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Abstract

We present a simplified and unified analysis of the Johnson-Lindenstrauss (JL) lemma, a cor-
nerstone of dimensionality reduction for managing high-dimensional data. Our approach simpli-
fies understanding and unifies various constructions under the JL. framework, including spherical,
binary-coin, sparse JL, Gaussian, and sub-Gaussian models. This unification preserves the intrinsic
geometry of data, essential for applications from streaming algorithms to reinforcement learning.
We provide the first rigorous proof of the spherical construction’s effectiveness and introduce a
general class of sub-Gaussian constructions within this simplified framework. Central to our con-
tribution is an innovative extension of the Hanson-Wright inequality to high dimensions, complete
with explicit constants. By using simple yet powerful probabilistic tools and analytical techniques,
such as an enhanced diagonalization process, our analysis solidifies the theoretical foundation of
the JL lemma by removing an independence assumption and extends its practical applicability to
contemporary algorithms.

Keywords: Dimensionality reduction, Johnson-Lindenstrauss, Hanson-Wright, Matrix factoriza-
tion, Uncertainty estimation, Epistemic Neural Networks (ENN), Hypermodel

1. Introduction

In the realm of modern computational algorithms, dealing with high-dimensional data often ne-
cessitates a preliminary step of dimensionality reduction. This process is not merely a matter of
convenience but a critical operation that preserves the intrinsic geometry of the data. Such dimen-
sionality reduction techniques find widespread application across a diverse array of fields, including
but not limited to streaming algorithms [20], compressed sensing [3, 5], numerical linear algebra
[30], feature hashing [29], uncertainty estimation [18, 22] and reinforcement learning [17, 18].
These applications underscore the technique’s versatility and its fundamental role in enhancing al-
gorithmic efficiency.

The essence of geometry preservation within the context of dimensionality reduction can be
mathematically formulated as the challenge of designing a probability distribution over matrices
that effectively retains the norm of any vector within a specified error margin after transformation.
Specifically, for a given vector z € R"™, the objective is to ensure that with probability at least 1 — 9,
the norm of x after transformation by a matrix II € R™*"™ drawn from the distribution D, 5 remains
e-approximation of its original norm, as shown below:

W B (I € [0 =), (L +o)lal3)) > 1 - 0

* The author would like to acknowledge Professor Zhi-Quan (Tom) Luo for advising this project.
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A foundational result in this domain, the following Johnson-Lindenstrauss (JL) lemma, establishes
a theoretical upper bound on the reduced dimension m, achievable while adhering to the above-
prescribed fidelity criterion.

Lemma 1 (JL lemma [14]) Forany 0 < €,0 < 1/2, there exists a distribution D, s on R™*™ for
m = O(e~2log(1/9)) that satisfies eq. (1).

Recent research [13, 15] has validated the optimality of the dimension m specified by this lemma,
further cementing its significance in the field of dimensionality reduction.

Initially, the constructive proof for Lemma 1 is based on the random k-dimensional subspace
[7, 9, 14]. Projection to a random subspace involves computing a random rotation matrix, which
requires computational-intensive orthogonalization processes. Along the decades, many alterna-
tive JL distributions D, 5 were developed for the convenience of computation and storage. In-
dyk and Motwani [12] chooses the entries of II as independent Gaussian random varaibles, i.e.
II ~ ﬁ - N (0, 1)®(an) where the random matrix is easier and faster to generate by skipping
the orthogonalization procedure. Achlioptas [1] showed the Gaussian distribution can be relaxed to

a much simpler distribution only by drawing random binary coins, i.e. ﬁ SU{1, —1})Bmxn),

Matousek [19] generalizes such analytical techniques to i.i.d sub-Gaussian entries SG®E(mxn) o
further speedup the projection on high-dimensional sparse data, a series of works on design and
analyze sparse JL transform [6, 11, 16] was proposed. In sparse JL, the column vector could be
expressed as entrywise multiplication \/?a Gnbyo ~ \/%L{ ({1,—1})®™ and a random vector 7
with only s non-zero entries. These works extends the class of JL distributions.

One alternative is the spherical construction where each column of 1I is independently sampled
from uniform distribution over the sphere S™ 71, i.e., IT ~ U(S™~1)®". Spherical construction was
recently shown its superior performance in the application of incremental uncertainty estimation and
reinforcement learning via hypermodel [8, 17, 18] and epistemic neural networks (ENN) [22, 23].
However, existing analysis of JL requires some notion of independence across the entries of each
column vector in the random projection matrix II while the spherical construction violates. This
limitation comes from the requirement on the sum of independent random variables to facilitates
the concentration analysis within the existing probabilistic analytical frameworks.

Challenge: Prove that spherical construction is a JL distribution satisfying Lemma 1.

JL dist. (w/o scaling) | N (0, 1)@0mxm) [ 14({1, —1})®@0mxn) | SGEmxn) [ QT | ¢4(S™1)@n | SGVE™
[12] v

(1] v

[19] v v v

[16] v

[6] v

[11] v

Our work v v v v v v

Table 1: What types of constructions can be covered in the literature? SG stands for the distribution
of sub-Gaussian random variables in R. SGV stands for the distribution of sub-Gaussian random
vectors in R™. SJLT stands for sparse JL transform introduced in [16].
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We provide novel probability tools to resolve this challenge, as one of the contributions high-
lighted below:

* Analysis of JL: In Section 2, we present a unified but simple analysis of the Johnson-Lindenstrauss,
encompassing spherical, binary-coin, Sparse JL (Proposition 15), Gaussian (Proposition 18) and
sub-Gaussian constructions as particular instances. Proposition 8 marks the first rigorous demon-
stration of the spherical construction’s efficacy, to the best of our knowledge. Also, with our
analytical framework, we discover a new class of sub-Gaussian constructions in Definition 20,
exhibiting potential useful properties. Summaries are in Table 1.

* Technical innovations: Our unified approach to JL analysis leverages an extension of the Hanson-
Wright inequality to high dimensions, as detailed in Theorem 6. This tool is essential as it re-
moves the requirement on independence across entries within a column vector of the projection
matrix, the key to handle the spherical construction and a more general class of sub-Gaussian
constructions. While the closest reference we identified is Exercise 6.2.7 in [27], our extensive
review found no existing proofs of this assertion, nor does the mentioned exercise specify concrete
constants, unlike our Theorem 6. Thus, our work in extending the Hanson-Wright inequality to
high-dimension, complete with specific proof techniques, represents a significant advancement.
Innovations include a novel approach to diagonalization step for the quadratic form.

* Applications: Leveraging our unified JL analysis and a covering argument, in Proposition 13,
we establish a sufficient condition for reduced dimensionality within the context of covariance
factorization procedures. This is inspired by the domains of uncertainty estimation and reinforce-
ment learning. Recent neural network models, such as hypermodels [8, 17, 18] and epistemic
neural networks [22, 23], leverage spherical random vectors to update a factorization matrix for
incremental uncertainty estimation but lack rigorous guarantees. Our analysis justifies their effec-
tiveness for the first time under the linear setups.

Notations. We say a random variable X is K-sub-Gaussian if E [exp(AX)] < exp (A?K?/2) for
all A € R. For random variables X in high-dimension R™, we say it is K -sub-Gaussian if for every
fixed v € S™~! if the scalarized random variable (v, X) is K -sub-Gaussian.

2. Simple and Unified analysis of Johnson-Lindenstrauss

In this section, we are going to provide a simple and unified analysis for the following Johnson-
Lindenstrauss constructions of random projection matrix satisfying lemma 1.

Definition 2 (Gaussian construction) Gaussian construction of the random projection matrix 11 =

(21, ...,2y) correspond to each z; ~ \/—%N(O, I,,) independently.

Definition 3 (Binary-coin construction) Binary-coin construction of the random projection ma-
trix I1 = (z1, ..., zy) correspond to each z; ~ \/%U({l, —1}™) independently.

Definition 4 (s-sparse JL) Sparse JL transform matrix I1 = (/"2 © 21, ..., /21 © 2y) is
a random matrix with each z; ~ P, independently where P, := ﬁ ({1, —=1}"™) and each n; is

independently and uniformly sampled from all possible s-hot vectors, where s-hot vectors is with
exactly s non-zero entries with number 1. This construction is introduced by [16], also called
countsketch.
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Notably, the entries (z;1, 22, - - - , Zim) Within the random vector z; in (1) Gaussian, (2) Binary-
coin and (3) sparse JL constructions are mutually independent. However, the condition on the
entry-independence is not true the next construction presented, which brings the major analytical
difficulties that have not been discussed in the literature.

Definition 5 (Spherical construction) Spherical construction of the random projection matrix
I = (21,...,2,) corresponds to each z; ~ U(S™~') independently.

Before stating our main result for Johnson-Lindenstrauss, we introduce the underlying new proba-
bility tool that enables the analysis of spherical construction.

Theorem 6 (High-dimensional Hanson-Wright inequality) Let X1,..., X,, be indepen-
dent, mean zero random vectors in R™, each X; is K;-subGaussian. Let K = max; K;. Let
A = (a;j) be an n x n matrix. For any t > 0, we have

- 2
t t
P a;j (X, X;)| >t SQexp(—min{ ’ })
Z GmK AT 8K AT

Remark 7 This is an high-dimension extension of famous Hanson-Wright inequality [10, 24, 31].
The Theorem 6 with exact constant is new in the literature, which maybe of independent interest.
Our proof technique generalizes from [24] with new treatments on the diagnolization. The proof
of Theorem 6 can be found in Section E. An extension of Theorem 6 to szzl a;i (X, X;) with
non-negative diagonal is in Theorem 25.

Now, we are ready to provide the unified analysis on Johnson-Lindenstrauss, a simple and direct
application of Theorem 6.

Proposition 8 (Binary-coin; Spherical) The Binary-coin and Spherical construction of the
random projection matrix II € R™*™ in definitions 3 and 5 with m > 64 =2 log(2/4) satisfy
Lemma 1.

Proof From examples 1 and 2 as will be discussed in Section C, we know that the random variables
sampled from U/ (S™1) or \/—%L{ ({1, —1}") are \/lm—sub—Gaussian with mean-zero and unit-norm.
Let 2 € R? be the vector to be projected. By the construction of II,

M| — Jl2l® = D iyl z) + ) af(llzal® — 1) )

1<i#j<n i=1

off-diagonal diagonal

As by the condition on unit norm, the diagonal term is zero. We apply Theorem 6 with A = zz

and t = ¢||z|%. Since K = 1/y/m and ||A||p = /tr(zzTz2T) = ||z||?, ||Al|2 = ||z/|?, then

Bl Y wilez)| > el <2exp<—min{ G | 1 })
7 (2] - — 9
ey s 64K Al 8v2K2|[ Al

< 2exp (—mmin {52/64, 6/8\/5}) :
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This implies that to get the RHS upper bound by &, we need m > 64e~21log(2/§) for any fixed
e € (0,1). [ |

Remark 9 This proposition is a unified analysis for (1) Spherical construction from random vectors
in example 1 (2) Binary coin construction from random vectors in example 2. For classical Gaussian
construction where z; ~ N (0, (1/m)1,,) which does not satisfy unit-norm assumption, the diagonal
term in eq. (2) is non-zero and needs additional treatments. As analyzed latter in Proposition 18
within the same framework, the requirement for dimension m = 8(1 + 2v/2)2e=2log(2/9) in the
Gaussian construction is larger than the one for Spherical construction. This observation may
explain the practical superiority of Spherical construction.

Remark 10 Reduction of JL to the classical Hanson-Wright [10, 24, 31] has been exploited in
[6, 16, 21], e.g. section 5.1 in [21]. However, as mentioned in section 1, their analytical assumption
on the entry-wise independence, required by the reduction to classical Hanson-Wright, is violated in
the spherical construction. Therefore, our high-dimensional extension of Hanson-Wright is crucial
for the new unified analysis of JL, accommodating the spherical construction.

3. Conclusion

This study marks a pivotal advancement in dimensionality reduction research by offering a simple
and unified framework for the Johnson-Lindenstrauss lemma. Our streamlined approach not only
makes the lemma more accessible but also broadens its application across various data-intensive
fields, including a pioneering validation of spherical construction for uncertainty estimation and re-
inforcement learning. The simplification of the theoretical underpinnings, alongside the unification
of multiple constructions under a single analytical lens, represents a significant contribution to both
the academic and practical realms.

Through the extension of the Hanson-Wright inequality, providing precise constants for high-
dimensional scenarios, and the introduction of novel probabilistic and analytical methods, we re-
inforce the JL lemma’s indispensable role in navigating the complexities of high-dimensional data.
This work underscores the power of simple, unified analyses in driving forward the understand-
ing and application of fundamental concepts in computational algorithms and beyond, highlight-
ing the direct pathway for future extensions and adaptations of random projection and Johnson-
Lindentrauss.
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Appendix A. Application in Uncertainty Estimation

Folklore suggests scalable and incremental uncertainty estimation through hypermodels [8, 17, 18]
and epistemic neural networks (ENN) [22, 23], yet no rigorous guarantees exist. These works
consider settings where feature vectors 2; € R? for ¢t = 1,...,T appear in a streaming fashion.
This data stream assumption is grounded in reinforcement learning, where an agent interacts with
environments and receives new observations sequentially.

Li et al. [18] summarize the closed-form incremental algorithm in linear setups, where it incre-
mentally updates an R¥™ matrix A using the sequences (z;)¢>1 and (z;);>1, resulting in a matrix
at time 7" given by

T
A:2<201/2ZO+1Z%Z;>7 3)
g

t=1

where (1) Zg € R>M and z; € RM are algorithm-generated random matrix and random vectors,
and 2) X = <Ea LS % Zle xtx;r ) is the posterior covariance matrix. Here, 3y € R4* is the
prior covariance matrix and o is the standard deviation of the response noise in the linear-Gaussian
model.

Dwaracherla et al. [8], Li et al. [18], Osband et al. [22] typically generate these random vectors
using spherical distribution and state that the goal is to ensure the matrix A is an approximate
factorization of the posterior covariance matrix X, i.e.,

AAT ~ 3. “4)

Li et al. [18] provide an argument in expectation, i.e., E[AA "] = 3, and Osband et al. [22] provide
an argument of asymptotic convergence, i.e., AAT %% 3 when M — oo. These statements do
not justify the usefulness of hypermodels or ENN for uncertainty estimation. A high-probability
non-asymptotic characterization of the approximation in eqs. (3) and (4) is necessary for rigorous
justification of their usefulness. Unfortunately, such results are not known in the literature.

We now provide the first analysis using our proposed unified probability tool in proposition 8.
First, we state the standard covering argument on the sphere and the argument on computing the

norm on the covering set.

Lemma 11 (Covering number of a sphere) There exists a set C. C ST with |C.| < (1 +2/¢)?
such that for all x € S~ there exists a y € C. with ||z — y||2 < e.

Lemma 12 (Computing spectral norm on a covering set) Ler A be a symmetric d x d matrix,
and let C. be an e-covering of S*! for some ¢ € (0, 1). Then,

|A]| = sup |z Az| < (1 —2¢) ' sup |z’ Azl
zeSd-t z€Ce

Now we state the result in covariance matrix factorization with the specific goal of approximat-
ing the quadratic form

(1—e)z' Bz <z’ AATz<(1+¢e)z'Sz, VrelX, ®)
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where X might be some set of interest in applications, e.g., the action space in bandit problems
or the state-action joint space in reinforcement learning. Notice that the approximation in eq. (4),
ie, (1 —&)2 < AAT < (1 4 &)X, reduces to eq. (5) when the set X' is a compact set, e.g.,
{zx eR: ||z|| = 1}

Proposition 13  Equation (5) holds with probability at least 1 — 0 for the compact set X := {x €
RY: ||z|| = 1} if M > 64e2(d1og 9 + log(2/9)); for a finite set X, if M > 64s=2log(2|X|/0).

Proof Let us denote the random matrix as
7' = (2 ,21,...,27) € RM*(@HT)
and the data matrix as
X = (261/2, z1/0,...,xp)o)" e RUFTIX,

Notice the inverse posterior covariance matrix is 7! = X1 + (1/0?) Zle nr, = XTX.
Then, we can represent

T
_ 1
A=% <20 Y270 + - Zztth) =>X'Z
t=1

Then AAT = X TZZ" XY and ¥ = ¥X ' XX. The (¢, §)-approximation goal in eq. (5)
reduces to a random projection argument with projection matrix ZT € RM x(@+T) and the vector
XXz to be projected:

(1—o)|XZz|? < ||Z2"XZz|?> < (14¢)|XZz|?, Ve . (6)

For the compact set X = S9~! = { € R?: ||z|| = 1}, by standard covering argument in lemma 12
and proposition 8, eq. (6) holds with probability 1 — § when M > 64c=2(dlog 9 + log(2/6)). For
a finite set X, direct application of the union bound with proposition 8 yields the result. |

Appendix B. Sparse JL and General sub-Gaussian Constructions
B.1. Sparse JL transform

We also present a generalization of theorem 6 that will be helpful to analyze sparse JL transform.

Theorem 14 (Generalized High-dimensional Hanson-Wright) Let by,...,b, be fixed
vectors in R™ where by, is the k-th entry of the vector b;. Let X1,...,X,, be indepen-
dent, mean zero random vectors in R™, each X; is K;-subGaussian. Let K = max; K;. Let
A = (a;j) be an n x n matrix. For any t > 0, we have

- 7min{ 2 , i }
B (1S (b Xiby 0 Xp)| 3 t | <26 ™ VRIS TR S T
VS

where A is a matrix with entries A% (i, 7) = a;jbixbx, for each (k,i,7) € [m] x [n] x [n).
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Theorem 14 extends Theorem 6 in a way that each random vector X is entry-wise scaled by
corresponding b; for i € [n]. When by = by = --- = b, = 1 is all-one vector, it reduces to
Theorem 6. The proof of Theorem 14 is similar to Theorem 6 and is deferred to Section F. Now we
are ready to include the sparse JL construction into our unified analytical framework.

Proposition 15 The sparse JL construction in definition 4 with m ~ ¢~ 2log(1/d) and
s ~ e log(1/6) satisfies Lemma 1.

Proof From example 2, we know that z; ~ P, = ﬁu ({1,-1}™)isa \;m-sub—Gaussian random

vector with mean zero and unit-norm. Let 2 € R? be the vector to be projected. By the construction
of 11,

n
m m
Tz |® = fle)® = > ~ Tz (m; © 2i,m; © 25) +Zw?(;\|m ©z|* 1) @)

1<i#j<n i=1

off-diagonal diagonal

By the sparse JL construction in definition 4, the diagonal term in eq. (7) is zero. W.L.O.G, we
assume that ||2||> = 1. We could apply Theorem 14 conditioned on (7;); with A = (m/s)zx ',
(b;) = (m;) and t = . The constructed matrix in the Theorem 14 will be A} = Z(z © n*)(z ©
)T where 1f = (g, ok - 1) Indeed, AL 1r = 3, (m/s)2a2a2namsn and A1y =
(m/s)||(x ®n*)||2 < (m/s). Since K = 1/1/m, Theorem 14 yields,

2

€
PP (off-diagonal > ¢ | (m;)i—;) < 2exp | — — + 2exp (—) )
( i) ( OVES DI DI 33?%%%) 8v/2(1/s)

With a translation of tail bound to moment bound in lemma 17,

m
1 p
(E [|off-diagonal|? | (n;)7] /p < Zﬂc ~Z_:77ik77jk + S 8)
(a)
Then by the tower property and eq. (8)

(E [|off-diagonal[])}/? = (E [(a)?])/?

p\ 1/p

S P

296? Zm‘kﬂjk + S

k=1
p\ 1/p
VP - P
= |E Zx -;mkmk 5 ©)

(0)
where the last inequality is by triangular inequality of L,-norm. The term (b) can be bounded as
follows when p ~ s%/m,

1/p
(1) m P 2
(b) < |> aia? (E <§ 771’1#7]‘1@) ) S D wkalp= b, (10)
i k=1 i

—~
~
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where (1) is by Jensen’s inequality; (2) follows by lemma 16 as (E (3_," , mknjk)p)l/p < /82 /m-

VP + p =~ p when p ~ s*/m; and the last equality follows the assumption ||z||? = 1, resulting
223" .22 = 1- 1. Therefore, plugging the upper bound in eq. (10) with p ~ s2/m into eq. (9),
i T5 2.5 T plugging the upp q q

(E [|off-diagonal [’])/P < LT N

m s s m
Then by Markov’s inequality and the settings of p ~ s2/m, s ~ em, m ~ £~ 2log(1/6),
P (||[TIz]3 — 1| > ) = P (|off-diagonal| > ¢) < £~? - K [|off-diagonal|"]

<P (2. op < Olsl/d) <5,
m

where C' is some constant as a result of configuration in p, m, s for the purpose. |

Lemma 16 Forn;,i = 1,...,ndefined in definition 4, the p-th moment of %", N1k is bounded

m p\ 1/p
<E (kam‘k> ) S Vs /mo/p+p
k=1

Proof Suppose the event [ is that 7, ,,...,7;4, are all 1, where a1 < as < ... < a,. Note that
conditioned on event I, the sum >, | ;57 can be written as > ; _, Y, where Y}, is an indicator
random variable for the event that 7); ,, = 1. The (Y},);_, are not independent, but for any integer
p > 1 their p th moment is upper bounded by the case that the (Y},);_, are independent Bernoulli
each of expectation (s/m) (this can be seen by simply expanding (37 _; Y%)” then comparing with
the independent Bernoulli case monomial by monomial in the expansion as shown in [6]). Finally,
via the moment version of the Bernstein inequality, we obtain

s p\ 1/p 5
<E<;Yk>> S\/ﬂ'\/ﬁ‘i—pg\/;'\/ﬁ-i—p.

The lemma follows from taking the expectation over the event I and the tower property of expecta-
tion,
m p m p s p
(Z 7h‘k:ﬁjk:> (Z mmm) (Z Yk:) I] ] :
k=1 k=1 k=1

Lemma 17 (Theorem 2.3 in [4]) Let Z be a scalar random variable. The following statements
are equivalent. (a) There exist 0, K > 0 s.t. Vp > 1,||Z||, < Cu(o\/p + Kp). (b) There exist

o, K > 0s.t. YA > 0,P(|Z] > \) <G (6_0{7)‘2/02 + e_ClQ‘/K). The constants C,, Cy, and Cj,

change by at most some absolute constant factor.
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B.2. General sub-Gaussian construction without unit-norm

In this section, we consider the cases where the diagonal term in the decomposition (eq. (2)) is non-
zero. We need additional conditions to guarantee Lemma 1, a two-sided probability bound. Before
diving into the general treatment of sub-Gaussian setups, let us first look at the classical Gaussian
construction in definition 2 where the column vector does not satisfy the unit-norm condition and
we could get some intuition on more general case.

Proposition 18 (Gaussian) The Gaussian construction of the random projection matrix 11 €
R™*"™ in definition 2 with m > 8(1 + 2v/2)%2c~2log(2/6) satisfy Lemma 1.

Remark 19 The required dimension m = 8(1 4 2v/2)%c210g(2/6) in the Gaussian construction
to guarantee lemma 1 is larger than the one m = 64c~2log(2/6) in spherical and binary coin
construction as shown in proposition 8. Since we analyze these constructions within the same
analytical framework, the smaller m in Spherical construction may explain its practical superiority.

Proof The random variables sampled from N (0, %I m) are \}Fl—sub—Gaussian with mean-zero. The

off-diagonal term as decomposed in eq. (2) can be dealt as the same in proposition 8 via theorem 6.
However, the diagonal term is non-zero in Gaussian construction. Notice that, the diagonal term
S 22(]|zi||*—1), is essentially a weighted sum of i.i.d. x?2, random variables. Let Z;; ~ N(0, 1)
for all (i,7) € [n] x [m].

n

exp(A Y af(||zi* — 1)

=1

n m

i
=E |exp | > ) —L(Z5-1 |- (11)

i=1 j=1

E

As max; )\x? /m < 1/2, the moment generating function of the diagonal terms will become

n m
—\a? 2\?
i=1j=1 /1 —2Xz2/m m* = max;
where the last inequality is due to eLi(:;;) < exp2z? for |z| < 1/4. Notice max; z? = ||z|%.

Finally, we have,

P (Z (2> - 1) > tuxu?) < dn,exp(=At+22 Y at/m)
=1 )

4z 2 i

(e {5 mre))
=exp ( —m - min , .
832 8llzl%

As we need to deal with diagonal term separately with the off-diagonal term in eq. (2), say let
€=¢1+¢€g,

P(||[z ]| — |lz|®| = e]|z]|*) < P(loff-diagonal| > &1||||*) + P(|diagonal| > ea||||*)
2 2
< 2exp <—m-min{21,8i}§}) + 2exp (—m-min{?,?}) ,

10
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where the last inequality is true due to the fact ||z||2, < ||z|? and Y, 2} < ||lz||*. Lete; = 11\2/\%5

and g9 = €, we conclude in the Gaussian construction of IT

1
1+2v/2

P(|[Tz]2 — [|z]2] > e]l2]?) < 4e ( me? )
- [ |
a =P T8+ 2v0)2

To guarantee Lemma 1, we require m > 8(1 + 2v/2)2c=21og(4/9). [ |

In general, we cannot expect a lower tail bound for the squared norm of sub-Gaussian random
variables in high dimension. Since lemma 1 is a two-sided tail bound, we make the following
Bernstein-type assumption on the squared norm, in addition to the mean-zero independent sub-
Gaussian condition.

Definition 20 (Sub-Gaussian construction with Bernstein condition) Sub-Gaussian con-
struction of the random projection matrix 11 = (z1, . .., zy,) has each column z; being inde-
pendent \/1/m-sub-Gaussian random variable in R™ with mean zero. Additionally, there
exists a universal constant C' > 0 such that

k 1\ z
E‘||zi||2—E||zi||2‘ < Ck! <m> Vk = 3,4,...

Remark 21 Gaussian construction in definition 2 is a special case of the sub-Gaussian construc-
tion in definition 20 as x2, satisfies the Bernstein condition. Meanwhile, the sub-Gaussian construc-
tion in definition 20 generalize the spherical and binary-coin constructions. As we do not assume
the random vector in each column has fixed norm, this also relax the analytical assumption of the
Theorem 5.58 in [26] for extreme singular value of random matrix with independent sub-Gaussian
columns.

Remark 22 Sub-Gaussian construction in definition 20 requires the same order of m as in Gaus-
sian construction to guarantee lemma 1. The proof is a direct application of the Composition
property of sub-Exponential random variables [27, 28].

Appendix C. Typical sub-Gaussian distributions

In this section, we examine the properties of typical distribution for construction random projection
matrix. Specifically, we examine sub-Gaussian condition of two high-dimensional distributions: (1)
Uniform distribution over the unit sphere, and (2) Uniform distribution over the scaled cube. Before
diving to the details, we first introduce a useful lemma on centered MGF for Beta distribution with
a tight sub-Gaussian constant.

Lemma 23 (MGF of Beta distribution) For any o, 8 € Ry with o > 5. Random variable X ~

Beta(a, 3) has variance Var (X) = W and the centered MGF
*Var (X
E [exp(\(X — E [X]))] < exp (”2”) .

11
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Remark 24 The constant in lemma 23 is new in the literature and seems to be tight as it already
achieve the same constant in the MGF of Gaussian distribution with variance Var (X).

Proof For X ~ Beta(a, 3), Skorski [25] gives a novel order-2-recurrence for central moments.

B[ - Bx]P) = o DP9 g x - B
(p—1Dap

+

‘E[(X — E[X])P~2
@i PPt pip-D DX EXDT
Let m, = w, When o > 3, it follows that m,, is non-negative when p is even, and
negative otherwise. Thus, for even p,

1 af Var (X)
™St pRatprp- D) RS T T

Repeating this p/2 times and combining with m,, < 0 for odd p, we obtain

P
Var(X)2
—r— peven

my <
0 p odd

Using p!! = 2P/2(p/2)! for even p, for t > 0 we obtain
+o0o +oo 2
A X
E[exp(A[X —E[X])] < 1+ > mpA =1+ Y (A*Var (X)/2)?/p! = exp <Va2r()>
p=2 p=1

Example 1 (Uniform distribution over m-dimensional sphere U/ (S™ 1)) Unit-norm condition is
trivial to verify. Given a random vector z ~ U(S™™1Y), for any v € S™~1, we have

m—1 m-—1

~2Beta| ——,——— | — 1.
(z,v) ea( 5 3 )

Thus, by lemma 23, we confirm that the random variable z € R™ is \;m-sub-Gaussian.

Example 2 (Uniform distribution over scaled m-dimensional cube) The random variable z ~

ﬁ ‘UL, —1}™) is L-sub-Gaussian and with unit-norm. This is because we could sample the

random vector z by sample each entry independently from z; ~ \/—%U ({1, —=1}) fori € [m]. Then,
for any v € S™, by independence,

m

E [exp(Mv,2))] = [ [ E [exp(Aviz;)] < [ exp(A?v7/2m) = exp(A* > v} /2m).

=1 =1 i

The inequality is due to MGF of rademacher distribution (e.g. Example 2.3 in [28]).

12
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Appendix D. Non-negative Diagonal Extension for High-dimensional
Hanson-Wright

Theorem 25 (High-dimensional Hanson-Wright with non-negative diagonal) Let X1,..., X,
be independent, mean zero random vectors in R™, each X; is K;-subGaussian. Let K = max; K;.
Let A = (a;j) be an n x n matrix such that a;; > 0. There exists a universal constant C' > 0 such
that for any t > 0, we have

n , t2 t
P ai(Xi, X;)| >t | <exp (‘Cmm{mmmu%’ K2\AH2}> '

ij=1
Proof Decompose Zlgi,jgn aij (X, X5) = >0 ag HXI-HQ—&—S, where S = 2197&]‘91 a;j (Xi, X;).

In view of the off-diagonal sum bound for .S in Theorem 6, it suffices to show the following inequal-
ity for the diagonal sum: for any ¢ > 0,

n n 2
t t
P aii | X612 > m ai K2+t | <exp [—Cmin( , )]
(; il ; o mK* 3T af” K? maxi<icn aii
(13)

since Y"1 ; a% < ||Al|% and @ := maxj<i<y, a;; < ||Al|2. By Markov’s inequality and Lemma 28,

we have for any A > O and t > 0,
n n 5 5
P (Z i (HXz‘HQ _ me) > t> < efAtHE |:e>\ai1',(HXiH _mKi):|
i=1 =1
n
< e—/\t H 62)\211222.me
=1
n
<exp (—)\t + 2\%m (Z a%) K4>
i=1
holds for all 0 < A < (4/2a) . Choosing
t 1

A )
4(X0az)mK* 8aK?||T||s

=1 "1

A=

we get eq. (13). |

Lemma 26 (Gaussianization for squared norm of a o-sub-Gaussian random variable in R") Let
X be a random variable in R" such that E[X] = 0 and E[e* X < exp(c2||z||2/2) for all z € R™.
Let Z ~ N(0,0%I). Then,

X|3 VAL
E [epoQHZ] SE[exptH;b], Vo<t <o 2

13
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Proof The case for ¢ = 0 is obvious. Consider ¢ € (0, 0~2). Observe that

o 1 T
A.—(27T)n/20n/nexp <— >E[eXpZ X] dZ
1 Iz — tX]I3 ¢ X3
El—— _li== v 2
| 2m)2om / neXp< o dzexp | 7
2 o [ t1 X3 1 / 12113
=K _exp ( 5 ) 207 Je exp | ——, dz

3) o [, (X 1
=E _exp ( 5 pErysy

where (1) follows from Fubini’s theorem, (2) from the translational invariance of the Gaussian

density integral, and (3) from that the integration of the standard Gaussian distribution N (0, I,)
equals to one (requires ¢ > 0). Thus, we get

2
E [exp (W;HQ)} =257 A.

Since E [exp 27 X| < exp(c?||z|?/2) for all = € R", we have for t € (0,072),

1 _lzl? o2=?
ASW e 2t e 2 dz
™ ag n

:1/ o3 ()22 g,

(27T)n/20-n
1
o-n(tfl _ 0-2)11/2 ’

[Ell&
2t

—~
N

—~
~

—
=

Then we have

¢1X113 t—n/2gn 1
E 7| < = VO<t<o 2
|:6 :| - O-n(tfl _ O-2)n/2 (1 _ O—2t)n/2 - g

On the other hand, for Z ~ N (0, (72[”), similar calculations show that

=213 1 ~50 2|22 g5 12112
Ele = :m e 2 ez dz
7‘(‘ n

_ 1/ oS 29Izl g,

(27r)n/20—n
1 —2
= m Vs <o .

Remark 27 Lemma 26 is true only for the upper tail as it requires t > 0. Without imposing

additional assumptions, we cannot expect a lower tail bound for sub-Gaussian random variables as
discussed in [2].

14



ANALYSIS OF JL: UNIFIED AND SIMPLE

Lemma 28 (Upper bound for MGF of squared norm of a o-sub-Gaussian random variable in R")
In the setting of lemma 26, we have

E [exp <; (1112 - naQ)ﬂ < exp <t22(n04)> VO < t < (20%)7L. (14)

Consequently, we have for any u > 0,

P (| X3 — no? > u) < ex —lmin u—z - (15)
2 =1 =PIy not’ o2 )|

Proof Let Z ~ N(0,02%I,). By the calculations in lemma 26, we have for all t < o2,

—tpo? —t0'2/2 n
E [eg(uzua—nrﬂ)} __°c¢* _ (e
(1 — o2t)n/2 Vi—o2t) '’

Using the inequality
—t
e

v1—2¢

< Wt < 1/4,

we have \ s
E [65(”2”2_”0 )} < exp(—t?c1/2) V|t| < (20%)71.

Combining the last inequality with lemma 26, we get eq. (14).
By Markov’s inequality, we have for any u > 0 and 0 < ¢ < (202)_1,

t2 04

P(|X|3—no?>u) <e 35

Choosing t = t* := 57 A #, we get

t* 1 2
P(HXH% —no’® > u) < exp (_u4 ) = exp [—8min< Y u)} .

not’ o2

Appendix E. Proof of High-dimensional Hanson-Wright in Theorem 6

Proof We prove the one-side inequality and the other side is similar by replacing A with —A. Let

n

S: Z aij<Xi,Xj). (16)
1,J:17]
Step 1: decoupling. Let ¢1,..., ¢4 € {0, 1} be symmetric Bernoulli random variables, (i.e., P(s; =

0) = P(s; = 1) = 1/2) that are independent of X7, ..., X,,. Since

0, 1=y,

E[0i(1 - )] = {1/4 oy

15
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we have S = 4E, [S,], where
n
SL = Z Li(l — Lj)aij<Xi7Xj>
and the expectation E, [-] is the expectation taken with respect to the random variables ¢;. By
Jensen’s inequality and exp(Ax) is a convex function in x for any A € R, we have

E [exp(AS)] < Ex, [exp(4\S,)] .

Let A, = {i € [d] : ¢; = 1}. Then we write

So=> > (X X;) = > (O ayXi, X;).

1€EA, jJEAS JEAC €A,

Taking expectation over (X;);ca¢ (i.e., conditioning on (1;)i—1,... 4 and (X;);ex, ), it follows that

E(x,),cx [EXD(ANS,)] = H E(x,),crs [eu(ZieAL aijxi,xﬁ]
JEAS

by the independence among (X;);ca,. By the assumption that X; are independent sub-Gaussian
with mean zero, we have

E(x));ene [exp(4AS,)] < exp Z 8)\2K]2H Z ai; Xi||* | = exp (8\%07).

JEAS i€A,
Thus we get
Ex [exp(4\S,)] < Ex [exp(S)\QU?)] :
Step 2: reduction to Gaussian random variables. For j = 1,...,n, let g; be independent

N <0, 16K]2I> random variables in R™ that are independent of Xi,..., X, and ¢1,...,t,. De-
fine
=D (95, ) aiX
JEAS €A,

Then, by the definition of Gaussian random variables in R™, we have

E exp )\T H E [ g]yAZzGALCLz]X>j|
JEAS

= exp | 8\? Z K]2|| Z aij Xi|* | = exp (8)\203)
JEA? i€A,

So it follows that
Ex [exp (4AS,)] < Ex g [exp (AT)].

16
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Since T' =3, p (> jenc @ijgj, Xi), by the assumption that X; are independent sub-Gaussian with
mean zero, we have

E(X.),cn, [XP (AT)] < exp Z K2 Y augil® ) -

i€, JEAL
which implies that
Ex [exp (4MS,)] < Ey [exp (A2772/2)] 17)
where 77 = 3. A K 21 jene 0ij9; |?. Note that 72 is a random variable that depends on (1;)%_,
and (g;)7_.

Step 3: diagonalization. We have g; = > | (g;, ex) e) and

2
m
TL2 = Z KzQ Z ai595|| = Z Kz2 Z Z Qi g]yek €k
k=1

€A, jEAe i€, jEAE
2
m
=22 | 2 K lgyen)
k=14i€A, \jEAC
m
=Y IIPA(I - P)Gy
k=1
where the last second step follows from Parseval’s identity. G, = (gj,ex),j = 1,...,n, are

independent N (0, 16K]2) random variables. G, = (Gip,...,Gp)| € R™. A = (inj)?j:l with
a;j = Kja;j. Let P, € R™ ™ be the restriction matrix such that P, ;; = 1if¢ € A, and P,;; = 0

otherwise.
Define normal random variables Z, = (Z14,..., Zu) ' ~ N(0,1) foreach k = 1,...,m

Then we have Gk~2 /27, where I' = 16 diag(K?, ..., K2).
Let A, := P,A(I — P,). Then by the rotational invariance of Gaussian distributions, we have

Z |AGy|? 2 Z ATz 2 23S 222
k=1 j=1

where s?,j =1,2,...,n are the eigenvalues of Fl/QflLTfLI‘l/z.
Step 4: bound the eigenvalues. It follows that

maes? = | A3 < 165743
€

In addition, we also have

3

s?=tr(DV2ATATY?) < 16K A3
7j=1

17
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and Y i1, YU 87 < 16mK*| Al Invoking eq. (17), we get

m n

Ex [exp (4AS9,)] < [[ T Bz [exp (V57 25,/2)]

k=1j=1
Since Z? ), are ii.d. x? random variables with the moment generating function E [exp (tZ?k)} =

(1 —2t)~1/2 for t < 1/2, we have

x [exp (4\S,)] < 1;[1;[ \/m if mjax)?s < 1.

Using (1—2)"'/2 < exp(2) for z € [0, 1/2], we get that if \? max; s? <1/2,ie., 32K A|3)\? <
1, then

x [exp (4\S,)] < exp )\QZZ <exp ( 16)\2mK4\|A|| ).
k=1 j=1

Note that the last inequality is uniform in ¢. Taking expectation with respect to §, we obtain that
Ex [exp (AS)] < Ex,, [exp (4)S,)] < exp (16)\2mK4||AH%)

whenever |\| < (4v2K?2||Alj2)~?
Step 5: Conclusion. Now we have

—1
P(S > t) < exp (—At+ 16A2mK*||A%)  for |A| < (4\@K2HAH2)

Optimizing in A, we deduce that there exists a universal constant C' > 0 such that

2 t
P(S > ) < exp |~ mi ’ '
(8> >—exp[ mm<64mK4||AH% MKZIIAHQH

Appendix F. Proof of Generalized High-dimensional Hanson-Wright in Theorem 14

Proof We prove the one-side inequality and the other side is similar by replacing A with —A. Let

n

S= Y a;{bi© X, b 0X;). (18)
0,511
Step 1: decoupling. Let ¢1, ..., ¢4 € {0, 1} be symmetric Bernoulli random variables, (i.e., P(¢; =

0) = P(s; = 1) = 1/2) that are independent of X7, ..., X,,. Since

0, 1=y,

E[0i(1 - )] = {1/4 oy

18
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we have S = 4E, [S,], where

:Z ti)aii(bi ® Xi,b; © Xj)
and the expectation E, [-] is the expectation taken with respect to the random variables ¢;. By
Jensen’s inequality, we have

E [exp(AS)] < Ex, [exp(4AS,)].

Let A, = {i € [d] : ¢; = 1}. Then we write

S = Z Z aij(bi © Xi,0; © X;) = Z (Z a;jb; ©® b; © X, Xj).

1€A, jJEAS JEAS i€,
Taking expectation over (X);ca¢ (i.e., conditioning on (1;)i—1,... q and (X;);ex, ), it follows that

E(Xj)je/\c eXp4)\S H E j)jens [ Mien, i3bi®b;0Xi Xj)
JEAS

by the independence among (X;);ca,. By the assumption that X; are independent sub-Gaussian
with mean zero, we have

E(x;);enc [exp4\S,] < exp Z 8)\2K]2H Z aiibi © b; ® X;||? | =t exp (8\%07).

JEAS i€A,
Thus we get
Ex [exp(4AS,)] < Ex [exp(8)\%c?)] .
Step 2: reduction to Gaussian random variables. For j = 1,...,n, let g; be independent

N <0, 16K]2I> random variables in R™ that are independent of Xi,..., X, and ¢1,...,t,. De-

fine
Ti= {9, aibi©b; © Xi).
JEAS 1€EA,
Then, by the definition of Gaussian random variables in R™, we have

E eXp )\T H ]E [ g]’)\ ZZGAL az]bl@b OX; >:|
JEAS

=exp | 8\ Z KJ2|| Z a;jb; © b; © Xi||* | = exp (8)\20?)
jEAS i€,

So it follows that
Ex [exp (4AS,)] < Ex g4 [exp (AT)].

19



ANALYSIS OF JL: UNIFIED AND SIMPLE

Since T' = >, p (D jenc aijbi © bj © gj, X;), by the assumption that X; are independent sub-
Gaussian with mean zero, we have

E(Xi)iGAL [exp ()\T < CXp Z K2|| Z aijbi © bj QgJHQ !
€A, JEAS
which implies that
Ex [exp (4AS,)] < E, [exp ()\QTLZ/Q)] (19)

where 72 = 30, K2 jene @ijbi © bj © g; |?. Note that 72 is a random variable that depends

on (1;)L, and (95)7=1
Step 3: diagonalization. We have g; = > ", (g;, ex) e) and

2
m
T, _ZKQ Za”b @b © gj :ZKZQ Z Zaij<bi®bj®gj,ek) €L
= jEAe = k=1 \jeAe
2

m

=2 > | D Kiaibubji (g5, en)
k=1i€A, \jEAS
m ~

= Z | PA(L — PL)Gk”2
k=1

where the last second step follows from Parseval’s identity. G, := (g;j,ex),j = 1,...,n, are in-

dependent NV (O, 16K]2) random variables. G = (G, ...,Gnr) | € R™ Ak = (awbzkbjk)
with a;; = Kja;j. Let P, € R™ " be the restriction matrix such that P, ;; = 1if 7 € A, and

P, ;; = 0 otherwise.
Define normal random variables Z, = (Zi, ..., Znk)| ~ N(0,I) foreach k = 1,...,m

Then we have G}, = F1/2Zk where I' = 16 diag(K?, ..., K2).
Let AL =P Ak (I — P,). Then by the rotational invariance of Gaussian distributions, we have

ZHALkaH? ZHA 2z, HQDZZSM

k=1 j=1

2,7=1

where s?k,j =1,2,...,n are the eigenvalues of F1/2ALT,€JZ1L,;€F1/2 foreachk =1,...,m.
Step 4: bound the eigenvalues. It follows that

Hé?ﬁsjk = A,k T3 < 16K A7 3.

In addition, we also have

n
Z st = (T2 AL A,k TY%) < 16 K4 A}

20
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and 373"y D77 8%, < 16K* 5700 || AR][3- Invoking eq. (19), we get
m n
B [¢2%] < TTTIBs fexw (¥5025/2)]
k=1j=1

2
Since Z? 53, are ii.d. X3 random variables with the moment generating function E {etzﬂ'k] =(1-

2t)~1/2 for t < 1/2, we have

m n
1
Ex |:€4/\SL} < H H I max)\Qs?k <1
k=1j=1 /1 = A%sTy ik

Using (1—2)~1/2 < e* for z € [0,1/2], we get that if A? max; . s% < 1/2,i.e., 32K* max;, | A}[3A? <
1, then

m n

Eyx [ 4>\Sb} < exp )\QZZ sip | < exp (16)\2K4Z HA HF)

k=1 j=1 =

Note that the last inequality is uniform in ¢. Taking expectation with respect to §, we obtain that

Ex [eAS] <Ex, |:€4)\SL] < exp <16)\2K4i HA |F>

k=1

whenever || < (4v2K? maxy, ||A%]]2) 7!
Step 5: Conclusion. Now we have

m —1
P(S >t) < exp (—/\t + 16N K HAZH%) for || < (4\/§K2 max HAgHQ) .
k=1

Optimizing in A, we deduce that there exists a universal constant C' > 0 such that
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