Wi, Wy IS PROBABLY ALL YOU NEED: ON THE NE-
CESSITY OF THE QUERY, KEY, AND VALUE WEIGHT
TRIPLET IN SELF-ATTENTION TRANSFORMERS

Marko Karbevski* Antonij Mijoski'
Institut de Recherche Mathématique Avancée (IRMA)
Université de Strasbourg

ABSTRACT

We theoretically investigate whether the Query, Key, Value weight triplet can be
reduced in encoder-only and decoder-only transformers. Under mild assumptions,
we prove that Query, Key or Value weights are redundant and can be replaced with
the identity matrix, reducing attention parameters by 25%. If applied to the Query
or Key weights, this also simplifies optimization: attention logits become linear
rather than quadratic in learned weights. Validating the Query weight removal
on decoder-only GPT-style small models trained from scratch, we find that with
adjusted attention scaling and weight decay, reduced models match baseline per-
formance despite fewer parameters. Training remains stable at over 3x lower
weight decay, suggesting Query weight elimination provides implicit regulariza-
tion. Our analysis has also led us to a structural expressivity boundary: in the
mathematically tractable ReLLU setting, skip connections push MLPs into a gener-
ically disjoint function class at fixed width. These findings motivate investigation
across modalities and at scale, where the observed stability and efficiency gains
may prove most consequential.

1 INTRODUCTION

Training and deploying transformer-based language models (Vaswani et al., 2017) remains compu-
tationally expensive (Samsi et al., 2023), motivating architectural optimizations (Tay et al., 2022)
including quantization (Ma et al., 2024), efficient attention (Choromanski et al., 2020; Wang et al.,
2020), weight sharing (Shazeer, 2019; Ainslie et al., 2023; Lan et al., 2020), and normalization
streamlining and block restructuring (He & Hofmann, 2024; Heimersheim, 2024; Baroni et al.,
2025; Zhu et al., 2025). Recent work has shown that normalization layers (Heimersheim, 2024;
Baroni et al., 2025) and attention parameters (He & Hofmann, 2024) can be rearranged and simpli-
fied with minimal performance impact, suggesting current architectures may be overparameterized.

We investigate redundancy within the attention mechanism itself: is the Query-Key-Value weight
triplet necessary? The key insight is that attention depends on the input X only through the products
XWq, XWg, XWy . This enables a telescoping construction where each layer’s basis transforma-
tion prepares the input for the next, ultimately replacing W with the identity matrix throughout
the network. We focus on W, for its compatibility with KV caching and GQA; the theory applies
identically to W or Wy, whose empirical evaluation we leave to future work.

Contributions. We take a theory-first approach: we prove that Query weight elimination is possible
under simplifying assumptions, then validate empirically in full architectural complexity.

* Theory (Section 4, Appendices): We first observe that multi-head attention has intrinsic
redundancy: any block-diagonal transformation can be absorbed into the Query-Key pair
without changing the output (Proposition 3.2). This redundancy is parametrized by a (h -
dﬁ )-dimensional manifold (one invertible dj, x dy matrix per head), present in the full model
with no simplifying assumptions.
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Under the additional assumption of no normalization layers, we prove that W can be set
to identity while preserving input-output mappings for (i) any single layer in transform-
ers with full skip connections and untied embedding/L.M-head weights (Theorem 4.2, the
“Single-Layer Free Lunch”), (ii) all layers in weight-shared transformers (Theorem 4.3),
and (iii) all layers in transformers with skip connections around attention only (Theo-
rem 4.4). Notably, the Single-Layer Free Lunch applies to existing pretrained models once
LayerNorm is removed via the techniques of Heimersheim (2024) and Baroni et al. (2025),
enabling post-training Query weight elimination.

We also derive the functional form required for basis transformations to pass through Lay-
erNorm (Appendix C), showing that LayerNorm compatibility requires the MLP to ap-
proximate a specific nonlinear compensation. Notably, the resulting obstruction is strictly
milder than the per-head modulation introduced by QK-normalization (Henry et al., 2020),
which poses no empirical limitation as demonstrated by numerous SOTA models (Team,
2025; Team et al., 2025; OLMo et al., 2025).

* Index-free notation for MHA (Appendix A): Building on variants of the Block Hadamard
Products defined in Horn et al. (1991), we provide a compact notation that more closely
reflects standard implementations. Under this formulation, the motivating observation of
our paper—that attention depends on X only through XWg, XWg, XWy—becomes
mathematically trivial.

» Skip connections are generically unabsorbable (Appendix E): We prove that for ReLU
MLPs at fixed width, the set of weights for which the skip connection W5 ReLU(W;z) +
can be exactly represented as Vo ReLU(V;x) has Lebesgue measure zero. Skip and non-
skip ReLU MLPs of the same width thus represent generically disjoint function classes,
clarifying that skip connections provide access to a different region of function space rather
than strictly “more” expressivity.

* Experiments (Section 5): We train GPT-style models (117M to 124M parameters) from
scratch with Wg = Id, comparing against parameter-matched baselines. With hyper-
parameter adjustments motivated by our theoretical analysis, the reduced 117M model
matches the full 124M baseline despite 8% fewer non-embedding parameters, and out-
performs parameter-matched baselines at equal size. Reallocating saved parameters to the
MLP significantly outperforms the full 124M baseline counterpart. Moreover, its training
remains stable at 3x lower weight decay.

 Training stability: The reduced architecture trains stably at over 3x lower weight decay.
We attribute this to: (i) simplification from quadratic to linear parameter dependence in
attention logits, and (ii) the identity query acting as an implicit skip connection within
attention.

Scope and limitations. This work establishes sufficient conditions for the elimination of Query
weight matrices (Wg). While the theoretical derivation utilizes simplified architectures, empirical
validation on GPT-style models confirms that W redundancy persists in practical models. These
experiments at the 117M-124M parameter scale demonstrate technical feasibility and establish the
empirical baseline for systematic scaling, multi-seed validation, downstream benchmarking, and
validation across modalities and architectures.

2 RELATED WORK

Architectural simplification. Graef (2024) formally proves that in skipless transformers without
normalization, both W and Wy can be eliminated simultaneously and leaves the question open
whether elimination extends to practical architectures. We go further in several directions: (i) we
analyze transformers with skip connections by retaining W to absorb basis changes, (ii) we char-
acterize exactly when ReLU MLPs can absorb skip connections (Appendix E), (iii) we derive the
functional form required for basis transformations through LayerNorm (Appendix C), and (iv) we
validate through GPT-style pretraining. He & Hofmann (2024) empirically study simplified parallel
attention-MLP blocks; we focus on weight elimination within the original architecture, rather than
through block restructuring. Recent work showing that LayerNorm can be removed from pretrained
models (Heimersheim, 2024; Baroni et al., 2025) supports our no-normalization theoretical setting.



Notably, Ji et al. (2025) show that self-attention catastrophically fails to train without skip connec-
tions around attention, validating that our Theorem 4.4 addresses the practically essential case.

Efficient attention. Grouped-Query Attention (Ainslie et al., 2023) and Multi-Query Atten-
tion (Shazeer, 2019) reduce parameters by sharing Key-Value projections. Linear attention meth-
ods (Choromanski et al., 2020; Wang et al., 2020) reduce complexity. FlashAttention (Dao et al.,
2022) optimizes memory access. Our approach is orthogonal to these optimizations: Query weight
elimination applies to standard, GQA, and MQA architectures alike, enabling multiplicative savings.

Weight sharing, tying, and recursive architectures. In order to save memory Press & Wolf
(2017) tie embedding and Language Modeling (LM) head weights with minimal performance degra-
dation. This technique is further adopted in GPT-2 (Radford et al., 2019) and many subsequent
decoder-only models. Our theoretical work addresses both the tied and untied regimes.

Bai et al. (2019) study weight-shared transformers as implicit fixed-point solvers. ALBERT (Lan
et al., 2020) shares all parameters across layers, achieving 18x memory reduction at only modest
performance cost. In this case the conditions of our theory are further relaxed: we systematically
treat the case where all the skip connections are present, and only rely on the approximation of the
change of basis through the LayerNorm. This implies that our theoretical investigation is highly
relevant for this family of models. Finally, compared to weight sharing, not only do our methods
reduce the memory, but also the computational footprint.

Recursive models such as Tiny Recursion Models (TRM) (Jolicoeur-Martineau, 2025), which ap-
ply a 2-layer block repeatedly, are natural candidates for Query weight elimination under The-
orem 4.3. TRM uses RMSNorm, which our analysis covers (see Appendix C). Interestingly,
Jolicoeur-Martineau (2025) found that embedding-head tying degraded performance, so TRM uses
untied weights, satisfying our untying requirement and making Query weight elimination directly
applicable.

Theoretical foundations. Theoretical analysis of transformers typically trades architectural fi-
delity for mathematical tractability. Yun et al. (2019) establish universal approximation; Ildiz et al.
(2024) connect self-attention to Markov dynamics; Geshkovski et al. (2024; 2023) provide mean-
field analyses of attention. We do the same to obtain tractable proofs, then verify our results empiri-
cally in full architectural complexity.

Parameter-efficient fine-tuning and compression. LoRA (Hu et al., 2021) and related meth-
ods (Dettmers et al., 2024) achieve efficiency through low-rank adaptation during fine-tuning. Post-
training compression via pruning (Ma et al., 2023) and quantization (Ma et al., 2024) are also or-
thogonal to our approach. Query weight elimination applies at the architectural level, benefiting
both pre-training and inference, and can be combined with these techniques for compound efficiency
gains.

3 PRELIMINARIES

We establish notation for multi-head attention and state the Reparametrization Lemma underlying
our theoretical analysis.

Notation. We write Mat(p, ¢) for the set of real p x ¢ matrices and GL(d) for the invertible d x d
matrices. Fix n (sequence length), dqe (embedding dimension), and h (number of attention heads)
with £ |dmoger- Let di = dmoder/h denote the dimension per head. For each head i € {1,...,h}, we
define head-specific weight matrices W), Wy, Wy, € Rémosaxdi assembled into full-layer parame-
ters W, Wi, Wy € RémowerXduowel by concatenation: Wg = (W \Wg), and similarly for W,

Wy . The output projection is W € R%moset X dmoder
We let M € {0, —o0o}™*™ denote the attention mask: M,; = 0 if token ¢ can attend to token j,

—oo otherwise. For decoder-only (causal) attention, M;; = —oo when j > 4; for encoder-only
(bidirectional) attention, M = 0.



The output of a single attention head ¢ is:
(XWHXWi)'
Vdy,

the self-attention product is S.(X,Wq, Wi, Wy) = Concat(heads, . .., head),) € R"* o and
the multi-head attention is

head; (X, Wg, Wi, Wy) = softmax < + M) (XW),

Attn(X7WQ,WK,WV7Wo) ZSC(X7WQ,WK,Wv) -Wo. (1)

Eliminating W, reduces the four attention weight matrices to three, saving 25% of attention param-
eters. Our results rely on Wg € GL(d). This holds for almost every square matrix (in the Lebesgue
sense) (Vershynin, 2018); near-singular ¥ implies that certain directions contribute minimally to
queries, and replacing W, with identity restores these directions.

The Reparametrization Lemma. A key observation is that S, depends on X only through the
products XWq, XWk, and X Wy :

Observation 3.1 (Factorization). There exists a function g such that Sc(X, Wq, Wi, Wy) =
g()(VVQ7 )(I/VK7 XWV)

This is verified in Appendix A, where we introduce index-free Block Hadamard Products (Horn
et al., 1991) under which the observation becomes mathematically trivial. The factorization allows
replacing W with identity via a change of basis:

Lemma 3.1 (Reparametrization Lemma). Let f : Mat(n,d) x Mat(d,d)®> — § satisfy
FX, W, Wg,Wy) = g(XWq, XWk, XWy) for some function g. Then f is invariant under
(X, Wo, Wik, Wy) = (X0,071Wq, 0 Wk, 0~ Wy,) for any © € GL(d). In particular, for
any Wq, Wi, Wy ) with W € GL(d), there exist Wx, Wy, € Mat(d, d) such that

(X, Wo, Wi, Wy) = f(XWaq, Lo, Wi, Wy) VX € Mat(n, d).

Explicitly, Wi = W Wi and Wy = W5 ' Wy

Remark 1 (Alternative reductions). By the same argument, we can eliminate Wy (setting © =
Wi ) or Wy (setting © = Wy, ) instead, with the remaining matrices absorbing the basis change.
We focus on Query weight elimination for its compatibility with KV caching and GQA.

Additional degrees of freedom exist in the pair (Wq, Wi ):

Proposition 3.2 (Block-diagonal invariance). Let D = diag(D1, ..., Dy) € GL(doger) be block-
diagonal with D; € Mat(dy, dy,). Then:

S (X, Wo, Wi, Wy) = So(X, WoD, Wi (D)™, Wy).

The proof appears in Appendix A. This reveals that any block-diagonal transformation can be ab-
sorbed without affecting the output, identifying an (h - d )-dimensional family of redundant param-
eters. Similar redundancies may exist between Wy, and Wy ; we leave this to future work.

4 THEORETICAL ANALYSIS

We present results with progressively stronger conclusions, at the cost of additional architectural
assumptions. Table 1 summarizes the scope of each result. Note that for encoder-only models,
embeddings and output heads are never tied, so all theorems apply without any untying requirement.

4.1 SINGLE-HEAD ATTENTION

We begin with the conceptually simplest case. In single-head attention:

Attn(X, Wo, Wk, Wy, Wo) = softmax (L XWoWe X ") XWyWo



Table 1: Summary of theoretical results for Wy elimination (i.e., setting Wgo = Id). v = al-
lowed/present, x = must be absent/simplified. Norm: normalization layers. Skips: skip connec-
tions. MH: multi-head attention. Layers: Standard (Std) or Shared (ALBERT-style). E < H:
embedding/LM-head tying.

Result Norm Skips MH Layers E <+ H W( Eliminated
Prop. 4.1 v v X Std Either All layers
Thm. 4.2 X v v Sd  Unted A"ly single
ayer
Thm. 4.3 X v v Shared  Untied All layers
Thm. 4.4 x AW s Either All layers
only
Experiments v v v Std Tied All layers

Proposition 4.1 (Single-head redundancy). For single-head attention, the four weight matrices
(Wo, Wk, Wy, Wo) can be reduced to two:

Attn(X, Wo, Wk, Wy, Wo) = Attn(X,1d, Wk W, Wy Wo, Id).

This holds regardless of normalization or skip connections because the attention mechanism depends
only on W WL and Wy Wo,. However, weight decay during training penalizes | W ||? + || Wk |2+
W/ ||2 + ||[Wo||? rather than |[WoW,-||? + ||[WyWol|?, potentially preventing discovery of this
reduced form.

4.2  SINGLE-LAYER QUERY WEIGHT ELIMINATION

Before addressing full Query weight elimination across all layers, we show that any single layer’s
Query weights can always be eliminated in transformers without normalization, even with all skip
connections present.

Theorem 4.2 (Single-Layer Free Lunch). Consider an L-layer encoder-only or decoder-
only transformer without normalization, with all skip connections, and with untied weights.
Let E,Ep, Wheaa be embedding, positional embedding, and output head weights, and let
WirLp,» Witp,» W, Wie, Wi, W) 2| be the layer weights.

For any j € {1,...,L} with Wé € GL(d), there exist modified weights
(E, Ep, Whead, Wlf/[pr , IZVI@[LPd, WélW}{’ W‘?,'Wé)fil. sufh th~at‘ W{é = Id and the trans-
former with weights (E, Ep, Wheaas, Warp, » WaiLp,» Wos Wie, Wy, W)L ) produces identical
outputs to the original.

Remark 2 (Post-training application). Heimersheim (2024) and Baroni et al. (2025) show that Lay-
erNorm can be removed from pretrained transformers (up to GPT-2 XL) with minimal degradation.
For such models, our theorem applies directly post-training: a single layer’s Wq can be eliminated
through weight reparametrization alone, saving 25% of that layer’s attention parameters.

The proof (Appendix F) propagates a single basis transformation © = Wé uniformly through the
entire network.

Remark 3 (Why not all layers?). To eliminate all Query weights simultaneously, layer i would need
its own basis ©; = Wé, requiring blocks to satisfy B;(X©;) = B;(X)©,1 with potentially ©; #+

©;+1. However, the MLP skip connection forces same-basis intertwining: MET%(Z 0)+ 70 =
(MLP;(Z) 4 Z)©. This admits two solutions: (i) share weights so ©; = © for all i (Theorem 4.3),
or (ii) remove the MLP skip, allowing Wﬁ/ILPd to transform between bases (Theorem 4.4).

When layers share weights, the single-layer elimination propagates to all attention layers, as de-
scribed next.



4.3 WEIGHT-SHARED TRANSFORMERS

Theorem 4.3 (Weight-Shared Query Weight Elimination). Consider an L-layer encoder-only or
decoder-only transformer without normalization where all layers share the same block parame-
ters. Let E, Ep, Wheaa be embedding, positional embedding, and output head weights, and let
(Wawp,,, Wwmrp,, Wo, Wi, Wy, Wo) be the shared layer weights with Wg € GL(d).

Then there exist modified weights (E Ep, Wheads WMLPH,WMLpd, Wi, Wy, Wo) such that the

transformer with weights (E Ep, thd, WMLpu,WMLp . 1d, WK,WV,WO) produces identical
outputs to the original.

Proof sketch. With an appropriate change of variables, each block satisfies B = ©~ 1o B o®© where
B is a reduced block, i.e. one where Wy = Id. Since all layers share weights, one can use the

telescoping technique to obtain B°F = 71 o B°L 6 ©. The embedding and LM head absorb the
boundary transformations. O

Remark 4 (Embedding-head untying). With tied embedding/LM-head weights (Wyy = ET), the
reduced model must untie these weights to maintain equivalence, since W = Wo 'ET £ ET
unless Wq is orthogonal.

4.4 MULTI-HEAD ATTENTION WITH RESTRICTED SKIP CONNECTIONS

Eliminating all layers’ Query weights with standard (non-shared) parameters requires restricting the
skip connection structure. We consider skip connections around attention only, setting aside MLP
skip connections and LayerNorm (see Appendix C for LayerNorm analysis).

Optimization versus trainability. Skip connections confer two distinct benefits that are often
conflated. Optimization refers to training efficiency: skip connections smooth the loss landscape (Li
et al., 2018), eliminate singularities that slow convergence (Orhan & Pitkow, 2018), and enable
gradient flow through very deep networks (He et al., 2016). Networks can train without skip con-
nections, but more slowly and with worse final performance. He et al. (2023) show that “vanilla”
transformers (without skip connections or normalization) can be trained using special modifications
to self-attention, but require approximately 5x more iterations to reach equivalent performance.

Trainability, by contrast, refers to whether training succeeds at all. For self-attention specifically,
Ji et al. (2025) show that training catastrophically fails without skip connections around attention,
while removing them in other components (MLPs, convolutions) is much less consequential. Our
Theorem 4.4 addresses this practically essential case: transformers with skip connections around
attention.

Theorem 4.4 (Attention-Skip-Only Query Weight Elimination). Consider an L-layer encoder-only
or decoder-only transformer without normalization and with skip connections only around atten-
tion. Let E, Ep, Weaq be embedding, positional embedding, and output head weights (LM head
for decoder-only, task head for encoder-only), and let (Wi p ,Wip. Wé, Wi Wi, Wi,
be the layer weights.

Then there exist modified weights (E, Ep, Wiead, WMLP , WMLPd, WK, Wi, Wh)E | such that the
transformer with weights (E, Ep, Wieaa, (WMLP 7I/Vl\/[LPd, Id, VVK7 WV, WO)Z 1) produces iden-
tical outputs to the original.

The proof (Appendix F) proceeds by induction. Setting ©; = Wé for each layer ¢ € {1,...,L}
and Oy, = I, the transformed weights are:

E = E6y, Ep = EpOy,
Wi =0, Wi, Wi =0, 'Wi,, Wh = W6,
Wi, = 0; ' Winp,, WK/ILPd = WiiLp, Oit1-

Unlike Graef (2024), who eliminates both W and Wy in skipless transformers, we retain Wo and
use it to adapt the output of the attention to the change of basis in the skip connection around it. This
allows the construction to work with skip connections around the attention.



Table 2: Model configurations and validation loss at 100k steps.

Baseline Baseline Wq =1d | Baseline Wg=1Id

(smaller MLP) (smaller dmoder) (117M) (124M) (larger MLP)
Trainable Wg v v X v X
Total params 117.30M 117.92M 117.30M 12437M  124.37TM
Non-emb params 77.88M 79.73M 77.88M 84.95M 84.95M
MLP hid. mult. 3.5% 4x 4% 4% 4.5x
Attention scale 1/v/64 1/4/62 1/(2v64) | 1/v/64  1/(2v64)
Weight decay 0.1 0.1 275 0.1 275
Val loss (100k) 3.026 3.027 3.018 | 3.016 3.004

5 EXPERIMENTS

We validate our theoretical results by training GPT-style models from scratch with Wg = Id. Pre-
liminary experiments on MLP basis transfer approximation are in Appendix D.

5.1 PRETRAINING OF GPT-STYLE MODELS

Architecture. We use Karpathy’s NanoGPT (Karpathy, 2023) implementation of GPT-2/GPT-3-
small (Radford et al., 2019; Brown et al., 2020): 12 layers, 12 heads, dyode1 = 768, MLP hidden
dimension 4d,0qe1 = 3072, GELU activations (Hendrycks & Gimpel, 2016), LayerNorm (Ba et al.,
2016), context length 1024, GPT-2 BPE tokenizer. Compared to GPT-2 and 3, but consistent with
modern frontier models and Karpathy’s implementation, we omit the bias parameters.

Training. We train for 100k gradient steps (of 600k in the full NanoGPT schedule) on Open-
WebText (Gokaslan & Cohen, 2019) (~9B tokens) with mixed-precision training. We use
AdamW (Loshchilov & Hutter, 2019) with 31 = 0.9, 3> = 0.95, learning rate 6 x 10~* with 2k
steps of warmup and cosine decay to 6 x 10~°, gradient clipping at 1.0, and ~490k tokens per gradi-
ent step. To ensure a fair comparison, we pre-generate all training and evaluation batch indices from
a fixed random seed and reuse them across all model variants, so every configuration sees identical
data in identical order. Training uses a single NVIDIA RTX 5090 GPU with FlashAttention (Dao
et al., 2022). All configurations use tied embedding/LM-head weights.

Model variants. To isolate the effect of Query weight elimination from parameter count differ-
ences, we compare five configurations (Table 2): two parameter-matched baselines (smaller MLP
or smaller diode1), the standard 124M baseline, and two reduced architectures (IWg = Id) with pa-
rameters either matching the 117M baselines or reallocated to a larger MLP. Following scaling law
conventions (Hoffmann et al., 2022), Table 2 and Figure 1 report non-embedding parameters.

Practical adjustments. Two modifications are necessary for the reduced architecture:

1. Attention Scaling Correction: We adopt a scaling factor of 2%/@. instead of the standard
1

-+ The intuition: with Wq = Id, queries are coordinate slices of the input rather than
learned projections. At initialization, this yields attention scores with approximately 1.8x
larger standard deviation than the baseline (see Appendix B for the full derivation). The
factor of % compensates for this to prevent early softmax saturation.

2. Weight Decay: We reduce the weight decay coefficient from 0.1 to 275 = 0.03. Our the-
oretical results establish that the remaining parameters have sufficient capacity to jointly
encode their original functions and the compensating basis transformations. In standard ar-
chitectures, this capacity is latent: suppressed by weight decay, which restricts the degrees
of freedom. The reduced architecture’s stability at lower weight decay suggests that the
remaining weights are engaging this previously regularized capacity.

Results. Table 2 and Figure 1 summarize our findings:
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Figure 1: Validation loss during training (non-embedding parameters in parentheses).

1. Query weights are redundant. The reduced model (Wg = Id, 117M) achieves compa-
rable performance to the full baseline (124M) in validation loss, despite having 8% fewer
non-embedding parameters.

2. Parameter reallocation improves performance. When saved parameters are reallocated
to the MLP (4.5 X dioqe hidden dimension), the reduced architecture achieves the best
validation loss (3.004 vs. 3.016 for the baseline).

3. Reduced model beats parameter-matched baselines. At equal total parameter count
(117M), the reduced model outperforms both the smaller-MLP and smaller-d;,oqe base-
lines, suggesting Query weight elimination is preferable to naive parameter reduction.

4. Training is stable. Loss curves track closely throughout training with smooth convergence
at over 3x lower weight decay.

6 DISCUSSION AND CONCLUSION

Implicit regularization and complementary regimes. Setting Wg = Id provides implicit reg-
ularization: attention logits become linear rather than quadratic in learned parameters, and every
coordinate slice directly participates in attention, potentially encouraging more uniform gradient
flow. Weight decay protects against loss divergence in modern LLMs beyond classical regulariza-
tion (D’ Angelo et al., 2024); that we train stably at 3 lower values suggests the reduced architecture
provides inherent stability. More broadly, our theoretical and empirical results occupy complemen-
tary regimes: theory demonstrates achievability under mild assumptions in a highly generic setting;
practice faces harder conditions but enjoys greater freedom, as training finds its own path to a good
minimum.

Limitations. Our experiments validate the core result over 100k of the 600k training schedule
at the 117M—-124M parameter scale. Full training runs across multiple seeds, larger scales, and
downstream benchmarks represent natural next steps.

Extensions and future directions. The reduction mechanism relies only on linear projection struc-
ture and extends to: Rotary Position Embeddings (Su et al., 2021) (fixed rotations satisfy the con-
dition of the Reparametrization Lemma 3.1), Grouped-Query Attention (Ainslie et al., 2023) (trans-
formations act per query-head group), and Mixture-of-Experts (elimination applies per-expert). The
analysis extends without any modification to encoder-only architectures, with potentially larger rel-
ative savings. Technical directions include untied embedding configurations and QK-normalization
compatibility (Henry et al., 2020).

While we target W for its compatibility with KV caching and GQA, insights from parameter-
efficient fine-tuning suggest the Key matrix has the smallest effect on performance (Hu et al., 2021),
making W potentially an even better candidate for structural simplification.



Our results demonstrate that /inear Query projections provide no benefit over identity. However,
nonlinear Query transformations with a skip connection, i.e., Q(X) = X + N(X; 6) where N is a
nonlinearity with approximately the same parameter count as W, may offer additional expressivity
while preserving training stability. Conversely, if KV caching is not required (as in encoder-only
models), applying such nonlinearities to W4y, could be equally promising. Investigating Query, Key,
or Value weight elimination in Hyper-Connection architectures (Zhu et al., 2024; Xie et al., 2025)
presents another interesting direction.

Conclusion. We prove that W can be eliminated through basis transformations under simplified
assumptions, reducing attention parameters by 25%. Models with Wy = Id match baselines when
appropriately tuned, and exceed them when saved parameters are reallocated to the MLP—consistent
with our analysis identifying MLP expressivity as a limiting factor (Appendices C, E), and pointing
to architectural redundancy in the Query-Key-Value triplet.
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A  BLOCK-NOTATION FOR MULTI-HEAD ATTENTION

We proceed as follows:
First, we prove Observation 3.1 using the standard notation for the convenience of the reader.

Second, we introduce the Block Hadamard Products (as variants of those introduced in (Horn et al.,
1991)) to model the multi-head mechanism. In this notation, the result becomes mathematically
trivial: it is manifestly clear that the self-attention product S, is a function of XW¢g, X Wk, and
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X Wy alone, as the block-wise operations never access X except through these projections. The
structural redundancy of the query weights is thus rendered immediate.

The notation is motivated by and provides an index-free formalization of standard implementa-
tions (e.g., (Karpathy, 2023; Vaswani et al., 2017)) which use XWq, XWg, XWy (after a split

from XWqxv ), and reshape them into per-head blocks (XWg)?, ..., (XWq)" (and similarly for
XWpg, XWy). Our notation formalizes the transition: from the full products XWq, XWg, X Wy,
to the (parallel) per-head processing.

We remind the reader that we have fixed n (sequence length), dpoqe1 (embedding dimension), h
(number of attention heads) and dj, = dnoder/h (dimension per head).

Slice operator. Let m, p be two integers such that 0 < m < p < dpodel, and in what follows, we
will select them to be of the form m = a X dg, p = (a + 1) x d for 0 < a < h. We define the
slice operator as the canonical projection P, ,j : R™ 5 2 = (21,...,Zdp0) = Py y(x) =
2Py p) = (Tm, Tmy1,- -, Tp), and we remind the reader that we consider vectors as row vectors
here. For head © we write P; = Pl;_1)xd;+1, ixdy]-

Recall that W = (Wé\ ... [W§) = Concat(Wy,, ..., W), and similarly for W, Wy. Now
notice that W P; = W, and we again have the analogous result for Wiy, Wy .

Moreover, associativity gives:

Lemma A.1 (Head weights interchange). For any X € R"*dmat qnd VW € RnoarX dnotet | the j-th
head block of the product equals the product with the i-th head block:

(XW)" = XW"

In particular, this applies to W = Wq, Wk, and Wy, giving (X WQ)i =X Wé and analogously
for the Key and Value projections.

Proof. By definition of the block decomposition, (XW)" = (XW)P;. By the observation above,
W?* = W P;. Associativity of matrix multiplication gives (XW)P; = X(W F;), hence (XW)" =
XWe. O

We can complete the proof of Observation 3.1 here by using the lemma to remark that
(XWEH)(XWi)T
Vg

i T
\ (XWo)'(XWk)')
softmax
Vg
= g;(XWq, XWgk, XWy)
for an appropriate function g;, and then

SC(X, WQ, WK, Wv) = Concat (gl(XWQ,XWK,XWV), e ,gh(XWQ,XWK,XWV))
= g(XWQ,XWK,XWV)
for the appropriate function g. O

head; (X, Wg, Wi, Wy) = softmax( + M) (XW)

+ M) (XWy )

Instead, we make the deliberate choice to introduce a different notation in which this property be-
comes visible right from the definition of the multi-head attention. The reader can skip the remainder
of this section.

Block-wise operations. We decompose matrices into head-wise blocks:
e For F € R"*dwaa write F = (Fy|---|F,) where each F; € R (e.g. F = XW, or
F=XWy).
G1
e For G € R¥mowei X7 yrite G = : | where each G; € RIX" (e.g. G = (XWk)T).
G
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 For A € R"*(") write A = (A;|---|A}) where each A; € R"*" (e.g. the matrix of
per-head attention logits or weights).

We recall that, in this notation, the standard matrix multiplication of F' and G can be written as
FG =YY" FG,.
To express per-head operations, we define two Block Hadamard Products:
Fo' G=(FGy|---|FnGp) € R
AgF = (A1F1| . |AhFh) c Rnxdmodel.
These are variants of Hadamard block products introduced in (Horn et al., 1991).
The block softmax applies softmax and optional masking independently to each head:

Softmaxy; (A |- - - |Ap) = (softmax(M + Ay) | -+ | softmax(M + Ay)),

where A; € R™*™ are attention logits and M € R™*™ is a mask, and we apply the softmax row-
wise.

Multi-head attention in block notation. Multi-head self-attention written in the notation given
above then reads:

Su(X, Wo, Wi, Wy) = SOftmax]@V[(ﬁ (XWo) o' (XWK)T) o (XWy), ()

AttH(X, WQ7 WK7 WVa WO) = SC(X7 WQ7 WK7 WV) : WO'
Observation 3.1 now follows directly from the definition (2). All we need to do now is prove that
this definition does indeed match the standard one.

Proposition A.2 (Equivalence with the standard definition). The block-notation expression (2) for
S. coincides with the standard concatenation of heads:

Se(X, Wg, Wk, Wy ) = Concat(heads, ..., heady).

Proof. Denote by S2 the right-hand side of (2). We show that its i-th block equals head; by tracking
the i-th block through each operation in sequence. Recall that

(XWHXWi)T
Vdy

head; (X, Wq, Wk, Wy) = softmax( + M) (XW).

Step 1: Logits. By definition of f, the product (XWg) o' (XWk)" concatenates the h blocks
(XWo) (XWi))) " fori = 1,...,h. By Lemma A.l, (XWg) = XW}, and (XWx)i =
X W}( so the i-th block of the scaled logits is

1 _ .
T XWX W)

Step 2: Softmax. By definition, Softmax; applies the row-wise softmax (with mask M) indepen-
dently to each n x n block and concatenates the results. Denoting the output by A = (A4|- - |Ap),

the i-th block is
XWENXWiNT
KWW
Vi

A = softmax(

Step 3: Value weighting. By definition of @, the final product A @ (X Wy ) multiplies the i-th n X n
block of A with the i-th n x dj, block of (XW7,) and concatenates the results:

Ao (XWy) = (A (XWy)'] - [ A (XWy)").
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By Lemma A.1, (XWy )" = XWY{,, so the i-th block of SZ is
(XWH)(XWi)T
Vi

[ST]. = Ai- XWY, = SoftmaX< + M) (XW{) = head; (X, W, Wi, Wy).

Conclusion. Since S2 and Concat(heady,...,heady) are both concatenations of the same h
blocks, they are equal. O

Proof of Observation 3.1. By Proposition A.2, the block-notation formula (2) is an equivalent ex-
pression for S. Setting A = XWg, B = XWg, C = XWy, it reads

S.(X, Wo, Wi, Wy) = Softmax, (ﬁ Aot BT) aC = g(A,B,C).
The right-hand side depends on X only through the products A, B, C. O

We finish this section by providing the proof of Proposition 3.2: block-diagonal transformations
cancel head-by-head inside o, leaving S, unchanged.

Proof of Proposition 3.2. Since D = diag(D, ..., Dy) is block-diagonal, the i-th head block of
WqD is W§,D; and the i-th head block of Wi (DT)~tis Wi (D, )~!. Therefore, the i-th block
of the attention logits satisfies:

(XW(f?Di)(XW;'((DZT)*)T = XW,LH D DY (XWie) T = XWh (XWi) T,
where we used ((DIT)’l)T = D;'. Since this holds for every head, (XWgD) ot
(XWg(D")™)T = (XWq) of (XWk)". The value projection Wy is unchanged, so
SC(X, WQD, WK(DT)_l, Wv) = SC(X, WQ, WK, Wv). O

B ATTENTION SCALING DERIVATION

1
2/ dy

that this constant should ultimately be handled empirically. Let z € R« be the input to the
attention layer. For the simplicity of the derivation, we may assume that the input rows have unit
norm, ||z||?> = 1. Weights are initialized from A (0, 0%) with o = 0.02.

We derive the corrective scaling factor

for the reduced architecture, even though we believe

Standard Baseline (¢; = xWé). The query for head 7 is a linear projection where Wé €
Rmoae i Since each entry of Wé ~ N(0,0?%), the variance of each component of g; is

|lz]|20% = o2. The attention score Sya = ¢; - (xW},) T is the dot product of two dj-dimensional
vectors with component variance o2, yielding an initial standard deviation of:

StdDev(Sqa) = 0%/ di = (0.02)2V/64 = 0.0032.

Reduced Architecture (WWg = I). The query for head i is defined as a coordinate slice of the
input: ¢; = Z{;.q,:(i+1).d,])- Because the total norm ||z||* = 1 is distributed across the h heads, the
expected squared norm of this slice is ||g;||* = +. The attention score Seq = ¢; - (W) " has a

variance that depends only on the key weight variance:

2 0.02
Var(Seq) = [lg:l1?02 = &= — StdDev(S.ey) = —— = ——= ~ 0.0058.
(Sw) = lailPo? = 5 (S = 7= = 222

Corrective Factor. Comparing the two regimes, the initial scores in the reduced architecture are
approximately 1.8 larger than the baseline (3:0052 ~ 1.8). To prevent early softmax saturation and
maintain a starting variance consistent with standard transformers, we introduce a corrective factor
to the scaling. Since 1/1.8 =~ 0.55, we adopt the factor % as a clean and effective approximation,

resulting in the modified scaling 2;@.
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C LAYERNORM AND BASIS TRANSFORMATIONS

In Appendices C-E, we adopt the standard mathematical convention: vectors are column vectors
and linear maps act by left multiplication (Ax), in contrast to the ML convention (xA) used in the
main text.

We investigate when basis transformations commute with LayerNorm. Define L. : R? — R by
x — p(x)l
oe(z)
where pu(z) = 1 S 2, and oo (z) = \/5 S (@ — p(a)? + e

Lemma C.1 (LayerNorm Semi-Conjugacy Lemma). Let ¢ > 0 and A € GL(d) be fixed. Then
there exists a function f : R* — R® and a diagonal matrix D € R4* such that

L.(f(z)) = (DA)L.(z) Yz e R%

L.(x) =

)

Here, D corresponds to the learned per-coordinate scaling parameter of LayerNorm; our construc-
tion explicitly leverages this degree of freedom to enable the basis transformation. Without the
scaling parameter, this result would not hold in general. Moreover, for any scalar field h : R — R,
f + h1 also satisfies this equation.

Proof. Let H = {z € R? | 1Tz = 0} be the zero-mean subspace. Since (L. (z)) = 0, the image
of L. liesin H.

Step 1: Constructing the equivariant matrix M,. We require M = DA to preserve H. Let
= (AT)"'1and v = §/||||. Define Dy = X - diag(v). For any » € H:

A A

—_(AT9) Tz = =

o] 2]

where we used AT9 = 1 by definition of ©. Thus (DyA)(H) C H. Choose )\ such that the
restriction || Moz ||2 = 1 where My = D), A.

17 (Dy\A)z = ' Az = 172=0,

Step 2: Domain and unique inverse. For any z, we have || L. (x)||? = doo(x)?/(00(z)? +¢) < d,
so the image of L. is the open ball B = {z € H | ||z| < V/d}. Since [Mojgrll2 = 1, we
have My(B) C B. For z € B, solving z = L.(c) for ¢ € H (i.e., z = ¢/+/||c||?/d + €) gives

llell = llz[lve/+/d — || z]|, hence:

[ de
—1

Step 3: Defining f. Set f(z) = LZ1(MoL.(z)) + h(x)1 for any scalar field h. Then:
Le(f(x)) = Le(LZ" (MoLe())) = MoLe(w) = (DA) Le (2). O

Remark 5 (An informal discussion on the approximate linearity of fj; in high dimensions).
Lemma C.1 relies on a carefully constructed matrix My = Dy A to establish an algebraic semi-
conjugacy. We examine how fy(x) = LZ'(ML.(x)) behaves for a generic matrix M in high
dimensions.

SVD reduction. On the zero-mean subspace H, the normalization L. is a radial map of the form
x +— @(||x||) - . Since the scaling depends only on ||z||, it commutes with any orthogonal trans-
formation that preserves H. If M = UXVT is the SVD, the orthogonal factors pass through the
nonlinearity exactly: fyr(z) = U-fs (V' x). The rotations can be absorbed into surrounding weight
matrices. The entire nonlinear content of fys reduces to the diagonal map fx(y) = a(y)- Xy, where
aly) = (14 A(y)/(de))~Y? and A(y) = ||y||> — ||Zy||? is the metric defect. The scalar o equals
1 exactly when . is an isometry.

Linearization. At the origin, D fs(0) = X, so the linearization is exact and the quality of the
approximation is controlled by |1 — a(y)|. For small inputs (||y||> < de), the e-smoothing forces

16



a = 1 regardless of M’s spectrum, extending the linearization to a ball of radius O(V/de). For
large inputs, the linearization breaks down unless 3. is close to an isometry.

The stochastic picture. For a random matrix M with i.i.d. N'(0,1/d) entries, the metric defect self-
averages by concentration of measure (Vershynin, 2018). The mean defect is E[A(y)] = ||ly||*(1 —
Tr(X?)/d), which is small for square matrices at variance 1/d. By standard concentration on the
sphere, |1 — a(y)| = O(||y||?/(d®/%c)), extending the linearization well beyond the deterministic
small-input regime. Provided £ > ||y||?d—>/2, far(x) = Mz with quality improving as d grows.

Remark 6 (Extension to RMSNorm and Dynamic Tanh). The argument above extends to RM-
SNorm (Zhang & Sennrich, 2019), which has become the normalization of choice in many modern
LLMs (Touvron et al., 2023). Furthermore, a similar reasoning applies to the recently proposed
Dynamic Tanh (DyT) alternative to normalization (Zhu et al., 2025). Indeed, consider the map

DyT, , 5" RY - R, (x1,...,24) — diag(v)(tanh(aqzy), ..., tanh(aqzq)) + B.

This transformation is bijective onto its image whenever v; # 0 and «; # 0 for all i, a condition
that is reasonable due to the stochasticity of optimization. Hence, the structural result established
above extends beyond LayerNorm to both RMSNorm and Dynamic Tanh.

Theorem C.2 (Basis Transformation Through LayerNorm). Let © € GL(d) be a basis transfor-
mation, MLP : R? — R? a multilayer perceptron, and D the learned LayerNorm scaling. If there
exist MLP' and D' such that

D'L.(z + MLP'(z)) = ©DL.(x + MLP(z)) Vau,
then by Lemma C.1, MLP' must satisfy:
MLP'(z) = L-Y (Mo L. (x + MLP(z))) — 2 + h(z)1

where My is constructed as above for A = ©D.

Remark 7 (Theoretical obstruction to exact Query weight elimination with LayerNorm). This the-
orem reveals that preserving a basis transformation through LayerNorm requires MLP' to approx-
imate a highly nonlinear function involving the composition of normalization, the original MLP,
and denormalization. Since standard MLPs of the form Wao (Wyx) cannot exactly represent this
composition, exact Query weight elimination with LayerNorm is not achievable using standard ar-
chitectural components. This theoretical obstruction motivates either removing LayerNorm or ac-
cepting approximate equivalence with adjusted hyperparameters, as we pursue in our experiments.
Notably, we test both a slightly larger hidden dimension in the MLP, as well as reduced weight decay
compared to the original model.

D MLP BASIS TRANSFER APPROXIMATION

We continue with the column-vector convention (see Appendix C).

Standard transformers include skip connections around both attention and MLP blocks. With MLP
skip connections, the basis transformation leads to the functional equation:

Q1 0o (MLP +1d) 0 Q;' ~ MLP' 4 1d (3)
We test whether gradient descent can discover approximate solutions.

Setup. We generate synthetic targets Yiueet(X) = Wo - GELU(W1 X) + ZX — X with random
Gaussian weights, and train a GELU MLP with skip connection Y0401 (X ) = W4 - GELU(W/{ X) +
X to approximate it. We use AdamW for 20,000 steps with batch size 65,536, testing dimensions
h € {256,512, 768}.

Results. Figure 2 shows the trained MLP achieves 4 to 6% relative L2 error across all dimensions,
substantially outperforming the optimal linear baseline (11 to 14%). Mean cosine similarity reaches
0.999 (= 2.5° angular error). This demonstrates that MLPs can implicitly learn basis adaptations
through gradient descent, bridging the gap between our theoretical guarantees (exact solutions, re-
stricted skip connections) and practical architectures (approximate solutions, full skip connections).
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Figure 2: Left: Relative Ly error for approximating basis-transformed skip-connected MLPs as
a function of hidden dimension & € {256,512,768}. The trained GELU MLP achieves relative
error between 4% and 6%, significantly lower than the 11% to 14% error of the optimal linear
baseline. Right: Mean cosine distance between predicted and target outputs. The MLP maintains
a distance of approximately 0.002 across all dimensions, while the linear baseline remains above
0.009, indicating superior directional alignment.

E WHEN CAN SKIP CONNECTIONS BE ABSORBED INTO RELU MLPs?

We continue with the column-vector convention (see Appendix C).

A fundamental question in deep learning theory is understanding when architectural components like
skip connections are expressively necessary versus merely helpful for optimization. ReLU networks
compute continuous piecewise linear (CPWL) functions, partitioning input space into convex poly-
hedra, each associated with a distinct affine mapping, via “bent” hyperplane arrangements (Grigsby
& Lindsey, 2022). The geometry of these arrangements determines the network’s decision bound-
aries and expressivity (Arora et al., 2018). The number of linear regions serves as a coarse measure
of expressivity, growing polynomially in width but exponentially in depth (Montufar et al., 2014;
Telgarsky, 2016). While depth separation results establish that deep networks can represent func-
tions requiring exponentially many neurons in shallow networks, the role of skip connections in
expressivity remains less understood. We provide an exact algebraic characterization of when skip
connections can be absorbed into ReLU MLPs without increasing width, revealing that skip and
non-skip architectures access fundamentally different regions of function space.

Theorem E.1 (Residual-free representability of skip-ReLU-MLPSs). Let h > 2 and set m = 4h. Let
W1 ERth, W2 ethm

be given matrices with rankWy, = rankWy = h, where Wy consists of pairwise non-collinear,
non-zero rows, and Wy consists of non-zero columns. Denote ReLU coordinatewise. There exist
matrices

VVI c Rth7 ‘/2 c RhX'rn

such that the identity
WoReLU(Wiz) + 2 = VaReLU(Viz)  holds for all x € R"
if and only if there exists an index set J C {1,...,m} with |J| > h for which
WQ[I, J] Wl[J, :] = —Ih.
Proof. We prove both directions.

(Sufficiency). Suppose J C {1,...,m} satisfies |J| > h and Wa[:, JJW[J,:] = —I. LetII =
diag(1;) € {0,1}™*™ be the coordinate projector onto .J, and set the sign diagonal D := I —2II €
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{£1}m*™_ Define V; := DW; and V5 := W,. For any y € R™ write ReLU(y) = 1 (y + |y]).
Since D has diagonal entries -1 we have |Vy 2| = |[W;z| for all . Hence

‘/QRELU(Vll') = %VQ(VL’E -+ ‘leD = %(VQVlm + ‘/2|W1(L'|),
WgReLU(Wlx) +x = %(WQWLTJ + W2|W1.’13‘ + 237)
Using D = I —2IT and W)IIW; = —1I, we obtain VoV = Wo DW7 = Wy (I -2I1) W = WoWW1 +

2I},. Substituting into the displayed expressions yields VoReLU(Viz) = WoReLU(W;z) + « for
all z.

(Necessity). Suppose the identity Wy ReLU(Wyz) + x = Vo ReLU(Vix) holds for all z € R".
Using ReLU(y) = 3(y + |y|). and separating the odd and even terms in x yields: (W2W; +
21, — VoVi)a = Vao|Viz| — Wo|Wix|. The left-hand side is odd, while the right-hand side is even.
This implies both sides must be identically zero, giving: (N1) VoV, = WoW; + 21, and (N2)
‘/2‘V1$| = WQ‘WL’E‘ for all x.

We now analyze condition (N2) to relate the rows of V; and W;. The function f(z) = Wa|Wiz|
is non-differentiable exactly on the set Hw = U, ()., 201z | (W1)iz = 0}. Since W> consists
of non-zero columns, every hyperplane corresponding to a row of W is present in the singular set.
Since W7 consists of pairwise non-collinear rows, these hyperplanes are distinct. For the identity
(N2) to hold, the set of non-differentiable points must be identical: Hyy = Hy . This implies that
for every row w of W1, there exists a row v of 1 such that they define the same hyperplane (i.e.,
they are collinear). Thus, V; must be a scaled permutation of W3. We can write V; = DPW; for
some diagonal matrix D = diag(dy,...,d,,) with d; # 0 and some permutation matrix P.

Substitute V; = DPW; into (N2). Let D, = diag(|di],...,|dmn]|). Since |Py| = Pl|y|, we get
VoD, P|Wyz| = Wa|Wix|. Since h > 2 and the rows of W are pairwise non-collinear, this forces
VoD P = W, giving Vo = WoPTD 1.

Substituting into (N1): Wo PT (D, 1D)PW; = WoW; + 2I;,. Let S = D; 1D (entries +1) and
D' = PTSP. Then Wy(D' — )W, = 21, giving Wy(—2I1)W; = 2I}, where II projects onto
indices where D’ has —1 entries. Thus Wa[:, JIW1[J,:] = —I},.

By Sylvester’s inequality, h = rank(—1I;) < |J|, so |J| > h. O
Corollary E.2 (Uniqueness under invertible residual perturbations). Let h > 2 and m = 4h. For

matrices Wy € R™" Wy € RM™ and Z € R"™", define pw, w, z(x) = Wz ReLU(Wyz) +
Zx.

Consider the parameter space VW = R™*" x RMm » RFXh - For Lebesgue-almost every
(W1, Wa,Z) € W, the matrices satisfy the conditions of Theorem E.I (pairwise non-collinear
non-zero rows for Wy, non-zero columns for Ws), and the following holds:

If 2" # Z with Z — Z' invertible, then for every (W1, W3): dw, wy.z # ¢wi w2
Remark 8. Theorem E.I and Corollary E.2 hold without modification for any m > h.

Proof. Suppose for contradiction that ¢w, w, z = ¢w; wy 2. Then forall x € R":

WoReLU(Wiz) + Zz = WaReLU(Wz) + Z'z.
Rearranging:

WoReLU(Whz) + (Z — Z')x = WiReLU(W{x).
Since Z — Z’ is invertible, substituting y = (Z — Z')x yields:

WoReLU(W1(Z — Z')"'y) +y = WiReLUW/{(Z — Z')"'y).
Setting A = Wy and B = W1 (Z — Z')~1, the left-hand side has the form AReLU(By) + y. By the
necessity direction of Theorem E.1, there must exist J with |J| > h such that A[:, J|B[J,:] = —1I}.
Substituting back and right-multiplying by Z — Z:
Wal:, J)Wh[J,:] = 2" — Z.

For any fixed .J, this imposes h? algebraic constraints on (Wi, W5, Z). Under continuous distribu-

tions, this set has Lebesgue measure zero. Since there are finitely many choices of J, the union over
all J also has measure zero, so for almost every (W7, W, Z) no such J exists. O

19



The condition W[, JIW1[J,:] = —I}, is non-generic: it fails with probability 1 under continuous
weight distributions. This reveals that ReLU MLPs and Skip-ReLU-MLPs of the same width repre-
sent generically disjoint function classes. The algebraic condition characterizes exactly when these
classes intersect. This clarifies the role of skip connections: they do not provide strictly “more”
expressivity, but rather access to a different region of function space.

F PROOFS FROM SECTIONS 3 AND 4

Proof of Lemma 3.1 (Reparametrization Lemma). Let © = Wy, WK = Wé 1WK, and WV =
W' Wy Then for any X € Mat(n, d):
F(XO, I, W, Wy) = g(XO - I, XO - Wi, X6 - Wy)
= g(XWq, XWq - W5 ' Wi, XWq - W' Wy)
=g(XWq, XWg, XWy) = f(X,Wq, Wk, Wy). O

Proof of Theorem 4.2 (Single-Layer Free Lunch). Let © = Wé for the target layer j. The block
structure with all skip connections is:

}[i = Xi—l —+ AttIlZ‘(Xi_l), Xl = Y; + MLPi(Y;)
Inductive hypothesis #(i): The output of layer 7 in the modified model is X; = X;0, where X; is
the original output.
Base case #(0): Set E = EO© and Ep = Ep©. Then Xy = X0, so H(0) holds.
Inductive step H (i — 1) = H(i): Assume X;_1 = X;_10. Define:
Wi = 01w, Wi = 0-'Wi, Wi = e 1wy,
Wh = Whe, W, =0e"'w,, Wy =W;e.
For attention, the projections are:
Query: (X;-10)(07'W) = X1 Wy,
Key: (X;-10)(07'Wg) = X1 Wk,
Value: (X;_10)(07'W{) = X; Wi,
Thus S.(X;_10, Wé, Wi, Wi) = So(X,_1, W, Wie, Wi;), and the attention output is:
Attn (X, 10) = S.(X; 10, W, Wie, W) - Wi,
= Se(Xim1, Wh, Wie, Wiy) - W50
= Attni(Xz-_l) - 0.
After the attention skip connection:
Y/l' = Xi—1@ -+ mz(Xi_l@) = (Xi—l + Attnl(Xl_l))G = Y;@
For the MLP:
MLP;(V;0) = ¢(V;0 - 0 'WHW.0 = ¢(YV;W;)Wi0 = MLP;(Y;)6.
After the MLP skip connection:
X; =Y; + MLP;(Y;) = ;0 + MLP,(Y;)© = X;0.
Thus # (%) holds.
Key observation for layer j: Since © = Wé:
W) =07 'W), = (W) ™' W), = I.
LM head: Set Wiy = O~ Wiy Then X0 - O~ Wiy = X1 Wim. O
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Proof of Theorem 4.3 (Weight-Shared Query Weight Elimination). We first establish that blocks are
conjugate to reduced blocks.

Lemma (Blocks are linear conjugates of Reduced blocks). Let B : R"*? — R"*? be a
transformer block without normalization given by B(X) = (Id + MLP) o (Id + Attn)(X) where
Attn uses weights (Wq, Wi, Wy, Wo) with Wg € GL(d), and MLP(Y) = ¢(Y Wip) Waown

for an element-wise activation ¢. Then there exists © € GL(d) and a reduced block B using
weights (Id, WK, WV, VVO7 Wup, Wdown) such that

B=0"10Bo0O.

Proof of Lemma. Set © = Wq, WK = 0 ' Wy, WV = 0 Wy, Wo = W0, Wup =
@_1Wup, and Wown = Waown©. Direct computation verifies the conjugacy relation. U

Since all layers share parameters, applying the lemma yields BL = (©1oBoO)rL=0"10
B°L 6 ©. Setting E = EO, Ep = Ep©, and Wiy = O~ Wy completes the equivalence. O

Proof of Theorem 4.4 (Attention-Skip-Only Query Weight Elimination). We first state the key struc-
tural result.

Lemma (Attention-Skip-Only Block Intertwining). Let B; : R"*? — R"*< be the i-th block
with weights (W¢,, Wi, Wi, We, Wy p s Wiprp, ), skip around attention only:
Bi(X) = ¢((X + Se(X, Wcig, Wic, Wi W) - Wire, )Waiwe,

Then for ©; = Wé and any ©;,1 € GL(d), there exists a reduced block B; with Wé = I; such
that:

Bi(X) = Bi(X-0;)-0; )}
The reduced weights are: /V[v/}( = @;1W}(, W‘} = @i_lW‘i/, /V\V% = Wé@i, /VVK/ILPH =
GIIWK/ILPH’ WK/{LPd = WK/{LP(,QHL

Proof of Lemma. The attention output with input XO; is Kt\f;lZ(X 0, =
SC(X@Z-,Id,@;1W}‘<,@;1W6)W39i = Attn;(X)O,; by the Reparametrization Lemma.
The attention-plus-skip becomes (X + Attn;(X))®; = Z;0,. The MLP output is
O(Z:©; - @;1W§ALPu>W1€ILPd@i+1 = Bi(X)Oit1. O

Define ©; = Wé for1 <i< L,and ©1,1 = I; (untied) or O, = (0] )~! (tied).
Inductive hypothesis 7{(i): The reduced model’s output after block i equals X; - ©;.
Base case #(0): Set E= EOq, Ep = EpO;. The input to block 1 is 5(:0 = X(01, so H#(0) holds.

Inductive step H (i — 1) = H(é): By H(i — 1), the input to block i is X;_1©;. By the Intertwining
Lemma: Bi(Xi,IG)i) = Bi(Xi71)®i+1 = Xi®i+1.

LM Head: For untied weights, © 1,1 = I, gives output X Wy . For tied weights, Wiy = ©] ET
gives XL@L+1WLM = XLWLM- O
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