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Abstract

Inspired by the human ability to learn and organize knowledge into hierarchical
taxonomies with prototypes, this paper addresses key limitations in current deep
hierarchical clustering methods. Existing methods often tie the structure to the
number of classes and underutilize the rich prototype information available at
intermediate hierarchical levels. We introduce deep taxonomic networks, a novel
deep latent variable approach designed to bridge these gaps. Our method optimizes
a large latent taxonomic hierarchy, specifically a complete binary tree structured
mixture-of-Gaussian prior within a variational inference framework, to automat-
ically discover taxonomic structures and associated prototype clusters directly
from unlabeled data without assuming true label sizes. We analytically show that
optimizing the ELBO of our method encourages the discovery of hierarchical
relationships among prototypes. Empirically, our learned models demonstrate
strong hierarchical clustering performance, outperforming baselines across diverse
image classification datasets using our novel evaluation mechanism that leverages
prototype clusters discovered at all hierarchical levels. Qualitative results further
reveal that deep taxonomic networks discover rich and interpretable hierarchical
taxonomies, capturing both coarse-grained semantic categories and fine-grained
visual distinctions.

1 Introduction

The human mind possesses an extraordinary capacity to learn, organize knowledge, and generalize
from experience, often constructing rich, abstract hierarchical category structures [42]. This learn-
ing journey begins early; even pre-linguistic infants demonstrate an ability to group objects into
rudimentary categories based on salient perceptual features like shape and parts, forming the initial
scaffolding of a hierarchical taxonomy without the need for explicit semantic symbols [35|[9} 2]]. Two
key principles appear fundamental to this organization: the formation of hierarchical taxonomies
and the representation of categories via prototypes [35)]. We naturally structure our knowledge in
nested levels of abstraction (e.g., collie — dog — mammal — animal) [37]. Within these hierarchies,
a ’basic level’ (e.g., dog, chair) emerges as psychologically privileged [4], representing an optimal
trade-off between informativeness and cognitive effort. This prototype serves as a cognitive reference
point, allowing for graded membership (e.g., a robin is a more prototypical bird than a penguin) and
facilitating efficient generalization to novel instances based on similarity to the prototype [7, 6].

Inspired by these powerful human capabilities, early computational approaches, such as Cobweb
[7, [13]], explicitly attempted to support unsupervised, incremental learning of hierarchical, proba-
bilistic prototypes by optimizing category utility—a measure reflecting the trade-off between feature
predictability within a category and distinctiveness between categories [16, 4]. Modern deep learning
systems have revisited these themes, developing methods for hierarchical clustering [30} 48, 29], often
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integrating hierarchical structures and prototypes within neural networks to enhance performance,
interpretability, and robustness. Despite this progress in deep learning, two signi cant gaps persist.
Firstly, existing deep hierarchical clustering approaches often tie leaf nodes to xed class labels and
require retraining to handle different classi cation granularity on the same data. Secondly, by treating
leaf clusters as terminal representations, current approaches overlook intermediate prototypes and
underutilize rich multi-level abstractions.

(a) Sub-hierarchy of ungulate. Left branch: deer-likb) Sub-hierarchy of cars. Parent: blends red, white,
silhouettes (including ostriches). Right branch: grazimaed blue cars. Left branch: emergency (red re trucks,
versus ridden horses. The parent blends both. police cars); Right branch: red hatchbacks, blue sedans.

Figure 1. Examples of sub-hierarchies discovered by tting a deep taxonomic network to CIFAR-10
data. For each cluster, we sampled nine images from the test set based on likelihood.

To bridge this gap, we propose deep taxonomic networks, a novel deep latent variable approach that
leverages variational inferencgd, 18]. Our approach optimizes a large latent taxonomic hierarchy
structured as a complete binary-tree mixture-of-Gaussian prior. This hierarchical prior enables our
method to automatically discover abstraction structures and their associated prototypes directly from
unlabeled data (see Figure 1). We contribute the followifay:A deep latent variable approach

that discovers ne-grained hierarchies from unlabeled data without assuming label db)ms;
theoretical analysis showing that maximizing the ELBO in our approach results in good hierarchical
prototypes that describe the dafe) A simple training framework that does not require specialized
training procedures or pre-training and ne-tuning, and can seamlessly incorporate contrastive
learning B] jointly with the variational inference objectivéd) Our models outperform related
hierarchical clustering models on image classi cation datasets of varying complexity and class labels
by a large margin using a novel evaluation mechanism that leverages rich prototypes discovered at all
hierarchical levels(e) Our approach discovers rich, interpretable hierarchical prototypes at different
granularity.

2 Related work

Hierarchical clustering Hierarchical clustering organizes data into a nested structure of clusters,
revealing relationships at multiple granularitid®,[45]. Traditional agglomerative methods, such

as Ward's minimum variance approach, iteratively merges the pairs of clusters by minimizing the
increase in total within-cluster variancéd9. Deep learning based approaches learn the hierarchical
clusterings in an embedding space, with the advantage of integrating deep representation learning
techniques such as contrastive learniglgi the clustering framework30, 29, 48] for more robust
performance on high-dimensional data. For example, DeepB@Tduples an autoencoder with a
projection-based divisive clustering layer to recursively split data into a binary tree in the learned
embedding space. Yet, many existing methods are limited by xed class-based hierarchies and an
over-reliance on leaf clusters, ignoring rich intermediate prototypes. Most related to our work is
Cobweb 7, 26, 1], a concept formation system that builds concept hierarchies top-down based on
categorical utility[4] and identi es meaningfubasic-levelcategories at intermediate nodes. Cobweb

is not constrained by label size, and it leverages its entire learned hierarchical structure at inference
time, including intermediate prototypes][ While Cobweb processes raw inputs and assumes
conditional independence of features, deep taxonomic networks employ neural networks to optimize
a potentially large, pre-de ned taxonomic structure within an embedding space to jointly learn robust
data representations and informative hierarchical prototypes at all levels of the tree, facilitating the
discovery ofbasic-leveklusters.



Deep latent variable models Variational autoencoders (VAES36, 18] are deep latent variable
approaches that use neural networks (encoder netvep(g§x) and decoder networks (xjz))

to learn data distributions by optimizing the Evidence Lower Bound (ELBO) objective. In this
framework, the prior distributiop(z) represents the underlying observation generation process.
While standard VAEs use a standard Gaussian o), the prior can be adjusted to account
for speci ¢ structures in the data. VaDBY] proposes a Gaussian mixture prior to jointly learn
latent representations and cluster assignments. Other W0rIB§] leverages a nested Chinese
Restaurant Process pridr]] to learn hierarchical latent representations. Alternatively, hierarchical
VAEs [19, 27, 44] employ multiple stochastic latent layers to learn multiple approximated posteriors
at varying abstraction levelg], 47]. For instance, MF-VAE %] uses VLAE }|7] to learn multi-
faceted clusterings of data, and TreeVAI|[constructs a tree-like approximated posteriors using
LadderVAE 1] for hierarchical clustering. However, these approaches often increase computational
cost by optimizing multiple decoder networks and require specialized proce@ieffequent ne-
tunings [29]. Contrary to these approaches, deep taxonomic networks utilize a complete binary tree
mixture-of-Gaussians prior to explicitly support taxonomy within a single approximated posterior.

3 Deep Taxonomic Networks

We introduce deep taxonomic networks, a novel deep latent variable approach featuring a complete
binary tree Mixture-of-Gaussians prior. This method learns a hierarchical taxonomy by mapping
data to the most prototypical clusters, parameterized by their Gaussian priors. These clusters are
optimized for high intra-category similarity (low internal feature entropy) and high information gain
about the features from cluster membership. We start by describing the generative process within the
VAE framework in Section 3.1. Then we describe the variational inference process in Section 3.2
and its connection to prototypicality maximization in Section 3.3. Finally, we introduce a contrastive
learning extension for real-world images in Section 3.4.

3.1 Generative process with a hierarchical mixture-of-Gaussians prior

We de ne the conditional prior distribution over

the latent variable using a hierarchical struc-

ture T, represented as a complete binary tree.

Each nodein T, has an associated prior prob-

ability p(c) and corresponds to a cluster de ned

by parameter§ .; 2), such that the condi-

tional latent priomp(z j ©) = N(zj ; 21).

We assume an isotropic Gaussian for simplic- )

ity, where 2| denotes a diagonal covariance (&) Generation (b) Inference

matrix. Though our current analysis utilize€giq e 2: The graphic model for deep taxonomic
a simpli ed covariance structure, the underlysenyorks. (a): solid arrows represent the gener-
ing method is not limited to this con guration 44je sampling process. The grayed clusteis

and can be extended to other covariance strdgecied via the prior distributigu(c). (b): dashed

tures. To enforce hierarchical dependency, therq\ys represent the variational inference process.

parameters of a parent nodgrentare the con- Raq: learnable parameters.

vex combinations of those of its childreges:

andcign.. Speci cally, we model the distribution at the parent node as a Gaussian approximation

to the mixture of its children’s distributions. By matching the rst two moments of the mixture
N oo e )t @ INC cigi &!), Where 2 [0; 1]is a convex weight, we obtain:

Cparent = Cleft + (1 ) Cright

1 1
2 — 2 2 2 2
Cparent - Cleft + 6 k Cleft CparenJ(Z + (1 ) Cright + Bk Cright Cparenrkz

whereD is the dimension of the latent space. These constraints ensure that parent clusters represent
broader distributions encompassing their children in the latent space. This approach also reduces the
number of learnable parameters as the intermediate clusters are inferred from the leaf clusters and the
convex weights at each branch (Figure 2). As shown in Figure 2a, the overall generative process for
an observatio proceeds as follows: (1) select a clustén T via a priorp(c); (2) sample a latent
representatioz from the chosen cluster's distribution: N ( ¢; 21); (3) generate the observation



x conditioned on the latent representation via a decoder netivork p (X j z). The decoder
de nes Gaussial (x j f (2);1) with unit variance for real-valuex or Bernoulli for binaryx.

3.2 \Variational inference

Deep taxonomic networks represent the data distribyt{or) using a hierarchical mixture-of-
Gaussians prior oveF . We achieve this by maximizing the Evidence Lower Bound (ELBO) on
logp(x) using an amortized variational postermpr(z;cj X) = q (z j X)g (¢ j x), where we
parameterizel (zjx)= N(zj (x); 2(x)l) by an encoder neural netwogk(x). The overall
inference proceis;? shown in Figure 2b. Formally:

logp(x) = log p(xjz)p (zjop (0dz
zZg . .
_ AP (XjZ)p (zjop (0
= log 2 o1 a(zclx) q (z;cjx)
_  pXjz)p(zjop (0 , p(xjz)p (zjop (o)
=100 Eq zieino q (z;cjx) Ba i) 100 q (z;cjx)

)
where right-hand side of Equation (1) represents Jensen's inequality and is the evidence lower bound
(ELBO) [18, 36],Leso (; ),and can be rewritten as (see full derivation in Appendix A.1):

Letso (5 )= Eq (zjx) [logp (X j 2)] (2
Eq (cix)Pxe (@ (zjx)jip (zj0) ©))
Dke (g (cjx)jip (0) 4)

The ELBO objective can be interpreted as follows: Equation (2) measures the reconstruction quality
between the encodey (x) and the decodefr (z). Equation (3) is the Kullback—Leibler (KL)
divergence between the learned latent distribution of inpanhd the clusters il , weighted by

g (cj x), which represents the cluster assignment probability.oEquation (4) regularize the
cluster assignment probability to be close to the prior distribution of the clusta@rsAms suggested

in [15, 5], we can replacel (cj X) with p (cj z) = B—P (AP (2O ___ e cluster assignment
coor P (c9)p (zjc9)

probability ofz, with one Monte Carlo sample via a reparameterization trick [18].

3.3 Reinterpretation of ELBO as prototypicality maximization

In hierarchical clustering approaches, the concept of prototypicality quanti es how well a cluster
¢ within the hierarchyl encapsulates and informs about a given sample's latent represemtation
Categorical utility (CU) 16, 4] formalizes this notion by providing a principled approach from
information-theory: leZ be the random variable over latent vectay<U is then de ned as the
mutual information betweer andT : X

CU = 1(zZ;T) = H(2) p(cH(ZjT = ©);

c2T

H (2) is the entropy of the feature distributiohl (Z j T = c¢) is the conditional entropy of the
features given the cluster assignmenCU quanti es the information gained about the features from
knowingc, favoring clusters in the hierarchical level with low internal entrépfZ j T = ¢) and
large reduction fronid (Z ), analogous to cognitiveasic-levekategories16, 4]. The prototypical
clusterc =argmax.[H(Z) H(Z T = c)] optimally balances cue validity (rich, predictable
internal features) with category validity (relevance as a categorg)fdilence, the cluster assignment
probabilityp(c j z) now relies on cluster prototypicality, and we choose a uniform ooy over
clusters inT such that Equation (4) becomes a regularizer encouraging utilization of all clusters.

We now demonstrate that optimizing the ELBO for this hierarchical approach encourages the discov-
ery of prototypical relationships between the latent representatiansg each clustar. Let X be
random variables over, , = (x),and 2= 2(x), we can rewrite Equation (3) as follows:

Eq (cjx)DKL (q (Z] X) J&p (Z] C)) = Eq (z;cjx) [Ing (ZJ C)] Eq (z;cjx) [|09q (ZJ X)]

Eq (cjx) N(zj z; 2)IogN(zj ¢ 2)dz +H(ZjX) )
z



The termH (Z j X ) can be approximated with Monte Carlo sampling over minibatches. See

Appendices A.2 and A.3 for full derivations. The entropy for a multivariate Gaussian with diagonal

covariance can be written ast(Z j T = ¢) = 2log(2 )+ 2+ 1" Jlog 2. As aresul,

Equation (5) can be expanded as follows: 4

X o Y 2 2
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Eq [ HZJT = 0]+ H(ZjX)+ G
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H(ZjT)+H(Z) HZ)+H(@EZjX)+ G
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whereG = Eq (¢x) 3 3 ¢ =2 . Theq (cj x) term in Equation (6) can be

approximated ap (c) by the KL divergerc1dce term from Equation (4).

As shown in Equation (7), maximizing ELBO maximizes CU. Additionally, the maximization of
the negative mutual information terml (Z ; X)) can be understood as optimizing the information
bottleneck between the latent representati@md the inpuk [43, 39].

The hierarchical dependency introduced in Section 3.1 embeds abstraction and speci city directly
into the priorp (z j c) via the convex weight . Each prototype's parametefs.; 2) thus blend

broad parental characteristics with ne-grained child traits. Consequently, maximizing the mutual
informationl (Z; T) forcesz to distinguish these semantically meaningful hierarchies, rather than
discovering arbitrary clusters as would be possible under a at prior.

3.4 Integration of transformation-invariant feature learning

Learning discriminative representations for taxonomic hierarchies from unlabeled real world images

is challenging due to high intra- and inter-class variance. For example, ship and bird images may
share low-level features (e.g., blue sky, central object) yet belong to distinct semantic categories.
To address this, we extend deep taxonomic networks with contrastive leashiridhg idea is to

learn an image representation that is invariant to different transformations such that only the most
descriptive features are preserved. Speci cally, each inxageandomly augmented twice, yielding

exp sim(h;;hj)=

2N views, and we minimize the NT-Xent loSENT xent = 100 P ; where

wei €Xp sim(hi hy)=
h is the projection head output on the encoder's featuressandienotes cosine similarity. The
projection head absorbs augmentation variance, letting the encoder focus on invariance. We further
introduce cluster-level contrastive learning by projecting the cluster assignment distrip{gioz)
and applying the same NT-Xent loss to encourage similar assignn&nug 29]. We refer to
Appendix E.1 for the effects on the two loss terms.

4 Experiments

Unsupervised clustering accuracy Since deep taxonomic networks construct a hierarthy
without prior knowledge of the true number of classes in the training data, standard unsupervised
clustering evaluation methods, such as the Hungarian algorBtihwhich assume a one-to-one
mapping between clusters and classes, become unsuitable. Instead, we propose a post-hoc annotation
strategy. Given the pre-trained taxonomyderived from the training s@.i, , we rst perform a

forward pass 0Dy4n  through the frozen model to obtain the cluster prototypicality distributions

p(cj zyain ) for each training instancey,in - Using the ground truth labels?2 Y associated with



Dwain , We aggregate these distributions for all data points belonging to the same class. This process
yields an annotation matri& of dimensiongYj jTj . After normalization, each column &
represents the empirical class distributidy j c¢) for a speci ¢ clusteic 2 T . Conceptually, clusters
higher in the taxonomy (e.g., the root) tend towards a uniform class distribution over a balanced
Dwain » a@s they represent broader collections of data. Conversely, leaf clusters typically exhibit
sharper distributions, indicating a higher concentration of speci ¢ classes. To evaluate accuracy on a
test dataseDst , We similarly obtainp(cj zw.st ) for each test instanoges; . The predicted class
distributions forxs; is then computed as a weighted sum o[Dthe cluster class distributions stored in
A, where the weights are given Ip{C j Ziest ): Iﬁ(yj Ziest) = o1 P(CJ Ziest )P(Y = Y jO: A

key advantage of this evaluation approach is its exibility. Since no model parameters are updated
during this evaluation phase, the deep taxonomic networks can be assessed on datasets with varying
sets of classi cation labels without requiring any retraining or ne-tuning.

Hierarchical clustering metrics In addition to accuracy (ACC) and normalized mutual information
(NMI), we also evaluate our approach on hierarchical clustering metrics: leaf purity (LP) and
dendrogram purity (DP)20]. However, our approach differs from other hierarchical clustering
methods in that we do not assume the leaf cluster as the nal destination of a data point; instead, any
cluster can serve as a prototype. We therefore propose probabilistic extensions to both LP and DP.
Our probabilistic LP measures cluster homogeneity via soft assignments, and our probabilistic DP
computes expected purity for same-class data pairs based on their shared likelihood across all potential
clusters, resembling a probabilistic version of lowest common ancestors. Detailed formulations for
both metrics are provided in Appendix B.

Datasets and baselines We evaluate the hierarchical clustering performance of deep taxonomic
networks on datasets of varying complexities and label sizes: MN2SJT FashionMNIST (Fashion)

[46], CIFAR-10, and CIFAR-10041]. For CIFAR-100, we evaluate our approach against both the
20 superclasses (CIFAR-20) and the 100 ne-grained classes. To illustrate the ability to discover
taxonomic hierarchies, we additionally train our models on Omni@#jt [We provide a detailed
description of datasets in Appendix C. We compare the hierarchical clustering performance of our
approach to deep hierarchical clustering methods such as Tree28\&rid DeepECT30]. We

further compare our approach to Cobw@h fvhich clusters raw pixels, and to Cobweb+VAE, which
uses a VAE model with our encoder and decoder network architectures to produce latent codes for
clustering. On CIFAR variants, contrastive learning is applied to the image inputs (Section 3.4),
whereas for Cobweb+VAE it is applied only to the latent representations. We additionally use the
publicly available code to train TreeVAE on CIFAR-100 with 100 classes using 100 leaf clusters.

Figure 3: Hierarchical clustering performance on all evaluated datasets at varying déptK-@ixis:
depth, Y-axis: performance.

Implementation details For a direct comparison to baselines, we use the same encoder-decoder
architecture from29] for our approach. Detailed descriptions can be found in Appendix D.1. Our
approach initializes the Gaussian parameters of leaf clustdrsasmwell as the convex weightsat

each branch such that the rest of clusters in the hierarchy can be inferred. To determine the number of
clusters inT , we vary tree depth on all evaluated datasets. Figure 3 shows all four hierarchical metrics
improve with depth but plateau around depths of 8 to 10 for MNIST and Fashion, and 10 to 12 for
CIFAR-10. However, for CIFAR-20 and CIFAR-100, which feature greater class diversity, all metrics
consistently rise with increased depth, indicating our approach’s scalability with dataset complexity.
For a fair comparison across all datasets, we x a depth of 10—yielding 2047 clusters—for all
experiments in this paper. For contrastive learning, we use a two-layer(MlZP 64) with ReLU

as the encoder projection head and a single 64-dimensional linear layer for the cluster-level projection
onp(cj z). We set NT-Xent temperatures to 0.5 (representation) and 0.3 (cluster), with a weighting
of 100 to match_g go following [29]. To stabilize the training of a larg€, we introduce two
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