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Abstract

Time-resolved single-cell omics data offers high-throughput, genome-wide mea-
surements of cellular states, which are instrumental to reverse-engineer the pro-
cesses underpinning cell fate. Such technologies are inherently destructive, al-
lowing only cross-sectional measurements of the underlying stochastic dynami-
cal system. Furthermore, cells may divide or die in addition to changing their
molecular state. Collectively these present a major challenge to inferring real-
istic biophysical models. We present a novel approach, unbalanced probability
flow inference, that addresses this challenge for biological processes modelled as
stochastic dynamics with growth. By leveraging a Lagrangian formulation of the
Fokker-Planck equation, our method accurately disentangles drift from intrinsic
noise and growth. We showcase the applicability of our approach through evalu-
ation on a range of simulated and real single-cell RNA-seq datasets. Comparing
to several existing methods, we find our method achieves higher accuracy while
enjoying a simple two-step training scheme.

1 Introduction

Single-cell measurement technologies offer an unbiased, single-cell resolution view of the molecular
processes dictating cell fate. These methods predominantly rely on microfluidic devices to capture
and read molecules in individual cells, destroying the cell in the measurement process. Therefore the
state of any cell can be measured only at a single time. Experimental study of temporal biological
processes must therefore proceed by time-course studies, in which a time-series of population snap-
shots is obtained. At each time-point, a measurement is obtained from a distinct population of cells,
assumed to be identically prepared at the initial time. In practice these data can be obtained by serial
sampling from a larger population, or from biological replicates measured at different times [[I, 2].
The challenge with time-resolved population snapshot data is that direct observation of dynamics in
terms of longitudinal information is lost, and must be reconstructed from static population profiles.
This motivates the inverse problem of reconstructing an underlying dynamical system which not only
interpolates the data, but also captures the key biophysical phenomenon at play in the regulation of
gene expression, notably intrinsic noise and cellular proliferation. On the other hand, ignoring these
aspects can result in incorrect identification of regulatory mechanism [3, 8.

While the task of learning stochastic dynamics interpolating high-dimensional distributions is now
routinely solved in generative modelling tasks [5, 6], doing so while ensuring faithfulness to bio-
physically relevant features like intrinsic molecular noise as well as division and death remains a
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Figure 1: Overview. (i) Stochastic population dynamics with growth, governed by a Fokker-Planck
equation with source. (ii) Score matching trains a neural network to model the contribution of noise.
(iii) Neural-ODE based learning of the Fokker-Planck characteristics. (iv) Learned characteristics
and corresponding SDE trajectories.

challenge. Similarly, while the dynamical inference problem has seen significant interest from the
single cell analysis community, the issues of the noise and growth remain open for the most part
[3, &, 2, B]. For instance, most existing methods assume either no noise [U] or a constant isotropic
d1ffus1v1ty [2, 0], and either no growth [IT] or the availability of prior information such as growth
rate estimates [2] or lineage tracing [&, T2].

With this in mind, a flexible framework called probability flow inference (PFI) was recently intro-
duced [3, T4] as a tool to infer stochastic dynamical models accounting for intrinsic noise. Lever-
aging the Lagrangian formulation of the Fokker-Planck equation, also known as the probability flow
formulation [I35], PFI infers the drift of an 1t6 diffusion interpolating between the distributions at
successive times. A limitation of PFI is that it does not account for growth (i.e. proliferation and
death), a key feature of realistic biological systems that must be appropriately modelled for the in-
ference of accurate trajectories. This was notably observed in reprogramming experiments, where
neglecting cellular death led to the inference of incorrect state transitions between apoptotic and
pluripotent cells [J]. In this paper, we show how the PFI approach naturally extends to account for
cellular proliferation, and we propose a new algorithm called unbalanced probability flow inference
(UPFI), which allows to disentangle drift from intrinsic noise and growth in diffusion processes.

Stochastic population dynamics with growth We consider a population of individuals evolving
following an Itd process of the form

dX; = v (Xy) dt + o4(X)d By, (n

with d B; the increments of a d-dimensional Brownian motion, v;(X) the drift encoding determin-
istic aspects of the system and o(X) the strength of the noise, which can depend on the state X,
as well as the drift.

To include growth in the model (@), we model individuals as undergoing division and death at rates
b:(X;) and d;(X}), respectively. More precisely, during a short time interval 7 « 1, an individual
with state X; divides with probability b;(X ;)7 + o(7) and dies with probability d:(X:)7 + o(7).
Upon a division event, both descendants inherit their parent’s state X;. With these prescriptions, the
Itd process (M), along with the division and death mechanism, defines a branching diffusion process
[I6]. The density of individuals with state  at time ¢, denoted p;(x), follows a Fokker-Planck
equation (FPE) with a source term [I7]:

Oipi(®) = =V - [p(®)vi(®) = V - (pi(@) D ()] + g:(2) i (), )

where Dy(z) = Lo (x)oy(x)" € S% is the diffusivity matrix and g(x) = by(z) — di(z) is
the net fitness associated with the gene expression x. Regions where g;(x) < 0 correspond to
regions of net death, while regions g;(x) > 0 correspond to net growth. The total number of cells
|pe| = § pi(x)da is thus not conserved over time, and p; is not a probability density. In Fig. 0i(i) we
illustrate the evolutlon of p, for a bistable process in two dimensions, where growth has the effect of
accumulating the mass on one of the two branches, even though both branches are equally favourable
in terms of the energetic landscape. In Section B, we will analyse in more detail a high-dimensional

version of this bifurcating process.



To motivate the relevance of () for cell dynamics, we point out that a SDE of this form with coupled
drift and noise terms naturally arises from the Chemical Langevin Equation, obtained by coarse-
graining of the biophysically principled Chemical Master Equation [I'Z]. The importance of multi-
plicative noise in biological systems is also pointed out by [B] which highlights the nontrivial impact
that complex noise models can have on dynamics. Finally, multiplicative noise models also arise in
non-biological settings such as the Cox-Ingersoll-Ross model in finance [I8].

On the other hand, the importance of modelling division and death is readily apparent for applica-
tions such as cell dynamics, ecology, and disease modelling [IY, 20]. In biological systems, organ-
ised cell division and death are a key control mechanism that work alongside regulatory dynamics,
and are thus an essential component that must be modelled to ensure accurate inference results.

Problem statement Population snapshot measurements arise in settings where tracking of individ-
uals is either impossible or expensive, such as in single-cell RNA sequencing (scRNA-seq) studies.
Longitudinal information on the stochastic trajectories of individuals and their progenitors is lost.
Instead, one has access only to statistically independent, cross-sectional measurements of the pop-
ulation density p;(x). In other words, we observe the femporal marginals of the process () with
birth and death. Given the knowledge of p;(x), our goal is to infer the drift v;, the fitness g; and
the diffusivity D;(x) of the underlying branching diffusion process, or in other words, to invert (D).
While our approach applies to the simultaneous inference of these three quantities, we assume that
D, (x), or the form of its functional dependency on the drift in the case of a Chemical Langevin
Equation [I'7], is known. In what follows, we restrict ourselves to inferring the drift and the fitness.

Consider K + 1 cross-sectional measurements taken from (B) at successive times tg = 0 < --- <
tx = T. Each measurement ¢ consists of N; sampled states {xj,,1 < k < N;}. We assume
that IV; /Ny estimates the ratio of individuals |p¢,|/|po| at all times ¢;, 1 < ¢ < K. With this
assumption, we can estimate p;, up to a multiplicative constant |pg|/ Ny using the samples available:

Pt ™~ ‘]‘\’,—((’Jl Z;.V:"'l d(x — x4, ). Practically, the knowledge of this constant term is unnecessary
because the rescaled density Nop;/|po| satisfies the same equation as p; so we set it to one.

Related work Approaches based on optimal transport for reconstructing dynamics typically either
ignore cellular birth and death entirely [T, 3, T4, 1], or handle growth using an unbalanced
relaxation of entropic optimal transport (EOT) and prior knowledge on growth [, 9, [0, 12, 22]. In
particular, while unbalanced EOT can easily be solved computationally using a modified Sinkhorn
algorithm [23], it proceeds via a relaxation of the static transport problem and does not readily offer
a natural dynamical interpretation in the sense of the continuous-time dynamics of (H). Recently
a significant amount of theoretical progress was made on the closely related Schrodinger bridge
problem for branching Brownian motion [[I&], however designing computational approaches for its
solution in high dimensional settings remains an open problem. Several recent works aim to learn
neural approximations to dynamics with growth, but either assume deterministic dynamics [24], a
global fitness linking drift to growth [25] (see also the discussion in Appendix C3), or rely in the
end on unbalanced EOT for conditioning flow matching [2f]]. These methods are therefore subject
to limitations rendering them inapplicable for the problem we describe. One work that addresses
our problem setting is [Z] which proposes a deep learning based method, DeepRUOT. While the
algorithm is designed with the same aims as ours, it requires an multi-stage training procedure prone
to instability, first relying on flow matching and then on simulation-based training.

2 Methodology

Unbalanced Probability Flow Inference (UPFI) To solve this inverse problem we build upon the
Probability Flow Inference (PFI) approach of [[[3, T4], in which the Fokker-Planck equation is fitted
in the Lagrangian frame of reference. This formulation leverages the fact that the drift-diffusion
term in (I) can be re-written as a transport term. In our setting, such a rewriting reads

Orpr(®) = =V - [pi(@) (vi(x) = V- Dy(x) — Di(2)V log pi(@))] + g:(®)pe(®),  (3)

The phase-space velocity in the transport term now depends on the score V log p;(x), which is
independent of the total mass of the measure since V log p, = Vlog (p¢/|p:|). Interestingly, (B)
can be solved in the same Lagrangian frame of reference as without growth g; = 0. Indeed, the



solution (¢, m;) of the following system of ODEs

92 — vy (my) — V- Dy(x) — Di(x) Vlog py(y) =2 we(x), @ ~ po,

G = gl@om, mo = pola).
produces a weak solution to (1) [Z8, Proposition 2.1], where we have written u; to denote the phase-
space velocity field. In other terms, by going to the Lagrangian frame of reference, we can trade
solving a PDE in d dimensions with solving an ODE system in d + 1 dimensions. This gain comes
at a cost, since it requires learning the score function V log p;(«) beforehand. However, this can
efficiently be done offline for high-dimensional datasets because the score is independent of the
parameters of the dynamical model in (&).

“

We remark on the importance that (B) yields a weak solution to (B) — solving this system for finitely
many particles yields a weighted sum of point masses p; approximating the measure p; dz but does
not provide the density p;. The density evolution is governed by d(log p(x;))/dt = gi(x;) — (V -
u) (), i.e. an additional term arises from the divergence of the phase-space velocity. While this is
the setting arising in the continuous normalising flows literature [29] and is also used by [?4] in the
context of growth, in practice computing the divergence term is well-known to be computationally
expensive as it relies on computing the trace of a Jacobian.

Our approach, UPFI, consists of two steps: (i) estimating a time-dependent score function s;(x) ~
V log pi(x) from available snapshots, and (ii) learning the coefficients of the ODE system (@) that
fit the observed snapshots {p;,, 1 < i < K}. For the first step of the algorithm, we estimate the
score with denoising score matching [8, 30], as it has shown best performance in terms of accuracy
and scalability on similar problems [I4]. For the second step, we push the observed samples and
their associated mass from time ¢; to time ¢;; following (B). The explicit update equations read

By = Ths, + 5, (Vu(Bra) — V- Du(@ku) — Du(Br)Su(@hu)) du 5)
mie = exp (§;, gu(@r)du) ©)

with ¢ € [t;,t;41]. This allows us to construct an inferred marginal distribution py, . ,, which reads
Proa (@) = T 1@ty — ). ™

We can then optimise jointly over the drift and the growth by minimising a discrepancy
D(pt,. 1, Pt,,.) between the inferred and the true measures. In practice, we minimise the total

discrepancy across all snapshots, (v; (x),g; (z)) = argming,,(a),q, (2)) Zfil D(p:,, pt;). While
in principle various choices of D could be appropriate, we opt to use the unbalanced Sinkhorn diver-
gence [BT] which possesses desirable geometric and computational properties [23, B2]: D = S, .,
where €,y > 0 specify the entropic regularisation level and soft mass constraint respectively. Most
importantly, this choice works directly with discrete measures, allowing us to bypass entirely com-
putation of densities.

We summarise the UPFI algorithm in Alg. 0. These successive steps are illustrated for a two-
dimensional bifurcating process in Fig. M(ii)-(iii). In Fig. M(iv) we show the difference between
the resulting probability flow lines inferred with PFI and with UPFI. Because PFI doesn’t explicitly
account for proliferation, it infers flow lines which correct for the mass imbalance between the two
bifurcating branches by incorrectly connecting them. On the other hand, UPFI recovers the appro-
priate flow lines which do not connect the two bifurcating branches. The inference of a drift biased
by proliferation, as exemplified with PFI in Fig.ID, is an instance of a wider issue regarding the
ability to infer jointly drift of proliferation.

The problem of identifying simultaneously drift and fitness Even in the absence of cellular
proliferation, the drift term v;(x) is in general not uniquely identifiable [I4, B3, B4]. Naturally,
these same arguments extend to the simultaneous inference of the drift and growth, and furthermore
we can expect to mistake drift for growth and vice versa. While the approach outlined in Algorithm [
applies to any nonlinear force field, here we aim to gain theoretical insight into the identifiability
problem by analytically studying an Ornstein-Uhlenbeck (OU) process with quadratic fitness, in
which the population density remains a Gaussian measure. Although OU processes can not capture
bifurcations, they have been successfully used to infer non-bifurcating processes in single-cell RNA-
seq data [35]. For these processes, the drift is a linear function v;(x) = A;x + e; and the matrix



Algorithm 1 Unbalanced Probability Flow Inference (UPFI)

Input: K + 1 statistically independent snapshots {xk,ti}kNil sampled from {p;,}2, i.e. the
solution to (B) at successive times tg,t1,...tx.
Estimate score: sy(t, ) ~ V log p;(x) using score matching
Initialise: Force vy (¢, x), growth rate go (¢, ), diffusivity D(¢, ).
while not converged do
for k€ {0,1,..., K — 1} do
(wé,tk+1 B mf,tk+1 )év=k1 < odesolve (Eq (m)7 x0 = (mf,tk s Tyt )é\]:kp ts = [tka tk+1])

~ N, . .
Ptiir < Dupmy Mty 0(T — Xagy ) Predicted marginal at ty 1
by, — Sgﬂ(ptkdr1 , Ptk“) Sinkhorn loss on marginals
1 wk-1 .

L=K1 Dt Uk Compute total loss

0 < Update(0, VL) Update 0
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Figure 2: Non-identifiability of growth and drift in the Gaussian case. 8-dimensional OU process
with quadratic growth. Left: autonomous drift and growth produces the same marginals as a non-
autonomous system.

A, is directly interpretable as the gene regulatory network driving the process. We prove in the
appendix the following result for OU processes with quadratic fitness.

Proposition 2.1 (OU process with quadratic fitness). Consider an OU process with quadratic fitness,
whose density satisfies

1
Oipr(x) = =V - (A + €)pi(x) — D Vp(x)) + (b + ¢ x + §mT1"ta:)pt(:c), (8)
where A, € R¥*9 e, c; € R?, and b, € R are generic, D, € R**? is symmetric positive definite,

and Ty € R4*? is symmetric negative semi-definite. If py = moN (po, o) with mg > 0, then
pr = muN (e, X¢) for all t = 0, where

3= A+ 3A] 42D, + .05, 9)
e = (A + 2T )py + 3ier + ey, (10)
my 1 1

HZ = iufrtut +ef e + by + 5 tr(TeS0). (11)

Using this result, we can observe that it is impossible to identify the gene regulatory network
uniquely, and that many solutions fit equally well the data. This is made concrete in the follow-
ing result.

Corollary 2.2. Consider an OU process with drift vi(x) = A;x and a time-dependent fitness as
in B). Let K; € R™ ™ be an arbitrary matrix. Then there exists € > 0 such that the system is
indistinguishable from another OU process with drift vi(x) = A; + I + eK; and time-dependent
quadratic fitness.

Importantly, this result holds even if we enforce the drift to be autonomous: both symmetric and
asymmetric parts of the drift matrix can be confounded with cellular growth, and vice-versa. We
show in Fig. D a simple illustration of this fact — the same sequence of distributions can arise from
autonomous linear drift with quadratic growth, but also non-autonomous linear drift alone.

Loss function and uniqueness of the minimum The identifiability issue discussed previously
calls for the use of a regularisation when optimising for the drift v;(«). This regularisation ensures
that, even if the method is not consistent in general, it leads at least to a unique solution. While
different regularisers could be used, here we opt for the Wasserstein-Fisher-Rao energy function



[B2] as a natural choice. The loss function reads, with o > 0, A = 0

i
L— ZSM (Bros pe) + At =t f J Jou(@)| + alg(@)?) dpu(@)dt.  (12)

i=1

Once again, we can gain some insight into the role of the regularisation by studying the linear-
quadratic case from Prop. I Assuming ¢; — t;_1 = At, we show in the appendix that in the
non-entropic limit ¢ — 0 (in which case the Sinkhorn divergence becomes the Gaussian Hellinger-
Kantorovich distance [36]) and when At — 0 with T' = K At fixed, the loss tends to a functional
which has a unique minimum as a function of the parameters defining the fitness and the drift.
Theorem 2.3 (Loss function for OU processes with quadratic fitness). Consider the true process as
well as the inferred processed to both be OU processes with quadratic fitness, i.e. (8). Denoting
q = 2/, with K At fixed, when At — 0 we have At~ L — L, where L is the continuous time loss
function:

T
_ ~ 1 ~
c-a | dtmt(vt—vt@w(ht—ht)? (13)
0
+q2 ”?’q’ (w-T(B—lg’)w->2 +AJTR dt
qtalt—l—a ’sz,t)Q A el 0 !
(14)

where 3 = 3, aitwi7tht is the eigendecomposition of the covariance X, U?’q’t =1+ qaztfor
alli, X, = 2%, + ¢~ . We also have

B,— B, =%,(A - A)" + (A, — A)%, + =T, - T\, + 2(D; — D,),

v — B = ((Ar — Ap) + Zi(Tr = Ty)) g + Bi(er — &) + (er — &), (15)
-~ 1 N R ~ 1 N
hi —hy = 5#:(3 — T+ (eo — &) "o + (b — by) + 2 tr((Ty — T) %),

and Ry is a strongly convex functton of the parameters defining the fitness and the drift. For A > 0,
L has a unique minimiser t — (At ,€r, b;, c;, *)

Scalability The unbalanced Sinkhorn divergence S¢ , can be computed with a per-iteration com-

plexity of O(B?) and a dimension-independent sample complexity of O(B~/2) [B1], provided the
batch size B is sufficiently large. In contrast, denoising score matching has a per-iteration complex-
ity of O(Bd), where d denotes the dimensionality. The computational cost of ODE integration can
be reduced, at the expense of some accuracy, by taking fewer Euler steps between time points. In
practice, we find that two to three steps are typically sufficient. This imposes a mild limitation on
the scalability to high dimensions, and we find the UPFI algorithm can handle up to moderately high
dimensions as illustrated in the results section below. This moderately high-dimensional regime is
particularly relevant for modelling cellular processes such as haematopoietic stem cell differentia-
tion, where only a few dozen key transcription factors drive cell fate decisions [I]. Additionally,
PCA dimensionality reduction is a routine preprocessing step in single cell analysis workflows [B77].

3 Results

High-dimensional bifurcating system We first consider a bistable system in R? where the dy-
namics are driven by a potential landscape v = —VV, V(z) = 0.9||z — a|3]|z — b|3 + 10 Z?:g x?

where attractors are located at a, b = +(e; + e2). We impose a birth rate b(x) = 5 (1 + tanh(2x))

and d(x) = 0 so that 1nd1V1duals closer to the positive attractor divide at a high rate (see schematic
in Fig. M(i)). For d = {2, 5,10, 25,50} we simulate the system and sample population snapshots at
T = 5 timepoints (see Fig. B(a) for d = 10). To reconstruct the dynamics, we apply UPFI (Alg. ),
as well as PFI [I3, T4]. For additional comparisons, we consider a principled deterministic fitness-
based method (fitness-ODE, see Section C3), a method inspired by TIGON [24], DeepRUOT [27],
optimal transport flow matching (OTFM) [B¥] and its unbalanced variant, UOTFM [26]. The imple-
mentation of TIGON as described and provided by [24] is difficult to use in practice, we therefore
re-implemented the method with several simplifications which we believe improves its performance,
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Figure 3: 10-dimensional bistable system. (a) Population snapshots over time, shown in the first
coordinate xg. (b) True and inferred force fields shown in (xg, 1), coloured by fate probabili-
ties. (c) True and inferred growth rates shown in (xg,x1). (d) Sampled trajectories from true and
learned dynamics with growth suppressed (pure drift-diffusion process). The fraction of trajectories
terminating in the upper (resp. lower) regions are indicated. Without growth both branches are
equiprobable.

UPFI PFI FITNESS-ODE ~ TIGON++ DEEPRUOT OTFM UOTFM

d Path energy distance ()

2 0.14 £0.09 1.41£016 030+£0.18 0.46 £+ 0.12 2.15 £ 0.01 1.16 £ 0.13 0.42 £+ 0.13
5 0.04 + 0.03 1.34 +£ 006 0.30+0.14 0.63 £+ 0.16 0.47 £+ 0.04 1.07 £ 0.11 0.36 + 0.10
10 0.05 + 0.04 1.03+0.18 0.29 +0.15 0.61 £ 0.06 1.32 + 0.05 1.09 + 0.19 0.38 £+ 0.08
25 022+020 1.51+0.10 0.20 £+ 0.04 0.74 £ 0.04 0.14 + 0.00 1.39 + 0.09 0.57 £ 0.22
50 015+0.02 1.89+021 0.20 £+ 0.08 0.62 £ 0.04 0.31 £ 0.02 1.38 £ 0.06 0.69 £ 0.14

Force error (cosine |)
2 0.07 £ 0.02 0.08 £0.01 034 £0.04 0.26 £ 0.04 0.44 £ 0.00 0.41 £+ 0.03 0.44 £ 0.06
5 0.15+0.04 0.09 £0.01 0.36 £0.02 0.37 £ 0.03 0.44 £ 0.00 0.44 £ 0.01 0.46 £ 0.03
10 010+ 0.00 0.124+0.00 0.37 +0.05 0.35 £ 0.02 0.45 £ 0.00 0.45 £ 0.01 0.45 £ 0.01
25 0.06 £0.00 0.09+0.00 0.19 +0.04 0.27 £ 0.01 0.37 £+ 0.00 0.60 £ 0.01 0.63 £+ 0.02
50  0.06 £0.00 0.07+0.00 0.26 + 0.03 0.25 + 0.01 0.44 + 0.00 0.55 £+ 0.01 0.52 £+ 0.01
Force error (Lz, 1)
2 1.17 + 0.03  1.81 £+ 0.09 1.70 £ 0.04 1.62 £ 0.03 2.84 £ 0.00 1.77 £ 0.06 1.68 £ 0.04
5 289 +£0.11 3.53+£0.18  3.78 £0.02 3.83 £0.04 4.07 £ 0.00 3.86 £ 0.01 3.80 £ 0.03
10 431+0.08 476+0.14 5.87+0.13 5.89 +£0.04 6.17 £+ 0.00 6.09 £+ 0.04 5.96 £+ 0.01
25  674+0.05 6954005 894+ 0.20 9.58 +0.03 9.98 + 0.00 1032 £ 0.02  10.28 + 0.04
50 945+0.06 9.41+0.03 13.37 £ 0.22 1343 £ 0.04 1445+ 0.00 14.60 +0.04 14.49 £+ 0.01
Pearson fate correlation, 1)

2 098 +0.01 0.57+0.04 0.94 +0.01 0.91 £+ 0.03 0.51 £+ 0.00 0.79 £+ 0.01 0.96 + 0.01
5 0.99 £0.00 0.59£002 0.93 £0.01 0.82 £ 0.04 0.84 £ 0.00 0.76 £ 0.01 0.95 £ 0.00
10 099 +0.00 0.65+0.02 0.93+0.01 0.84 £+ 0.03 0.77 £ 0.00 0.76 £ 0.02 0.95 £ 0.00
25 097 +0.01 0.65+0.02 0.90 + 0.02 0.77 £ 0.01 0.95 £+ 0.00 0.74 £+ 0.02 0.93 £ 0.01
50 098 +0.00 0.63+0.03 091+ 0.01 0.80 £+ 0.02 0.92 + 0.00 0.73 £ 0.01 0.93 £+ 0.01

Table 1: Numerical evaluation results for d-dimensional bistable system, d € {2, 5, 10, 25, 50}.

and we thus refer to it as TIGON++ (see Section [C4 for in-depth discussion). We provide details
on flow matching in Section (8.

Fig. B(b) shows in the (xo, z1) plane: (i) the vector field v; as a streamplot, and (ii) the fate proba-
bilities by colour, obtained from the true and reconstructed dynamics. We define the fate probability
of a state (¢;, x) towards an attractor A as the frequency of sampled trajectories starting from (¢;, x)
that terminate closest to that attractor. (see Section O for full experiment details)

We observe that UPFI recovers vector fields and fate probabilities that almost perfectly resemble the
ground truth. On the other hand PFI, unable to account for the presence of growth, misattributes the
shift in distribution to a spurious drift towards the faster dividing branch. On the other hand, fitness-
ODE and TIGON++ are able to pinpoint the bifurcation but produce binary fate probabilities since
they are deterministic. Furthermore, the inferred vector fields are qualitatively different from the
ground truth for the same reason. DeepRUQOT, which in theory models both growth and stochasticity,
is unable to recover good dynamics. This is potentially owing to instabilities in their training scheme,
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Figure 4: Simulated regulatory networks. (a) (i) True and inferred vector fields for 7-dimensional
bifurcating system, coloured by fate probabilities. (ii) Learned causal graphs using neural graphical
model within UPFI (PFI) frameworks with true interactions shown in red. (iii) Precision-recall curve
quantification of prediction accuracy. (b)(i-iii) Same as (a) for 11-dimensional HSC system.

UPFI (add.) UPFI (mult.) PFI (add.) PFI (mult.)
Bifurcating
Path energy distance (|) 1.22 + 0.38 1.69 + 0.14 1.91 + 1.04 462 + 1.14
Force error (L2, |) 1259 £ 039 11.78 + 0.30 18.96 + 3.25 16.49 + 1.62
Pearson fate correlation (1) 0.97 + 0.00 0.98 + 0.00 0.66 + 0.17 0.62 + 0.06
Haematopoietic
Path energy distance (|) 0.99 + 0.26 0.98 + 0.15 1.42 £ 042 1.86 £+ 0.30
Force error (L2, |) 19.58 + 0.33 18.13 + 0.25  26.80 + 3.71 26.84 + 1.48

Fate prediction error (TV |) ~ 0.08 £0.00  0.07+£0.00  023+0.03  0.27 £ 0.04
Table 2: Numerical evaluation results for CLE systems.

which involves multiple distinct stages and losses [Z7, Algorithm 1] compared to the two-step UPFI
approach (Alg. ). Visualising the true and inferred growth rates (Fig. B(c)) we find good agreement.
Finally in Fig. B(d) we show sampled trajectories over time for the true system and each method, and
these further illustrate our conclusions from before. Because of space constraints, we show sampled
trajectories for OTFM and UOTFM in Fig. B in the Appendix.

In Table 0 we show numerical evaluation metrics for each method as d varies; here we also com-
pare to results for OTFM and UOTFM. At the level of trajectories, we quantify the energy distance
[BY] between sampled paths from the ground truth and inferred processes treated as empirical dis-
tributions in L2([0, 1], R%). At the level of the force, we measure the reconstruction error on v; in
terms of the L? and cosine distances. We also report the Pearson correlation between the true and
estimated fate probabilities. In all cases, we find that UPFI recovers dynamics with high accuracy,
while remaining competitive in terms of runtime, as show in Table @. Finally, in Table B we also
present regularisation ablation experiments which show limited effect of the growth regularisation
term . We interpret this as the evidence of implicit regularisation stemming from relatively small
neural network sizes.

Simulated gene regulatory networks Next we study more complex systems where dynam-
ics arise from chemical reaction networks via the Chemical Langevin Equation (CLE) [I4,
40]: we consider a 7-gene bifurcating system (Fig. B(a)) and a 11-gene haematopoietic stem
cell (HSC) system (Fig. B(b)) in which the simulated dynamics reflect known biology [&T].
Cells in the bifurcating system branch and randomly proceed to one of two stable states.
The HSC system is multifurcating and cell states evolve towards one of four stable states,
{Monocyte (Mo), Granulocyte (G), Megakaryocyte (Mk), Erythrocyte (E)}. Dynamics in both sys-

UPFI UPFI (Jac) PFI PFI (Jac)
Bifurcating
AUPR (1) 0.64+0.03 0524007 033+009 0.34+0.10
AUROC (1) 079 £0.02 0.74 £0.03 0.65+0.07 0.63 +0.08

Haematopoietic
AUPR (1) 0.59+0.04 0584002 0534005 0.51+0.04
AUROC (1) 0.80+0.02 0.79+0.01 0.73+0.02 0.70 £+ 0.02

Table 3: Accuracy of directed graph prediction using neural graphical model for CLE systems.
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Figure 5: Monocyte-neutrophil development. (a) Temporal snapshots of monocyte-neutrophil
fate determination, shown using SPRING coordinates and celltype annotations from the original
publication. (b) Learned vector fields: RNA velocity vector field learned from spliced-unspliced
data, all others from temporal snapshots. Cosine distance (relative to RNA velocity field) for Mon,
Neu cells shown. (c) Learned growth rates. (d) Fate probabilities empirically estimated from lineage
tracing data and predicted from learned dynamics. Pearson correlation (relative to lineage tracing
data) shown.

tems are of the form
dX¢ = (u(Xy) — v(Xy)) dt + =/u(Xe) + v(Xy) dB. (16)

where u, v specify production and degradation rates and V' > 0 is the system volume. In particular,
the CLE involves a multiplicative noise model where the diffusivity varies with . This is in contrast
to the additive noise setting of Fig. B where the diffusivity is fixed. For the bifurcating system, we
specify a birth rate b;(x) causing cells in one branch to divide faster than others. In the HSC system,
we specify b; similarly so that cells in the Erythrocyte branch divide faster. We then apply UPFI and
PFTI: for each inference method, we consider both additive and multiplicative noise models

dX; = vg(x) dt + o dBy, (add.)
dX; = (fo(x) — go(x)) dt + o/ fo(x) + go(x) dB;. (mult.)

We show in Fig. B(a, b)(i) the learned vector field for the bifurcating and HSC systems for each
method and model, and highlight fate probabilities towards the fast growing branch. We find PFI in
general infers a spurious force towards the fast-growing branch as in the previous example and con-
sequently incorrect fate probabilities. On the other hand, UPFI with both additive and multiplicative
noise models produce qualitatively similar results that resemble the ground truth. Quantitatively we
confirm this in Table @, and also find that UPFI with the multiplicative noise model mostly outper-
forms the additive noise model by a small but consistent margin.

Since UPFI and PFI work with a neural parameterisation of the force v, this allows for plug-in use
of interpretable architectures. To illustrate this, we make use of the Neural Graphical Model (NGM)
architecture [22] from which a sparse and unsigned “causal graph” can be extracted and interpreted
as the learned regulatory network. For simplicity we use the additive noise model, although use of
NGM in the multiplicative noise case is also straightforward. We show in Fig. B(a,b)(ii) the learned
adjacency matrices along with the true interactions highlighted in red, and (iii) the precision-recall
curves quantifying the network inference accuracy. In both cases UPFI recovers a more accurate
network than PFI — see Table B for full evaluation results. This highlights that modelling of growth
is essential to making accurate inferences on dynamics and thus gene interactions [2, I9], as well as
the possibility for incorporating custom architectures within the UPFI approach.

Lineage-tracing single-cell RNA-seq dataset We now apply UPFI to an experimental time-
course of monocyte-neutrophil development in vitro [[I] across 3 timepoints over 4 days (Fig. B).
Additional information on the dynamics are available in two forms: (i) lineage tracing, where de-
scendants of a common ancestor cell are distinguished by unique molecular labels (“barcodes”), and
(i1) “RNA velocity” information [£3], which provides partial information on the gene expression
dynamics from relative abundances of spliced and unspliced RNA transcripts. This information,
although limited, is independent from the population snapshots and so provides a point of compari-
son for the dynamics inferred from snapshots. We preprocess the data following standard pipelines



UPFI PFI FITNESS-ODE ~ TIGON++

t Celltype Cosine distance ()
0  Monocyte 0.26 £ 0.01 033 £002 042 +£0.04 0.30 £ 0.02
0  Neutrophil 027 +£0.02 0.31+0.01 0.44 + 0.02 0.26 + 0.01
1 Monocyte 0.26 + 0.01  0.32 £ 0.01 0.46 + 0.04 0.28 + 0.02
1 Neutrophil 0.24 +0.01 0.28 4+ 0.01 0.43 +£0.01 0.22 +0.01
2 Monocyte 0.27 +£0.01 0.36 + 0.01 0.41 £ 0.03 0.33 £ 0.02
2 Neutrophil 0.31 £ 0.01 0.33 £ 0.01 0.38 £ 0.01 0.27 £ 0.01
Metric Fate correlation (1)

Kendall’s 7 0.22+0.03  0.07+0.03 -0.02 £ 0.01 0.19 + 0.04
Pearson’s r 0.26 + 0.04  0.09 +0.04 -0.02 £+ 0.01 0.19 + 0.05
Spearman’s p  0.27 +0.04  0.08 £ 0.04  -0.03 £ 0.01 0.20 £ 0.05

Table 4: Evaluation results on lineage tracing dataset [[I].

[23, &4] and use the leading 10 principal components to represent cell state. We apply UPFI with an
additive noise model as well as several other methods to this data and show results for the learned
drift alongside the RNA velocity field in Fig. B(b). Since the magnitude of RNA velocity estimates
are unreliable [A5] we measure the cosine similarity between the RNA velocity field and the inferred
force from snapshots (Table B). We restrict this analysis to the monocyte and neutrophil cell clusters,
corresponding to cells that are already committed to their respective lineages. We find that UPFI
and TIGON++ perform comparably.

Inferred growth rates (Fig. B(c)) show that UPFI predicts that cells in the earlier progenitor states
have a higher division rate, which is consistent with the expected biology [[I, ?4]. On the other
hand, the fitness-ODE yields the opposite while TIGON++ predicts a very low growth rate for most
cells. The availability of lineage tracing data across timepoints provide us with a ground truth for
measuring accuracy of fate predictions (Fig. B): fate probabilities predicted by UPFI agree with the
lineage tracing data more closely than other methods. In particular, PFI and fitness-ODE exhibit a
bias towards monocyte lineage. While TIGON++ is able to predict a mixture of both fates, as in
the bistable system it produces only deterministic outcomes. Similarly, quantitative results (Table H)
show that UPFI performs best in several different fate correlation metrics.

Finally, we note that this dataset was also studied in [24, 277] which introduced TIGON and Deep-
RUOT respectively. However, in these papers all analyses of this dataset were carried out using
two-dimensional embeddings computed by a force-directed layout algorithm [1]. The setting we
consider (10-dimensional PCA embeddings) is more challenging, and also a more realistic scenario
since nonlinear dimensionality reduction methods are known to introduce distortions and are thus
unsuitable for downstream quantitative analysis [Z6].

4 Discussion

We study the problem of inferring stochastic dynamics from cross-sectional snapshots of a popula-
tion subject to drift, diffusion as well as birth and death. To this end we propose UPFI, a method
based on the probability flow characterisation of the Fokker-Planck equation. Our approach is flexi-
ble enough to handle generic noise models as well as growth, and crucially applies to the practically
important scenario where growth rates are unknown and must be learned together with the drift.
We provide a theoretical treatment in the linear-quadratic case, demonstrating the nature of the non-
identifiability that arises from growth. We conclude by showcasing our method’s efficacy using both
simulated and experimental single cell data.

There are overall several lessons to be summarised from our work, which may be of relevance more
generally to the problems of reconstructing dynamics from snapshots. As shown by our theoretical
analysis and supported by results, in the fully general setting where the drift and growth components
are non-autonomous, there is little reason to expect to accurately separate drift from growth effects.
In the absence of additional information to aid with inference, we advocate to impose an autonomous
drift and possibly also autonomous growth field. This is consistent with cell-autonomous models of
biological dynamics, i.e. ignoring cell-cell interactions or temporally varying environments. Subject
to the modelling limitations incurred by these assumptions, we argue that this serves as a strong
inductive bias that can help inference.
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A General results for Ornstein-Uhlenbeck processes

A.1 OU process with affine fitness
Proposition A.1. Consider an OU process with affine fitness, whose density satisfies
(3tpt = —V . ((Atil? + et)pt — Dtht) + (bt + C;rdi)pt. (17)

where A; € R¥*? e, ¢, € RY and b, € R are general, D, € R**% is symmetric positive definite.
If po = moN (po, o), then py = muN (e, ¢) for all t = 0, where

3 = A + 3,A] +2D,, (18)
pe = Agprr + Xict + ey, (19)
M ]y + by (20)
me

Proof. We denote p;(k) the Fourier transform of p;(x). We have the following identities

F(V- (A +e)p) = —k' A Vip, +ie] kpy, 1)
F (V- (D:Vp)) = —kTDtkﬁt (22)

Such that the Fourier transform of the PDE reads
0ipr = (kT Ay +ic] ) Vip; — k" Dikp; + (b — ie] k)p;. (23)

‘We define the characteristics as the solution of
dk,

T —Alk, —ic,, (24)
S
such that
dp, (k. dk\ " _ R
pd(s ) = ( dS > vkps(ks) +asps(ks) (25)
= —k!D.k.ps + (bs —ie] k,)ps. (26)

Denote ®(t,to) the state transition matrix solution to the homogeneous ODE (24) with initial condi-
tion t¢. It exists because the coefficient are locally integrable on Rt [47]. The state transition matrix
has the following properties [48]:
d®(s,u) T
— L =—-A0
ds S (8) u) ?
O(t, u)®(u, s) = (L, 5), O(t,s)

Denote ®(s,0) = @, for simplicity, we have, using the initial condition kq:

dd(s,u) T
—du D(s,u)A,, 27
L= ®(s,t), D(s,5) = 1. (28)

S
k, = d.ky — zf D(s,u)e,du. (29)
0
We introduce U5 = — SS (s, u)ey,du, such that we have the Fourier transform along the character-

istics reads, with an initial Gaussian distribution

1 S S
Ps(ks) = exp [ — ik] @y — 5kgz:oko - ij o) D, ®,duky — zz'kgj ®! D,v,du
0 0

+ f ) DO, du + f bydu — zf e d, ko + f ejﬁudu]. (30)
0 0 0 0

We introduce the following quantities

v, :J @IDqu)udu, qz :f GI(I)udu, Us :f @ZDu'INJudU, G2
0 0 0

Vs = J 'qu—Du'Euduv Ws = J elﬁudu (32)
0 0
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Inverting the equation for characteristics we have ko = ®; 'k, + i® ! SS (s, u)c,du =k, —
i®; U, . We can directly see that the Fourier transform is quadratic in k, such that it is the Fourier
transform of a Gaussian measure. By considering one after the other the terms O(k?), O(k) and
O(1), we can find analytical expressions for the covariance, the mean and the mass of the Gaussian
measure as a function of the state transition matrix. They read:

2, =0, 7800 + 20, Tw, 0, (33)

ps = 77 (po + 2u, + q) — s, (34)
N lora ~ s

logmgs = —v;rus — ivIsts + ws + vs + f by du. (35)
0

Taking derivatives of these quantities and using the properties of the state transition matrix we re-
cover the expected results. O

A.2  OU process with quadratic fitness

Proposition 2.1 (OU process with quadratic fitness). Consider an OU process with quadratic fitness,
whose density satisfies

1
Oipe(x) = =V - ((As + e)pi(x) — Dy Vp(x)) + (b + ¢/ = + ia:TI‘tw)pt(:c), (8)
where A, € R¥*? e, ¢, € R% and b, € R are generic, D, € R¥*? is symmetric positive definite,
and Ty € R¥*? is symmetric negative semi-definite. If py = moN (po, o) with mg > 0, then
pe = MmN (e, ¢) for all t = 0, where

3= AS + 3A] 42D, + 5,05, 9)
e = (A + 2 py + Bier + ey, (10)
my 1 1

HZ = iufl“tut +cf e + by + 5 tr(TS0). (11)

Proof. Let’s use the ansatz p;(x) = u(x) exp [ Gyx/2] where Gy is symmetric. The equation
for u; now reads

d
Orug + §utmT%m

=-V. ((Aix+ e —2D,Gix)u; — DiVuy)
+ (bt —tr(G¢Dy) + c;rw — e;rGt:v + :L'T(%I‘t +G.D.G, — A:Gt)av) Ug.
(36)
The quadratic term vanishes when G verifies for all x the equation z! (/2 + G¢D:\G; —
AlG)z = %azTGtw. This is verified for G satisfying the matrix Riccati equation

T, +2G:D,G;, — A/ G, — G4 A, = %. (37)

Provided the coefficients are locally integrable on R*, that T'; < 0 and D; > 0, if Gg < 0, then
there exists a unique solution Gy on R for (B7), and G; < 0 for all ¢ > 0 [49]. We consider this
unique solution with G = 0. Then, the equation for u; becomes affine in growth

atut = —V((At:c + e — 2Dth1})Ut — DtVut)—i—(bt — tI‘(GtDt) + c:a: — e:Gtx) Ut. (38)
We redefine At = A, -2D,G,, Zt = by — tr(GyD,) and ¢; = ¢; — G1e;. The equation now reads
atut =-V- ((ﬁtw + et)ut — DtVut) + (’gt + Eg—a:) Ut (39)

We can apply the results of Prop. Bl Since ug(z) = po(x) is a Gaussian measure, it remains
Gaussian, and we denote its covariance 3, its mean &; and its mass m;. It follows that p;(x) is
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Gaussian measure for all £ > 0 since ENJ{ ! — G, is positive definite as the sum of positive definite and
positive semi-definite terms. The covariance of this Gaussian measure is then 3; = (X; ' — G;)~*

We have the following fact for any differentiable matrix valued function B, invertible for all ¢:

dB; ' _p-19B

= —B; . 40
dt bodt 40
Applying this to the covariance, we find:
ds s, < d
= _ s, ¥, -5, (A,zf TS AT+ 2Dt> sy, 40, %Cs @
dt dt dt
Substituting /L = A, — 2D;G; and G't =T +2G;D;G; — Al G; — G;A; we have
d¥i T
o A3 +3A) + 2D + 35,13, (42)
Completing the square in high-dimensions allows us to write the mean of the overall process as
~ -1 -
wo= (B0 - Gy) S = B8 = (I + G, (43)
Using Prop. BT we have
dx b)) dG
— = GG+ By + (14 54G) (Adfiy + 348 + &) (44)

We replace At = A; — 2D, G, and we use the Riccati equation in the terms multiplying fi;. In the
other terms we replace ¢; = ¢; — Gye; and e; = €;. We find:

i
dt

We can derive the fitness following the same approach and using lengthy simplifications. We only
need to gather together the terms remaining after completing the square, as well as adjust for the
change in covariance in the normalisation factor. However, this result is more easily obtained by
using a result for the mean over a Gaussian probability distribution of quadratic form [0, Theorem
1.5]. We find that

= (At + EtI‘t)ut + Etct + €. (45)

m 1 1
—= E[b; + ¢/ X + 2XTF X]=bi+efp+s 3 (FtEt)+§utTFtut (46)
where the expectation is understood to be taken with respect to N (x;, 3y ). O

Corollary 2.2. Consider an OU process with drift vi(x) = Aix and a time-dependent fitness as
in B). Let K; € R™"*™ be an arbitrary matrix. Then there exists € > 0 such that the system is
indistinguishable from another OU process with drift vi(x) = A; + I + K and time-dependent
quadratic fitness.

Proof. Let’s define the following growth parameters: b, = b, — tr((I + eK;)%;)/2, & = —(I +
eKy) S 'ppand Ty =Ty — (I + eKy) TS, + 71 (I + eKy)). With these and the drift v, (z),
the solution to the system of ODE above is unchanged. We take ¢ as the largest value such that

I, is negative definite. This value is strictly larger than zero thanks to the identity. This derivation
still holds if the drift is autonomous: if v;(x) = A, then there for any K, there exists ¢ > 0
such that the system is indistinguishable from another OU process with ¥,(x) = A + I + ¢K and
time-dependent quadratic fitness.

O

B Continuous-time loss for OU processes with quadratic fitness

Theorem 2.3 (Loss function for OU processes with quadratic fitness). Consider the true process as
well as the inferred processed to both be OU processes with quadratic fitness, i.e. (B). Denoting
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q = 2/, with K At fixed, when At — 0 we have At=*L — L, where L is the continuous time loss
function:

T
. 1 ~
L= qflf de mt('vt - vt”i—l + *(ht — hy)? (13)
0

2 2 T
Zt J,q,t T D
Z ,q to-zt +Uzqt632t)2 !t ! 0
(14)

where 3, = . az th th , is the eigendecomposition of the covariance X, o2 gt =1+ qol . for
all i, Xy = 23, + q~ . We also have

B,— B, =%,(A - A)T + (A, — A)%, + (T, - T\, + 2(D; — D,),
Vi — 'l/jt = ((At — At) + Et(l"t — I‘t))[l/t + Et(ct — /C\f) + (et — éf,), (15)

-~ 1 N R ~ 1 N
hi —hy = 5#:(3 —T)pe + (eo — &) "o + (b — by) + 3 tr((Ty — T') %),

and R, is a strongly convex functton of the parameters defining the fitness and the drift. For \ > 0,
L has a unique minimiser t — (A}, &;,b:,¢5,T7).

Proof. When the entropic regularisation ¢ = 0, the unbalanced Sinkhorn divergence between two
Gaussian measures reduces to the Gaussian-Hellinger-Kantorovich distance Sp , = GHK,,. Be-
tween the inferred and the true process at time ¢; it reads:

GHK (mtiN(lJ’tia Eti>7 mtiN(ﬁ'tia iti ))

_ ~ My, My, 1 N
=92¢7! (mti—l—mti—Q\/dteltJt"exp[ Q(Mt — [,) 7 X, ( —Hti)]>> 47)

where we have

Xy, =3, 3, +q 1, T = (34,0509 — ¢, 20,500 30) 1), (48)

with
Yiq =03, +1, 3y, g = g%, + 1. (49)

Without loss of generality we consider the case ¢; = At, and we perform Taylor expansion in At of
the GHK loss. Because the final expansion will be of order At2, only the terms of order At of the
covariances play a role.

The hard part in this expansion is the expansion of detJ. We denote X 20 + AtA and
Em 3o+ AtA and 30,q = I + qX¢. For this, we need to compute EMEM qEAtEAt g Upto
second order in At. We have that

TarZa, = (B0 + AtA) (B, — At ASG, + ¢APE A AS L) (50)
= 5%, + At(AS] ] — 502 AT ) (51)
+ At?q(qZ0X , AS L AT, — AS L AS ). (52)
We also have
St Sa = (Bg) — qAtSgLASL + PAPS L AS LAS ) (30 + AtA)  (53)
= 35 Z0 + At(Sg LA — g5 LA [ 50) (54)
+ Atq(qS, L AS L AS LS — 2L AR L A). (55)

We can now gather the O(1), O(At), O(At?) separately. We denote them respectively
M, H,, Hy345. We define the operation ’tt.” as the ’tilde transpose’ operation, which is applied
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to the term directly to its left. We therefore have

M = X%, % (56)

H; = (224 - ¢824 15 + tt. (57)

Hysys = %0 (¢ 2 AX; JAS) 150 — B2 A% L A) + tt. (58)
+AZ A+ °508, A% LA B (59)
—qA%;2 AT 5 + tt. (60)

Using the Woodbury formula we also have 2026,(11 =q I - on}l). We have that X and Ea}]

commute, and that M'/? = $%; = ¢~ (I — ;). We introduce S(Y") the unique solution X
to the following Lyapunov equation

M72X + XMV =Y (61)
This solution is expressed in terms of an integral (and is linear in Y"), ie.
S(Y) = J( ]OO e~ Mty o~ Mt gy (62)
As a result, we have
(2aal, S5t 8a0) = MY2 4 AIS(HY) + A% (S(Hasis) — S(S(H)Y)  (63)
We have I — gM'/? = 257;, such that
det (I —q (zng;qigi)qim) 1/2) = det 3g Ldet (I + AtL + A*G),  (64)

where L = —¢%,S(H;) and G = —qXo,4 (S(Has46) — S(S(H1)?)). We then have the fol-
lowing expansion at second order in At

det (I + AtL + At’G) =1+ AttrL + %’52 (tr*L — trL* + 2trG) . (65)
So we need to compute trL, trG, trL2. We have, using the fact that 3y , commutes with Ml/z,
trL = —qtr(So., L S ity = —%tr(M—l/on_,qﬂl) (66)
- —gtr(Eg’qulHl) - —g (tr(A + A) — qtr((A + 2)25320)) 67)
_ %n(zt;;(A + A)). (68)

Computation of trG

Using the same trick as for trL and standard properties of the trace we have
1 B _ B o~
tr(—q%04S(Hasss)) = (thr(AZJOJIAEO,}I +tt) — gtr(S; 1A207(21A)> (69)

To compute tr(X ,S(S(H;)?)) we denote M2 = 3 w;w;w, the eigendecomposition of M /2,
We also denote W, = wiwiT . Therefore we have

1
S(HY) =),
ij v J

W, H\W, (70)

such that

2 (1 — we@)®(1 — ujq) X X
EO,QS(S(HI) ) = Z (ui n Uk;)(zj n Uk)(ui n Uj) W; (UZA + ukA) Wy (ukA + UJA> Wj.

i,5,k
(71)
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Taking the trace we have

(1 —u;q)*(1 — uig)
2u;(u; + uj)?

tI‘(EO’qS<S(H1>2)> = Z tr (WZ(UZAV + UJA)WJ(’LL]A + UZA)) . (72)

i,
Additionally, we have that
tr (WL(ULA + ’LLjA)Wj (UJA + ULA)> (73)
= uiujtr (VVZ(A — AV)WJ(A — Av)) + (’LL@ + uj)Qtr (WlAWJA) (74)

As a result we have

_ Lo —1 g1 a5 (1= u;0)°(1 — uwig)u; (A— AW,(A— A
G = 5q tr(AX; , AX,, +tt.) + 2; (0 7 02 tr (Wz(A A)W;(A A))

(75)

Computation of trL?

Similarly we have

(1—wu;q)

30,S(Hy) =
1 g (Ui-i-?.tj)

Wi (A +u;A) W (76)

Using the same approach for trG we find

(o, S(H)) = Y, LD Dt (w4 Dywya- A)) @)

= (u; + uj)?
+tr(X, qAEO A). (78)
As aresult we have
L2 = ¢’tr(3y ) AS; LA Z “(i - u;“)‘gq)“"“j tr ( (A — AW, (A - A))
(79
Computation of det(Z ¢, Easq)"?
We have
SavaSane = T3, (T+0A(S524%0, + 553 4) + PALE;2A4). (80)
Taking the determinant and Taylor expanding we have
det(ZargEary) = det(So,4)? (81)

5 At?
(1 + gAtt(Sg 4 (A + A)) + 2 - ((tr (ZoM(A+ A)) — tr(Sy L AL A + tt. )))
(32)
Expanding the square root we find
det(Zar g Earg)? = det(So,,) (83)
L2 st a+ A) 1 22 (w2(=1(A 1 A)) - (Sl Al A
< (1+q5 (BS54 + ) +¢* = (2*(Sg (A + A)) - 20(T5 AT} A + 1))
(34)
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Computation of det J

Going back to det J, we are left with

~ 2 ~
det J = <1 + q%tr(ﬁa}](A LA+ 220 (trz(E(I}Z(A +A)) - 2(Sp AR LA + tt.)))
(85)
A2, 9
x | 1+ AttrL + - (tr L —trL” + 2trG) . (86)

Using the result for trL we see that the terms in At cancel, and the final expansion is of order At
As a result, after simplifications we are left with

At2 2
det J = (1 — qQTtr(za}lAz(;;A +tt.) + — (—trL® + 2trG)) . (87)
Simplifying further we find that
At? ~ -
detJ =1+ ; a (gtr(Eoé(A ~- Az LA - A)) (88)
(1 —uig) (1 —u;q) (1 — q(u; + ui)) i i
tr (W;(A— AW, (A— A 8
2 o r(WiA-Aw;a-4)) ) 9
This can be simplified
q,
(usiia- Dzgia- Ay 90)
;i (1 —uig) (L — u;iq) (1 — q(u; + ui)) A V(AR
+ Z OEEmE tr (W,(A AW, (A A)) ©1)

_ Z d- iu+ 11@_ ) (%u2 - gzﬁ + uj) tr (Wi(A — A)W;(A - A)) .92

which leaves us with the following simplification

- q uz 1 - ’qu UjQ) : 1 ) A
detd —1+ 2 Z ot u])2 tr (W,(A AW, (A A)) ) 93)

Using 3o = »;, o?W,, we can compute the eigenvalue decomposition as a function of o;. Using
the notation o7, = 1 + go7 we have

ui(l = uwig)(1 = ujq) _ Uf"iq
2 - 2 2 04
(ui +uj) (03,08 +07,05)
Finally, at first non-zero order in At the determinant reads
detJ —1+ 2 qZ %% (WAA—K)W—(A—E)). 95)
(0% 07 + 07 ,07)? ’

Taylor expansion of the GHK term

We now expand the masses and mean at first order in At, may; = mg + Atmoh, ma; = mg +
Atmoh, par = po + Atw, fia, = po + Atv. We have at first non zero order in At

1 N _ N At? ~
€xp [—Q(Nm — Bae) " X5¢ (e — fia) | =1 - T(U -9)" Xg (v - 9). (96)
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We denote X = 23 +¢~'. Expanding the remaining terms, the zeroth and first order terms cancel,
leading to the expansion

GHK (mAtN(HAt, Yat), maN (Bag, ZA]At)) ©7)
z J(I : - ~ ) B ~
—I—qZ (02,07 + 02,00 (W@(A A)W;(A A)))- (99)

Integrating over all snapshots, the continuous time loss reads

Lo JT myq— (((U ) TX (0 —7) + %(h - B)?)

2 2
7% tr (Wi(A— A)W;(A — A)) )dt
+q%} (03,08 + 07 ,07)? r(W( Wil )))
£ j | @) (1ou@) + algu(@) ) dadt. (100)

The first order expansions A, h, and v are obtained directly using the ODEs in Prop. I, giving the
final result.

Let’s denote #; € RY the vector of the N parameters defining the growth and the drift at time ¢. We
study the functional £[6;] which reads

L[0:] = JOT(Ft(Ht) + AR (0:))dt. (101)

where F' is the part of the integrand coming from the expansion of the Gaussian-Hellinger-
Kantorovich, and R is the regularisation.

Let’s take ¢ € [0, T']. Because 6 — F;(#) is the composition of convex functions and of affine maps,
0 — F3(0) is also convex. Let’s show that 6 — R;(#) is a strongly convex function.
Lemma B.1. Let w : (6,z) € RY x R® > R? be a function continuous in x and linear in 0.

Let f : R? + R be a continuous, strictly convex function and p a continuous function from R" to
10, +co[. We then have that

(:0eRN — fp(:v)f(w(@, x))dx (102)
is strictly convex.

Proof. Let’s take 61 # 62 and « €]0, 1[. By linearity, we have Va:
w(aby + (1 — a)fs, x) = aw(by,x) + (1 — a)w(f, x). (103)

Because 6 — f(w(6,z)) is a the composition of a convex function and of a linear map, it is convex
for all z. Then, Vz,

flw(ab+(1—a)bs, ) = flaw(b1,z)+ (1 —a)w(fa,x)) < af (w(br,z)+ (1—a) f(w(b:,z)).

(104)
Because w is linear in 6, each of its component in R is a multivariate polynomial function of 6 of
degree one. By uniqueness of the coefficient of polynomial functions, because 6, # 65 there exists
xo such that w(61, xo) # w(bz, xo). By continuity, this is also true on an open set U < R centred
in zg. Therefore, since f is strictly convex, the inequality is strict for all z € U, i.e.:

flw(aby + (1—a)bs,x)) = flaw(dy,z) + (1 —a)w(bs,x)) < af(w(d,z))+ (1 —a)f(w(d,z)).

(105)

By multiplying by p(z), which is strictly positive, and by integrating, we keep the inequality strict
and we find

E(a@l + (1 - 01)92) < 046(91) + (1 - a)£(92)7 (106)

proving that / is strictly convex. O
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Hidden layers  Batch size =~ Learning rate  Iterations
Bistable (d < 10) 64, 64, 64 256 0.003 25,000
Bistable (d > 10) 256, 256, 256 256 0.001 100,000
Bifurcating CLE 64, 64, 64 256 0.01 10,000
Haematopoietic CLE 128, 128, 128 256 0.01 10,000
Lineage tracing 128, 128, 128 256 0.01 10,000

Table 5: Hyperparameter settings: score networks

Hidden (force) Hidden (growth) Batch LR Iterations A «@ ¥
Bistable (d < 10) 64, 64, 64 64, 64, 64 256 0.003 5,000 see details 5
UPFI Bistable (d > 10) 256, 256, 256 256, 256, 256 256 0.001 25,000 see details 5
Bif CLE 64, 64, 64 64 256 0.003 10,000 0.001 1 5
Haem CLE 128, 128, 128 128 256 0.003 10,000 0.001 1 5
Lineage 128, 128, 128 128, 128, 128 256 0.001 10,000 0.001 1 25
Bistable (d < 10) 64, 64, 64 — 256 0.003 5,000 see details -
PFI Bistable (d > 10) 256, 256, 256 - 256 0.001 25,000 see details -
Bif CLE 64, 64, 64 - 256 0.003 10,000 0.001 - -
Haem CLE 128, 128, 128 - 256 0.003 10,000 0.001 - -
Lineage 128, 128, 128 - 256 0.001 10,000 0.001 - -
ODE Bistable (d < 10) Coupled to growth 64, 64, 64 256 0.003 5,000 see details 5
Bistable (d > 10) Coupled to growth 256, 256, 256 256 0.001 25,000 see details 5
Lineage Coupled to growth 128,128, 128 256 0.001 10,000 0.001 0.1 25
TIGON-++ Bistable (d < 10) 64, 64, 64 64, 64, 64 256 0.003 5,000 see details 5
Bistable (d > 10) 256, 256, 256 256, 256, 256 256 0.001 25,000 see details 5
Lineage tracing 128, 128, 128 128, 128, 128 256 0.001 10,000 0.001 0.1 25

Table 6: Hyperparameter settings: dynamics. For bistable system certain hyperparameters chosen
as a function of d, see Section C2 for details.

We have p;(x) > 0 for all x because it is a Gaussian density. The drift and the fitness being linear
in 6, this shows that

0= 1l6) = | @) (Jo@)]3 + alg(@)) da (107
is a strictly convex function of f. Additionally, it is a multivariate polynomial function of 6 of degree
two, so its Hessian is a definite positive and constant, proving that § — R;(0) is strongly convex,
and so is F; + R;. Along with the fact that both (¢,6) — F}() and (¢,6) — R.(6) are continuous
in [0, T] x RY, this is enough to ensure the existence and uniqueness of a minimum ¢ +— 6} for the
functional £[6;] [51]. O

C Implementation and experiment details

We implement Alg. [ using PyTorch and employ the GeomLoss package [52] for computation of the
unbalanced Sinkhorn divergence. All model training was carried out using a NVIDIA L40S GPU.
Code is available at https://github.com/zsteve/UPFI.

C.1 Score matching

While in principle any score matching approach to learn s;(x) = Vlogp;(x) can be used within
Alg. [, in practice we employ denoising score matching [BU] within the noise-conditional score
network framework introduced in [S]. For K + 1 snapshots taken at times (¢;)X,, we parameterise
the time-dependent score using a multilayer perceptron (MLP) s, (t, @, 1) = NNy (d + 2, d) where
d is the dimension and 7 is the noise level, and train using the algorithm described in [5, Section
4.2]. While a range of noise levels g < ... < np, are used for training the score, subsequently for
training the probability flow we use the smallest noise scale n = 7, representing our final estimate
of the score.

In what follows, we use a default of L = 5 noise levels logarithmically spaced between (exp(—2), 1).
Score networks s;(x) are parameterised using MLPs with ReLU activations. In all case, score
training was carried out using noise-conditional denoising score matching [8, 30] using the AdamW
optimiser with the hyperparameter choices listed in Table B .
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C.2 Training: UPFI and PFI

Additive noise models For UPFI, in all cases we parameterise an autonomous force vy (x) using
a MLP. This is because, in all simulated systems, the true force is also autonomous. In the exper-
imental lineage tracing dataset we reason that an autonomous force would be consistent with the
biologically motivated model of a Waddington’s landscape [B4]. We parameterise separately the
force vg(x) and growth gg(x) using MLPs with ReLU activations. We train UPFI models using the
AdamW optimiser, our architecture and hyperparameter choices are listed in Table B.

For PFI, motivated by the observations in the Gaussian case we reason that an autonomous force is
insufficient to fit the data if growth is not accounted for. We therefore employ a non-autonomous
force, parameterising vy (¢, ) = NNy(d + 1,d)(t, ) with ReLU activations. We train PFI models
using the AdamW optimiser, our architecture and hyperparameter choices are listed in Table B.

Multiplicative noise model For the multiplicative noise models we considered in Fig. B, we pa-
rameterise an autonomous force in two components, corresponding to production and degradation
terms in the model (I8). Specifically, we let

fg(:l?) = NNg(d, d)(w)7 gg(:l;) = NNg(d, d)(a:)7

and the resulting force is (fp — go) (). To constrain the output of both networks to be non-negative,
we opt for a Softplus activation on the final layer of outputs. For all other layers we use the ReLU
activation as a default choice. Architectures for (f, g) and all other hyperparameter choices are as
given in Table B.

Scaling regularisation with dimension for bifurcating system For the bifurcating system of
Figure B and Table [, it is necessary to scale the regularisation parameters (\, «) as d ranges in
{2,5,10,25,50}. We reason that |v|?> = Zle v? grows roughly linearly with increasing dimension
d, while the growth rate |g| does not depend on d since it is a scalar-valued field. This motivates the
rescaled regularisation term

Md™Hw]* + algl?)
In practice we use A = 0.001 and oo = 0.1 for all the values of d considered.

Additionally, we alter aspects of training such as network size, learning rate, and number of training
iterations depending on d. For d > 10 we used a wider network, paired with a smaller learning
rate and more training iterations. These choices were consistently applied to all methods under
consideration except for DeepRUOT due to difficulties with modifying the implementation.

C.3 Training: fitness-ODE

Motivated by issues pertaining to the identifiability of dynamics involving both drift and growth, we
propose a well-known dynamical model as a baseline model for inference. Let {p; }; be a continuous
distributional path satisfying mild conditions in the space of measures describing some population
evolution. Then there exists a unique scalar field U;(x;) such that p, satisfies

Orpr(x) = =V - (pe(x) VU () + Up(x) p(). (108)

That this is the case can be read from [25, Section A.3] or [53, Proposition 2.2]. This can be
interpreted as a continuous dynamics where U, () is the fitness of state . The rate at which agents
reproduce is prescribed by Uy (), and agents migrate to regions of higher fitness following VU;(x).
Theoretically, for a regular enough sequence of population snapshots {p; };, a single time-dependent
fitness function U, is sufficient to generate the path ¢t — p, via these dynamics. While it is perhaps
not obvious, a single quantity, the fitness Uy, is enough to generate the full path p, in the space
of measures. As a baseline, we therefore propose a neural parameterisation of U; and to learn U,
following the TIGON++ setup, but with v;(x) = VU(x) and g:(x) = U;(x). We parameterise
Ui(x) = NNp(d + 1,1)(¢,x) using ReLU activations. All hyperparameter choices are listed in
Table B.

C.4 Training: TIGON++

The problem of dynamical transport for systems with mass imbalance was previously studied in the
work [24]. In this work, the authors consider deterministic systems only and allow both the force
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v¢(x) and growth g;(x) to be time dependent. However, the TIGON algorithm relies on kernel
density estimation (KDE) from the input data [24, Methods] which is sensitive to the choice of
kernel bandwidth and suffers from the curse of dimensionality as the dimension increases. The
choice of data-fitting loss, in the form of minimising squared discrepancies between the predicted
and KDE densities, adds to these difficulties: this loss relies point-wise on estimated densities and is
thus not “geometry-aware” in the sense of optimal transport based losses [52]. Finally, propagating
densities under flow models e.g. (#) are well known to be computationally costly. For these reasons,
training the TIGON algorithm was infeasible for most of our numerical experiments

Because we needed a robust comparison baseline, we decided to implement the same model used by
TIGON (deterministic transport with growth), but train it with the UPFI training procedure. With
UPFI, we circumvent the need for density estimation by using the probability flow formulation of
the Fokker-Planck equation. Together with the use of the unbalanced Sinkhorn divergence as the
data fitting loss, we believe that this substantially improves the TIGON method and also makes for
a more rigorous baseline to test against UPFI. We call TIGON++ this re-implementation of TIGON.

Specifically, we parameterise a drift vy (¢, ) = NNg(d+1, d)(¢, ) and growth gg (¢, ) = NNg(d+
1,1)(t,«) with ReLU activations. For a sampled data point (xg,mo = 1) at ¢ = 0, its state
(x¢,, my,) at each timepoint ¢; is simulated by forward integration of the system

w‘t = ’U@(t, a:t)7 mt = 99(t7 wt>mt7 (109)

and we form the empirical distribution p;, () = ZkNi1 Mi,t,0(Zy, ¢, — x) for each timepoint ¢;. For
the rest of the training procedure we use the same data-fitting loss as UPFI, i.e. (I2).

C.5 DeepRUOT

We use the existing DeepRUOT implementation provided by [77], which parameterises the force,
growth rate and score function. Different to our method, however, the individual components of
the dynamics are coupled via a physics-informed neural network (PINN)-type loss ([74, Section
5.3]) that aims to incorporate information from the governing Fokker-Planck equation. The training
procedure DeepRUOT consists of multiple stages and involves first neural ODE training, followed
by flow matching, and again neural ODE training. For the bistable system example (Fig. B) we use
their PyTorch implementation of [7Z, Algorithm 1]. For each of the drift, growth and score networks,
three hidden layers of size 128 were used. For further details on DeepRUOT implementation and
training we refer the reader to [27/] and accompanying code.

C.6 Flow matching

We consider optimal transport-conditioned flow matching (OTFM), a class of simulation-free meth-
ods for training flows that approximate dynamical OT [BY]. Compared to the other methods, OTFM
training does not require numerical integration during training. This comes at the cost of requiring
the transport plan 7; ; 41, or coupling, between successive snapshots (p;,, p¢, ., ) to be computed in
advance of training the flow model. Given a pair of distributions (p, p’) with a OT coupling 7 on
t € [0,1], OTFM trains a flow network vy (¢, ) by minimising a nonlinear least squares objective:

min Eyerpo,1) E(w,a)~r (@ — @) — v9(t, (1 — t)x + ta')[3, (110)
where 7 is the optimal coupling obtained by solving the entropic OT problem:

min EE(%W)NWH(E — 2|3+ eKL(7|p® p). (111)
mrl=p,n T 1=p' 2
We refer the reader to [38] for an in-depth discussion. We implement OTFM for dynamics inference
by applying (IO) across each pair of snapshots (¢;,t;41) to learn a single network vy (¢, ). To
generate results shown in Table [ we compute entropic OT couplings between pairs of snapshots
using a squared Euclidean cost and pick € = 02(t; 11 — t;).

By default, OTFM treats the balanced case of transport and is not appropriate for modelling dy-
namics with growth. As an additional baseline, we try an unbalanced variant, UOTFM, where the
coupling 7 is obtained by solving the unbalanced relaxation [23] of (IIl), where the hard marginal
constraint is replaced with a soft penalty with weight A > 0:

1
min 5IE(M,MH:E — 2|5+ eKL(n|p®p') + A (KL(r1|p) + KL(7 " 1[p)) . (112)
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Figure 6: Sampled trajectories for trained flow matching models for bifurcating example, d = 10
(see Figure B).

In practice we take A = N2, j |z — |2, i.e. the mean of the cost matrix. This is essentially the

approach advocated for in [?6]. In Figure B we show sampled trajectories from trained OTFM and
UOTFM models for the bifurcating system of Section B. As expected, OTFM results in trajectories
biased towards the upper branch, while this is partially mitigated using UOTFM.

C.7 Forward simulation
Bistable system We consider a potential-driven dynamics in dimension d € {2, 5, 10} specified by
v==VV, V(2)=09z—alj|z— b3+ 103 ;a?

b(x) = 5(1 + tanh(2x0)),
d(x) = 0.

For t € [0, 1] we simulate particles following d X; = v(X;) dt + o d B; using the Euler-Maruyama
method. We set the noise level to o = 1/2, and use the initial condition Xy ~ A(0,0.011).
At each Euler step, simulated particles divide with probability b(X )At. We simulate starting from
Ny = 500 particles, and the total population size grows over time following the prescribed dynamics.
Population snapshots are taken from independent realisations of the process at i +1 = 5 timepoints
uniformly spaced between [0, 1].

Reaction network systems The bifurcating and HSC reaction networks were taken from previous
literature [20, 41]], corresponding to the networks BF and HSC in the collection of BoolODE bench-
marking problems [A0]. The original implementation, however, modelled both gene and protein
expression levels and as a result does not strictly fall in the modelling framework we consider. This
is because protein levels are not observed and thus are hidden variables. We re-implemented each
of these systems to involve only gene expression dynamics, and also change the noise model: in
the original implementation an ad-hoc square-root noise model was used, i.e. o(x) = a,/z. We
choose to use a more biophysically motivated noise model (If), and take

oi(x) = +/ filx) + Nz,

where f(x) is a vector-valued function of state-dependent production rates for each gene x;, and
each )\; is the corresponding degradation rate. For the growth rates, we consider a scenario where
cells in one branch of the system trajectory divide at a faster rate than the others:

* In the bifurcating network, we set

B(z) = 5 (tanh(S(az72— 0.7)) + 1> (1 B tanh(5(m12— 0.7)) + 1)

¢ In the HSC network, we set

B(z) = 5.5 <tanh(xE ; 1.5) + 1) .
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We simulate both systems using the same code as for the bistable system, with the volume parameter
1/4/V = 0.5, starting with a population of 500 cells and capturing K + 1 = 10 timepoints. For
bifurcating and HSC network we use simulation time intervals of 0 < ¢ < 1.25and 0 < ¢ < 1
respectively.

Fate probability computation We provide a straightforward definition of fate probability in what
follows. Let x; be the state of an observed cell or individual at time ¢. Let 1;€2; be a partitioning of
the state space (e.g. some subset of R?) where each €; is understood to correspond to well-defined,
stable states of the system at some final time, say ¢t = 1. In the biological setting, this is typically
thought of as a mature cell “type” [, 34]. Then the fate probability of x, towards €2, is defined as
the conditional probability:
P(Xl € QZ|Xf = .’Bt).

In practice, such as for the bistable system of Fig. B, we form a partitioning of the state space into
two regions by running k-means with & = 2 on the final snapshot from the system. Given any query
state x; at time ¢, we empirically estimated true and inferred fate probabilities by forward simulation
of either the ground truth SDE or inferred dynamics:

M
P(X, €| X, =x;)~ M} Z 1o, (X1 | X, = =),
i=1
where M is the number of trials to sample.

C.8 Neural graphical model

For the Neural Graphical Model (NGM) example of Fig. B, we use the architecture introduced in
[42] as a drop-in parameterisation of the autonomous force vy (). For each output variable, we use
two hidden layers with sizes [64, 64]. We use a group lasso regularisation strength Ag, = 0.03 and
employ the proximal update scheme outlined in [£7, Section C.4.1] with a learning rate of 0.003 and
train for 5, 000 iterations. We use the score networks that were already pre-trained for the additive
and multiplicative UPFI models. All other training details are taken to be the same as for the earlier
UPFI training.

C.9 Single cell lineage tracing data

Preprocessing Data for the study of [[]] are available from the original publication using the GEO
database with accession number GSE140802. Starting from raw counts, expression data is nor-
malised using dyn.pp.recipe_monocle function from the Dynamo package [43]. In brief, raw
gene expression values are per-cell normalised and then log(1 + x)-transformed. For all our exper-
iments we use the 10-dimensional PCA embedding of cell gene expression profiles. Spliced and
unspliced transcript counts were obtained from reanalysis of the raw sequencing data of [I] and
RNA velocity estimates were subsequently obtained using the Dynamo package [43]. Scripts and
datasets for this re-analysis are available upon request.

From the full dataset, 86,416 cells deemed to be contributing to the “Neutrophil-Monocyte” trajec-
tory (as determined by the original publication [I]) were selected. Using the 10-dimensional PCA
embedding for these data, we apply UPFI, PFI, fitness-ODE and TIGON. We do not include Deep-
RUOT in this analysis since it resulted in an out-of-memory error in the initial stages of training.
Noting also that the original publication [7] considered only the 2D SPRING layout, be believe
that further modification of its training pipeline may be necessary.

Training For UPFI, we train a time-dependent score model with hidden dimensions
[128, 128, 128] for 10,000 iterations with a batch size of 256 and learning rate of 10~2. We adopt
an additive noise model and parameterise an autonomous force vgy(x) and growth gy(x) each with
a MLP with hidden dimensions [128,128,128]. We set vy = 25.0, A = 0.001,« = 1.0 and we set
o = 0.5. Note that the choice of +y is not scale-invariant, and we found that the typical length scale
in the lineage tracing data is larger than in the simulation data. We train for 10, 000 iterations with a
batch size of 256 and learning rate 1073,

We train PFI with the same hyperparameter choices as UPFI, except we use a non-autonomous
force as done in earlier examples. Finally, we train TIGON and fitness-ODE following the training
procedure outlined in Sections 4 and 3 and the same hyperparameters as for UPFI and PFL
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d Score matching UPFI PFI ODE TIGON

25 249.73 +£0.50  439.48 £1.51  333.51 £2.02 861.41 £11.43 313.79 £ 3.71
50 250.71 £ 1.52  443.52 4+ 2.23 335.94+3.65 868.93+11.86 316.18 +4.17

d OTFM UOTFM

25 100.68 + 0.84 52.64 +0.91
50 99.61 + 0.68 52.95 + 0.75

Table 7: Runtimes (s) for the different methods on the bistable system, for d = 25, 50.

Cosine similarity force field Growth rate correlation
A=00 0.01 0.1 0.0 0.01 0.1
a=0 0.105 0.059 0.078 0 0923 00917 0917
0.01 0.105 0.059 0.060 0.01 0923 0917 0.899
0.1 0.105 0.086 0.203 0.1 0923 0909 0.349

Table 8: Results for regularisation ablation experiments for the bistable system with d = 10.

C.10 Remark on UPFI in the case when only frequencies are available

When N;/Nj is not a good estimator for the ratio |p¢,|/|po|, we can only build an estimator for the
normalised density py, /|pe, |:

D~ S b — ) (113)

This poses limitations on the fitness which can be inferred. Indeed, writing p; = p:/|p¢|, we have

OePr = O (ﬁ) = ﬁatpt — (0¢log |pe])pr-

Substituting back the PDE governing p;, we find that p; is also governed by a drift-diffusion PDE,
but with a time-dependent bias in the source term:

Oipt = =V - [pt (v = V - Dy — DV log pt)]| + (g: — 0¢ log | p¢|) i

Therefore, when we don’t have access to the absolute number of individuals present in a population
at a given time, we can only hope to infer the fitness g, up to a time-dependent bias. In this case,
the UPFI approach can also be applied using a large enough mass conservation strength ¢ in the
unbalanced Sinkhorn distance.

C.11 Ablation experiments

We performed ablation experiments for the regularisation on the bifurcating system with d = 10.
In Table B, we show for varying o and A the cosine error for force recovery as well as Pearson
correlation for growth rate recovery. When A = 0, there is no regularisation in the loss function,
and the resulting error is larger than for A > 0. From the growth rate perspective, however, the
unregularised model performs better, albeit at the cost of higher force field error.

These results suggest that the growth rate is less sensitive to regularisation, which probably stems
from the implicit regularisation arising from the relatively small neural network sizes. Since the
additional loss terms are included only to ensure uniqueness, as motivated by the theorem in the
main text, this ablation study suggests a simple rule of thumb for UPFI: use little or no regularisation
when employing moderately sized neural networks.
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NeurlIPS Paper Checklist

1. Claims

Question: Do the main claims made in the abstract and introduction accurately reflect the
paper’s contributions and scope?

Answer: [Yes]

Justification: The main claims made in the abstract and introduction accurately reflect our
paper’s contributions and scope.

Guidelines:

* The answer NA means that the abstract and introduction do not include the claims
made in the paper.

* The abstract and/or introduction should clearly state the claims made, including the
contributions made in the paper and important assumptions and limitations. A No or
NA answer to this question will not be perceived well by the reviewers.

* The claims made should match theoretical and experimental results, and reflect how
much the results can be expected to generalize to other settings.

* It is fine to include aspirational goals as motivation as long as it is clear that these
goals are not attained by the paper.

2. Limitations
Question: Does the paper discuss the limitations of the work performed by the authors?
Answer: [Yes]

Justification: The paper discusses the theoretical limitations of the method, in particular
issues of identifiability.

Guidelines:

* The answer NA means that the paper has no limitation while the answer No means
that the paper has limitations, but those are not discussed in the paper.

 The authors are encouraged to create a separate "Limitations" section in their paper.

» The paper should point out any strong assumptions and how robust the results are to
violations of these assumptions (e.g., independence assumptions, noiseless settings,
model well-specification, asymptotic approximations only holding locally). The au-
thors should reflect on how these assumptions might be violated in practice and what
the implications would be.

* The authors should reflect on the scope of the claims made, e.g., if the approach was
only tested on a few datasets or with a few runs. In general, empirical results often
depend on implicit assumptions, which should be articulated.

* The authors should reflect on the factors that influence the performance of the ap-
proach. For example, a facial recognition algorithm may perform poorly when image
resolution is low or images are taken in low lighting. Or a speech-to-text system might
not be used reliably to provide closed captions for online lectures because it fails to
handle technical jargon.

* The authors should discuss the computational efficiency of the proposed algorithms
and how they scale with dataset size.

* If applicable, the authors should discuss possible limitations of their approach to ad-
dress problems of privacy and fairness.

* While the authors might fear that complete honesty about limitations might be used by
reviewers as grounds for rejection, a worse outcome might be that reviewers discover
limitations that aren’t acknowledged in the paper. The authors should use their best
judgment and recognize that individual actions in favor of transparency play an impor-
tant role in developing norms that preserve the integrity of the community. Reviewers
will be specifically instructed to not penalize honesty concerning limitations.

3. Theory assumptions and proofs

Question: For each theoretical result, does the paper provide the full set of assumptions and
a complete (and correct) proof?
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Answer: [Yes]

Justification: We provide in the supplementary materials a complete proof for each of the
claims made in the main text.

Guidelines:

* The answer NA means that the paper does not include theoretical results.

* All the theorems, formulas, and proofs in the paper should be numbered and cross-
referenced.

* All assumptions should be clearly stated or referenced in the statement of any theo-
rems.

* The proofs can either appear in the main paper or the supplemental material, but if
they appear in the supplemental material, the authors are encouraged to provide a
short proof sketch to provide intuition.

* Inversely, any informal proof provided in the core of the paper should be comple-
mented by formal proofs provided in appendix or supplemental material.
* Theorems and Lemmas that the proof relies upon should be properly referenced.

. Experimental result reproducibility

Question: Does the paper fully disclose all the information needed to reproduce the main
experimental results of the paper to the extent that it affects the main claims and/or conclu-
sions of the paper (regardless of whether the code and data are provided or not)?

Answer: [Yes]

Justification: We provide full details on architectures and hyperparameters necessary to
reproduce the results presented in experiments. These details concern not only the method
novel to this paper, but also other methods to which it is compared. The paper also fully
discloses the algorithm used for training, and provides guidelines in appendix on how to
train it. The code used for all experiments will be made public on a github repository after
the revision process.

Guidelines:

» The answer NA means that the paper does not include experiments.

* If the paper includes experiments, a No answer to this question will not be perceived
well by the reviewers: Making the paper reproducible is important, regardless of
whether the code and data are provided or not.

If the contribution is a dataset and/or model, the authors should describe the steps
taken to make their results reproducible or verifiable.

Depending on the contribution, reproducibility can be accomplished in various ways.
For example, if the contribution is a novel architecture, describing the architecture
fully might suffice, or if the contribution is a specific model and empirical evaluation,
it may be necessary to either make it possible for others to replicate the model with
the same dataset, or provide access to the model. In general. releasing code and data
is often one good way to accomplish this, but reproducibility can also be provided via
detailed instructions for how to replicate the results, access to a hosted model (e.g., in
the case of a large language model), releasing of a model checkpoint, or other means
that are appropriate to the research performed.

* While NeurIPS does not require releasing code, the conference does require all sub-
missions to provide some reasonable avenue for reproducibility, which may depend
on the nature of the contribution. For example
(a) If the contribution is primarily a new algorithm, the paper should make it clear

how to reproduce that algorithm.

(b) If the contribution is primarily a new model architecture, the paper should describe
the architecture clearly and fully.

(c) If the contribution is a new model (e.g., a large language model), then there should
either be a way to access this model for reproducing the results or a way to re-
produce the model (e.g., with an open-source dataset or instructions for how to
construct the dataset).
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(d) We recognize that reproducibility may be tricky in some cases, in which case au-
thors are welcome to describe the particular way they provide for reproducibility.
In the case of closed-source models, it may be that access to the model is limited in
some way (e.g., to registered users), but it should be possible for other researchers
to have some path to reproducing or verifying the results.
5. Open access to data and code

Question: Does the paper provide open access to the data and code, with sufficient instruc-
tions to faithfully reproduce the main experimental results, as described in supplemental
material?

Answer: [Yes]

Justification: The lineage tracing data used in the experiments is publicly accessible on the
GEO database with the query code GSE140802. The code used for all experiments will be
made public on a github repository after the revision process.

Guidelines:

* The answer NA means that paper does not include experiments requiring code.

* Please see the NeurIPS code and data submission guidelines (https://nips.cc/
public/guides/CodeSubmissionPolicy) for more details.

* While we encourage the release of code and data, we understand that this might not
be possible, so No is an acceptable answer. Papers cannot be rejected simply for not
including code, unless this is central to the contribution (e.g., for a new open-source
benchmark).

* The instructions should contain the exact command and environment needed to run to
reproduce the results. See the NeurIPS code and data submission guidelines (https:
//nips.cc/public/guides/CodeSubmissionPolicy) for more details.

* The authors should provide instructions on data access and preparation, including how
to access the raw data, preprocessed data, intermediate data, and generated data, etc.

* The authors should provide scripts to reproduce all experimental results for the new
proposed method and baselines. If only a subset of experiments are reproducible, they
should state which ones are omitted from the script and why.

* At submission time, to preserve anonymity, the authors should release anonymized
versions (if applicable).

* Providing as much information as possible in supplemental material (appended to the
paper) is recommended, but including URLSs to data and code is permitted.

6. Experimental setting/details

Question: Does the paper specify all the training and test details (e.g., data splits, hyper-
parameters, how they were chosen, type of optimizer, etc.) necessary to understand the
results?

Answer: [Yes]
Justification: The paper specifies in appendix all the architectures and hyperparameters
used in the experiments. This information is sufficient to interpret and reproduce the results.
Guidelines:

» The answer NA means that the paper does not include experiments.

» The experimental setting should be presented in the core of the paper to a level of
detail that is necessary to appreciate the results and make sense of them.

* The full details can be provided either with the code, in appendix, or as supplemental
material.

7. Experiment statistical significance

Question: Does the paper report error bars suitably and correctly defined or other appropri-
ate information about the statistical significance of the experiments?

Answer: [Yes]

Justification: The paper provides error bars for each of the comparison carried out. The
error bars are also consistently defined as a the standard deviation of the observable, mea-
sured on repeated experiments using different random seeds.
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Guidelines:

* The answer NA means that the paper does not include experiments.

* The authors should answer "Yes" if the results are accompanied by error bars, confi-
dence intervals, or statistical significance tests, at least for the experiments that support
the main claims of the paper.

* The factors of variability that the error bars are capturing should be clearly stated (for
example, train/test split, initialization, random drawing of some parameter, or overall
run with given experimental conditions).

* The method for calculating the error bars should be explained (closed form formula,
call to a library function, bootstrap, etc.)

* The assumptions made should be given (e.g., Normally distributed errors).

* It should be clear whether the error bar is the standard deviation or the standard error
of the mean.

* Itis OK to report 1-sigma error bars, but one should state it. The authors should prefer-
ably report a 2-sigma error bar than state that they have a 96% CI, if the hypothesis of
Normality of errors is not verified.

» For asymmetric distributions, the authors should be careful not to show in tables or
figures symmetric error bars that would yield results that are out of range (e.g. negative
error rates).

e If error bars are reported in tables or plots, The authors should explain in the text how
they were calculated and reference the corresponding figures or tables in the text.

Experiments compute resources

Question: For each experiment, does the paper provide sufficient information on the com-
puter resources (type of compute workers, memory, time of execution) needed to reproduce
the experiments?

Answer: [Yes]

Justification: The neural networks used in this paper are small and can run on a single GPU
at a time. This information is disclosed in the appendix related to the experimental settings.

Guidelines:

* The answer NA means that the paper does not include experiments.

 The paper should indicate the type of compute workers CPU or GPU, internal cluster,
or cloud provider, including relevant memory and storage.

* The paper should provide the amount of compute required for each of the individual
experimental runs as well as estimate the total compute.

» The paper should disclose whether the full research project required more compute
than the experiments reported in the paper (e.g., preliminary or failed experiments
that didn’t make it into the paper).

. Code of ethics

Question: Does the research conducted in the paper conform, in every respect, with the
NeurIPS Code of Ethics https://neurips.cc/public/EthicsGuidelines?

Answer: [Yes]

Justification: We have reviewed the code of ethics, and the research conducted in this paper
conforms to its requirements.

Guidelines:

¢ The answer NA means that the authors have not reviewed the NeurIPS Code of Ethics.

* If the authors answer No, they should explain the special circumstances that require a
deviation from the Code of Ethics.

* The authors should make sure to preserve anonymity (e.g., if there is a special consid-
eration due to laws or regulations in their jurisdiction).

Broader impacts

Question: Does the paper discuss both potential positive societal impacts and negative
societal impacts of the work performed?
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Answer: [NA]

Justification: Our work addresses some fundamental inference problems for population
dynamics models, and we see no potential for direct societal impacts of our works, either
positive or negative.

Guidelines:

* The answer NA means that there is no societal impact of the work performed.

o If the authors answer NA or No, they should explain why their work has no societal
impact or why the paper does not address societal impact.

» Examples of negative societal impacts include potential malicious or unintended uses
(e.g., disinformation, generating fake profiles, surveillance), fairness considerations
(e.g., deployment of technologies that could make decisions that unfairly impact spe-
cific groups), privacy considerations, and security considerations.

* The conference expects that many papers will be foundational research and not tied
to particular applications, let alone deployments. However, if there is a direct path to
any negative applications, the authors should point it out. For example, it is legitimate
to point out that an improvement in the quality of generative models could be used to
generate deepfakes for disinformation. On the other hand, it is not needed to point out
that a generic algorithm for optimizing neural networks could enable people to train
models that generate Deepfakes faster.

* The authors should consider possible harms that could arise when the technology is
being used as intended and functioning correctly, harms that could arise when the
technology is being used as intended but gives incorrect results, and harms following
from (intentional or unintentional) misuse of the technology.

« If there are negative societal impacts, the authors could also discuss possible mitiga-
tion strategies (e.g., gated release of models, providing defenses in addition to attacks,
mechanisms for monitoring misuse, mechanisms to monitor how a system learns from
feedback over time, improving the efficiency and accessibility of ML).

Safeguards

Question: Does the paper describe safeguards that have been put in place for responsible
release of data or models that have a high risk for misuse (e.g., pretrained language models,
image generators, or scraped datasets)?

Answer: [NA]
Justification: Not applicable.
Guidelines:

* The answer NA means that the paper poses no such risks.

* Released models that have a high risk for misuse or dual-use should be released with
necessary safeguards to allow for controlled use of the model, for example by re-
quiring that users adhere to usage guidelines or restrictions to access the model or
implementing safety filters.

 Datasets that have been scraped from the Internet could pose safety risks. The authors
should describe how they avoided releasing unsafe images.

* We recognize that providing effective safeguards is challenging, and many papers do
not require this, but we encourage authors to take this into account and make a best
faith effort.

Licenses for existing assets

Question: Are the creators or original owners of assets (e.g., code, data, models), used in
the paper, properly credited and are the license and terms of use explicitly mentioned and
properly respected?

Answer: [Yes]

Justification: All assets used in our work are properly attributed in the main text or supple-
mental material.

Guidelines:

* The answer NA means that the paper does not use existing assets.
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* The authors should cite the original paper that produced the code package or dataset.

* The authors should state which version of the asset is used and, if possible, include a
URL.

* The name of the license (e.g., CC-BY 4.0) should be included for each asset.

* For scraped data from a particular source (e.g., website), the copyright and terms of
service of that source should be provided.

* If assets are released, the license, copyright information, and terms of use in the pack-
age should be provided. For popular datasets, paperswithcode.com/datasets has
curated licenses for some datasets. Their licensing guide can help determine the li-
cense of a dataset.

* For existing datasets that are re-packaged, both the original license and the license of
the derived asset (if it has changed) should be provided.

* If this information is not available online, the authors are encouraged to reach out to
the asset’s creators.
New assets

Question: Are new assets introduced in the paper well documented and is the documenta-
tion provided alongside the assets?

Answer: [Yes]

Justification: A new algorithm is detailed, along with the necessary training details (in the
appendix).

Guidelines:

* The answer NA means that the paper does not release new assets.

* Researchers should communicate the details of the dataset/code/model as part of their
submissions via structured templates. This includes details about training, license,
limitations, etc.

* The paper should discuss whether and how consent was obtained from people whose
asset is used.

* At submission time, remember to anonymize your assets (if applicable). You can
either create an anonymized URL or include an anonymized zip file.
Crowdsourcing and research with human subjects

Question: For crowdsourcing experiments and research with human subjects, does the pa-
per include the full text of instructions given to participants and screenshots, if applicable,
as well as details about compensation (if any)?

Answer: [NA]
Justification: Not applicable.
Guidelines:
* The answer NA means that the paper does not involve crowdsourcing nor research
with human subjects.

* Including this information in the supplemental material is fine, but if the main contri-
bution of the paper involves human subjects, then as much detail as possible should
be included in the main paper.

* According to the NeurIPS Code of Ethics, workers involved in data collection, cura-
tion, or other labor should be paid at least the minimum wage in the country of the
data collector.

Institutional review board (IRB) approvals or equivalent for research with human
subjects

Question: Does the paper describe potential risks incurred by study participants, whether
such risks were disclosed to the subjects, and whether Institutional Review Board (IRB)
approvals (or an equivalent approval/review based on the requirements of your country or
institution) were obtained?

Answer: [NA]
Justification: Not applicable.
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Guidelines:
* The answer NA means that the paper does not involve crowdsourcing nor research
with human subjects.

* Depending on the country in which research is conducted, IRB approval (or equiva-
lent) may be required for any human subjects research. If you obtained IRB approval,
you should clearly state this in the paper.

* We recognize that the procedures for this may vary significantly between institutions
and locations, and we expect authors to adhere to the NeurIPS Code of Ethics and the
guidelines for their institution.

* For initial submissions, do not include any information that would break anonymity
(if applicable), such as the institution conducting the review.
16. Declaration of LLM usage

Question: Does the paper describe the usage of LLMs if it is an important, original, or
non-standard component of the core methods in this research? Note that if the LLM is used
only for writing, editing, or formatting purposes and does not impact the core methodology,
scientific rigorousness, or originality of the research, declaration is not required.

Answer: [NA]
Justification: Not applicable.
Guidelines:

* The answer NA means that the core method development in this research does not
involve LLMs as any important, original, or non-standard components.

* Please refer to our LLM policy (https://neurips.cc/Conferences/2025/LLN)
for what should or should not be described.
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