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Healthcare cost models that use a great number of detailed ICD-10 diagnostic codes produce unstable results,
yet the underlying causes of this instability have not been well understood. This study provides a mathematical
framework linking the variability of model coefficients to the uneven, power-law distribution of diagnostic
codes and the structure of the regression model. We propose a transparent approach that improves coefficient
stability by merging similar codes through hierarchical truncation. Using Medicare data, we demonstrate how
this method clarifies the trade-off between code detail and model reliability, offering analysts and policymakers

a practical and interpretable tool for diagnosis-based cost modeling.

1. Introduction

Accurate and interpretable cost models are essential in health-
care research as they provide critical tools for estimating, analyzing,
and understanding healthcare spending patterns [1-4]. Linear and
log-linear regression methods are a particularly popular approach to
modeling healthcare data as they are relatively simple to implement
and highly interpretable [5-7]. Log-linear models can easily lever-
age individual-level features that are prevalent in healthcare datasets
(e.g., demographic and diagnostic information) to predict outcomes
such as the cost of care for acute and chronic conditions, and ac-
count for the characteristics of cost distributions [8-11]. A prominent
example is the Center for Medicare and Medicaid Services (CMS),
which uses regression-based models in its risk adjustment methodolo-
gies for healthcare payment systems [12,13]. These models produce
regression coefficients that form the basis for risk scores to determine
reimbursements for enrollees with diverse demographics and health
statuses, which makes their accuracy crucial for both the patient and
the provider.

Like many other domains, healthcare data is inherently high-
dimensional, consisting of a large number of patient observations (n)
measured across numerous features (p), such as demographics [14],
provider information, financial records, and diagnostic codes. This
high dimensionality poses challenges for learning stable and robust
representations, often necessitating the use of regularization or dimen-
sionality reduction methods. For example, Ridge regression introduces
a coefficient-shrinking penalty that reduces variance and mitigates
overfitting, albeit at the cost of additional bias [15,16]. In deep learn-
ing, pooling layers similarly reduce feature dimensionality, enabling
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more efficient and meaningful representation learning [17]. However,
these nonlinear operations, while improving flexibility, often reduce
interpretability by obscuring how individual variables influence predic-
tions. These challenges are especially pronounced in estimating the cost
of inpatient stays, which represent a substantial share of U.S. healthcare
expenditures [18]. Because each stay is linked to numerous diagnostic
variables, typically encoded using the International Classification of
Diseases, Tenth Revision, Clinical Modification (ICD-10-CM) [19,20],
achieving accurate and consistent cost prediction remains a critical
problem at the intersection of machine learning and healthcare.

Problem statement. This study analyzes inpatient cost data from the
New York Downstate subset of the Medicare Provider Analysis and
Review (MedPAR) dataset. Each inpatient stay has at most 25 assigned
diagnosis codes. The outcome variable y is the log-transformed cost
of the stay, and the predictors x are binary variables indicating the
presence of specific ICD-10 codes. We apply OLS regression to fit the
model across randomized training subsets (n, ~ 400,000, p ~ 20,000),
evaluating on a holdout test set (n,, ~ 100,000). The average training R>
is approximately 0.45, with a test R near 0.41. Panel A in Fig. 1 dis-
plays the predicted log cost for test data against its true value. Despite
the predictive scores being better than those reported for HHS-HCC
risk adjustment models [13], the OLS regression coefficients are highly
inconsistent across subsamples. Panel B in Fig. 1 lists a few regression
coefficients from using different training data. This instability makes it
difficult to use these coefficients for developing a reliable ICD-10-based
risk score.
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Fig. 1. Panel A: the predictive log costs from OLS models against their true values. The OLS models include explainable variables: indicators of ICD-10 diagnostic
codes and demographics (age, sex, and race). Panel B: the inconsistency among a few regression coefficients from OLS fitting to different training data. In Set 3,
the corresponding training samples do not contain H18.421 so that the fitted coefficient is zero.
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Fig. 2. A toy example for illustration of reducing code granularity by merging similar codes. The design matrix X on the left records the diagnoses using
codes with CL < 4. Then the granularity is lowered by truncating codes with four characters to 3. The predictors for AO01 and A002 are added to form the new
predictor AOO in the matrix X®® on the right. The corresponding Hessian matrices are displayed at the bottom. Lowering granularity (left to right) increases the
trace due to the co-occurrence of merged codes in the same stay. If the marked 1 in X® is set to 0, then the rest of the marked numbers change and the traces

on both sides become identical.

Proposed solution. We address OLS coefficient instability in diagnosis-
based cost models by introducing an implicit regularization mechanism
through ICD-10 code merging via truncation and aggregation (Fig. 2).
This approach reduces dimensionality while preserving the hierarchical
structure of diagnostic codes. The need for such regularization arises
because ICD-10 code frequencies follow a power-law distribution (Fig.
4-F), where a few codes occur extremely often while most are rare,
producing small Hessian eigenvalues and large coefficient variances.
Code truncation mitigates this imbalance by pooling infrequent codes,
which increases the Hessian trace (Lemma 2) and improves coefficient
stability. Although truncation has been used to address sparsity in
disease prediction [21-23], its role in stabilizing coefficients and its
theoretical link to the Hessian structure have not been examined. To
measure this effect, we propose a stability metric  (defined in Eq. (11))
based on the Spearman correlation between coefficients across sub-
samples, and compare results against Ridge regression and DRG/HCC
groupings as empirical benchmarks.

The paper is organized as follows. Section 2 reviews prior studies
on modeling inpatient costs using diagnosis codes. Section 3 presents
a descriptive analysis of the data subset, examines the structure of

the design and Hessian matrices associated with ICD-10 codes, and
discusses variable groupings by code truncation as an implicit regular-
ization method for OLS. It also explores the variance of OLS coefficient
estimates in relation to the Hessian matrix, introduces a metric for
measuring coefficient consistency, and analyzes Hessian matrix charac-
teristics for the dataset. Section 4 reports coefficient consistency — an
equally important factor as predictive accuracy in cost models — across
varying levels of ICD-10 code granularity. Section 5 offers insights
into the OLS modeling results under code truncation and discusses
limitations. Finally, Section 6 summarizes the findings and outlines
future research directions.

2. Related work

Linear regression has long served as a cornerstone in healthcare
cost modeling due to its simplicity and interpretability [1,9,24]. How-
ever, diagnosis-based models often involve thousands of ICD-derived
predictors, creating sparsity and multicollinearity. Prior studies have
mitigated this issue through dimension reduction or diagnostic code
grouping. For example, [21,23] used truncated ICD codes to stabilize
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sparse models, while [9] grouped ICD-10 codes into diagnostic cat-
egories alongside demographic variables. Grouping systems such as
Diagnosis-Related Groups (DRGs) [25,26] and Hierarchical Condition
Categories (HCCs) [27,28] remain central to risk-adjustment frame-
works like those implemented by CMS [13]. Coefficient consistency
has also been examined in dynamic cost models that track changing
patient status over time [29,30]. To our knowledge, no prior study in
healthcare analytics has formally linked OLS coefficient instability to
the Hessian matrix structure or demonstrated code truncation as a form
of implicit regularization.

Despite their prevalence, OLS models are sensitive to right-skewed
and heteroscedastic cost data [9,10]. Log-transformations can mitigate
these effects [31], but high-dimensional and unevenly distributed pre-
dictors still yield unstable coefficients. Explicit regularization methods
such as ridge [15] and Lasso [32-34] alleviate multicollinearity, yet
they do not address instability arising from the structural granularity
of diagnostic codes.

Recent work has increasingly adopted machine learning (ML) mod-
els for cost prediction [6,7,10,21,23,35,36]. Studies have used ran-
dom forests and gradient boosting for claims data in New York [11],
Texas [37], and Louisiana [38], generally finding superior predic-
tive accuracy compared with linear models [9]. Tree-based and deep
learning models capture nonlinear dependencies but at the cost of
interpretability. Although implicit regularization mechanisms such as
early stopping and stochastic gradient descent [17,39,40] help prevent
overfitting, these models remain analytically opaque—limiting their
utility for policy interpretation or coefficient-level inference.

By contrast, linear models retain the advantage of established vari-
ance analysis [41-43], allowing investigation into coefficient
consistency—a topic rarely explored in healthcare cost modeling. To
our knowledge, no prior work formally links OLS coefficient variance
to the structural properties of diagnostic codes. The present study
addresses this gap by developing a log-linear framework that connects
the Hessian matrix to coefficient instability and by demonstrating that
ICD-10 code truncation and variable aggregation act as an implicit
regularization mechanism that improves both coefficient stability and
interpretability.

3. Methods

This study develops a diagnosis-based log-linear regression frame-
work for modeling inpatient costs using ICD-10 diagnostic codes. A
central methodological challenge is the instability of OLS coefficients
when models are refitted on random subsamples, a phenomenon arising
from the heavy-tailed, power-law distribution of ICD-10 code frequen-
cies. To quantify this effect, we define a coefficient stability metric
and show that small eigenvalues of the Hessian matrix are the primary
source of high variance. Two complementary stabilization strategies
are examined: (i) Ridge regression, which inflates small eigenvalues
via an L, penalty, and (ii) hierarchical code merging through ICD-10
truncation, which increases the Hessian trace and serves as an implicit
regularization mechanism. Unlike conventional grouping schemes such
as DRG or HCC, the proposed approach maintains diagnostic granu-
larity while enhancing coefficient stability in a theoretically grounded
manner. Demographic variables are excluded from the theoretical anal-
ysis, as their relatively uniform distributions do not contribute to the
observed instability.

3.1. Data

The Medicare Provider Analysis and Review (MedPAR) Limited
Data Set contains comprehensive, discharge-level information for all
Medicare and Medicaid beneficiaries who receive inpatient hospital
services in the United States. Each record represents a single inpatient
stay, aggregating all claims associated with a continuous hospital-
ization episode—from admission to discharge. The dataset includes
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detailed variables describing patient demographics, hospital identifiers,
financial information (e.g., total charges and payments), diagnostic and
procedural codes, and time-related elements such as admission and
discharge dates.

For this study, we analyze a geographically defined subset of the
FY2018 MedPAR file. To maintain a manageable data scale while
preserving adequate sample size and clinical diversity, we restrict the
sample to Downstate New York, encompassing Westchester, Bronx,
New York (Manhattan), Queens, Kings (Brooklyn), Richmond (Staten
Island), Nassau, and Suffolk counties (Fig. 3A). This regional subset
constitutes roughly 3% of the national MedPAR dataset per fiscal year.

While the Downstate New York sample remains broadly comparable
to the full U.S. MedPAR population, several differences are noteworthy.
Hospitals in this region are generally larger and report higher mean
inpatient costs, consistent with known regional cost-of-living and case-
mix differences. As illustrated in Fig. 3B, average inpatient costs in
Downstate New York exceed those observed both in Upstate New York
and nationally. Consequently, while the proposed modeling framework
is data-agnostic and generalizable, the estimated OLS coefficients from
this regional sample may not be directly representative of the broader
U.S. population.

Cost variation across stays also correlates with the number of as-
signed diagnosis codes (Fig. 3C), reflecting greater clinical complexity
among higher-cost cases. In terms of demographics (Fig. 3D), Down-
state New York exhibits greater racial and ethnic diversity — with
relatively fewer White patients and higher proportions of Black, Asian,
and Hispanic beneficiaries — while age and sex distributions remain
consistent with national MedPAR data.

3.2. Ordinary least square and binary variables for ICD codes

Let y = log,((cost) represent the logarithm (base 10) of the inpatient
stay cost. This quantity is modeled as a linear function of p binary
predictors x;, x,, ..., x,, which indicate the presence of corresponding
ICD-10 diagnosis codes a;,a, ... N Up to a zero-mean noise term e,
the model takes the form

)4
y=ﬁ0+2ﬂixi+€’ (€9)
i=1

where § = f. f;, ..., f, are the regression coefficients to be estimated.
The coefficients are obtained by minimizing the OLS objective function:

Los = 2 ;=9 @

i=1
where n is the number of observations. The closed-form OLS solution
is given by

f=X"X7"X"y, ©)
where X is the design matrix augmented with an intercept column
l(nxl)] 5 (4)

The corresponding (p + 1) X (p + 1) Hessian matrix of the squared loss
objective is

X'x X’l]

X = [X(nxm

X n )

% = [
The variance-covariance matrix of the estimated coefficients is
62(X’' X)~! where 62 is the estimated variance of the noise term e. The

variance of an individual coefficient f; is therefore
Var(f,) = 6%v;, 6)

with v, being the ith diagonal element of (X’X)~! [16]. This term
directly reflects the sensitivity of coefficient estimates to the structure
and sparsity of the design matrix—a key factor in the inconsistency of
regression coefficients in high-dimensional OLS models.
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Fig. 3. A. Map of the hospitals that make up the downstate New York subset we use in our analysis. B. Distribution of total costs for hospitals in the greater
USA, Upstate New York, and downstate New York in the FY2018 subset. C. Association between the average cost of a stay and the number of diagnostic codes
attached to the stay for hospitals in Downstate New York. The more diagnostic codes are attached to a stay, the more expensive the stay. D. Distributions over

the age, sex, and race variables in the MedPAR subset.

Statistically, a large value of v; indicates that the estimate f; will
vary significantly when different subsets of the data are used to fit
the model. Unfortunately, the diagonal entries of an inverse matrix are
highly nonlinear functions of the entries in the original matrix, which
makes it challenging to control the variance directly. To mitigate this,
one can explicitly add a penalty term to the loss function — such as
in Ridge regression — which increases the eigenvalues of the Hessian
and thereby reduces all variances v;. We present the following remark,
which provides an important observation regarding the total variance
of the coefficients and its relationship to the eigenstructure of the
design matrix.

Remark 1. Sum of coefficient variance .Sy, = v; + v2 + -+ U, + Uy, sum
of eigenvalues of inverted Hessian S; = s7 U+ 55 Ly s;l +55 1, and
trace of Hessian satisfy the following relatlons

1
Sy =85> ———. 7
YT (X X) @

Proof. Let the set {s;,s,,... s Sp> 80} denote the eigenvalues of the Hes-
sian X’ X. It follows that the inverse, (X’ X)~!, has the set of eigenvalues
{sl",s;‘, ,s;l,sal}. Using the fact that the sum of eigenvalues of
a square matrix is identical to the sum of its diagonal entries, then
the equality follows as the square matrix is the inverse of Hessian.
Since the Hessian is positive definite, all eigenvalues are positive. Since
f(s) =1/s is convex for s > 0, we can use Jensen’s inequality to show
S; = E[1/s] > 1/E[s]. Note that the sums have been replaced with
an expectation. Finally, s, + s, + - + 5, + 5o = E[s] = tr(X’X), which
completes the proof.

This highlights that both the eigenvalues and the diagonal elements
of the Hessian matrix play a critical role in determining the stability of
coefficient estimates and the model’s predictive performance. There-
fore, understanding what structural properties of the design matrix
contribute to large variance v values is essential.

We now examine the structure of the matrix X’ X, which is the main
component of the block matrix in Eq. (5). Define the frequency F; of
ICD code j as the column sum F; := }, X;;, and define D; as the
number of diagnoses recorded for stay i, i.e., the row sum D; =}, X;;.

Due to MedPAR formatting, D; < 25, which results in a highly sparse
matrix X.

Remark 2. The p x p matrix X'X is, in fact, the co-occurrence matrix
for the ICD codes. That is the jth diagonal entry [X'X];; = F;, the total
frequency of the ICD code j. The off-diagonal entries [X’X];, represent
the co-occurrence of the ICD code j and code k. Consequently, the sum
of eigenvalues 37 s; =Y’  F,

Proof. The diagonal entry [X'X];; = Y,(X,;)% the L>-norm of the
binary column X, ;. As 0 and 1 are mvarlant under square, [X'X 1jj

Y X =F;. S1m11arly, off-diagonal entry [X'X1;, = ¥, X;; Xy, a count
of stays havmg with ICD-10 codes j and k simultaneously i 1n the record.
As the diagonal entries are connected with the ICD code frequencies,
using the property of trace can show that the sum of ICD-10 code
frequencies in the data equal the sum of eigenvalues.

For example, in the FY-2018 MedPAR subset, there are approx-
imately 500,000 stays and over 20,000 unique ICD-10-CM codes.
The frequencies of individual codes vary widely, ranging from 1 to
over 300,000. The average frequency per stay per code, computed as
tr(X’ X)/(np), is approximately 0.00073, reflecting the sparsity of the
data.

In the following sections, we describe both explicit and implicit
techniques for increasing the trace of the Hessian matrix. These tech-
niques effectively reduce the variance of the estimated regression co-
efficients, thereby improving the consistency and reliability of the
log-cost model.

3.3. Explicit regularization and effective dimension

By adding an L2-norm penalty 1 Y. ﬂiz to the original objective £, g,
we obtain the Ridge regression estimator
ﬂARidge = (X,X + AIp+I)71/\~ﬂy ’ (8)

where 4 > 0 is the regularization parameter, and I,,, is the identity
matrix of size (p+ 1) X (p+ 1). The added penalty term shrinks the coef-
ficients toward zero, resulting in estimates typically closer to zero than
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those from OLS. The lower bound for the sum of coefficient variances in
Eq. (7) is also affected by regularization, becoming: 1/[tr(X’'X) + (p +
1)A]. Thus, increasing A decreases the total variance of the estimated
coefficients f, enhancing their stability.

The expected prediction error (risk) E[(y—x’f)?] can be decomposed
into three components: the irreducible noise, squared bias, and vari-
ance [16]. Regularization reduces variance at the cost of increased bias
since the penalty term pulls estimates away from their true values. In
effect, this reduces model complexity. The effective dimension of the
Ridge model, which quantifies the model’s complexity, is given by the
trace of the matrix S that maps the observed responses to the predicted
ones: y = Sy [16,44],

Si
, (C)]
s+ A

M-~

p=tr(XX'X + A1 X" =

where s; are the eigenvalues of X’ X.

Although p provides insight into model capacity, computing it ex-
actly requires knowledge of all eigenvalues, which can be computation-
ally expensive. However, the function f(s) = yi_z is concave, allowing
for a convenient upper bound.

Lemma 1. The effective dimension for the Ridge regression model trained
on n data has a upper bound pg,

(p+ 15
S+4/n’

p<pp= (10)

where 5 stands for the average of the eigenvalues of X' X /n.

Proof. As the number of predictors p > 1, the effective dimension can
be evaluated as an integral, p ~ (p+1) [ ds==p(s) = (p+ l)E[ﬁ] where

2
p(s) stands for the density of eigenvalues of Hessian matrix. Since the
function f(s) = s-{—;ﬁ is concave, i.e. f”(s) < 0 for all s > 0 provided

4> 0. The above inequality directly follows Jensen’s inequality.

This upper bound for effective dimension py (Eq. (10)) is much
easier to compute and is useful for analyzing and comparing predictive
performance across different levels of regularization.

3.4. Consistency metric

We repeatedly split the data into training and test sets to assess
consistency, estimating regression coefficients f each time. If the es-
timates are consistent, then coefficient pairs (@, ®) from different
splits should be relatively equal. We treat these pairs as samples from
a bivariate distribution and measure their agreement using Spearman
correlation, which is less sensitive to outliers. We define the consistency
metric  as the mean Spearman correlation over all distinct pairs

T WAL an
1= NNTT % (B, p
Higher values of 5 (close to 1) indicate strong consistency, while lower
values suggest instability, with coefficient scatter resembling a circle.

3.5. Varying code granularity as implicit regularization

ICD-10-CM codes have character lengths of 7, beginning with an
uppercase letter (A-Z), indicating the broad disease category, followed
by two numbers that indicate the disease within the broad category.
This is followed by 3-4 characters. To maintain semantic meaning, the
merging of ICD-10 codes can therefore have a code length (CL) of 3
to 7 (i.e., 3 < CL < 7). In our dataset, the set of codes a contains
approximately p = || ~ 20,000 unique ICD-10 codes (see Section 3.2).
To reduce the number of predictors p, we propose shortening longer
codes by truncating them to a fixed length /, merging similar codes,
and reducing dimensionality. Specifically, for any code with CL > I, we
retain only its first / characters. In this study, we explore the impact of
truncating ICD-10 codes to have / between 2 and 7 characters, whereby
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7 is the full ICD-10 diagnostic code. Reduced sets after truncation are
denoted by a), with p) = |a|. We define the truncation function

TCL=D(code) = codelO : 1], a2

using Python-style string slicing. The granularity of the codes is con-
trolled by I; decreasing ! reduces the number of unique codes p®.
For instance, T(C1<0(T670XXA) TCL<5(T670XXD) = T670XX,
effectively merging both codes into a single one in a(®. The progression
— a® is analogous to hierarchical reductions used in
ICD-9 tree structures [22].

Next, we describe how the predictors x; and matrix X evolve
under this dimensionality reduction. Drawing an analogy from con-
volutional neural networks (CNNs) [17,45,46], where pooling layers
aggregate pixels into coarser representations, we define a similar “sum-
pooling” operation for variables. Specifically, the coarser variable xl(.”
is computed as a sum of finer variables

X =3 oI, (13)

J

o= a® S ..

J

where m > I, and the matrix Q") e R/*"*F" has entries Q; =
1 if the truncated code T€L<D(@"™) = af’), and 0 otherwise. This
operation merges columns in X to produce the coarser matrix X,
preserving the total number of diagnoses per stay (i.e., row sums remain
unchanged). The association of cost and number of codes attached to
stay (Fig. 3-C) is retained. Fig. 2 illustrates this process using a toy
matrix with CL < 4, reduced to CL < 3 by merging columns. The
regression coefficients f") corresponding to (" are estimated via

()
V4
1 1 1
y=p"+Y 8% +e a4
i=1

with OLS still applicable. However, we now use the transformed design
matrix

x0 = X('")Q(m*/)7 (15)

replacing the one in Eq. (4). The tilded matrix X’ = [X), 1] maintains
the same number of rows but has fewer columns than X(+D, reflecting
the reduced granularity. Importantly, reducing granularity increases
the trace of the Hessian matrix, which influences the variance of
regression coefficients:

Lemma 2. The trace of the Hessian matrix increases as granularity
decreases
(XD XDy > gr(x(+ x U+, (16)

with equality only if codes in a!*V that map to the same code in a’) never
co-occur.

Proof. The proof essentially bases on the observation that two non-
negative columns have (x; + x,) - (X; + Xp) > X; - X; + X, - X, with
equality holds only if x, - x, = 0. Use the trace formula, tr(X®' X®) =
2 ikm X;LH)XJ(.f:I)Ei 0,;0,,:- For ease of notation, we have dropped
the superscript in Q. The latter sum results in the entry (QQ"),
representing whether the more granular code a,((’“) and code af,,[“)
are combined into the same code in the less granular code set a(®).
Then the matrix QQ’ is sparse and the diagonal of it is all ones. Thus,
(X0 X0) = ¥, XX, + (007 — Dy, from which we
conclude that rr(X®' X®) > (XD XU+D) and the equality holds
when the contribution ¥, X;L“)XJ(,’,:” from any combined pair (k,m)
is zero.

This is illustrated in Fig. 2, where reducing from CL <4 to CL <3
increases the trace from 6 to 8. If codes A001 and A002 did not co-occur
in the same row, the trace would remain unchanged during reduction.
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Table 1

Data characteristics: the number of predictors p’ and the mean eigenvalue 5" of scaled Hessian matrix X’X /n with n = 495023
observation in FY2018 subset. The ICD code granularity is specified by the character length’s upper limit, CL <.

CLL2 CL<3 CL< 4 CL<5 CLL6 CLL7
p(2) 5@ p(3) 53 p(4) 5@ p(i) 55 p(6) 5© p(7) 5D
227 0.0944 1580 0.0108 6831 0.0022 11949 0.0012 16757 0.0008 19249 0.0007

3.6. Characteristics of Hessian matrices

At the highest granularity level (I = 7), the design matrix X7 is
sparse and binary. Efficient computation of the Hessian matrix X7’ X
is enabled by NumPy’s sparse matrix operations [47]. As noted in
Remark 2, the diagonal entries of this Hessian matrix correspond to the
frequencies of individual codes in a”. The panel F of Fig. 4 shows a
log-log histogram of these diagonal entries, which follows a power-law
distribution with exponent a ~ 1.93 [48]. We note that the power-
law distributions also appear in the subsets for FY-2019 and 2020.
This behavior, reminiscent of word frequency distributions in natural
language [48], suggests strong inter-code correlations [49].

We construct design matrices X for I = 2,3,...,7 using a custom
Python function. The corresponding log-log histograms of the Hessian
diagonals are also shown in Fig. 4. As granularity decreases (i.e., /
becomes smaller), the number of columns p) is reduced due to code
merging. While computing the full eigenvalue spectrum of the Hessian
(needed for the effective dimension p in Eq. (9) for Ridge regression) is
computationally intensive, its trace — equal to the sum of the diagonal
entries — can be efficiently computed. Table 1 lists the values of p®’
and traces of the Hessian matrices for the FY2018 dataset. Consistent
with Lemma 2, the trace increases as / decreases. The mean eigenvalue,
50 = %, also captures this trend, which is included in Table
1 and used to estimate the upper bound py (Eq. (10)), as discussed in
Lemma 1.

3.7. HCC and DRG code groupings

Hierarchical Condition Categories (HCC) offers a standardized
method for grouping ICD-10 codes and is widely used in risk adjustment
models. A many-to-one mapping exists between ICD-10-CM codes and
HCC codes, as documented by the Centers for Medicare & Medicaid
Services (CMS) [50]. There are 75 unique HCC codes, but only 4015
ICD-10-CM codes are included in these HCCs. The others are discarded.

The left panel in Fig. 5 illustrates the frequency distribution of HCC
codes appeared in our subset. In contrast to Panel F of Fig. 4, the HCC-
based representation attenuates the power-law distribution observed in
ICD-10 frequencies, where rare codes vastly outnumber common ones.

An alternative approach to aggregating diagnostic information is
through Diagnosis-Related Groups (DRGs), which map principal diag-
nosis codes to a single DRG code. The DRG code for inpatient stay is
available within the MedPAR dataset. From the subset analyzed, we
identify 744 unique DRG codes. The right panel of Fig. 5 depicts the
frequency distribution of these DRG codes. Similarly to the HCC codes,
the long-tail pattern characteristic of ICD-10 code frequencies is notably
diminished, indicating a reduction in the prevalence of rare codes under
the DRG scheme.

4. Results

This section presents the results of regression analyses using the
FY2018 dataset. We evaluate the log-linear model’s predictive accuracy
and coefficient stability across varying diagnostic code granularities
and regularization strengths. Predictive performance is assessed under
training-testing splits ranging from 1% to 60%, while coefficient stabil-
ity is evaluated using repeated 80-20 subsampling without replacement
to ensure distinct data partitions. For comparison, we also report results
from DRG and HCC groupings, as well as decision tree and random
forest models. All analyses were performed using Scikit-Learn [51].

4.1. Model accuracy and effective dimension

With the extracted design matrices X, it is straightforward to
apply LinearRegression (OLS) and Ridge to estimate model coefficients
and compute training and test R> scores. We vary the training set
size by sampling training ratios [0.01,0.05,0.1,0.2,0.3,0.4,0.5,0.6] from
the full FY2018 dataset of n = 495,023 hospital stays. We first fo-
cus on the highest granularity case, / = 7. Fig. 6 summarizes the
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respectively, scores against the effective dimension upper bound p, (Eq. (10)).

results for Ridge models trained with regularization strengths A
{5,50,500, 5E3, 7E3, 1E4, 5E4, 7E4, 1E5, 5SE5}. Training scores are shown
in panel A, with OLS results in brightest blue for reference, while
panel B shows the corresponding test scores. Overfitting is observed
only for the smallest training size (approximately 5000) when n,. <
p and regularization is weakest — evidenced by a large discrepancy
between training and test scores. As expected, increasing regularization
suppresses both scores, as the estimated f is increasingly biased toward
zero [42]. Notably, both training and test scores decrease with smaller
training ratios. This behavior arises because Scikit-Learn’s Ridge imple-
mentation minimizes the unscaled objective, £ = Y(y;, — 9,)> + AllA]|%,
making the regularization term effectively stronger as the training
set shrinks. However, when scores are plotted against the effective
dimension upper bound pp = %, the results largely collapse onto
a single curve, as shown in panels C and D of Fig. 6. Deviations from
this collapse suggest that the sample covariance X’ X /n may be a noisy
estimator of the true covariance for small training sizes.

Next, we examine how predictive performance varies with ICD-10
code granularity. Fig. 7 presents the training and test R”> scores for

Ridge regression models fitted to X" with truncation levels CL <2 to
CL <7, using a fixed training ratio of 0.8. Ridge models were trained
across eight regularization strengths within the range log;, 4 € [3.5,6].
Across all levels of granularity, OLS models achieve higher test scores
than Ridge models. As ICD-10 codes are progressively aggregated to
less granular representations — and as the regularization parameter
increases — predictive accuracy decreases accordingly. For comparison,
the model based on HCC groupings yields both training and test R>
scores near 0.075, whereas the DRG-based model attains a training
score of 0.41 and a test score of approximately 0.40, comparable
to the OLS model using the most granular codes. The corresponding
root-mean-squared error (RMSE) can be derived from the relationship
R? = 1 — RMSE?/TotalVariance [5], with the total variance of the
log-transformed cost equal to 0.13.

For completeness, we also report the predictive performance of tree-
based models under the highest code granularity level (/ 7). A
regularized decision tree model with min_sample_split = 100 achieved
training and test R scores of 0.38 and 0.09, respectively. A Random
Forest model with n_estimators 20 and the same regularization
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setting yielded corresponding scores of 0.46 (training) and 0.29 (test).
These results suggest that while ensemble methods such as Random
Forest improve predictive stability compared to a single decision tree,
their performance remains comparable to the regularized linear models
when applied to highly granular ICD-derived variables.

4.2. Coefficient consistency across samples and truncation levels

We assess the consistency of coefficient estimates across different
training subsets by computing the consistency metric  (Eq. (11)) using
an ensemble of 10 OLS models fit to randomly drawn training sets
from the FY2018 data. The levels of truncation are also varied to show
improved 5 (Eq. (11)) as codes become less granular. A consistent
model should yield similar § vectors across different samples. This
can be visualized with a scatterplot where one coefficient vector is
drawn against the other. Perfect agreement corresponds to all points
falling on the diagonal. Fig. 8 shows scatter plots for two sample
pairs of coefficient vectors across all granularity levels. At the finest
granularity (/ = 7, bottom right), the coefficient clouds form ro-
tated ellipses aligned with the diagonal, indicating weak agreement
between samples. As granularity decreases (moving from bottom right
to top left), the number of predictors p’ drops, and the coefficient
magnitudes shrink, mimicking the behavior of explicit regularization
despite no penalty being applied in OLS. Importantly, the coefficient
clouds are better explained by the diagonal line at lower granular-
ity, meaning there is strong agreement between samples. To quantify
this behavior, we compute 5 defined in Eq. (11) using the Spearman
correlation from the SciPy library [52]. Fig. 9 displays the results.
The left panel shows an increasing trend of n defined in Eq. (11)
as the granularity is reduced in OLS models, suggesting more stable
coefficients in lower-dimensional settings. The right panel displays con-
sistency for Ridge models at / = 7, across eight regularization strengths
Afng = {0,2E—6,2.5E—6,2.5E-5, 1.3E—4,2.5E—4,1.3E-3,2.5E-3}. Even
small regularization leads to a noticeable jump (0.05) in # over OLS.
As 1 increases, consistency improves, reaching values near 0.9 for the
strongest penalties. Since many ICD codes are rare, the diagonal entries
of the Hessian - approximating eigenvalues — vary significantly. In
the Ridge solution, (X'X/ny + 4/ ntr)_l, the penalty term has minimal
effect on coefficients associated with frequent codes (e.g., appearing
10,000+ times), but strongly dampens coefficients for infrequent ones.

This selective shrinkage reduces coefficient variance and improves
inter-sample agreement, hence increasing #.

As a comparison, the HCC and DRG code grouping schemes are also
employed to fit the log cost with the method of OLS. The number of
predictors is reduced from 19249 (the finest granularity level using
ICD-10 code) to 75 (HCC) and 744 (DRG), respectively. We shall
emphasize that the design matrix X ;- and X s remain binary while
the X’s for lower granularity levels (I < 7) can have entries larger
than unity in the process of variable aggregation. Unlike HCC and DRG,
our scheme of code grouping does not discard any ICD code. The left
panel in Fig. 10 displays the quantitative agreement between regression
coefficients from training with different subsamples. The middle panel
in Fig. 10 shows the result for DRG grouping. As both established
schemes suppress the abundance of rare codes, the obtained consistency
n in the right panel demonstrates improvement from directly employing
the ICD-10 codes as predictors.

This analysis serves as an ablation study examining how varying
ICD-10 code truncation levels affect predictive accuracy, coefficient sta-
bility, and interpretability. As shown in Fig. 7, OLS models reach their
highest test accuracy (0.41) with fully detailed ICD-10 codes, declining
gradually to about 0.30 when code length is reduced to two characters
or fewer. Fig. 8 illustrates that lower granularity improves coefficient
consistency, defined in Eq. (11), across subsamples, as the coefficient
scatter tightens from a broad cloud to points concentrated along the
diagonal. Similarly, Fig. 9A shows the stability metric increasing from
roughly 0.75 to 0.9 with progressive truncation. Ridge regression and
clinically grouped schemes such as DRG and HCC, however, maintain
consistently higher stability across all levels.

5. Discussion

This study investigated how varying ICD code granularity and
model regularization affected prediction accuracy and coefficient sta-
bility in log-linear models fitted to healthcare (inpatient) data. Our
analysis of the Hessian matrix X7”X( revealed that its diagonal
entries follow a power-law distribution (¢ =~ 1.93), reflecting a highly
skewed code frequency landscape. This imbalance causes instability in
coefficients associated with rare codes, which can be mitigated through
implicit regularization via code aggregation or explicit regularization
using Ridge regression. We also introduced the effective dimension up-
per bound pp (Eq. (10)), which unifies model accuracy across varying
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sample sizes and regularization levels. Plotting R? scores against the
effective dimension py led to an empirical collapse of performance
curves, suggesting it as a meaningful proxy for model capacity in
sparse settings. Lastly, the proposed truncation framework can serve
as a preprocessing layer for models such as random forests, gradient
boosting, or neural networks by reducing dimensionality and providing
more stable, interpretable inputs.

For a more practical implementation of code grouping aimed at
reducing 7, defined in Eq. (11), several important questions remain
for future investigation. Given the critical importance of both accuracy
and consistency in deploying machine learning models within the
healthcare domain, future work should focus on strategies to balance
these two aspects effectively. This study intentionally omits demo-
graphic variables in the section of Methods, as its primary goal is to
examine how high-dimensional, sparse binary variables influence the
consistency of regression coefficients. However, conducting subgroup
analyses, e.g. races and specialties, to evaluate model accuracy and con-
sistency remains particularly relevant for real-world healthcare applica-
tions. On the theoretical front, a promising direction involves modeling
the underlying distribution from which highly correlated binary ICD-10
codes for inpatients are drawn. Deriving accuracy bounds [42,43,53]
for models trained on such distributions would also be a valuable
contribution.

Limitations. Our approach merges ICD codes based solely on code gran-
ularity (truncation or aggregation), which is just one strategy to reduce
dimensionality. While systematic and reproducible, it does not use
clinical knowledge to identify functionally or causally related codes.
In contrast, real-world systems like CMS-HCC rely on expert-curated
groupings to ensure interpretability and policy relevance, which our
method does not attempt to replicate.

The analysis uses a geographically restricted subset of MedPAR
FY2018, covering only Downstate New York providers. Hospitals in
this region are larger, costs are higher, and patient demographics differ
from national averages. Therefore, OLS coefficients estimated from
this subset may not generalize to other regions. While our method is
data-agnostic, validation on additional datasets or years is necessary.

The space of possible ICD code groupings is combinatorially large,
and grouping choices can greatly affect model performance, inter-
pretability, and fairness. We treat granularity as a proxy for group-
ing, but discovering optimal, data-driven groupings that stabilize co-
efficients and maintain predictive accuracy remains an open chal-
lenge. Future work could explore automated grouping strategies, simi-
lar to learned pooling in computer vision, to produce more robust and
adaptive models [46].

Other limitations include focusing on a single year of data and
excluding non-diagnostic predictors such as procedures or medications
from the main stability analysis. While we report predictive perfor-
mance for tree-based models like decision trees and random forests,
we cannot make definitive claims about coefficient stability in these
models. Unlike OLS, these models lack a clear theoretical framework,
such as Lemma 2. Extending stability analysis to complex machine
learning models is an important direction for future research.

6. Conclusions

In this study, we employed the OLS method to model the logarithm
of hospital stay costs using sparse indicators derived from ICD-10 codes.
We identified a key issue: the instability of regression coefficients across
different training subsamples. To address this, we proposed a metric
based on Spearman correlation to quantify coefficient inconsistency.
Since OLS coefficients can serve as quantifications of individual patient
health risks, ensuring consistency is as crucial as achieving accuracy
and interpretability in healthcare-related machine learning models.
To mitigate inconsistency, we introduced a truncation approach that
groups ICD-10 codes, thereby aggregating regression variables. From
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a mathematical standpoint, small eigenvalues in the Hessian matrix is
due to infrequent codes, contributing to high variance in OLS coeffi-
cient estimation. By reducing the granularity of ICD-10 codes through
grouping, we effectively increase the trace of the Hessian matrix, acting
as an implicit form of regularization that enhances coefficient stability.
Furthermore, by examining the distribution of diagonal entries in the
Hessian matrices, we observed that reducing code granularity alleviates
the overrepresentation of rare codes. Established grouping schemes
such as Hierarchical Condition Categories (HCC) and Diagnosis-Related
Groups (DRG) similarly help mitigate the sparsity caused by infre-
quent codes, contributing to robust, interpretable, and practical risk
adjustment models. In summary, the proposed truncation-based reg-
ularization provides a conceptual bridge between interpretable OLS
models and modern machine learning methods, enabling stability and
dimensionality reduction while maintaining transparency of diagnostic
features.
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