime, the
MSRID saddle/instanton corresponds to methods from
stochastic optimal control and identifies the structurally-
constrained shared noise and the stochastic adjoint.

2. The MSRJD generating functional

Let X, (x,t) be a vector field on space-time, with a indexing
the n scalar components (e.g. different cell types, concentra-
tions of species, or channels of a multi-modal observable),
evolving under

O Xo(z,t) = Fo[X]|(z,t) + uo[X](x,t) + 1o (2, 1), (1)

where I, is the mechanism, u, is a soft mechanism edit
(intervention) defined below, and 7), is Gaussian noise with
covariance (nq(z,t)ny(2',t')) = Ngp(z,t;2',¢'). This is
similar to (Mehrjou & Scholkopf, 2026), with the assump-
tion of additive Gaussian noise aligning directly with the
forward models used in most current multi-marginal and
continuous-time generative frameworks (Song et al., 2020;
Maddu et al., 2025; Guo et al., 2026). The MSRID construc-
tion enforces (1) via a functional Dirac delta, exponentiated
with an auxiliary response field X. This requires integra-
tion over an imaginary contour to ensure convergence. We
absorb the explicit factor of ¢ into X to match standard no-
tation (see Appendix B or references like Kamenev (2011);
Zinn-Justin (2002) for details). Integrating over 7 yields

E.[X;u] = 0: Xy — Fo[X] — ta,

J = /dtddx (JX + JX),
7 = /DX DX e—SMSRJD[XJ?;U]-&-J7
Swsrap X, X;u] = /dt A% X Eo[X;u] + Syac

- %/dt ddx)?aNab)}b.

(2)
with S, a discretization-dependent Jacobian (causal and
field-independent in the It convention). Sources J and .J
couple to X and X, respectively; the intervention u couples
through — X ,u, and is a mechanism deformation from the
base stochastic evolution.

The experiments focus on soft interventions F' — F' + u,
where u[X](x,t) covers any external source term, from
focal radiation dose-rate deposition, local drug deposits,
or general chemical gradients, as well as field dependent
interventions (e.g. concentration-proportional cytotoxic-
ity, cell-type dependent interventions, contact-dependent
killing), but have to be functionally defined. Additionally,
the same path-energy view also represents hard interven-
tions. A clamp do(X¢c = g) on a spacetime subset C'
replaces the structural equation on C' by the assignment
X = g (Pearl, 2009; Boeken & Mooij, 2024). In the path
integral this restricts support to paths satisfying the clamp.
Biologically this could be placing specific cells at specific
points in the tissue, or boundary constraints for drug infil-
tration. This is different from ordinary conditioning, where
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the original dynamics still generate X, whereas under a
clamp those degrees of freedom are fixed and downstream
effects propagate through the remaining dynamics.

The connected generator is W [J, J; u] = log Z[J, J; u]. Its
functional derivatives in the three argument groups generate
observable correlations, response/susceptibility objects, and
interventional effects. Doubling the action with a shared
noise integration generates twin-world counterfactuals. The
full mapping is summarized in Table 1.

3. Ladder of Causation

Associational. Connected correlations of observables
are direct J-derivatives of W, e.g. (X,(1)X;(2)), =
§2W/6J,4(1)8J(2). They encode the joint distribution in-
duced by (1) but say nothing about interventions.

Interventional. The post-intervention mean field is the
J-derivative of the u-deformed generator, (X,(1)), =
SWJ,0;u]/8J,(1)|s=0. The infinitesimal interventional
response is

u

5“&(2) u=0 3)
— (X () B2 ViaX]2)) .

c

Raa(l; 2) = M

where V3, is the intervention vertex (the direction in mech-
anism space along which u, deforms F'). « here defines
the intervention channel the intervention is acting on and b
the component we are measuring the intervention on. Equa-
tion (3) is exact: no linearization in fluctuations has been
made. For finite interventions one keeps wu finite inside
W1, 5 ul.

Counterfactual. Counterfactuals infer the exogenous vari-
ables compatible with the factual evidence, then keep those
variables fixed while changing the structural mechanism
and predicting the altered outcome (Pearl, 2009; Balke &
Pearl, 1994). In an SDE or SPDE, the relevant exogenous
variable is the entire structural noise history 7(t), so abduc-
tion means inferring a posterior over factual trajectories and
shared structural residuals/noise. The path integral view is a
departure from thinking about time evolution under stochas-
tic noise and instead reframes it as a measure over stochastic
paths. Instead of explicit abduction, we use the path-space
analogue of the twin-network construction for structural
causal models, where factual and counterfactual variables
are represented by separate copies that share exogenous
variables. This is also consistent with related counterfactual
graph formalisms such as SWIGs (Richardson & Robins,
2013; Boeken & Mooij, 2024). Given our path space view
we therefore double the action by drawing two field copies

X© x @) driven by the same 7:

thin = /Dn Pﬂ[n] H /DX(U)DX(U)

o=0,T @)

o= Sn[X @, X@50]-5, (XM X Du]
Integrating out the shared noise produces off-diagonal cou-
plings —% > X (@) N X (7) that enforce the shared-noise
semantics. The unit-level counterfactual contrast at point
1is A (1;u) = <X§1)(1) - X§”(1)> . The path in-
twi,

tegral infers factual and counterfactual trajectories jointly
rather than running Pearl’s three steps sequentially. The two
worlds are coupled through a term that enforces that their
underlying structural residuals must match, 7;[X(?); 0] =
7[X () 4] (§6.3). For rare events, the joint integral reduces
to a shared instanton in the low-noise limit (§6.4).

4. Path-space energies as EBMs

For computation it is useful to pass from the MSRID ac-
tion to an Onsager-Machlup (OM) path energy (Onsager
& Machlup, 1953; Graham, 1977). With additive Gaussian
noise and a fixed Euler-Maruyama discretization the action
becomes

1
SalXiu] = mz 4[5 |2,

?"Z[X, 'LL] = Xi+1 — Xz — (F(XZ) + ’Lbl)At,

&)

up to the It6 Jacobian and constants independent of X . Thus
Pu(X) o exp[—Sa[X;u]] is an energy-based model over
trajectories (LeCun et al., 2006). Because the energy is the
squared structural residual r;, intervening on w overrides
the mechanism rather than conditioning on an observation.

For interventions, MCMC on S [ X ; u] natively samples the
post-intervention path law for a finite drift deformation F' —
F + u. For counterfactuals, we define the joint twin-world
energy over the doubled trajectory space (X (), X(1)):

Sewin = SA[X ;0] + SA[X D 4
(0) _ yrobsy2
+ 701X, X (6)

obs

JF/\Z rs[X ;0] = 73 [ X ;]|

The ~ term anchors the factual world to the patient’s sparse
observations, while the stiff A penalty forces the exogenous
structural noise to strictly match between the two worlds,
as in (4). We sample this joint energy with gradient-based
MCMC. Additional soft constraints add energy terms. Hard
clamps are support restrictions or infinite-penalty limits. Ap-
pendix C shows that known Girsanov and Feynman-Kac ap-
proaches (Del Moral, 2004; Donati & Keller, 2018; De Bor-
toli et al., 2021; Skreta et al., 2025) are action ratios and
additive energy tilts of this same object.
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Table 1. The causal-field-theory dictionary. Each row pairs a standard object of statistical field theory with the causal-inference object it
computes for the SPDE (1). Rows in the upper block are exact in the full theory; rows in the lower block are obtained by perturbative

expansion or by saddle-point evaluation.

Field-theory object

Causal-inference object

Experiment

SW/sJ6J = (XX),
SWIJ,0;u] /6] =0 = (X)
S2W /6] 6] = <X)?

u

Associational correlation (Rung 1) —
Interventional mean / ATE (Rung 2) §6.1

Susceptibility / response function §6.1

Doubled (X (0), X (1)) + shared noise Twin-world counterfactual (Rung 3)  §6.3, §6.4
e~ SalXiul Path-space EBM / sampling target §4, §6.1
Tree-level (deterministic) Green’s function G™ O Linear response §6.1, §6.2
Dressed propagator (GT) ™! = (GT(0)~1 _ 5 Variance-corrected ATE §6.2

Hamilton EoM X = —9H /0 X
Instanton (saddle of Snsrip)
k-vertex insertions 9% W/du"

Stochastic adjoint / causal sensitivity
MAP rare-event path/residual §6.4

Higher-order causal interactions

§6.4, Appendix G

Appendix G

5. Field-theoretic tools
5.1. Tree-level Green’s function (linear response)

The linear response regime corresponds to evaluating expec-
tations in the Gaussian or quadratic action. Linearizing the
MSRID action as

X=X +6x, X =06X, 7
and keeping quadratic terms gives the retarded X X corre-
lator Gfl;(o) (1,2). We write expectations with a subscript
for the intervention protocol and a superscript for the ap-
proximation used to evaluate the path integral. Thus (-),,
denotes the exact interventional law, while <~>1(P) denotes the
tree-level/Gaussian theory. At this level noise corrections
vanish and the deterministic saddle is (X )éo). It satisfies the
Dyson equation (Kamenev, 2011)

(LGP 0p(1,2) = Sapd(1 — 2),
Ll1:2) = (30, = SO 50 -2)
b
®)
The corresponding tree-level response to an infinitesimal
intervention channel V, is

RO)(1;2) = GEO(1, 2V (X)), )

This recovers the linear-response kernel of the original
CFT (Mehrjou & Scholkopf, 2026). It is exact in the joint
limitw — 0 and 0 — 0.

5.2. Fluctuation-corrected response through loop
expansion

The tree-level linear response is a leading-order approxi-
mation that requires both the mechanism edit v and the
fluctuation scale o to be small. Causal queries require the
interventional expectation (X (t)),, under a finite protocol

u(t). In nonlinear systems, the mean does not follow the
deterministic equation:

(X (1)) = (F(X(1)))u + ult), (10)
since in general

(F(X(t)u # FUX(t))u) (11)

The physical intuition is that because of drift curvature, fluc-
tuations around the mean systematically shift the response.
Usually, resolving this requires a Monte Carlo ensemble
over many forward solves of the full SPDE, which becomes
computationally prohibitive for high-dimensional spatial
fields, boundary-value constraints, or sweeps over interven-
tions.

Rather than sampling trajectories, standard stochastic field
theory provides self-consistent PDE closures that can be
solved just once to obtain first-order, mean-field like approx-
imations of the state distribution (Kamenev, 2011; Tauber,
2014; Chow & Buice, 2015). This is the loop expansion
of the MSRJD effective action. For each fixed u(t), one
expands around an approximation to the mean background
X = (X)A + 6X 4, generating a hierarchy of deterministic
equations for the mean and covariance (Hochberg et al.,
1999; Bode, 2022).

The one-loop (bare-covariance) closure incorporates the
leading variance feedback:

LX) = F((X)IE) +u+ 2 F/((X)1H) C® (12)

u 2 u

CO) = 2F" (X)) OO 4 52, (13)

where C” (t,t) is the Gaussian covariance of fluctuations.
The self-consistent Gaussian-2PI/Hartree closure refines
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this by using a fully self-consistent covariance C(¢, ¢):

u

QX = FUXOM) +ut g F (X)) CY, (9

Cyf = 2F' ((X))Cy + F" ((X)D)(C)? + 0.
(15)

These generalized Lyapunov equations replace the stochas-
tic ensemble. A single deterministic PDE solve returns the
time-dependent approximation to (X (t)),, and its spatial
covariance structure. The Average Treatment Effect (ATE)
is then simply read off as the difference in the integrated
means, bypassing all sampling variance. Loop closures
are accurate when the state marginal is near-Gaussian. Di-
vergence between the two closures is a diagnostic that the
path-space samplers of §4 are needed. See Appendix E for a
derivation of these mean-field and effective-action closures,
and Algorithm 1 lists their implementation.

5.3. Rare-event MAP abduction, optimal intervention,
and the instanton

In biology we are often interested in rare transitions such as
tumor nucleation, metastasis, or drug resistance, driven by
atypical noise realizations crossing a barrier. For a specific
patient who experienced such a rare event we want to know
what targeted intervention would have prevented it.

For typical trajectories, stochastic forward simulation of the
factual with abduction-action-prediction or the twin-world
EBM (§4) handles these counterfactuals. However, for a
rare event the forward simulation almost never reaches the
rare factual and while the EBM can handle boundary value
problems, it becomes stiff in this setting.

In the low-noise limit the transition is dominated by the
saddle-point equations of the action. This is known as the
instanton solution (Kamenev, 2011) in stochastic field theory
or Freidlin-Wentzell theory in large-deviation theory (Frei-
dlin & Wentzell, 2012; Dykman et al., 1992; E et al., 2004;
Heymann & Vanden-FEijnden, 2008). The posterior over
admissible trajectories then concentrates on a single domi-
nant mode. This means we perform Maximum A Posteriori
(MAP) abduction by minimizing the structural noise prior
subject to the patient’s factual boundary conditions (e.g.,
healthy at t = 0, tumor at t = T):

1
X* ") = in - [ n"N"'ndt
(X*,n") arg min 2/71 ndt,

(16)
st. n(t)=X(@{) — F(X(t)) —u(t).
In the MSRIJD representation, this constrained minimization

defines a Hamiltonian boundary-value problem, where the
response field X = N 15 acts as the conjugate momentum:

V. _ T ENT v
H(X, X;u) =X (F(X)+u)+2X NX, an

X=FX)+u+NX, X=—(VxF)TX.

This single saddle-point solution (X *,N)? *) identifies the
most likely exogenous noise n* = N X* driving the rare
event. The first-order Laplace approximation around the in-
stanton provides the Gaussian fluctuations around the instan-
ton. By inspecting X *, we can identify the spatiotemporal
regions where finite budget interventions have the highest
impact. An optimal budget-constrained u(t) aligns with
this adjoint, maximally suppressing the rare-event probabil-
ity (§6.4). The equations of motion for X (Equation (17))
exactly match the continuous-time stochastic adjoint used
in optimal control theory (Pontryagin et al., 1962; Kappen,
2005; Kidger et al., 2021), which directly measures the
sensitivity of the rare trajectory to changes in the drift.

6. Experiments

We use controlled stochastic systems with known drift and
noise to test the computational claims in Table 1. All tra-
jectories are simulated with Euler-Maruyama, ensuring the
discretized Onsager-Machlup energy used by the samplers is
the exact negative log-density of the simulated path measure
up to constants. Implementation details, hyperparameters,
and supplementary experiments are deferred to Appendix H.

6.1. Path-space sampling for finite interventions

We first show the EBM recovers the effect of finite, localized
interventions. We compare this to the linear response result,
as well as reweighting and resampling methods (App. C).
We evaluate a soft intervention u(x, t) applied to a central
patch of a 32 x 32 bistable Allen-Cahn SPDE:

X =DV?*X +rX(1 - X)(X —a)+u+on. (18)

The causal estimand is the interventional dose-response of
the terminal spatial mean. We compare linear response,
Girsanov importance sampling, and Feynman-Kac resam-
pling, which are all using baseline trajectories against direct
Metropolis Adjusted Langevin Algorithm (MALA) sam-
pling of the intervened Onsager-Machlup (OM) path energy.

As shown in Figure 1, linear response captures the local
slope but misses the nucleation threshold. Girsanov weights
collapse as the intervention accumulates over space and time,
and resampling delays but does not prevent the collapse. Di-
rect path-space sampling tracks the forward Monte Carlo
reference across the dose sweep. While forward simula-
tion is trivial for this specific Rung-2 query, this establishes
the OM energy as a computationally stable target for finite
mechanism changes when non-Markov downstream con-
straints or counterfactual couplings make simple forward
simulation impossible.
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Figure 1. Finite-intervention dose response in a bistable spa-
tial field. Linear response misses the nucleation threshold.

Reweighting-based estimators lose effective sample size through
the transition. Direct sampling of the intervened path energy agrees
with the forward Monte Carlo reference.

6.2. Loop-corrected response captures fluctuation
feedback

We test the loop expansion as a deterministic substitute for
Monte Carlo when the goal is the variance-induced mean
shift. We study a scalar bistable SDE initialized in the lower
well and driven near its deterministic tipping threshold:

dX; = (X; — X2 + &) dt + odW;. (19)

We compare the tree-level deterministic ODE, the
one-loop tadpole closure, and the self-consistent
Gaussian-2PI/Hartree closure against an N = 10%
Monte Carlo reference.

Figure 2 shows three regimes. For small interventions
(¢ < 0.20), noise-induced fluctuations are converted by
the drift’s cubic curvature into a mean shift, causing the
tree-level ODE to underestimate the response. Both loop
closures close this gap. Through the tipping transition (¢ €
[0.25, 0.35]), the marginal becomes highly non-Gaussian.
The bare-covariance one-loop closure overshoots and the
Hartree closure undershoots, bracketing the Monte Carlo
response. Replacing IV stochastic integrations with one self-
consistent PDE solve gives an order-of-magnitude speedup,
useful for screening interventions before running the full
sampler.

6.3. Twin-world EBMs recover individualized
counterfactuals

We test the twin-world energy on unit-level counterfactu-
als, where joint sampling replaces the explicit abduction
step. We consider two systems: a 1D double-well SDE,
dX; = (X;— X}}) dt+0dW,, and a 32 x 32 spatial bistable

field following the same dynamics as §6.1. In both, we con-
dition on sparse factual observations of a patient and apply
a counterfactual intervention. Due to the sparse observa-
tions, we are interested in the full posterior counterfactual
distribution. This is a challenging problem because condi-
tioning on future observations turns the factual evolution
into a non-Markovian boundary-value problem. We evalu-
ate the population Average Treatment Effect (ATE), explicit
noise-space pCN abduction with simulation replay, and our
joint twin-world EBM.

In the 1D system (Figure 3), the individualized counterfac-
tual is intrinsically bimodal: under the exact same obser-
vations, the patient may or may not cross the barrier. The
ATE collapses this structure, returning an invalid population-
average trajectory. The twin-world EBM naturally recov-
ers the distinct conditional modes and approximates the
importance-weighted oracle probabilities, performing on
par with explicit noise-space pCN. Similarly, on the spatial
field (Figure 9), the residual-matching construction scales
robustly to the joint spatial trajectory. Observations strictly
constrain the factual path, residual matching enforces the
same underlying structural disturbance, and the counterfac-
tual path uniquely responds to the altered mechanism.

6.4. Instantons locate rare-event counterfactual
bottlenecks

Finally, we apply the low-noise instanton formulation to
optimize interventions against rare, fluctuation-driven tran-
sitions (e.g., disease onset or drug resistance). We simulate
a 1D Allen-Cahn SPDE with a spatially varying barrier a(z)
representing primary and secondary niches:

0:X = DO?X +rX(1 - X)(X —a(x)) +u(x,t) + on.

(20)
We condition on a rare terminal transition and minimize the
OM action to find the instanton, yielding the MAP residual
n* driving the event.

As shown in Figure 4, the MAP residual localizes sharply
at a spatiotemporal bottleneck (panel A) and the adjoint
control concentrates on the same region (panel B). To probe
how robust each intervention is to fluctuations of the inferred
noise, we sample the conditional rare-event posterior via
the first-order Laplace approximation around the instanton
in the bridge parametrisation (App. H.4) and replay each
posterior sample under both interventions. The factual pos-
terior is a Brownian-bridge-like distribution pinned at both
endpoints (gray band, panel C). Under the matched-budget
uniform control the cf field leaves a residual hot spot at the
bottleneck with visible posterior spread (blue band, panels
C and D); under the adjoint control every one of the 2,000
posterior samples is driven below the cure threshold across
the entire field (max ¢(z, T') < —10~%, terminal burden std
< 10™%). The MSRID response field thus identifies both



Stochastic Path Integral Formalism of Causal Field Theory

MC mean +10
1.0 o === MC (N =10% gold)
=== 2P| (Gaussian closure)
-+ Hartree (1-loop, bare-vertex)
054 == tree-level (deterministic ODE)
S
< 0.0
054 e A A I e
_10 4
0.0 0.5 1.0 1.5 2.0 25 3.0 35 4.0
t
2004 ... bare linear response £R™
Hartree dressed LR
175 2Pl dressed LR
= = tree-level (deterministic ODE)
_. 1507 .... Hartree (1-loop, bare-vertex)
% == 2P| (Gaussian closure)
| 1.254 e~ Mc (N=10000, gold)
£ 1.00
x
" 0.75
o
< 0.50
0.25 -
0.00 i
0.0 0.1 0.2 0.3 0.4 0.5 0.6

intervention strength ¢

= MC empirical Var[X(t)]

0.8 4 = 2PIC(t) (+F"(u)C? self-coupling)
=+ Hartree (1-loop) C(t) (bare-vertex)

== = tree-level (zero by definition)

o
o

Var[X(t)]

I
IS

C(t)

C=.1/6: dressed barrier vanishes,

0.4
—— tree-level V(X) (independent of t)
0.3 — VerilX, Comi(0.0)), €=0.000
' — VerlX, Con(1.6)), €=0.071
VeirlX, Copi(3.2)), €=0.118
0.2
0.11
3
s
0.0 1
—0.1 1
—0.2 1
-0.3 T T T T T T T
=15 -1.0 -0.5 0.0 0.5 1.0 1.5
X

Figure 2. Loop-corrected response in a bistable SDE. The tree-level deterministic response misses noise-assisted crossing near the
transition. One-loop and Gaussian-2PI/Hartree closures incorporate variance feedback into the mean equation and approximate the Monte

Carlo response until the Gaussian assumption breaks down.

the most likely causal transition channel and an optimal in-
tervention that is decoupled from the conditional rare-event
posterior.

7. Discussion and future work

This paper establishes a formal equivalence between the
stochastic path-integral formalism of statistical physics and
Pearl’s causal hierarchy for spatiotemporal systems and lo-
calized interventions for path- or snapshot-observed data.
Treating the noise path of the MSRID/OM construction as
the SCM’s exogenous variable assigns each field-theoretic
object a causal interpretation. Tree-level Green’s functions
compute linear responses, loop expansions deterministically
capture fluctuation-induced shifts in average treatment ef-
fects, doubled actions with residual matching sample unit-
level counterfactuals, connecting the formalism to the twin-
world view of counterfactuals, and instanton saddles identify
the optimal spatiotemporal targets for disrupting rare disease
transitions.

An obvious next step is to learn the action from data. We
assumed a known drift to separate causal estimation from
model error. Snapshot and probability-flow methods esti-

mate drift and diffusion fields from multi-marginal data,
identifiable under explicit structural and noise priors (Guan
et al., 2024; 2025; Maddu et al., 2025; 2026). Two open
problems are (i) extending these learners to expose a do-
interface, and (ii) bounding how action-approximation er-
ror propagates to causal estimates. Multiplicative noise
introduces state-dependent causal effects and is a natural
extension (Wang et al., 2023b). The path-space formulation
also connects to EBMs and amortized samplers. The twin-
world residual-matching EBM poses a stiff boundary-value
problem, but its formulation over the entire path measure
natively accommodates non-Markovian queries like condi-
tioning on future sparse observations. This makes it an ideal
unnormalized target for training amortized samplers. Recent
non-Markov bridge learners (Guo et al., 2026) show that
score-matching can handle path-dependent conditioning.
Extending these, or training Energy-Based GFlowNets (Ben-
gio et al., 2021; Zhang et al., 2022; Malkin et al., 2022) for
mode coverage on multimodal causal posteriors, would give
amortized counterfactual generation.

Several extensions are natural. Cellular dynamics often
involve discrete populations and demographic noise. The
Doi-Peliti mapping (Tauber, 2014; 2005) would extend the
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Figure 3. One-dimensional twin-world counterfactual. Conditioning on the patient’s observations produces a bimodal counterfactual
terminal distribution. The population ATE collapses this. Noise-space pCN matches the importance-weighted oracle. The joint twin-world
EBM recovers the two conditional modes with approximate mode weights.
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Figure 4. Rare-event counterfactual via the instanton, sampled from the first-order Laplace approximation of the conditional rare-
event posterior. (A) Factual rare trajectory in the spatially heterogeneous resistance landscape, with the nucleation bottleneck marked.
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of an intervention that is robust to the conditional rare-event posterior, not just to its mean. Posterior structure (per-cell std(n), scatter of
cf burden vs. posterior energy, top-3 soft modes) is shown in Figure 11.

dictionary to master-equation systems and absorbing-state
interventions such as tumor extinction. Causal queries can
also be projected onto collective coordinates such as defects
and solitons (Rajaraman, 1982; Zinn-Justin, 2002), giving
low-dimensional effective dynamics for macroscopic coun-
terfactuals such as whether a therapy pins an advancing
tumor boundary.

Software and Data

All code is implemented in jax, using blackjax for MC
sampling. All data is synthetic and simulated by stochastic
forward simulation of pre-defined SPDEs.

Impact Statement

This work develops theory for causal inference in spatiotem-
poral biological systems, with the goal of improving virtual-
tissue models used in biomedical research and therapy de-
sign.

We do not foresee direct negative societal consequences
from the methodology itself. As such models move toward
clinical use, the mechanisms and structural assumptions
must be validated against experimental data before any in-
tervention is acted on.
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A. Related work

Causal dynamics and causal field theory. Classical
causal inference distinguishes associational, interventional,
and counterfactual queries (Pearl, 2009; Balke & Pearl,
1994). Continuous-time causal inference has developed re-
lated martingale, SDE, and optimal-control viewpoints (Lok,
2008; Rgysland, 2011; Hansen & Sokol, 2014), and recent
work studies structural causal models for dynamical sys-
tems (Mooij et al., 2013; Boeken & Mooij, 2024). Closest to
this paper, Mehrjou & Schélkopf (2026) introduced Causal
Field Theory for PDE-based spatiotemporal systems and de-
rived localized interventional effects through Green’s func-
tions. We recover that linear-response result as the tree-level
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row of Table 1. The remaining rows cover finite interven-
tions, noise-conditioned counterfactuals, loop corrections,
rare-event optimization, and higher-order interactions.

MSRJD, Onsager-Machlup, and path-space inference.
The MSRID formalism and related path-integral representa-
tions of diffusion processes are classical tools in nonequilib-
rium statistical physics and stochastic analysis (Martin et al.,
1973; Janssen, 1976; De Dominicis, 1976; Tauber, 2014,
Onsager & Machlup, 1953; Graham, 1977; Diirr & Bach,
1978; Bonicelli et al., 2025). The Onsager-Machlup action
and function-space MCMC methods provide practical path-
space inference machinery for diffusions and SPDEs (Hairer
et al., 2007; Cotter et al., 2013; Archambeau et al., 2007;
Opper, 2019). It is known that these actions compose ob-
servations and boundary constraints. We specify how the
same machinery represents Pearl queries once the exoge-
nous noise and intervention class are fixed: treating the noise
path as a shared structural constraint turns a path-density
calculation into a counterfactual one.

Stochastic control, adjoints, and large deviations. Path-
integral control, stochastic optimal control, and neural-SDE
adjoints provide algorithms for sensitivities and optimal
interventions in stochastic dynamics (Todorov, 2007; Kap-
pen, 2005; Theodorou et al., 2010; Li et al., 2020; Kidger
et al., 2021). Large-deviation theory and minimum-action
methods identify instantons as least-action paths for rare
events (Freidlin & Wentzell, 2012; E et al., 2004; Heymann
& Vanden-Eijnden, 2008). We attach causal semantics to
these tools: in the additive-Gaussian low-noise limit, the
optimal-control adjoint, the instanton momentum, and the
MAP shared noise solve the same saddle equations.

Learning stochastic dynamics from snapshots. A com-
plementary literature learns stochastic dynamics from cross-
sectional or multi-marginal observations. Snapshot SDE-
identifiability work characterizes when drift, diffusion, and
causal structure can be recovered under structural assump-
tions (Guan et al., 2024; 2025). Probability-flow infer-
ence and matching learn velocity fields that share the ob-
served time-dependent marginals with an underlying dif-
fusion, using explicit noise priors to recover biophysical
force fields in gene-regulatory systems (Maddu et al., 2025;
2026). These methods address an upstream problem relative
to this paper: learning a candidate (F, o) or path energy.
Once such a model exposes an intervention interface, the
MSRIJID/OM dictionary applies. Without it, matching ob-
servational marginals does not yield do-interventions or
same-noise counterfactuals.

Counterfactual generative modeling and learning. Cur-
rent causal generative models implement Pearl’s abduction-
action-prediction sequence using normalizing flows, diffu-
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sion models, and flow matching (Lipman et al., 2022; Al-
bergo et al., 2023) to infer exogenous noise and sample coun-
terfactuals (Pawlowski et al., 2020; Zhu et al., 2023; Balgi
et al., 2024; Wu et al., 2025b; Wu, 2025; De Sousa Ribeiro
et al., 2025; Rasal et al., 2025). These methods have re-
cently been extended to multivariate time series and lon-
gitudinal data, allowing generation of temporal counter-
factual trajectories via continuous normalizing flows (Wu
et al., 2025a; Wu, 2025) or conditional diffusion (Seifi et al.,
2025), but do not allow for localized interventions. Con-
currently, Schrodinger bridges and Feynman-Kac models
provide tools for conditional path sampling (Song et al.,
2020; De Bortoli et al., 2021; Chen et al., 2021; Wu &
YongJun, 2026; Wu et al., 2023; Singhal et al., 2025; Skreta
et al., 2025; Guo et al., 2026), and GFlowNets can learn
unnormalized path distributions (Du et al., 2020; Bengio
et al., 2021; Zhang et al., 2022; Malkin et al., 2022).

Existing image counterfactual methods primarily intervene
on global metadata (e.g., age, sex, scanner site) or spa-
tially agnostic semantic attributes. In a parallel direction,
recent work models interventions and causality in high-
dimensional SDEs for single-cell dynamics (Schiebinger
et al., 2019; Lorch et al., 2024; Yeo et al., 2021; Vinyard
et al., 2023), but focuses on variable-level knockouts or
stationary distribution shifts. Virtual tissue models require
localized interventions on SPDEs, where a mechanism inter-
vention occupies a region of physical space and propagates.

Most flow-based counterfactual models run in algorithmic
(e.g. diffusion) time, treating temporal data as a fixed vector
or generating it autoregressively. Multi-marginal condi-
tioning on irregular intermediate observations then needs
specialized objectives or guidance heuristics.

The MSRIJD path integral runs in the physical time of the
SDE. Intermediate observations enter as source/boundary
terms in the action, so multi-snapshot conditioning needs
no change of model class. With drift and noise geometry
separated, interventions enter through the Xu vertex, which
is what makes the analytical approximations of §5 (linear
response, loop corrections, MAP paths) available without
a learned decoder. The caveat is that the mechanism, or its
surrogate action, must itself be causally valid.

B. MSRJD construction

For completeness we record the steps from (1) to (2) that
are otherwise standard. Rigorously, the path integral con-
struction requires analytic continuation and integration of
the response field along the imaginary axis to ensure con-
vergence of the functional Fourier transform. We absorb the
explicit factor of ¢ into X to match the standard conventions
of stochastic optimal control. For comprehensive textbook
treatments detailing these imaginary contours, discretization
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Jacobians, and functional convergence, see e.g., Kamenev
(2011) and Tauber (2014), or Bonicelli et al. (2025) for a
recent algebraic formalization.

The functional delta enforcing (1) is exponentiated via the
auxiliary response field X,

O[E — ) o /D)N( eXp(—/f(a(Ea _77@)>7

and the noise is integrated against its path measure P,[n],
producing the cumulant-generating functional

Wy [X] := log <€f atla >P,7
which equals % f )?aNab)?b in the Gaussian case. The Ja-
cobian Sj,. from the change of variables is causal and
field-independent in the It discretization (so it can be ab-
sorbed into the normalization); in midpoint or Stratonovich
discretizations it produces equal-time contact terms repre-
sentable by Grassmann ghosts. Throughout the paper we
use the Itd convention.

The key identity used in §3 is that the connected X X corre-
lator is exactly the retarded propagator:

5 {Xa(1) _
5ub(2)

= (X()X(2) .

C

which is causal ()~( contractions vanish for later times) by
1t6 triangularity of the discrete kernel.

C. Girsanov and Feynman-Kac as action tilts

This section records how the reweighting baselines used in
§6.1 arise from the same path energy as the MALA and
pCN targets. Let

7’? = XiJrl — Xl — F(Xl)At

be the Euler-Maruyama residual under the baseline mecha-
nism and let the intervention replace F' by F' + u. From (5),
the Radon-Nikodym weight of the intervened path law with
respect to the baseline law is the action ratio

logw, (X) = —Sa[X;u] + SA[X;0]
1 At 21
=Sy ul - Yl Y

Thus Epu[G(X)] = Epo[G(X)w,(X)] when the usual
absolute-continuity conditions hold. In the continuum limit,
(21) is Girsanov’s theorem (@ksendal, 2003):

T 1 T
— [T g [ o e
0 0
22

1 dPU.
08 1po
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Equivalently, in the MSRJD representation the drift edit
enters as the response-field vertex [ Xu; integrating out X
gives the same OM action ratio.

Feynman-Kac weights are additive energy tilts rather than
drift-ratio weights. For a running potential V' and terminal
likelihood ), define

P[X] = Z V(Xi,ti) At — log 9 (X7). (23)
The tilted path measure is
7ru,<I>(dX) S8 GXp{—SA[X;’U,} - CI)[X]}dX7 (24)

and, with baseline proposals, normalized expectations can
be written as

_ Epo[G(X)wy(X)e*]]

E. |G 25
u,,<1>[ ] EPO [UJU(X)S_Q[X]] ( )
The unnormalized conditional value

alt, @) = By, [em IV (x| 26)

solves the backward Feynman—Kac equation (Del Moral,
2004)

1
Oq+ (F+u)-Vqg+ iazAwq —Vqg=0,
q(T,z) = P(z).

Sequential Feynman-Kac or particle-resampling estimators
approximate (24) by applying these additive weights over
time. They share the same target as the composed EBM,
their failure mode in our benchmarks is weight or genealog-
ical collapse, not a different causal estimand.

27

D. Rare-event instantons as MAP path-space
inference

This appendix spells out the rare-event approximation used
in §5.3. The default counterfactual method here is path sam-
pling on coupled factual/counterfactual trajectories under
observation and residual-matching terms. For low-noise
rare events, that posterior concentrates on a single MAP
path, which is the instanton, and sampling reduces to one
constrained optimization.

Consider the factual dynamics
X(t) = F(X(t) + ult) +n(t),
and define the structural residual

ra[X](t) = X(t) — F(X(1)) — u(t).

n~N(0,N), (28)

(29)

If N = 02Ny, conditioning on a rare event £ gives the OM
path density, up to normalization,
/ ro[X)T Ny e [ X dE| . (30)

1
lixeeyexp [_M



Stochastic Path Integral Formalism of Causal Field Theory

The event constraint is essential. Without it, the zero-noise
deterministic trajectory minimizes the action. With it, the
minimizer is the least unlikely path/residual pair that can
realize the observed rare event. The corresponding large-
deviation rate is

S.[X] = % / ru[ XNy Py [ X dt,
I.(&) = )i{réfg S, [X], (31)

Pr(E) = exp{~L.(6)/0%).

Thus the instanton is not an average rare-event trajectory. It
is the MAP element of the rare-event path posterior in the
small-noise limit (Freidlin & Wentzell, 2012; Dykman et al.,
1992; Grafke & Vanden-Eijnden, 2019):

/ ru [ X]T N, [X] dt,

1
X" = in —
et g

n* () = ru[X7] (D).

In field-theory language, X ™ is a nontrivial finite-action
saddle of the MSRJD path integral (Coleman, 1977; Rajara-
man, 1982; Zinn-Justin, 2002; E et al., 2004; Heymann &
Vanden-Eijnden, 2008).

(32)

The same object can be written in Hamiltonian form. Intro-
duce the response field, or covariance-weighted residual,

X(t) = N7, [X](2). (33)
The canonical MSRIJD action is
SMSRID = / {XTX ~HX, X; u)} at,  (34)
with
HX, X;u) = XT(F(X) 4+ u) + L3 Nx. (35)

2

Stationarity gives the instanton boundary-value problem

X =F(X)+u+NX,
X=—(VxF)'X.

(36)
(37

The rare-event evidence supplies the missing boundary or
transversality conditions. For example, a transition observa-
tion fixes X (0) in the initial basin and constrains X (7") to
lie in the event set. If the endpoint set is not a single point,
X (T') is normal to that set. This is why the instanton is a
boundary-value problem rather than a forward simulation
with typical noise.

The on-shell response field gives the MAP residual in
covariance-weighted form:
n*(t)

X*(t) — F(X*(t)) —u(t) = NX*(t). (38)
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A rare-event counterfactual then changes the mechanism
while holding this dominant residual fixed,
X<E(t) = F(XE(t)) + a(t) +n*(t). (39)
This replay is the MAP analogue of residual matching in
the path sampler. It does not mean that the intervention
suppresses the stochastic fluctuation itself. The interven-
tion changes the drift or barrier landscape so that the same
dominant adverse residual no longer drives the system to

the rare state. Finite-noise uncertainty can be represented
by sampling thermal perturbations around 7*.

Finally, the response field identifies where interventions
have leverage. By the envelope theorem, a small additive
drift edit Ju changes the rare-event action by

51,(E) = — / X*T(t) du(t) dt. (40)

For a structured mechanism edit 6 F' = V,,[X]da, replace
du by V,[X*]day. Raising I,,(£) makes the event expo-
nentially less likely, while replaying n* tests whether the
same adverse residual would still cause the event for this in-
dividual. This is the operational link between the minimum-
action instanton, the MAP residual, and the adjoint gradient
used in Algorithm 3.

E. Derivation of the 1-loop PDE closure

This appendix provides a derivation of the fluctuation-
corrected mean-field PDEs used in §5.2. We use standard
MSRID perturbation theory to show how structural noise
systematically shifts the deterministic trajectory via the
“tadpole” Feynman diagram. See Chow & Buice (2015)
for a path-integral and loop-expansion review aimed at a
non-physics audience. For the rigorous extension to the
self-consistent 2PI covariance closures used here, see Bode
(2022).

Throughout this appendix, the intervention protocol w(t) is
held fixed. We expand around the post-intervention mean
background, taking the amplitude of the noise covariance
(0?) as the loop-counting parameter.

E.1. Action expansion and Feynman rules

Consider the SPDE ;X F(X) + u + n, where
(n(x,t)yn(a’,t')) = N(x,2';t)d(t—t'). The corresponding
MSRID action in the Itd convention is

S = /dtddx {)?(atx —F(X) —u) - %)?N)? .

(41)
To compute how fluctuations affect the mean (X),, we
split the physical field X into a classical background and a
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fluctuating component:
X(z,t) = (X (2, 0))u + 6 X (2, 1),

~ ~ (42)
X(z,t) = 0X(z,1).

Expanding the drift mechanism F'(X) around the mean
(X), yields:

F(X)

F((X)u) + F'({(X)u)oX
P (X)) (0K

+ éF”’((X)u)(éX)?’ +...
Substituting this into the action gives a quadratic part So
and an interacting part Si,t. The quadratic action S5 defines

the bare Feynman propagators in Figure 5.

(43)

The interaction action S;,; defines the vertices. The lead-
ing nonlinearity couples one response field § X to physical
fluctuation fields 6 X.

E.2. The 1PI tadpole and the mean SPDE

The exact macroscopic mean (X),, is determined by the
stationarity of the one-particle-irreducible (1PI) effective
action I': 6T'/§(X), = 0. At tree level (no loops), I' = S,
and setting the variation to zero recovers the deterministic
PDE 0;(X), = F({X)y) + u.

To compute the leading fluctuation correction of the 1PI
effective action, we evaluate the first-order loop diagram.
Diagrammatically, this is obtained by joining the two § X
legs of the cubic drift vertex into a single covariance loop at
equal points in space and time, as shown in Figure 6.

Including this term in the stationarity condition
0T /6(X), = 0 yields the 1-loop fluctuation-corrected
SPDE for the mean:

(X (z,t))u = F((X (2,))u) + ulz, 1)

(44)

+ LX)l 50,

This is the field-theoretic version of It6’s lemma and the
cumulant expansion: the spatial variance C' feeds back into
the mean evolution via the curvature .

E.3. The 2P1/Hartree covariance closure

To compute the variance term C(z,x;t) required by the
mean SPDE, one needs an evolution equation for the covari-
ance itself. At the strict one-loop level, one simply evolves
the bare covariance C'*) derived from the linear SPDE (the
“one-loop/bare-covariance” closure in §5.2).

A self-consistent improvement is the local Hartree (Gaus-
sian) approximation. This elevates the covariance to a vari-
ational parameter using the Cornwall-Jackiw—Tomboulis
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Algorithm 1 One-loop / Gaussian-2PI/Hartree fluctuation
closure for the scalar bistable SDE (Berges, 2002)
2

Require: Drift F'(z) = x — 23, drive ¢, noise variance o2,
initial mean (X (0))2* = —1, and zero initial covari-
ance.

1: Choose closure A. For one-loop, set CA = c{? and
evolve C{¥ = 27/ ((X)11) O 4 2.

2: For Gaussian-2PI/Hartree, set C2* = CZ and evolve
CH = 2P ((X)H)CH + P ((X)H)(CH)? 4 o2,

3: Evolve 9,(X)2' = F((X)2) + $F"((X)2)CA + ¢
jointly with the chosen covariance equation.

4: Return (X (T))A and the ATE estimate (X (7))
(X(T)4.

two-particle-irreducible (2PI) effective action (Cornwall
et al., 1974). As detailed specifically for classical non-
equilibrium stochastic processes by Bode (2022), stationar-
ity with respect to the two-point function yields the Dyson
equation ™' = G; 1 — X,

Within the Gaussian truncation, the local retarded self-
energy L7 is obtained diagrammatically by cutting the
quartic drift vertex (F"6X(6X)3/6), which leaves one
covariance loop and one external retarded pair. This pro-
duces a local self-energy shift to the linearized drift: a.g =
F’ + 1F"C. By inserting this dressed drift into the ele-
mentary It6 moment identity, we obtain the self-consistent
Gaussian-2PI covariance equation:

0,C =2F'((X),)C + F"((X),)C* + N. (45)

Coupling this PDE to (44) closes the deterministic sys-
tem. With diffusion DV? it generalizes to coupled reaction-
diffusion Lyapunov PDEs. These closures replace Monte
Carlo trajectory sampling whenever the marginals stay near-
Gaussian.

F. Algorithm details and pCN formulation

Loop corrections for the scalar bistable SDE. Given
the coupled PDE system derived above, we can directly
calculate the mean and covariance as shown in Algorithm 1.

Preconditioned Crank-Nicolson on the OM action.
With the initial condition pinned at yg, write the path as
X = yo + z and split the discretized OM energy into a
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Retarded response Covariance
GR = (6X6X)e C = (6X6X).

06X
0X
5X 5X
5X
06X 0X
) Cl/l/biC drift vertex ) Quartic drift vertex
—1F"((X)u)0X (6X) —LF"((X)u)0X(6X)?

Figure 5. Feynman rules used in the local loop closure. The arrow is the retarded X X propagator, the wavy line is the X X covariance,
and vertices contain one response leg and physical-field legs generated by drift derivatives.

(X)u

6Ty, 1

m = —§F//(<X(a?, £))u)C(z, x; t).

Figure 6. The one-loop tadpole in the mean equation. The loop is
the equal-time variance of fluctuations at point x.

centered Brownian reference plus a drift correction,
Som[X] = Sprown (2] + Parife [X],

1 2
SBrown[Z] = m ; ||Xi+1 - X’LH P
Parn[X] =023 [ = (Xip1 = Xi) - F(X,)

1
+ §||F(Xi)||2At .

The pCN proposal preserves the Brownian reference ex-
actly:

Zl: V1_62Z+6§7

_<I>(z’)+<1>(z)),

6 NN(OaKW)>
a = min (1, e

where Ky is the Brownian covariance of the pinned path.
Equivalently, for a log-potential £ = —®, the acceptance fac-
tor is e/(*)~¢(2)_ The reference measure therefore cancels
in the Metropolis ratio, giving a mesh-robust step parameter
B for Brownian path posteriors (Cotter et al., 2013). We use
MALA only for the finite-intervention dose-response sam-
pler. The counterfactual and compositional path samplers
use pCN or block-pCN variants.

Joint twin-world EBM Given factual observations and
learned base/intervened actions, the counterfactual sampler
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Algorithm 2 Joint twin-world sampling (path-space EBM)

Require: Patient observations X obs  pase action
Som[X; F), intervened action Sonm [X; F'+ u], penalty
A
1: Define the twin-world energy:

Stwin = SOM[XfaCt§ F] + SOM[XCf; F + u]
Fy Y Ixfe - X
k

HAD e[ X 0] = [ X5
t

2: Sample (Xft X°f) jointly via trajectory-space
MCMC. As A — oo, the paths couple exactly via their
structural residuals.

3: Return (X<t X°) ensemble.

operates directly on the joint space of paths, enforcing the
shared-noise constraint. The algorithm is given in Algo-
rithm 2.

Instanton solver. Algorithm 3 is the path-space optimiza-
tion used in §6.4. In the rare-event limit, posterior sampling
is replaced by a MAP path search: minimize the OM action
subject to the factual boundary observations, then replay
the same MAP structural residual under a counterfactual
mechanism. The response field is the canonical momen-
tum X* = N 19, X* — F(X*)); the MAP residual is
n* = NX* = 0, X* — F(X*).

G. Vertex expansion: synthetic lethality via the
adjoint Hessian

A K-channel intervention u = Zszl ¢y, gives a smooth
response surface (Q)(a) whose Taylor coefficients at & = 0
are causal interaction tensors for that intervention family.
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Algorithm 3 Joint twin-world instanton and adjoint-shaped
optimal control

Require: Drift F', noise o, factual boundary observations
X(-,0) =g, X(-,T) = X7, L*>-budget E.

1: Initialize trajectory X (9)(z,t) by smooth interpolation

between xg and z7.

2: Minimize Son[X] over interior degrees of freedom via

L-BFGS-B; obtain instanton X *(z, t).

3: Read off the MAP structural residual n*(z,t) =
9, X* — F(X*) and response field X*(z,1)
N=in*(z,t).

Initialize u(?) = 0. Iterate projected gradient descent:

u <« Pglu — aV,Q[XY]], with V,, computed by

reverse-mode autodiff through the SDE solver and Pg

the projection onto the budget ball [ u? < E.

5: Compare the optimized control with the high-response
support of —n*; for quadratic additive control the opti-
mum aligns with the adjoint/residual bottleneck.

6: Return X*, n*, X* ug.

For k = 2, RE? is the local interaction contrast (synergy/an-
tagonism). In the experiments, automatic differentiation
returns the full Hessian through the SDE solver, avoiding
the quadratic number of pairwise finite-difference interven-
tion sweeps.

Setup. 16 x 16 bistable field, X (0) = 40.4 just inside
the upper basin (single drugs sub-critical, joint drugs trigger
nucleation cascades). Eight Gaussian-profile suppressor
drugs on a ring of radius 4.5 around a central 4 x 4 region
of interest, observable Q = (X (T))q.

Method. A single reverse-mode automatic-differentiation
call to the response surface (Q)(«), with M = 1024 Wiener
seeds and common random numbers, returns the entire 8 x 8
matrix Rg) = 9%(Q)/0a;0c;. The most-negative off-
diagonal entry selects the predicted synthetic-lethal pair for
forward verification.

Result (Figure 7). The adjoint Hessian identifies
(i*, 7*) = (5, 4) as the strongest local negative interaction in
this design. Forward verification at moderate dose (o = 1.0)
matches the second-order Taylor prediction within MC
noise. At the larger tested dose (o« = 2.5), the joint re-
sponse is about 0.27 lower than the no-synergy additive
prediction, a roughly 43% additional reduction. Empiri-
cally, the Hessian-through-solver computation scales close
to linearly in the number of candidate drugs over the tested
range, whereas pairwise finite-difference screening scales
quadratically. The projected wallclock ratio reaches 512 x
at K = 256. The same construction yields higher-order
causal interaction tensors whenever the response surface is
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differentiable through the simulator.

H. Per-experiment details

We report the discretization constants, estimator settings,
and auxiliary diagnostics needed to reproduce the experi-
mental comparisons.

H.1. Interventional dose-response (§6.1)

Main bistable field. Figure 1 uses a 32 x 32 Allen-Cahn
field with D = 0.5, » = 8, a = 0.25, 0 = 0.06, dz = 1,
dt = 0.01, and T' = 3.0. The initial condition is X (0) =~
0.1 everywhere plus a central Gaussian bump of amplitude
0.12 and width 6. The intervention is field-proportional,
u = exqnX, on the central 8 x 8 patch for ¢t € [0, 1.5]. The
plotted response is the full terminal spatial mean (Xr).

Rreaction—diffusion systen. The additional diagnostic in
Figure 8 uses a logistic reaction-diffusion model:

X
X =DV*X + 71X (1 - K) —AX +u+on, (46)

ona64 x 64 gridwith D =5,r=0.5, K =5, A=0.1,
o = 0.5, dx 1, dt = 0.02, and T' = 2.0. The field-
proportional intervention acts on a 12 x 12 central patch for
t € [0,1.5], and the observable is again the terminal spatial
mean. Its role is only to show that the same reweighting
collapse appears in a monostable growth model.

Estimators. The forward Monte Carlo reference uses
1,024 trajectories. We obtain the linear response as a
common-noise JVP at ¢ = 0 using 64 trajectories instead
of manual computation. Girsanov importance sampling
reweights the same 1,024 baseline trajectories. Feynman-
Kac steering uses 2,048 particles with systematic resampling
when ESS falls below half the particle count. Direct path-
space sampling uses MALA on the intervened OM energy
with the initial condition pinned, step size 3 x 10~8, 5,000
MCMC steps, 2,000 burn-in steps, and four chains.

H.2. Loop-corrected response (§6.2)

1D bistable dX = (X — X?)dt +edt + 0.4dW, X(0) =
—1,T = 4, dt = 0.005. Constant drive ¢ for ¢t € [0, 7). The
deterministic critical value is ed¢t = 2/(31/3) ~ 0.3849.
Demonstration value (Figure 2A,B) is ¢ 0.25, in the
middle of the bimodal transition zone. ATE sweep cov-
ers ¢ € [0,0.6] on a 13-point grid. The dressed drift
Feg(X,C) = X — X3 — 3CX derives from Vog(X,C) =
f%XQ + iX‘L + %C’XQ, so the bistable lower well disap-
pears at C' = 1/6. The one-loop variance crosses 1/6 early
(around t = 3), the Gaussian-2PI/Hartree variance saturates
below it.
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(A) Setup: tumour IC, ROI for Q=(X(T))q (red), 8 drug-applicator ring
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(G) Spatial X(t, x) snapshots at a = 2.5 (one Wiener seed). The SL pair (bottom row) crushes the entire ROI; single drugs only erode one side.
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Figure 7. Synthetic lethality via the adjoint Hessian. An autodiff Hessian through the SDE solver identifies the strongest negative
off-diagonal interaction in this design. Forward simulations evaluate the predicted pair at moderate and larger doses. The final panels
report measured scaling relative to a pairwise finite-difference screen.

ntervention strength &

Figure 8. Reaction-diffusion dose-response. Girsanov weights
suffer extreme variance under the field-proportional intervention,
causing the reweighting estimator to collapse.

H.3. 1D and 2D twin-world counterfactuals (§6.3)

1ID. dX = (X — X3)dt + 0.4dW, X(0) =0, T = 5,
dt = 0.01, and w = 1 - 11535). Patient observations
are xq —1.04, z- —1.38 at t; = 1.0, to = 3.0.
Brute-force IW reference: 131,072 paired trajectories soft-
weighted by exp[—y >, (X (tx) — xx)?] with v = 300,
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Noise-Space pCN 90% CI
— - Noise-Space pcN (Q=0.77)
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Figure 9. Spatial twin-world counterfactual on the 32 x 32
bistable field. The joint path EBM samples the coupled factual-
counterfactual trajectory posterior and matches the explicit noise-
space reference within 10% on the regional observable.

ESS 69. Noise-space pCN uses 4 chains, 5 = 0.05, 30,000
samples and 8,000 burn-in steps per chain. The joint path-
space EBM uses block-pCN in the sum/difference Brownian-
increment coordinates (s, d) with a parallel-tempering lad-
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Figure 10. 2D twin-world counterfactual spatial snapshots: factual, true patient counterfactual, noise-space pCN, twin-world path EBM,
and ATE. Both samplers reproduce the localized nucleation pattern that ATE misses by averaging over responder and non-responder noise
realizations.
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der on the bounded potential: 32 cold-start chains, 20 initial
temperature rungs, 5 ladder-adaptation rounds, 25,000 burn-
in steps and 6,000 retained cold-rung samples per chain.
The structural-residual coupling is Acouple = 200 in the
cold target.

2D. 32x32 bistable field with D = 0.5, r = 8, a = 0.25,
o = 0.06, dt = 0.01, and T = 3.0. The intervention has
¢ = 0.7 on the central 8 x 8 patch for ¢ € [0.5,2.0]. Full-
field factual observations are imposed at ¢ = 0.5 and ¢t =
1.0, and the reported observable is the mean over the same
central patch. The joint Brownian-increment dimension is
2 x 300 x 32 x 32 ~ 614,400. Noise-space pCN uses
B = 0.02, vobs = 500, four chains, 6,000 MCMC steps and
2,000 burn-in steps. The path-space twin-world sampler
uses the same (s, d) Brownian-increment coordinates as the
1D experiment, with y,,s = 500, Acouple = 200, B = 0.04,
Ba = v/2/(AcoupleNdim ), four chains, 12,000 MCMC steps
and 4,000 burn-in steps. Each chain is initialized from a
paired factual/counterfactual forward simulation with shared
Wiener noise so that it starts near the twin-world constraint
manifold. Subsequent MCMC moves target the joint OM
energy.

H.4. Rare-event instanton (§6.4)

One-dimensional Allen-Cahn field on N, = 128 grid points
over [—25,25), with dz = 50/128, dt = 0.05, T = 12,
D = 0.5, and 0 = 0.05. The spatial threshold is

a(z) = 0.65 — 0.35¢~%/(21%)
— 0.25¢~ (#7107 (21%) _ .90~ (#+15)%/(2:1%)

The factual rare event is constrained by X (x,0) = 0 and
X(x,T) = 0.8exp[—22/(2-22))].

L-BFGS-B minimizes the discretized OM/Freidlin-Wentzell
action 3 Y_,  7(t,)? dt dz over the interior path degrees
of freedom, initialized by linear interpolation between the
endpoints. The overall 1/02 factor is omitted in the op-
timizer because it does not change the MAP path. The
MAP structural residual is n* = 9, X* — DX*"" — X*(1 —
X*)(X* — «a) and the corresponding response field is
X* =n*/o2.

The control is constrained to be suppressive (v < 0) with
J u?dzdt < 1. The objective is terminal positive burden,
[ max(Xr,0) dz, after replaying * under the controlled
dynamics. Gradients are computed by reverse-mode au-
tomatic differentiation through the 240-step deterministic
replay, followed by momentum projected-gradient descent
for 150 iterations with step size 2.0.

Counterfactual distributions are generated by sampling the
conditional rare-event posterior over factual interior paths
and replaying each sample under each intervention. For
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each posterior sample we replay 1(*) under (i) no con-
trol, (ii) the adjoint-optimal control, and (iii) a uniform
control with matched L? budget. The unclipped termi-
nal field statistics under the proper posterior are: fac-
tual [ ®(T)dz = +4.011 £ 0.000 (constrained to ®7);
uniform cf —1.65 = 0.17; adjoint cf —1.28 £ 0.11 with
max, ®(z,T) < —107* across all N = 2,000 samples.
The cure under the adjoint is empirically decoupled from the
posterior: Figure 11B shows counterfactual burden as a func-
tion of posterior energy Son (®*)) —Son (*), with the ad-
joint cluster collapsing to a horizontal line at zero across the
full posterior energy range while the uniform cluster shows
order-unity vertical spread. The three smallest-eigenvalue
eigenvectors of H correspond to broken approximate con-
tinuous symmetries of the instanton (Figure 11C-E).

H.5. Synthetic lethality (Appendix G)

16 x 16 bistable, X (0) = +04,T =1.5,0 = 0.4, =4,
D = 0.5. Eight Gaussian drugs (o4 = 1.8) on a ring of
radius 4.5. Observable: regional average over central 4 x 4
region of interest.

For the K = 8 experiment, the gradient and full Hessian
are evaluated after compilation in roughly 3 x 10~%s and
2 x 10~ s, respectively, in a representative run. The scal-
ing panel extrapolates the cost of the full interaction matrix
from the measured forward-simulation time with M/ = 1024
common random-number seeds: adjoint/Hessian costs are
1.7,6.9, 27.6, and 55.3 s for K = 8, 32, 128, 256, while the
corresponding pairwise finite-difference grid would cost
27.6, 442, 7077, and 28307s. The exact constants are
implementation-dependent, but the comparison illustrates
the linear-versus-quadratic scaling in the number of candi-
date interventions.
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Figure 11. Posterior structure of the first-order Laplace approximation for the rare-event instanton (§H.4). (A) Per-cell posterior
std(n(z, t)) across N = 2,000 samples with ™ contours overlaid in white. The bottleneck region carries the highest posterior uncertainty.
(B) Posterior energy Som (®*)) — Som(®*) of each sample versus counterfactual burden under each intervention. The dashed vertical
line marks the chi-square mean K /2 = 200 predicted by the locally-Gaussian Laplace approximation; the empirical mean of 201.1
matches it. The adjoint cf (green) is decoupled from the posterior energy (horizontal line at zero), while the uniform cf (blue) shows
substantial vertical spread. (C, D, E) Top-3 softest eigenvectors of the Onsager—Machlup Hessian, reshaped to (¢, ), corresponding to the
broken approximate continuous symmetries of the instanton: amplitude rescaling, spatial translation, and temporal translation respectively.
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