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Abstract

We consider the problem of routing tokens to experts in Mixture-of-Experts (MoE) models under
finite expert capacity. We formulate this as a mean field game in which tokens compete for expert
resources through an aggregate load distribution. This formulation yields an entropy-regularized
equilibrium routing rule that jointly accounts for expert quality and congestion. For linear con-
gestion costs, we derive a closed-form best response converging in O(log 1/¢) iterations, establish
existence and uniqueness, and prove O(1/v/N + y/N/T) finite-expert approximation bounds. We
empirically evaluate the resulting Capacity-Aware MFG router on WikiText-103 and heterogeneous
domain mixtures, where it improves perplexity relative to standard sparse MoE routing baselines
while eliminating irreversible token drops, at a 1.65 X training-cost overhead due primarily to dense
expert execution. The gain decomposes into a dense-routing effect and an additional equilibrium-
routing margin over Dense Random. With sparse-aware training, the learned dense equilibrium can
be projected to Top-1 routing with a relatively modest 2.7% gain at identical inference cost.

1. Introduction

With state-of-the-art language models now exceeding hundreds of billions of parameters [1, 2], a
fundamental conflict between model capacity and computational tractability merits more attention.
While scaling improves performance, the resource requirements for training and inference grow
with dense architectures. The Mixture of Experts (MoE) architecture [6] addresses this challenge
through conditional computation. By activating only a sparse subset of parameters (expert networks)
for each input token, MoE enables models to scale to trillions of parameters while maintaining con-
stant computational cost per inference [18]. This efficiency has led to the widespread adoption of
MoE in modern large language models, including Mixtral [7] and DeepSeek-V?2 [3], which achieve
competitive performance with a fraction of the active parameters of their dense counterparts. De-
spite this empirical success, the mechanisms that govern expert routing in MoE models remain
less well characterized theoretically. State-of-the-art approaches, such as the Switch Transformer
[4], rely on design choices such as load balance losses, capacity constraints, or token dropping
to prevent expert collapse and ensure computational efficiency. While these techniques are effec-
tive, they offer limited theoretical insight and provide a limited notion of what an optimal routing
strategy should look like. This gap between practical performance and theoretical understanding
makes it difficult to reason about scalability, robustness, and the fundamental trade-offs inherent in
MOoE routing. With this motivation, we reformulate MoE routing as a competitive resource allo-
cation problem. We model tokens as strategic agents in a Mean Field Game (MFG) [5, 8], where
each token seeks to maximize routing quality while accounting for congestion induced by other
tokens. In this formulation, expert load balancing arises endogenously through strategic interaction,
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and routing corresponds to a Nash equilibrium, providing a complementary equilibrium-based in-
terpretation of load balancing. Our contribution is threefold: (1) a formal MFG formulation with
existence, uniqueness, and exponential convergence guarantees; (2) O(1/v/N + /N/T) approxi-
mation bounds via a joint (N, T") analysis, where the growing discrete action space of MoE experts
has no analogue in classical MFG theory; and (3) empirical validation separating the effects of dense
activation, equilibrium-based coordination, and sparse projection, with 9-12% improvement over
sparse routing baselines and 2.7% gain at identical sparse inference cost.

2. MoE Routing as a Mean Field Game

A standard MoE layer routes input z; to N experts via weights p; € AY, outputting >, p: (i) -
Expert,(x;). The Switch Transformer [4] uses Top-1 selection subject to capacity C'- (1'/N ); tokens
routed to full experts are dropped. This capacity conflict is fundamentally a congestion problem:
tokens compete for limited expert slots, and the system must balance individual routing quality
against collective load. Mean field games (MFG) [5, 8] provide a natural framework for exactly this
type of problem, analyzing equilibria in large populations where agents interact through an aggre-
gate statistic rather than individually. MoE routing satisfies the key MFG conditions: batch sizes
(T ~ 10%) ensure negligible individual impact, capacity constraints create mean-field coupling, and
tokens solve identical problems with heterogeneous preferences. Now, consider a batch of T" tokens
and IV experts. Each token ¢ has quality scores ¢; = Wy, € RY (via a learned gate W, € RN >y
and routing distribution p; € AV, The aggregate load is p = % YDt € AN . Each token minimizes
Je(pelp) = — (@, pt) + (C(p), pt), trading off expert quality against congestion. We consider two
congestion models: linear cost C(p); = Ap; (primary theoretical model) and capacity-aware cost
C(p)i = Amax(0, p; — M) where T = Chacror/N (strict capacity enforcement). Our problem
satisfies the large population and anonymity conditions, allowing us to invoke the Nash Certainty
Equivalence principle [5].

Definition 1 (Mean Field Equilibrium) A pair (p*, p*) comprising a population distribution p* €
AN and a policy p*(-|p;q) : AN x RN — AN constitutes a Mean Field Equilibrium if: (i)
Individual Optimality: Given mean field p*, the policy minimizes each agent’s cost: p*(-|p*;q) =
arg min,c A~ J(p|p*; q), and (ii) Population Consistency: The mean field arises from aggregating
optimal responses: p* = Eq,.p[p*(:|p*; q)] where D is the distribution of quality scores.

In practice, with a finite batch of 7" tokens, consistency becomes p* = % ZtT:1 p;(p*), reducing
O(T?) dependencies to O(T') computations against a shared mean field.

Proposition 2 (Best Response) Under entropy regularization Jy(p;|p) = Ji(pi|p) + H(p) where
H(p) = % >; pi(i) log pi (i) with inverse temperature 3 > 0, the unique minimizer is the softmax

policy pi(ilp) = exp(Blar(i) — Clp)])/ 3, exp(Blar(j) — C(p)s])- As B = oc, routing concen-
trates on 1* = arg max;[q:(i) — C'(p)il.

3. Theoretical Analysis

We state our main results; proofs are in the Appendix.

Definition 3 (Assumption) (Al) Bounded quality: |q:(i)] < Qmax < oo (satisfied via Layer
Normalization), (A2) Lipschitz congestion: ||C(p1) — C(p2)|lc < Lc|lp1 — p2ll1 (holds with
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Lc = X for linear congestion), (A3) Strict Monotonicity: (C(p1) — C(p2),p1 — p2) > 0 for
p1 # p2 (satisfied for X > 0), (A4) Expert diversity: Var;[q.(i)] > 03 > 0 (empirically verified).

Theorem 4 (Existence and Uniqueness) Under Assumptions (Al)—(A2), there exists a Nash equi-
librium p* € AN. Under (A3), p* is unique.

Theorem 5 (Convergence) Let C(p) = \p. The equilibrium is the unique fixed point p* = T'(p*)
of the aggregate response map T'(p); = % Zle exp(Ba: () —Api]) 3- For BA < 2, T is a contrac-

2= exp(Blaz (5)—Aps]
tion: ||p™ — p*|l1 < (BA/2)F[p© — p*||5.

Remark 6 Our experiments use B\ = 10, beyond the contraction regime. Convergence is sup-
ported by directional contraction (effective Koy ~ 26\/N < 1, Proposition 8), potential game
structure [13] guaranteeing convergence via monotone improvement of the global potential ®(p) =
S Jy Cls)ds— ﬂ% > 1log Z(p), and empirical verification (=13 iterations up to S\ = 25). The
A-sensitivity sweep (Table 2) confirms that BA = 1.0 (within the contractive regime) achieves 33.79
PPL, virtually identical to S\ = 10 (33.78).

Under an additional assumption that the NV expert parameters are drawn i.i.d. from a continuous
distribution 7 over a compact space (AS), we bound the finite-population error:

Theorem 7 (Finite-Expert Approximation) Under (Al)-(A3) and (A5): E[|p™NT — p*|1] <
O(1/V'N +V/N/VT).

We remark that unlike standard MFG theory, the growing discrete action space requires a joint
(N, T) analysis. The optimal N* = /T balances both terms at O(T~/4). Also, after K iterations,
the routing satisfies an e-Nash equilibrium for KX = O(log1/¢) (proof in Appendix C.5). Finally,
for the capacity-aware cost C'(p); = Amax(0, p; — 7y, ) used in experiments, the equilibrium
satisfies the same fixed-point structure with rectified penalties. The contraction becomes directional:

Proposition 8 (Contraction for Capacity-Aware Costs) Let S(p) = {j : pj > Tim}. Then
IT(p) —T(p)|1 < %—AHPSU(p — p)|l1 where Sy is the union of active sets along the path. The
effective contraction constant is ke =~ 26A/N, contractive for N > 203X (e.g., Keg =~ 0.63 for
BA =10, N = 32). The solver cannot amplify perturbations in the uncongested subspace, reducing
effective dynamics to |S| dimensions.

4. Experiments

Algorithm. Algorithm 1 (Appendix) solves for the Nash equilibrium via fixed-point iteration with
momentum (=0.5) and curriculum learning on A (ramping Apmin — Amax); 5=1.0 is held constant.
The solver costs O(KTN) where K ~ 13; the dominant cost is soft expert execution O(T N dgr)
vs O(T'ds) for sparse baselines. The training loss is Lior = Lim + () Y, max(0, p; — Tim) —
Y Lenwropy, Where a(s) oc A grows with the congestion penalty.

Setup. We evaluate on WikiText-103 [12] (103M tokens) with a Transformer MoE (dp04e1=384,
6 layers, N=32, C'=1.5x%), trained with AdamW on A100 GPUs. We use Protocol A (1 epoch) for
ablations and Protocol B (2 epochs) for benchmarks. We report PPL, Token Drops (irreversible,
sparse methods), and Capacity Overflow (redistributed, soft methods).
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Table 1: WikiText-103 benchmarks (N=32, C=1.5x). Cap-Aware MFG (33.78) improves over
Dense Random (34.63) under the same dense routing regime. Token Drops = irreversible;
Cap. Overflow = redistributed, no information loss.

Method Routing Type PPL | Token Drops (%) ] Cap. Overflow (%) |
Hash Routing Sparse (Top-1) 68.07 0.0 —
Expert Choice Sparse (Inv. Top-k)  45.41 0.0 —
BASE Layers Sparse (Balanced)  40.71 0.0 —
Switch Transformer Sparse (Top-1) 38.54 11.7 —
Top-2 Gating Sparse (Top-2) 37.79 66.6 —
Top-4 Gating Sparse (Top-4) 35.29 474 —
Dense Random Soft (Dense) 34.63 0.0 0.0
Cap-Aware MFG' (Ours) Soft (Dense) 33.79 0.0 4.1
Soft MFG (Ours) Soft (Dense) 33.99 0.0 6.6
Cap-Aware MFG (Ours) Soft (Dense) 33.78 0.0 2.5

T With S\ = 1.0 < 2, within the provably contractive regime of Theorem 5.

Main Results. Table 1 compares the MFG Router against Switch [4], Expert Choice [20], BASE
Layers [10], Hash Routing [16], Top-k (k=2, 4), and Dense Random on WikiText-103.

Sparse Baselines Comparison. Our experiments separate dense activation, equilibrium-based
coordination, and sparse projection. Cap-Aware MFG achieves the lowest perplexity (33.78), im-
proving over Switch (38.54) by 12% with zero token drops. Dense Random (34.63) also outper-
forms Switch, showing that avoiding irreversible token drops explains much of the headline gain.
However, MFG further improves over Dense Random, while Top-4, BASE, and Expert Choice do
not. This suggests that the remaining improvement is associated with the equilibrium-based coor-
dination mechanism rather than dense activation alone. The gain decomposes into dense activation
(38.54—34.63, ~82%) and equilibrium routing (34.63—33.78, ~18%). Thus, we interpret the 12%
Switch improvement as a combined dense-routing/equilibrium-routing effect. Table 4 tests whether
this margin grows under domain heterogeneity, while Table 3 evaluates sparse projection.

Sensitivity to A. Table 2 sweeps A € {1,5,10,15,25} at =1.0 plus 5=2.0, A=0.99. PPL varies
by only 0.19 points (33.78-33.97) across the 25 x range, while all settings outperform Dense Ran-
dom (34.63) and Switch (38.54) by wide margins. Settings inside the contractive regime (6A=1.0)
achieve 33.79, virtually identical to SA=10 (33.78); higher A\ only tightens capacity enforcement
(overflow 4.1%—1.6%). The solver budget is also robust: K=5 yields 33.90 PPL. This insensitivity
is a key practical advantage: practitioners need not tune X carefully.

Table 2: Sensitivity to A (static, C'=1.5x). PPL is stable across a 25x range.
A I3 BA  Thm5? PPL| Cap. Overflow |

1.0 10 1.0 v 33.79 4.1%
099 2.0 198 v 34.12 5.9%
50 1.0 50 — 33.93 3.3%
10.0 1.0 10.0 — 33.78 2.5%
150 1.0 15.0 — 33.94 2.2%
250 1.0 250 — 33.97 1.6%

Scaling, Capacity, and Cost. Scaling experiments (N € {8,...,96}, Appendix B.2) show
Switch degrading at large N (64.59 PPL, 30.3% drops at N=96), while MFG remains more ro-
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bust (52.72 PPL, 4.5% overflow). The relative improvement scales as N%47 (R?=0.96), which we
treat as an empirical trend rather than evidence for Theorem 7, since active compute and routing
density differ across methods. Capacity sweeps (Appendix B.3) show the largest gains under tight
constraints: at C'=1.0x, capacity violation drops from 18.2% (Switch) to 10.0% (MFG). Training
costs 1.65x Switch, from dense expert execution (1.31x) plus solver overhead (0.34x). Hence,
developing sparse approximations with comparable behavior remains an important direction for fu-
ture work. The solver budget is reducible (K=5 gives 33.90 PPL, 97% of K=20), and sparse-aware
projection removes dense expert execution at inference, though with more modest gains.

Sparse-Aware Training. A practical challenge is projecting the dense MFG equilibrium to sparse
routing at inference time. We propose Sparse-Aware MFG Training, which augments the equi-
librium with a compound sparsity loss combining entropy minimization, mass concentration, and
soft-hard alignment (details in Appendix B.8). A three-phase curriculum prevents expert collapse:
warm-up (pure soft routing), annealing (gradual sparsity pressure), and stochastic hard-routing in-
jection. Top-1 projection achieves 39.03 PPL, outperforming the protocol-matched Switch baseline

Table 3: Sparse projection under the sparse-aware curriculum. Switch uses the same 1-epoch dy-
namic protocol, hence differs from Table 1.

Method Inference PPL | Drop/Overflow
Switch Transformer Top-1 40.11 11.9%
Sparse-Aware MFG ~ Soft (Dense)  34.82 7.7%
Sparse-Aware MFG Top-2 35.92 9.1%
Sparse-Aware MFG Top-1 39.03 11.1%

(40.11) by 2.7% at identical inference cost (Table 3). Top-2 projection yields 35.92 PPL, and the full
soft model reaches 34.82 PPL. This sparse result is intentionally presented as a preliminary deploy-
ment pathway rather than the main empirical claim: the gain is modest, and the Top-1 projection still
incurs an 11.1% drop/overflow rate. A curriculum ablation (Appendix) confirms robustness: Top-1
PPL varies by only 0.53 across four configurations, all beating Switch. These results suggest that
some equilibrium structure transfers to sparse deployment, but improving sparse projection remains
an important direction for future work as discussed above.

Heterogeneous Domain Generalization. To test whether equilibrium routing generalizes across
domains, we evaluate on two mixed datasets: (1) 50% WikiText-103 + 50% CodeParrot (N = 16,
C = 1.0x, 4K steps), and (2) 33% WikiText + 33% CodeParrot + 33% OpenWebMath (N = 32,
C = 1.5x%, 2 epochs). Table 4 summarizes the results alongside the homogeneous WikiText-103
benchmark. The MFG advantage is consistent (9—12%) across all domain settings. On Code+Text,
the equilibrium discovers domain-specific expert clusters without supervision (Figure 3 in Ap-
pendix). With three competing domains, Switch fails to match Dense Random (68.03 vs 62.39
PPL), while MFG continues to improve over Random in every setting. From a game-theoretic
perspective, this is consistent with the idea that as token preferences become more heterogeneous,
equilibrium coordination becomes more valuable than heuristic balancing alone.

5. Related Work

MOoE routing has evolved from learned gating [6, 18] through GShard [9] and Switch [4], to alterna-
tives including Expert Choice [20] (inverted selection), BASE Layers [10] (balanced assignment),
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Table 4: Cross-domain consistency. MFG vs Switch advantage is stable at 9-12%, and MFG im-
proves over Random in every setting.

Dataset Domains MFG vs Switch MFG vs Random Switch beats Random?
WikiText-103 1 +12.4% +2.5% No
Code+Text 2 +9.1% +18.5% Yes
Code+Text+Math 3 +9.8% +1.6% No

Hash Routing [16], and Soft MoE [15] (slot-based differentiable dispatch). These methods provide
effective heuristic or architectural solutions, but do not explicitly characterize routing as an equilib-
rium of a congestion game. Soft MoE is the closest dense-routing baseline, and a direct comparison
would be valuable for isolating equilibrium effects; we omit it here because its slot-based dispatch
changes the layer architecture and training protocol, making an apples-to-apples comparison non-
trivial. Mean field games [5, 8], on the other hand, have been applied to GANs [14], federated
learning [11], and multi-agent RL [19], but exclusively for inter-model coordination. Our work
is the first to apply MFG to intra-model routing, treating token-expert assignment as a congestion
game where the “population” is the token batch and the “resources” are expert capacity slots. The
connection to potential games [13, 17] provides convergence guarantees beyond the contractive
regime, bridging classical game theory with modern neural architecture design.

6. Conclusion

In this work, we presented a MFG formulation of token routing in Mixture-of-Experts models.
We showed that, under standard regularity assumptions, the resulting routing equilibrium exists,
is unique, and can be computed by a fixed-point iteration in the contractive regime. We also
demonstrated empirically that this equilibrium-based view gives a useful alternative to heuristic
load-balancing objectives, particularly in settings with heterogeneous token preferences. The main
takeaway is that routing in modular neural networks can be viewed as a population game: token-
level decisions are coupled through shared expert capacity. Although the current implementation in-
curs dense-routing overhead, the results suggest that game-theoretic tools such as mean field games,
potential games, and congestion models may provide a useful framework for studying routing, ca-
pacity allocation, and coordination in modular neural architectures.

Limitations and Future Directions Formal contraction requires SA < 2; deployed settings
(BA=10) are empirically validated with partial theoretical support (Proposition 8), so the theory
should be read as explaining a stable regime rather than fully covering all hyperparameters used
in practice. Training incurs 1.65x overhead due mainly to dense expert execution, and the sparse-
aware Top-1 projection recovers only a modest 2.7% gain with nonzero drop/overflow. Scale valida-
tion reaches N =96 with a 6-layer model; billion-parameter confirmation, multi-seed validation, and
a direct Soft MoE comparison remain future work. Future directions include extending to dynamic
games for continual learning, scaling to massive expert regimes (/N > 64) where the full bound pre-
dicts increasingly precise equilibria provided 71" scales concurrently, applying the MFG framework
to attention mechanisms, and investigating mechanism-design connections for incentive-compatible
expert training.
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Appendix A. Algorithm

Algorithm 1: Capacity-Aware Mean Field Game Router

Input: Inputs {x, }, Gate W,, Capacity Cqcs, Steps Kmax
gt — Woze; pO « 1/N; Ty < Caet/N;

Set A, B based on training progress s;

for k = 1to K.« do

Cl.(’“) X -max(0, o = 1) ; // Congestion
pgk) « Softmax(B[g; — C)]) ; // Best response
Pnew % Zt p,gk) 5 // Update
P — pp®=D 4 (1 — 1) prew ; // Momentum
if |p*) — p(*=1 | < 7 then break;

end
Output: Routing distributions {pgK)}

Appendix B. Implementation Details

We provide a detailed description of the Mean Field Game (MFG) routing algorithms used in our
experiments. To ensure complete analysis and reproducibility, we employed two distinct imple-
mentation strategies depending on the experimental goal: a robust Static Setup for comparative
benchmarking, and a Dynamic Curriculum for the sparse projection experiments.

B.1. Hyperparameter Summary

Table 5 provides a complete specification of the hyperparameters used for all methods, ensuring
reproducibility.

B.2. Scaling Study Data

Table 6 provides the full numerical data for the scaling analysis visualized in Figure 1.

B.3. Capacity Factor Sensitivity

Table 7 and Figure 2 present the full capacity factor sweep. The MFG advantage is most pronounced
at tight constraints, while the Soft MFG (linear cost) achieves the best perplexity but with higher
overflow rates, illustrating the quality-vs-constraint trade-off.

B.4. Computational Cost Breakdown

Table 8 presents detailed wall-clock comparisons. The 1.65x overhead decomposes into dense
activation (1.31x) plus an additional solver overhead (1.31x — 1.65x).
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Table 5: Complete hyperparameter specification for all methods. Shared parameters are identical
across all methods. Method-specific parameters are listed below the divider.

Parameter Description Value

Shared across all methods

dimodel Model dimension (main benchmark) 384

Amodel Model dimension (scaling study) 256

Niayers Transformer layers 6

Tlheads Attention heads 6

dst FFN hidden dimension 1536

Sequence length Maximum token length 256

Batch size Per-GPU batch size 16

Optimizer AdamW (81 = 0.9, B2 = 0.999, wd=0.01)
Learning rate 4x1074

LR schedule Linear warmup (10%) + linear decay
Dropout 0.2

Initialization GPT-2 (¢ = 0.02)

Weight tying Embedding <+ LM head Yes

Normalization Pre-LN

Method-specific parameters

Switch Transformer

Aux loss weight Load balance coefficient a = N - f- P (standard)

Capacity factor C Buffer size multiplier 1.5x (main), 1.25x (scaling)
Expert Choice

Capacity factor C  Tokens per expert 1.5x
BASE Layers

Assignment Balanced auction Greedy, demand-ordered
Cap-Aware MFG (Ours — Static Setup)

A Congestion penalty 10.0

I} Inverse temperature 1.0

K Solver iterations 20 (with early stopping at 7 = 107?)

m Momentum 0.5

Overflow penalty o« Aux loss weight 0.1

Entropy bonus Exploration 0.01
Cap-Aware MFG (Ours — Dynamic Curriculum)

A Congestion penalty (curriculum) [0.1 — 25.0]

Ié] Inverse temperature 1.0

Sparsity weight ~(s) [0 — 0.1] (Phase 2-3)

Hard routing prob.  7(s) [0 — 0.3] (Phase 3)

B.5. Expert Specialization Analysis

Figure 3 visualizes expert activation bias on the Code+Text dataset using the Specialization Score
A; = P(Expert;|Code) — P(Expert, |Text).

B.6. Complexity Trade-offs

Table 9 summarizes the computational complexity. The MFG router incurs O(K') overhead from
the solver and O(N) from dense expert execution; in practice this amounts to 1.65x wall-clock cost
(Table 8).

11
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(a) Scaling with Expert Count (b) Drop Rate Reduction

MFG Improvement it m== Switch
Pre-asymptotic (N=8) 3 = MFG
Fit (N =16): 2.10-N%47 (R? = 0.96)

18 Theory: O(VN)

oe

° -85%

Perplexity Improvement (%)
Token Drop Rate (%)

8 16 El % 8 16 3

2 ) 64
Number of Experts (N)

48 64
Number of Experts (N)

Figure 1: Scaling analysis on WikiText-103. (a) Relative perplexity improvement follows an empir-
ical N%47 trend (R? = 0.96) for N > 16; this should be interpreted as an observed rout-
ing/compute scaling trend, not as a direct verification of Theorem 7. (b) Drop/Overflow
rate.

Table 6: Comprehensive scaling study on WikiText-103 (C' = 1.25x). Switch performance satu-
rates at NV > 32 under sparse routing, while dense MFG continues to improve. Because
active compute differs (N x for MFG vs. 1x for Switch), this trend reflects a practical
routing/compute trade-off rather than isolated evidence of coordination alone.

Switch Transformer Capacity-Aware MFG Relative Improvement
N PPL| Drop%| PPL| Overflow % A PPL A Load

8 7494 2.4% 66.39 1.7% +11.4% -0.7%
16 69.74 4.3% 63.76 3.0% +8.6% -1.4%
32 6149 13.9% 55.13 2.5% +10.3% -11.4%
48 61.81 18.2% 54.38 2.6% +12.0% -15.6%
64 62.47 23.4% 53.67 3.4% +14.1% -19.9%
96 64.59 30.3% 52.72 4.5% +18.4% -25.8%

B.7. Static Capacity-Aware MFG (Main Benchmarks)

For the comparative results reported in Section 4 (including Table 2 and scaling analysis), we used a
static formulation of the MFG router. We found empirically that a fixed congestion penalty was suf-
ficient to enforce capacity constraints without the complexity of annealing schedules. This demon-
strates the inherent stability of the Nash equilibrium solver.

Hyperparameters. We fixed the congestion penalty multiplier A = 10.0 and the inverse tempera-
ture 5 = 1.0 throughout training. The equilibrium solver was run for K = 20 iterations per forward
pass with a momentum factor of y = 0.5.

Implementation. The static router follows Algorithm 1. In each forward pass, the gate first com-
putes quality scores g, = Wz, initializes p uniformly, and iterates the capacity-aware best response
with Polyak averaging. The mean-field update averages routing probabilities over all non-padding

12
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Table 7: Sensitivity to Capacity (N = 32). At strict capacity (1.0x), Switch discards 18.2% of
tokens; Cap-Aware MFG has 10.0% soft overflow, a 45% lower capacity-violation rate
under the matched threshold.

Switch Transformer Soft MFG (Linear)

Capacity-Aware MFG

Capacity PPL| Drop% | PPL] Overflow% PPL|  Overflow %
1.0x 55.74 18.2% 48.96 19.2% 49.12 10.0%
1.25% 56.13 10.1% 48.96 12.1% 49.10 4.4%
1.5% 55.75 5.6% 48.96 7.6% 49.21 2.2%
2.0x 55.79 1.7% 48.96 3.0% 49.33 0.7%

(45.1% reduction |
at tight capacity |

Drop Rate vs. Capacity Constraints (N=32 experts)
)

Token Drop Rate (%)

=@~- Switch Transformer
#= Soft MFG (Linear)
=4~ Capacity-Aware MFG

1.0x

1.25x 1.5x
Capacity Factor

2.0x

Figure 2: Capacity-violation rate vs. capacity factor (N=32 experts). Cap-Aware MFG reduces the
capacity-violation metric by 45.1% at tight capacity (1.0x).

tokens,

1
Pnew = T Zpta
P

rather than over only the batch dimension. This avoids position-wise capacity penalties and ensures
that congestion is computed globally across the token batch. Early stopping is applied after the
momentum update when [ p*) — p(+=1|| o < 1075.

Loss Function. In the static setup, the auxiliary loss L,,x focuses on capacity enforcement and

exploration:

N
Layx = Z maX(O, Pi — 7Tlirn) - ’YH(T?)

i=1

where i, = Chactor/IV i the per-expert capacity threshold, o = 0.1 is the overflow penalty weight
and v = 0.01 weights the entropy maximization to prevent premature collapse.

13



BRIDGING GAME THEORY AND TRANSFORMER ROUTING

Table 8: Computational trade-offs (/N = 32, WikiText-103). The Cap-Aware MFG router improves
perplexity but incurs a 1.65x training-time cost, mainly due to dense expert execution.

Method PPL | Drop/Overflow Relative Time Throughput
Switch (Sparse) 38.54 11.7% 1.00x 1.00x
Top-2 Gating 37.79 66.6% 1.01x 0.99x
Dense Random 34.63 0.0% 1.31x 0.76 x
Soft MFG 33.99 6.6% 1.51x 0.66 %
Cap-Aware MFG 33.78 2.5% 1.65 % 0.60x

MoE Expert Specialization: Code vs Text

Blue = Code Expert

=Text)

Code, Negative:
°
°
3

Specialization Score

(Positive:

-0.01

-0.02

Red = Text Expert

0 2 4 6 8 10 12 14 16
Expert ID

INTERPRETATION:

1. Tall BLUE bars are experts that activate primarily for Python code.
2. Tall RED bars are experts that activate primarily for WikiText.

3. Bars near zero are 'Generalist' experts used by both.

Figure 3: Expert Specialization Map (/N = 16, Code+Text). The MFG router organizes experts
into “Code” (blue) and “Text” (red) specialists without supervision.

B.8. Dynamic Sparsity-Aware Curriculum (Projection Experiments)

For the sparse projection experiments, where the goal is to train a soft router that can be projected
to sparse Top-1 inference, we introduced a Sparsity-Aware Curriculum. This curriculum bridges
the gap between the dense training distribution and the sparse inference requirement.

Curriculum Schedule. We defined a training schedule over total steps 7', divided into three
phases:

* Phase 1 (0%—-30%): Pure soft routing. The model learns rich expert representations using
the standard MFG equilibrium.

* Phase 2 (30%-70%): Annealing sparsity pressure. We linearly ramp the sparsity weight
Wsparse from 0.0 — 0.1.

* Phase 3 (70%-100%): Stochastic Hard Routing. We introduce a probability phaq that lin-
early increases from 0.0 — 0.3. For each token, we decide whether to route via the soft

14
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Table 9: Complexity comparison between Switch (sparse) and MFG (soft) routing.
Component  Switch (Sparse) MFG (Soft)
Routing Cost O(T - N) OK-T-N)

Expert Cost O(T - dg) O(T - N - dyg)
Forward Pass ~ 1x ~ N x

distribution 7 or the hard projection one_hot(argmax (7)) based on pp,q. Hard-routed to-
kens are detached from the computation graph (no gradient flows through the argmax); only
soft-routed tokens contribute to the gate gradient. This forces the router to be robust to dis-
cretization.

Sparsity-Aware Loss. To facilitate projection, we augmented the loss function with terms that
encourage “’peaky” distributions:

Lsparse = 0.5H () 4+ 0.3Lconc + 0.2L41ign
where:

* H(m) is token-level entropy (minimized to encourage confidence).
* Leone = —% > max(7) encourages mass concentration on the top expert.

* Lyign = KL(Hard||Soft) aligns the soft equilibrium with its hard projection.

Appendix C. Proofs
C.1. Proof of Proposition 2

The best response minimizes
> pi(i)(Cilp) — au(i Zpt ) log pi(4)
i

over p; € AN, Since the entropy term > pe(3) log pe(1) is strictly convex and finite only when
p(i) > 0 for all ¢, the minimizer lies in the interior of the simplex. Hence the KKT conditions
are necessary and sufficient, and log p; (i) is well-defined. The Lagrangian for minimizing J; (p;|p)

subject to ), p¢ (i) = 1is:

L(pe, ) = —(ae, pe) + (C( Zpt ) log py (i) (Zpt ) ey

Taking derivatives with respect to p; (i) and setting to zero:

oL 1
~ = — +C 1+1o 1)) —pu=20 2
0] q¢(4) (p)i + ﬂ( gpe(i)) — 2
Rearranging yields log p: (i) = B[q:(i) — C(p)i + u] — 1, or equivalently:
pe(i) = exp(Blg (i) — C(p)i]) - exp(Bpu — 1) 3)
The normalization constraint ) . p;(i) = 1 determines the constant exp(Sp — 1), yielding the

softmax form Proposition 2. Uniqueness follows from strict convexity of the negative entropy 2(p)
on the simplex.
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C.2. Proof of Theorem 4 (Existence and Uniqueness)

Existence. We apply Schauder’s fixed-point theorem. Define the aggregate response operator ¢ :
AN = AN by &(p) = % Zthl pt(p), where pi(p) is the best response Proposition 2. Since p; is
continuous in p (composition of softmax with the Lipschitz congestion cost) and A is compact
and convex, ® is a continuous map from a compact convex set to itself. By Schauder’s theorem,
there exists p* such that ®(p*) = p*.

Unlqueness Suppose there exist two distinct equilibria p! # p? with associated routing distri-
butions p; and p?. Since Jy is strictly convex (Proposition 2), the first-order optimality conditions
give:

(Vo de(pi1p")s i —pi) >0 and (Y, Ju(pF|p?), 0t — p}) > 0 @

Substituting V,,J; = —q; + C(p) + %(1 + log pt), summing these inequalities, and noting that ¢;
terms cancel, we obtain:

T
1
(C(p") = C(p?),p* = p) + 72 (logp; —logpi,p; — p;) >0 (5)

where we used the equilibrium condition p = T > pe. For the first term, strict monotonicity (A3)
implies (C(pt) — C(p?),p* — p') = —(C(p*) — C(p?),p' — p?) < 0. For the second term,
monotonicity of the logarithm gives (logz — logy,y — x) < 0 with equality iff x = y. Since
pt # p? implies p} # p? for some ¢, this term is non-positive. Thus both terms are non-positive
with the first strictly negative, contradicting the inequality above. Hence p' = p?.

C.3. Proof of Theorem 5

The fixed point equation follows directly from the consistency condition: at equilibrium, the aggre-
gate load p* must equal the average of routing probabilities computed against p* itself. To prove
contraction, we analyze the Jacobian J(p) of the map T'(p). Let L; ; = 5(q:(7) — Ap;). The routing
probability is p;(i) = softmax(L;);. By the standard softmax derivative identity, the derivative with
respect to p; is:

Opy(i) [ 0Ly, OLy i,
= py(i = — k)—— (6)
For linear congestion, 85;) —BAd;j. Substituting:
Ope (i . . , . .
P — i) (~6305 + BAD) = ~PA (108~ pea) Q
j

We now compute the L; operator norm of the Jacobian by analyzing each column j. When ¢ = j:
85;(;) = —BApi(5)(1 — pe(4)) and when i # j: apt(l = BAp(i)pe(j). Summing the absolute
values over all rows ¢ for a fixed column j:

5 W oA ()1~ () + Y pelidpi(s
i=1 Pi i#j
= BApe(7)(1 = pe(4)) + BAP:(J Zpt =28Ape(7)(1 = pe(5))- ®)
i#]
=1-pt(4)
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Since, f(z) = x(1 — ) attains its maximum at z = 1, Zf\il ‘agfo(ji) < 28X 1 = % The
population update is T'(p); = = Zt 1 pe(i). Averaging over all tokens:

apt

N 1<~ BN BA
2 727 " 3 ©)

;zz

t=1 =1

Since this bound holds for all columns j, the L; operator norm satisfies ||.J(p)||1 < % hence,
/ < / < B)\ /
1T(p) = T (Pl < sup [T ()11 - llp = Alls = =-llp = £llx (10)
p

Thus, for B\ < 2, T is a contraction mapping with constant x = % By Banach’s Fixed Point

Theorem, there exists a unique fixed point p*, and the iteration converges exponentially: ||p(k) —

k
ol < () 16 = o .

C.4. Finite Regime Approximation Theorems
Proof [Proof of Theorem 7] We decompose the approximation error via the triangle inequality:

M=ot < 0T = pM T+ 1P = ot (1D

Er En

lp

where p™V'T = E[p™"T] is the expected equlhbrlum load.

For the sampling error £7, we observe that pZ T'is the average of 1" independent random vari-
ables (conditioned on the mean field), each taking values in [0, 1] with mean p;. Using linearity of
expectation and bounding the mean absolute deviation by the standard deviation (E[|.X — E[X]|] <
/ Var(X) by Jensen’s inequality), and noting that Var( ) < pi(1— p;)/T since routing weights
lie in [0 1], we obtain:

E o7~ g% ]

(12)

where the final inequality follows from Cauchy-Schwarz and the simplex constraint > p; = 1. In
the typical MoE regime where N < T (e.g., N = 32 experts, T' = 4096 tokens per batch), this
term is small; hence it scales as O(/N/T).

For the discretization error Ey = O(1/v/N), we bound the distance between the fixed points
of the discrete (/N-expert) and continuous (infinite-expert) operators. We model the N experts as
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independent samples drawn from a continuous semantic density over the embedding space (As-
sumption A5 in Section 3). Let Ty and 7 denote the discrete and continuous aggregate response
operators respectively, with fixed points ™7 and p*. Using the contraction property (Theorem 5,
k= pA/2<1):

16V = p*ll = 1 Tn (™) — T (p*) |11
< |Tn(PNT) = Too (PN + | Toe (NT) — Too(p*) 11
< || Tw (") — T (8" ) 11 + 65T = p*1. (13)
Rearranging: |[p™7 — p*[l1 < 2| Tn (p™T) — Too (p™7) |1

It remains to bound ||Tn(p) — Too(p)||1. We analyze this through the partition function. For
each token ¢, the normalization constant in the best response is:

Z exp (Bla(i) — Apil) (14)

Define the per-expert contribution f;(i, p) = exp (5[q:(i) — Api]), so that Z;(p) = Zf\il fi(i, p)
and the routing probability is p;(i|p) = fi(i,p)/Zi(p). Under Assumption (A1), each contribution
is bounded: f;(i,p) < exp(BQmax).- Therefore the variance of the per-expert contributions is
bounded by the second moment:

Var; [f;(i, p)] < Bilfi(i, p)*] < exp(26Qumax) 1= 07 (15)

As N — oo, Zi(p)/N — Ei[fi(i,p)] := py. By Jensen’s inequality (E[|X — p|] < /Var(X))
applied to the sample mean of N i.i.d. terms, we have

[0 %

This fluctuation in the partition function induces fluctuation in the routing probabilities. Indeed,
we first note the exact identity:

. 00/ - . . 1 1 o ft(zvp)
[pe(ilp) = pe°(Elp)| = fu(is p) ‘Zt(p) - Ztoo(p)|  Zu(p) Z5(p)

1Ze(p) = 2= ()] (16)

Z2°(p) with

Since Z;(p) concentrates around its mean Z{®(p), for sufficiently large N, Z;(p) > 3

high probability. Thus, we can bound the denominator:

Ipe(ilp) — pi°(ilp)l < — 55 14t(p) — 277 (p)] (17
' (Z22(p))? '
Under Assumption (Al), f; and Z7° are bounded such that the ratio i Z{;)Q scales as O(1/N?)

(since Z*° ~ O(N) and f; ~ O(1)). In normalized terms: let u = Z°°/N and Z = Z/N.

Then 7 2/ t)2 = N22f t., and since f; = O(1), the coefficient is O(1/N?). Combining this with the

fluctuation bound | Z;(p) — Z°(p)| < O(v/'N), the error for a single expert is O(N~!%). Summing
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over N experts yields | Tw(p) — Too(p)|l1 = O(1/v/N). Applying the contraction factor from

above: ) ) )
— N T % < - . Il -
En =lp Pl 17— O(W) O(m)

where 1/(1 — k) is a finite constant absorbed into the O(-) notation since k = SA/2 < 1 by
assumption. Combining both terms yields the stated bound:

E[[lp"" = p*h] <O (g) +0 <\/1N> (18)

C.4.1. AN L? REFINEMENT OF THE APPROXIMATION BOUND

To extend our results to the limit of infinitely many experts, we adopt a continuous semantic space
formulation that naturally generalizes the discrete assumptions (A1)—-(A4).

Definition 9 (Assumption) [Continuous Regularity] Let U be a compact metric space (the latent
expert manifold) equipped with a probability measure . A load distribution is a function p € L*(T).
The router is defined by a probability density kernel p(u | q, p) representing the probability that a
token with features q selects expert type u given population load p. We assume:

(Al’) Boundedness: The density kernel is uniformly bounded: sup,, , ,p(u | q,p) < M < oco.

(A2’) Lipschitz Sensitivity: The routing policy is Lipschitz continuous with respect to the expert
embeddings. For any u,u € U:

p(ul|gq,p) —p(W | q,p)| < Lyllu—u'|u.

(A3’) Contractivity: The continuous mean-field operator T, defined by T (p)(u) = Eq[p(u |
q,p)), is a contraction in the L? norm with constant k < 1. This is the continuous analogue
of the condition B\ < 2 from Theorem 5.

Theorem 10 (Finite regime approximation in /5) Let expert parameters u1, . ..,un be sampled
iid from w. Let p*N be the fixed point of the discrete system with N experts, and let p™'T be
the empirical load observed from routing T tokens. We embed the discrete vector p*~ € AN into

L?(7) via the piecewise-constant function p* (u) = p;k’N/W(Vg)for u € Vi, where {V1,...,Vn}
is the Voronoi partition of U induced by {uy, . .. ,un}. Under Assumption 9, there exists a constant
C such that:

1, C
VT VN

Proof We decompose the error into sampling noise and discretization bias:

E[5%7 — p*llp2m)] <

16N = 0" 2y < 18N = 55Nl 2 + 1™ = p* 220y -

Vv
Sampling Error Discretization Error
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For the sampling error, note that ||p™7T — 5oV = N o o)
pling P p L2(m) = 4wi=1 m(Vi)

the experts, the routing of T tokens yields independent random vectors with mean p*”. Since
m(V;) &~ 1/N for i.i.d. expert locations on a compact manifold, standard concentration results for
independent vector sums yield:

Conditioned on

. s 1
E[|Ip%T = 5Nl p2(m] < —=-

VT

Now, let Ty be the discrete operator (empirical approximation of T, using sampled experts). The
difference between the embedded discrete fixed point and the continuous fixed point is bounded by
the distance between the operators. Using the fixed point property p*N = Tx(p*") and p* =
Too(p*), and embedding via the Voronoi partition:

TN (p*N) = Too (") | 12(m)
TN (p*N) = Too (0"l L2 () + 1 Too(5*™) = Toa (0| £2()
< T (p*N) = T (p* ™)l 2y + 615N = p*ll 2y (by A3).

Ak, N *
15" = Pl L2(m)

N
(o

IN

Rearranging terms, we obtain:
1 —
~x, N * % *, N
157 — 0™l L2y < mHTN(P N) = Too(p M2

The term HT?\(p) —Too(p) || L2 (=) represents the error of approximating the integral operator Tt with
a Monte Carlo sum over N sampled experts, embedded via the Voronoi partition. By Assumption
(A2’), the integrand is Lipschitz, and by standard Monte Carlo rates for Lipschitz functions on
compact domains:

T Cmc
E[ITn(p) = Too(p) |l 12(m)] < Wi
Combining these bounds yields the stated result. |

Corollary 11 (Balancing the number of experts and tokens) Recall the approximation bound from

Theorem 7:
vVIN " o
VT  (1-k)VN

E[|lpNT - p*|1] <

Define a = 1 and b = C'/(1 — k).Then the choice
| N b
N*(T — 4+ —
(T) € argNEII{IH]I\lf>1 {a T + \/N}

N*(T) =< VT,

more precisely the continuous minimizer is

satisfies

N:ont (T) = g ﬁ?
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and substituting this into the bound yields the optimized rate

. |N b | ~1/4

Proof Consider the function of a continuous variable N > 0,

IN b a
N)i=ay/ =4 ——=—=NY2 4 pbN~1/2,
giN):=a T VN VT

Differentiate and set to zero:

b a
(Ny=—2_N"YV2_2N32-0 = - N=b
g(N) =3 Wi 5 Nii
Hence the unique stationary point is
N b
Ncont(T) = a\/T
Since ¢"(N) = —ﬁN*?’/Q + 3N5/2 > 0at N = NZ,.(T), this point is the minimizer.

Plugging N2, (T) into g gives

(1) = O P ab TV  ab TV = 2ab T

g(N 7V a G

cont

Finally, restricting to integer N changes the optimum only by constant factors, so N*(7") =< VT.1

C.5. Nash Regret Bound

Theorem 12 (Nash Regret) Ler C(p) = A\p and B\ < 2. After K iterations, the routing policy sat-
isfies an e-Nash equilibrium: max;[.J; (pEK) |p)) — miny, Jy(p|p))] < e for K = O(log 1/e).

Proof We proceed in three steps: (1) establish an exact characterization of suboptimality in terms of
KL divergence, (2) bound the KL divergence using the distance between successive iterates, and (3)
apply the contraction result to obtain the iteration complexity. Recall the regularized cost function
Ji(plp) = (—q+C(p),p) + % >, (i) log p(i) and let ¢;(p) = —q:(i) + C(p); denote the effective
cost for expert 7. The first-order optimality condition for minimizing J; yields ¢;(p) + %(1 +
logp;) = p, Vi, where p is the Lagrange multiplier for the constraint ) |, p; = 1. Rearranging
gives the best response p*(i|p) o< exp(—LSc;(p)). For any distribution p on the simplex, we compute
the suboptimality gap:

- . |
Je(plp) = Je(p"|p) = (elp).p = p7) + > pilogpi — > p}logp; (19)
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Substituting the optimality condition ¢;(p) = p — 3(1 + log p}):

(c(p),p — ") :Z [u—ﬁ(lﬂogp@)] pi MZ Z(lHogpz)( —p})

H/—’
=0

1 * 1 k >k
=-3 > pilogp; + 3 > pilogp; (20)
7 7

Therefore:

. i 1
Je(plp) — Je(p*|p) = 3 [Zpi logpi — Y _ pi logpi‘] sz log 2 p BKL(pllp ) 2D

This establishes the exact identity

Je(plp) = Je(w* (1p)lp) = ;KL(pllp*(-lp)) (22)

Notice now that at iteration K, the computed routing pﬁK) is the best response to p~1), while the

true best response to the current load p(&) is p¥ = p#(-|p(*)). We shall bound KL(pIEK) lpy)-We
first note that the log-ratio decomposes as:

(K) (,
i _ .
log p;*(j)) = Blan(i) = Moy V) = log Zu(p" ) = Blan(i) — Mi"™] + log Zu(p "))
t
(K)
B (K) _ (K-1) Zi(p\™))
where Zy(p) = >_; exp(Bla:(j) — Apj]) is the partition function.
The KL divergence becomes:
KL(p(K)Hp*) _ B)\<p(K) (K) _ (K—1)> +1lo Zt(p(K)) (24)
t t Yy p th(p(K—l))
Now, by Hélder’s inequality, we get
(i) ") = )| < pf ™ cllp™) = p 5D < 0 = p I 29)
For the second term, we compute the gradient of the log-partition function:
dlog Zi(p) exp(ﬁ[ +(7) — Api]) -
s B Z00) BAp(ilp) (26)
Thus ||V, log Z;(p)||cc = max; BApi(ilp) < BA. By Holder’s inequality (dual pair £ /¢1):
log Z;(p™)) —log Zy(p™ =) | < BA ) = pF=1|; 27)
Combining both terms in (24):
KL(p; " llpf) < 26" = oy (28)
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From Theorem 5, the map T’ is a contraction with constant kK = $\/2 < 1. The distance to the fixed
point satisfies:
1p™ = p*l < &¥ 101 = p* |y < 26 29)

where the last inequality uses ||p(°) — p*||; < 2. The distance between successive iterates is bounded
by:

1p5) — B <[5 — p* |1y + [|pE Y — p*|y

< 26K 4 2k F 1 = 2K (1 4 k) < 4kFTL (30)
Substituting into (28):
A A
KL ||p) < 263 - 451 = 85 - <ﬁ ) — 16 (52 > G31)
By (22), the Nash regret satisfies: RE ) = BK ( Hpt) < § (Q) . To achieve REK) <e, we
require:
16 m)K log(16/(B¢))
16 (BNT | g s los(16/(5) (32)
B < 2 log(2/(BX))
which is O(log(1/¢)) for fixed problem parameters 3, A. [

C.6. Proof of Proposition 8

For the rectified cost C(p); = A max(0, p; — mm ), the partial derivatives of the congestion function
are: g—gj = A-1{pi > Tim} - 0ij. If j ¢ S(p) (i.e., expert j is uncongested), then IC}/9p; = 0
for all k, which implies OL; /0p; = 0 for all k in the softmax logits L ; = 5(q:(i) — C(p)i). By
the softmax derivative identity, dp.(i)/0p; = O for all i and ¢, yielding column j of the Jacobian
DT(p) identically zero. The rank of DT'(p) therefore equals the number of congested experts |S]|.

Column bounds for congested experts. When j € S, the Jacobian entries are identical
to the linear congestion case: Op;(i)/0p; = —BA(pi(i)di; — pe(i)pi(5)). The column sum is
=5 S 10()/0ps] = £ 3, 2BApe () (1 — pe(4)) = 28X 173, following the same algebra as the
proof of Theorem 5. When routing is well-distributed, o; &~ (1 — %), yielding ket ~ 28\/N.

Directional contraction bound. Following the Jacoblan analysis above, the derivative of the
routing probability p;(i) = softmax(3[g: — C(p)]); with respect to p; is:

3pt(i) _ (6Ltz Zpt aLt,k) .

Op; Op; opj

For part (i), we use the integral form of the mean value theorem for vector-valued maps. Define the
path v(s) = p+ s(p’ — p) for s € [0, 1]. Then:

T(p /DT (p' = p)ds.

Taking the £; norm and applying the triangle inequality:
TG =T < [ 1DTGE) - (0 - ol ds.
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For each s, the Jacobian DT'(+y(s)) has column j identically zero whenever j ¢ S(7(s)) (as shown
above). Since columns outside S(7(s)) vanish, we have:

IDTOEN -6 - ol < Y 2

J€S((s))

where we applied the column-sum bound ). |07;/0p;| < SA/2 from Theorem 5. Let Sy =
Usepo,11 S(7(s)) be the union of all active sets along the path. Then for each s, S(v(s)) € Su, so:

/ )\ / )\ /
7~ Tl < 2 32 15— ol = 2P0~ )l

JESU

Note that S depends on both p and p’. In particular, Sy 2 S(p) U S(p’), which correctly handles
the case where an expert is congested at p’ but not at p.

C.7. Existence and Uniqueness for Capacity-Aware Costs

Corollary 13 (Capacity-Aware Fixed Point) The Nash equilibrium for C(p); = Amax(0, p; —

exp(fB Amax(0,0] —Tim
Tlim) satisfies: p; = Zt 5, ep}fp [Z’eq)( N— Amafx(g o5 1#11),11))])

Proof Substituting the specific form of C'(p); = Amax(0, p; — 7y ) into the general best re-
sponse (Proposition 2) immediately yields the result. Since the cost function C'(p) is continuous
and monotonically non-decreasing and the ReLU function is convex, the existence of an equilib-
rium is guaranteed by Schauder’s Fixed Point Theorem (Theorem 4). Furthermore, because the cost
is strictly monotone for all p; > 7, and the entropy term in the regularized cost provides strict
monotonicity globally (see the uniqueness proof of Theorem 4), the equilibrium is unique. |

C.8. Empirical Convergence Verification

A key concern is that Theorem 5 requires SA < 2 for contraction, while our experiments use
BA = 10 (and up to 25 during curriculum learning). We provide direct empirical evidence that the
solver converges reliably in practice.

Setup. We trained a Capacity-Aware MFG model for one epoch on WikiText-103 and extracted
the learned quality scores ¢; = W,x; from the gate networks on 10 validation batches across all
6 layers (60 quality-score tensors). We then ran the iterative equilibrium solver (Algorithm 1) on
these real gate outputs, logging ||p*) — p(*=1)||, and the number of congested experts (p; > Tiim)
at each iteration. We tested seven configurations spanning the paper’s operating regime and stress
tests.

Results. Table 10 summarizes the convergence behavior. All configurations converge well within
the Kax = 20 iteration budget.

Three observations merit discussion. First, convergence is remarkably uniform with momen-
tum: 12.7+0.5 iterations across all settings, regardless of the capacity factor (which determines the
number of congested experts, ranging from 3.3 to 16.2 out of 32) or the penalty strength (6A = 10
or 25, corresponding to nominal x = 5.0 or 12.5). This uniformity arises because momentum
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Table 10: MFG solver convergence on real gate outputs from WikiText-103. All configurations
converge despite nominal xk = S\/2 > 1, confirming that the rectified cost structure
and momentum stabilization extend convergence far beyond the theoretical contraction

regime.
Setting BA  Capacity Momentum Iters (mean =+ std)
Paper setting 10 1.5% 0.5 1274+ 0.5
Tight capacity 10 1.0x 0.5 12.7+0.5
Tight capacity 10 1.25% 0.5 12.7£0.5
High penalty 25 1.25% 0.5 12.7+£0.5
Curriculum max 25 1.5% 0.5 12.8+04
No momentum 10 1.5% 0.0 109+ 4.6
No momentum 10 1.0x 0.0 11.8+ 34

(1 = 0.5) imposes a fixed damping schedule that dominates the convergence trajectory, effectively
overriding the configuration-specific contraction dynamics. The reported statistics are rounded to
one decimal place from 60 independent solver runs per configuration (10 batches x 6 layers). Sec-
ond, without momentum, the solver is actually slightly faster on average (10.9 vs 12.7 iterations)
but has 9x higher standard deviation (4.6 vs +0.5), confirming that momentum serves primarily
as a stabilizer rather than an accelerator—a critical property for reliable convergence during every
forward pass. Third, the convergence trajectories (Figure 4) show clean geometric decay on a log
scale, consistent with contractive behavior at an effective rate much smaller than the nominal .

(a) Solver Convergence (with momentum) (b) Effect of Momentum (u=0.5 vs p=0)

pA=10)
10)

(c) Convergence Speed Summary

- C 05
C=1.0x, pA=10, =0

Jp® — pt-D]w

25 5.0 75 100 12,5 150 175 20.0 5 10 15 20 25 30 35 40 a5
Iteration k Iteration k

Figure 4: Convergence verification of the MFG equilibrium solver on real gate outputs from trained
models. (a) All configurations with momentum exhibit identical geometric convergence.
(b) Momentum (¢ = 0.5) reduces variance relative to undamped iteration. (c) Summary:
all configurations converge within K ,,x = 20 despite S\ > 2.

These results demonstrate that the practical convergence of the capacity-aware MFG solver
extends well beyond the theoretical contraction regime of Theorem 5. The combination of rectified
congestion costs (which zero out the Jacobian for uncongested experts) and momentum averaging
provides robust convergence guarantees in all settings tested.
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Camera-Ready Edits Summary

We thank the reviewers and workshop organizers for the thoughtful feedback. The reviews were
helpful in identifying where the paper should be more careful about its empirical interpretation,
computational cost, and relationship to existing MoE routing methods. In the camera-ready version,
we revised the manuscript with these points in mind while keeping the main technical contribution
and experimental results unchanged.

Empirical interpretation. We clarified that the gains over standard sparse MoE routing baselines
should not be attributed solely to the equilibrium mechanism. The revised text now separates the ef-
fect of dense activation from the additional improvement associated with equilibrium-based routing,
and presents the main empirical claims in a more measured way.

Computational cost. We made the measured 1.65 X training overhead explicit and revised the dis-
cussion to avoid suggesting that the current implementation is a drop-in replacement for production
sparse MoE routing. Instead, we frame the implementation as a demonstration of the equilibrium-
routing principle, with efficient sparse approximations left as an important direction for future work.

Sparse projection. We softened the discussion of sparse-aware projection. The revised version
emphasizes that Top-1 projection provides a modest gain at identical inference cost, but that it does
not fully recover the dense equilibrium router. We also clarified the distinction between overflow,
token drops, and sparse projection behavior.

Relation to dense routing and Soft MoE. We revised the related-work and empirical discussion
to better acknowledge dense-routing baselines, including Soft MoE. We also adjusted the abstract
and main text so that the paper is framed as an equilibrium-based approach to capacity-constrained
MOoE routing, rather than as a comparison against a single baseline.

Theory and experimental regime. We clarified the relationship between the formal contraction
regime and the empirical hyperparameter settings. The final version more clearly distinguishes the
regime where convergence is guaranteed from the broader empirical settings used in the experi-
ments, while retaining the sensitivity results that show stable performance near the theoretically
motivated regime.

Scaling discussion. We softened the interpretation of the observed N?47 scaling trend. The re-
vised manuscript presents this as an empirical trend rather than direct evidence for the finite-expert
approximation theorem, since active compute and routing density differ across methods.

Presentation and references. We revised the abstract, introduction, conclusion, captions, and
several experimental paragraphs for clarity and consistency. We also cleaned the bibliography,
checked citation keys, corrected minor notation issues in the sparse-aware loss, and removed redun-
dant implementation-style code where the algorithmic description was sufficient.
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