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ABSTRACT

We propose a novel application of Foundation Models trained on multi—Partial-
Differential-Equation data. Leveraging the vector embeddings learnt by one such
model, we discuss a necessary condition for the existence of a Bicklund tranfor-
mation between any pairs of Partial Differential Equations in its training dataset,
which can be used when certain requirements on the dimension of the embedding
space M and the size of the training datasets N are satisfied. In this case, the
condition assumes a simple linear form and its computation scales no faster than
O((MNY?).

1 INTRODUCTION

Partial Differential Equations (PDEs) are the latest addition to a long list of domains that Foundation
Models (FMs) have tackled over the past few years. Whilst similar in form to other learning tasks
and modalities, data governed by PDEs exhibits much more structured information and, in particular,
a degree of redundancy due to the conservation laws and other physical principles that are known
to apply. These constraints are not always straightforward to discover or to formulate explicitly, but
they are present and can be leveraged to learn more efficiently and accurately from data.

A number of Foundation Models, trained on PDE data from a vast class of physical problems, have
appeared recently (Cao, 2021} |Li et al., 2023} |[Herde et al., 2024; Wu et al., 2024; |Holzschuh et al.,
2025; McCabe et al., [2025; [Menon et al., |2025; Nguyen et al.| 2025} [Park, 2025 Rautela et al.,
2025; Wiesner et al.l 2025 [Zhou et al.l 2025). Proposals to constrain what goes under the name
of Foundation Model in this specific area have also been put forward (Menon et al., |2025}; (Cho1
et al.| 2025). Following the usual FM framework, these models have then been proved to generalise
to other PDE-based problems, so long as they are fine-tuned to a minimal amount of data from
such cases. The applications of such tools are broad: from general-purpose emulation frameworks,
capable of generating solutions of arbitrary PDEs with only a few known data points, to forecast
tools for systems whose governing PDEs are unknown.

In this paper, we suggest an additional use of PDE FMs. As these models encode data from all the
problems contained in their training datasets onto a unified embedding space, they may be ideally
positioned to provide information about the overlap of information from different PDEs and their
families of solutions. In other words, it may be possible to use the data representation in this space
to discover any Bicklund transformations between pairs of PDEs in the training dataset.

In Section |2} we introduce Bécklund transformations and their possible uses. In Section 3| we pro-
vide a necessary condition for the existence of a BT between a pair of PDEs. Finally, we summarize
the results (and mention a few caveats) in Section 4]

2 BACKLUND TRANFORMATIONS

Given two PDEs:

Pw) = 0 (1)
Q) = 0 )



where P(-) and Q(-) are two differential operators acting on the two fields v and v, respectively, a
BT is defined as a pair of relationships:

Ri(u,v) =0 Ro(u,v) =0 3)

that can be solved for v if holds, such that v satisfies (2). R;(-,-) will, in general, also be
differential operators, but they may be simpler, exactly integrable, and/or linear, so that solving
them is preferrable to solving (2) directly. Furthermore, if P = @, the transformation is referred
to as an auto-Bicklund Tranformation (aBT), and can be used to iteratively generate solutions to a
PDE using a single seed solution (Rogers & Shadwickl |[1982).

A number of BTs are known to date, such as the Cole-Hopf transformation that connects the solution
spaces of Burgers’ equation and the heat equation (Chen et al.| 2016)), or the aBT that leads to the
nonlinear superposition principle of the sine-Gordon equation (Miura, [2006). A surprisingly broad
class of non-linear PDEs is known to admit such transformations; discovering such relationships
can be a practical advantage when one of the PDEs is simpler to solve, better numerical tools are
available to generate its solutions, or larger datasets exist. BTs for the Schrodinger equation, in
particular, could enable the integration of arbitrary PDEs on quantum hardware via Hamiltonian
simulation (Feynman, [1982). In the most general sense, BTs are powerful conceptual tools for
modelling nonlinearities in mathematical physics.

3 A CONDITION FOR THE EXISTENCE OF BTS BETWEEN PDE PAIRS

A key feature of Foundation Models is the ability to map disparate information into a single vector
space, through vector embeddings that promote semantic clustering. The existence of a shared vector
space, where all known information can be gathered and organized, is used, for instance, in domains
where different data modalities are available.

In this spirit, a PDE FM might map spatiotemporal sections of individual solutions, represented
analytically by multivariate fields «(x;) and numerically by their discretization into tensors u({liv)} €
R x --. x RI", into vectors h%v ) in HC RM Model pretraining strives to learn the embeddings
that organize the solutions of different PDEs in such a way that the model accuracy is maximised.
The specific map details are unimportant for the derivation below; only its existence is assumed.

Let us assume a model is trained on two datasets of N solutions each, corresponding to two distinct
PDE:s, and that the embedding space is M -dimensional, with M/ < N. A necessary condition for
the existence of a BT between the two PDEs is the existence of a linear map 7" such that

H® —T7H® 4)

where H") and H(?) are M x N matrices whose columns are the M -dimensional embeddings of
N solutions of P(+) and Q(-), respectively. This system is overdetermined unless

rank(C|H@)) < rank C (5)

where C'is the M N x M N coefficient matrix whose non-zero elements are given by:
Ci, j+M(mod(i,N)—1) = Hi (6)
and (C|H(Q)) is the corresponding augmented matrix.

It is not surprising that the existence of a BT relies on a compatibility condition — this can be seen
as the discrete analog of the integrability conditions that need to be satisfied for the overdetermined
system (I)-(3) to have solutions (for a discussion of this aspect in the context of BTs of Euler-
Lagrange equations, see [Sokalski et al.|(2001)) and |Sokalski (2008)).

4 CONCLUSIONS

We have established a criterion for the existence of BTs between pairs of PDEs; this condition is
predicated on the existence of a FM trained on solutions of the two different PDEs, and of a shared
embedding space where these solutions are mapped; it permits the formulation of the integrability



condition as a linear mapping between families of vectors. The criterion requires the computation
of two matrix ranks, which scales, at most, as the cube of the matrix dimension via Gaussian Elim-
ination. For embedding and training dimensions of O(10%) — O(10%), this is achievable if sparsity
is leveraged (Gould et al.,[2007).

The present formulation opens an interesting route for the data-driven discovery of BTs between
arbitrary pairs of PDEzs; it is, however, only the first step in a more complex algorithmic prescription,
which will need to consider the following aspects:

* Condition (§) is only necessary. Even when it is satisfied on the discretized embeddings

hS,JLV ), it may not hold on the continuum solutions u(x;), or it may only provide a BT over
the local solution-space patch spanned by the training data and not globally.

* The criterion does not take into account any ordering among the solutions within each
family; as the rank is preserved by row permutation, the ordering does not affect condition
(), but it may affect the form of the reconstructed BT.

* A reconstruction algorithm will need to be deployed, once condition (3)) is proven to hold.
This may involve, for instance, a regression of the matrix 7', its composition with the FM
encoder map, combined with symbolic regression of the resulting map. This closed-form
expression should then be tested by demonstrating analytically that it maps solutions to one
PDE problem to the other.

We will explore these extensions in future work.
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