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Abstract

We introduce a Riemannian optimistic online
learning algorithm for Hadamard manifolds based
on inexact implicit updates. Unlike prior work,
our method can handle in-manifold constraints,
and matches the best known regret bounds in the
Euclidean setting, removing the dependence on
geometric constants, like the minimum curvature.
Building on this method, we develop multiple
algorithms for g-convex, g-concave smooth min-
max problems on Hadamard manifolds. Notably,
one method nearly matches the gradient oracle
complexity of the lower bound for Euclidean prob-
lems, for the first time.

1. Introduction

Riemannian optimization refers to the optimization func-
tions defined over Riemannian manifolds. Such problems
arise when the constraints of Euclidean optimization prob-
lems can be viewed as Riemannian manifolds, such as the
symmetric positive-definite cone, the sphere, or the set of
orthogonal linear layers for a neural network. This Rieman-
nian formulation enables us to leverage the geometric struc-
ture of such problems by viewing them as unconstrained
problems on a manifold.

Further, some non-convex Euclidean problems, such as op-
erator scaling or optimistic likelihood estimation become
geodesically convex, i.e., convex along all geodesics, when
viewed as Riemannian optimization problems under the
right metric (Allen-Zhu et al., 2018; Nguyen et al., 2019).
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Most of the non-local notations in this work have a link to
their definitions, using this code, such as Exp_, which links to
where this notation is defined as the exponential map of a manifold
from a point z.

Riemannian optimization methods have many application
in machine learning such as hyperbolic embeddings (Sala
et al., 2018), hyperbolic neural networks (Ganea et al., 2018;
Chami et al., 2019), Gaussian mixture models (Hosseini &
Sra, 2015), the Karcher mean (Karcher, 1977), dictionary
learning (Cherian & Sra, 2017; Sun et al., 2017), low-rank
matrix completion (Vandereycken, 2013; Mishra & Sepul-
chre, 2014; Tan et al., 2014; Cambier & Absil, 2016; Heidel
& Schulz, 2018), and optimization under orthogonality con-
straints (Edelman et al., 1998; Lezcano-Casado & Martinez-
Rubio, 2019).

In this work, we analyze Riemannian optimization in the
online setting where an agent receives an arbitrary, possibly
adversarial, sequence of Riemannian loss functions and
selects actions before knowing the loss functions. Its goal is
to minimize the cumulative values of the losses associated
to the actions it chooses, i.e., its regret. In particular, we
are interested in optimistic methods, which allow the agent
to improve its regret whenever the environment is not fully
adversarial by predicting the next loss based on a hint.

Online optimistic Riemannian algorithms were analyzed by
Hu et al. (2023a); Wang et al. (2023b). Both works face
issues with circular arguments related to the geometry of the
manifold. Hu et al. (2023a) consider the constrained setting
but can only guarantee the actions to lie in a neighborhood
of the constraint set. The size of this neighborhood depends
on the step size, which in turn depends on a geometric
factor dependent on the neighborhood’s size. Wang et al.
(2023b) consider the unconstrained setting but their step
sizes depend on the diameter of the set in which the iterates
stay set via geometric constants, which again influence the
size of this set. They address this issue by assuming that the
method’s iterates stay in a compact set whose diameter is
known a-priori.

Such circular relationships between step sizes and other
problem parameters, which depend on the size of the set
in which the iterates lie via geometric terms occur in many
Riemannian optimization settings and lead to unfinished
analyses, cf. Martinez-Rubio et al. (2024).

Chen & Orabona (2023); Choi et al. (2023); Ajalloeian et al.
(2020); Dicxit et al. (2019) study implicit online algorithms
in the Euclidean setting. However, implicit optimistic algo-
rithms have not been developed, even in the Euclidean case.
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Our optimistic algorithm RIOD is based on a two-step im-
plicit update rule, i.e., on minimizing a regularized version
of the full loss or hint function, instead of a linearized ver-
sion thereof. This is important since the linear approxima-
tions of geodesically convex (g-convex) are neither g-convex
nor g-concave. Further, we chose a two-step variant even
though there are optimistic methods requiring just one step
in the Euclidean setting, since subtracting a full g-convex
hint function loss would yield a potentially hard non g-
convex subproblem.

In contrast to previous works, RIOD can enforce in-manifold
constraints without relying on strong assumptions and has
regret guarantees independent of geometric terms, matching
the regret guarantees of Euclidean algorithms. Further, the
regret guarantees allow for inexact updates under a certain
precision criterion, which can be implemented cheaply for
smooth losses. Given that our assumption covers the Eu-
clidean space as a special case, this algorithm might be of
independent interest for the online optimization community.

Application for online Riemannian optimization include
online formulations of the Karcher mean, covariance estima-
tion and robust subspace recovery (Karcher, 1977; Wiesel,
2012; Zhang, 2015). Another notable application of online
optimistic methods is to solve L-smooth and g-convex, g-
concave min-max problems. To that end, the problem is
interpreted as a two-player, zero-sum game and the strate-
gies of both variables are updated based on online optimistic
algorithms. This means that both players use gradient based
methods and hence adapt their strategy in an incremental
fashion. This knowledge can be leveraged using optimism,
which leads to faster rates, see Orabona (2019, Chapter 11.5)
for an introduction to this approach in the Euclidean setting.

Applications of g-convex, g-concave and L-smooth min-
max problems in machine learning include the robust
Karcher mean, distributionally robust linear quadratic con-
trol and more generally the distributionally robust version of
any finite-sum, g-convex optimization problem (Zhang et al.,
2023; Jordan et al., 2022; Taskesen et al., 2023). Further,
we believe that Riemannian min-max algorithms represent
a promising method to solve distributionally robust opti-
mization problems with ambiguity sets based on parametric
probability distributions as their parameter space can often
be seen as a Riemannian manifold, see (Brigant et al., 2023).
Other Riemannian min-max problems, which do not satisfy
the g-convex, g-concave and L-smooth conditions include
geometry-aware robust PCA and projection-robust optimal
transport (Horev et al., 2017; Jiang & Liu, 2023).

Building on our online algorithm RIOD, we introduce RI-
ODA, an inexact and implicit min-max algorithm for pos-
sibly constrained problems based on updating both vari-
ables based on the RIOD update rule. Implementing the
update rules using Composite Riemannian Gradient De-

scent (CRGD) introduced in Martinez-Rubio et al. (2024),
we achieve near-optimal gradient oracle complexity of
O (LR?/e) and O(L/p) for 1 = 0 and i > 0, respec-
tively, for an ¢ duality gap, matching Euclidean algorithms
up to logarithmic factors. In particular, the complexity only
has a logarithmic dependence on (, a geometric term arising
from the curvature of the manifold, defined in the next sec-
tion, for the first time. Note that implementing the CRGD
update steps might be a hard computational problem. Never-
theless, this is a surprising result given that in the g-convex
and L-smooth minimization setting the best known rates of

~ CLR?
O(C+ 4/ >=—
not match the Euclidean rates of O(4/ LR? /€) (Nesterov,
2005), where R is the initial distance to a minimizer.

) proven in Martinez-Rubio et al. (2023) do

Implementing RIODA using Riemannian Gradient Descent
(RGD) in the unconstrained setting, we improve the com-
plexity from O(C*LR?/e) (Martinez-Rubio et al., 2024) to
O(C?LR?/¢), among the algorithms that do not require the
knowledge of the initial distance to the solution.

In the constrained setting implementing RIODA using Pro-
jected RGD (PRGD), we improve the gradient oracle com-
plexity by a factor of O(¢ 3'5) compared to the prior best rate
(Martinez-Rubio et al., 2023). Furthermore, the algorithm
does not require the knowledge of the Lipschitz constant of
f in the constraint set. We validate our theoretical results by
running experiments on the robust Karcher mean problem in
the symmetric positive definite manifold and the hyperbolic
space, see Appendix E.

Contributions.

* RIOD An inexact Riemannian implicit online op-
timistic algorithm for the constrained setting on
Hadamard manifolds matching the best known Eu-
clidean regret bounds, while not relying on strong as-
sumptions present in prior works. The regret bound
does not depend on ¢, a term arising from the geometry
of the manifold.

* RIODA An inexact Riemannian implicit algorithm for
min-max optimization on Hadamard manifolds with
and without in-manifold constraints.

* Different implementations of the update rules of RI-
ODA using first-order methods, which improve on prior
works by either reducing the complexity or not requir-
ing the knowledge of certain parameters. Notably, one
variant nearly achieves the optimal Euclidean gradient
oracle complexity, by removing the dependence on (
up to log factors. This result is in contrast to smooth g-
convex minimization, where we know that at least there
is an extra curvature-dependent additive penalty, linear
on (, over the rate of the Euclidean-optimal accelerated
solutions, cf. (Criscitiello & Boumal, 2023).
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1.1. Preliminaries

A Riemannian manifold (M, g) is a real C* manifold M
equipped with a Riemannian metric g, which assigns a
smoothly varying and positive definite inner product to each
x € M. For z € M, denote by T, M the tangent space
of M at z. For vectors v,w € T, M, we use (v, w), and
[v]le = \/(v,v)s for the metric’s inner product and norm,
and omit x when it is clear from context. A geodesic of
length ¢ is a curve v : [0,¢] — M of unit speed that is
locally distance minimizing.

The exponential map Exp, : T, M — M takes a point
x € M, and a vector v € T, M and returns the point y we
obtain from following the geodesic from x in the direction
v for length ||v]], if this is possible. We denote its inverse
by Log, (). It is well defined for uniquely geodesic mani-
folds, i.e., manifolds where every two points in that space
are connected by one and only one geodesic, so we have
Exp,(v) = y and Log,(y) = v. We denote the distance
between two points by d(x,y) = ||Log, (v)||- The manifold
M comes with a natural parallel transport of vectors be-
tween tangent spaces, that formally is defined from the Levi-
Civita connection V. In that case, we use I'Y (v) € T, M to
denote the parallel transport of a vector v in T, M to T;, M
along the unique geodesic that connects x to y.

The sectional curvature of a manifold M at a point x €
M for a 2-dimensional space V' C T,M is the Gauss
curvature of Exp, (V') at z. A Hadamard manifolds is a
complete simply-connected Riemannian manifold of non-
positive sectional curvature, which is in particular uniquely
geodesic.

A set X is said to be g-convex if every two points are
connected by a geodesic that remains in X'. For two
points z,y € X, let v : [0,1] — M be a constant
speed geodesic joining x and y such that v(0) = z and
~v(1) = y, then we call a function f g-convex in X if
F(y@®) <tf(z)+ (1 —1t)f(y) forall z,y € X. A differ-
entiable function is u-strongly g-convex (resp., L-smooth)
in X, if we have (1) (resp. 2)) for any two points z,y € X’:

2(D @ 2
P IY 2 1) ) (9 £(@). Log, () £ L2000
The function g-convex if © = 0. Note the dependence
on X is important, since for u-strongly g-convex and L-
smooth function, the condition L/u depends on the size
of & (Criscitiello & Boumal, 2023, Proposition 53). A
function f is G-Lipschitz in X' if | f(z) — f(y)| < Gd(x,y)
forall z,y € X.

Given r > 0, and a uniquely geodesic Rieman-
nian manifold M with sectional curvature bounded in
[Kpis Fanas)- Then, we define the geometric constants ¢, =

min’ "Vmax

r V |"€1nin| COth(T V |K:IIliIlD = 6(1 +r |"€min|) if Rmin <

0and ¢, = 1 otherwise, and 8, = r, /R~ cot(ry/Fmm)
if K > 0 and &, & 1 otherwise. Itis 6, <1 < ¢,

max

We denote the closed Riemannian ball of center « and radius
r by B(z,r). Px(z) < argmin,e d(y,z) denotes the
metric projection onto a set X'. Note that for some sets,
such as the Riemannian ball, P» can solved in closed fgrm
(Martinez-Rubio & Pokutta, 2023). The big-O notation O(-)
omits log factors. We refer to Petersen (2006); Bacdk (2014)
for an overview of the Riemannian geometry used in this
work.

1.2. Related Work

Online Convex Optimization (OCO). Online optimiza-
tion is modeled as a sequential game between an agent and
its environment, where in each round ¢ the agent chooses an
action z; from some convex set X'. Then, the environment
reveals a convex loss function ¢; and the agent pays the
loss ¢;(x;). Note that no assumptions are made about the
environment, it could also act adversarially. The goal of
the agent is to choose the sequences of action x; such that
they minimize the difference between the cumulative losses
paid by the agent and the losses associated to a fixed ac-
tion u € X, i.e., its regret, Rp(u) = Zthl l(zy) — Le(u).
While the OCO setting covers a wide range of settings, it
can be overly pessimistic as real-world settings are rarely
fully adversarial. The goal of optimistic methods is to im-
prove the regret in settings that are not fully adversarial
by predicting the next loss based on additional information
about the environment, encoded by a hint. The regret of
these methods depends on how well the hint approximates
the real loss.

Another development in online optimization is the use of
implicit updates. Typically, online optimization algorithms
compute their next action minimizing the loss linearized at
z; plus a regularizer. Implicit algorithm instead minimize
the full loss function plus a regularizer, which is typically
not solvable in closed form, hence the name. Recent works
show improved regret guarantees for implicit versions of on-
line mirror descent and follow the regularized leader (Cam-
polongo & Orabona, 2020; Chen & Orabona, 2023). Some
works also provide regret guarantees that allow for inexact
solutions of the implicit updates (Chen & Orabona, 2023;
Choi et al., 2023; Ajalloeian et al., 2020; Dixit et al., 2019).

Online Riemannian Optimization. The OCO framework
has been extended to the Riemannian setting for g-convex
loss functions. Bécigneul & Ganea (2019) provide O(v/T)
regret guarantees for adaptive online algorithms on Carte-
sian products of Riemannian manifolds. Wang et al. (2021)
provide regret bounds for Lipschitz and g-convex Rieman-
nian online optimization in the full information as well as
the bandit and two-point feedback setting. Hu et al. (2023b)
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analyze projection-free Riemannian methods in Hadamard
manifolds using a linear minimization or a separation oracle
in both the full-information as well as the bandit setting.
Maass et al. (2022) provide regret guarantees for zeroth-
order methods in Hadamard manifolds.

Hu et al. (2023a) introduce an optimistic algorithm for
Hadamard manifolds with in-manifold constraints where
the hint is an arbitrary vector in the tangent space of a
secondary iterate sequence M; € Ty, M. This method

achieves improper regret bounds of O(n¢Vr + %2), where

Vi = Zthg |V2:(y:) — My||*> measures how well the hint
predicts the loss functions. Improper regret is a relaxed
notion where the agent’s actions may lie outside the con-
straint set while the comparator must remain inside. Since
the algorithm cannot guarantee that actions stay within the
constraint set, a circular dependency arises: the size of the
neighborhood around the constraint set depends on the step
size, which in turn depends on function properties and ge-
ometric factors within this neighborhood. Consequently,
it is unclear whether improper regret bounds translates to
classical regret bounds.

Wang et al. (2023b) prove regret optimistic regret bounds for
general Riemannian manifolds without in-manifolds con-
straints. They consider the specific case where the hint
function is My = V4;,_1(x_1) is fixed to the loss gradient
from the last iteration. Therefore, their regret guarantee

2 (Y 2
O(DT2 + n%jja)) scales with the gradient variation

Ve ST maxuex ||V () — V1 (2)]|?. Further,
the step size of the algorithm depends on the size of the
optimization domain via geometric terms, which again in-
fluences the size of the optimization domain, leading to a
circular relationship. They rely on the assumption that the
iterates stay in a pre-defined domain without a mechanism
of enforcing it. Since the loss functions change in every
round, this assumption does not need to hold in practice.

Riemannian Min-Max Algorithms We limit our discus-
sion to the smooth and g-convex, g-concave setting. Zhang
et al. (2023) introduced Riemannian Corrected Extra Gra-
dient (RCEG), a variation of the Euclidean Extra Gradient
(EG) algorithm and showed convergence rates, that are op-
timal up to geometric factors, for unconstrained g-convex,
g-concave min-max problems on general Riemannian man-
ifolds. Jordan et al. (2022) extended the analysis to the
u-strongly g-convex, g-concave setting. Both works rely
on the assumption that iterates of RCEG stay in a bounded
domain without a mechanism to enforce it. Martinez-Rubio
et al. (2023) remove this assumption by showing that the
iterates of RCEG naturally stay in a compact set around
a solution without impacting the rates by modifying the
step size. Further, they introduce their algorithm RAMMA
for Hadamard manifolds, which achieves faster rates with

Table 1: Comparison of Riemannian online algorithms. Our
contribution is in bold. The entries in column R denote the
regret, where 7 > 0 is a parameter chosen by the algorithm.
In column X, / indicates that the algorithm can enforce
constraints. M denotes the manifolds, where H denotes
Hadamard manifolds, F denotes the Euclidean space and
M denotes general Riemannian manifolds. ! Guarantees in
terms of improper regret. >The geometric term ¢, § are with
respect to a domain which is not guaranteed to be bounded.

Ry X M
RIOD O(22 + Vi) H
O-RCEG [HGA23]"2 O(2" + (V) P
ROOGD [WYH+23]? o(%2 + M) M
OOMD [RS13] 0(%2 Vi) E

Table 2: Comparison of Riemannian min-max algorithms
for p-strongly g-convex, strongly g-concave and L-smooth
problems. The entries of u = 0 and p > 0 contain the
convergence rates for the two settings. The entries in col-
umn M denote the manifolds, where H denotes Hadamard
manifolds and M denotes general Riemannian manifolds.
In column &, v indicates that the algorithm can enforce
constraints. In column R? and G?, v/ means that the algo-
rithm can be run without knowledge of the initial distance
R = d(x1,2*) 4 d(y1,y*) to a solution and Lipschitz con-
stant G of the function in the optimization domain, respec-
tively. Note that D refers to the diameter of the constraint
setand R = G /L + D. 'The iterates are not guaranteed
to stay in a bounded domain. *In addition, they achieve a

last-iterate rate of O( 5§172 LEIEZ ) for ;1 = 0. 3The algorithm

has faster rates in the ﬁ%e—grained setting where the strong
g-convexity and smoothness constants can vary between the
variables. *Martinez-Rubio et al. (2023) showed that the
iterates stay in a bounded set.

Algorithm p=0 p>0 M X R? G?
RIODACRGD 6(%5,2) 5(%) H
by O Okl
RIODARGD 5(}%’352) O( }2?%) H X
[MRP24] O(CHEES) 5~( éﬁ) 5 X
[CIL+23]! - O(%) M X X
[WYH+23] O %LTRZ B M X X
pwwese 0 () GUES) M X X x
[MRC+23P O(Ga¢H L) O(Ga(H'L) M v/ X X
[MLV22]* - o( J{%D M X X
(zzs23) O ] M X X
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respect to function parameters in the fine-grained settings,
where the smoothness and strong g-convexity parameters
can vary between variables at the cost of worse dependence
on ¢. They achieve, among others, the optimal O (1/1/¢)
rates with respect to € for the strongly g-convex, g-concave
setting. While RAMMA can handle in-manifold constraints,
the algorithm has five loops, making it complex to imple-
ment. Further, it requires the knowledge of the Lipschitz
constant GG in the constrained setting and the initial distance
to a solution R in the unconstrained setting.

The following works consider the more general case of vari-
ational inequalities with monotone and Lipschitz operators,
which encompass smooth and g-convex, g-concave min-
max problems as special cases. Hu et al. (2023c) introduce
two variants of the EG algorithm in general Riemannian
manifolds, focusing on last-iterate convergence in the g-
convex, g-concave setting. Cai et al. (2023) show linear
convergence rates independent of geometric terms such as ¢
in terms of the gradient norm in general Riemannian mani-
folds. However, they rely on the assumption that the iterates
stay in a bounded domain without a mechanism to enforce it.
Martinez-Rubio et al. (2024) introduce an inexact proximal
point algorithm achieving accelerated rates. Implementing
their update rule using the algorithm by Cai et al. (2023),
they show that the iterates naturally stay in a bounded do-
main and achieve accelerated rates without requiring prior
knowledge of the initial distance to a solution, for the first
time.

Lastly, lower bounds specific to Riemannian optimization
where established in (Hamilton & Moitra, 2021; Criscitiello
& Boumal, 2021; 2023). These bounds hold for the L-
smooth and g-convex minimization problem, which is a
special case of g-convex, g-concave and L-smooth min-max
optimization, and thus they apply to our min-max setting.

2. Riemannian Implicit Optimistic Online
Gradient Descent

Before discussing the technical details of RIOD, we present
the motivations underlying its design. There are two fam-
ilies of online optimistic algorithms, namely optimistic
follow-the-regularized-leader (OFTRL) (Rakhlin & Sridha-
ran, 2013a) and optimistic online mirror descent (OOMD)
(Chiang et al., 2012; Rakhlin & Sridharan, 2013b).

In the Riemannian setting, a function linearized at a point
T € M is defined with respect to the tangent space 73z M
and is not g-convex. However, it is star g-convex (and
star g-concave) at 7, that is, convex (concave) along the
geodesic going through Z. Thus, the OFTRL update rule for
the action in round ¢ + 1 in the Riemannian setting would

consist of minimizing

t

> (Veilwi), Logy, (2))a; +(My, Log,, (””)>“+d(92;7x)

)
where ¢;, x; and M, refers to the loss, the action and the
hint in round ¢. This function is neither g-convex nor star
g-convex in general as each linearized function is only star g-
convex with respect to one point. On the other hand, it is pos-
sible to implement OFTRL without linearizing the loss func-
tions, i.e., minimizing 22:1 Ci(x) + Oy (z) + %nd(;z;, )2
If the loss functions ¢; and the hint function Zt are g-convex,
the update rule is also g-convex. Further, the analysis of
OFTRL can be extended to the full-loss setting, both in the
Euclidean and Riemannian setting. However, this approach
is computationally impractical as it would require minimiz-
ing the sum of an increasing number of functions, making
each iteration progressively more expensive to implement.

The original OOMD algorithm, due to Chiang et al. (2012)
and further generalized by Rakhlin & Sridharan (2013b), is
based on updating two iterate sequences, referred to as the
primary and secondary iterates T, and x;, where the agent
chooses the primary iterates x; as actions. After the loss is
observed in round ¢, the secondary iterate is updated based
on the classical online mirror descent rule, i.e., x4y
arg min, (Ve (zt), z) + ﬁ”x — x4]|?. Then, the primary
iterate is updated by ;11 ¢ arg min, (My,x) + 5[z —
x¢41||? ensuring that the results stays close to the secondary
iterate. Note that the secondary iterate is independent of the
primary iterate, meaning that the agent always maintains
a more conservative action from which it can compute an
improved action based on the hint. This way the agent can
benefit from the hint without accumulating errors arising
when the hint does not perfectly predict the next loss. The
method in Hu et al. (2023a) is based on this approach.

Joulani et al. (2017) introduced a single-iterate OOMD
variant that corrects prediction errors by subtracting the
previous round’s hint at each iteration, i.e., Ti41 <
argmin, (V& (xy) + My — My_1,x) + %Hx — x4 ||%,
thereby removing the need for a secondary iterate. Wang
et al. (2023b) adapted this approach to the Riemannian set-
ting for the special case where M; = V/¢;(z;) by parallel-
transporting the correction term to the tangent space of
the current iterate, i.e. zpy;  argmin,(2V/{(z) —
e Viéi_1(x4-1),Log,, (z)) + %d(l’vl‘t_,’_l)Q.

Tt—1

Neither method can easily be extended to enforce in-
manifold constraints. Recall that enforcing constraints is
imperative for us since we aim to design an algorithm that
does not suffer from a recurrent relationship between the
size of the optimization domain and the step size. In general,
the analysis of algorithms enforcing in-manifold constraints
can be challenging in Riemannian manifolds. For manifolds
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with positive curvature, the metric projection is not a non-
expansive operator (Wang et al., 2023a, Section 6.1). Even
in Hadamard manifolds, where the metric projection is non-
expansive, the analysis remains challenging. Indeed, the
first proof of linear convergence of PRGD for constrained
strongly g-convex and smooth minimization problems in
Hadamard manifolds without any non-standard assumptions
was only recently established (Martinez-Rubio et al., 2023).

To address the challenges arising from the constraints, we
propose an implicit algorithm based on the two-step OOMD,
where the loss functions are not linearized. We do use a
two-step approach in order to obtain a hint-correction term
which makes the subproblems g-convex.

In our algorithm RIOD, Z; and x; serve as primary and sec-
ondary iterates respectively. After playing Z;, the algorithm
computes the secondary iterate x;,; via an implicit gradient
step on the loss function ¢, received that round. Rather than
playing x;; in the next round, the agent selects a hint func-
tion th+1 to predict 4,11 and takes an implicit step on that
function to determine the next action 4. As in OOMD,
the secondary iterates z; are independent of the primary iter-
ates Ty, thus preventing error accumulation from imperfect
hint predictions.

Algorithm 1 Riemannian Implicit Optimistic Online Gradi-
ent Descent (RIOD)

Input: Compact constraint set X C M with diameter D,
sectional curvature lower bound ~_;, , initial point x; €
X, smoothness constant L of loss and hint function ¢,
and /;, and proximal parameter > 0.

Definitions: ¢ The alg. does not compute these quantities.
» Exact solutions:

= argmin{L,(z) = f,(z) + 2—177d(m, ¢)?}
TEX

xi, = arg Igin{Lt(x) = 4 (x) + ad(z, 20)%}
A
* Precision parameter:

o, det max{4,(t+1)%(15+8n° L>+2n°G>(D > +48|r, )} "
t — 8n

gl ~0
fort =1to 7 do
Choose Zt
Play Z; < (e4d(x, Z})?)-minimizer of L(z) in X
Receive /4
Tyy1 < (eed(w¢, ¥} 1)?)-minimizer of L;(x) in X
end for

AN AN R N ey

The following result shows an optimistic regret guarantee
for Hadamard manifolds with in-manifold constraints, im-
proving on Hu et al. (2023a), as it can enforce the iterates to
stay in X’ and therefore achieves classical regret bound in-
stead of an improper one. Further, the regret is improved by

removing the dependence on ( j, matching the best known
Euclidean rates.

We also establish a dynamic regret bound for R1OD in The-
orem 7, which compares the agent’s actions against a se-
quence of comparators rather than a single fixed comparator.

Theorem 1 (RIOD). [|] Let M be a Hadamard manifold
with sectional curvature in [k,,;,,0]. Further, for t € [T,
let the loss and hint functions ly, 0y : M — R be g-convex,
and L-smooth in a compact and g-convex set X C M with
D = diam(X). For ) > 0 we have for any u € X that

2

D
Re(u) < °

T
o + 7]2 IVl (&1) — VE(E,)]]3,-
=1

This result assumes that the hint function th also satisfies
smoothness and g-convexity, as ¢;. In the linearized setting,
the hint function is typically derived from the gradient of a
function, such as the loss from the last round, as we do in
our minmax application, making this a reasonable assump-
tion. Further, the smoothness assumption can be removed
when exact minimizers of the subproblems are found, as
smoothness is only required to control the error induced in
the inexact case.

We now discuss how the update rules in Lines 4 and 6 can
be implemented up to the required precision. Importantly,
in the online setting, the regret depends only on the cumu-
lative cost Zthl £;(x¢) paid for the agent’s actions, and is
independent of the gradient oracle complexity. Note that ¢,
and /; are L-smooth and g-convex in X by assumption. The
regularizer 3d(-, z;)? is ({ p/n)-smooth and (1/1)-strongly
g-convex, cf. Corollary 16, and hence L; and L, are both
(1/n)-strongly g-convex and (L + ¢, /n)-smooth functions.
Therefore, we can efficiently implement the update rule us-
ing PRGD or CRGD, two minimization methods with linear
convergence rates in this setting, defined by the following
update rules. For a L-smooth function F': M — R,

z141 + Px (Exp,, (-L7'VF(z))),  (PRGD)

and for a composite function F' S f+g

Ti41$—arg mln{(Vf(xt), Logwt (y>>+%d($ta y)2+9(y>}>
yeX

(CRGD)
where f is L ¢-smooth, see Appendix D.2 for more details.
Note that L; and f/t have condition number L7 4 (. In
comparison, the regularizer is (1/n)-strongly convex and
smooth and the condition number becomes L7 in Euclidean
space. This means that the curvature of the manifolds in-
troduce an extra dependence on ( j;, since the convergence
rate of PRGD depends on the condition number. We can
circumvent this issue by leveraging the composite structure
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of Ly and L, using CRGD, as its convergence rate depends
on a composite condition number, in this case the smooth-
ness constant of ¢; and ¢, divided by the strong g-convexity
constant of the regularizer, i.e., Ln. Implementing each
step of CRGD requires solving a potentially more expensive
subproblem than PRGD. The subproblem in PRGD can be
implemented easily at the cost of introducing a dependence
on ¢ on the computational time of the algorithm. In the fol-
lowing statement, we specify the gradient oracle complexity
of implementing the implicit update steps using PRGD and
CRGD.

Corollary 2 (Implementing RIOD). [|] For the implemen-
tation of the update rules in Lines 4 and 6 of Algorithm 1,
we require O((Ln + (p)C ) gradient oracle calls to £, and
0y at iteration t using PRGD or O(1 + Ln) using CRGD

(this includes a logarithmic dependence on |k, |). Here
def

RE G /L + D, where G is the Lipschitz constants of {;
and Uy in X. Note that these implementations do not require
the knowledge of G.

Since ¢, and /; are differentiable in the compact set X, they
are automatically Lipschitz continuous, so this does not
need to be assumed separately.

3. Min-Max Optimization

Consider the following possibly constrained min-max opti-
mization problem

gél}(l I;’leaX flz,y) (P)
where f is g-convex, g-concave and L-smooth and X C M
and Y C N. We call a function f g-convex, g-concave
in X x Yif f(-,y) and —f(z,-) are g-convex for all
xz € Xandy € Y, and L-smooth in X x YV if V. f(-,y),
Vyf(z,-), Vaf(z,-), V,f(-,y) are L-Lipschitz for all
x € Xandy € Y. We write (z*,y*) for solutions of
(P),RE d(ml, *) + d(yy,y*) for the initial distance and,

if finite, D = diam(X) + diam()).

We introduce a new method to solve (P) based on updating
x and y in parallel using RIOD. We make the following vari-
able choices for x: Z; « Zt, 1 x4, Le(x) +— f(x, 7).
l(x) < f(x,y;) and v < x*. For y, we set x; < y,
Ty = Ge, L) < —f(@e,y), Er( ) —f(@ey), u+y*
We refer to the resulting algorithm as Riemannian Implicit
Optimistic Gradient Descent-Ascent (RIODA),

5z, 71)?
1
2n

}
( ve)*}

Zy<—approx. arg min,{ f(z, y; )+
gr«—approx. arg max, { f (¢, y)—
Zpq14—approx. arg min, { f(z, J)+5-d(x, x4
Yt r14-approx. arg max, { f (T, y)— QL (y, ye

)*}
)?}.

See Algorithm 2 for a detailed description of the algorithm.

A common method to solve min-max problems is to use
proximal algorithms (Tseng, 1995), which requires solving
a regularized min-max problem at every iteration. However,
for constrained min-max problems, we are not aware of any
explicit method providing convergence rates. In contrast,
RIODA only requires access to a g-convex minimization
method, making it possible to implement the update rule
using existing methods. The only other Riemannian min-
max method that can handle constraints RAMMA (Martinez-
Rubio et al., 2023) is also based on reducing the min-max
problem to a series of minimization problems.

Theorem 3 (RIODA). [|] Let M, N be Hadamard man-
ifolds with sectional curvature in [k, ,0] and X C M,
Y C N be compact and g-convex sets. Consider the
f i M x N — R, which is g-convex, g-concave and
L-smooth in X x Y. Further, let (x*,y*) be a saddle point
of (P) and (Zr,Jr) be the output of Algorithm 2 after T
iterations. Then we have f(Zr,y*) — f(z*,9r) < € after

T = f%l iterations, and T = (% log (4LR )1 if f
is also p-strongly g-convex, strongly g-concave in X X ).

In order to obtain the full gradient oracle complexity of
RIODA, we need to take into account the number of gradient
evaluations required to compute the update rule at every
iterations. This is different from the online setting where
we mainly care about regret which does not necessarily
coincide with the gradient oracle complexity.

In the following, we show that similarly to RIOD, the update
rule can be implemented efficiently. In particular, by our
choice of n = 1/(4L), the condition number of the sub-
problems becomes 1/4 + (5, and the composite condition
number becomes 1/4.

Corollary 4 (Implementing RIODA). [|] We use the nota-
tion from Algorithm 2. For the implementation of the update
rules in Lines 2 and 3 of Algorithm 2, we require O((p( )
gradient oracle calls per iteration using PRGD or 5(1)
using CRGD (this includes a logarithmic dependence on
|Kyuin|)- Here R = G /L 4 D, where G is the Lipschitz
constant of f in X x ). We refer to these algorithms as
RIODA prgp and RIODA cgrep, respectively. Note that these
implementations do not require the knowledge of G.

Since the update rule of z; is independent of g, both steps
can be implemented in parallel. The same holds for z;,;
and yi41.

The rates of RIODAprgp improve over RAMMA (Martinez-
Rubio et al., 2023), the only other method for constrained,
smooth and g-convex, g-concave min-max problems, by a
factor of O( %‘5) and also do not require the knowledge of
the initial distance R and the Lipschitz constant G.

We can also use RIODA to solve (P) without in-manifold
constraints as a reduction from RIOD. While RIOD requires
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a compact constraint, the reduction works because we can
show that the iterates of RIODA naturally stay in a ball
around a solution (z*,y*). Hence, one can add any hypo-
thetical constraints which contain this ball without modify-
ing the algorithm as they are guaranteed to never be active.

Theorem 5 (RIODA — unconstrained). [|] Let M, N be
Hadamard manifolds with sectional curvature in [k, 0].
Consider the bi-function f : M x N' — R, which is g-
convex, g-concave and L-smooth in Z = B(z*,8R) x
B(y*,8R), where (x*,y*) is a saddle point of f. Then
the iterates of Algorithm 2 stay in Z. Let (x7,yr) be the
output of Algorithm 2 after T' iterations. Then we have
fler,y*) — f(a*,yr) < e after T = [@] iterations
and T = (% log (@)1 if f is in addition p-strongly

g-convex, strongly g-concave in Z.

In the following, we quantify the complexity of implement-
ing the update rules using the minimization algorithms RGD,
defined by the update rule for a L-smooth function

Ti1 < Bxp,, (-L7'V f(2)) , (D

and CRGD, see Appendix D.2. We can use CRGD for un-
constrained problems even though the analysis only covers
the compact case, since the composite condition number of
f/t, i.e., Ln = 1/4, is smaller than one and we show that
in this case, the distance of the iterates of CRGD to the
optimizer is non-increasing Corollary 24. Hence we can add
a hypothetical constraint which contains a ball around the
optimizer with radius slightly larger than the initial distance
to the optimizer, as this is guaranteed to never be inactive.

Corollary 6 (Implementing RIODA — unconstrained). [J]
Consider the setting of Theorem 5. Assume in addition that
f is g-convex, g-concave and L-smooth in B(z*,8R) x
B(y*,8R). Then we require 5(1) gradient oracle calls for
implementing the update rules in Lines 2 and 3 of Algo-
rithm 2 using CRGD (this includes a logarithmic depen-
dence on |k, |) and the iterates stay in that set. If f is
g-convex, g-concave and L-smooth in B(z*, D) x B(y*, D)
with D % R(13Cgp + 9), then we require O(C%) gradient
oracle calls using RGD and the iterates stay in that set.
We refer to these algorithms as RIODAcgrgp and RIODAgGp,
respectively. Neither method requires prior knowledge of
the initial distance to the saddle point R.

Compared to RIPPA (Martinez-Rubio et al., 2023), the only
other min-max algorithm which does not require knowl-
edge of R, the complexity of RIODARgp is reduced by a
factor of O(CI%). The rates of RIODAcrgp recover the op-
timal Euclidean rates and are independent ¢, up to log fac-
tors. Further, note that implementing the subroutines of
RAMMA with CRGD leads to total oracle complexities of

5( %5%32) and 5( %5%) for =0 and ;>0 respectively.

This means that the rates of RIODAcrgp improve over the
prior state of the art in the constrained setting by O(¢%°).

We empirically validate our theoretical results in Ap-
pendix E on a constrained formulation of the robust Karcher
mean problem, testing RIODAprgp On both the symmetric
positive definite manifold and the hyperbolic space.

It might seem that the nearly curvature-independent rates
of T = O(LR*/¢) and T = O(L/p) for u = 0 and p1 >
0, respectively, achieved by RIODAcRrgp, are incompatible
with existing lower bounds. Indeed, Criscitiello & Boumal
(2023) established a lower bound of T = () gradient
oracle queries for L-smooth and g-convex minimization
problems in the hyperbolic space, which is a special case of
our g-convex, g-concave and L-smooth min-max setting.

For ;1 = 0, the lower bound assumes that ¢ = O(LR?/(g),
which implies that our upper bound of T' = O(LR? /) is
larger than SNI(C 1> showing that the lower and upper bounds
are consistent. Note that the lower bound is based on a func-
tion defined in the hyperbolic space, where the initial gap is
O(LR?/(g) (Criscitiello & Boumal, 2023, Proposition 13),
meaning that their assumption on ¢ is justified.

For 1 > 0, we note that the condition number of func-
tions in the hyperbolic space in a ball of radius R is lower
bounded by L/u > (z (Martinez-Rubio, 2020, Proposi-
tion 29). Hence our upper bound does not contradict the
lower bound. Criscitiello & Boumal (2021) also develop
similar lower bounds for the case ;z > 0 in a broader class
of Hadamard manifolds. A similar argument via (Crisci-
tiello & Boumal, 2023, Proposition 53) shows there is no
contradiction with our bounds either.

This shows that while the rates of RIODAcrgp do not ex-
plicitly depend on (p (up to a log factor), they inevitably
have an implicit dependence on the geometry, which is due
to the fact above regarding the minimum condition number
for this class of problems depending on the geometry. For
well-conditioned functions or if the required precision is not
too high, the hardness arising from the geometry dominates
whereas whenever L/ > (i or LR? /e > (j, the hardness
arising from the function dominates.

4. Conclusion

We presented RIOD, a new optimistic online learning al-
gorithm for Riemannian manifolds which can handle in-
manifold constraints and achieves regret bounds that match
the best known Euclidean rates. Based on RIOD, we devel-
oped RIODA, a novel algorithm for min-max optimization
on Riemannian manifolds. We proposed multiple implemen-
tations of RIODA, with one variant achieving convergence
rates that match the Euclidean rates up to logarithmic factors,
for the first time.
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A. RIOD proof

Theorem 1 (RIOD). [|] Let M be a Hadamard manifold with sectional curvature in [k, 0]. Further, fort € [T}, let
the loss and hint functions 0,0y : M — R be g-convex, and L-smooth in a compact and g-convex set X C M with
D = diam(X). Forn > 0 we have for any u € X that

3D? & .
Rr(u) < o + 772 IVl (1) — VE(E,)]]3,-
=1

Proof. (Theorem 1) The proof follows directly from Theorem 7 by setting u; = w forall ¢ € [T] and u = 0. O

Theorem 7 (RIOD). Let M be a Hadamard manifold with sectional curvature in [, 0]. Further; let {;,0; : M — R be
u-strongly g-convex, and L-smooth in a compact and g-convex set X C M with diam(X') = D and p > 0. Then forn > 0
we have for any (us)ier) € X that

T 2
N 2PrD + 3D
E 0 (Zy) — Le(ug) < S TOT o

T
+ > (nlIVh() = V@) = Lde,u)?)

t=1

def

where Pr = Zt 1 d(ug, wppr).

Proof of Theorem 7. Using the notation of Algorithm 1, we define &, = 2ne; and recall that L, (z) = £;(x) + %d(z, )2

2
is (1/n)-strongly g-convex in X by the first part of Fact 15 since V,(3d(z,y)?) = —Log,(y) and M is a Hadamard

manifold and so dp = 1. By the (1/7)-strong g-convexity of L; and Ly in X the error criteria of 241 and Z4 in Algorithm 1
and the optimality of x}, ; and Z}, we have that

d(wig1,27,1)° < 20(Fy(wiq1) — Fi(x)y,)) < Ed(ae, 27y,)° (2

and Ly(2) = 0y (z)+ %d(x, x4)2. Note that L; and L, are (1/n)-strongly g-convex in X, because the regularizer ind(x, x¢)?

and
(T4, 77)° < 20(Le(T4) — Lo(77)) < Ed(0, 77). 3
We also have

£y

—~

It+1) - Et(ut) = ft(fEH—l) - Et(xf+1) + gt(xr+1) - gt(ut)

INE)

(L +20)d(aiyy, 20)? = d(zegr,20)*) + (Vl(aiy,), —Log,,  (w)) — %d($f+17ut)2

“

INER)

Fl- ¥~ 2|~

1
(1 + Et)d(ﬁﬂ,%)z —d(zy1,20)%) — 5<L0gm:+1(xt)a Logz;ﬂ (ue)) — Hd(xjﬂ,ut)?

2

IN)

(d(@e,ue)® — (1+ pm)d(z} 1y, w)® — d(@y, 2e41) + Ed(@y, 7741)?)

where (1) holds by the error criterion of x4 defined in Line 6, i.e., Ly(wi41) — Ly(z7, ) < 2nd(xt, :Z?t+1) and the
p-strong g-convexity of /; between I}, ; and u;. Further, (2) holds since xy,q is the optimizer of L; and the first-order
optimality condition, i.e., (V/{;(xf, ;) — %Logw;+1 (z¢), —Log,: | (u¢)) < 0 and (3) holds by Fact 15 noting that p = 1

since M is a Hadamard manifold. Further, we have

@

(VI(F]), —Logs: (1141)) < —

@
<

<L0gi; (1), Logs: (ze41))

S|

Q)]
1 . o,
*277 (d(xtaxt+1)2 - d(:rtvxtJrl)z - d(xt7xt)2) )
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where (1) holds first-order optimality condition of L, with minimizer Zy, and (2) holds by Fact 15 noting that §p = 1 as M
is a Hadamard manifold. Using the previous inequalities, we obtain

(1) — Le(ue) = €(T4) — Le(weg1) + Ce(Tg1) — Le(ug)

< (VL(3r), —Logg, (T441)) + Le(we1) — Le(ur) + <Vgt(ff)aL0gi; (Tt41))

+ 2 (d(ze, we11)? = d(Tf, we11) — d(Tf, 24)°) ©)
~ 0. (5% 1 ‘
< <v€t(xt)7 _Logjt (th+1)> + <Vﬂt(xt),Logif ($t+1)> + % (d(xtaut)2 — (1 + Mn)d($t+la Ut)Q)
1 ~x ~ % = *
o, (—d(@}, 1) — d(T}, 20)? + Ed (4, 2711)°)

where @ holds by (5) and the g-convexity of ¢; between Z; and z;,1and @ holds by (4). We want to obtain a computable
optimism term, i.e, a term that depends on the difference between the gradients of the loss function ¢, and the hint function
0, evaluated at a point we know or can compute. Since computing the exact optimizer z; of Ly is in general not possible, we
bound (V4 (%), Log;- (z1+1)) by a term dependent on the gradient evaluated at the inexact point Zy, i.e., Vi;(%;). Adding
and subtracting terms, we get

<Vgt(i‘r)?LOg(i'Z (e11)) = (VE(E]) — F;gvgt(-it)vLOgij (Te41)) + <F§f Vgt(jt),LOg;z; (Tt41))
(

= (VE(E}) = T3 Vi (#0), Logs; (2141)) + (V0(Ee), Logg, (2e41)) + (T3, VE(4), Logs (2e41) — Tl Logs, (141)),
(N
where we used GauB’s Lemma in (D), i.e., (T;' V4;(%,),T';' Logz, (2141))z; = (V& (%1), Logg, (Zi41))s,. for the second
summand. Note that this is the term we wanted to obtain. We now go on to bound the other two terms. For the first of the
two error terms, we have,

I O - @
(VE(T7) — T3 VE(Tr), Logz: (we41)) < [[VE(ZF) — T3l VE(Z)|| - d(T], weg1) < Ld(Zy, T)d(T7, T441)

@1( 1 @ 1 ®)

1
SnL2d(i,7)% + —d(@],2001)% ) < = | 8nLPEd(3),70)? + —d(F],7041)? ),
8n 2 8n
where (1) holds by the Cauchy-Schwarz inequality, (2) holds by the L-smoothness of l,, (3) holds by Young’s inequality
and @ by (3). Before we bound the second error term, consider
(14 /| Fogin (d(E sy 2041) + d(FF 2041)))? < 201 4 2080030 (A2 (0, Tp41) + d2(FF, 2441))) ©
21+ 2| (2d(Z1, 77)° + 3d(E7, 2041)?)),
where D = max{d(i;, zi41), d(EF, z441)}. Here, (D) holds by the definition of ¢, (2) holds by applying (a + b)? <
2a? + 2b? for a,b > 0 twice and (3) also uses the last inequality and the triangle inequality. We now bound the second error
term in (7) as follows,
o7~ i O _. ~ FF
Tz VE(Z4), Logs: (ve41) — Tl Logs, (z41)) < [[VE(T4)]| - |Logg: (we41) — Tz Logg, (we41) |

CHEA n IV 2e(F0) 17 d(E0, 77)* (1 + 48] Ay | En)

@ . ©)
< CplI Va3 <

(14 48|k,,;, | EN) EA,
@D EA, [ IV0GE) 120 + 48|k |En) A A (10)
min 77) t ~  ~%\2 t ~ % 2
< — -t
< = + EA, + o1 d(Z, T7)° + 16nd(xt,xt+1)

® EA, (VG |PE
t t xt)” (E + 48|’€Inin‘77) At — ~ % At ~ %
S 2 + At + % Etd(l‘t,l‘t)Q + @d(xt,xt_,_l)Q,
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where (1) holds by the Cauchy-Schwarz inequality, (2) holds by Proposition 18 with D = max{d(&;, z;41), d(Z},z¢41)},
(3) holds by Young’s inequality for any E > 0 and A, € (0, 1), @ holds by (9), (5) holds by (3). Using (8) and (10) to
bound (6) yields,

- | . EA
Ce(Ty) — Le(ug) < (VU(Tt) — VE(21), —Loggz, (v411)) + o (d(@e,ur)® = (1+ pn)d(zyy g, w)?) + 5 -
1 (A =7
3 (S5t o) + i)
1 — 7 ([~ — ~ %
+ 50 (B nAT VRGP (B + 48lsinl) + 81717 + A4/12) = 1) d(35,)%))
(11)
- = 1 N
< (VU (2:) — VE(Z¢), —Logg, (ve41)) + 2 (d(@e,ue)® + (Ar = Dd(@e11,ur)?) — %d($t+17ut)2 + Tt
1 3
+ % (4d(fr, $t+1)2 + ét(l + A;l)d(xt,x;_l)z)
1 ((z ATV (G2 (BT 272 _ =k 2
+ o Ee(2nAy || VE(Z) |7 (E™ + 48|k pin|n) + 807 L7 + 1) — 1) d(Z}, 24)7)
where (1) holds by noting that A, € (0, 1) and applying the following bound to — d(athr17 ug)?,
* 2 2 2 * 2
—d(zi11,u)” = —d(@p1,u)” + d(@ep1,ue)” — d(Tpy g, u)
—d(z141,u)” + 2(Log,,, , (u),Log,, ., (x741))
—d(wy1, ) + 2d(2eqr, ue)d(2egr, 27y ) (12)

(@41, )% + Apd(ep1,u)* + A7 (441, 25 1)?

IAND IAG®) IA®) INE

—d(xq1, Ut)2 + Avd(xiy1, Ut)2 + 5tA;1d(xta $:+1)2~

Here (2) holds by applying Fact 15 and dropping the negative term —d(x; 1, z} +1)2, (3) holds by the Cauchy-Schwarz
inequality, (4) holds by applying Young’s inequality and (5) holds by (2). We now use the following bound for the strong
g-convexity term — 4 d(z}, 1, us)? in (11),

@

1 1
_d(x:+1aut)2 < —id(l‘t-s-l,ut)Q +d($t+1,$f+1)2 < _id($t+laut)2+étd(xt7xr+1)25 (13)

where (1) holds by the triangle inequality and (2) holds by (2). Using (13) to bound (11), we obtain

= 1 EA
ét(xt) - Et(ut) (Vét( ) Vét(.lft), —LOgjt ($t+1)> + % (d(xt,ut)Q =+ (At —-1- %)d('xtﬁ-hut)Q) —+ 5 t
1/ 3 . _ _ .
+ > (—d(mt xi1)? (2 + A7 Y d (2, xt+1)2>
77 4
* 5 (Et 20A; V(&) [P(E™" + 48| kyin 1) + 877 L2 + 1) — 1) CHENS
(14)

Let us briefly comment on why we bounded the two terms depending on d(x}, , uy)? differently. If we had bounded them
both using (12), we would have obtained (A; — 1)(1+ un)d(xs41,us)? and since A; > 0, this means that the update rule of
Algorithm 1 is not a contraction in the min-max setting where all u; correspond to the saddle point (z*, y*), see Theorem 3.

On the other hand, if we had bounded both terms usmg (13), we would have obtained — ” ) d(xis1, ut)Q, which would
have meant that this term does not telescope out with - 3 d(z¢, us)? later in the proof. We now bound our error dependent on

15
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d(xy, xf +1)2 such that we can cancel it out with the negative terms which come up in the analysis. We bound,

2

Az, 540)? < 2d(x4, 77)% + 2d(3], 7))

<
@

2 2d(wy, )2 + Ad(E, 1041)? + Ad(3041, 054 1)? 3)
©)

<

2d(xt, 5?:)2 + 4d(i‘:, $t+1)2 + 4§td(.’13t, x:+1)2,

where (1) and (2) follow by the triangle inequality, (3) follows by (2). Hence, by rearranging and noting that &, < 1 /4 by

definition, we obtain
2 2 *\ 2 4

1— 4z,

IA

d(E}, 2i41)2. (16)

d(we, w34)
Using this inequality, we get

(F1) — () < (V0(F;) — VE(&), —Logg, (wi11)) + - (d(@e,ue)® + (A7 =1 = pn/2)d(w 41, ur)?)

2
1 ! EA, a7
+ % ((Ct — 3/4)d(i‘:,$t+1)2 + (Ct — 1)d(§3:,1‘t)2) + 9 B
where
Co =t (94 80202 4+ AT (44 20|V )P (E™ + 48]k ial) ) )
1-—- 4€t
42,24+ A7Y) 28,2+ A1 ||Vl (&) |2(E~Y + 48|k,
> max g(2 + A ), g(2 + A ) vz nIVE (Z)[1( + 48[Kmin|M) 2241 b
1 — 4z, 1— 4z, Ay
We now address the mismatch between d(z, u¢)? and d(xs4 1, uz)?,
T
Zd fEt,Ut) - d ﬂft+17Ut Zd xt,ut - ($t+1,ut+1)2 + d($t+1,ut+1)2 - d($t+1,ut)2
t=1
T
= d(x1,w)? = d@rn,ura)® + Y d(@euee)® =A@, u)’ (18)
t=1

@ T
< d(w1,u)? = d(@ri,urer)® + 2D d(ug, ugga),

t=1
—Pr

where (1) holds by telescoping the first two summands and (2) holds by

d(@eq1,ue41)” — (w1, ue)® < d(ug, upgr) (d(@egr, tpg1) + d(@ig1,u) < 2d(ug, upr) D,
where we apply the triangle inequality d(x;1,usy1) < d(2iq1,us) + d(ug,usrq) in B), and in (4), we use that
d(xtq1,Ut41), d(Teq1, 1) < D. Summing (17) from ¢ = 1 to T and using (18), we get

T

th(i‘t) — L (u) <

T

d 2-d 24 2PrD ~
(z1,u1) (@741, ur1)” + 2Pr S (V) — Vi (E), ~Logs, (#141))

2n -
t=1 . t=1 . ( u ) (19)
L 2 R | 2 t(En + d(@e41, we
% ; [ = 3/0)d(@7, x141)" + (Cr — 1)d(Z, 21)” — 7d<xt+laut) } + tz:; 2 .
Further, choosing E < D?/nand A, = (t 4+ 1)~2, we have that
T 2 T 2
1 @ p @ p
57 2 A(D% d(wi,w)?) < =Y AL < —, (20)
= (i "

16
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where (1) holds since the 2,1 and u; lie in X and (2) holds by Proposition 14. We obtain

T T
" d(z1,u1)® —d : 24+ 2PpD + 2D? i -
th Ty) = bi(ue) < (&1,) oz ;;H) B +Z<V€t(l‘t) — VUi(%), —Logz, (T¢41))
t=1
2D
1T034 24 (Cy = 1)d(a], 20)? — Bla 2
+ 50 2 (€= 3/ e + (G = DA w)? =l dl, w)’].
t=1

Further, we bound

_ ® . @ _
(Vl(Z) = V&), —Logz, (we41)) < [[VE(E) = V(T - d(@p, 2041) < 1l VE(F) — VE(Z)]|” + %d(% Ti11)”

® ~ 1
< nl|VE(E:) — V(3 |* + %(Etd(jty i) 4 d(ZF, me41)?),

where we use Cauchy-Schwarz in (1), Young’s inequality in (2) and the triangle inequality and (3) in (3). Bounding
d(z1,u1)? < D?, we obtain

2P;D +3D% -
Zét .Ift — Et ut Ti + Z (7]||Vft l‘t Vét(xt)HQ — %d($t+1,ut)2>

t=1

1 T
27 Z Ct + & — 1 d(l‘t,i’t)Q + (Ct — 1/4)d(fi‘z,l‘t+1)2)
DO oprp 4302 &
< 2P v

2n

/N

nlIVE @) = VEE)|? - Bd@i,w)?).

—

Here @ holds because our choice of ¢; ensures that C; + &; < i. L]

B. RIODA proof

Lemma 8 (Online-to-Minmax Reduction). Let M, N be Hadamard manifolds with sectional curvature in [k, , 0] and
X C M, Y C N be compact and g-convex sets. Consider the bi-function f : M x N' — R, which is u-SCSC and L-smooth
in X x Y. Further, let (z*,y*) be a saddle point of f. Consider two instantiations of Algorithm I running for the x and y
variables in parallel. In particular, for x, let &y < &y, 7 < 4, £e(x) < f(2,90), Ls(x) « f(x,y0), € + ¥, B+ E,
and u; < x*. Fory, let x4 < yi, Ty < Gp, be(x) — —f(Z4r,y), Et( ) < —f(z,y), et < €, E < E, and uy < y*.
Then we have that

f(@y™) — fa*, ) < % (d(ye,y*)* + d(ze,2%)? + (A — 1 — pun/2)(d(yes1,y")? + d(2e41,2%)?))
+ (L + 3/4 ) (%}, 2441)° (L + & 2_173/4)) (G s ye1)? + (s + Ey)At/2

(CY + 48, — 1)
2n

(C +4€t — 1)

+<L( +25) + o

) d(Fs ) + (L(l +28;) + ) d(z},7¢)?,

— def T
where &, = 2nmax{e¥, !} and

CF = g (0480 L2 4 A7 (45 20V f @ yo) P (B + 48[ inl )
oy _E (22)
v o

e 0+ 8PL 4 AT (44 21V, o )P+ 48l i)

Proof. Following the proof of Theorem 7 until (17) for both the instantiations of Algorithm 1 updating = and y and summing

17
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Algorithm 2 Riemannian Implicit Optimistic Gradient Descent-Ascent (RIODA)

Input: Sets ¥ C M, Y C N, sectional curvature r_; , initial points (z1,y;) € X x ), smoothness and strong g-convexity
constants L and p of f and final precision € or total number of iterations 7.

Definitions: © The algorithm does not compute these quantities.
* Proximal parameter 7 <— ﬁ
* Ht(w7 y) déf f($7y) + ﬁd(.’l,‘,.’l?t)Q - %d(ya yt)2
 Exact solutions:

s def . «  def . -
Tf = argmin Hy(x,y,) and 7, = arg min H;(z, ;)
zEX TEX

g = argmax Hy(vy,y) and v}, = argmin Hy (4, y)
yey T€EX

* Constrained case: <o Knowledge of G is not required, see Corollary 4
1/8, (¢4 1)2(40 + G*/L(¢/6 +1215,,1/1))) ' |

1/8, (max{ (¢ + 1)2, 161/} (40 + G/ L(=/4 + 1201, | /1)) ' }

* Unconstrained case: ¢ Knowledge of R is not required, see Corollary 6

j=0: 2 = L min {1, (2t +1)2(37 + 2385R2|/-;min|))’1}

p=0:e = Lmin

w>0: e, = Lmin

p>0: e = Lmin {1, (8L(37 + 238532|mmin\))’1}

:fort=1to 7T do
Ty (atd(xt,i;k)Q)-minimizer of Hi(x,yt), @t (Etd(yhgf)Q)-maximizer of Hy(x¢,y)

1
2
3 myp14(eed(xy, 7, )?)-minimizer of Hy(2, Gt),  Yes1+(e¢d(ye, iy )?)-maximizer of Hy(Zy,y)
4: end for

Output: Zp, gr if p > 0, else uniform geodesic average of (Z1,91),. .., (Z1, §r) defined by (GEO-AVG).

the bounds, we obtain,

f@oy®) = f@"y") + f(a7y7) = F(=", 0e)

< L (d(ye,y™)? + d(we, ) + (Ar = 1= pun/2)(d(Ys41,9%)° + d(2111,27)?))

2n
+ (Vyf (@, 9¢) = Vy f (4, 0t), —Logg, (Y1) + (Vaf (T4, 9t) — Vaf (T4, yr), —Logz, (T111))
(O —3/4) 4z CY =3/4) 4 o (CF=1) o (CE=1),
+ ‘327])d(l‘t»$t+1)2 + (t%/d(yt ) yt+1)2 + tQTd(xtaxt)z + tgind(yt , yt)2 +(By + E))A)2.
(23)
‘We have that

<

yf(xta gt) - Vyf(-%tagt)’ _LOggt (yt+1)> + <wa(§7t,gt) - fo(‘itvytL _Logit (xt+1)>

IVyf(@e,5e) — Vo f(@e, 9l - d(Ges yes1) + (Ve f (T, Ge) — Vaf (T, ye)l| - d(@, Te41)

~

d(fu xt)d(gt, yt+1) + Ld(l}u yt)d(fct, $t+1)

(d(&y, 24)? + d(Fe, ye1)* + d( G, ye)? + d(Ey, $t+1)2)

IANE) A IAND) INC)
2o b~

L1+ 2&,)(d(we, #7)* + d(ye, §7)?) + LG yes1)” + d(&, 2041)%).
Here we use the Cauchy-Schwarz inequality in (1), (2) follows by applying the L-smoothness of f, Young’s inequality in (3)

18
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and (4) by the triangle inequality and the error criteria of Z; and ¢, i.e.,
A(Zy, 1) +d(Fe, ) < 2d(Fe, T7)+2d(F], 20)*+2d (T, T))+2d(E], wp41)? < 48y (20, B)+2d(F), 24) 2 42d(F], 2041),

and analogously for y. It follows that

f(@y™) — f@*, ) < %(d(yt, N +d(wy, ) 4 (A — 1= pn/2)(d(yes1,y*)? + d(z41,27)?))

3 4) CY —3/4 .
(L -+ / ) il't s .’Et+1 (L + (t2’l7/)> d(yt s yt+1)2 + (Ez + Ey)At/Q
4z, — 1 CP+48, -1
+ (L( +22;) + Hm) d(g; ) + (L(l +92) + Hm) d(it, m)?,
2n 2n
which concludes the proof. O

Theorem 3 (RIODA). [|] Let M, N be Hadamard manifolds with sectional curvature in [Fémim Oland X C M, Y C N
be compact and g-convex sets. Consider the f : M x N — R, which is g-convex, g-concave and L-smooth in X x ).
Further, let (x*, y*) be a saddle point of (P) and (Zr,yr) be the output of Algorithm 2 after T iterations. Then we have

= * -~ _ [8LR*7 ; _ rirL 4LR? eop
f@r,y*) — f(x*,97) < € after T = [5=*] iterations, and T = [T log (T)], if f is also u-strongly g-convex,
strongly g-concave in X x ).

Proof. (Theorem 3) Letz, = 2 max{e?, e/ }. Hence by (2) and (3), we have that

Ad(@e1,w741)° < Eed(me, af1)?, d(Fe, 7)) < Eed(@e, 37), d(yrr1, Yi1)? < Eed(yes yrs1)® d(Ge, 57)7 < Ed(ye, 77)%

(24)
By Lemma 8, we have that
1
f('ihy*) - f( 7yt) 277 (d(yta Yy )2 + d(ajtax*)Q + (At -1- Mn/z)(d(yt-‘rlay*)Z + d($t+1,$*)2))
4 v —3/4
; <L Gt TD) 2n3/ >) d(EF 1)’ + (L LG —3/) 2n3/ )) A7 1) + (Bo + B A2 (25)

(CY +4&; - 1)
2n

(Cm + 45,5 — 1)

L(1+2¢
+<(+€t)+ 277

) d(Fs ,y)? + <L(1 + 28,) + ) d(z5, x)?,

with

Ccy def €t (9 + 87]2L2 + At_l ( 27I||V f(xtvyt)” (E_l + 48|K‘min77)>>

1—4e, Ay
y def  Et 272 —1 77||Vyf(mtayt)“ (E + 48K pin 1)
Ct71—45t <9+871L + A ( A, .

By our choice of €; and 7 as well as E,, £, and A, which we specify below for 1 = 0 and 1 > 0 separately, we have that
max{C¥, C}Y} + 5&; < 1/4 and hence (25) can be bounded by

f(@e,y")—f(2",4:) < <> (dlye, y™)? + d(e, ) + (Ar — 1= pun/2)(d(yes1,y")? + d(@g1,27))) +(Eo+Ey) Ay /2.

2n
(26)
We now analyze the g-convex and the strongly g-convex cases separately.

Case p = 0. WesetA; = (t+1)"?and E, = E, = £/6. By definition, the LHS of (26) is non-negative, hence by
dropping it and rearranging we obtain

Ao, ¥")? + d(@eg1,2%)? < (1= A) " Nd(ye, y*)? + d(zr, 77)° + eny/3)

D :
< (dyr,y")* +d(xr,2")*) [

=1

27)

t. @
+ DA 20dyn,y)? + dlr,at)?) +en/2

i=1

1-A;

19
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where (1) follows by repeatedly applying this inequality and since (1—A;)"t<4/3and () holds by definition of A, and
Proposition 10. Summing (26) from ¢ = 1 to 7, dividing by 7" and telescoping the sum, it follows that

T T
1 o, . 1 A d(yesr,y*)? + d(zigr,2)?) | ey
— — < —R —
T thl(f(x“y )= 1@ 5 < T +Zt:1 { T T

O pr2 : @uLp

< 4= <
Syrtar =TT

+

)

[NCRNO)

where (1) holds by (27), Proposition 14 and dropping the negative terms and (2) by the definition of p = 1/(4L) and T’ > 1.
By applying (GEO-AVG) to the sequence (Z¢, ¥ ), we obtain

Hence after T’ = [%1 iterations of Algorithm 2, we have that f(Zr,y*) — f(z*, yr) < €. This concludes the proof for
the g-convex case.

Case p > 0. Weset Ay = min{(¢t +1)~2, &1}, E, = E,, = £/4. By definition, the LHS of (26) is non-negative, hence
by rearranging we obtain

en
2(A7 (1 + pm/2) — 1)

d(ye1,¥")? + d(@eg1, o) < (T4 pn/2 — A) " (d(ye, y*)? + d(zy, 2*)) +

0
< (L /) (dye v ) + dlae,a™)) +

where (1) holds by the definition of A,. Then by repeatedly applying the inequality, we have

O @
*\2 )2 < —tp2 , &N -2 Z Pov—tp2 € 2 WY 2
A(yer1,y*) +d(weyr, %) < (14 pun/4) " R* + 5 g:lk < (1+ 16L) R +qp S exp R” +

where (1) holds since Eiii 172 < %2 < 2 and by definition of 7 = 1/(4L) and (2) holds by the following inequality

1 _,__wash) ., p "
W‘l 1+u/(16L)él 17L<eXp(17L>v (28)

which holds as /L < 1 and 1 + z < exp(z). Hence, running Algorithm 2 for T = [% log (%)] iterations implies
that

d(yT,y*)2 +d(xrp, x*)2 < TR

Dropping the non-positive distance from (26) for ¢ <— 7" and using the definition of 7, we obtain
f@r.y*) = fla*,gr) < 2L(d(yr.y*)* + d(zr,2")?) < e,
which concludes the proof. O

Theorem 5 (RIODA — unconstrained). [|] Let M, N be Hadamard manifolds with sectiana{ curvature in [Kmins 0]-
Consider the bi-function f : M x N'— R, which is g-convex, g-concave and L-smooth in Z = B(z*,8R) X B(y*,8R),
where (x*,y*) is a saddle point of f. Then the iterates of Algorithm 2 stay in Z. Let (xp,yr) be the output of Algorithm 2

after T iterations. Then we have f(xp,y*) — f(z*,yr) < e after T = [GLsz iterations and T = [117—LL log (@)] if f

€

is in addition p-strongly g-convex, strongly g-concave in Z.
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Proof. (Theorem 5) Letz, & 2n max{e?, e/ }. Hence by (2) and (3), we have that

d(@e1,w741)" < Eed(we, 2740)% A&, 77)? < Epd(20, 70)%, d(Yer1, Y1) < Eed(Yer yisn)? d(Ge, 97)? < Eed(ye, 97)°

(29)
We show that the iterates stay in a bounded set B(z*,7R) x B(y*,7R). In particular, we show via induction that
d(zy,x*) + d(yt, y*) < 2R and then show that d(Z;, 2*) + d(g;,y*) < TR and d(z¢41,2*) + d(yi+1,y") < 7R. For
t = 1, we have that d(z1, z*) + d(y1, y*) < 2R by definition. Assume that d(x¢, z*) + d(y, y*) < 2R holds, now we will
prove that it also holds for ¢ + 1. We have that

D d(wy,77) + iy, 57)

d(T¢,2%) + d(Ge,y*) < d(Te, 7)) + d(Fe, §;) + d(T}, 2°) +d(g;,y") < 1 +d(zy, 2") +d(g, y")
OB 5 @ 7
2 L)+ dlyy ) + (A3 + A Y) S () + dley’))

(30)
where (1) holds by the triangle inequality, (2) holds by (29) and 1/Z; < 1/4, (3) holds by the triangle inequality and (4) holds
since d(Z7, z*) + d(7;, y*) < (9/4)(d(z¢, x*) + d(yi, y*)) by Proposition 9.

Further, we have that

(w1, 2%) + d(Yer1,y") < (@1, Tygq) + A1, yir) +d(pg, ©°) + dyi, v5)

(d(y, x;&k+1) + d(ys, y;sk-;-l)) + d(x;k+1v ")+ d(y;sk+17 y*)
(3D

(e ™)+ dlyy) + (@, ) + Al 0,07))

IAN®) ING) AN IANE)

N == =

(d(ze, ") +d(ys, y™)),

where (1) holds by the triangle inequality, 2) holds by (29) and /z; < 1 /4, (3) holds by the triangle inequality and (4)
holds since d(z}, 1, 2*) + d(y/41,¥%) < D (d(zy, z*) + d(yi, y*)) by Proposition 9. We have thus established that Z;,
Z¢41 and Jg, Y1 lie in B(z*, 7TR) and B(y*, TR), respectively. Recall that by assumption, f is ©-SCSC and L-smooth
in B(z*,8R) x B(y*,8R). Therefore, we can apply Lemma 8 with X’ + B(z*,8R) and Y < B(y*, 8R) as the iterates

are guaranteed to lie in the interior of the sets and hence the constraints are never active. Thus, applying Lemma 8 with
~ %\ 2 ~%\2
B, = %30 and B, = {450 we obtain
~ * ko~ 1 * * * *
f(@ey") — f@*0) < — (d(y, ™) 4+ d(z, 2%)? + (A — 1= un/2)(d(yes1,y7)* + d(z41,2%)%))

2n
T Y
+ (L + (Ct23/4)) d(F;, m41)? + (L + M) (G, yer1)?
n 21
(Cél/ + 45, — 3/4) (CF 448, —3/4) ~x 2
2 = ) 43, )
(32)

+ (L(l +28;) + ) d(Fs,ye)* + <L(1 +28;) +

where

&t
1— 4z
&t
1— 4z

cr= (9+ A7 (A4 20V f(Ze,ye) IP(Ey Y + 48] Kpmin|n)) + 80°L?)

y def
C/ =

(9+ A7 (44 29[V f (e, Ge) |2 (B, + 48] kiln)) + 87°L7) .

We need to ensure that max{C{, C} } + 5&; < 1/8 in order to cancel out the summands in the second and third line of (32).
Therefore, we show a bound for C and C} in order to finish the induction argument. Note that

~ % ~x% @ * * * o~k * o~k @13
d(we, ) +d(ye, §y ) < d(we, 2%) +d(ys, y") +d(2™,%7) +d(y*,97) < —

4 (d(xhx*) +d(yt7y*))v (33)
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where (1) holds by the triangle inequality and (2) holds by Proposition 9. Squaring (33) and noting that a? + b < (a+b)?
2(a® + b?) for a, b > 0, we have

Az, 25)% + dye, 57)? < 22(d(ze, )% + d(ys, y*)?). (34)

Further, we have

® @ @ 171

IVaf @yl < IV f(@eye) = T3t Vo f @yl + [Vaf (37,90l < Ld(@e,@7) + 07 d(ee, 77) < Td(ﬂﬁt@?)

(35

Here (1) holds by the triangle inequality, (2) holds by smoothness of f between z; and Z;, which both lie in B(z*,7TR/V/?2)

by the induction assumption, and (30). The optimality condition of Z}, i.e., V,f(Z},y:) = %Logi: (x¢) was also

used. Lastly, 3) follows by definition of 7 = 1/(4L) and by (29) and \/Z; < 1/4. Analogously one can show that
V4 f (ye, )|l < L2d(yq, §; ). Using these bounds and the definition of 7, we obtain

@
(10 + A7 (22 + 10921, 7)) |min])) < T2
t

@
<

cy <
t = 1—4675

(10 4+ A" (22 + 2385R? |k ))

(36)

INE)

cr (10 + A" (22 + 109d(ye, 57 ) Knin])

(10 + A7 (22 + 2385 R2 [k n))

1—4E_ft 1_45‘_:t

where for both inequalities, (1) follows by (35) and (2) follows by (34) and the induction hypothesis. Our bounds on C* and
C? and our choice of &4, E,, E, and 7 as well as A4, which we specify below for ;x = 0 and p > 0 separately, ensure that
max{C¥,C}} + 5z; < 1/8 and the update rules in Lines 2 and 3 can be implemented efficiently. Hence we have,

f@ey™) = f@%,00) < 2i (d(ye,y")* + d(@e, ) + (D¢ = 1= pn/2)(d(yes1,y")? + d(z41,27)%)) . (37)

We now analyze the g-convex and the strongly g-convex case separately.

Case u = 0. Weset Ay = (¢ + 1)~2. By definition, the LHS of (37) is non-negative, hence by rearranging we obtain

d(ws,a*)? + d(ys,y*)? D H

d(@es1,2%)? + d(ye1,y7)? < 1A, < (d(z1,2")* + d(y1,y

@
<

1A2

i=1

(38)

2(d(a1,27) + d(y1,y™)%)

where (1) follows by repeatedly applying this inequality and (2) holds by Proposition 10. Noting that a? + b < <(a+0b)?<
2(a® + b?) for a,b > 0, this proves the induction statement, as d(x;41, 2*) + d(y+1,y*) < 2R. Summing (37) from ¢ = 1
to 7', dividing by 7" and telescoping the sum, it follows that

T

T
%~ 1 A x , T er Y
Z xt’y (’I ayt)) < 7(d(l‘1, ) +d yh + Z t t 277T (yt ) )

@d(ﬂih *)? +d(ys, v 2+2T:At 2 d(w1,2%)* +d(y1, y* @GLRQ,
B 20T - nT T

where (1) holds by (38), (2) holds by Proposition 14 and (3) by definition of 7 and R. By applying (GEO-AVG) to the
sequence (Z¢, §¢), we obtain

f@r,y") — f(=*, gr) f(@e,y") — f(2",3))-

HMH

2
Hence afer 7' = [SLE

the g-convex case.

| iterations of Algorithm 2, we have that f(Zr,y*) — f(«*,§r) < €. This concludes the proof for
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Case p > 0. Weset A, = &1, By definition, the LHS of (37) is non-negative, hence by rearranging and using the
definition of A, we obtain

d(Yer1,y")? + d(weg1, %) (d(ye,y*)* + d(xe, 2)?)

gi
1+ un/4

® _
< oxp (g ) (o + dlara)?)

where (1) holds by (28). Noting that a® + b? < (a + b)? < 2(a® + b?) for a, b > 0. This proves the induction statement, as
d(x4y1, %) + d(ys41,y*) < 2R. Then by repeatedly applying the inequality, we have

d *\2 d *\2 < 2
(141, 4")" + d(@e41,27)" < exp (17L> R*.
Hence, running Algorithm 2 for 7' = 7L Jog <M> iterations implies that
n €
d(yr,y*)* + d(zp,z*)* < <
’ ’ — 2L
Dropping negative terms from (37) for ¢ <— T and using the definition of 7, we obtain
f@r.y*) = fa*,gr) < 2L(d(yr.y*)* + d(zr,2*)?) <&,

which concludes the proof. O

C. Implementing RIOD and RIODA

In this section we use x7 and z; to refer to the 7-th iterates of subroutines minimizing L; and Et starting from x4, i.e.,
x; = 2 = 79. Further, if 7 is the last iterate, we write 7] = 7; and 2] = 741 1.

Corollary 2 (Implementing RIOD). []] For the implementation of the update rules in Lines 4 and 6 of Algorithm 1, we
require O((Ln + (p)C ) gradient oracle calls to ¢, and {, at iteration t using PRGD or 0(1 + Ln) using CRGD (this

def

includes a logarithmic dependence on |k |). Here R = G/L + D, where G is the Lipschitz constants of £, and ly in X.
Note that these implementations do not require the knowledge of G.

Proof. (Corollary 2) Note that we provide the analysis for the criterion of Z, but the analysis for x4, follows by the same
arguments. Since /; is differentiable, there exists a constant G' > 0 such that || V/;(z)|| < G for all z in the compact set X,
Wthh implies G-Lipschitzness. Note that L, is (L + ¢, /n)-smooth and (1,/7)-strongly g-convex in X', since the regularizer
o Ld(x,z¢)? is (Cp/n)-smooth and 1/(n)-strongly g-convex in X' by Fact 15. Further we have for x € X that

i ~ _ ® p
VL (z)|| = ||V (z) — n~"Log, (z)|| < [Vl ()| + 0 d(z, ) < G+ 0’

where (1) follows since /; is G-Lipschitz and z, 2, € X, which implies that L, is (G + D/n)-Lipschitz. Recall that we
require the following for the subproblem
Li(#) — Ly(2}) < epd(zy, 3F)2 (39)

In the following, we compute the gradient oracle complexity of ensuring (39) using the upper bound G in order to show the
worst-case complexity. We then show that the criterion can also be implemented in a way that adapts to the local gradient
norm and does not require knowledge of G.

PRGD. By Fact 21, running 7 iterations of PRGD on Et, starting at x;, we have that

(L+Cp/m¢x —(r—1)
5 e (4(Ln +Cp)Ch

) d(xt7i‘:)27
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G+D/n

where R = T¢, /n

. Hence, it is sufficient to run PRGD for

(L + C;a/??)(é))

€t

— ((Ln T Cp)Calog (

iterations in order to satisfy (39). We now show that this criterion can be implemented without knowledge of G. We have
that

] ) @ i i @ _ _ T—1
Lo(@]) = Lo(#) < (Lo(@ ) = Lu(@) (1— 4(Ln+<1D)<R ) < (Lul@n) = L@ ] (1—4(1>

@ (L+¢p/n)s, 2 TT 1
< ool 3 [ (1— 4<Ln+<D><R>

=1

where R 2 |VL, (GD)|/(L + Cp/m) = IVE(FT) — 0~ Loga; (2)]|/(L + Cp/n). Here (D) holds by Fact 21, @) by
repeatedly applying the prior inequality and (3) by (Martinez-Rubio & Pokutta, 2023, Lemma 18). It follows that we need to
run PRGD for 7 > 2 iterations until

<L+<D/n><ROTH‘1 - 1 o max{4, (¢ 4+ 115+ 80°L° + 20| VO (D2 + 48 pmin))} !
2 ALn+Cp)ip, )~ 81 '

i=1

Note that VL, (Z]) = V{,(&]) — nilLogi{ (x¢) has to be computed anyways for each iterations of PRGD, hence this
criterion can be checked with little computational overhead.

CRGD. After 7 iterations of CRGD on l~/t starting from z;, we have

~ ~ L 1 1

) - 1) < g oo (= Dmin{ ) don a2 (40)
Here we used Proposition 22 and Corollary 23 with f < ¢, and g < %nd(" )2, noting that L is (1/1)-strongly g-convex
and /; is L-smooth. Hence it is sufficient to run CRGD for 7 = O ((1 + Ln)log (5)) iterations in order to satisfy (39).

We now show that this criterion can be implemented without knowledge of G. By (40), it follows that we need to run CRGD
for 7 > 1 iterations until

Et =

L 1 1 4 1)2(1 212 4+ 22|Vl (2T)12(D~2 + 4 . -1
Zexp (—(r=Dmind —,=\) < max{4, (t +1)(15 + 8n°L” + 2n°|| VL, (] ||( + 48|k 50 1)) }
2 4Ln’ 2 8n

Note that VL, (£]) = V£ (&]) — %Logi: (x+) has to be computed anyways for each iterations of CRGD, hence this criterion
can be checked with little computational overhead.

O

Corollary 4 (Implementing RIODA). [|] We use the notation from Algorithm 2. For the implementation of the update rules
in Lines 2 and 3 of Algorithm 2, we require O(( p( j3) gradient oracle calls per iteration using PRGD or O(1) using CRGD

r def

(this includes a logarithmic dependence on |k, |). Here R = G /L + D, where G is the Lipschitz constant of f in X x ).
We refer to these algorithms as RIODApggp and RIODAcgrep, respectively. Note that these implementations do not require
the knowledge of G.

Proof. (Corollary 4) We discuss the implementation of the criteria for x, but the proof for y follows analogously. The proof
follows by applying Corollary 2 to the update rules of  and y, taking into account the definitions of €; and 7 in Algorithm 2
and the following properties of f. We have that L, () = f(z, ;) + ﬁd(x, x¢)?is (L + ¢ p/n)-smooth and (1/n)-strongly
g-convex, because f(x,y;) is L-smooth and the regularizer ﬁd(m, x;)? is (¢p/n)-smooth and (1/7n)-strongly g-convex in
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X by Fact 15. Further, since f(-,y;) is differentiable, there exists a constant G, such that |V, f(z,y:)|| < G forall z € X.
Since f(-,y;) is also g-convex, this implies G-Lipschitzness. It follows that

_ )
IVLi(@)|| = IV f(z,y) =0~ Log,(z) | < IVaf(z,ye)ll + 0~ d(z,20) < G +4LD,
where (1) follows since f (-, z;) is G-Lipschitz and z, 2, € X. This implies that L, is (G 4+ 4LD)-Lipschitz. O

Corollary 6 (Implementing RIODA — unconstrained). [|] Consider the setting of Theorem 5. Assume in addition that [ is
g-convex, g-concave and L-smooth in B(x*,8R) x B(y*,8R). Then we require O(1) gradient oracle calls for implementing
the update rules in Lines 2 and 3 of Algorithm 2 using CRGD (this includes a logarithmic dependence on |k, |) and the
iterates stay in that set. If f is g-convex, g-concave and L-smooth in B(z*, D) x B(y*, D) with D = R(13¢gr +9),
then we require 6({ %) gradient oracle calls using RGD and the iterates stay in that set. We refer to these algorithms as

RIODA crGp and RIODAggp, respectively. Neither method requires prior knowledge of the initial distance to the saddle point
R.

Proof. (Corollary 6) We discuss the implementation of the criteria for x, but the proof for y follows analogously. Recall
that we have

Et

INE)

_ @
£t (10 + At_l (22 + 109d(l’t, j;‘j()2|ﬁjmil’l|)) <

—4€t - 1—4575

@ ¢ @ Et
<

CF < =g (10487 (22410900, 57 wun)) < 7=

e

(10 + A7 (22 + 2385 R2[ ki)
41)

(10 + A" (22 + 2385 R [kl ) -

We will make use of (2) to compute the worst-case complexity of implementing the criterion using R and (1) to analyze the
implementation that adapts to the value of d(x, 7})? or d(y;, §;)?.

CRGD. Recall that L;(z) = f(x,y;) + 5,d(x, z;)* and Li(z) = flz,y:) + 3;d(x,%)* withn) = 1/(4L). Note that L,
and L, are (1/n)-strongly g-convex and f is L-smooth in € B(z*,8R). Then we have

©)
)< 2

@
d(zTT,27) < 277d(xy, 77) < 277 (d(my, ) 4+ d(E, 1

R, (42)

and

@ ® 57
d(zith @pyy) < 277d(2, afy) < 277 (d(zy, 2%) + d(af g, 2%)) < 68

(43)

where for both inequalities, (1) holds by repeatedly applying Corollary 24, (2) holds by the triangle inequality and (3) holds
by Proposition 9, since d(x¢, *) + d(y:, y*) < 2R and, 7 > 0. Hence we have for any 7 > 0

) @ /4
d(37,27) < d(E], 7)) + (3}, 7)< (4%2) R

and

@ @ 57 41
d(.]?:,.]j*) < d($27x:+1) + d(x;ﬁ—l)x*) < <16 + 8) R,

where for both inequalities, (1) holds by the triangle inequality and (2) holds by (42) and (43) and Proposition 9. As
described in Corollary 2, the complexity of implementing the criterion using CRGD is O (log(L/e;)).

We now show that this criterion can be implemented without knowledge of R. We have by (40) that

Li(27) — Le(2}) < 277 Ld(zy, 7})2.
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Note that

@® @ 1
d(zy, #5)% < 2d(zy, #,)% 4+ 2d(F, 27)% < 2d(xe, 7)) + gd(xt@:)? w

=4 d(l‘t, i‘:)Q < 3d($t, .i‘t)Q,
where (1) holds by the triangle inequality, (2) holds by (29) and Z, and (3) by rearranging. Applying this bound to the
RHS of (D in (41), it follows that choosing £; = L min {1 /8, (A7 (32 + 327d (x4, 77)?|Kpminl)) ‘1} is sufficient to ensure
CF + 5&; < 1/8. Tt follows that it is enough to run CRGD for 7 > 1 iterations until

277 < ¢, = Lmin {1/8, (t+1)%(32+ 327d(xt,5c§)2|nmm|))‘1}

for ;4 = 0 and
9T < ¢, = Lmin {1/8, AL (p(25 + 220d(xt,i€)2|/§min|))*1}

for ;1 > 0. Note that VL, (2]) = V{,(Z]) — %Logiz (x¢) has to be computed anyways for each iterations of CRGD and
d(xt, 77) = ||Logg; (x+)||, hence this criterion can be checked with little computational overhead.

RGD. Applying Fact 20 to Ly and L,, we have for the iterates of RGD that

1+5 14+5

D) <d(wt,if)d(xt>j:) and d(xzax;i,l) < ng(ajt’wz+l)d($t7$:+1) (45)

d(@],37) <
for all 7 > 0. Further, we have after 7 iterations that

Lu@) - Lu(@}) < exp (‘) (L + Cp/m)d(an, ;)2

D 2
and 2
-7\ (L+(p/m)d(x, zy
Li(xi41) — Le(2]) < exp () ( D/U)Q( t t+1) .
D
where

— 1+\/5 ~% *
D=— max{Cac, 20y (@0 1), Cagay oy, ) At Tip1) )

We go on to bound D. Note that

@® ON
d(z0,5) Z d(ws, ) + d(a*,57) < ?3R§8R, (46)
and
@® @ 41
e, i) £ dwea”) + @ ain) £ 2 (14 ¢ ) R<SR 47)

where for both inequalities, (1) holds by the triangle inequality and (2) holds by Proposition 9. Further,

) @ 145 9
T a) 2 a7 + et ) £ RS (s 3)

and

) @ 1+v5 41
< A i)+ deat) S REP (86t )

d(xf, ")

where for both inequalities, (D holds by the triangle inequality and (2) holds by applying (46) to (45). It follows that
D = R(13¢sp + 9) and hence ¢ 5 = O ((7). The complexity of implementing the criterion is 7 = O ({7, log(LCH/e1)).

26



Implicit Riemannian Optimism with Applications to Min-Max Problems

We show that it is possible to implement without the knowledge of R. We can address the first obstacle as in the CRGD
implementation by noting that choosing £, = L min {1/87 (A7(32 + 327d(w¢, Z7) 2| Kpnin)) 71} is sufficient to ensure

C¥ + 58, < 1/8. But the number of iterations still depends on R via (. To circumvent this, assume ||V L, ()| < & =

~ N2
£:d(@e.20)” \We show this suffices to satisfy the criterion. We have
n+2n2es

~ % T (A~ T (A~ ~ % 1 ~ s~k
Ly (77) > Li(%¢) + (VLi(34), Logg, (7)) + %d(mw’ﬁt)Q

zeM

> Ly(#;) + min [(V!it(it),Logi,t(z)) + %d(i’t, 3)2} (48)

IVE)

Lu(@) - 31V L&)

where (1) holds by the (1/7)-strong g-convexity of L, (2) by noting that

. = 1 . = =
arg min {(VLt(mt), Log;, (2)) + Qd(xt,z)z} = Exp;, <arg min || — nV L (Z) — v|§,t> = Expz, (—nVL(Z4)).
zeEM n veTz, M

‘We have

1 ~ sk
%d(xt, z; )2

@
<

N 5 @ 3 ©)
Lu(@) - Lu(@}) < ZIVLi@E)I” < név/2 (49)

where (1) holds by the (1 /n)-strong g-convexity of L, holds by (48) and (3) holds by assumption. Hence, in order to
satisfy the criterion, i.e., L;(Z;) — Ly (%}) < eyd(xy, })?, we require

€td(13t, ft)Q

< epd(my, 77)2.
2 + 4ney < ed(z, 7t)

née/2 =

Note that

@
<

27’]Etd($t, .’Z’t)2

d(ze, #)?
(1, 32) 1+ 2ne, (50)

2d (e, 77)% + 2d(Zg, 27)? < 2d(xy,37)° +

,®
<

& d(w, 7)< 201+ neg)d(xe, 35)?,

where (1) holds by the triangle inequality, (2) by (49) and by definition of &; and (3) holds by rearranging. Hence we
conclude that

Etd({Et, (it)Q @ 2(1 + ngt)gtd(l't, {f??)2
2+4ne; 2 + dney

where (1) holds by (50). O

Née/2 = < epd(zy, 37)?,

D. Technical Results

Proposition 9. Let M, N be Hadamard manifolds with sectional curvature in |k, ,0]. Consider the bi-function
f i M xN — R, whichis CC and L-smooth in X x ), where X of B(z*,D), Y def B(y*, D) where (z*,y*) is a saddle
def

point of f and D = 3(d(z¢,z*) + d(ye,y*)). Further, let T}, §;, x},, and y; ., be defined as in Algorithm 2 for the
unconstrained case and ) < 1/4L. Then, we have that

(d(ye,y") + d(wt, 27)).

= | ©

d(zF, ) 4+ d(jF,y*) <
and i
d(wyyr,2") + d(Ypy1,¥7) < E(d(yt, y*) + d(zy, x7)).
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£

Proof. Let Hi(z,y) = f(z,y) + zd(@x)* — %d(y,u)? y'(z) < argmingey Hi(z,y), = (y)
argmin, cx Hy(z,y), (") = minger £, y%) + o d(z,20)? and y+ (") = maxyey F(*,5) — A dy, y)?. Further,
we have 2% = argmin,c y f(z,y*) and y* = argmax,y, f(z*,y). Note that (z*,y*), (zs,y:), (7 (y*),y* (")) and
(7 (y¢), y " (x¢)) lie in X x Y by definition. Using (Martinez-Rubio & Pokutta, 2023, Lemma 10), we obtain that

d(w, 2" (y")) < d(ze,27),  dys,y™ (@) < dye, y). G

Note that H, is (1/7)-SCSCin X x Y and V,H(x, -) and V,, H,(-,y) are L-Lipschitz for all z € X and y € )/, respectively.
Hence, applying (Martinez-Rubio et al., 2023, Lemma 40) to H;, we have that 27 (y) and y* () are (Ln)-Lipschitz for all
x € X and y € ), respectively and in particular, we have

def

A (y*), 2 () < Lnd(ye, y*),  d(y*(«*),y" (21)) < Lnd(zy, 2*) (52)
d(x*(y*), 2 (9:)) < Lnd(ge, y*),  dly™ (2%),y" (2:)) < Lnd(Z, 7). (53)
It follows that,
* + * =+ @ * * —+ * —+ * —+ =+ * —+
A, 2™ () +d(y", v () < d(a*, 2™ (y") +dy* yT (@) +d@t ("), 2 (ye) + dly™ ("), y™ (1))

@
< d(xe, 2t () + dlyeyt (@) + (1+ L) (d(ye, y*) + d(ze, %)) S
® @
S @+ La)(dlyeoy”) + A, 2) £ 3 (") +d(z 7))

where (1) follows by the triangle inequality, (2) follows by the triangle inequality and (52), 3) follows by (51) and (4)
by definition of 7. Note that by (54), we have that z*(y;) and y* (z;) lie in the interior of X and Y respectively and
hence the constraints B(z*, D) and B(y*, D) are inactive. Recall that Z; = argmin,c v, f(z,y) + 3 d(x x¢)? and

gf = argmax, ¢ f(z4,y) — 77d(y vt )?, hence we have that 7} = 27 (y;), ;7 = y* (). Further, we have that

d(z", 27 (y") +d(y" y " (7)) + d(@™ (y"), 27 (§0) + d(y™ (27),y " (20))

d(we, 2" (y")) + dlye, y* (@) + d(ye, y") + d(ze,27) + L(d(Ge, y*) + d(Z¢, 27))

@
2+ 2y y*) + dw, o)) S Se(dlpy”) + drna®))
(55)
where (1) follows by the triangle inequality, (2) follows by the triangle inequality and (53), 3) follows by (51) and (54)
with & = 27 (y¢), 7 = yT(2;) and (4) by definition of 7. Note that by (55), we have that () and y* (;) lie in
the interior of X’ and ) respectively and hence the constraints B(z*, D) and B(y*, D) are inactive. Recall that 2}, , =
argming ¢ v f (2, 0¢) + ﬁd(:c, xy)? and yf, | = argmax, e f (e, y) — ﬁd(y, 3¢)?, hence we have that 2}, ; = 21 (7,),

y2‘+1 = Z/+(it)-

O
Proposition 10. Forc > 1, and T € Ny we have that
l_T[ 1 B c(c+T) <
sel=(t+o)™2 (c=D(c+T+1) ~ -1
Proof. We show HtT:o T=( tic)—2 = (c_fgf:fT) =y by induction. The statement holds for 7" = 0. Now assume that the

statement holds for 7' — 1. Then the statement also holds for 7", which can be shown by noting that (1) below holds by the
induction hypothesis and rearranging

ﬁ 1 @ c(c+T-1) 1 _ cle+T) < _©
I1—(t+e)2  (c=D(c+T)1—(T+c)2 (c=1)(c+T+1) ~ c—1

t=0
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Note that in the two following proposition, we specify where we require the smoothness and g-convexity to hold, which is
important for the analysis in the paper.

Proposition 11. Let M be a Riemannian manifold and let f : M — R be g-convex and L-smoothin X = B(z*,2d(Z,z*)),

e

where x* € argmin, g\ f(z) and & € M. Further, let z+ = exp(— 1V f(Z)), then it is
1 - - - x
S IVF@I? < £(2) = f(@*) < (@) = f(2").
Proof. First, note that

@ @ ®
d(z",2") < d(2",2) +d(z,27) < %Ilvf(i’) = V@)l +d(@,2") < 2d(z,27) (56)

where (1) holds by the triangle inequality, (2) by the update rule of z* and by V f (z*) =0, (3) holds by the L-smoothness
of f in X. This implies that xt € X. Then we have,

@ L @
[a*) = (@) £ (VS(@), Loga (o) + Fd(z, a4 L — |V f(@)|
where (1) holds by L-smoothness of f in X and since T € X by (56), (2) by the update rule of z*. Finally, by definition
of z*, we have that f(z*) < f(z™T) and it follows that f(Z) — f(zT) < f(z) — f(z*). O

Proposition 12. Let M be a Riemannian manifold and X C M be a closed and g-convex set and let f : M — R be
p-strongly g-convex and differentiable in X. Then, it holds for all x,y € X that

pd(z,y)* < (Vf(x) = T3V f(y), ~Log, (y))-
In particular, it follows that
pd(z,y) < |V f(z) =Ty fll-

Proof. By p-strong g-convexity of f, we have

J(@) = f) < (Vf (@), ~Log,(v)) — G(x.v)?

1) = f() < (Vf(y), ~Log, (x)) - Sd(z.y)*.
Adding both inequalities, we have

Further bounding the right hand side using the Cauchy-Schwarz inequalities and dividing by d(z, y), we have
pd(z,y) < [|Vf(z) =TV iyl
O

Proposition 13. Let M be a Riemannian manifold and X C M be a closed and g-convex set and let f : M — R be
g-convex, lower semicontinuous and proper in X. Then it holds that

0 S <g*7Logz* (SC)> S <ga 7L0g$(17*)>, Va € Xa
where g* € Of (x*) and g € Of (x).

Proof. By g-convexity of f, we have (g, Log, (z*)) < f(z*) — f(z) < (¢9*, —Log,-(z)). By the first-order optimality

condition, for an optimizer z* of f, we have 0 < (¢*, Log_. (z)) for all z € X, which concludes the proof. O
Proposition 14. We have that 3", ﬁ <1
Proof.

T T+1 o 9

1 1 1 s
> =Y 5-1<y S-1<—-1<1
2 Z 2 = 2 = =
=+ il il 6
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D.1. Geometric results

Fact 15 (Riemannian Cosine-Law Inequalities). For the vertices x,y,p € M of a uniquely geodesic triangle of diameter D,

we have
dp

(Log, (v), Log, (1)) 2 Ld(x,v)? + 3d(p,2)? — Sd(p, ).

2
and

(Log,(y), Log,(p)) < %Dd(fﬂ,y)2 + %d(n x)? — %d(n y)?

See (Martinez-Rubio & Pokutta, 2023) for a proof.

Corollary 16. Under the assumptions of Fact 15, the squared distance function %d(-, p)? is (pp-smooth and Sp-strongly
g-convex in the geodesic triangle defined by the vertices x, y, p € M.

Proof. The proof follows directly by noting that the first equation of Fact 15 implies dp-strong g-convexity and the second
equation implies (p-smoothness. O

Remark 17. In spaces with lower bounded sectional curvature, if we substitute the constants (p, in the previous Fact 15 by
the tighter constant and Cd(p,z), the result also holds. See (Zhang & Sra, 2016).

We note that if ., ;, < 0,itis {p = (1 + D+/|k;,|) and therefore if ¢ is a constant, we have (., = O((p). If k), > 0
itis ¢, = 1, forall » > 0, so it also holds (., = O((p)-

Proposition 18. Let M be a Hadamard manifold with sectional curvature lower bounded by k
holds,

then for x,y,p € M it

min

[Ty Log,, (p) — Log, (p)[| < ¢(Kmin, D)d(,y), (57)
where D = max{d(z, p),d(y,p)}.

Proof. Let ®,(z) = 3d(x,y)%. Then V,®,(x) = —Log,(p) and ®,(z) is ((y(, ,)-smooth between x and p as the
eigenvalues of the Hessian of ®,(z) are upper bounded by (., ., by Alimisis et al. (2020, Lemma 2). Note that the
smoothness constant increases with the distance to p. Since in Hadamard manifolds, the distance between p and other points
in the geodesic triangle defined by x, y, p is maximized at the vertices, then ®,, is ( 5 smooth in this geodesic triangle, and
thus we have that

V@, () =Ty V@, (y)| = |TyLog,(p) — Log, (p)ll < (pd(z,y).
O

Fact 19 ((Zhang et al., 2023), Lemma C.2). Suppose f is geodesically convex-concave. Then for any iteration (x,y:), the
geodesic averages (T, i), Le.,

T = E = 7L —
(Z1,01) = (z1,11), te{l,...,T—1}: {xtH o O ) (GEO-AVG)

satisfy for any positive integer T,

D.2. G-convex minimization

Fact 20 (Riemannian Gradient Descent (RGD)). Consider a uniquely geodesic Riemannian manifold M with sectional
curvature in [k, , k... and a function f : M — R which is p-strongly g-convex and L-smooth in X = B(z*, (1 +

VB)d(zo, %)z /2) C M. Then the iterates of RGD, i.e., ©441 + Exp,, (— 1V f(2)), satisfy x, € X and we obtain an

Ld(zo,x*)?
)

e-minimizer in O(% log( iterations.

See Martinez-Rubio et al. (2024, Proposition 2) for the proof.
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Fact 21 (Projected Riemannian Gradient Descent (PRGD)). Let f : M — R be a u-strongly g-convex, L-smooth and
L,,-Lipschitz function in a g-convex compact subset X C M of a Hadamard manifold M. For an initial point xo € X and

RYE L,/L, after

7> min { 2%l (f(a:o) - f(:v*)> 2l <LCRd2(x0,x*)> }
H € 7 2

steps of PRGD with update rule x,11 < Px (Exp,, (—£V f(x¢))), we have f(zr) — f(z*) < e.

See Martinez-Rubio et al. (2023, Proposition 6) for the proof.

We note that the original convergence result of Composite Riemannian Gradient Descent (Martinez-Rubio et al., 2024,
Proposition 5) contains a minor error. The following proposition is a corrected version.

Proposition 22 (Composite Riemannian Gradient Descent (CRGD)). Let M be a uniquely geodesic Riemannian manifold
and let X C M be compact and g-convex. Let f : M — R be g-convex and L-smooth in X and g : M — R be g-convex,

proper and lower semicontinuous in X such that F' B f + g is p-strongly g-convex in X, and x=* S arg min,c y F(x).
Define the update rule of CRGD as follows

v argmin (97 (o1) Log,, (1) + G d(ar,? + ) -
yeX

Then
Fla) - F(a*) < C(F(x,) — (")), where C % {1; #/(4L) § ZZ 5 5 .
and in particular
F(z7) — F(z*) < CT(F(z0) — F(x*)).

Proof. We first note that the arg min in the update rule exists. Since g is proper, lower semicontinuous and g-convex in
X, we have that Y = X’ N dom(g) is non-empty, closed and if z € Y and v € 9g(z), we have that {y € Y | £d(z¢,y)? +
(v,Log,(y)) < £d(z,x)?} is compact by strong convexity of z — d(z;,z)?. We also have that {y € Y | £d(z,y)? +
(Vf(z),Log,, (y)) < Zd(xy,2)* 4+ (V f(z),Log,, (x))} is compact. The union of these two compact sets is compact and
if we consider 2z not in this union, we have @ below

@®
(V1 (0), Loy, () + F(we, 2 4+ 9(2) 3 (Vf(w0), Lok, (2)) + 5,2 +g(x) + (v, Log, (2))
@ (Vf(x),Log,, (z)) + gd(xt,x)Q + g(x),

where (1) uses v € Og(x). This means that the minimization problem can be constrained to this union only and since it is
compact the arg min exists.

Now we prove the convergence result. We have
O L )
F(zer1) < min g f(ze) +(VF(2e), & = 20)a, + 5d(2,20)" + g(2)

%) min {F(x) + gd(x, xt)Q}

IN@)

win far (@) + (1 - @) P + Bt ) 58)

a€l0,1]

IANGE)

min {F(xt) —a (1 - aL> (F () — F(m*))}

a€l0,1] 7

F(z;) — min {4’2 ;} (F(z;) — F(z*)).

@)
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Above, (1) holds by smoothness and the update rule of the composite Riemannian gradient descent algorithm. The g-
convexity of f implies (2). Inequality (3) results from restricting the min to the geodesic segment between x* and x; so that
z = Exp,, (aLog,, (z*) + (1 — a)Log,, (z:)). We also use the g-convexity of . In (4), we used strong convexity of F to
bound &d(z*,2;)? < F(x;) — F(z*). Finally, in (5) we substituted a by the value that minimizes the expression, which is
max{1, u/2L}. Subtracting F'(z*) to the inequality above yields

. 1 X
F(ze41) — F(a¥) < (1 — min {” }) (F(z) — F(z%)).
This bound does not improve for L/p < 1/2. We can further improve the bound for L/u < 1/2. Indeed, we have

) , DL
Si

F(xp) — F(a") < p

N

(s, 27) (F(zt) = F(a")),

where (1) holds by Corollary 23 and (2) holds by ji-strong g-convexity of F' in X'. Subtracting F' (z*) to the inequality above
yields

F(xp1) — F(2") <

=t~

(F(x¢) — F(z7)).
For L/p < 1/2, wehave L/p < (1 — min { £, 1}). Recursively applying the inequalities from ¢ = 1 to T yields

F(ar) — F(a®) < CT(F(xy) — F(a®)),  where C {i S ZZ - 5; '

m

O

Corollary 23 (Composite warm start). Consider the setting of Proposition 22. Then, we have for all z € X that
F(zi11) — F(2) < Ld(zy,2)2

Proof. The proof follows from (2) in (58) by noting that min, e v F(2)+Ld(z, 2,)? < F(2)+4d(z, z¢)? forallz € X. O

Corollary 24. Let M be a finite-dimensional uniquely geodesic Riemannian manifold. Further let f be L-smooth and
g-convex in X and let g be g-convex, lower semicontinuous and proper in X such that ' = f + g is p-strongly g-convex in

def

X, where X = B(z*, (1 + c)d(z, x*)) for some ¢ > 0 and x* = argmin, ¢, F(z). Let

o+ 2 argmin { (V£(0). Log, () + 5(a.)" + 9(0) |

Then, if L/p <1

L
d($+7 x*)Q S 7d(x7 I’*)2 S d(l‘, x*)z'
L
Proof. Let the following be the optimizer, constrained to X,

ot argmin { (V1) Log, () + g5 + 900 |

Then we have

©) @
d(zt,2*)? < =(F(z%) - F(a*) < =d(z,z")?,

=
= |t

where (1) hold by pi-strong g-convexity of F in X and (2) follows by Corollary 23. Hence Z* lies in the interior of X', which
implies that the constraints are inactive and 27 = Z7T. O
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E. Experiments

We consider a robust version of the Karcher mean (Karcher, 1977) for points y1, . .., y, € M. Previous works controlled
the degree of robustness through regularization (Zhang et al., 2023; Jordan et al., 2022), i.e.,

. o 1 i S i
min max {F(I’7 (yla v ayn)) = E Zd(xayl)z - sz(yhyl)2} ) (59)
i=1 =1

TEM GieEM
where v controls the amount of robustness. We formulate a robust Karcher variant based on constraints, i.e.,

i F ey Un)), 60
féﬁ%?eaﬁ (@, (Y1, -+, Yn)) (60)

where Y; = B(y;, R) for all i € [n]. This formulation allows for a more fine-grained influence of the robustness via the
radius R of the constraints balls.

We implement the experiments using the Pymanopt Library (Townsend et al., 2016) in the symmetric positive definite
(SPD) manifold S¢ = {M € R**4: M = M”, M - 0} equipped with the affine-invariant metric and the d-dimensional
hyperbolic space H?. We measure the performance of point (Z, (41, ..., 9,)) in terms of the duality gap

Inax (@, (y1,---,Yn)) min (z, (91 Un))

Note that for both (59) and (60), we require v > (p, where D is the diameter a the set containing « and §;, in order to ensure
that the problem is g-convex, g-concave. In the following, we show that it is sufficient to choose D = 1+ R based on how we
generate instances of (60). First, we generate a random point ¢ on the manifold using the manifold.random_point ()
function. Then, we generate the centers y; = Log; (v;/[|vi||5) based on sampling random tangent vectors v; € T; M using
the manifold.random_tangent_vector () function. That way, we know that all y; € B(gj, 1). This ensures that
the Karcher mean of the points y1, ..., Yn, ..., KM(y1,...,yn) = argming,c (5= >y d(x,:)? also lies in B(7, 1)
by Martinez-Rubio et al. (2024, Proposition 30). Since we constrain the variables §; to lie in B(y;, R), we have that
7: € B(7,1+ R) and it follows that KM(%1, . . ., 7, ) also lies in B(%, 1 + R) by Martinez-Rubio et al. (2024, Proposition
30).

We have that F'(-, (y1,...,yn)) is 1-strongly g-convex and (y — (p)-strongly g-concave, for v > (5. That means that we
can ensure in particular that the problem is strongly g-convex and strongly g-concave.

We run RIODAprGp on (60) with a fixed number of 3 PRGD steps per subroutine, which means that each iteration of
RIODAprGp require 12 PRGD steps. Setting R = 0.01 and v = (p ensures that the problem is strongly g-concave in
(y1,-..,Yn) as our bound on D is loose. For the experiments, RIODApggp is run for 1k iterations, corresponding to 12k
gradient oracle calls. The step size A = {107%,1072,1073} of PRGD and the proximal parameter € {1071, 1072} are
optimized to find the best hyperparameters via a grid search.

The following two figures show the convergence behavior of RIODAprgp in terms of the duality gap for experiments run in
both the hyperbolic space H?°°? and the SPD manifold S1%°, each with n = 50 points. We observe linear convergence in
both cases, which aligns with our theoretical analysis.
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H? with d = 5000 and n = 50 centers
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Figure 1: Convergence of RIODAprgp on the robust Karcher mean problem (60) in terms of the duality gap with A = 0.01,

n =0.01
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Figure 2: Convergence of RIODAprgp on the robust Karcher mean problem (60) in terms of the duality gap with A = 0.1,

7 = 0.0001
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