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Abstract

Federated reinforcement learning (FedRL) enables multiple agents to collaboratively
learn a policy without sharing their own local trajectories collected during agent-
environment interactions. However, in practice, the environments faced by different
agents are often heterogeneous, leading to poor performance by the single policy
learned by existing FedRL algorithms on individual agents. In this paper, we
take a further step and introduce a personalized FedRL framework (PFedRL) by
taking advantage of possibly shared common structure among agents in heterogeneous
environments. Specifically, we develop a class of PFedRL algorithms named PFEDRL-
REP that learns (1) a shared feature representation collaboratively among all agents
and (2) an agent-specific weight vector personalized to its local environment. We
analyze the convergence of PFEDTD-REP, a particular instance of the framework
with temporal difference (TD) learning and linear representations. To the best of
our knowledge, we are the first to prove a linear convergence speedup with respect
to the number of agents in the PFedRL setting. To achieve this, we show that
PFEDTD-REP is an example of the federated two-timescale stochastic approximation
with Markovian noise. Experimental results demonstrate that PFEDTD-REP, along
with an extension to the control setting based on deep Q-networks (DQN), not only
improve learning in heterogeneous settings, but also provide better generalization to
new environments.

1 Introduction

Federated reinforcement learning (FedRL) Nadiger et al. (2019); Liu et al. (2019); Xu et al. (2021);
Zhang et al. (2022a); Jin et al. (2022); Khodadadian et al. (2022); Yuan et al. (2023) has recently
emerged as a promising method via blending the distributed nature of federated learning (FL)
McMahan et al. (2017) with the sequential decision-making nature of reinforcement learning (RL)
Sutton & Barto (2018). In FedRL, multiple agents collaboratively learn a single policy without
sharing their individual trajectories that are collected during the agent-environment interactions,
which protect privacy embedded in their local experiences.

One key challenge of FedRL is the issue of environment heterogeneity among agents, where the
collected trajectories among agents may vary to a large extent. To illustrate, consider a few existing
applications of FL. These include on-device NLP applications (e.g., next word prediction, web query
suggestions, and speech recognition) from internet companies (Hard et al., 2018; Yang et al., 2018;
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Table 1: Comparison of settings with existing FedRL frameworks.

Algorithm Noise Environment | Representation | Timescale Local Personalization Linear

update speedup
FedTD & FedQ Khodadadian et al. (2022) | Markovian Homogeneous X Single v X v
FedTD Dal Fabbro et al. (2023) Markovian Homogeneous X Single X X v
FedTD Wang et al. (2023a) Markovian Heterogeneous X Single '4 X v
QAvg & PAvg Jin et al. (2022) i.4.d. Heterogeneous X Single X X X
FedQ Woo et al. (2023) Markovian Heterogeneous X Single X X v
A3C Shen et al. (2023) Markovian Homogeneous X Two X X v
FedSARSA Zhang et al. (2024) Markovian Heterogeneous X Single v X v
PFedRL-Rep (this work) Markovian | Heterogeneous v Two v v v

Wang et al., 2023b), on-device recommender or ad prediction systems (Maeng et al., 2022; Krichene
et al., 2023), and Internet of Things applications like smart healthcare or smart thermostats (Nguyen
et al., 2021; Imteaj et al., 2022; Zhang et al., 2022b; Boubouh et al., 2023). Note that all of them
exist in settings with environment heterogeneity (heterogeneous users, devices, patients, or homes).

As a result, if all agents collaboratively learn a single policy, which most existing FedRL frameworks
do, the learned policy might perform poorly on individual agents. This calls for the design of a
personalized FedRL (PFedRL) framework that can provide personalized policies for agents in different
environments. Nevertheless, despite the recent advances in FedRL, the design of PFedRL and its
performance analysis remains, to a large extent, an open question. Motivated by this, the first inquiry
we aim to answer in this paper is:

Can we design a PFedRL framework for agents in heterogenous environments to not only
collaboratively learn a useful global model without sharing local trajectories, but also provide a
personalized policy in each environment?

We address this question by viewing the PFedRL problem in heterogeneous environments as N parallel
RL tasks with possibly shared common structure. This is inspired by observations in centralized
learning Bengio et al. (2013); LeCun et al. (2015) and federated/decentralized learning Collins
et al. (2021); Xiong et al. (2023); Tziotis et al. (2023), whose success in training multiple tasks
simultaneously can be enlarged by leveraging a common (low-dimensional) representation in various
machine learning tasks (e.g., image classification).

From a theoretical point of view, questions of the benefits of leveraging such shared representations
among heterogeneous agents have received an increased recent emphasis owing to their practical
significance, especially in federated/decentralized supervised learning framework Collins et al. (2021);
Xiong et al. (2023); Tziotis et al. (2023). However, a theoretical analysis of PFedRL with shared
representations is more subtle due to the fact that each agent in PFedRL collects data by following its
own Markovian trajectory and simultaneously updates its model parameters, while data is collected
before training begins in standard FL paradigm. These considerations motivate the second question
we aim to address:

How do the shared representations affect the convergence performance of PFedRL under
Markovian noise, and is it possible to achieve an N-fold linear convergence speedup?

Despite some recent progress in federated/decentralized supervised learning framework Collins et al.
(2021); Xiong et al. (2023); Tziotis et al. (2023), to the best of our knowledge, this question is
still open in the context of learning personalized policies in FedRL under Markovian noise (see
Table 1). Motivated by these open questions, we introduce a new PFedRL framework with shared
representations, and analyze a class of associated algorithms. Our main contributions are summarized
in the following.

¢ PFedRL-Rep Algorithm. We propose PFEDRL-REP, a new PFedRL framework with shared
representations by leveraging representation learning theory. PFEDRL-REP learns a global shared
feature representation collaboratively among all agents through the aid of a central server, and an
agent-specific weight vector that is personalized to its local environment. We note that our PFEDRL-
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REP framework can be paired with a wide range of RL algorithms, including both value-function
based and policy-gradient based methods with arbitrary feature representation.

e Linear Speedup for TD Learning. Within the PFEDRL-REP framework, we further introduce
PFEDTD-REP, i.e., the PFEDRL-REP version of TD learning, and analyze its convergence perfor-
mance in a linear representation setting. We prove that the convergence rate of PFEDTD-REP is

@) (m), where N is the number of agents and T is the number of communication rounds.

This implies a linear convergence speedup for PFEDTD-REP with respect to the number of agents.
To our best knowledge, this is the first linear speedup result for PFedRL with shared representations
under Markovian noise, and provides a theoretical answer to empirical observations in Mnih et al.
(2016) that federated versions of RL algorithms yield faster convergence. This property is highly
desirable since it implies that one can efficiently leverage massive parallelism in large-scale systems.
To achieve this, we show PFEDTD-REP is an example of the federated two-timescale stochastic
approximation, and its convergence analysis is intricate under Markovian noise. We address this
challenge by leveraging a Lyapunov drift approach to capture the evolution of two coupled parameters,
fundamentally improving upon prior work.

2 Problem Formulation

Notation. Let N and T be the number of agents and communication rounds. Denote [N] as the set
of integers {1,..., N} and || - || as the l3-norm. We use boldface to denote matrices and vectors.

2.1 Preliminaries: Federated Reinforcement Learning

We consider a FedRL system with IV agents interacting with N independent heterogeneous environ-
ments. We model the environment of agent i as a MDP, M? = (S, A, R?, P!, v),Vi € [N], where S
and A are finite state and action sets, R’ is the reward function, P’ is the transition kernel, and
v € (0,1) is the discount factor. At each time step k, agent i is in state si and takes action ai,
according to a policy 7(+|s%) in hand, which results in reward R'(s,al). In the next time step, the
environment transitions to a new state s}, ,; according to the state transition probability P*(-|s}, af,).
The sequence of states and actions constructs a Markov chain, which is the source of Markovian
noise. In this paper, this Markov chain is assumed to be unichain, which is known to asymptotically
converge to a steady state. We denote the stationary distribution as p*™ .

The state-value function agent i in environment M® under policy 7’ are defined as V*7 (s) =
Eri [ Yo V"R (sh,, ab)|sh = s]. When the state and action spaces are large, it is computationally
infeasible to store V&7 (s) for all states or state-action pairs. One way to deal with is to approximate
the value function as V>™ (s) ~ ®(s)6, where & € RIS/ is a feature representation corresponding
to states, and 8 € R? is a low-dimensional unknown weight vector. When @® is given and known, this
falls under the paradigm of RL or FedRL with function approximation.

One intermediate goal in RL is to estimate the value function corresponding to a particular policy 7
using the trajectory collected from the environment. This task is called policy evaluation, and one
widely used approach to accomplish this is the Temporal Difference (TD) learning Sutton (1988).
Under the FedRL framework, the goal of policy evaluation, or specifically, FedTD Khodadadian et al.
(2022); Dal Fabbro et al. (2023); Wang et al. (2023a) is to let N agents collaboratively evaluate a
single policy m = 7%, Vi € [N], or precisely, collaboratively learn a common (non-personalized) weight
vector @ = Vi € [N] using trajectories collected from N different environments when the feature
representation ®(s),Vs are given. This can be formulated as the following optimization problem:
e

: 1 z 7,7
L) := min - ;ESNMM |®(s)8 — V"7 (s) (1)

Due to space constraint, we are going to first focus on the policy evaluation problem in RL. Note
that policy evaluation is an important part of RL and control, since it is a critical step of policy
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Algorithm 1 PFEDRL-REP: A General Description
Input: Sampling policy 7, Vi;

1: Initialize the global feature representation ®g and local weight vector 8}, Vi € [N] randomly;
2: for round t =0,1,...,7 —1 do

for agent 1,..., N do

4 i+1 =RL_ UPDATE(®,,0}, oy, K);
5 <I>§+1/2 = RL__UPDATE(®, 0, 3;);
6: end for
7

8

o

Server computes the new global feature representation ®;,, = % sz\; <I>i +1/2°

: end for

improvement algorithms. However, our proposed framework (e.g., Algorithm 1) can be directly
applied to control problem as well, and we relegate the discussions to Section 5 and Appendix C.

2.2 Personalized FedRL with Shared Representations

Since the local environments are heterogeneous across N agents, the aforementioned FedRL methods
(in Section 2.1) that aim to learn a single policy or a common weight vector § may perform poorly
on many individual agents. This necessitates the search for more personalized policies {7, Vi € [N]}
or personalized local weight vectors §° that can be learned collaboratively among N agents in N
heterogeneous environments without sharing their locally collected trajectories. To achieve this, we
propose to learn a common representation among agents in heterogeneous environments by viewing
the personalized FedRL (PFedRL) problem as N parallel RL tasks with possibly shared common
structure. Specifically, the value function of agent i can be approximated as V5™ ~ f(8%, ®), where
® is the shared feature representation among all agents, 8 is the local unique weight vector, and
fi(-,-) is a general function parameterized by these two unknown parameters.

Using these notions, the policy evaluation problem in (1) can be reformulated as:

N
N .1 . 2
L(®,{0°,Vi}) := min — E {‘1911_171@}ESN#1,7{¢ ) (2)

i=1

IO () -V (s)]

where N agents collaboratively learn a shared feature representation ® via a server, and a personalized
local weight vector {f%,Vi} using local trajectories at each agent.

Remark 2.1. Our approximation function fi(6°,®) is general and can take on various forms, such
as linear or neural networks. For instance, it can be represented as a linear combination of ® and
0, ie., fi(0°,®) := ®6" in TD Bhandari et al. (2018) or Q-learning Chen et al. (2019) with linear
function approximation. To further increase the representation capability, f¢(8%, ®) can represent a
deep neural network, e.g., as for DQN (Q-learning with deep neural networks) Mnih et al. (2015)
(see more discussions in Section 5 and Appendix C).

Comparison with Standard FedRL. In FedRL, N agents simultaneously evaluate one policy 7
over N heterogeneous environments, and the objective in (1) is to collaboratively learn a common
weight vector @ for all agents 4. In contrast, consider TD learning with a linear representation under
our new PFedRL framework with shared representations. Here, the goal is to collaboratively learn a
personalized weight vector % for each agent 4 via the optimization problem (2) with fi(§, ®) := ®6°,
leading to a personalized solution for each agent. Since the environments P?, Vi are heterogeneous,
the learned common weight vector 8 in conventional FedRL is inevitably suboptimal compared with
the personalized weight vector @ in environment P? for agent i.

3 PFedRL-Rep Algorithms

We now propose a class of algorithms called PFEDRL-REP that realize PFedRL with shared
representations. Specifically, PFEDRL-REP alternates between three steps among all agents at each
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Figure 1: An illustrative example of PFEDRL-REP for 3 agents. (a) At the beginning of round ¢,
each agent i = 1,2,3 has a local weight vector 8¢ and a global feature representation ®;. (b) Local
Weight Vector Update: With (®,,0}), agent i performs a K-step update to obtain 8}, as in (3). Note
that ®; remains unchanged at this step. (c¢) Local and Global Feature Representation Update: Agent
i updates the feature representation by executing a one-step update to obtain <I>f; 412 88 in (4), which
depends on both 6}, and ®;. Then, agent i shares <I>j;+1/
an averaging step as in (5) to produce the next global feature representation ®;,1. We highlight
the updated parameters in each step in red, and the shared parameters (only the global feature
representation) between agents in blue.

5 with the server, which then executes

communication round: (a) a local weight vector update; (b) a local feature representation update;
and (c) a global feature representation update via the server.

Local Weight Vector Upda%te. At I‘OUI.ld t, agent i+1 — RLiUPDATE(Qt,Oi,at, K), (3)
i performs a RL__UPDATE on its local weight vector

given the current global feature representation ®; and local weight vector 8. In other words, agent
i updates its local weight vector as in (3), where RL__UPDATE is a generic notation for an update
of the local weight vector 6 using any specific RL algorithm (e.g., TD, Q-learning, DQN, policy
gradients, etc, see Appendix D for illustrative examples), and «y is the learning rate for the local
weight vector. To speed up the learning process, we allow each agent to perform K steps local weight

vector update based on its local collected trajectory.

o = RL_UPDATE(®,, 0! 4
Local Feature Representation Update. Once t+1/2 - (®0,6:11,80), (4)

the updated local weight vector 6% 1 is obtained, each
agent ¢ executes a one-step local update on their feature representations as in (4), where 3, is the
learning rate for the feature representation.

N
1 )
Server-based Global Feature Representation Update. The &, = N E @1/ (5)
server computes an average of the received local feature representation i=1

update ®! +1/2 from all agents Vi to obtain the next global feature representation ®¢1, as in (5).

PFEDRL-REP alternates between (3), (4) and (5) at each round, and the entire procedure is
summarized in Algorithm 1. An example of PFEDRL-REP is illustrated in Figure 1.

Remark 3.1. Similar frameworks by leveraging shared representations have been investigated in
federated /decentralized supervised learning (Collins et al., 2021; Xiong et al., 2023; Tziotis et al.,
2023). However, in these standard supervised learning frameworks, data is collected before training
begins and is often assumed to be i.i.d. In contrast, in our PFedRL framework, each agent collects
data by following its own Markovian trajectory, while simultaneously updates its model parameters.

4 PFedTD-Rep with Linear Representation

We present PFEDTD-REP, an instance of PFEDRL-REP paired with TD learning (see its pseudocode
in Appendix B), and analyze its convergence performance in a linear representation setting.

4.1 PFedTD-Rep: Algorithm Description

Here, the goal of N agents is to collaboratively solve problem (2) when the underlying RL algorithm
is TD learning. To this end, we need to specify the notation of RL_ UPDATE in PFEDRL-REP
(Algorithm 1) on how to update the local weight vectors #? and global feature representation ®
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using TD. We first consider the notation of RL._ UPDATE from the perspective of agent i. At time
step k, the state of agent i is s}, and its value function can be denoted as V(s},) = ®(s},)6" in a
linear representation setting. By one-step Monte Carlo approximation, we approximate V(s},) as

Vi(si) ~ri + Y®(s},1)0". The TD error is defined as
8=V (s}) =V (sp) =ri.+7®(s}11) 0" —B(s},) 0'. (6)

The goal of agent i is to minimize the following loss function for every si € S, L/(®(s}),0") =

%HV(S}C) - f/(sz)f 2, with V(s%) treated as a constant. We now denote the Markovian observations
of agent i at the k-th time step of communication round ¢ as X} ; := (8} ., 7} g S; g41)- Note that

the observation sequences {Xf v Vt, k} can differ across agents in heterogeneous environments. We
assume that {Xf’k,Vt, k} are statistically independent across all agents.

Local Weight Vector Update: As in Algorithm 1 (i.e., (3)), given the current global feature
representation ®;, agent i makes K-step local update on its local weight vector 8% as

Oi,k = ai,k—l + oy g(ei,k—lvq)tv Xti,k—l)a (7)

for k € [K], where a; is the learning rate for the local weight vectors, satisfying Y ,° o = oo
and Y27 a7 < oo, and g(0; ,_;,®;, X/, ;) is the negative stochastic gradient of the loss function
LY@ (s} 1), 0] 1) with respect to 8, given the current feature representation ®,:

g(oi,kq"l’taX;kq) = —VGU(‘I’t(Si,kq)aei,kil) = 5%,1@71‘1’%5%,1@71)1 (8)

We allow each agent to perform K-step local updates, and for ease of presentation, we denote
0, = 0; K- Since the observations are Markovian, we further add a norm-scaling step for the
updated weight vectors @y, i.e., enforcing ||}, || < B, to stabilize the update. This is essential for
finite-time convergence analysis (see Section 4.2), and this technique is widely used in conventional
TD learning with linear function approximation Bhandari et al. (2018).

Local Feature Representation Update. As in Algorithm 1 (i.e., (4)), given the updated local
weight vector 8} |, agent 7 executes one-step local update on the global feature representation on its

end as , ' , «
B 1) =P+ Bih(0i, 1, Do, { X} 1 b)), 9)

where f3; is the learning rate for global feature representation, satisfying Y ;= 3 = 00, .=, B% < o0,
Bt/ is non-increasing in ¢ and limy_,o B;/c; = 0, and h(0§+1,<1>t,{Xt"’k71}kK:1) is the set of
negative stochastic gradient of the loss function £(®(s};,_,),0;,1) w.r.t. the current global feature
representation ®;, satisfying

h(0i+1,¢t,XZ,k_1) = —Véﬁi(q’t(si,k—l)voiﬂ) = 5§,k—101+1T- (10)

Server-based Global Feature Representation Update. As in Algorithm 1 (i.e., (5)), the server
computes an average of the received local feature representation updates in (9) to obtain the next
global feature representation as

N
1 :
Qip1 =@+ 5 N .Zlh(0§+17‘1’t7 (X7 1) (11)
iz

4.2 Convergence Analysis

The coupled updates in (7) and (11) pose a general form as a federated nonlinear two-timescale
stochastic approximation (2TSA) Doan (2021) with Markovian noise, with 8¢ updating on a faster
timescale and ®; on a slower timescale. We aim to establish the finite-time convergence rate of the
2TSA in (7) and (11). This is equivalent to finding a solution pair (®*, {#"*,Vi}) such that!

[P PGt o gl i
SR 7St+1~Pﬂ.i( |t spoptisi g~ P

IThe root (®*,{6%*,Vi}) of the nonlinear 2TSA in (7) and (11) can be established by using ODE method following
the solution of suitably defined differential equations Doan (2021; 2020); Chen et al. (2019) as in (12).
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hold for all Markovian observations X;. In particular, u’ is a unknown stationary distribution over
state s; of agent 4 at ¢, and P, is the transition kernel of agent ¢ under policy *.

Tsitsiklis & Van Roy (1996) proved that the standard TD iterates converge asymptotically to a vector
0* given a fixed feature representation ® almost surely, which is the unique solution of the projected
Bellman equation? IIp7,(®6*)) = ®6*. Hence, for agent i, to study the stability of 8 when the
feature representation @ is fixed, there is a mapping 6° = y*(®) to be the the unique solution to
E [8(6, @, X})] = 0.

SiNNiasi-HNP:;i Cls)

Inspired by Doan (2020), the finite-time analysis of a 2TSA boils down to the choice of two step
sizes {ay, B¢, Vt} and a Lyapunov function that couples the two iterates in (7) and (11). Thus, we
first define the following two error terms:

&, =8, -, 8,=0 —y (&), Vie[N], (13)

which characterize the coupling between {6 ,,Vi} and ®,. If {6, 41, Vi} and ®, go to zero
simultaneously, the convergence of ({07, ,,Vi}, ®;) to ({8"*,Vi},®*) can be established. Thus, to
prove the convergence of ({6i,,Vi}, ®;) of the 2TSA in (7) and (11) to its true value (®*,{6"*,Vi}),
we define the following weighted Lyapunov function to couple the fast and slow iterates

i . * Br— 1 al i i
M({8}11, i}, @) i= @0 = @24+ = =5 0> 67, — /(@) (14)
i=1

To this end, our goal is to characterize the finite-time convergence of E[M ({0}, ,,Vi}, ®,)], the
Lyapunov function in (14), which is shown in the following theorem.

Theorem 4.1. For any T > 275, and set oy = a/(t +2)°/6 and By = Bo/(t +2) with By < w/2 and
1 .
ag < EYAVE R where L is a constant, we have

M({67}, ®0)
(T +2)?

+ Co(T +2)72/3, (15)

N
. _ . 1 i i
M({8545} @r41) < + C1(T +2)72 (B[ @0 — @2 + TE Y 165 — 4'(20)]?)
=1

where Cy = (14472 K2L?6% + 4L /N)ap B and Cz = (4apBoK?(36%(1 + B?) + L?B?) + 203 (3K*B* +
3K?%5% + 2L2K? B?) + 809 306?).

Remark 4.2. The first term of the right-hand side of (15) corresponds to the bias due to initialization,
which goes to zero at a rate O(1/T?). The second term corresponds to the accumulated estimation
error of the two-timescale update. The third term stands for the variance of Markovian noise. The
second and third terms decay at a rate O(1/72/3), and dominate the overall convergence rate in (15).
We leverage a Lyapunov drift approach to capture the evolution of two coupled parameters under
Markovian noise, and the characterization of impacts of a norm-scaling step distinguishes our work.

Corollary 4.3. If By = o(N~%3) and T?> > N, we have M({0; .}, ®:141) < O(ﬁ +

N2/3(T1+2)2/3 + K2N5/3%T+2)2/3 + K2N2/32T+2)2/3), which is dominated by O (W)

Remark 4.4. Corollary 4.3 indicates that to attain an e accuracy, it takes O (63%) steps with a
convergence rate O (7373 ), while O (557z) steps with a convergence rate O (gz737275) (the hidden
constants in O(-) are the same). In this sense, we prove that PFEDTD-REP achieves a linear
convergence speedup w.r.t. the number of agents, i.e., we can proportionally decrease T as N increases
while keeping the same convergence rate. To our best knowledge, this is the first linear speedup result
for personalized FedRL with shared representations under Markovian noise, and is highly desirable

since it implies that one can efficiently leverage the massive parallelism in large-scale systems.

2D is a diagonal matrix with entries given by elements of the stationary distribution ™ of the Markov matrix.
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Figure 2: Comparisons in a Cliff Walking Environment with 3 agents.
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Figure 3: Comparisons in control problems.
4.3 Numerical Evaluation

We empirically evaluate the performance of PFEDTD-REP. In particular, we consider a tabular
ClifftWalking environment Brockman et al. (2016) with a 4 x 12 grid world, where 3 agents evaluate 3
different policies. The dimension for the feature representation and weight vector is set to be 6. We
compare PFEDTD-REP with (i) “TD”: each agent independently leverages the conventional TD with-
out communication; and (ii) “FedTD” without personalization Khodadadian et al. (2022); Dal Fabbro
et al. (2023) as listed in Table 1. As shown in Figure 2a, PFEDTD-REP ensures personalization among
all agents while FedTD tends to converge uniformly among all agents. Furthermore, PFEDTD-REP
attains values much closer to the ground-truth achieved by TD for each agent compared to FedTD;
and PFEDTD-REP converges much faster than TD. For instance, agent 1 only needs 50 episodes
to converge under PFEDTD-REP, while it takes more than 150 episodes to converge under TD, as
illustrated in Figure 2b. The improved convergence performance of PFEDTD-REP further supports
our theoretical findings that leveraging shared representations not only provides personalization
among agents in heterogeneous environments but yield faster convergence.

5 Application to Control Problems

We evaluate the performance PFEDDQN-REP (see Appendix B) in a modified CartPole environment
Brockman et al. (2016). Similar to Jin et al. (2022), we change the length of pole to create different
environments. Specifically, we consider 10 agents with varying pole length from 0.38 to 0.74 with a
step size of 0.04. We compare PFEDDQN-REP with (i) a conventional DQN that each agent learns
its own environment independently; (ii) a federated version DQN (FedDQN) that allows all agents to
collaboratively learn a single policy (without personalization), and (iii) two personalized algorithms
in state of the arts, i.e., PerDQNAvg Jin et al. (2022) and FedAsynQ-ImAvg Woo et al. (2023). We
randomly choose one agent and present its performance in Figure 3a(a). Again, we observe that
our PFEDDQN-REP achieves the maximized return much faster than the conventional DQN due to
leveraging shared representations among agents; and obtains larger reward than FedDQN, thanks to
our personalized policy. We further evaluate the effectiveness of shared representation learned by
PFEDDQN-REP when generalizes it to a new agent. As shown in Figure 3a(b), our PFEDDQN-REP
generalizes quickly to the new environment. Finally, similar observations can be made from Figure 3b
using Acrobot environments (see details in Appendix G).
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6 Conclusion and Future Work

In this paper we proposed a novel personalized federated reinforcement learning framework with
shared representations. We proved the first linear convergence speedup for PFEDTD-REP, an instance
of this framework with TD learning and linear representations. Experimental results demonstrate
the superior performance of our proposed framework over existing ones. Several future directions are
worth pursuing. First, whether we can provide a finite-time convergence analysis of PFEDTD-REP
with neural network feature representation remains an important research direction. Second, giving
the promising experimental results on control, whether we can provide a bound for PFEDQ-REP,
an instance of our framework with Q-learning, either with linear or neural feature representations
remains an open problem.
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A Related Work

Single-Agent Reinforcement Learning. RL is a machine learning paradigm that trains agents
to make sequences of decisions by rewarding desired behaviors and/or penalizing undesired ones
in a given environment Sutton & Barto (2018). Starting from Temporal Difference (TD) Learning
Sutton (1988), which introduced the concept of learning from the discrepancy between predicted
and actual rewards through episodes, the widely used Q-Learning Watkins & Dayan (1992) emerged,
advancing the field with an off-policy algorithm that learns action-value functions and enables
policy improvement without needing a model of the environment. Later on, the introduction of
Deep Q-Networks (DQN) Mnih et al. (2015) marked a significant leap, integrating deep neural
networks with Q-Learning to handle high-dimensional state spaces, thus enabling RL to tackle
complex problems. Subsequently, policy-based algorithms such as Proximal Policy Optimization
(PPO) Schulman et al. (2017) and deep Deterministic Policy Gradients (DDPG) Silver et al. (2014),
leverage the Actor-Critic framework to provide more stable and robust ways to directly optimize the
policy, overcoming challenges related to action space and variance.

Federated Reinforcement Learning. Jin et al. (2022) introduced a FedRL framework with N
agents collaboratively learning a policy by averaging their Q-values or policy gradients. Khodadadian
et al. (2022) provided a convergence analysis of federated TD (FedTD) and Q-learning (FedQ) when
N agents interact with homogeneous environments. A similar FedTD was considered in Dal Fabbro
et al. (2023), and expanded to heterogeneous environments in Wang et al. (2023a). Woo et al. (2023)
analyzed (a)synchronous variants of FedQ in heterogeneous settings, and an asynchronous actor-critic
method was considered in Shen et al. (2023) with linear speedup guarantee only under i.i.d. samples.
Zhang et al. (2024) provided a finite-time analysis of FedSARSA with linear function approximation
(i-e., fixed feature representation). To facilitate personalization in heterogeneous settings, Jin et al.
(2022) proposed a heuristic personalized FedRL method where agents share a common model, but
make use of individual environment embeddings.

Personalized Federated Learning (PFL). In contrast to standard FL where a single model is
learned, PFL aims to learn N models specialized for N local datasets. Many PFL methods have been
developed, including but not limited to multi-task learning Smith et al. (2017), meta-learning Chen
et al. (2018), and various personalization techniques such as local fine-tuning Fallah et al. (2020),
layer personalization Arivazhagan et al. (2019), and model compression Bergou et al. (2022). Another
line of work Collins et al. (2021); Xiong et al. (2023) leveraged the common representation among
agents in heterogeneous environments to guarantee personalized models for federated supervised
learning.

Representation Learning in MDP. Representation learning aims to transform high-dimensional
observation to low-dimensional embedding to enable efficient learning, and has received increasing
attention in Markov decision processs (MDP) settings, such as linear MDPs Jin et al. (2020), low-rank
MDPs Modi et al. (2021); Agarwal et al. (2020) and block MDPs Zhang et al. (2022c). However,
it is open in the context of leveraging representation learning in PFedFL. In this work, we prove
that representation augmented PFedFL forms a general framework as a federated two-timescale
stochastic approximation with Markovian noise, which differs significantly from existing works, and
hence necessitates different proof techniques.

Multi-Agent Reinforcement Learning vs. Federated Reinforcement Learning. The advent
of Multi-Agent Reinforcement Learning (MARL) expanded RL’s applications, allowing multiple agents
to learn from interactions in cooperative, competitive, or mixed settings, opening new avenues for
complex applications and research Zhang et al. (2021). Multi-agent Reinforcement Learning (MARL)
addresses scenarios where multiple agents operate within a shared or interrelated environment,
potentially engaging in both cooperative and competitive behaviors. The complexity arises from each
agent needing to consider the strategies and actions of others, making the learning process highly
dynamic. Federated Reinforcement Learning (FedRL)Qi et al. (2021), contrasts with MARL by
focusing on privacy-preserving, distributed learning across agents that do not share their raw data.
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Algorithm 2 PFEDTD-REP
1: Input: Sampling policy 7%, Vi € [N];
2: Initialize 8} = 0, Sj, Vi € [N], and randomly generate & € RISI*? with each row being unit-norm

vector;
3: fort=0,1,....,T —1do

4: fori=1,...,N do
5: for k=1,...,K do _
6: Sample observations X;, ;;
& Set 0; 5, =0} ;1 + g0 1, P, Xip 1);
8: end for
9: Scale ||0; || to B if |0, | > B, otherwise keep it unchanged;
10: Set @,y = ¢ + Seh(0] 1, e, { X[ 1 }120):
) : i B @1y
11: Normalize <I)t+1/2 as <I>t+1/2 — T,

12:  end for

_ 1 N i
13 P =y Zi:1q’§+1/2'
14: end for

Instead, these agents might contribute towards a centralized learning model without compromising
individual data privacy, addressing the unique challenges of learning from decentralized data sources.

B Pseudocode of PFedTD-Rep

In this section, we present the pseudocode of PFEDQ-REP as summarized in Algorithm 2.

C Application to Control Tasks in RL

The Q-function of agent 4 in environment M’ under policy 7 are defined as Q"™ (s,a) =
Eri [ V" Ri(sh, ab)|sh = s,aly = a] . When the state and action spaces are large, it is com-
putationally infeasible to store Q%™ (s,a) for all states or state-action pairs. One way to deal
with is to approximate the Q-function as Q™ (s,a) ~ ®(s,a)d, where ® € RISI*IAIXd ig 5 feature
representation corresponding to states or state-actions, and 8 € R? is a low-dimensional unknown
weight vector. When ® is given and known, this falls under the paradigm of RL or FedRL with
function approximation.

C.1 Preliminaries: Control in Federated Reinforcement Learning

Another task in RL is to search for an optimal policy, which is called a control problem, and one
commonly used approach is Q-learning Watkins & Dayan (1992). Under the FedRL framework, the
goal of a control problem is to let N agents collaboratively learn a policy 7* that performs uniformly
well across N different environments, i.e., 7* = arg max, Zi\;l Ei [VE™ (s5)]sh ~ do), where dy is
the common initial state distribution in these N environments. Similar to (1), this can be formulated
as the optimization problem in (16) to collaboratively learn a common (non-personalized) weight
vector @ = 0%, Vi € [N] when the feature representation ®(s,a),Vs,a are given.

£(0) := min 1 EN:]E SN#M*) H‘P(s, a)f — Q"™ (s, a)H2 . (16)

=1  a~m" (-

Again, we use the superscript 4 to highlight heterogeneous environments P? among agents.
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C.2 Control in Personalized FedRL with Shared Representations

The control problem in (16) aims to learn ® and {#?,Vi} simultaneously among all N agents via
solving the following optimization problem:

N
. 1
L(®,{60", Vi = in — i E ok
( ,{ ’ Z}> HgnN {;Ill,lvri} sopt”
i=1 art (]s)

Fi(0,®(s,0)) — in”"‘*(s,a)HQ. (17)

C.3 Algorithms

In this section, we present two realizations of our proposed PFEDRL-REP in Algorithm 1, one is
PFEDQ-REP as summarized in Algorithm 3, federated Q-learning with shared representations, and
the other is PFEDDQN-REP as outlined in Algorithm 4, federated DQN with shared representations.

Algorithm 3 PFEDQ-REP
Input: Sampling policy 7, Vi € [N].

1: Initialize ) = 0, and s),Vi € [N], and randomly generate ® € R

unit-norm vector.

2: fort=0,1,....,T—1do

3 fort=1,...,N do
4: for k=1,...,K do
5.
6

ISIAIXd with each row being

Sample observations th,k—y: (sf:,k, §i7k_17a§7k_1); . 4 '
With fixed ®;, update 0}, <« 9%_1 + ay - (T;k_l + Ymax, q)t(3£7k+1aa)ai,k—l -

Qt(si,kfl)oi,kfl) ) ‘Dt(si,kqv ai,kﬂ)%

7 end for
8: Scale [0, || to B if |0, > B, otherwise keep it unchanged.
9: if (s,a)6XZ7k,3k€{O,...,K—1} then
10: Update <I>i+1/2(s, a) =®i(s,a) + Bi(r(s,a) + ymax, Bi(s',a)0},, — ®i(s,a)70;, ) - 0; ;
11: else
12: <I>;+1/2(8, a) = ®i(s,a);
13: end if ,
) ) Pi

. 3 1 . B t+1/2 .

14: Normalize <I)t+1/2 as <I>t+1/2 — H<I>i:1/zl\ ;

15:  end for ‘
16 @y 3 s, @), 0, Vi€ [N].
17: end for

D Figure Illustrations

We present some figures to further highlight the proposed personalized FedRL (PFedRL) framework
with shared representations.

Schematic framework of conventional FedRL. We begin by introducing the conventional FedRL
framework Khodadadian et al. (2022), where N agents collaboratively learn a common policy (or
optimal value functions) via a server while engaging with homogeneous environments. Each agent
generates independent Markovian trajectories, as depicted in Figure 4.

Schematic framework for our proposed PFedRL with shared representations. We introduce
our proposed personalized FedRL (PFedRL) framework with shared representations in Figure 5. In
PFedRL, N agents independently interact with their own environments and execute actions according
to their individual RL component parameterized by ® and #?. Each agent i performs local update on
its local weight vector 6;, while jointly updating the global shared feature representation ® through
the server. Similarly, the update follows the Markovian trajectories.
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Algorithm 4 PFEDDQN-REP

Initialize: The parameters (®,0°) for each Q network Q'(s,a), the replay buffer R?, and copy
the same parameter from Q network to initialize the target Q network Q%’(s,a) for agent i,Vi €
[V];

1: for episode e =1,...,FE do

2:  Get the initial state of the environment;

3: fort=0,1,...,T—1do

4: fori=1,...,N do

5: for k=1,...,K do

6: Select action a; ;1 according to e-greedy policy with the current network Q'(s; x—1,a);

7 Execute action a; 1, receive the reward r(s; x—1,a¢,—1), and the environment state

transits to s; x;

8: Store the tuple (s¢ k1, atk—1,7(Stk—1,at k-1, 5t %) into the replay buffer R%;

9: Sample N data tuples from the replay buffer R?;

10: Update the local weight 6% (¢, k) by minimizing the loss compared with the target network

Q"' with fixed representation ®,;

11: end for

12: Sample N data tuples from replay buffer R?;

13: Update representation model locally by minimizing the loss compared with the target

network Q% with fixed weights 8, , and yield <I>}:+1/2;

14: end for

15: Average the representation model from all agents, i.e., ®;y1 := % Zfil <I>i+1/2;

16: end for

17: if mod(t, Ttarget) =0 then

18: update the target network Q%* be copy the up-to-date parameters of Q network Q°, Vi € [N];
19: end if
20: end for

2
e | &
e %
G ey ) g
(ﬁ‘l fﬁ\ fﬁ\
Agent 1 Agent n Agent N
jzlcgt:;rtl ;)f Observation J[ o zcgt;?:;f Observation
Environment

Figure 4: Schematic representation of FedRL, where N agents interact with homogeneous environ-
ments.

Motivation of Personalized FedRL. In the following, we also want to provide some examples
showing that the conventional FedRL framework may fail, as depicted in Figure 6. In Figure 6a, we
provide an example where three agents assess distinct policies within the same environment. In the
traditional FedRL framework, agents exchange the evaluated value functions via a central server,
leading to a unified consensus on value functions for three different policies. This enforced consensus
on value functions, despite the diversity in policies, is not optimal. In another scenario depicted in
Figure 6b, three agents each interact with their unique environments. The objective for each agent
is to learn an optimal policy tailored to its specific environment. However, within the traditional
FedRL framework, the central server mandates a uniform policy across all three agents, which clearly
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Figure 5: Our proposed PFEDRL-REP framework where N agents independently interact with
their own environments and take actions according to their individual RL component parameterized
by ® and 6°. Agent i locally update weight vector #; while jointly updating the shared feature
representation ® through the central server. The update follows the Markovian trajectories.

contradicts the intended goal of achieving environment-specific optimization. This highlights the
necessity for personalized decision-making, a feature that conventional FedRL frameworks do not
accommodate.

s + IF]
t ) £ _ , ]
Pl B . «[:J» ] +
~, Environment 1 Environment 2 N Environment
T e o .
. - S
&
Agent 1 Agent2 Agent 3
Y
=) @
Environment Agent 3 =

(b) Agents learn optimal policies for heterogeneous

(a) Agents evaluate difference policies in the same environments.

environment.
Figure 6: An illustrative example with three agents that demonstrates the conventional FedRL
framework fails to work.

Example of RL components that fit the proposed PFedRL with shared representations. In
the following, we aim to showcase examples of RL components that are compatible with our proposed
PFedRL framework featuring shared representations. An illustrative example of this framework is
presented in Figure 7. It is important to note that both the DQN architecture in Figure 7a and the
policy gradient (PG) approach in Figure 7b seamlessly integrate into our proposed framework. This
integration is achieved by designating the parameters of the feature extraction network as the shared
feature representation ®, and the parameters of the fully connected network, which either predict
the Q-values or determine the policy, as the local weight vector 8. This arrangement underscores the
adaptability of our framework to various RL methodologies, facilitating personalized learning while
maintaining a common foundation of shared representations.
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(a) When DQN meets the proposed framework. (b) When PG meets the proposed framework.

Figure 7: An illustrative example for the proposed framework. Notice that both the DQN in (a) and
policy gradient (PG) in (b) can be fitted into the proposed framework by treating the parameters of
the feature extraction network as the shared feature representation ® and the parameter of the fully
connected network which maps to the Q value of policy as the local weight vector 6.

E Assumptions, Definitions, and Lemmas

Our goal is to characterize the finite-time convergence of E[M ({0}, ,,Vi}, ®,)], the Lyapunov function
n (14). We start with some standard assumptions first.

Assumption E.1. Agent i’s Markov chain { X/} is irreducible and aperiodic. Hence, there exists a
unique stationary distribution p¢ Levin & Peres (2017) and constants C' > 0 and p € (0,1) such that
drv (P(XE|XE = 2),ut) < Cp*,Vk > 0,2 € X, where dry(+,-) is the total-variation (TV) distance
Levin & Peres (2017).

Remark E.2. Assumption E.1 implies that the Markov chain induced by 7* admits a unique stationary
distribution z¢. This assumption is commonly used in the asymptotic convergence analysis of stochastic
approximation under Markovian noise Borkar (2009); Chen et al. (2019).

We can define the steady-state local TD update direction as
g(017 Q) = ]Esiwu'i,siJrle:ri (-Is) [g(ez? Qv XtL)]v
h(6",®) :=E, h(6", ®, X})]. (18)

st st~ Pl Clspl
Definition E.3 (Mixing time Chen et al. (2019)). Define 75 = max;c;yymin{t > 1
{IE[g(6", @, X})|Xo = 2] —g(6", @), [Eh(0",®,X;)|Xo = z]-h(6",®)[} < (]| — || +]6" -
y (®@*)||[+1)}, V6 > 0.

Lemma E.4. g(0,®,X) in (8) is globally Lipschitz continuous w.r.t @ and ® uniformly in X, i.e.,
[g(01, @1, X)—g(02, 2, X)[| < Ly([|01 — 02 + [|®1 — B2]), VX € X.

Lemma E.5. h(0,®, X) in (10) is globally Lipschitz continuous w.r.t @ and ® uniformly in X, i.e.,
Hh(elﬁq)lvX)_h(027¢27X)” < Lh(Hgl - 02“ + ||<P1 - ¢2||)7VX eX.

Lemma E.6. y*(®),Vi is Lipschitz continuous in ®, i.e., |[y*(®1) — y*(®2)|| < Ly||®1 — B2
Remark E.7. The Lipschitz continuity of h guarantees the existence of a solution ® to the equilibrium

(12) for a fixed @, while the Lipschitz continuity of g and y ensures the existence of a solution 8% of
(12) when @ is fixed.

Assumption E.8. There exists a w > 0 such that V®, § and Vi:
(@ -2 h(y'(®).®)) < —w[®" —@* (8 — ' (®r—1).8(0} Bi—1)) < —w0 —y'(®)[.

Remark E.9. Assumption E.8 guarantees the stability of the two-timescale update in (7) and (11),
and can be viewed as the monotone property of nonlinear mappings leveraged in Doan (2020); Chen
et al. (2019).

Lemma E.10. Under Assumption E.1, and Lemma E.4 and E.5, there exist constants C >
0, p € (0,1) and Ly = max(Ly, Ly, maxx g(0*,®*, X), maxx h(6*,®*, X)) such that 75 <
log(1/5)+log(2L, Cd)

Tou(T/p) , and limg_,q 075 = 0.

E.1 Proof of Lemma E.4

Recall that for any observation X = (s, a,s’), the function g(8, ®, X) defined in (8) is expressed as
(0,2, X) = (r(s,a) + v®(s")0 — ®(5)0) - @(s)T,
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and hence we have the following inequality for any parameter pairs (61,®1) and (02, A2) with
X = (57 a, S’)’

||g(91’¢17 X) - g(GQaQQaX)H

= [[(r(s,a) +7@1(5")81 — @1(5)01) - @1(5)T — (r(s5,a) + 1®2(s")02 — B2(s)02) - Ba(s)7||

(2) [(v@1(s")01 — @1(5)01) - B1(5)T — (Y@1(s")02 — ®1(5)82) - B1(3)7||
+ [[(7@1(5")82 — @1(5)82) - ®1(5)T — (v@2(s5")02 — Pa(5)82) - ®a(s)7||

@ [(v@1(5)01 — @1(s5)01) — (v®1(5")02 — @1(5)82)| - [ @1(5)]|

+ [[(v®1(5")82 — @1(5)02) - @1(5)T — (Y®2(s")02 — ®2(s)02) - ®2(s)T|
) 80— O] + (71 ()8 — B1(5)62) - B1(5)T — (1B (516 — Ba(s)8:) - Bo(5)T]

140 100 = B + (181 ()8 — 1 (5)82) - By ()T — (181 ()6 — By ()6) - Bo(s)T|
+ [|(7@1(5")02 — ®1(5)02) - B2(s)T — (YR2(s")02 — P2 (s)02) - o (s)T|

10 00) 4 08— @1 (5)0)] - [ 05) — @s09)

+ [[(v®1(5")02 — @1(5)82) — (v®2(s")02 — ®2(s5)82)]| - [|[@2(s)]|
(2) (1+7) H91 - 92H + H(7‘1>1(5/)92 - ‘I>1(5)92)H [ @1(s) — @2(s)|

+ [ @1(s") = @2(s)| - 102l + [@1(5) — @2(s)[| - [162]]
S (L+7) 1161 = 2| + (2 +27) [|62]] - [ @1 — 2|

(a7)

< Ly (101 =02 + [|@1 — @),
(ay) is due to the fact that || x+y| < |Ix||+|lyll, ¥x,y € R%, (az) holds due to [|x-y|| < ||x||- [y, Vx,y €
R% (a3) comes from the fact and ||®1(s)|| < 1, ||®2(s)|| < 1Vs. (a4) — (ag) holds for the same reason

as (a1) — (a3). The last inequalty (a7) comes from the fact that € is bounded by norm B and by
setting L, := max(1 4+, (2 +2v)B).

E.2 Proof of Lemma E.5
Recall that for any observation X = (s,a,s’), the function h(f,®, X) defined in (10) is expressed as
h(0,®,X) := (r(s,a) + y®(s")0 — ®(s)0) - 07,

and hence we have the following inequality for any parameter pairs (6;,®;1) and (02, A2) with
X =(s,a,8),

Hh(olvq)l»X) - h(02,q)27X)||
= [|(r(s,a) +7@1(s" )01 — ®1(5)01) - 07 — (r(s,a) +y@2(s")02 — ®2(5)82) - 65 |

1 (@1()01 — B (81) - 0] — (1@ (s")6; — Bo()01) -6
+ [|(7@2(s")01 — @2(5)01) - 0] — (Y@2(s")B2 — ®2(s)02) - 7|

@101 — B1(5)81) — (1@a(s")01 — Ba()8)] - 104
+ [|(7®2(s")01 — @2(5)01) - 0] — (YR2(s")f2 — ®2(s)02) - O3]

(b3)
< (1460117 - @1 — ol + [|(7B2(5')01 — B2(s)81) - 6] — (Y®2(s')02 — Bo(s)82) - O |

(ba)
< (L4 7))I01]1% - 11 — @2l + [[(1@2(s")01 — Ba(s)01) - 0] — (v®2(s")81 — P2(5)6:) - 61
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+ [[(v@2(5")81 — @2(5)81) - 05 — (v@2(s")02 — @2(5)2) - O3 ||
(? (L4017 - [|®1 — @l + [|(v®2(s")01 — D2(5)61) ] - 161 — 02|
+ [ (v92(5")01 — @3(5)61) — (v®2(s")02 — ®2(5)82)| - 162

< (@+)100]? - [@1 — @2l + (1 +7)01] - 81— B2] + (1 +7)[162] - 61 — 62|

< (L +)N017 - @1 — Bol + (1 + ) (81| + [182]]) - (161 — 62

—~

<3
(=

g

—~

o
3

~

< Lp(|01 — 62 + || @1 — D2)),

(b1) is due to the fact that |x+y|| < |x|+ |y, ¥x,y € R%, (b2) holds due to ||x-y|| < [|x||- |y, vx,y €
R<, (b3) comes from the fact and [|®;(s)|| < 1, [|®2(s)|| < 1Vs. (bs) — (bg) holds for the same reason
as (by) — (b3). The last inequalty (b7) comes from by setting Lj := max((1 + v)B?, (2 + 27)B).

E.3 Proof of Lemma E.6

Due to the norm-scale step (step 9) in Algorithm 2, we have

D ® 0—0'| <2B. 19
Iy (®1) — ' (®2)]| < (HOH<BH0”<B)II | < (19)

Since the representation matrices ®; and ®5 are of unit-norm in each row, there exists a positive
constant L, such that

[y"(@1) — ¢ (®2)|| < Ly[|®1 — Bo. (20)
E.4 Proof of Lemma E.10

Proof. Under Lemma E.4, we have

(0, @, X) — g(y' (@), @, X)|| < L(|0 — 5 (@) + |@ — &), Vi € [N]. (21)
Similarly, under Lemma E.5, we have

(6, @, X) —h(y (@), 2", X)|| < L6 — y' (@) + [|® — @), Vi € [N]. (22)
Let L; = max(L, maxy g(y*(®*),®*, X), maxy h(y*(®*),®*, X)), then according to (21)-(22), we
have

g8, @)l < L1(/16 — y'(@)] + [[@ — @ + 1),

and

(8, @)[| < L(|6 -y (@) + [|® — @[] +1).

Denote h7 (0, ¢, X) as the j-th element of h(#,®, X). Following Chen et al. (2019), we can show that
0 cRY ®cRISXE and z € X,

[EMh(6, @, X)[Xo = z] - E,[h(8,®, X)]|

d
<Y B[R (B,X, X)|Xo = 2] — E,[17(0,®, X)]|
j=1

{ hi0,®,X)
2L (/10 =y (@*)[| + [IA = A[| +1

d
< 2L (|0 - y'@)] + @ - +1) 3 [E \Xom]
j=1

—-E

“{2%(0 y (@) + A=A+ 1)
<2L1(/0 —y'(@")[| + |@ — @*[| + 1)dC1p},

hi6,®, X) H
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where the last inequality holds due to Assumption E.1 with constants C1 > 0 and p; € (0,1). To
guarantee 2L1 (|0 — y*(®*)|| + ||® — ®*|| + 1)dC1p% < 5(||0 — yi(®*)|| + ||® — ®*|| + 1), we have

log(1/8) + log(2L,C1d)

S o1/ )
Using the same procedures we can show that
IE[g(6, @, X)|Xo = o] — E,[g(8,®, X)][| < 2L1(/|6 — ' (@)|| + @ — @*|| + 1)dCap5,
hence we have
< log(1/6) + log(2L1Cad ) (24)

= log(1/p2)

By setting 75 as the largest value in (23) and (24), we arrive at the final result in Lemma E.10. O

F  Proofs of Main Results

F.1 Proof of Theorem 4.1

For.notational simplicity, ip the proofs., we use h(0;_,®;) to denote h(f},,,®,, {Xfykfl}le), and
g(0; »_1,®:) to denote g(} ; _,,®:, X;; ;). In the following, we first focus on the update of the
global representation ®; and characterize the drift of it.

F.1.1 Drift of &,

The drift of ®, is given in the following lemma.

Lemma F.1. The drift between ®;1 and ®, is given by

Ef)|®:41 — ")
2

+23,E

2y B ;
= E[|® - &[] + 5E ~®, Zham,@t

N
Z ( t+1> q)t)
i=1

Termq

Termso

N
1 ) _ .
+26E | (@~ @, & > (6,1, @) ~h(B;,1,90) |- (25)
i=1
Terms
Proof. Based on the update of ®; in (11), We have the following equation
E[|®+1 — @"[°] - E[|®; — &[]
= E[|®°]? + |@er1] — 2(@%, @111)] — E[|@7] + [|@4]* — 2(2", ®4)]
= E[|®41[°] — E[|®¢]|°] — 2(@", ®141 — )]
=E[(®@¢y1 — P, 11 + P1)] — 2(27, @111 — By)]
=E[(@:y1 — P4, P11 — P1)] +2E[( Py 1 — By, D4)] — 2(7, @111 — Py)]
g - | & i
]\;QE Zh( t+17<Dt) — 25K -9, — N Zh t+1> ’ (26)
i=1
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which directly leads to

E[[|®:+1 — 2*[|°]
52 N 2 N
= E[|®, — " °) + 5B || Y h60},1.90)|| | - 28E @ - &, Z b (27)
i=1 =1
Rearranging the last term yields the desired result. O
In the following, we separately bound Term; to Terms.
We first bound Term; as follows.
Lemma F.2. For anyt > 7, we have
48217 [ & ,
Termy < 43(L* + LYE[|®" — &%) + LR |37 001 — (@) +4626  (28)
i=1
Proof. Note that
52 N N ' N _ 2
Term = N%E > h(6;,,,®) — > h(y'(®),9")+ ) h(y'(®:),®")
i=1 i=1 i=1
triangular inequality 252 N N ?
< 5 E > h(6;,,,®:) > h(y'(®:), ")
i=1 i=1

Lipschitz of h

2BtE Z (yl(q)t),q)*) ]
=1
(al) § : 2 2 *
=< QﬁtL 2NZII L — Y (@)]] + 2N ||(@ — @)
282_ ||| &, N N
+ 3 E [ 2oh (@),2) = 3 h(y'(8),87) + 3 h(y'(2"), @)

. 462[/2
<ABILPE[|@" — &°] + —

Z 10741 — y'(@:)]?

45 1~ _ N _ 2
NQE D h(y (®:),®@%) - > h(y' (@), 9" ]

=1 i=1

Lipschitz of h, y*

432 1|~ ?
s | S ni@). )
=1

4B§L2

(a2)
< 4B7L°E[|@* — @4°]

Z 10741 — ' (@)1

2
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974 2] | 457 ol ; Sl i
+AGLE [| @ — P + TLE |||Yh(y'(@), @) - Y h(y (@), ")
i=1 1=1

4@ L

(a3)
< 4BF(L7 + LYE[|@" — @]

Z 18e1 — ' (@0)]

where the (a1) is due to || Zfil x> <N Zfil |I%:]|?, (a2) is due to the Lipschitz of functions h and
y*, and (ag) holds based on the mixing time property in Definition 4.3.

+ 46767,

O
Next, we bound Terms in the following lemma.
Lemma F.3. We have
* 5tOétL 2
Termg < By(L/ay — 2w)E[]|@* — @] Z 10741 — y' (@) (29)

Proof. We have

-1

Termg = 26,E | (®* — ®,,

N
-1 -
=23E | (@ —Qt,W;h(y (@), ®1))
1 XK .
+25E (@ — @, &> h(y'(@:), @) — h(B}.1, @)
i=1
Lipschitz of h
1oL 1 &
< 2B,E <¢*—¢>t,W;h< y'(@0), @) | +26,LE | (@ —ét,ﬁg —6i.1))
(b1) . I LA . )
< 2BE [(® *Qtawzh(y (®:),®1)) | + BeL/E[||®" — @]
i=1
Brow L > i i
+ ng E | Z(0t+1_y(q)t))”2
i=1
(b2 1 N — : 2
< 2B (@ - @', > h(y' (@), ®0)) | + BiL/oE[|@° — )’
i=1
5tatL

Z 16741 — o' (1)1

< Bu(Lfo — 2B — @7 + P

Z 10741 — ' (@)%,

where (b;) holds because 2xTy < B|x||> + 1/8|lyl>,V8 > 0, (bs) is due to || Zf\;l xi|? <
N Zfil |x:]|?, and the last inequality is due to Assumption E.8.

Next, we bound Terms in the following lemmas.
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Lemma F.4. For allt > 7 we have

Term3 (7&/0@ + 26250[15[/2 + 6ﬁt&t62) [HQt—T — QtHQ}
(6515/@15 + Gﬁtozt(52(1 + L2) + 4[3tatL2(3 + 4L2))E[Hq)t — Q*HQ}

168,00 L2 + 68:0,6% _ [ i
4 168 N Proed” ; 10%% — 01|12 | + 118,082 (30)
Proof. We first decompose Terms as follows
N
* 1 7 I (O?
Terms =26 | (@ — @, zh(etﬂ,@t) —h(6.,,,®))
N .
=26E [(®; — /-, Z 0,,,,%:)—h(,, )
- N
+2BE | (@47 — Z i+1,® (pt—&-l’(I> )
=28/ | (®; — ®;_, Zh 0;,1,9:) —h(0,,,,9))
C
[ 1 s 1L,
+20E | (@ — @, > h(0i,,, ) - v > hb;, . ®,))
L i=1 i=1
Ca
[ 1L 1L
+26E | (@ — @, > h(0i,,, 8 ,) - ¥ > h(6;,, %))
L i=1 i=1
C3
r N 1N
+26E | (@7 — N t+1v<I>t r) = N Zh(0t+1,(l) N1
L = =1
Cy
Next, we bound C; as
N —_ .
Cy =2BE | (® — &, -, Z 0;1,9) —h(0;,,9))
i=1 N .
< B/ L@ — B Y] + frcuF: [ ¥ 22 60,80 — BOL 80 + A, 8 ]
_ o )
< Bi/auE[)|®; — B |%] + 28,4 E N Zh(ei+1v¢t) ]
]\', 2
+ 26,4 Z —h(0i,,, &)

281

= B/ E[||® — @, |]*] + N2

E

N .
> h(6},,.9)
=1

7
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+ 28104 E [H Zh B(0t+1aq’ )

2]
Lemma F.2

< Bi/ouE[)|®; — @i, |1 + 8Brar (L 4+ LYE[[|@* — &[]

N
8 L
L g |51 - v @01 + 8ha?
i=1
N 2
+ 2604 E Z h(0t+1aq) )

Lipschitz of h

< Bi/ouE[|®; — B[] + 8B (L* + LYE[||@* — @]

8 L?
51:0% lonl <I)t ||2 +8f;,6°
1 & ’
+26i0,L*E N; (@ — @) +2(07,, —v'(®))

< BifouE[| @, — - [*] + Sﬂtat(L2 + LYE[|®* — &,°]

85 « L
= ZH@H Y@

+ 8B;06*

. 4Br0u L? P
g 2o - @7 + P g [Zlom y@)|?

i=1

= B/ E[|®; — @, |I°] + 85f04t(L2 + LYE[|@* — &,|°]
8By L?
+ tNt E Z H0t+1 q)t ||2
480 L? i
g Al Z 16121 — o (@) + 5/ (@0) — (@)
< B/ E[||®; — B¢ [|*] + 85t04 (L2 + LYE[|@* — &, |’

8By L?
y Sl Z 10— '@

+ 8610 + 4By L*E[[|@* — @, %]

+ 86,50%62

N
. 8Bt ;
+ 4610, LE[| 2" — &, *] + *BtNt [Z|0t+1 y'(@)]*

i=1

+ 81 L'E[||@* — @[]
= B/ E[||®; — @[] + 4B1a L*(3 + AL*)E[[| @* — ®4|]

16 ayL?
ﬁt : [Z 16711 — ' (®o)|I*| + 8Brcued?,

where the last inequality is due to the Lipschitz of the function .

Next, we bound C5 as follows.

Co =2BE |(®;_, - @

2=
i+
U‘

1 N
t+1a NZ t+17(I)t 7—
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N

N
* 1 % 1 i
< Bi/E[|@e—r — *[°] + BrvE [HN ; h(f;,,,®:) - N Zh(otwtl?q)t*‘r)

i=1

|

Lipschitz of h
< B/ uE[|®—r — *|°] + Bra L°E[[| @4 — @4 |*]
= Bt/ E[[| @ — ®; + By — ‘I)*||2] + /BtatLQE[Hq)t - q)thHQ]
< 281/ uB[|| @7 — @4[|*] + 281/ E[| @, — @° %] + Bic L°E[||@; — B ||’]
= (2B¢/ e + Bro L)E[| @4 — %] + 26,/ E[| @, — 7).

Similarly, Cy4 is bounded exactly same as Cj, i.e.,

Cy < (2Be/ o + Bro L?)E[||®o—r — @¢[1%] + 25; /0 E[|| @1 — 2*7].

Next, we bound Cj as follows.

03 = 2ﬁt]E

N
1
(@1, —® Zh (C/ Y- —NZ 0,1, %)
i=1 i=1

N N

Zh t+1>®t T Z t+1’¢t T

i=1 i=1

1
< B/ B[] ®1—r — ®**] + ﬁtatﬁE

{

Definition 4.3

ﬁt/atE[H(In_T -

2
1 * 3 *
+ B E <N5||<I>t L& +N5+5Z 67, — v'(@ )||> ]
=1
< By)ouE[|| @y — &*||?] + 38,040°E [H@H - <1>*||2} + 38,0,
r N

3 62 . .
1 30 15 iy, — (@)
=1

N

= Bi/ouE[||®;_, — *||?] + 3B 2E [H<I>H - <1>*||2} + 38,0,0°

[ N

3 52
S 01— ) o/ 00— 0

< Bu/orEll@- — 8] + B (1207 = @ I°] + 38,000%

[ N

686> .
+ | S0 @)
< (2B¢/ s + 6B1040°)E [H‘I’t T <I’t||2] + (28¢/ o + 6B140% + 63,04, L*6%)E|
6 ,
Btat Z H0t+1 (Qt)HZ

where the last inequality comes from E[||®;_, — ®*|?] < 2E[|®;_, — ®;|]*] + 2E[||®; — ®*||?].

+ 6,0, L26°E [cht _ 9 \ﬂ

@ — @]

+ 3/8tat52

Hence, we have Terms as follows

Terms =C1+ Cy+ Cs5 4+ Cy
< Bi/auB[||®@ — @) + 481, L (3 + 4L?)E[[|@* — @, ?]

16 aL?
ﬂt : l2|0t+1 “(®)]1?] + 8Brad?
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+ (2Bt + By L*)E[||®—r — ®¢[*] + 28/ E[||®; — @[]
+ (2B¢/ou + 68,00 )E[[| @4 — B4 7]
+ (28; /o + 6810z 0* + 6ﬂtatL262)E[||<I>t - &

6 52 ;
Al zuom @)

+ (2B¢/a + Broy L*)E [H‘I't—r — &, [°] + 28/ E[|®; — @[]
< (7B/ar + 2Bro L + 63,62 )E[|| @4, — @47
+ (68 /oy + 660,67 (1 + L2) + 4B, L2 (3 + 4L%))E[||®; — @*||?]

168 L? +66a6 i
+ — — ley (®:) — 0;1°

+ 3B 0 +

+ 1186,

which completes the proof. O

To bound Terms, we need to bound E[||®; — ®;_,||?], which is shown in the following lemma.
Lemma F.5. we have Vt > 27

E[||®; — ®;:_,|%] < 47%82/2E[||®* — &, %] + 8BZL*B*1? + 862512 (31)

Proof. The proof follows similar procedures of proof for Lemma 3 in Dal Fabbro et al. (2023). Starting
with
2

N .
> h,. @)

i=1

. N B
197 — @, ]| = @ — & [* + 15

N
— 2B,(®* — &y, Z 07 41,%1))

2

< (14 Bofao)|@* — &2 + 120 *ﬂf

E it
h t+17
2
E i(pi
h t+1a

; (32)
where the first inequality holds due to 2xTy < ~||x||? + 1/'y||y||2,V7 > 0, and the second inequality
holds since B;ap > 7. We then have the following inequality according to Lemma F.2,

E[|®* — ®¢+1]%] < (14 Be/ao + 8BranL?(1 + L?))E [||@* — &, |°]

880 L2 N .
+ @TOE [Z 1011 — ' (@)

2@&040

< (14 Be/ao) @ — @4 |* +

+ 85t05062
i=1

< (1+ Bi/ao + 8BraoL*(1 + L*))E [||®@* — &, |*] + 8Brao(L*B* +6%).  (33)

By letting o < u\/ﬁ’ we have B /ag > 8BiaoL?(1 + L?), and hence
E [[|@* — ®:41]%] < (1+2B0/c0)E [||@* — ®¢]|*] + 8Boo(L*B? + §%). (34)

Therefore, for all ¢’ such that t — 7 < ¢/ <,

T—1

E[J|®* — &4 [|*] < (14 280/c0) E[||@" — @, [|*] + 880 (L* B> +6) Y (1 +2B0/a0)’.  (35)
£=0

Using the fact that (1+z) < e” Dal Fabbro et al. (2023), if we let 8y/ag < g, we have

(1+2B0/a0)" < (14280/a0)” < ¥ <2,
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and
T—1

> (143287 <2r.

£=0

Hence, we have
E[|®* — @4 %] < 2E[||®* — ®;_,||*] + 168007 (L*B? + 62).

. — 2 _ . .
Since [[®; — @[> < 7Y, [@e1 — @42 = 74z Yy, | 00, (6], ®0)[|?, when t > 27,
we have ¢ > 7 and thus

E[|®; — & -]
/62 t—1 N ) ) )
STNE ST hi@ @)l
l=t—7 =1
t—1

<7 ) ((BF(L + LYE[|@" — @|*] + 485 L B>7* + 4636°7
b=t—T1
<ABAL? + LYHYT*(2E[||®* — ®;_,||?] + 168007 (L2 B? + 62)) + 462 L2 B*1? + 4p25% 12
=863 (L* + LY)T°E[|®* — &, |*] + 485 L B** + 45356°7*
< 232 )RR ®F — @, ||?] + 465 L* B2r? 4 4636777
< 27263 | dR[|| @ — ®4||%] + 27285 /iR [||®; — ®;_,||*] +4B5 L2 B2 + 4835312

Since 27233 /a3 < 1/2 when By/ag < we have

1
—_ 87—7
E[[@; — @, [?) < 4725 Ja3E[|@" — &:[1?) + 843L7 B> + 8575772,

This completes the proof. O
Lemma F.6. Terms is bounded as follows
Teng S (7@/04,; + 2ﬁtatL2 + 6ﬂtat52)(4T2ﬁg/a(2)E[||<I>* — QtHQ] + 8B§L232T2 + 853627'2)
+ (6B:/ay + 6810;0%(1 + L?) + 4600 L (3 + 4L*))E[|®; — @*||]

N
16ﬁtOétL2 + 6@%52 P % 2
- - B 310 =6l

+ 11/81‘,041562-

Proof. Substituting the bound of E[||®; — ®,_. %] in (31) into Terms in Lemma F.4 yield the final
results. O

Provided Term; in Lemma F.2, Termsy in Lemma F.3, and Termgs in Lemma F.6, we have the
following lemma to characterize the drift between ®;,1 and ®;.

Lemma F.7. Fort > 27, the following holds

E[|®* — @1
< (1446212 + L) + (78; o + 2B L2 + 610 6%)472 B2 o2
+ (68¢/ou + 68,0 0° (1 + L?) + 4B, L* (3 + 4L?)) + By(L /oy — 2w))E[||®, — *||°]

46212 L+ 1680, L2 + 68,0002 _ [ SN
n BiL* + Braw L + 168, L= + 65 E Z 167 — 8,112
=1

N
+ (7ﬁt/at + 2575&15.[/2 + Gﬂtat52)(8ﬂ§L2BzT2 + 8B35272) + 457:252 + ].].BtOét(52.
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Proof. Substituting Term,, Terms and Termg back into Lemma F.1, we have

E[|®* — @41

* 2 212 4 * 2 46152[’2
< E[I|@7 — @] + 457 (L7 + LOE[|®" — &["] + —

N
E z:||9t+1—yi(‘1’t)||2 +4p76°

leﬂm Y(®))°
+ (7ﬂt/at + 2515&15.[/2 + Gﬂtat52)(47250/a3]E[||1I>* — Qt” } + 8ﬁOLgB272 + 8B352’7’2>
+ (68¢ /oy + 66,067 (1 + LQ) + 46,04 L% (3 + 4L))E[||®; — ®*||*]

166 L% + 6 a(5 N
1000l 050 [ g, 2
i=1

= (1 +4B7(L* + L*) + (TB¢/ s + 2By L + 68y06) 472 B3 /o
+ (68: /s + 68,0, 0% (1 + L) + 4By L* (3 +4L%)) + Be(L/ay — 2w))E[[|@; — @*|?]

AB2L2 L + 1680, L2 2 [
n Bi L* + Braw L + 168104 L* + 651 E Z |67 — 0t+1”2]
i=1

N
+ (7Bt/at + 26,50(15.[/2 + Gﬂtat(52)(8ﬁ§L2Bz7‘2 + 8635272) + 46?52 + 116tat(52.

+ Bu(L /oy 2)E[|@° — &) + PO

+ 11B,046°

This completes the proof.

O
F.1.2 Drift of 6}, Vi.
Next, we characterize the drift between 6;,, and 6.
Lemma F.8. The drift between 0}, and 0},Vi is given by
K 2
i I i 7 i 4 2
B[]0}, — ' (@)]?] = B [ 0 — /(@ 1) + 0 > g0 1 ®) ] P [y @)~y @]
= Terms
Termy
+2E <‘91 Y (@) +ary 801,80y (Ri-1) - y’(‘l’t)> ~ (36)
k=1
Termeg
Proof. According to the update of 8% in (7), we have
- p )
E[67,1 —v'(R.)°) = E |||6] — ¢ (Ru—1) + s Y80} 51, Pe) + ' (Be1) —y' (1) ]
k=1
- K 9
i i i 2
=E |||6; — (I’t 1) + o Z 0;—1,9:) ]—i—E[Hy (‘I’tfl)_y(‘pt)’”
M= Terms
Termy
+2E <9§ Y (@1) +ar Yy g0 41, B0), v (R11) — yl(‘I’t)> , (37)
k=1

Termeg
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where the second inequality holds due to ||x + y||? = ||x]|* + |ly]I? + 2(x,¥)-

We next analyze each term in (37). First, we bound Term, in the following lemma.

Lemma F.9. With t > 7, we have Termy bounded as

Terma < (14261 /a1 — 20 KW)E [[|6 — ' (@, )||’]

+ (12076 K? + 6K26%a} / ;1) E[||®:—1 — ®*|)°]

+ (12026°K2 + 20203 /By 1 + 6K25%a3 /By 1)E[|®; — ®;_1|*]
6

+ 60762 K?(1 + B?) 4+ 207 K2L*B? + 2L°K?B%a} /i1 + o} /Bi—1(3K?B% + 3K?5%). (38)

Proof. According to the definition of Term,, we have

2

K
0, — ' (®r-1) + Z g0} 1,9

k=1

Termys =K

K

Z tk 1vq>t

=F [HO; — yi(‘l)t—l)H } + at

K
+20[t<0 *y Qt 1 Z fk 1a¢t>

K
<0% - yi(q)tfl)v Z g(ai,kflﬁ q)t)>

=K {HG% — yi(¢t71)|‘21| + 2at]E

| —

k=1
K K K K 2
+oiE (D gl 1.8 = > 80,1, ®) + > &0 1,B) — Y 8 (®1), D)
k=1 k=1 k=1 k=1
, K K 2
SE[HOi—yz(‘I’t—l)H } +207E Zg tee1, P Z th-1,®
k=1 k=1
Mixing time property in Definition 4.3
K K 2
+207E | |1 801, ®0) — Y gy (@), 81)
k=1 k=1

M)~

+ 204K <9; - yi(q)tfl)a g( %7k1v¢t)>

=~
Il
—

<E [||0;‘ — (@) ] +6a26°KE [|\<I>t — \ﬂ +6a262K%(1 + B?) + 202 K*L[2B?

+204E <9 — 4 (®;_1) Z 0; 1,<I>t>

Termayy

r K K
+20:E < Yy (@1 ’Zg tkﬂaq’t Z 0 k1, Pt) >
L k=1

k=1

(39)

Termays

where the first inequality holds due to the fact that ||x + y||? < 2||x||? + 2|ly||?, and the second
inequality is due to the mixing time property of function g as in Definition 4.3.
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<0 Y (®4-1),
<0i - yi(‘l’t71)7

Next, we bound Termy; as

Termg; = 20 E

g( i,k—lv q)t)>

g(ejh Q151)>
1

RN

20lt]E

x>
Il

- K K i
+ 204 <02—yi(¢t—1)’z ik 1,®) Z L 7 >
L k=1 k=1 -
< =20, KwE [||0] — y'(®;-1)|1%]
o ' K K 1
+2a,E <0§— l(q>t71),z 0;_1,9:) Z (0;, 1) >
L k=1 k=1 -

IN

—20; KwE [||9]1f y' (@ 1) ]+,3t 1/oqE [Hel (@ 1)” }

] | (0

. _ 2
In particular, we can bound E [szK_l g0, 1,®) — Zszl g(ﬂi,{)t_l)H } as
2
X 2
< 217K [||@, - &[] +2L°E [ S 0k -6, ]
k=1
K
> 18k~ otﬂ

k=1
<2L%E [|® - @, |*] + 202 K252, (41)

"‘Oéf/ﬁtlE[ (oztl,kqu)t Z (07, ®-1)

K

K
Zg(oi,k717¢t Z 0;,@15 1
k=1

k=1

< 2L°F {||<I>t - <I>HH2} +2L*KE

Substituting (41) back into (40), we have Termy; bounded as
i T 2
Termy < —20,KwE [0 — v (@_1)[%] + Bi_1/ouE [||o; — (@) ]
+af /B 1 QLR [||@, - &[] + 202 K2B2). (42)

We next bound Termys as

K K
Termys = 204 E l< Y (@) Z tk71a‘1’t Z tro1,Pt) >

=1

< Bi_1/E [Hw — i (@) ] +a3/B,_ 1(31{232 +3K25% + 3K25°E[||®, — %))
< Bi_1/ouE [Hag’ — (@) } +a?/B_1(3K2B? 4 3K25?)
+6K26%a3 /B 1E[||®;_1 — ®*||*] + 6K25%a2 /B 1E[||®; — &1 %] (43)

Substituting T'ermy; and Termys back into (39), we get the final result

Termy <E [Ha;’ - yi(ét,l)\ﬂ +6a262KE [H<I>t - <1>*||2} + 6020 K2(1 + B?) + 202 K22 B?
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+ Termyy + Termys
=E [Hai —y (@) } + 60202 K°E [H(Dt || ] +6a282K2(1 + B?) + 202 K2 L2 B2
20 KWE [0} — ' (@¢-1)|I?] + Bi-1 /i [[|0F — ' (@0 )||]
+a? /By (217K [|@ — &, |°] + 202K B?)

+ Bi1/ouE [Ho;‘ - yi(<1>t,1>m +a?/B,_1(3K2B? + 3K25?)
+6K%6%07 /B E[[|®:-1 — *||°] + 6K20%0}/ Bi1E[[| @ — @41 ]%]
< (142811 /s — 204 Kw)E [Ho;‘ - yi(q>t_1)||2}

+ (120262 K? + 6 K26%a} / B—1)E[|| @1 — ®*|%]

+ (12078° K? + 2120} /B11 + 6K%6%a} /B, 1)E[[|®@; — @[]

+ 60762 K?(1 + B?) + 207 K*L?B* + 2L?K?B%a} / B4

+a?/Bi_1(3K?B? + 3K?%5?) (44)
This completes the proof.

Next, we bound Terms in the following lemma.
Lemma F.10. With t > 7, we have Terms bounded as

462 14 & ‘
Terms < 487, (L* + LO)E[|®* — ®,_1|°] + @Tl]E lz 10 — ' (@e—1)||” | +4L%B7_16%. (45)

i=1

Proof. We have

Terms = E [Hyi@t,l) - yi(<1>t)]|2} = L°E [||®; — @, ||?]

N 2

Z h(ezzta q)tfl)

i=1

I,

N2IE

. 4B LIS
<ABE (L' + LOE[|[@* — @4 |*) + — 17— Z 10 — ' (@i-1) |17 | +4LB7 6%, (46)

where the last inequality holds due to Lemma F.2. O

Next, we bound Termg in the following lemma.

Lemma F.11. We have Termg bounded as

Termg < Bi—1/a:Termy + oy /Bi_1Terms. (47)
Proof.
. K .
Termg = 2E <0§ -y (Pyq) + Zg(é’;k_l,(l)t),yz((l)t_l) — y‘(<I>t)>
k=1

2
< Bi—i/ayE

K
0; —y' (®i1) + Z 80} 11
k=1

+ /BB [|ly'(@1) - y'(@)|] (48

Terms

Termy
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Providing Term, in Lemma F.9, Terms in Lemma F.10, and Termg in Lemma F.11, we
have the following result.

Lemma F.12. Fort > 7, the following holds
E[[|6; 1 — y'(@0)]*)

(1+ Be—1/cv) ((1 + 2811/ — 204 Kw)

482 L2
+ (120382 K? + 2020} / Bi—1 + 6 K250} [ Bi—1) tNl ) + (1 +ai/Bi—1)

E[l6; - v'(@)|]

(1+ Bi1/ov) ((12a,?52K2 +6K26%a2/B,_1)

467, L*
N

+ (12076° K2 + 2023 /By—1 + 6K26%a / By—1) (4Bs—1 (L* + L4))>

+ (14 ae/Br-1)487 1 (LY + L) | - E[|@" — @y |”]

+ (14 By fan) (120362 K2 4 2020 /6, + 6K20%07 /5114657167
+ 60762 K?(1 + B?) + 207 K2L?B? + 2L°K?B%a} /31 + &} [ Bi—1(3K* B? + 3K252))
+ (1= a/Be) - 4L 162 (49)
Proof. According to (36), we have
E[|6;,, — ¥ (®:)|?] = Terma + Terms + Termg

Lemma F.11
< (1+ Bi—1/ar)Termy + (1 + o /Bi—1)Terms

S (1 + Bt_l/at) <(1 + ZBt_l/ozt - Q(XtKw)E [Ht% - yi(Qt_1)||2:|

+ (12a20° K% + 6 K25%03 / B _1)E[|| @1 — ®*|?]
+ (120262 K2 + 2L%a3 /Bi_1 + 6K25%03 / By 1 )E[||®; — ®;_1]°]

+6a70°K*(1+ B?) + 202 K*L*B? + 2L°K*B?*a} /B 1 + o} /B 1(3K*B* + 3K252)>

+(1+at/Bi1) <4ﬁf_1(L4 + LOE[|@" — ;1]

N

Z I8¢ — ' (®1-1)]*

(1 + ﬂt_l/ozt) <(1 4+ 2Bt—1/at — 2othw)]E [Ho; — yi((ﬁt_l)||2:|

45t 1L4

+4L2B2 152>

Lemma F.10
<

+ (12026° K2 + 6K%6%03 /51 )E[||®; 1 — ®*||?]
+ (120262 K2 + 2173 /31 + 6K26%a3 /B 1)

L2
(482422 + TOE]@ @,y 2+ Lol

Z 16: — y' (1)

1452 152)
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+ 60762 K?(1 + B*) + 202 K*L*B* + 2L°K?B%a} /31 + o} / Bi—1(3K* B? + 3K252)>

+ (14 a/Bi-1) (4631@4 + LOE[|@* — @, 1’|

Z I8¢ — 3 (®4-1)]?

(L+ Bi—1/ay) ((1 + 201/ — 20 Kw)

wt@4

+4L2B2 152>

252712 2 3 252 46t 1L2
+(12at(5 K*“+2L at/ﬁt—l +6K°6“« /ﬁt 1)

E[l6; - v'(@0)|’]

(1+ Be1/ay) ((12a§52K2 +6K2%5%a3/Bi_1)

+ (12076% K2 + 2023 /Br—1 + 6K26%3 | By—1)(4Bi—1 (L* + L4))>

+ (14 ae/Bro1)4B7 1 (L' + L) | - E[|@* — @1 ]]

(14 Bt /) ((12a§52K2 20203 /By + 6K25%03 By )AB2, 62

+6a76°K?(1 + B?) + 207 K2L*B? + 2L°K*B%a} /B 1 + o} /Bi_1(3K* B? + 3K252))

+ (1 =+ Olt/ﬂt_l) . 4L2ﬂt2—152'
This completes the proof.

F.1.3 Final Step of Proof for Theorem 4.1

Now, we are ready to proof the desired result in Theorem 4.1.

According to the definition of Lyapunov function in (14), We have

M{8; 15} rr1) = o1 — 7| + Z||0t+2 (@)

< (14 4B2(L2 + LY + (76¢ ) o + QﬁtatLQ + Gﬁtat52)472,80/a0

+ (Gﬁt/at + 66,504,562(1 + L2) + 4,BtOétL2(3 + 4L2)) + ﬂt(L/at — QW))E[HQt — ¢*||2]

4 4,6?.[/2 —+ ﬂt()étL + 165,50(151/2 + GBtat
N

Z 16741 — o' (1)1

+ (78w + 2B L + 65t0ét52)(853L23272 + 8626%72) + 4B20% 4 11B,046°

+ & (1+ Bt/att1) <(1 + 2Bt/ a1 — 2041 Kw)
(072}
2 252 2 3 252 4p7L?
+ (1207, 0° K2 + 2020}, /B + 6K?6%a},, /By)
1 al ; 2
Le[S e, - )
i=1

N ) +(1+ at/ﬂt—l)g;

) + (1 + awy1/Bt)

(50)
O
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+

(14 B¢/asy1) ((1204?“52[(2 +6K%0°0,,/Bs)
+ (1207, 0°K? + 2L% 0| / B + 6K26% a1 /B ) (4B (L* + L4))>

+ (14 oy /B4R (LY + LO) | - E[[|@" — @4%]

+ (1+ Bi/arn) (1203, 02K2 + 202}, ) + 6K25%a, 1/ 64527

+6a;,6°K*(1 + B?) + 207, | K°L*B* + 2L K*B*a} 1 /B + o1 /B (BK* B + 3K252)>
+ (1 + ar1/Bt) - 4L26362]. (51)

To simplify the notations, we define
Dy = (4BF(L* + L*) + (781w + 2B,04 L* + 681040%)47° 53 o
+ (68 /o 4 6B0;6%(1 + L?) + 4Bro L*(3 + 4L%)) + B¢ L/ cvy)
Bt

Qi

+

(14 Bt/ces1) ((12af+162K2 + 6K252af+1/6t)

+ (1207, 0°K? + 2L%a3 | / B + 6K26% a1 / Be) (4B (L* + L4))>

+ (14 o1 /Be)ABE (L* + L) |, (52)

and

Dy =483 Jay 1 L + 2L + 1602 L% + 60062

4 2L2 4 2L4
+ <(2Bt/at+1) + (12a§+152K2 + 2L2a?+1/6t + 6K2(52a§’+1/5t) ﬁ]tv ) + (1 + Oét+1/ﬂt) ﬁ]tv
+ B¢/ w1 ((1 + 26/ a1 — 20041 Kw)
48212 48214
+ (1207, 0°K? + 2L%a3 1 /By + 6K26% 0,1 / Bt) ﬁ]tv ) + (14 apg1/Be) B;V . (53)

+ (14472 K?L?6% + 4AL*/N) By 11

Since D; is of higher orders of o(8;) and Ds is of higher order of o(a41), we can let D; < wf; and
M({6; 2}, @e11) < (1 —wB)M({8;41}, @)
N

Elln, -9 1+ 32 |3 0 - @0
+ a1 B K (362 (1 + B?) + L?B?) + 203, (3K?B? 4+ 3K?0° + 2L* K> B?) + 8a41 36>
<(1- Wﬁt)M({eiH}v‘I)t)

+ (1447°K*L*6* + AL*/N) By | E[||®, — ®*|*] + %E [ﬁ: 16541 — v (@) ]
i=1

Dy < Kwayy. Therefore, we have
=1 ‘|
+ 403 K2(36%(1 + B?) + L?B?) + 202 (3K?B? + 3K25? + 2L K*B?) + 83162, (54)
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where the first inequality holds by omitting the higher order of learning rates, and the second
inequality holds due to the decreasing learning rates of «.

We now set the proper decaying learning rates. Let a; = ag/(t +2)°/% and B; = By/(t +2). We then
have

(t+2)2 (1—wh) = (t+2)*(1 —wfo)/(t+2) < (t+ 1), (55)
if w8, < 2. In addition, we have the following inequalities

(t+2)% - B < apholt +2)Y3,
(t+2)* a7 = ap(t+2)%

Hence, multiplying both sides with (¢ + 2)2, we have

(t+2)*M ({812}, Bey1) < (t+1)*M ({0141}, B:)

+ (14472 K2L%6% + AL% /N) oo 80t + 2)V/3 | E[||®; — ®*||?] + IE Znet+1 {(®@,)]|?

+ (4o BoK?(36%(1 + B?) + L?B?) + 202 (3K*B? + 3K?6% + 2L2K232) + 809 B0?) (t + 2)Y/3.

Summing the above equation from ¢t =0,...,T, we have

(T +2)*M ({815}, Birr) < M({81}, Bo)

N . .
> 167 = ' (@)l

i=1
+ (400BoK?(30%(1 + B?) + L2B?) + 202(3K?B? + 3K25% + 2L? K2 B?) 4 80 500°)(T + 2)*/3.

(U472 K2 L2574 AL /N ) oo BT + 27 | E[| @0 — &°[] + B

Dividing both sides by (T + 2)?, we have

MO}, 2}, 1) < S

N
+ (14472 K2 1262 + 412 /N)aoBo (T + 2)~ /3 > 1165 — y' (@)

>

+ (40080 K%(30%(1 4+ B%) + L?B?) 4+ 202 (3K2B? + 3K26% + 2L2 K2 B?) + 89 500%)(T + 2) 72/,

1
J— * 2 R—
E[|®o — 8| + B

This completes the proof.

F.2 Proof of Corollary 4.3

If ag = fo = o( N~/3K~1/2), we have

; 1 1 1 1
M(10t12}, ®e41) < O ((T 22 T NB(T 1278 | KENSA(T 4227 | KENA(T + 2)2/3) ’

which is dominated by O (W) if T2 > N.

G Additional experiment details

PFedDQN-Rep in CartPole Environment. We evaluate the performance PFEDDQN-REP (see
Appendix B) in a modified CartPole environment Brockman et al. (2016). Similar to Jin et al. (2022),
we change the length of pole to create different environments. Specifically, we consider 10 agents with
varying pole length from 0.38 to 0.74 with a step size of 0.04. We compare PFEDDQN-REP with (i)
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Table 2: Parameter setting

H Parameter Description H
Input size 4
Hidden size 128 x 128 x 128
Output size 2
Activation function ReLu
Number of episodes 500
Batch size 64
Discount factor 0.98
€ greedy parameter 0.01
Target update 30
Buffer size 10000
Minimal size 500
Learning rate 0.002, decays every 100 episodes
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Figure 8: Comparison of control by DQN, FedDQN and PFEDDQN-REP in Cartpole Environments.

a conventional DQN that each agent learns its own environment independently; and (ii) a federated
version DQN (FedDQN) that allows all agents to collaboratively learn a single policy (without
personalization). We randomly choose one agent and present its performance in Figure 3(top)(a).
The results of the other agents are presented in Figure 8. Again, we observe that our PFEDDQN-REP
achieves the maximized return much faster than the conventional DQN due to leveraging shared
representations among agents; and obtains larger reward than FedDQN, thanks to our personalized
policy. We further evaluate the effectiveness of shared representation learned by PFEDDQN-REP
when generalizes it to a new agent. As shown in Figure 3(top)(b), our PFEDDQN-REP generalizes
quickly to the new environment. Detailed parameter settings can be found in Table 2.

PFedDQN-Rep in Acrobot Environment. We further evaluate FEDDQN-REP in a modified
Acrobot environment Brockman et al. (2016). The pole length is adjusted with [-0.3, 0.3] with a
step size of 0.06, and the pole mass with be adjusted accordingly Jin et al. (2022). The same two
benchmarks are compared as in Figure 3(top). The parameter setting remains the same except
number of episodes decreases to 100. Similar observations can be made from Figure 3(bottom) and
Figure 9 as those for the Cartpole enviroments.
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Figure 9: Comparison of control by DQN, FedDQN and PFEDDQN-REP in Acrobot Environments.
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