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Abstract

The Robust Regularized Markov Decision Process (RRMDP) is proposed to learn
policies robust to dynamics shifts by adding regularization to the transition dynam-
ics in the value function. Existing methods mostly use unstructured regularization,
potentially leading to conservative policies under unrealistic transitions. To address
this limitation, we propose a novel framework, the d-rectangular linear RRMDP
(d-RRMDP), which introduces latent structures into both transition kernels and
regularization. We focus on offline reinforcement learning, where an agent learns
policies from a precollected dataset in the nominal environment. We develop the Ro-
bust Regularized Pessimistic Value Iteration (R2PVI) algorithm that employs linear
function approximation for robust policy learning in d-RRMDPs with f-divergence
based regularization terms on transition kernels. We provide instance-dependent
upper bounds on the suboptimality gap of R2PVI policies, demonstrating that these
bounds are influenced by how well the dataset covers state-action spaces visited
by the optimal robust policy under robustly admissible transitions. We establish
information-theoretic lower bounds to verify that our algorithm is near-optimal.
Finally, numerical experiments validate that R2PVI learns robust policies and
exhibits superior computational efficiency compared to baseline methods.

1 Introduction

Offline reinforcement learning (RL) [8]] facilitates policy learning from fixed datasets, eliminating the
need for direct interaction with the environment. When the policy deployment environment differs
from the one where the dataset was collected, robust policies that remain effective under the envi-
ronment shift are required [2, 17, [35, 31} 4]]. A widely adopted framework for learning such policies
is the distributionally robust Markov decision process (DRMDP) [5,[16], which models dynamics
changes as an uncertainty set around the nominal transition kernel. In this setup, an agent seeks
policies performing well even in the worst-case environment within the uncertainty set. The most
common design of uncertainty sets is the (s, a)-rectangularity [3 [I6], which independently models
uncertainty for each state-action pair. Although mathematically elegant, the (s, a)-rectangularity can
result in overly conservative policies, especially when the state and action spaces are large. To address
this issue, [3] introduce the r-rectangular uncertainty set, which parameterizes transition kernels
using latent factors. This concept has since been incorporated into d-rectangular linear DRMDPs
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(d-DRMDPs, [[14]), extending its applicability to robust decision-making with linear function approx-
imation. Building on d-DRMDPs, recent works [[1,130} [11]] propose provably efficient algorithms that
leverage function approximation for robust policy learning.

However, the d-DRMDP framework has several problems that remain unaddressed, which we
summarize as follows. Theoretical Gaps: Current understanding of d-DRMDPs is largely restricted
to uncertainty sets defined by the Total Variation (TV) divergence [10} [11]]. For uncertainty sets
defined by the Kullback-Leibler (KL) divergence, prior works [14} [1]] rely on additional regularity
assumptions regarding the KL dual variable, which is hard to validate in practice. Moreover, the
x2-divergence defined uncertainty set has demonstrated effectiveness in certain empirical applications
(18 33]] and has also been analyzed under the (s, a)-rectangularity [24]]. Yet there are no theoretical
results or efficient algorithms for d-DRMDPs. Practical challenges: Existing practical algorithms
[14} 111 130]] depend on a dual optimization oracle (see Remark 4.2 in [10]) to estimate the robust
value function. The computation complexity of these methods is proportional to the feature dimension
d and the planning horizon H. While heuristic methods like the Nelder-Mead algorithm [15]] can
approximate the oracle, they become computationally expensive when dealing with high-dimensional
features (large d) and extended planning horizons (large H), which are common in real-world
applications. These limitations raise an important question:

Can we design efficient offline robust RL algorithms using general f -divergenceﬂ uncertainty models
with linearly structured transitions?

In this work, we provide a positive answer to this question. Inspired by the robust regularized MDP
(RRMDP) framework with the (s, a)-rectangularity condition [34} 35} [19], where the uncertainty set
constraint in DRMDP is replaced by a regularization penalty term measuring the divergence between
the nominal and perturbed dynamics, we propose the d-rectangular linear RRMDP (d-RRMDP)
framework. Specifically, -RRMDP replaces the d-rectangular uncertainty set in d-DRMDPs with a
carefully designed penalty term that preserves the linear structure. The motivations are two folds:
(1) it has been shown by [34] that the robust value function under the RRMDP is equivalent to
that under the DRMDP with (s, a)-rectangularity as long as the regularizer is properly chosen; (2)
removing the uncertainty set constraint simplifies the dual problem for certain divergences [36]],
potentially improving computational efficiency and facilitating theoretical analysis. We summarize
our contributions as follows:

* We establish that key dynamic programming principles, including the robust Bellman equation
and the existence of deterministic optimal robust policies, hold under the d-RRMDP framework.
Additionally, we derive dual formulations of robust Q-functions with TV, KL and x? divergences
defined regularization, highlighting their linear structures.

* We propose a computationally tractable meta-algorithm, Robust Regularized Pessimistic Value
Iteration (R2PVI), for offline -RRMDPs with general f-divergence regularization. For TV, KL, and
x? divergences, we provide instance-dependent upper bounds on the suboptimality gap of policies
learned by R2PVI, in a general form of (3 sup peys (po) Zthl E”*’P[Zle la (s, a)liHA;1 |

51 = s, where d is the feature dimension, H is the horizon length, ¢(s, a) is the feature mapping,
A is the regularization parameter, and /3 is a problem-dependent parameter whose specific form
depends on the choice of the divergence (seefor details). The set U*(PV) is derived
from our theoretical analysis, and it does not represent an uncertainty set in the conventional

DRMDP framework. We further construct an information-theoretic lower bound, demonstrating
that this instance-dependent uncertainty function is intrinsic.

* We conduct experiments in simulated environments, including a linear MDP setting [[10] and the
American Put Option environment [26]]. Our findings show that: 1. The d-RRMDP framework
yields equivalent robust policies as d-DRMDP with appropriately chosen regularization parameters.
2. R2PVI significantly improves algorithms designed for d-DRMDPs in terms of the computation
complexity, and is comparable to algorithms designed for standard linear MDPs.

The general f-divergence includes widely studied divergences such as Total Variation, Kullback-Leibler,
and x? divergences.



2 Problem Formulation

In this section, we briefly introduce the problem setup. Due to the space limit, more details are
postponed to[Appendix O]

Robust regularized MDP (RRMDP) We define a finite horizon RRMDP as
RRMDP(S, A, H, P, r,\, D, F), where where S is the state space, A is the action space,
H is the horizon length, P° = { P}, are nominal transitional kernels, and the (s, a) € [0, 1]
is the deterministic reward function assumed to be known in advance, A is the regularizer,
D 1is the probability divergence metric, and F is the feasible set of all perturbed transition
kernels. For any policy 7, the robust regularized value function is defined as V,Zr)‘(s) =
infper EF [ PO [re(s¢, ar) + AD(Py(-|s¢, a0) | P (+]s¢, ar))] |sn = s, ] and robust Q-function as
m(s,a) = infper EP [ S0, [re(se, ar) + AD(Py(t] s, ar)|| P2(-|s¢, ar))] |sh =s,an = a,7].
In RRMDPs, the perturbed transition kernel class F typically encompasses all possible kernels. How-
ever, for environments with large state-action spaces, F may be overly broad, including transitions
that are unrealistic or irrelevant. To address this, we introduce latent structures on transition kernels
and design regularization terms that penalize changes in the latent structure.

The d-rectangular linear RRMDP (d-RRMDP). In this paper, we propose the novel d-RRMDP,
which admits a linear structure of the feasible set and reward function. Specifically, a d-RRMDP is a
RRMDP where the nominal environment PP is a special case of linear MDP with a simplex feature
space [[6, Example 2.2], and the feasible set F involves kernels defined based on the linear structure
of the nominal transition kernel. We make the following assumption on reward and transition:

Assumption 2.1 ([6]). Given a known state-action feature mapping ¢ : S x A — R? satisfying
Zle ¢i(s,a) = 1,¢;(s,a) > 0, we assume the reward function {rj, }?_ | and the nominal transition
kernels { PP}/ | admit linear structures. Specifically, for all (h,s,a) € [H] x S x A, we have
(s, a) = (¢(s,a),0,), and PY(-|s,a) = (¢(s,a), p)(-)), where {6}, }F_, are known vectors with
bounded norm |6, ||z < v/d and pt§ = (1§ 1, 19 5, -+, 11§ 0). 15 () € A(S), Vi € [d].

With the robust regularized value function and Q-function are defined as

H
A _ inf E{Pt}{,{:h, A D 0 ‘ , =
o (s) e €A(S) T P=(bopar) ; [re(se, ar) + Mo (se, ar), D(pel [17))] s = s,7],

2.D
H

Z’/\(& a) = inf E{P i [Z [re(se, ae) + M(se, ar), D(pe||p?))] ‘Sh =S,ap =

HEA(S)H, Pr=(¢,pt) —n
where D(p|[p”) = [D(pil|pd)]icrq)- In other words, we only consider perturbed kernels
in the linear feasible set Fi, = {P = {P,}fL,|Py([s,a) = (@(s,a),pn()),pn =
(Wh1y fh2y - tind) s pni(r) € A(S),Vi € [d} The optimal robust regularized value function
and Q-function are defined as:

VA (s) = sup Vo M(s), Q(s,a) = sup QF (s, a). (2.2)
Based on (2.2), the optimal robust policy is defined as the policy that achieves the optimal robust
- . oA ™A
regularized value function, 7 = argmax, V""" (s), Vs € S.

Learning goal. An agent works with an offline dataset D with K i.i.d. trajectories collected from the
nominal environment by a behavior policy 7°. Specifically, for the 7-th trajectory {(s7,a],r7)}HL ,,
we have aj, ~ 7} (-|s}), 7}, = ri(s},a}), and s} ~ P(-|s},a},) for any h € [H]. The agent
aims to learn the optimal robust policy 7* from the offline dataset D. Given a learned policy 7, we
evaluate 7 by the suboptimality gap defined as follows

SubOpt(7, 51, A) := V" (s1) — Vi (s1). (2.3)



3 Algorithm design and theoretical guarantee

In this section, we present our |Algorithm 1|and provide theoretical guarantees. We postpone more
details on[Algorithm I|to[Appendix D] and more results of theoretical guarantee to[Appendix E}

Algorithm 1 R2PVI under TV, KL and x? divergence
Require: Dataset D, Regularizer A > 0
I: init V() =0
2: for episode h = H,--- ,1do
3:  Compute Ay, + Zle o(s],al)p(sh,af) T +91
4:  Obtain the parameter estimation b, as follows:
TV-divergence: use (D.1)

KL-divergence: use (D.2) > Duality Estimation
x2-divergence: use (D.6)
5:  Construct the penalty T's (-, ). > Pessimism
6:  Estimate Q)\(-,-) < min{(¢(-,-), 0 + w}) — Tp(-,-), H — h+1}F.
7. Construct 7y (-|-) < argmax, (Qn (-, ), Fn(|-)).a and V() <= (Qp(, ), Fn(-])) .
8: end for

Theorem 3.1. Suppose|Assumption 2.1|holds. We sety = 1 and ', (s,a) = 8 Z?=1 (-, ')1i||A;1

in [Algorithm 1l Let 6 € (0,1). A is chosen as: (TV) 8 = 16Hd/&rv; (KL)
B = 16d e"N/(H/N+&); B B = 8dH(1 + 3H/4N)\/Ep2, where &y =
210g(1024HdY/2K2/5), & = log(1024dN\2K3H/S) and & = log(192K5HSd3(1 +

H/2))3/5). Then with probability at least 1 — &, for any s € S, we have SubOpt(7, s, \) <
2B sup peyir (po) 21?:1 E”*>P[Z?:1 i (s, a)1i||A’_1 |s1 = s], where U*(PY) is the robustly admis-
sible set defined as

UNPY) = & U (s, a; 1), 3.1)
(h,s,a)€[H]xSx.A

and U (s, a; 1) = { 320, dis, @)pn() = Dlpngallis ;) < maxoes Vi) (s)/A, Vi € [d]}.

Remark 3.2. provides instance-dependent upper bounds on the suboptimality gap.
Notably, * (PY) in represents a subset of the feasible set 7. in the d-RRMDP. While
the RRMDP framework does not impose explicit uncertainty set constraints, this term naturally arises
from our theoretical analysis (see and its proof for details). Specifically, we show that
only distributions within Z/* (P?) are relevant when considering the infimum in the regularized value
and Q-functions (2.1). Intuitively, the regularization term in (2.T) should not exceed the change in
expected cumulative rewards, so it should be upper bounded by the optimal value function.

In suboptimality bounds under cases with TV, KL, x?-divergence share the same
term Sup pysx (po) Zthl E™"-P [ Z?:l |l (sh, ah)1¢||A;1 |s1 = s]. Next, we establish information
theoretic lower bounds to show that this term is intrinsic in offline -RRMDPs. We define M as a
class of d-RRMDPs and SubOpt(M, 7, s, p) as the suboptimality gap specific to instance M € M.

Theorem 3.3. Let K > max{O(d®), O(d® H? /A\?)} be the sample size, where we have regularizer
A, dimension d, horizon length H. There exists a class of d-rectangular linear RRMDPs M and
an offline dataset D of size K such that for any 6 € (0,1), s € S, divergence D among Drv, Dxr.
and D,», with probability at least 1 — d, we have inf; sup;e o SubOpt(M, 7,5, A\, D) > ¢ -

SUP peysr (Po) Zle ]E”*’P[Zle |pi(sh, ah)]_iHA;I ’sl = 5|, where c is a universal constant.

[Theorem 3.3lis a universal information theoretic lower bound for d-RRDMPs with all three diver-
gences studied in |[Appendix E| [Theorem 3.3| shows that the instance-dependent term is actually
intrinsic to the offline d-RRDMPs, and|Algorithm I|is near-optimal up to a factor 3, for which the
definition varies among different divergence metric D as shown in[Theorem 3.1]
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A Notations

In this paper, we denote A(S) as the probability distribution in the state space S. For any H € N,
[H] represents the set {1,2,3,--- , H}. For a vector v € R%, we denote v; as the i-th element. For
any function V : § — [0, H], we denote Vi,i, = minges V(s) and Viyax = maxges V(). For any
distribution 11 € A(S), we denote Var,.,, V (s) as the variance of the random variable V' (s) under s.
For any two probability measures P and () satisfying that P is absolute continuous with respect to @,
the f-divergence is defined as D (P||Q) = [ f(P(s)/Q(s))Q(s)ds, where f is a convex function
on R and differentiable on R satisfying f(1) = 0 and f(¢) = +00,Vt < 0. The Total Variation
(TV) divergence, Kullback-Leibler (KL) divergence and Chi-Square (?) divergence between P and
Q are defined by f(x) = |z —1|/2, f(z) = xlogz, f(x) = (z — 1)?, respectively. Given a scalar a,
we denote [V (s)]o = min{V(s), a}. Given an interval I, we define [V (s)] as the result of clipping
V (s) to lie within the interval I. We denote I as the identity matrix and 1; € R? as the one-hot vector
with the i-th element equals to one.

B Related Work

Distributionally Robust MDPs. The seminal works of [22] [3] [16] proposed the framework of
DRMDP. There are several lines of works studying DRMDPs under different settings. [37,[20L 21} 23|
12] studied the offline DRMDP assuming access to an offline dataset and provided sample complexity
bounds under the coverage assumption on the offline dataset. [10} 9, |13]] studied the online DRMDP
where an agent learns robust policies by actively interacting with the nominal environment. [1,20]
studied the DRMDP with general function approximation, they focused on the offline setting with the
(s, a)-rectangularity assumption. [14}[11}[30] studied the offline d-DRMDP, they proposed provably
efficient and computationally tractable algorithms and provided sample complexity bounds under
different kinds of coverage assumptions on the offline dataset.

RRMDPs. The work of [34}136] proposed the RRMDP, which can be regarded as a generalization of
the DRMDP by substituting the uncertainty set constraint in DRMDP with the regularization term
defined as the divergence between the perturbed model and the nominal model. In particular, [34]
studied the tabular RRMDP and proposed a model-free algorithms assuming access to a simulator.
[36] studied the offline RRMDP, they established connections between RRMDPs with risk sensitive
MDPs, and derived the policy gradient principle. Moreover, they studied general function approxima-
tion and proposed a computationally efficient algorithm, RFZI, for RRMDPs with KL-divergence
defined regularization terms. [36] firstly discovered that the duality of the robust value function has
a closed expression under the KL-divergence. [[19] studied the offline RRMDP with regularization
terms defined by the general f-divergence. They studied general function approximation and provided
sample complexity results. They further proposed a hybrid algorithm, which learns robust policies
with both historical data and interactive data collection, for RRMDPs with TV-divergence defined
regularization term. Existing works focus on the (s, a)-rectangularity uncertainty regularization,
which is different from ours.

C Backgound

In this section, we briefly introduce the problem setup. Due to the space limit, more details are
postponed to

Markov decision process (MDP). We first introduce the concept of MDPs, which is the basis
of our settings. Specifically, we denote MDP(S, A, H, P°,r) as a finite horizon MDP, where S
is the state space, A is the action space, H is the horizon length, pPY = {P}? }th1 are nominal
transitional kernels, and the (s, a) € [0, 1] is the deterministic reward function assumed to be known
in advance. For any policy , the value function and Q-function at time step h are defined as V;™ (s) =

EP° [Zf{:h ri(se, ar)|sp = s, 7], and QF (s, a) = EP° [Zf:h ri(se, ar)lsn = s,an = a, 7.

Robust regularized MDP (RRMDP) We define a finite horizon RRMDP as
RRMDP(S, A, H,P°, 7, \,D,F), where X is the regularizer, D is the probabil-
ity divergence metric, and F 1is the feasible set of all perturbed transition kernels.
For any policy 7, the robust regularized value function is defined as V,' A(s) =



infper EP[ 210, [re(se, ar) + AD(Py(-] s, ar)|| P2(-|s¢, ar))]|sn = s, 7] and robust Q-function as
QZ’A(S, a) =infper EP[ZfI:h [rt(st,at) + AD(Py(+|s¢, a4) || PP (-] s, at))] |sh =s,ap = a,ﬂ].

The RRMDP framework has been referred to by different names in the literature, including the
penalized robust MDP [34], the soft robust MDP [36], and the robust ¢-regularized MDP [19]].
For consistency, we adopt the term RRMDP in this work. In RRMDPs, the perturbed transition
kernel class F typically encompasses all possible kernels. However, for environments with large
state-action spaces, J may be overly broad, including transitions that are unrealistic or irrelevant. To
address this, we introduce latent structures on transition kernels and design regularization terms that
penalize changes in the latent structure, sharing similar ideas with the design of r-rectangular [3|] and
d-rectangular [[14] uncertainty sets.

The d-rectangular linear RRMDP (d-RRMDP). In this paper, we propose the novel d-RRMDP,
which admits a linear structure of the feasible set and reward function. Specifically, a d-RRMDP
is a RRMDP where the nominal environment P is a special case of linear MDP with a simplex
feature space [6, Example 2.2], and the feasible set F involves kernels defined based on the linear
structure of the nominal transition kernel. We make the following assumption on reward functions
and transition kernels:

Assumption C.1 ([6]). Given a known state-action feature mapping ¢ : S x A — R? satisfying
ijl ¢i(s,a) = 1,¢;(s,a) > 0, we assume the reward function {rj, }/_ | and the nominal transition
kernels {P?}/L | admit linear structures. Specifically, for all (h,s,a) € [H] x S x A, we have
(s, a) = (¢(s,a),0p), and PY(-|s,a) = (¢(s,a), uy(-)), where {6} FL | are known vectors with
bounded norm [|04[|2 < Vd and pf) = (1§ 1,15, 5, + 1, 0)s 15,:(-) € A(S), Vi € [d].

With[Assumption 2.1] the robust regularized value function and Q-function are defined as

H
VA (s) = inf E{Pt}{ih[ re(s¢,at) + Mp(sy, az), D 0 ‘8 :s,w},
n o (s) P M. ; [re(se, ar) + M(se, ar), D(pel[17))] |sn
L TH
Q”’A s,a) = inf ]E{Pt}th[ re(S¢, ar) + MN@(se,at), D NN lsn = s,a
o (s:a) e EAS) P (b ) ; [re(se, ar) (p(se,ar), D(pel|17))] |sn h

where D(p||p®) = [D(pi|19))ieja)- In other words, we only consider perturbed kernels in the linear
feasible set

FL={P = {Pu}12a|Pulls,a) = (d(s,a), un()),
Bn = (Bh,1; a2, ---,Uh,d)TuUh,i(') € A(S),Vi e [d}-
The optimal robust regularized value function and Q-function are defined as:

V,:”\(S) = sup Vhw”\(s)7 ;‘L’A(s,a) = sup QT (s, a).

Based on (2.2)), the optimal robust policy is defined as the policy that achieves the optimal robust
regularized value function, 7 = argmax,_ V;"(s), Vs € S.

Dynamic programming principles for -RRMDPs For completeness, we first show that the
dynamic programming principles [25] hold for d-RRMDPs.

Proposition C.2. (Robust Regularized Bellman Equation) Under the d-rectangular linear RRMDP,
for any policy 7 and any (h, s,a) € [H] x S x A, we have

T\ . T, / 0

s,a) =rp(s,a) + inf Egp (1s.a)|Viii (8] 4+ XMd(s,a), D(up ,

s a)=m(sa s ol Besrcea V)] + M@0, a), D))
Vi (8) = Egmn(ls) [Q7 (5,0)] - (C.1)

Next, we show that the optimal robust policy is deterministic and stationary. Hence, we can restrict
the policy class II to the deterministic and stationary one.

Proposition C.3. Under the d-rectangular linear RRMDP, there exists a deterministic and stationary
policy 7*, such that for any (h,s,a) € [H] x S x A, V] As) = V,f”\(s), and Q As,a) =
Q5 (5. ).



With [Proposition C.2|and [Proposition C.3| we can derive the following robust regularized Bellman
optimality equation:

Q) =)t it (B A ] + A ) Dl [45)))
Vit(s) = max Qi (s, a). (C.2)

A direct consequence of (C.2) is the optimal policy 7%* = {W;”\}thl is the greedy policy with

*, A

respect to the optimal robust Q-functions {Q;’)‘},Ijzl. Thus, in order to estimate 77, it suffices to

estimate Q}*,Vh € [H].

Offline dataset and learning goal. An agent works with an offline dataset D with K i.i.d. trajec-
tories collected from the nominal environment by a behavior policy 7. Specifically, for the 7-th
trajectory {(s],, af, r;)}thl, we have a], ~ 772('|s}:), r], = ri(s], a}), and Sha1 ™~ P,?(~|5;, a}) for
any h € [H|. The agent aims to learn the optimal robust policy 7* from the offline dataset D. Given
a learned policy 7, we evaluate 7 by the suboptimality gap defined as follows

SubOpt(#, 51, A) := V" (s1) — Vi (s1).

D Robust Regularized Pessimistic Value Iteration (R2PVI)

In this section, we first develop a meta-algorithm for d-RRMDPs with general f-divergence defined
regularization. To instantiate the meta-algorithm under specific f-divergences, we provide exact dual
formulations of Q-functions with TV, KL and y2-divergence defined regularization, respectively.

We first show that robust Q-functions admit linear representations under d-RRMDPs.

Proposition D.1. Under [Assumption 2.1} for any tuple (7,s,a,h), we have QZ’A(s,a) =

(p(s,a),0, + w,TLr’A>, where wZ’A = (wa‘,wZ;‘, ,w;::;‘)T € R9, and wZi‘ =

infﬂh,iGA(s) [Euh’i [V};’:} (8)} + )‘D(Mh,i"ug,i)] .

The linear representation of the robust Q-function enables linear function approximation for parameter
estimation. The definition of parameter w; involves a regularized optimization. For any function
V : § — R, the dual formulation of the regularized optimization problem [34] is:

Lt B, V(s) + ADs () sup [ = Ny [ £ (“=VEN)] 4],

where f* is the conjugate function of f. We propose to estimate wfl‘ through the ridge re-

gression. We define the intermediate variable w;}ﬂ-(a) | f*(a%v(‘(’))} and obtain an

: : AN . : K * a7‘7,3+1(s) _ T T\ T 2 A 21t _
estimation @y, (@) = [argmingeps Yo, (f*(—55=) — @(sh,a;) w)* + AMw|3]" =

a=V (s i . N ~
(A K é(st, a;)f*(v’f“())}] . We then estimate wy, ; by @y, ; = sup,er{—Adj ,;(a) +

a}. Leveraging [Proposition C.2|and the pessimism principle [[7]] developed to take account for the
distribution shift arising from the offline dataset, we propose the meta-algorithm in

Remark D.2. We emphasize that this general framework may encounter numerical challenges when
computing the supremum over «, especially depending on the choice of the divergence function
f. In particular, the smoothness and curvature of the conjugate function f* can significantly affect
the stability and efficiency of the optimization. For instance, some divergences lead to non-smooth
or non-strongly convex conjugates, making the maximization problem harder to solve accurately.
Therefore, while this framework is general, we highlight that divergence-specific algorithm designs
are necessary to ensure tractability and numerical stability.

Next, we instantiate the f-divergence with TV, KL and x2-divergences respectively, and specify the
estimation procedure corresponding to different divergences.

D.1 R2PVI with the TV-Divergence

In this section, we show how to get the estimation in Line ] and Line [5] of for TV
divergence defined regularization. We first present the following duality result.



Algorithm 2 R2PVI under general f-divergence
Require: Dataset D, Regularizer A > 0

1: init Vf}+1(') =0

2: for episode h = H,--- ,1do

3:  Compute Ay, + Zle o(sT,al)p(sT,al) " +91

— K T\ £% a—VL)‘ s [
4 i) i(0) (A [0 lshap) (TR
> Duality Estimation for general f-divergence

5 ”‘Z’f){,i « SupaeR{*)‘wi/},i(O‘) + a}

6:  Construct the penalty I'y, (-, -).

7. Estimate Q}(-,-) + min{(¢(-,-), W) —Tp(ey ), H—h+1}F.
8

9

9,
: Construct 7y, (+|-) < argmax, <Q,>l‘ ) n(])).a and VAC) < (Qr (), 7n(]) A
: end for

Proposition D.3. Given any probability measure u° € A(S) and value function V : § — [0, H],
if the distance D is chosen as the TV-divergence, the dual formulation of the original regularized
optimization problem is formed as: inf e a(s) Es~p V() + AD1v (1| 1°) = Ego o [V ()] Vimina-

Remark D.4. We compare the duality of the regularized problem in with the
duality of the constraint problem in DRMDPs with TV-divergence defined uncertainty sets [23]:
inf peyer, (po) EPV(s) = maXae Vi, Vinas] {EPO ()]a — p(e—ming [V (s)]) }. The former has
a closed form, while the later involves an 0pt1m1zat10n over the dual variable a.

We show later this distinction makes R2PVI much more computationally efficient compared to
algorithms designed for DRMDPs.

Next, we present the parameter estimation procedure. Given an estimated robust value function Vh’\H,

we denote a1 = ming 17,;\ 1(8") + A. By the linear representation in [Proposition D.1|, the duality
for TV-divergence in and the linearly structured nominal kernel in[Assumption 2.1]

we estimate the parameter wy, as follows

K

. ror 2
) = argmin > (Vs (5o ons — D57, 7)) + 7w, (D.1)

weRd =1

where 7 is the regularizer in the ridge regression.

Remark D.5. Thanks to the closed form expression of the duality in[Proposition D.3] R2PVI does
not need the dual optimization oracle as the DRPVI algorithm proposed for the d-DRMDP [11] see
their equation (4.4) and Algorithm 1 for more details]. DRPVI needs to solve the dual optimization
oracle separately for each dimension in each iteration, which is not necessary in our algorithm.

D.2 R2PVI with the KL-Divergence

Similar to the TV-divergence, we next derive the estimation in Line 4] and Line 5] of for
KL divergence defined regularization. We first present the duality result.

Proposition D.6. [36, Example 1] Given any probability measure 1 € A(S) and value function
V : 8§ — [0, H], if the probability divergence D is chosen as the KL-divergence, then the dual formu-
lation of the original regularized optimization problem is: inf,,ea () Es~pV (s) + ADky (1| %) =

—AlogEg 0 [e‘V(s)/*} .

The duality of KL also has a closed form. we will shown in [Appendix E| and [Appendix H the
closed form solution will reduce the computational cost and also ease the theoretical analysis.
Next, we present the parameter estimation procedure. According to the linear representation of

Q-functions in [Proposition D.]] the duality for KL-divergence in and the linearly
structured nominal kernel in|Assumption 2. 1|, we estimate the parameter w; by a two-step procedure.

. . . " . — A ~
Given an estimated robust value function Vh)\+1’ we first estimate E, o€ Vi1 (9)/2 py w), =

argmin,, cpa Zle (e*‘ﬂ/’ﬁrl (he)/X (5T, ap) Tw) ? +7||w]|3. Then we take a log-transformation

10



to get an estimation of wy:
W) = —Alog max{w),e 1/} (D.2)
Note that the max operator is to ensure the ridge-regression estimator is well-defined to take the
—H/X Vi1 (s)/A
s~pu0€ + .

Remark D.7. The algorithm proposed by [[14] relies on dual optimization oracles under DRMDPs
with KL divergence defined uncertainty sets, while our algorithm takes advantages of the closed-form
duality solution. Their algorithm also relies on an additional value shift technique to guarantee the
estimated parameter is well-defined to take the log-transformation, while our algorithm does not.

log-transformation, and e is the lower bound on E

D.3 R2PVI with the y?-Divergence

It remains to derive the estimation in Line 4 and Lineof Algorithm 2|for y2-divergence defined
regularization. We first present a result on the duality of the x“-divergence.

Proposition D.8. Given any probability measure u° € A(S) and value function V : & — [0, H],
if D is chosen as the y2-divergence, the dual formulation of the original regularized optimization
problem is:

1
inf E,.,V AD, 2 0 = Eeo,0[V(8)]o — — Varew,o[V(s)]a}.
Lt EaeuV(s) + ADse (ulln”) ae[viffvmx]{ w0V ($)]a = 5 Varswpo[V(s)]a }

(D.3)

Next, we present the parameter estimation procedure. According to the linear representation of
the Q-function in[Proposition D.1| the duality for y2-divergence in[Proposition D.8|and the linear
structure of the nominal kernel in |Assumption 2. ll, we estimate the parameter wy as follows. First,

we propose a new method motivated by the variance estimation in [11]] to estimate the variance of the
value function in (D.3). Specifically, given an estimated robust value function Vh>‘+1 and dual variable

a, the estimations of E.,0[V; 1 (s)]a and E,,0 [Vi, (5)]2 are:

K 1
S 9 . 9 T T T
BP0, ()] = [argmmZuvhﬁl(shH)]a — (s af)Tw)? + kuz] . D4
weRd [0.H]
o ) K ) 1
Eﬂh@[vmsni:[argxgidng[vhﬁl(s;m]i—¢><s;,a;>Tw>2+wwn%][ ;@9
we — 0,H

where the superscript ¢ represents the i-th element of a vector. Then we construct the estimator 113});

element-wisely:

A~ A 1 A 0 A ]_ ~ 0 A
@ = max FHRa T2 (8] + — (BER [V (8)]0)2 — —EHFh [V, (s 2l
’ Oée[(VhAJrl)min»(VhA#»l)max] [ h+1( )] 4)\( [ h+1( )] ) 4\ [ h+1( )] }
(D.6)

‘We note that the above parameter estimation procedure involves an optimization, which is distinct
from that of TV and KL, since the duality of x? does not admit a closed form expression. Specifically,
it estimates the parameter w; element-wisely. For each dimension, it solves an optimization problem
over an estimated dual formulation. This parameter estimation procedure shares a similar spirit with
that in d-DRMDPs with TV divergence defined uncertainty sets [L1}[30].

To conclude, we summarize the TV, KL and x? divergences instantiation of [Algorithm 2in [Algo]

E Suboptimality Analysis

In this section, we establish theoretical guarantees for algorithms proposed in First,
we derive instance-dependent upper bounds on the suboptimality gap of policies learned by the
instantiated algorithms. Next, under a partial coverage assumption on the offline dataset, we present
instance-independent upper bounds for the suboptimality gap and compare them with results from
previous works. Finally, we provide an information-theoretic lower bound to highlight the intrinsic
characteristics of offline d-RRMDPs.
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E.1 Instance-Dependent Upper Bound

Theorem E.1. Suppose |Assumption 2.1| holds. We set v+ = 1 and T'j(s,a) =
62?11 qui(~,~)1i||A;1 in |Algorithm 1} Let 6 € (0,1). S is chosen as: (TV)
16Hd/Cry; (KL) B = 16d\et/*\/(H/X + &) (x?) B = 8dH(1 + 3H/4\)\/&2, where
&rv = 2log(1024HdY2K?/6), &k = log(1024dN\2K2H/5) and &2 = log(192K°H®d3(1 +
H/2))3/58). Then with probability at least 1 — &, for any s € S, we have SubOpt(7, s, \) <
2B 8uUp peyr (po) ZhH:1 E“**P[Zle | (s, a)li||A;1 |s1 = s], where U*(PY) is the robustly admis-
sible set defined as

WP = Q  Uplsamp),
(h,s,a)e[H]xSx.A

and Up (s, a; 1)) = { 30, @(s, @) () Dlpnillisf ;) < maxees Vi) (s)/A, Vi € [d]}

Remark E.2. [Theorem 3.1] provides instance-dependent upper bounds on the suboptimality gap,
closely resembling the bounds established for algorithms tailored to d-DRMDPs with TV divergence
defined uncertainty sets [11,30]. Notably, 2/*(P°) in represents a subset of the feasible
set Fr in the d-RRMDP. While the RRMDP framework does not impose explicit uncertainty set
constraints, this term naturally arises from our theoretical analysis (see Lemma I.T]and its proof for
details). Specifically, we show that only distributions within /* (P") are relevant when considering
the infimum in the regularized value and Q-functions (Z.I). Intuitively, the regularization term in
(2:1) should not exceed the change in expected cumulative rewards, so it should be upper bounded by
the optimal value function. Similar terms are also found in [36} Definition 1] and [20, Assumption 1].

E.2 Instance-Independent Upper Bound

Next, we derive instance-independent upper bounds on the suboptimality gap, building on
To achieve this, we adapt the robust partial coverage assumption on the offline dataset,
originally proposed for d-DRMDPs (Assumption A.2 of [1]). This adaptation is straightforward and
involves replacing the uncertainty set in the -DRMDP framework with the robustly admissible set
defined in (3.1).

Assumption E.3 (Robust Regularized Partial Coverage). For the offline dataset D, we assume that
there exists some constant ¢! > 0, such that V(h, s, P) € [H] x S x U*(P?),

Ap = A+ K-l B P [¢2(s,0)1:1] |51 = s].

Intuitively, [Assumption E.3|assumes that the offline dataset has good coverage on the (s, a)-space
visited by the optimal robust policy 7* under any transition kernel in the robustly admissible set.

With[Assumption E.3|and [Theorem 3.1} we present instance-independent bounds as follows.

Corollary E.4. Under the same setting as|{Theorem 3.1| if we further assume [Assumption E.3|holds,

then for any § € (0,1) and s € S, with probability at least 1 — §, we have

* (TV) SubOpt(7,s,\) < 16 H2d*\/érv/V T K,
* (KL) SubOpt(#, 5,A) < 16 e™ d2H (X + ¢ )2 /V T K
* (x?) SubOpt(#, s, A) < 8d2H?(1 + 35) /&2 /V K.

We compare with algorithms proposed in previous works for the offline -DRMDP in
For the case with TV-divergence, the suboptimality bound of R2PVI matches that of P2MPO
[1]] in terms of d and H. DRPVI [11]] and DROP [30] admit tighter bounds on the suboptimality gap,
simply because their bounds are derived based on advanced techniques, such as reference-advantage
decomposition [32]. We remark that our analysis can be tailored to adopt the same techniques and
assumption, and thus get tighter bounds.

For the case with KL-divergence, existing theoretical results [14} 1] rely on an additional regularity
assumption regarding the KL dual variable, stating that the optimal dual variable for the KL duality
admits a positive lower bound 8 under any feasible transition kernel (see [[I, Assumption F.1]).
However, this assumption presents the following drawbacks. First, it is challenging to verify the
assumption’s validity in practice; second, even if such a lower bound holds, there is no straightforward
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method to determine the magnitude of the lower bound. It can be seen from that the
suboptimality bound of R2PVI matches that of DRVI-L [14] in terms of d and H. However, our result
depends on A which is the regularization parameter and can be arbitrarily chosen, while the result
of DRVI-L depends on 3 which can be extremely small such that \/BeH /8 > \/Xef/ Moreover,
[36E] studied the RRMDP with the regularization term defined by the KL-divergence in their Theorem
5 and the suboptimality bound also depends on the term v/Xe?’/*. Further, comparing the bounds
of P2MPO [1] and R2PVI, we can qualitatively conclude that the regularization parameter \ in
d-RRMDPs plays a role analogous to 1/p in d-DRMDPs. This relation aligns with the intuition that
a smaller A in d-RRMDPs or a larger p in d-DRMDPs can induce a more robust policy.

Table 1: Comparison of the suboptimality gap between this and previous works. The * symbol
denotes results that require an additional assumption (Assumption 4.4 of [[14] and Assumption F.1 of
[L]) on the KL dual variable, an assumption not required by our R2PVT algorithm. The parameter p
represents the uncertainty level in DRMDPs, while A represents the regularization term in RRMDPs.
The Coverage column indicates the assumption used to derive the suboptimality gap: the robust
partial coverage assumption refers to Assumption A.2 of [1], and the regularized partial coverage

assumption represents [Assumption E.3|

Algorithm Setting Divergence Coverage Suboptimality Gap
Bl}f VI ADRMDP TV full O(dH2K~1/2)
B%?P d-DRMDP TV robust partial O(d3PH?K~1/?)
EZJMP 0 (V) d-DRMDP TV robust partial O(d?H?K~1/?)
R2PVI-TV (ours) d-RRMDP TV regularized partial O(d*H?K~1/?)
BILVI'L d-DRMDP KL robust partial  O(,/Be"/Ed? H3/2K—1/2)*
FaMPO (KL) d-DRMDP KL robust partial O(e" B2 H?p~1 K —1/2)*
R2PVI-KL (ours) d-RRMDP KL regularized partial ~ O(v e/ X2 H3/2 K—1/2)
R2PVI-)? (ours)  d-RRMDP X2 regularized partial ~ O(d2H2(1 + H/\)K~1/?)

For the case with y? divergence, our bound is the first result in literature. Compared with the TV
divergence, the complexity is higher due to the more complex geometry and dual formulation of >
divergence. This observation aligns with findings of tabular DRMDPs with TV and 2 divergence
defined uncertainty sets [24]. While existing works have focused on the (s, a)-rectangular structured
regularization, our work fills the theoretical gap in RRMDPs by introducing the d-rectangular
structured regularization, a contribution that may be of independent interest.

E.3 Information-Theoretic Lower Bound

We highlight that in[Theorem 3.1} suboptimality bounds under cases with TV, KL, x2-divergence share

the same term Sup pcysx (po) ZhHﬂ E”*’P[Z?ﬂ |¢i(sh,an)Li[|o-1|s1 = s]. In this section, we
- - h

establish information theoretic lower bounds to show that this term is intrinsic in offline d-RRMDPs.

In order to give a formal presentation of the information-theoretical lower bound, we define M as

a class of d-RRMDPs and SubOpt(M, 7, s, p) as the suboptimality gap specific to one d-RRMDP
instance M € M. We state the information-theoretic lower bound in the following theorem.

Theorem E.5. Let K > max{O(d®), O(d®H?/)\?)} be the sample size, where we have regularizer
A, dimension d, horizon length H. There exists a class of d-rectangular linear RRMDPs M and
an offline dataset D of size K such that for any 6 € (0,1), s € S, divergence D among Dry, Dxp
and D, 2, with probability at least 1 — J, we have infz sup,,c o SubOpt(M, 7, s,\, D) > c -

SUP peygr (PO) Zle ]E”*’P[Zle |pi(sh, ah)liHA;1 |sl = s|, where c is a universal constant.

is a universal information theoretic lower bound for d-RRDMPs with all three diver-
gences studied in [Appendix E] [Theorem 3.3| shows that the instance-dependent term is actually

3[36)] studied the infinite horizon RRMDP with a discounted factor v, we replace the effective horizon length
ﬁ by the horizon length H in the finite horizon setting.
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intrinsic to the offline d-RRDMPs, and [Algorithm 1]is near-optimal up to a factor 3, for which the
definition varies among different divergence metric D as shown in[Theorem 3.1} The proof outline
of is inspired by that of Theorem 6.1 in [[T1], but here we need careful treatment on
bounding the robust regularized value function by duality under different choices of f-divergences.
We provide more details on the hard instance construction, the proof techniques, and the comparison

with existing results in [Appendix J|

s —e— PEVI e A=0.1 N —e— DRPVI ’ —a— PEVI (base)
» —— R2PVITV 15 \ —— A=02 - —e— R2PVI . —e— R2PVI
e —+— R2PVI-KL e A=03 o . r --- DRPVI
B . N

R2PVIY? BN AR~ e+ A=06 | & | o 7 g Esss

Average reward
Average reward

Average reward
Average Reward

o 03 B 0 oo o o o6 s [ 7 0 o s s b T2 03 04 05 06 07 o8 49 10
Perturbation Perturbation pIA price-up probability

(a A=0.1 (b) R2PVI () g=0.9 (d (@ to down)
A= 1,3,5p =
0.2,0.1,0.025.
Figure 1: Simulated results for linear MDP. In|Figure 1(a) and [Figure 1(b), the z-axis refers to the
perturbation in the testing environment. In|Figure 1(c), the z-axis represents different robust level
p and regularized penalty A, respectively. | ows the robustness of algorithms under

different robust level p (DRPVI) or regularlzatlon penalty A (R2PVI).

.| ™= PEVI (base) 16{ BB PEVI (base)
R2PVI-TV (ours) 10l R2PVI-TV (ours)
121 mmm R2PVI-KL (ours) mmm R2PVI-KL (ours)
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(a) execution time w.r.t N. (b) execution time w.r.t d.

Figure 2: Simulation results for the simulated American put option task. [Figure 2(a)| shows the
computation time of R2PVI with respect to the sample size V. [Figure 2(b)|shows the computation
time of algorithms with respect to the feature dimension d.

F Experiment

In this section, we conduct numerical experiments to explore (1) the robustness of R2PVI regarding
dynamics shifts, (2) how the regularizer A affects the robustness of R2PVI, and (3) the computation
cost of R2PVI. We evaluate our algorithm in two off-dynamics problems that have been used in the
literature [14][10]. All experiments are conducted on a machine with an 11th Gen Intel(R) Core(TM)
15-11300H @ 3.10GHz processor, featuring 8 logical CPUs, 4 physical cores, and 2 threads per core.

Baselines. We compare our algorithms with three types of baseline frameworks: (1) non-robust
pessimism-based algorithm: PEVI [[7]], (2) algorithms for d-DRMDPs with TV divergence defined
uncertainty sets: DRPVI [11]], (3) algorithms for d-DRMDPs with KL divergence defined uncertainty
sets: DRVI-L [14]. We do not implement P2MPO and DROP mentioned in[Table T]in our experiment,
due to the lack of code base and numerical experiment in their works.
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F.1 Simulated Linear MDPs

We borrow the simulated linear MDP constructed in [[10] and adapt it to the offline setting. We set the
behavior policy 7° such that it chooses actions uniformly at random. The sample size of the offline
dataset is set to 100. For completeness, we present more details on the experiment set up and results
in[Appendix G|

In we compare R2PVI with its non-robust counterpart PEVI [7]. We conclude that PEVI
outperforms R2PVI when the perturbation of the environment is small, but underperforms when the
environment encounters a significant shift, which verifies the robustness of R2PVI. The regularizer A
controls the extent of robustness of R2PVI by determining the magnitude of the penalty as shown
in[Proposition C.2| By [Figure 1(b), we conclude that a smaller A leads to a more robust policy. To
illustrate the relation between the d-RRMDP and the d-DRMDP, we fix a target environment, and
then test R2PVI with different A and DRPVI [11]] with different p. We find from [Figure 1(c)| that the
ranges of the average reward are about the same for the two algorithms, though the behaviors w.r.t. A
and p are opposite. Thus, we verify that the regularizer X plays a similar role in the RRMDP as the
inverted robustness parameter 1/p in the DRMDP.

F.2 Simulated American Put Option

In this section, we test our algorithm in a simulated American Put Option environment [26, [37] that
does not belong to the d-rectangular linear RRMDP. This environment is a finite horizon MDP with
H = 20, and is controlled by a hyperparameter py, which is set to be 0.5 in the nominal environment.
We collect the offline data from the nominal environment by a uniformly random behavior policy. An
agent uses the collected offline dataset to learn a policy which decides at each state whether or not to
exercise the option. To implement our algorithm, we use a manually designed feature mapping of

dimension d. For more details, we refer readers to
All experiment results are shown in[Figure 2] In particular, from[Figure 2(a)|and [Figure 2(b)| we can

conclude that the computation cost of R2PVI is as low as its non-robust counterpart PEVI [7]], and
improves that of DRPVI [11] and DRVI-L [14] designed for the -DRMDP. This is due to the closed
form duality of TV and KL under the d-RRMDP framework. From we conclude that
R2PVI not only demonstrates robustness to environment perturbations but also matches DRPVTI’s
performance for appropriate values of the robust regularizer A and uncertainty level p.

G Additional Details on Experiments

In this section, we provide details on experiment setup.

G.1 Simulated Linear MDPs

Construction of the Simulated Linear MDP We leverage the simulated linear MDP instance
proposed by [10]. The state space is S = {z1, - , 25} and the action space is A = {—1,1}* C R%.
At each episode, the initial state is always x;. From 1, the next state can be 2, x4, x5 with probability
defined on the arrows. Both x4 and x5 are absorbing states. x4 is the fail state with 0 reward and
x5 is the goal state with reward 1. The hyperparameter £ € R* is designed to determine the reward
functions and transition probabilities and ¢ is the parameter defined to determine the environment. We
perturb the transition probability at the initial stage to construct the source environment. The extend
of perturbation is controlled by the hyperparameter ¢ € (0, 1). For more details on the simulated
linear DRMDP, we refer readers to the Supplementary A.1 in [10].

Hyperparameters The hyper-parameters in our setting are shown in The horizon is 3, the
B,7, 8 are set the same in all tasks, the ||£]|; is set as 0.3, 0.2, 0.1 in in order to illustrate the

versatility of our algorithms.
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Table 2: Hyper-parameters.

Hyper-parameters Value
H (Horizon) 3

[ (pessimism parameter) 1

o 0.1

) 0.3
1€l 0.3,0.2,0.1

G.2 Simulated American Put Option

Construction of the Simulated American Put Option In each episode, there are H = 20 stages,
and each state h, the dynamics evolves following the Bernoulli distribution:

1.02sp, w.p po
= G.]
Sht1 {0.983h, wpl—po G1)

where po € (0, 1) is the probability of price up. At each step, the agent has two actions to take:
exercise the option ap, = 1 or not exercise a = 0. If exercising the option a;, = 0, the agent
will obtain reward r;, = max{0,100 — s;,} and the state comes to an end. If not exercising the
option ap = 1, The state will continue to transit based on and no reward will be received. To
implement our algorithms, we use the following feature mapping:

~ Jler1(sn) -+ 0a(sn),0] ifa=1
¢ (sn,a) = {[0,--- ,0,max {0,100 — s5}] ifa=0"

where ;(s) = max {0,1 — |s, — s;| /A}, {s;}¢_, are anchor states, s; = 80 5,41 — s; = A and
A = 60/d. For more details on the simulated American put option environment, we refer readers to
the Appendix C of [[14].

Offline Dataset and Hyperparameters We set pg = 0.5 in the nominal environment, from which
trajectories are collected by fixed behavior policy, which chooses a;, = 0. The 8 = 0.1 and y = 1 are
set hyper-parameters in all tasks. For the time efficiency comparison in [Figure 2(a)|and [Figure 2(b)]
we counted the time it took for the agent to train once and repeated 5 times to take the average.

H Proof of Properties of d-RRMDPs

In this section, we provide the proofs of results in [Section 2| and [appendix D} namely, the robust
regularized Bellman equation, the existence of the optimal robust policy, and the linear representation
of the robust regularized Q-function under the d-rectangular linear RRMDP.

H.1 Proof ofProposition

Proof. We prove the a stronger proposition by induction from the last stage H. Specifically, be-
sides the equations in hold, we further assume that there exist transition kernels

{f YL, P, = (¢, 1), such that for any (h, s) € [H] x S,

~ H H
‘/}ZT,/\(S) — E{Pt}t:h |:Z [Tt(staat) + )\<d)(8t,at),D(lltHIJJt0)>‘Sh = S,7T:| . (Hl)
t=h

As there is no transitional kernel involved, the base case holds trivially. Suppose the conclusion holds
for stage h + 1, that is to say, there exists P,,t =h + 1,h + 2, --- | H such that

H
V;:r+)i(8) =EPHonn [ Z [Tt(sn at) + AP(st, ar), D(ﬂt”“?)] ‘Shﬂ = 877T:|'
t=h+1
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For the case of h, recall the definition of 7, we have

H

A _ . (P2, 0 ‘ _ _
= f E h A D = =
Q0= oy B D [0 4 M0 DU )] o = .0 = 7]
=rp(s,a) + inf Mo (sp,ap), D 0
(80 F o gy N Pn an), Dpnllp))
H r X |
+/Ph(d5/|8’a)E{Pt}‘:h“ Z [re(se, ar) + M(se, ar), D(pe| o)) [shs1 = 8’7
§ -~t=h+1 i
<rp(s,a)+ inf Mo (sn,an), D(pn|| 1
< 7n(s,a) N N (@(sn,an), D(pnllpen))
A H r H 7]
—i_/Ph(als/|5aG)E{Pt}t:h+1 Z [Tt(st,at)+>\<¢($t,at)»D(ﬂt||“g)>]’5h+1:3/a77
S “t=h+1 -
= 5 + inf A 5 7D 0 +]Es’~ s,a Vﬂ-y)\ ! 5
(900 s gy MNP an) D(pllpn)) PaCls,) Vit (s7)]
(H.2)
where (H.2)) follows by the inductive hypothesis of V," +’}( ). On the other hand, we can lower bound
Q7" (s,a) as
7 (s,a)
=rp(s,a) + inf Mo (sn,ap), D 0
(80 F L g N an), Dlpnl )
. H
+ . Ph<ds’s,a>E“’f}”“[ > [mst,at)+A<¢<st,at>,D<m||u?>>])ShH=s””}
S t=h+1
>rp(s,a) + inf MNo(sp,ap), D 9 H.3
> 7n(s,a) N . (@(sn,an), D(pnllper)) (H.3)
. H
+ [ Pr(ds'|s,a inf E{Pt}t=h+1[ re(se, ) + M(se,ar), D 0 ’s zs',w}
/s n (ds'] )meA(S)d7Pt=(¢,m> t:zh-:i-l[t(t t) (@(st, ar) (#t”#tm h41
= (s, a) + inf Mep(sny an), D(pnllph)) + Egmp, (o Via (), (HA)

nrEA(S)Y, Pr={¢,pn)

where (H.3) follows by the Fatou’s lemma, (H.4) follows by the definition of V" _;i (s). Hence,
combining the two above inequalities, we conclude the proof of the first equation. Next we focus on

the proof of the lb by which we aim to proof the existence of transition kernel {15,5}{[: ,- By the
fact that

A . 0
s, a) =rp(s,a) + inf Egp (1s.a)| Vs + A , D ,
B (s,a) = (s, a) uheAw)d,Ph:(qs,m[ Puisa) VA (8)] + Mo (s, a), D(pal|17))]

we notice that the inf problem above is constraint by the distance D. Therefore by Lagrange duality
and the closeness of distribution A(S), there exists 1, € A(S)?, P, = (¢, f15,) such that

QpNs,0) = Th(5,0) + By, ooy [VEEA(S)] + Mebls, @), D(nl ). (HLS)
Now it remains to proof (C-1). By the definition of V,"*(s), we have

VA (s) (H.6)

H
- inf E{P i A D (|| ‘ -
uteA(S)bI}Pt:@,m ; re(se, ar) + AM@(se, ar), (“t||“t)>] Shp = $5,T

Sp = S,ap = a,m

H
= inf “ >Z 7(a|s)EPHEn {Z (s, ar) + M@(se, ar), D(pe| 1))
He t=h

A(S)d, Py=
M EA(S), Py acA
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H

< Z 7r(a|5)E{Pt}tH:h {Z [7e(se,ae) + Mo (se, ar), D(ﬂtHN?»]

acA t=h

Sp = S,ap = a, T

= > w(als)QF (s, a), (H.7)

acA

where (H.7) comes from (H.3)) and the inductive hypothesis. On the other hand, by the definition of

™ (s,a), we have

> w(als)Qn(s,a)

acA
— inf E{PIL, A D 0 ‘ = =
GEZAW((”S)HteA(S)}ir,lPt:<¢,ut> [7e(50,ae) + M(se, ar), D)) |sn = s,an = a, 7

M= i1

< inf > (a|s)EPIiEn [

T EA(S) Pr=(, 1) acA

= V7 (s), (H.8)

[Tt(sta ar) + M@(se, ar), D(Ht”#‘t)»] ‘Sh =S5,ap = aﬂf}

t

Il
>

where (H8) comes from the definition of V,"*(ss). Combining the two inequalities (F7) and (FL8),
we have

A T
Vi (8) = Eann()s) [QF (5.0) .
This proves the (C.1I) for stage h. Therefore, by using an induction argument, we finish the proof of

Proposition C. O

H.2 Proof of Proposition C-3
Proof. We define the optimal stationary policy 7* = {7} }/L | as: for all (h,s) € [H] x S,

*(s) = argma; {r s,a) + inf Eymp, (1500 [V (8)] + Mep(s,a), D 0 ]
) = wrgms (s, )+ B [ ] 46060, Dl )]

Now it remains to show that the regularized robust value function V" ’/\, h A induced by policy

7* is optimal, i.e., for all (h, s) € [H] x S,
V}ZT*’/\(S) = VN (s), Z*’)‘(s,a) = Q}\(s,a).

By the (C2), we only need to prove the first equation above, then the optimality of the @ holds
trivially. we prove this statement by induction from H to 1. For stage H, the conclusion holds by:

Vi (s) = sup Vi \(s)
=su inf ]EPH ra\sg,a +A SH,Q 7D i ‘S 2377T:|
npuHeA(S)d,PH=<¢,HH> [ (sm,an) (D(sm,am) (HH||HH)>] H

=sup |rg(sy,my(s + inf Mo(s,a), D 0
w [l o)+ mE N5, a) Dlurl)]

= VI M)
Now assume that the conclusion holds by stage i + 1. Hence, we have that for all s € S,
LN *, A
Vh+1 (s) = Vh+1(5)'

For the case of h, by (C.2)), we have

VA (s)
[ ON
:EGNW}:(.‘S)[ h (s,a)}
—E, . [ , inf Eyp (1o [V 2 ()] + AMb(s,a), D 0 }
avmicls (s 4 nf oy Bearisn VT ()] + M@(s, 0), D(pn )]
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—E, . [ , inf By p (oo VI ()] + Mb(s,a), D 0 }
e [hs @)+t B e [VEAG)] + A(5,0). DGl )]

(H.9)
_ . f E ' ) *,)\ / )\ ,D 0 ,
mag [ (s,0) ¥ pnea =gy L ~Pallea [Vea (] + 2o, ) (a1
(H.10)

where (H.9) holds by the inductive hypothesis, (H.I0) holds by the definition of 7*. On the other
hand, recall the definition of V;*(s), then for any s € S, by (C:2) we have

Vi)
= sup V;7(s)
A
= sup anﬂh('|s) {Qh (sv a)}

=g ; A 0
= SUp Barmy(1s) r(s,a)+ ene o Brnriciao V(] +M(0(s,0), Dyl 125))] |

< U B, (1o 7 (5,0) + inf Eyrmor o) (Vi ()] + Meb(s. @), Dlpanl )]
<supEonr, (o [rulsa)+ il Bep s (Vi3 (8] + M@(s a), Dl )]
(H.11)
- , inf E,op tom |V, A D 0 }
max {rh(s a) +uheA(S)‘li?Ph:(¢,uh> [ PuClsa) | h+1( s')] + Mo (s, a), D(pal|pp))]
=V Ns), (H.12)
where holds by the fact that Vh”;i’\(s) < V,frl(s), Vs € S, holds by li In turn,

we trivially have V;* As) > 174 *”\(s) due to the optimality of the value function. Hence, we obtain
Vr ’\(s) =V ”\(3), Vs € S. Therefore, by the induction argument, we conclude the proof. O

H3  Proof of Proposiion D]
Proof. By we have

A : TN () 0
(s, a) = , f Egp, (1s.a)| Vi A ,a),D
Pea=rsa it B VE)]  AG( ). Dl 66))]
= <¢(s’a)70h> +uheigf(5)d |:<¢(s7a)7ES,N”h[ h+1 +)‘Z¢z 5 a Nh ZH;“h z)]
= (¢(s,a),61) + (&(s,a), 7T)‘>
:<¢s,a,0h+wh >
Hence we conclude the proof. O

H.4  Proof of Proposition D3

Proof. The optimization problem can be formalized as:

inf Eg, V(s) + ADry (| ") subject toZu(s) =1,u(s) >0.
N

Denote y(s) = pu(s) — u°(s), the objective function can be rewritten as:

EonpiV (5) + ADry (ul|1”) ZM )+ A2 |p(s) -

_ ZV $)(y(s) +10(s) + /2 ly(s)
= B0V (s) + Z V(s)y(s) +2/2 ) ly(s)
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Recall the constraint > y(s) = 0,y(s) > —u’(s), by the Lagrange duality, we establish the
Lagrangian function:

£=min max (S ly(s)(V(s) = uls) = 1)) + A/2ly(s) Zu (s)).

y p>0,reR

In order to achieve the minimax optimality, for any s, term y(s)(V(s) — u(s) — ) + A/2]y(s)]
should obtain a bounded lower bound with respect to y(s), which requires that (s), r should satisfy
the following conditions:

Vs e S, |V(s) —u(s) —r < A/2= meabg({V(s) —u(s)} — néig{V(s) —u(8)} <A
With the constraint above, we denote g(s) := V(s) — u(s), we have

£= e ain { 3 (V) = ple) =)+ 4/2u(e)] = 3D uleli(e)

pn>0reR y

max —
maxses (V(s)—u(s))—minses (V(s)—p(s)) <A ZN

= . max 9(5)<V(s) {Zg } sNMUV( )

max; g(s)—ming g(s)<
Thus we have,
Es, V(s) + ADpy (]| %)

=E,.0V(s)+ { } oV
srop0 ( ) max, g(s)—min, g(s)</\,g 5)<V(s) Z g{s 10 ( )
= B0 [V (8)Vanin 25 (H.13)
where (@) holds by directly solving the max problem. Hence we conclude the proof. O

HS  Proof of Proposiion D

Proof. Similar to the proof of |Proposition D.3| define y(s) = u(s) — u°(s), with lagrange duality,
we have:

L= ZV )+ AZ y Z (1°(s) +y(s)uls) =D y(s)
=X (Ay y()(V(s) = ls) =) + D VI)(s) = D n(s)u(s) )

Noticing that £ is a quadratic function with respect to y(s), therefore after we fix the term p(s), r
and compute the min with respect to y(s), we have

£="n Z BV () = () = )2+ S V((s) = 3 0 (s)u(s)
1 S
- [E‘Mo WV b~ (BagrV — )] + BaolV — 1 (H.14)
1
= IESN'U,O [V - ,U] — ﬁ Varswuo [V — M
1
- sup Egnpo [V(s)]a — N Var;,0 [V(8)]as (H.15)
a€[Viin,Vmax]

where (H.T4) comes from maximizing r, and (H:I3)) comes from maximizing y(s), s € S and the
observation that ;1(s) = 0 or V (s),Vs € S when achieving its maximum. Hence, we conclude the
proof. O

I Proof of the Upper Bounds of Suboptimality

In this section, we prove [Theorem 3.1|and [Corollary E.4] For simplicity, we denote ¢}, = ¢(s7, aj,).
According to the robust regularized Bellman equation in|Proposition C.2} we first define the robust

20



regularized Bellman operator: for any (h, s,a) € [H] x S x A and any function V' : S x A — [0, H],

Ay = inf Eyop, (. A D ONT.
771 (S, a) Th(sv a) + I—L}LEA(S)‘}Z{IP}L=<¢'7H;L) [ s’ ~Py,(+|s,a) [Vh+1( )} + <¢( )7 (/J’h| ‘/’l’h)”
n))

We have Q) (s,a) = TAV (s, a).

I.1 Proof of Theorem 3.1]

We start from bounding the suboptimality gap by the estimation uncertainty in the following Lemma.
Lemma L.1. If the following inequality holds for any (h, s,a) € [H] x § x A:

|771)\‘7h>\+1(sv a) - <¢(87 a)? 11)2>| < Fh(s7 a),
then we have

H

SupOpt(t,s,A) <2 sup Y E™ P [Ty(sp,an)|s1 = s].
PeUNPO)

LI.1.1 Proof of[Theorem 3.1|- Case with the TV Divergence

Algorithm 3 Robust Regularized Pessimistic Value Iteration under TV distance (R2PVI-TV)
Require: Dataset D, regularizer A\ > 0, v > 0 and parameter

1 init V4, () =0

2: for episode h = H,--- ,1do

S A X B, )@l )T+l

4: ah+1 — IHIIISQS{Vh+1( s)F+A
50y Ay (27:1 é(sh, a;)[‘}h)\+l(sz+l)](¥h+1) < Estimated by
6 Tu(y) = BEL 100 )il
7.
8
9

Qn(,) ¢+ min{e(, )" (On +p) — Th(, ), H — h+ 117
5

it () = argmax, (Qh( ), mu ()4 and V() < (QR (), Fn(]))a

end for

For completeness, we present R2PVI specific to the TV distance in [Algorithm 3] which gives a closed
form solution of (D.I). Now we present the upper bound of weights as follows.

Lemma L.2. (Bound of weights - TV) For any h € [H], we have

N Kd
lwille < HVA, |l l2 < H,y/ B

Proof o - TV. The R2PVI with TV-divergence is presented in [Algorithm 3] We derive
the upper bound on the estimation uncertainty I';,(s, a) to prove the theorem. We first decompose the

difference between the regularized robust bellman operator 777’\ and the empirical regularized robust
bellman operator 7?‘ as

’E)\VhAJrl (S’a) - (d)(s,a}ﬁ;,’))‘ 1.2)

d
= Z bi(s, a)(wi/),i - wﬁz)
i=1

d
= > tils a)ti(w) — )|
i=1

d d K
= 7Y dils, ) LA wp + > dils, a) LAY d(sh, )i (Vi ()] ) (13)

i=1 =1 T=1
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i=1

d d K
<) N5, a)Lillgr lwplla-s+ D Iils, a)Lilla- 11D @(sh ai)mn (Vida (9)ans) a1
N— =1 =1

()
(i)
14)
where ([.3)) comes from the definition of 12;;}, while ([:4) follows by the Cauchy-Schwartz inequality.
o 13

By|Lemma I.2{and the fact that Vhﬁ_l(s) < H and v = 1, we have
@) = lwplla- < [AZY2will2 < HV,

where the last inequality comes from the fact that ||A; || < y~!. Now it remains to bound term
(ii), as Vh’\Jrl depends on data, which makes it difficult to bound it directly by concentration equality.
Instead, we consider focus on the function class V,,(Rg, Bo,7):

Vh(R()vBOa’Y) = {Vh(«I,O,Q,A) 1S = [OaH]v ||0||2 < R07B € [0780]77min(Ah) > 7}’

where V;,(7;0, 3, A) = max,c4[¢p(s,a) 0 — 52?:1 ||¢Z-(s,a)||A;1][07H_h+1]. By
and the definition of \A/h*H, when we set Ry = H/Kd/v, By = 3 = 16 Hd\/Erv, it suffices to show
that V;‘H € Vp41(Ro, Bo, ). Next we aim to find a union cover of the V;,11(Rg, Bo, ), hence
the term (ii) can be upper bounded. Let N}, (e; Ry, By, ) be the minimum e-cover of Vj,(Rg, Bo, A)
with respect to the supreme norm, N ([0, H]) be the minimum e-cover of [0, H] respectively. In
other words, for any function V' € Vj,(Ry, By, ), ant1 € [0, H], there exists a function V' €
Vi(Ryo, Bo,7) and a real number o € [0, H] such that:

sup [V (s) = V'(s)] <€, e — apgr] < e
sES

By Cauchy-Schwartz inequality and the fact that ||a—|—b||2A,1 <2 ||aHf\,1 +2 ||b||f\,1 and the definition
h h h
of the term (ii), we have

2

K ) 2 K ) )
i) <2 - @lshan (Vo) |, +2|| D2 @57 abmi (i slanss = Vidala)
T=1 h T=1

At
K 2 K - 2 2¢2 K2
<4 XD T alp Vil [+ 4| 2 SGT alnk (Ve — Wiaalo) [+ =
T=1 h T=1 h
(L.5)
where ([.3) follows by the fact that
. 2 A 2 2 . 17T 26K
2| 32 osF R (Vo = Wl [ <20 D0 1o7A 91T < =
=1 h T=1,7"=1
Meanwhile, by the fact that |[Vi, 1]a. — [Vij1]a.| < [Vidy — Vi 4|, we have
K R 2
4 32 et anmi (V. = Vila)|, (1.6)
T=1 h
K
<4 Z \¢;TLA;:1¢;TL |max|n,:([Vh’\+1]a‘ — [Viilao) ?
T=1,7"=1
K
<4t D |onAy o]
T=1,7"=1
42 K2
<2 (L.7)
~y
By applying the ([.7) into (L3), we have
X 2 62 K2
(i)* < 4 sup 1> s anmi (Vo) |, +=—— a8
V'ENW(&:Ro,Bo,7),0c €N ([0,H]) ' 721 A 7
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By[Lemma L.3| applying a union bound over Ny (¢; Ry, Bo,) and Ny, ([0, H]), with probability at
least 1 — §/2H, we have

K 2 6e2 K2
4 sup | > st anym(WVialao)|| -, +
V'eNw(e;Ro,Bo,7),ac EN® ([0,H]) 7-2221 SR A v
2H |Ny(€; Ro, Bo,v)||N ([0, H])| Ge? K

< 4H? (2 log + dlog(1 + K/7)> + 19)

)
Applying we have

log |V (€; Ro, Bo, A)| < dlog(1 + 4Ro/€) + d? log(1 + 8d*/2B2 /v€?)
= dlog(1 +4K3/2d712) 4 d*log(1 4+ 8d~*/? B2 K*H?)
< 2d?log(1+8d~3/?B2K?H~?). (1.10)

Similarly, by [Cemma L.2] we have
INL([0, H])| < 3H/e.

Combining ([.10) with and (L.9), by setting e = dH/K, we have
2H|Ny(€; Ro, Bo,y)||Nu([0, H])|

h)
< 4H*(4d*1log(1 + 8432 BEK2H2) + log(3K/d) 4 dlog(1 + K) + 2log 2H/5) + 64> H?
< 16H%d?(log(1 + 8d~%/2B2K?H~2) + log(1 4+ K)/d + 3/8 4 log H/4)
< 32H?d*log 843/’ B2K?H /5
= 32H2%d?log 1024 Hd 2 K?€1y /6

= 32H%d?(log 1024 HdY?> K2 /§ 4 log £rv)
2

< 64H? d*€py = T

6e2 K2

(i)? < 417 (2log +dlog(1+ K/7)) +

Recall the upper bound in ([:4), we have with probability at least 1 — 4,
|T>\Vh)\+1(3 a) = (p(s, a), wy)|

< WZH@ (5,0) 1] - will 5 +Z||¢z (s,0)Lif| 5 (sh ap) g ([Vidya (9)]a)

-
Ah

i=1 T=1
d
Z [6:(s, @) Lill o2 (HVA + B/2)
< 5Z”¢i(37a)1i”/\;17 L1l

i=1

where ([.TT) follows by the fact that 2Hv/d < /3. Hence, the prerequisite is satisfied in

we can upper bound the suboptimality gap as:

H

SubOpt(#,5,A) <2 sup Y E™ P [Ty(sp,an)|s1 = s]
PeUM(PO) )

H d
=23- sup ZEW*,P[Z ||¢i(57a)1z‘”/\;1|51 = S}

PeUr(P?) p—; i=1

This concludes the proof. O
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Algorithm 4 Robust Regularized Pessimistic Value Iteration under KL distance (R2PVI-KL)
Require: Dataset D, regularizer A > 0, > 0 and parameter S
1: init V1§\+1(') =0
2: for episode h = H,--- ,1do
3 An = 30 B(sha7)((sT a7)) T+
N _ K _ ‘7}1A+1(s;—1+1)
Wy, Ay (X ¢(s,an)e )
W+ —Alog max{w,, e H/*}

4
5:
6 Ta(y) = B, il )iy
7:
8
9

Qn(,) + min{e(, ) " (On +ap) — To(, ), H — h+ 1}F
A

i (:|-) ¢ argmax,, (Q (), ma ()4 and V() = (Qh( ) An(])) 4

I.1.2  Proof of - Case with KL Divergence

For completeness, we present the R2PVI algorithm specific to the KL distance in Note
that we have used the following closed form solution

Vh+1<5h+1> 2
—argminz( — ¢(shrap) w) "+ lw]. (L12)
weR =1
-1 I /A C) et
=A, (Z¢(8h7ah)e ). (1.13)

Our proof relies on the following lemmas on bounding the regression parameter and e-covering
number of the robust value function class.

Lemma L.3 (Bound of weights - KL). For any h € [H],

N Kd
le>1\H2 < \/&7 [wp]2 < 7

Lemma I.4 (Bound of covering number - KL). For any h € [H], let V), denote a class of functions
mapping from S to R with the following form:

Vi(z; 0,8, Ap) = glgi({d’(s a)'6 — Alog (1+5Z“¢’ )L ”A )}[O,Hchrl]’

the parameters (0, 5, Ap,) satisfy ||0]]2 < L, 8 € [0, B], Ymin(Ar) > 7. Let N3 (€) be the e-covering
number of V with respect to the distance dist(V1, Va) = sup,, |Vi(z) — Va(x)|.Then

log [Np(€)| < dlog(1 4 4L/€) + d?log(1 + 8X2d'/? B2 /~€?).
Proof. The R2PVI with KL-divergence is presented in Similar to the proof of TV
divergence, we decompose the estimation uncertainty between 7"\ and 7'A as:
|77{\Vh)‘+1(s,a) —{(¢(s, a)712),>1‘>| = |d)(s,a (Oh — /\logwh 0, + X log max{wy,, e H/)‘})‘
= |¢(s,a (Mog max{wy,, e —H/A )\logwh)|

max{wh 27 /’\}‘

d
=AY éils,0)10g
=1

d ~1 —H/X
max{wy ;, €
<A i) tog 2 Z;; d
i=1 h,i

d
<A 6i(s,a)|log (1 + e/ max{i}, , e/} — wi )]
=1

(1.14)
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d

< AZ@'(&Q) log (1 + e™/*a}, ; — wp ;) (1.15)

i=1

d d
< Mog (D dils.a) + "3 di(s @)l —wit,]) (116)

i=1 =1
d
— Alog (1 + ST gis, a)1] i, — w,§|),
i=1
where ([.T4) and ([T3) comes from the fact that:

Vh (s

A—-B
i=Eg ol :[e’ :|>E9/NM [’H/’\]:e’H/A,|1ogA—logB|zlog(1+ | |

and (LI6) comes from the Jensen’s inequality applying to function log(z). Therefore, our next goal
is to bound the term 3%, ¢;(s, )1 |}, — w}|. Specifically, we have

d
> bils, a)1] i), — wy|
i=1
d
= Z(bi(sva')l;r w
zzl
= ngbi(s,a)liT w)
K
- qu s.a)t] ((|wh = A7 Y #h(6h) Tw)
T=1

1 Vh+1(*h+1)
E (¢r)e

K

T=1 T=1

min{A4, B}/’

K Viig1Ght1
AT S T 4 AT S SRR Tk — A S (e S
=1

NS T A /SCEEY
+ ‘Ah Z ¢h(¢h) wy, — Z ¢h
T=1

O] (ii)

Next, we upper bound term (i) and (ii), respectively. For the first term, we have:

d d
> bils,a)1] - ()= di(s,a)1] (lwp — A, (An — yDwp))
=1 =1
d
=Y ¢i(s,a)1] A fwy]
=1
d
<y lIgils, )Ll 2 llwpllp w17
=1
d
<AVAY |ils, a)Lilla (L18)
=1

where ([.17) follows from the Cauchy-Schwartz inequality, (L.I8) follows from the fact that:
lwilla-r < A2 wpll2 < Vd/v,

where the last inequality follows from and the fact that || A, !|| < y~!. Now it remains to
bound the term (ii), by the definition of 7], Eopo|sp,ar)[f(8")] = f(8]41). the term (ii) can
be rewritten as:

d
(i) =Y di(s,a)1] [A}

i=1

d
= Z oi(s, a)l—r
i=1

1 a T TNT 20 A —M
fo)h[(d’h) wj —¢ 2 H
Vh+1(3)

1Z¢h77h( )‘
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3 ot th( R
i=1 "

(iii)

For the rest of the proof, it’s left to bound the term (iii). As the Vh’\Jrl depends on the offline dataset,
which makes it difficult to upper bound directly from concentration equality due to the dependence
issue, we seek for providing a uniform concentration bound applied to the term (iii), i.e. we aim to
upper bound the following term:

X
| S e

oo
VeV i1 (R,B,Y) A

Here for all A € [H], the function class is defined as:
Vh(RaBa'y) = {Vh(x;GHBaAh) : HGHQ S RaB S [O7B]77min(Ah) Z 7}7

where V3, (730, B, Ap,) = max,c4{d(s,a) "0 — Nlog(1 + 52?:1 ll#i (-, ')1iHA;1)}[0,H—h+1]- In

order to ensure VhAH € Vp41(Ro, Bo, A), we need to bound 0, = 0, — A log max{wyj,, e’H/A}.
Following the fact that:

19nll2 < 116412 + Al log max{ai,, e~/ } 2.
By e H/A < max{wg,i,e_H/A} < max{||w}, ||, e /*} < max{ /Kd/\ e /*},

therefore the term can be bounded as:

A Kd
[6n]]2 < Vd + AVdmax (10g\/ T,H/)\)

< HVd+ dVEK\
< 2HdAVK. (1.19)

Hence, we can choose Ry = 2Hdv KX and By = 8 = 16d\e™/*/ (H/X + &), then we have for
all h € [H], ‘A/hAH € Vh41(Ro, Bo, A). Next we aim to find a union cover of the V},11(Ro, Bo, 7).
hence the term (iii) can be upper bounded. For all € € (0, \), h € [H], let N}, (¢; R, B, \) := Ny (¢)
denote the minimal e-cover of V,, (R, B, \) with respect to the supreme norm. In other words, for any
function V* € V;, (R, B, \), there exists a function V’ € N, 1 (€) such that

Sup Vita(@) = Vi (@) <e

Hence, given VhA—H* Vi, satisfying the inequality above, recall the definition of 1] = 77 (f) =
ES’NP}?HS;@;)[JC(S/)} - f(s;;—&-l)’ we have:

- 7‘7}?+1(5> - Vi ®
G B C

Vh),\+1(s) _ Vi1 () _ ‘7h>,\+1(sh+1> _ Vi1 (Sht1)
< ‘]Eswpo(\sl,ah)[ A - € A :| —-¢€ A te A
o A0 _Vha® _ Vi1 Gagn) _ Va1 Gagn)
> — x x — x
‘ SNPO( ‘Sh’ah) |:e € :| ’ ‘e
< 2e/A+2¢/X = 4de/ A, (1.20)

where ([20) follows from the fact that for any s € S,

VR 1 ()= V1 (5)]

<e X —1<ex —1<2€¢/),

_V}f\+1(.e) Vi ®
e A — e A

where the last inequality is held by the fact that ¢ € (0, ). By the Cauchy-Schwartz inequality,
for any two vectors a,b € R? and positive definite matrix A € R?*<, it holds that ||a + bja <
2||al|3 + 2[/b||4, hence for all h € [H], we have:

K ’ K / A
Va2 _ Va1 ERSC) 2
|(Gii)[* < ZH > di, (6 A )H/V1 + 2” > o {772 (6 2 ) — 7, (e * )] HA—I

=1 h T=1 "
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<2HZ¢;L77;L( Vh+1<s>>H2 +3262/)\2 Z |¢;A ¢h|

T,7'=1
K BN 32e2 K2
<2 sup T g(efvi))H ey 121
VeNnti(e) ' T Ay A%y

We set f(s) = e , by applying | for any fixed h € [H],d € (0, 1), we have:

v |2 H|Np41(e)| K
A > 4(2log ————— +dl 1+ — <J/H.
(Vei}iljl() ‘Zd)hnh(e ? )HA}:1 - ( o8 1) + Og( + ’y))) - /
1.22)
Hence, combining ([.22) with ([.2T) and let v = 1, then for all A € [H], it holds that
V() H 42 K2
H quhnh( = )HA < 8(2logM +dlog(1+ K) + 372) (1.23)

with probability at least 1 — 4. By recall L = Ry = 2Hd+/ K X in this setting, we have
log(|Nns1(€)]) < dlog(1 + 4Ry /€) + d? log(1 + 8X2d' /2 B? /). (1.24)

We then set ¢ = d\/K € (0,)) and define ' = 3/\e™/* = 16d+/(H/\ + £kr) for brevity, then
(24) can be bounded as:

log(|Nhi1(€)]) < dlog(1 + 4R K /dN\) + d*log(1 + 8A2K2d~3/2e* B'2)
= dlog(1 + 4Ry K /d\) + d*log(e ™ 21/> 4 SN2K2d~3/23%) 4+ 2d*H/ A
< 2d21og(8N2K2d~%/28") + 2d° H/ \.
Therefore, by combining the result with the inequality (T.23)), we can get

K

> dhi (e VMM) <s8(21 I 4P H /N + 40 log(8A2K2d-3/25) + 4d? + dlog(1 + K
Rl Az 0g = + 4d"H/X + 4d” log( B7) +4d” + dlog(1 + K)

T=1

< 8(4d*H/ X + 4d* log(8N2 K3 Hd~3/% 5% /5)) (1.25)
= 8(4d>H/\ + 4d* log(SN2 K3 Hd~3/2 /5) 4 4d? log(B'?))
< p?/4, (1.26)

where ([23) follows by the fact that 2log £ + 4d? + dlog(1 + K) < 4d®log(£X), and is
held due to the fact that

1024d/\2K3H)
)

- S(SdQH//\ + 4d® log(BN2 K3 HA=3/? /8) + 4d% log

52 /4 = 64d? (H//\ +log

1024d"/2 X2 K3 H
5
> 8(4d2H//\ + 4d® log(S\2 K3 HA™3/? /§) + Ad? 1og(5’2)), 1.27)

where ([.27) holds by

+ 4d? 1og(128))

1024d)\? K3 H

—5 )
1024d)\2 K3 H

— )

log(6%) = log <256d2 (H/)\ + log

< log(25642) + (H/)\ +log

1024d72 X2 K3 H
5

By the bound on (i), (ii), (iii), for all h € H and (s,a) € S x A, with probability at least 1 — 4, it
holds that

< log(128) + log + H/\.

d

TRV 1(s5,0) = (B(s,a), )] < Nog (14 ™A (Va+5/2) 3 l0x(s,a)Lill5;)

i=1
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d
< Mog (1+ €28" Y [6:(5,@)Lil, 1) (1.28)

i=1

d
< B lIoils, a)Lillx-1, (1.29)

=1

where (T.28) follows by the fact that 8’ > 2v/d, (T.29) follows by the fact that log(1 4 2) < z holds
for any positive z. Thus, by we can upper bound the suboptimality gap as:

H

SubOpt(#1,5) <2 sup > E™ P[0y (sn,an)ls1 = ]
Peu(PO) 1

d
=28 sup ZE” P[Z\|¢i(s,a)1i||1x;1|51 :s]

PeUr(P°) 5 i—1

Therefore, we conclude the proof. O

1.1.3 Proof of[Theorem 3.1|- Case with x> Divergence

Algorithm 5 Robust Regularized Pessimistic Value Iteration under x? distance (R2PVI-y?)
Require: Dataset D, regularizer A > 0,~ > 0 and parameter 3
1 init V4, () =0
2: for episode h = H,--- ,1do
3 A S B(sh ap) (5T, aR) T+
F BV ()] A5 (02 @(sh, ) TV (5T )le))jo.s < Estimated by

4
50 BV ()2 (A5 (02 @sh,aR) TIVidya (574 )12))jo.me) < Estimated by
6:  Estimate wé ; according to (D.6)

7 () < BY il Maz

8 Q) « min{e(-,) (On +w2) —Tn(), H—h+1}F

9

10

o An(]) = argmax,, (Qh( ), mh(-])).a and VA() <= (Qp (), 7)) a
10: end for

For completeness, we present the R2PVI algorithm specific to the x? distance in|[Algorithm 5| which
gives closed form solution of (D.4) and (D:3)). Before the proof, we first present the bound on weights
under 2-divergence:

Lemma L5 (Bound of weights - x?). Forany h € [H],

e < va(H + 1),

Proof of [Theorem 3.1|- x. The R2PVI with y2-divergence is presented in [Algorithm 5| By the

definition of 7}, 7,, we have

775\Vh>\+1(s’a) - <¢(Sa a)vuA)i)»
= ¢(s,a) " (8, +w) — 0 —W})

d
= > bl ) — )
=1

d
. 1 N 1 ~
= Z ¢i(5a a) |:aeSEE1)pH] {Es“‘l‘z,i [Vh)\+1(5)]a + E(ESN“?LJ [Vh)\+1(5)]a)2 - BESMLL?M. [Vh)\+1(s)](2x}

A0 A 1 ~ o0 .~ 1 ~ o0 A
_ E#h,i A Eth i A 2 Feth,i A 2 ) L
o (B e + g BRI 6))? - BRI ) ] (1.30)
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To continue, for any i € [d], we denote
o = argmax {E o [VhA 1(8)]a + i(IE 0 [Vh/\ 1(8)]a)? — LE 0 [Vi{\ 1(5)]3 }
0el0,H) S~ g LR AN SHR LRt AN SHR LA o

Hence, ([.30) can be further upper bounded as

EAVhA+1(Sﬂ a) - <¢(Sa a)v 1I)2>

d
< Z ¢i(57 CL) (ESNM?M [VhA-i-l (5)]017' - IAE#%’% [V}f\-{-l (8)]ai) <$ (Eswugqi [th-&-l (3)]@@' + fEH%; [VhA-&-l (S)}O‘l) + 1)

()
d 1 0
= ¢i(5,0) 5 (Buvyg Via (9)]a, — B[V (9)]2,) - a3
i=1
(ii)

Next, we bound (i) and (i), respectively.
Bounding term (i). We define

. K i

B Va9 = [argmin S (V3 (5F )l — (57 ah) Tw0)? + lhwl3]

we T=1

Considering the gap between the F/h.i [Vh’\H (8)]a; and RHh. [Vh’\H (8)]a,; due to the definition that

EE’IE [Vh)‘H (8)]a; = [I@“g,i [Vh)‘H ()] ][0, 7> We eliminate the clip operator at first. We rewrite (i) as
ollows:

d
@ = 6i(5:0) Eanpy [Viria(3))as = B [V ()], (ﬁ (B [V ()]s + BPRV32 1 (5)]a,) + 1)

i

d
= Z bi (37 CL) (ESNH%J [VhA—&-l(s)}@i - fE#gl [th-ﬁ-l(s)]ai)

0 .~ oY I
EHhn,i [‘/'}L)‘+1 (5)]ai — EHn.i [Vv}b)\-l‘l (S)]ai

0 ~ T % ’
BV (V1 (8)]ay — B0 [V (8)]as

1 ~ DA
X (ﬁ(Eswtﬂ,i[vh)\ﬂ(s)]ai + Eﬂh”i[v}z)\-i-l(s)]ai) + 1)

=C;

We claim that |C;| < 1+ H/2\, Vi € [H]. We prove the claim by discussing the value of
RHh. [Vh)\-&-l (8)]a, in the following three cases:

Case L. E“zyi[Vhﬁrl(s)]ai < 0. By the fact that E_ 0 (VA 1(8)]a; < H, we have:

ESNV’%J [VhA-&-l (s)]ai

= ———
ESNH(}JLJ [VhA+1(S)]ai — EHni [VhA+1(S)]ai

1 N
i = (EIESWZJ V21 (8)]s + 1) <1+ H/A\,

where the equality holds by X E, . Yy [V;{\H (s)]a; +1 < 1+ H/4\. Hence the claim holds by Case
L ’

CaseIL. 0 < E#hi [VhAH (8)]a; < H. The claim holds trivially, as we have:
1 - ~ 0 A
Cil = (Eampg [Vida(8)la, +EFns VA ()la,) +1 < 1+ H/2A,

Hence, we conclude the claim.
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Case III. /7. [Vid1(s)]a; > H. Notice that

1 N Ewu% i[Vh)\+1( Na, —H
(E(ESNMEJ[Vh)i‘rl(S)]Qi +H)+1 T o
Enps (Vi1 (8)lay — Bmi [V (8)]ag
H— ]Esw,u?LJ [Vthl(S)](L‘,
g [Vh+1( $)]a; — ESN/‘%J [Vh)\+1(5)}ai
< H/2\+1, 1.32)

where ([32) holds by the fact that B*%.i [V2, | (s)]a, > H.
With the upper bound for C;, we can upper bound (i) as

Ci| =

- ($<ESNN?L,¢[Vh>\+1(S)]a¢ + H) + )

d
1 = | 32 0405 0) Bumyi W13V, — B [0 (5)]e ) C
1=1
d . d K .
= ’7 Z ¢1(87 a)liAijl]E”h [Vh)\(s)]aici + Z d)i(S, a)liAltl Z (]_’)(SE, az)n;([VhA—&-l}Oﬁ)Ci
=1 i=1 T=1

< (1+H/2)) Zn@ (5,) L[|+ (vH+HZ¢sh,ah>nh<[VhH1 )

=1

‘ ) . (1.33)
Ah !
Bounding term (ii). Similar to bounding (i), we can deduce that:

d
1 N a0 A
601 = 5] 20 0x5. ) Bov W10, — B2 1)

1
< 7(71{22”@ 5,001l 1+Z||¢z 5,01 5

=1

Z @(sh,ap, nh([Vh+1]a,)

)

(1.34)

where ([.34) follows by the Cauchy Schwartz 1nequahty and the fact that E,_ 0 [Vh (9)2, <
H?,Vi € [d]. Hence combining (L31), ([33) and ([.34), we have

EAVhAqu(s’ a) - <¢(Sa a)v /li}});>

d d
< (1+H/2)) (WHZ [6i(s,a)Lil[y -+ + Z [6i(s,a)Lil[y - (8hs aDU}Z(Wh’\H]a;)

A;
‘ 71).
A;

T=1

+ (v HQZH@ 5,0) L - 1+Z||¢1 5,)1] 5o

On the other hand, we can similarly deduce that there exists o} s.t.

(¢(s,a), wh> T)\Vthl(S a)

(sh aﬁ)ﬁfc([vﬁrl]i;)

d
< (14 H/2)) (VHZ 6105, + D (o)Ll

K
> sk ai)ni (Vialar)
=1

‘A;l)
‘A;1>'

K
+ —(7H2ZH@ s.)Li] - 1+Z 6u(s, @)Ll || D dlsh abm (V4412)
T=1

Then for all 7 € [d], there exists &; € {a;, a}}, such that
T Vi (s, a) = (d(s, a), 7))

d d
< (Ut H/2) (7H Y 1615 a)Lil 50 ) + 9 (H/A0) Y [6u(s, )Ll

i=1 i=1
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d K
#3165, a)ll s (1 /20| X $h i (7l
i=1 =1

K
| AN X blsh a7 2)
h T=1

)
Ay

Now it remains to bound the terms

K K
|13 lsiapmi(Vila)) |, and || D2 ésh.apmi (V]2)
=1 h T=1

‘ -1 ’
Ay

(iii) (i)
Similar to the proof in KL divergence, we aim to find a union function class Vj, 41 (Rg, Bo, A), which
holds uniformly that Vh’\Jrl € Vi11(Ro, Bo, A), here for all h € [H], the function class is defined as:

Vh(ROaBO7)‘) = {Vh(ﬂf,e,ﬁ,A) 1S — [O’H]? HOH2 S RO7B S [O’BO]’,Ymin(Ah) 2 ’Y}’

where V,(z;0, 3, A) = max,cA[¢(s,a) "0 — 52;1:1 li (s, a)||A;1][07H_h+1}. By
when we set Ry = Vd(H + H?/2)), By = B = 8dH (1 + 3H/4)\)\/&, 2, it suffices to show that
‘A/hﬁ_l € Vht1(Ro, Bo, 7). Next we aim to find a union cover of the V}, 1 (Ry, Bo, ), hence the term
(iii) and (iv) can be upper bounded. Let MV, (e; Ry, Bo, ) be the minimum e-cover of Vi, (R, B, \)
with respect to the supreme norm, A3 ([0, H]) be the minimum e-cover of [0, H] respectively. In
other words, for any function V' € V,,(R, B, A), a € [0, H|, there exists a function V' € V}, (R, B, \)
and a real number o, € [0, H] such that:

sup |V (s) = V'(s)| < ¢ ]a—a <e.
seS

Recall the definition of (iii) and (iv). By Cauchy-Schwartz inequality and the fact that ||a + b||frl <
h

2||a||i;1 + 2||b|\i;1, we have
K 9 K 2
(it < 2| Y (k)i (VT +2] Do @si anmi (Vs = VT,
T=1 h =1 h
K 2 K N 2 262K2
<4l X etk abm (Vieadeo) |, + 4| 2 Sk am (W — Wl [+ =
T=1 h =1 h
(1.35)
where ([.35) follows by the fact that
K Y - 2 2 K 1 ’ 2€2K2
2| 3" s anni (Vidla = o )|, <26 Y0 160A7 67 < =——.
=1 h T=1,7"=1
Meanwhile, by the fact that |Wh)\+1]ae —Vhiilad < |Vh)‘+1 — V}i 1], we have
K R 2
132 et anmi (V. = Viala)|,
=1 h
K
<4 Z \¢2Aﬁl¢2 |maX|777L([Vh>\+1]ae — Vitla.) ?
T=1,7"=1
K
<4 D 1onAL 6|
T7=1,7"=1
42 K?
< .
~
By applying the above two inequalities and the union bound into ([.35), we have
K

(iii)? < 4 sup H
V€N (& Ro,Bo,7),ae €N, ([0,H]) ' T2

2 6e2 K2
o
Ay v

D (55> an)h ([Vigile)
1
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By[Lemma L.3| applying a union bound over Ny (¢; Ry, Bo,) and Ny, ([0, H]), with probability at
least 1 — §/2H, we have

2 662K2
4 sup H o(sh, ap)nr, ([V) o, ‘ +
e o Z b al ) (Vigaloo)|| .+ =
I (e o, Bo )0, H]) 62K

§4H2(210g +d10g(1+K/’y)> +

§
Similarly, by the fact that ||a + b[|2 _, < 2||a|| = + 2[|b]|?

form as (iii), we have

noticing (iv) has the almost same

Al Als

2 K . . 2
|2 el a2 - a2
h =1 h

K
(i) < 2| 3 lsh, ap)i (1V323.)
T=1

X 2 2UH22K?
< 4| X2 ook a2+ =
T=1 v

where ([36) follows by the fact that

7 (1.36)

2 K SH22 K2
2 2
o SSIPE ST oA s

T=1,7"=1 v

K
2|| Y- s anmi (Vi T2 = [V 12)
T=1

and
K

41y sqap) i (Viyala, — Vil )13

=1

K
<4 ) eRAy o [max g (Vo — Vi ilao) P
T=1,7"=1
K
<16H?¢ > |¢nA, 97 |
T=1,7"=1
16 H2e2 K2
<=
Y
We apply the union bound and [Lemma L.3| with probability at least 1 — 6 /2H
2H|N4(€; Ro, Bo,)||NK([0, H])|
1)
Therefore, with probability at least 1 — ¢,
T Vidia () = (¢(s, a), p)| (1.37)

d d

<AH(1+ H/20) Y 16505, a)Lilla 1+ GH?/40) S [6i(s, )Ll o
i=1 i=1

d K
+ 3 s o (0 H/20)| Y dlsh ammi (VX )a,)

24H%e*K?

(iv)? < 45" (2log +dlog(1+ K/7)) +

d
Z |63(5,0)Lil| lvH(l +3H/4))

2H |Ni(€; Ro, Bo, 7)[Na([0, H])| Ge k2

+(1+ H/2)\)\/4H2 (2 log ’ 5 ’ + dlog(1 + K/v)) +

24H2e?K?
gl
(1.38)

+<1/4A>¢ 1171 (210g 2261 0. o, ) NG (0. 1))

5 +dlog(1+K/7)) +

32

K
| /AN 3 blsh a7k 2)
h T=1
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By the fact that Ry = v/d(H + H?/2)),[Lemma L.1|and [Lemma L.2| we can upper bound the term
|N3 (€& Ro, Bo,7)| and [N ([0, H])| as follows:

log |V (€ Ro, Bo, )| < dlog(1 + 4Rg/€) + d? log(1 + 8d'/2B? /~ve?),log |N, ([0, H])| < log(3H /e).

We set e = %, ~ = 1, with the upper bound above, we have
2H Ny (e; Ro, Bo, ) INA ([0, H])| 6> K>
1)

4H? (210g +d10g(1+K/7)) +

2

K
+dlog(1 + K) + dlog(1 + d/?(1 + H/2\)K) + d® log(1 + d'/>B2K?) + 3/2)

6H?K
)

HZ
< 8H2d2(log 6

H
< 4H? (2 log 0

< 4H? (2dlog + 2dlog(K) + dlog(d/2(1 + H/2)\)K) + 2d2log dl/QBQKQ)

K

+log(K) + log(d“/2(1 + H/2)\)K) + log 8d1/232K2)
= 8H?d*(log 48 K°H? B%d(1 4+ H/2\)/6).
Similarly, we can upper bound the third term in (.38) as follows:

2H|N;, (& Ro, Bo, )| N ([0, H 24H%e K>
s o Do MO 1y 1 ) 1 257

2H|N,(€; Ro, Bo,7)|INR([0, H])| 2462 K2
; +dlog(1+ K/7)) + )

< 8H*d*(log 48K° H*B?d(1 + H/2))/6).

AH* (2 log

- g2 (4H2(2 log

Hence, we apply this bound into the ([.38)), we have
|<¢(Sa a)7 wf>1\> - 77L>\Vh>\+1(87 a)|

d
< > l9s )Ll (B (L +3H/4N)

+ (1+ 3H/4\)\/8H2d2(log A8K5 H2 B2d(1 + H/2))/5))
d
< Il a)Lill o1 2(1 + 3H/4N)\/SH?d(log 8K H? B2d(1 + H/2X) /0)

i=1

d
<3 ll(s, )il o121 + BH/AN) Hdly [8(log 192K HOG (1 + H/2))*/8) + log &)
=1
d

=> (s, a)Lill5-22(1 + BH/AN) Hdy/8(&y2 +log €y2)

i=1

d
<8 llo(s,a)Lil a1, (1.39)

=1

where (.39) comes from the fact that log &2 < &, 2. Hence, the prerequisite is satisfied in[Lemma I.1]
we can upper bound the suboptimality gap as:

H

SubOpt(,s,A) <2 sup Y E™ P [Ty(sp,an)|s1 = s]
Peur(P°) 5

H d
=28 sup ZEW*,P {Z H¢i(8,a>1iHA;1‘81 = S}

PeU(P°) i—

This concludes the proof. O
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1.2 Proof of

Proof. The proof follows the argument in (F.15) and (F.16) of [1]]. Specifically, we denote

Af =B (6i(sns an)10) (@il an) 1) T[s1 = s|, VR, P) € [H] x [d] x UM (P).
(1.40)

By[Assumption E.3] setting v = 1, we have
sup ZE” P[Z||¢z (sn,an) i[5~ 151 —S]

PeU>(P°) 1,

= sup ZZE” P{\/Tr (i (sh,an)1s)(Di(sn, an)li) TA, )|31:s]

PeUNP°) 1 21 i

< sup ZZ\/TI E~ P qbz(sh,ah) ) (@i(sn,ap)l )T|81—S]Ah1) 1.41)

PeUNP°) 1 21 i

< sup ZZ\/Tr (L+K-ct-AF) ) (142)

PG“APO)h 1i=1

= sup \/ (E™*-P[¢i(sn, an)|s1 = s])?

Peu( Po)h 1i= 1 Itct-K- ]Eﬂ—* P[¢Z(Shvah)|sl - S])z

< sup 1/ T (1.43)
PeU( PD) el ¢

_dH
VK’
where ([41) is due to the Jensen’s inequality, (I.42)) holds by the definition in (L40) and [Assump]

tion E.3| ([.43) holds by the fact that the only nonzero element of A , is the ¢-th diagonal element.

Thus, by [Theorem 3.1} with probability at least 1 — ¢, forany s € S the suboptimality can be upper
bounded as:

SubOpt(7,s,A) < 5 sup ZE’T P{ZHQSZ s,a)l; ||A ‘51 = s] < pdH

PeUN(PY) 1= = K’
where
16Hd/$ry, if Dis TV;
B =< 16dXe/*\J(H/X + &k), if Dis KL;
8dH2(1+1/>\)1/§X2, if Dis x2.
Hence, we conclude the proof. O

J Proof of the Information-Theoretic Lower Bound

In this section, we prove the information-theoretic lower bound. We first introduce the construction
of hard instances in then we prove[Theorem 3.3]in [Appendix J.2|

J.1 Construction of Hard Instances

The construction of the information-theoretic lower bound relies on a novel family of hard instances.
We illustrate one such instance in Both the nominal and target environments satisfy

: ssumption 2.1l The environment consists of two states, s; and ss. In the nominal environment
1gure 3(a)| s represents the good state with a positive reward. For any transition originating from

s1, there is a 1 — e probability of transitioning to itself and an e probability of transitioning to sy
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e—i—Ah €, D)

(a) The source MDP environment. (b) The target MDP environment.

Figure 3: The nominal environment and the worst case environment. The value on each arrow
represents the transition probability. The MDP has two states, s; and so, and H steps. For he nominal
environment on the left, the s; is the good state where the transition is determined by an error term
€, and s» is a fail state with reward 0 and only transitions to itself. The worst case environment on
the right is obtained by perturbing the transition probability at each step of the nominal environment.
The magnitude of the perturbation A} (e, D) at each stage h depends on the divergence metric D, the
regularized A and the parameter e.

regardless of the action taken, where € is a parameter to be determined. The state s is a fail state
with zero reward and can only transition to itself. The worst-case target environment [Figure 3(b)|
is obtained by perturbing the transition probabilities in the nominal environment. The perturbation
magnitude A,’) (e, D) depends on the stage h, regularizer A, divergence metric D, and parameter .

The family of d-rectangular linear RRMDPs are parameterized by a Boolean vector § = {&x }re(my»

where &, € {—1,1}%. For a given ¢ and regularizer ), the corresponding d-rectangular linear
RRMDP Mg is constructed as follows. The state space S = {x1,z2} and the action space A =

{0,1}%. The initial state distribution z is defined as

d+1 1
a2 and  fio(z2) = —.

d+2
The feature mapping ¢ : S x A — R%*2 is defined as

blona)” = (5% 213" %),

=1

po(s1) =

¢(827a/)T = (0707 ,07()’1)’

which satisfies ¢;(s,a) > 0 and Z?:l ¢i(s,a) = 1. The nominal distributions {p } e[ are
defined as

1) = (1= €04, + €0ay, (1 — €05, + €0y, -+, (1 =€), + €05y, 65,) |, Vh € [H],

d+1

where ¢ is an error term injected into the nominal model, which is to be determined later. Thus, the
transition is homogeneous and does not depend on action but only on state. The reward parameters
{0n } hepm are defined as

1 1 11
0;:5'<£h1+ ,§h2+ ’”.fhd"‘ 7,0>,Vh€[H],
2 2 2
where § is a parameter to control the differences among instances, which is to be determined

later. The reward ry, is generated from the normal distribution r, ~ N(rp(sp,an),1), where
rn(s,a) = ¢(s,a) " 6y,. Note that

)
rh(s1,a) = P(s1,a) 0, = ﬁ((éh,@ + d) >0 and 74(s2,a) = P(s2,a) 0, =0, Va € A,

Thus, the worst case transition kernel should have the highest possible transition probability to s, and
the optimal robust policy should lead to a transition probability to ss as small as possible. Therefore
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the optimal action at step h is

a*:(l‘f'fhl 14+&h2 1+€hd)
h 2 2 o2 )
We illustrate the designed d-rectangular linear RRMDP MM/, g‘ in [Figure 3(a)| and |Figure 3(b)l

Finally, the offline dataset is collected by the following procedure: the behavior policy 7 =
{7%}nemy is defined as

) ~ Unif({e1, - ,eq,0}),Vh € [H],
where {e; };c[q) are the canonical basis vectors in R?. The initial state is generated according to g

and then the behavior policy interact with the nominal environment K episodes to collect the offline
dataset D.

Remark J.1. We would like to highlight the difference between our hard instances and the hard
instances developed in [11]. We find out that instances developed in [11] only allow perturbations
measured in TV-divergence. The reason is that in their nominal environment, both s; and s, are
absorbing states, and thus P (+|s, a) only has support on s, which could be either s; or so. In this
case, any perturbation to P (:|s,a) would cause a violation of the absolute continuous condition
in the definition of the KL-divergence and the x dlvergenceﬂ In comparison, we inject a small
error ¢ in the nominal kernel such that P?(-|s1, a) has full support {s1, s} when the transition starts
from s;. Hence, we can make perturbations on PJ(+|s1, a) safely without violating the absolutely
continuous condition. Additionally, [L1] only construct perturbation in the first stage, while we admit
perturbation in every stage h in order to make our instance more general.

J.2  Proof of

With this family of hard instances, we are ready to prove the information-theoretic lower bound.
For any £ € {—1,1}?# let Q¢ denote the distribution of dataset D collected from the instance
M¢. Denote the family of parameters as 1 = {—1, 1}9H and the family of hard instances as
M = {M, : £ € Q}. Before the proof, we introduce the following lemma bounding the robust value
function.

Lemma J.2. Under the constructed hard instances in|Appendix J.1} let § = d3/2 /V2K and K >
d>H?/(2A?). For any h € [H] , we have

Z oy M(d+ (Zfﬂﬂi ajs)) = Vi (s) < £ e, @

where f;(€) is a error term, which is defined as:

0, if Dis TV;
(&)=< (H—h)xe(e—1), ifDisKL;
(H — h)Xe(1 —€)/4, ifDis x2

Furthermore, if we set the € as

1—2 VH ifDis TV;
e = ¢ min{l —27H 43/2/(64\V2K)}, ifDisKL; J.2)
min{1 — 27VH @3/2/(8A\v2K)}, ifDis x?,

then we have f}(¢) < d*/2H/32V2K.

Proof of[Theorem 3.3| Invoking[LemmaJ.2] we have
H d

i—1( 1+ 5 ji 7T
D= (S - i) — fe)

j=11i=1

VA (s1) = VT (s

&‘%

“It has been shown in Proposition 2.5 of [13] that the TV divergence can be extended to allow for two
distributions with different support.
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(1— €)M (1 = &E™ (2a5 — 1)) — f1(e)

[
&l

=
M=

<
Il
-
-
Il

=1

(1— €)M (& — E™(2a5, — 1)&i — 1 (e)

[
gl
M=

~
I
A
«
I

=1

(1= Mg — E™(2a5: — 1)] = fi\(e) d.3)

I
£l

=
M=

~
Il
_
-
Il

i=1

5
> =9 Sl B I~ RO, 0
Jj=11i=1
where (I.3) follows from the fact that £;; € {—1,1}. To continue,

5 5 H d
1 Z Z €50 = E™ (205 = 1)| 2 1 >N 16 — BT (a5 — 1)[1{&n # sign(E(2a;; — 1))}

j=1i=1

H
> % Z Z 1{&ni # sign(E(2a5; — 1))}
)

where Dy (-, -) is the Hamming distance. Then applying the Assouad’s method (Lemma 2.12 in [27]),
we have

dH .
2 pyilin  1f[Qe(v(D) # €) + Qer (¥(D) #£7))

S0 (s uiee) ). oo

I \/

inf supE¢[Dg (§,£7)]
T e

where D, represents the KL divergence. Next we bound Dy, (Q¢||Q¢~), according to the definition
of Q¢(D), we have

K H
Q¢(D) = [ I #h(aklsh) P (sh1alsh, af) Ru(rfls7, af,),
k=171=1
where Ry, (1] |s}, a},) refers to the density function of N (7, (s, a},), 1) at r}. By the fact that the

difference between the two distributions Q¢ (D) and Q¢~ (D) lie only in the reward distribution
corresponding to the index where ¢ and ¢™ differ, we have

Dg1.(Q¢(D)||Qex (D diDKL( (dH : )HN( 1)) :diﬁg—zg % a7

where the last inequality follows from the definition of J. By the fact that § = d®/2 //2K, we have

SH(1—¢e)H~1 (1

_ R 1 1/2 \
inf sup subopt(M, 7, s, \) > (f max DKL(QE||Q5W)) )—fh (¢)

* MeM 4 2 Dy (g,€m)=1
(1.8)
SH(1 —e)H-1
> % — f(e) J.9)
- 9T o
3/2H 3/2H
5 d (J.10)

~16V2K 322K
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H d
1 N
> E™ ’P[ i(s,a)1;||A-1]s :S}, J.11
> g L F [ ol @i
where (I.8) holds by applying the inequality (I4), (I:3) and (I-6) in order, (I:9) holds by (I.7), (I.10)

holds by the definition of € in (J.2), and (J-T1)) holds by Hence, it is sufficient for taking
¢ = 1/128+/2. This concludes the proof.

O

K Proof of Technical Lemmas

K.1 Proof of[Lemma L1
Proof. We first decompose the SubOpt(7, s, A) as follows:
SubOpt(7, s, \) = Vl*)‘(s) _ Vlfr)\(s)
= Vi (s) = () + T2 () = VT (s),
® (ii)

where Vf‘(s) is computed in the algorithm. We next bound the term (i) and (ii) respectively. For term
(1), the error comes from the estimated error of the value function and the Q-function, therefore by
(C2) and the definition of the Q7 (s, a) in meta-algorithm, for any h € [H], we can decompose the
error as:

Vil M () = Vid(s) = Qp (5,77 (5)) — Qi(s, 7n(s))
< QZ (s, mi(5)) = Qals,m (5)) (K.1)
VI (s, mi () = T Vidya (s, w4 (9)) + TR Vidia (s, i) — Qi (s, 7 (s))
VhH (5,m5(5)) = Tt Vida (5, w5 (5)) + 63 (5, w5 (), (K.2)
where (K:I) comes from the fact that 7, is the greedy policy with respect to 2( a), the regularized
robust Bellman update error &7\ is defined as:
o (s, a) == 77{\‘7,3“(5, a) — Q) (s,a),¥(s,a) € S x A, (K.3)

which aims to eliminate the clip operator in the definition of Qﬁ(s, a). Denote the worst transition
kernel w.r.t the regularized Bellman operator as P = { P}, } ,c[x], Where P}, is defined as:

Pu(]s,a) = argmin [Egmpy g, [Vinr (8] + Mo (s, a), D(pn|1))]
NhEA(S)d Pr=(¢,pn)

= Z(bz s,a) argmin [Eyny, [V (8] + AD(un il ;)]
i=1 Hh, EA(S)

d
- qui(&a)ﬂh,i('),

where the fip, ; is defined as fi, ; = argmin,,, . ca(s) [Esmpin. [Via1(s)] + )\D(Nh,i||/1'27i)]~ Hence
the difference between the regularized Bellman operator and the empirical regularized Bellman
operator can be bounded as

TVt (5,14 () = Tt Vidia (s, i ()

= 5 A inf Ee/w |s,mx (s Vﬂ*’/\ ! A 5 A aD 0
PO By o 0] + (7 (9)), D )]
—rn(s,m(s)) — inf [Earepy (st (5)) [Viner ()] + Mp(s, 77 (), D(peanl |127))]

BREA(S)E, Pr=(,pn)

> A
< Es’wﬁ’hﬂs,ﬂfl(s)) [Vh)\+1(8/)] - Es’wph(.‘s,ﬂ;l(s))[vlzikl( /)]
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¥ *, A
=By p (s () Vi (s") = Vi ()] (K.4)
Combining inequality (K.2) and (K.4), we have for any h € [H]

VI AS) = V) € By oms o Vi (8) = VA + 82 (smi(s)). (KS)
Recursively applying (K33, we have

H

() = Vf*)‘(s) — VM) < ZE”*’p[éfl‘(sh,ah)Hsl = s].
h=1

Next we bound term (ii), similar to term (i), by (]I;f[), the error can be decomposed to
Vi(s) = Vit (s) = Qn(s, Fals) — Q1 (s, Fn(s))
= T Vit (s, 70(5)) = 0n (5,7 (s)) = TRVih (s, 7als). (K6)
Denote P™ = { P },c(z) Where Py is defined as: V(s,a) € S x A,

Pf(|s,a) = argmin [Earmpy s,y Vit ()] + Mep(s, @), D(pal|13))].
prhEA(S)L, Pr=(¢,pn)

Hence similar to the bound in (K:4), the difference between the regularized Bellman operator and the
empirical regularized Bellman operator can be bounded as

T Vit (s, 7n(s)) = TRV, h+1( Tn(s)) < ]Es/~Pf(~|s,ﬁh(s))[Vh/\+1( s') — Vhﬂ-i,-)i( . K.7)
Combining inequality (K.6), (K.7), we have for any h € [H]
Vi (s) = Vi (8) < Byopr (s, o [Vinr1 (8) = Vi (s)] = 63 (s, #n(s)).- (K.8)

Recursively applying (K.8), we have the "pessimisim" of the estimated value function that Vh € [H|

V2 (s) ) < Z]wr P = 63 (smyan)|s1 = 8]

Therefore combining the two bounds above, we have

H H

SubOpt(#, s, A) = (i) + (i) < > E™ P[5} (sn, an)|s1 = s] + Y _EXF"[ = 63 (sn, an)ls1 = s].
h=1 h=1

(K.9)

Hence, it requires to estimate the range of the regularized Bellman update error § 2 (s,a). Recall the
definition in (K23), we claim that

0 < 0 (s,a) < 2T (s, a) (K.10)
holds for V(s,a,h) € S x A x [H]. For the LHS of (K:I0), first we notice that if (¢(s, a), ;) —

[ (s,a) < 0, the inequality holds trivially as Q) h(s a) = 0. Next we consider the case where

(¢(s,a), W) — Th(s,a) > 0. By the definition of Q) (s, a) and the assumption in the lemma, we
have

52(57(1) = EAVh)\H(Sv a) — QQ(S, a)
= 7;;\‘7,{\“(3, a) — min {(¢(s, a), W) —Th(s,a), H—h+ 1}

> TN (s,a) — (p(s, ), wp) + Th(s,a)
> 0.

On the other hand, by the assumption in the lemma, we have

(¢(s,a), W) —Th(s,a) < 77f“7,f‘+1(5,a) <H-h+1.
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Hence, we can upper bound 47 (s, a) as
57 (s.a) = TNV (s.a) — Qn(s, a)
= Ti' Vi (s, @) — max {(¢(s, a), ) — Tals,a), 0}
< T Via(s,0) = (@(s, a), @7) + Ta(s, a)
< 2T, (s, a).

This concludes the claim. Now it remains to bound the empirical transition kernel P. Noticing the
fact that Vh € [H], (s,a) € S X A,

)\D(ﬂh,i”/‘?z,z‘) < Es’~ﬂh,i[vh/\+1(3/)] + )‘D(ﬂh,z‘”,ug,z‘)
= inf  [Egep, [Virr (8] + AD(unill )]

fin i €A(S)
- Hh,ilélA(S) [ Mh’l[ h+1( ﬂ + (Mh ||/1‘h z)] ( )

*, A
< ESINMO [Vh+1(8/)]
< V,
meax h+1( s),

where (KTT) comes from the pessimism of value function, i.e Vi, , (s) < V;**(s),Vh € [H]. Hence,
the empirical transition kernel P, (-|s, ) is contained in the set 4 (P°) defined in (3.1). Hence, by

(K29) and (K:10), we have

H H
SubOpt(7, s, A) < ZE”*’P[éfl‘(sh,ah)\sl = s] + ZET}’PW [ — 6;’}(Sh,ah)\|51 = S]
h=1 h=1

H
< QZE”*’P[Fh(Sh,ahﬂsl = s}
h=1

<2 sup ZEﬂ P (sh, an)|s1 = s].
Peur(P°) 5

This concludes the proof. O
K.2 Proof of[Lemma 1.2

Proof. For all h € [H], from the definition of wp,
”wﬁH? = ”Eswug [Vh)\—i-l(s)]athl H2 < H\/a’

where the inequality follows from the fact that V,f‘H < H, for all h € [H]. Meanwhile, by the

definition of 7 in|Algorithm 3| and the triangle inequality,
K
il = A7 D2 @57, an) Vs (9)]a
=1

2

K
<HY A o(sh,af)ll2
T=1

K
= HS (7. a7)T AL AL A (s, a)

T=1
H K
< O(sT,a)TA p(sT,al (K.12)
ﬁ;\/ (sh-ap) T A, @(s], af,)
K
- HVK

Ve Zlqﬁ sp,an)TA, ¢(5h7ah) (K.13)
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where (K12) follows from the fact that ||A; || < v~1, (KI3) follows from the Cauchy-Schwartz
inequality. Then we conclude the proof. O

K.3 Proof of|Lemma I.3]

Proof. By definition, we have

V()
Beg e, -
h 9 S

this concludes the proof of wfl‘. For 1132‘,

V}f‘+1(5>
e X

< / 119.(5)llads < V,
S

il = |

VR (shg1)

.

K
lille = A7 é(shap)e
=1

K
<> IAL b(sT ap)

T=1

K
T T —-1/2 - —-1/2 T T
= Z\/‘ﬁ(shvah)TAh / ALMA, / @(sh.af,)
T=1

K
: \% Tzzl \/‘ﬁ(% al) A o(sT, ap) (K.14)
VE | & ~
< Nl Z¢(827GZ)TAh1¢(82,a2) (K.15)

\F\/Tr L(An — A1)

5 -

where (K:14) follows from the fact that ||A; || < v, (K:I3) follows from the Cauchy-Schwartz
inequality. Then we conclude the proof. O

K.4 Proof of Lemma 1.4

Proof. Denote A = ($2A; !, then we have ||0]]; < L,||A|2 < B?y~!. For any two functions
Vi, Vo € V with parameters (01, A1), (62, Az), since both {-}(o i—441) and max, are contraction
maps,

dist(Vy, Va) (K.16)
d d
$(5,0)T (01— 02) = A(1og (1 0u(s,)Lilla, ) —log (1+ Y llou(s, a)Lilla, ) )|
=1 =1

d

1+ 3 i1 [19i(s, @)1l a,
d

1+ 35 [6i(s, a)1i] 4,

< sup

s,a

< s [67(61-6:) -
PER? [P <1
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1 d ; 1,
< Sup |¢T(01 _ 02)| + )\ Sup ’10 + Z;:l H¢Z($7a) l||A1 , (K17)
PR || <1 BR[| <1 L+ oi(s,a)1i]|a,

we notice the fact that: forany z > 0,y > 0,
o8 Ty | = o
’ BTy
Therefore, (K:I7) can be bounded as:

Y
7+1)‘§lo z—yl+1) <|zr—y|
s (1o gl —yl+1) < o -y

®ID<  swp o7 (61— 0:)+ A sup ]Zu@sa Lilla, - analnAz

PER:||9||<1 PR |9 <1

= sup 9T (61 —6:)[+ A sup $i1] Aril; — ¢i1] Azl
PER:|9||<1 PR |9 <1

<01~ Oaf+ A sup W (AL~ A)piL, (K.18)

PER: H¢|IS1 i=1

< 161 — O2f]2 + A/[[ A1 — A2|| Sup Z i1

Hlell<1;5
< (161 = 022 + AV/[| Ay —Azllp, (K.19)
where the follows from the triangular inequality and the fact |\/z — \/y| < /|z — y/, and
|| - || = denotes the Frobenius norm. We next define that Cg is an €/2-cover of {6 € R|||6]|> < L},
and the C 4 is an €2 /4\%-cover of { A € R?*?||A||r < d*/?B?y~'}. By|Lemma L.5| we have that:
Col < (1+4L/e)%,|Cal < (1+8)2d"/2B? /ye®)®

By (K.19), for any V; € V, there exists 62 € Cg and Ay € C4x s.t Vo parametrized by (0, As)
satistying dist(V7, V5) < e. Therefore, we have the following:

log [N (€)| < log|C| +1og |Cal < dlog(1 +4L/€) + d? log(1 + 8A\2d*/2 B2 /~e?).
Hence we conclude the proof. O
K.5 Proof of[Lemma L5

Proof. By definition, we have that

I}

= o, (B TRO + @O0 - R TaeR)] |
2

<+ 25l <20

= f(H - ﬁ)

where (K:20) follows by the fact that ]E“?M[Vh/\ﬂ(s)}a € [0, H], o [Vh+1( s)]2 € [0, H?). O

K.6 Proof of

Proof. We first proof the LHS of the lemma by induction from last stage H. From the definition of
VH”’A and 6;,, we can learn that

d
VHﬂ’A(Sl) =ry(si,mu(s1) = @(s1,m(s1)) 0 = 2%1 <d + ZinEﬂaHi)-

i=1
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This is the base case. Now suppose the conclusion holds for stage h + 1, that is to say,

5 H d
Vii(s1) < 2d (1- €)j_h_1<d+ (ZﬁjiE”aﬁ))
i=1

j=h+1

Recall the regularized robust bellman equation in and the regularized duality of the
three divergences, we have

A . TN () 0
As1,a) = , f By, (1s.a) |V Mo(s,a), D
B (s1,0) = ra(sy a)+Hh€A(5)dy;’Ph:<wh>[ PuClsa) [V ()] + Me(s,a), D(unlpi))]
S T}L(Sl, CL) + ES/NP;?('|S1,(L) [Vh"l)i(sf)] (K21)
=rp(s1,a) + (1 — ) V) (s1). (K.22)

Then with regularized robust bellman equation in and the inductive hypothesis, we
have

Virt(s1) = QA (s1,7(s1))

< Th(sl,’/Th(Sl)) + ( ) h+1(81) (K.23)
H
d (d‘f'zgth ahz) 2d Z 1_€] h<d+<Z§sz agz))
j=h+1 i=1

- B S0t (S

Hence, by the induction argument, we conclude the proof of the RHS. Furthermore, for any h € [H],
we can upper bound V””\(s) as

Zi )i h(d+ (ZfﬂE aﬂ)> <GS(H—h) < MNH—h)/H <A, (K24)

where the third inequality holds by the definition of §. For the left, we prove by discussing the KL,
x? and TV cases respectively.

Case I- TV. The case for TV holds trivially as by we have

A . TN ) 0
’ = f Egp, (1s.a)| Vi A ,a), D
Qh (817 CL) Th(slv (l) + MhEA(S)dEZl,Ph:<¢,uh> |: Pp(-|s,a) [ h+1 (S )] + <¢(S CL) (“h““h»]
=rp(s1,a) + (@(s1,0), Egrep0 Vi () im SV D) (K.25)

A
= Th(817 a’) + Es’~P£(~|s,a) [Vh+1(8 )]Hlln o (V ZZQ(& DERS

= ru(s1,0) + (1 — €) V7 (s1), (K.26)

where (K:26) holds by (K:24). Hence, the inequality in (K:23)) holds for equality. This concludes the
proof for TV-divergence.

Case II - KL. We prove by induction. The case holds trivially in last stage H. Suppose

6 H . d
Vid(s) = oo > (-9t (d + (;gﬁwaﬁ)) ~(H — h)e(e — 1).

j=h+1
Recall the duality form of the Q-function at stage h can be upper bounded as:

A

Ms1,a) = inf By py(1s.0) [Viia (8)] + M@(s,a), D h
h (81 a) rh(Sha)+u;LeA(S)d‘}'r21,Ph:(¢,ph)[ s Ph(|s,a)[ h+1(s )] + <¢(5 (L) (/’l’h”u’h»]

= ra(s1,0) + ($(s1,a), ~Aog By e ™ D)
=rp(s1,a) — Aog (e + (1 — e)e‘vifﬁ(sl)”)
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rp(s1,a) + VhﬂJr’\l(sl) — Mog (eev’lﬁl(sl)/’\ +(1—¢)
r(s1,0) + Vi (s1) = Ae(eVmie0/A _ 1) (K.27)
rp(s1,a) + Vh+1(81) — Ae(e — 1), (K.28)

where (K:27) follows by the fact that log(1 + z) < x,Va > 0, (K:28) follows by (K.24). Therefore,
by the inductive hypothesis, we have

Vi (s1) = QM (s1,m(s1))
> ry(s1,mh(s51)) + (1 — V) (s1) — Ae(e — 1)

s a d i

S (1= "+ (Y &iEmaz)) — (H = h)Ae(e — 1).
j=h i=1

This finishes the KL setting.

Case Il - x2. Similar to the case in TV, KL, by the duality of x? in[Proposition D.8] we have

A : TN ) 0
(s1,a) =rp(sy,a) + inf Eop,(ls,a) | Viai(8)| + Me(s,a), D
Pova) =mlsa+ it B e V)] 4 A6(5.0). Dl [15))]

Y

Y

T, € T,
=n(sa+0-¢9 s (WG - 5 G2
€[ Vinin,Vinax]

> m(s1,a) + (1= ) [ (1) = 5 WA (1))

- el —¢
> rp(s1,a) + (1 — e)Vh_;_?(sl) — %, (K.29)
where (K:29) follows by (K.24). Hence, similar to Case II, by induction, we have
H
v ) ex(l—¢)
7dz J h(d+(Z£J1]E an))_(H_h) 4 :
This finishes the x? setting, and we complete the proof. O

L Auxiliary Lemmas

Lemma L.1 (Lemma D.3 of [10]). For any h € [H], let V}, denote a class of functions mapping from
S to R with the following form:

Vi(a:0,8,Ar) = max { §(s,0) 76 - 6Z\|¢>l S Lillag }

[0,H—h+1]

the parameters (0, 3, Ap,) satisfy ||0]|2 < L, 8 € [0, B], Ymin(Ar) > 7. Let Ny () be the e-covering
number of V with respect to the distance dist(V1, Va) = sup,, |Vi(z) — Va(x)|. Then

log N3, (€) < dlog(1 +4L/€) + d*log(1 + 8d*/2B? /ve?).

Lemma L.2 (Corollary 4.2.11 of [29]). Denote the e-covering number of the closed interval [a, b]
for some real number b > a with respect to the distance metric d(o, ag) = |ag — aa| as Ne([a, b]),
then we have N, ([a,b]) < 3(b—a)/e.

Lemma L.3 (Lemma B.2 of [7]]). Let f : S — [0, R — 1] be any fixed function. For any § € (0, 1),
we have

(n qu S AR = RA(1og(1/8) + dlog(1 + K/7) ) <6
where U}C(f) = Es’wPﬁ(-\s;,a;)[f(Sl)] - f(sz;,«kl)'
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Lemma L.4 (Lemma F.3 of [T1]). If K > O(d®) and the feature map is define as|Appendix J.1} then
with probability at least 1 — §, we have for any transition P,

H

d
STETL S llils, )il s = s

h=1 i=1

4d3/2H
VK

Lemma L.5 (Lemma 5.2 of [28]]). For any € > 0, the € -covering number of the Euclidean ball in R?
with radius R > 0 is upper bounded by (1 + 2R/¢)%.

IN
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