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Abstract

Imitation Learning (IL) is a natural framework for learning in sequential decision-
making systems and has emerged as the dominant paradigm through which we
understand language model training. A central puzzle is that, while in theory offline
IL can be horizon-free and optimal, in practice online methods such as on-policy
distillation (OPD) often outperform offline methods such as supervised fine-tuning
(SFT). We propose a noisy expert model to explain this gap, in which the learner
only has access to a noisy version of the expert’s policy, but wishes to compete
against the reward achieved by a clean expert, motivated by the fact that in many
applications, e.g. training language models to perform long chains of thought, the
expert is often imperfect. In this setting, we show a sharp separation between offline
and online IL. Offline learning from noisy trajectories is fundamentally hard: to
compete with the clean expert, the sample complexity must grow exponentially, in
contradistinction to the clean expert setting where no explicit horizon dependence
exists. In contrast, we prove that online interaction with the noisy expert via a novel
variant of OPD enables horizon-free guarantees in some settings and polynomial
dependence on horizon in general. Our analysis leads to an alternative loss function
form that is commonly considered empirically for LM training. We further provide
algorithms and lower bounds, and extend our results to the more realistic setting
of unknown corruption when the clean expert is deterministic, thereby providing
a theoretical foundation for why on-policy distillation can outperform standard
supervised fine-tuning when training language models from imperfect teachers.
We complement our theoretical results with experiments on synthetic and natural-
language tasks, showing that the OPD variant suggested by our theory outperforms
both offline BC and existing OPD objectives under noisy expert feedback.

1 Introduction

Imitation learning (IL) is a powerful framework for training agents to perform complex tasks in
challenging environments by learning from expert demonstrations [7, 44, 47, 49]. In recent years, IL
has gained significant attention due to its success in a wide range of applications, including robotics
[5, 13], autonomous driving [11], and natural language processing [2, 7, 9, 41]. In particular, IL has
been proposed as a natural framework through which to understand Language Models (LMs), where
the training corpus is thought to consist of ‘expert demonstrations’ of human behavior. Due to the
increasing importance and cost of LMs, this raises the question of how to best leverage expert access
to train LMs, and more generally, how to best leverage expert access in IL.

Prior work has distinguished between two paradigms for IL: offfine IL, where the learner only has
access to a fixed dataset of expert demonstrations, and online IL, where the learner can interact with
the expert and query for demonstrations in states visited by the learner [17, 45, 47, 49]. The canonical
algorithm in offline IL is Behavioral Cloning (BC), where the learner simply performs supervised
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Figure 1: Comparison of offline BC, standard OPD from [2, 41], and our proposed NAIL for forward
(F) and reverse (R) KL losses with clean and noisy experts. Left: Modular addition task: adding 31
numbers mod 7, where the expert is corrupted with probability € {0, 0.2}. Right: GSM-8K: math
reasoning where the expert generates with temperature ¢ € {1,4}. In both cases, NAIL is competitive
with offline methods and standard OPD in the low noise regime and strongly outperforms these
baselines in the high noise regime.

learning on the expert demonstrations in an effort to predict the action from the observation. While
it was classically thought that BC suffers from compounding errors and thus has poor performance
in long-horizon tasks, with the suboptimality of the learned policy growing quadratically with the
horizon [47, 49], more recent work has shown that BC, when instantiated with the correct loss
function, is both horizon-free and optimal in a minimax sense, even when comparing to online IL
algorithms [17]. While this theoretical result may seem to suggest that BC is the best way to leverage
expert access, in practice, many works have found that online IL algorithms, such as DAgger [49]
and On-Policy Distillation (OPD) [2, 41], can significantly outperform offline IL in a wide range of
settings. Recent work has suggested that this discrepancy between theory and practice may be due
to the fact that the expert is often misspecified, meaning that the expert’s policy is not realizable by
the learner’s policy class [45]; such misspecification can occur in robotics and autonomous driving
problems when the expert and learner have different observation spaces (e.g. a human demonstrator
has more sensory input than a robot learning) [5] and in LMs when we are trying to distill a large
teacher model into a smaller student model [2, 24]. While misspecified experts are a natural model in
many settings, they do not apply to one of the chief successes of IL for LMs, which is to use OPD to
fine-tune a student LM from a teacher LM that has been trained with reinforcement learning (RL) but
where both student and teacher share the same architecture [2, 41]. In this setting, the expert is not
misspecified, but online IL (OPD) still outperforms offline IL (SFT) empirically.

In this work, we propose a noisy expert model to explain the discrepancy between theory and practice
in IL. In particular, we suppose that there is a true expert policy 7* that achieves good expected
reward when rolled out in an environment, but we only have access to a noisy version of this expert,
my = (1—n)-7* +n- v, where 0 < 7 < 1is anoise level and v is some noise distribution. This
model captures the fact that in many real-world settings, such as math, code, and reasoning, the true
expert against which we wish to compete could be approximately deterministic, but for computational
reasons we are training a stochastic expert. Moreover, in the LM setting, the teacher model that we
are distilling from is often a large model that is not fully converged and thus can be thought of as a
noisy expert that occasionally makes mistakes [29, 61]. Such mistakes can also arise from human text
that introduces minor errors, typos, and inconsistencies into datasets, which is known to be harmful
for training LMs [35, 42, 60]. We thus ask: Given access to a noisy expert, how should we leverage
this expert to train a learner policy that performs well when rolled out in the environment?

We provide an answer to this question in both the offline and online settings. For the sake of simplicity,
in the introduction we discuss a special case of the noisy expert model (Definition 4), which is always
satisfied when 7* is deterministic. We now summarize our main theoretical contributions. We first
consider the setting where both 1 and v are known to the learner; while unrealistic in practice, this
setting allows us to cleanly characterize the fundamental limits of learning from a noisy expert
without adding identifiability concerns (cf. Section 5). Our first result is that in offline settings, unlike
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the clean expert setting where horizon-free guarantees are possible, we must pay exponentially in
horizon H in order to guarantee learning whenever n 2> 1/m.

Theorem 1 (Informal version of Theorem 6 and Proposition 1). Suppose an expert 7 is contained in
a policy class 11 and a learner has access to n trajectories rolled out from a noisy expert 7y In order
to learn a policy T whose expected reward when rolled out is within € of that of ©*, BC requires

n > (l=n) =+ log(1T) /e and this is optimal.

This result stands in marked contrast to the clean expert setting, where BC can achieve horizon-free
guarantees, and suggests that offline IL is fundamentally intractable when the expert is noisy. In the
online setting, however, we show that we can circumvent this exponential dependence on the horizon
via On-Policy Distillation. Our second main result shows that a natural analogue of OPD, where
the learner queries the noisy expert for demonstrations in states visited by the learner, can achieve
horizon-free guarantees even when the expert is noisy.

Theorem 2 (Informal version of Theorem 7). Let P™™ denote the law of an augmented trajectory
of states and actions generated by rolling out 7 in an environment, but at each step querying 7' for
an auxiliary action. Then, the suboptimality in expected reward of a policy 7w can be bounded by
(1= n) 72 - (D (P™™ |[P™1) A Dicy, (P71 [[BT70)).

Note that P™7™ is only available through online feedback: we roll out policy 7 and, at each step,
ask for what the (noisy) expert 7, would do in that state. This result suggests that rolling out the
student as will be done at deployment (e.g. greedily) and then using the noisy expert to score the
actions taken by the student is the right way to leverage online access to a noisy expert, providing
a principled justification for OPD. We emphasize that the suggested loss function is different from
that considered in Agarwal et al. [2], Lu and Lab [41], which do not distinguish between rollout
distribution (e.g. greedy) and student policy (e.g. temperature 1) during training. Our final main

theoretical result concerns our ability to control this forward KL divergence.

Theorem 3 (Informal version of Theorems 8 and 9). Suppose we have access to a policy class 11
that contains 7w*. If 1 and v are known, there is an OPD-like algorithm that can find a policy 7
with suboptimality in expected reward at most € with n. > H*1og(I11)) /22 (1—n)? rounds of interaction
with the noisy expert wy and this is optimal up to a factor of H. Moreover, if n and v are unknown
and T* is deterministic, then as long as 1 is not too large and v puts mass at most p on any action,

n 2 108(I1)/e(1-n(14p))* rounds of interaction suffice and this is optimal.

In essence, we show that horizon-free guarantees on suboptimality with respect to the clean expert
are possible when given online access to a noisy expert, when the corruption is unknown but the
expert is deterministic, while we pay only polynomially in the horizon in general when given online
access to a noisy expert.

We empirically validate our theory in Figure 1 on both a synthetic task of modular addition [38] and
a natural language task of math reasoning (GSM-8K) [14] by minimizing a loss function motivated
by Theorem 7. Across both settings, online distillation substantially outperforms LogLossBC under
noisy expert feedback, while remaining competitive under clean expert feedback, in line with our
theoretical findings. Moreover, our NAIL variants consistently improve over standard OPD in the
noisy expert setting, suggesting that the loss function suggested by our theory is indeed more effective
for leveraging online access to a noisy expert. We defer further experimental details to Section 6.

In Section 2 we formally introduce the problem, as well as some prerequisite notions. In Section 3,
we analyze the offline setting before discussing the online setting in Section 4. In Section 5, we
extend to the setting where 7 and v are unknown and the expert is deterministic. Finally, in Section 6
we present some preliminary empirical results validating our theoretical findings. We conclude with
a discussion of related work and future directions in Appendix A and Table 1 summarizes our results.

2 Formal Problem Setup and Preliminaries

We consider Imitation Learning in the standard episodic Markov Decision Process (MDP) setting
[17, 47, 49]. In particular, we have an MDP M with horizon H consisting of a state space S, an
action space A, transition kernels Py, : S x A — A(S) for each step h € [H], and a reward function
r: S x A —[0,1]. We assume that the initial state distribution is given by some p € A(S). We
will consider learning policies 7 : S x [H] — A(A) that can be non-stationary across the horizon,
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mapping states to distributions over actions. Given a policy 7 we denote by P™ the distribution over
trajectories induced by rolling out 7 in the MDP M, i.e., 7 = (s1,4a1,...,85,an) with s; ~ p,
ap ~ 7h(|sp) and sp41 ~ Pr(:|Sh,an). We will also use E™ to denote the expectation over
trajectories induced by 7. We are primarily concerned with finding policies 7 that have small regret

with respect to the expert policy 7*: Reg(w) = J(n*) — J(7), where J(7) = E™ Zthl 7(Sh, ah)} .
As in Foster et al. [17], we will decouple the reward range from the horizon by assuming that
0< Zthl r(sh,ar) < R for some R, for any trajectory 7. While naively, R can scale with the
horizon H, in many settings of interest we can have R be a constant independent of H, which allows

for horizon-free regret bounds, e.g. for LMs learning to solve math problems where the trajectory
reward is binary [23, 54].

Unlike in reinforcement learning, imitation learning assumes access only to trajectories 7 without any
reward signal. While in classical IL, one assumes access to expert actions, in this work we consider
instead a noisy expert, where there exists a corruption policy v : § x [H] — A(A) and a corruption
level 1) € [0, 1) such that the learner has access to 7, defined as

Tl s) =1 —=n)-m(a]s)+n-vaa]s). 0

As in more traditional IL, we distinguish between two different ways in which to interact with the
(noisy) expert. In the offline setting [17, 44, 47], we assume access only to expert trajectories and
attempt to learn without additional interaction, formalized as follows.

Definition 1 (Offline Imitation Learning). In the offline setting, a learner is given n trajectories
1

7t 7" ~ P™ with 7,y as in (1) and must output a policy 7 without further interaction.

Meanwhile, in online imitation learning [49], the learner is instead allowed to query the expert on
trajectories rolled out by the learner itself, formalized as follows.

Definition 2. In the online IL setting, a learner interacts with the environment in rounds. In each
round ¢, the learner deploys a policy 7; and observes a trajectory 7(*) drawn from P™¢. The learner
can then query the (noisy) expert 7 at each of the states visited in 7() to get the expert’s action at

; t)y _ / / / *
those states, forming 79" = (sq,a}, ..., sm,a’y), where a ~ 7 (:lsn)-

When 7 = 0, this recovers the online IL setting studied in Ross et al. [49]. A priori, the online setting
is more powerful than the offline setting and classically, when 1 = 0 (i.e., we are in the clean expert
setting) this additional power was reflected in an improved sample complexity of online algorithms
like DAgger [49] compared to offline algorithms like BC. More recently, however, Foster et al.
[17] showed that in the realizable setting, BC is actually optimal and achieves horizon-free regret
bounds. In order to state these bounds, we recall the definition of the Hellinger distance between two
distributions P and () over the same space X’

Definition 3 (Hellinger Distance). The Hellinger distance between two distributions P and () over
the same space X is defined as Dy2 (P, Q) = V2 - [, (\/4P/du(x) — \/4Q/du(x))?d p(x), where p
is any distribution that dominates both P and Q).

While we defer to Polyanskiy and Wu [43] for a detailed discussion of the properties of the Hellinger
distance, we provide a brief exposition in Appendix C.1. In particular, the Hellinger distance is
intimately related to the more commonly used total variation distance up to a quadratic factor, and
it is upper bounded by the KL divergence via Pinsker’s inequality. The following result shows that
regret is intimately related to the Hellinger distance between the trajectory distributions of the expert
and learned policies.

Theorem 4 (Theorem 2.1 & 3.1 from [17]). Let 7* and 7 be any two policies in an MDP with reward
range R. Then it holds that

J(r*) — J(7) < R - \/Dyz (P™ ,P%) + R - Do (P”*7Pﬁ> .
Moreover, if m* is deterministic, then it holds that J(7*) — J(#) < R - Dy (P™,P7).

In addition, as we recall in Appendix C.3, Foster et al. [17] showed that the above reduction is tight,
in the sense that for any two policies 7* and 7, there exists a reward function such that the Hellinger
distance lower bounds the regret up to constant factors. Theorem 4 thus motivates us to focus on
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controlling the Hellinger distance between the trajectory distributions of the expert and learned
policies in order to get good regret guarantees; because of this, we will often abuse nomenclature and

refer to Dyg2 (P™,P7) as regret. Thus, the question we answer in this work is the following:

How much interaction with a noisy expert 7, is required in order to find a policy 7

such that Dy2 (IP’”* , ]P’TA“) < ¢ and how does online access to the expert affect this
sample complexity?

We will at times focus on the case where the corruption distribution v satisfies a certain domination
condition with respect to the policy class 11, defined as follows.

Definition 4 (x-Domination). We say that a corruption distribution v is x-dominated by policies
w, w if for any time step h € [H], state s € S, and action a € supp(m (- | s)) Usupp(7,(- | s)), it
holds that v, (a|s) < & - (mr(als) + 7}, (a]s)). We will say that v is x-dominated by a policy class IT
if for fixed 7* € II, v is k-dominated by 7* and 7 for any 7 € II.

While this condition may appear somewhat unmotivated,! we will show that it is necessary in order
to provide horizon-free guarantees in the noisy expert setting. The condition is weaker than it may
first appear, as the likelihood domination only needs to hold on the support of the policies 7 and 7/,
which can be much smaller than the entire action space. Indeed, note that it is always satisfied with
x = 1 for deterministic policies 7r, which we will study in detail in Section 5.

3 Offline Imitation Learning with a Noisy Expert

We begin by considering the offline setting, where the learner only has access to a dataset of

trajectories generated by the noisy expert 7, i.e. 71,...7™ ~ P™. In this and the next sections,
we will focus on the known corruption setting, where both 7 and v are known to the learner and
generalize to unknown corruptions in Section 5. While the known corruption setting is often not
realistic in practice, it allows the main ideas to be presented with significantly greater clarity, as well
as providing a useful benchmark for the more difficult unknown corruption setting. In the classical
regime, wherein the learner receives clean expert feedback, Foster et al. [17] showed:

Theorem 5 (Theorem 2.1 Foster et al. [17]). Let 7* € II and suppose 7+, ..., 7" ~ P™ . If

T € argmin

n
mell i—1

H
S —logn(ay | sy, 2)
h=1

then with probability at least 1 — 6, it holds that Dy> (}P’ﬁ, IP”T*) < log(IM11/5) /i,

This analysis is based on the key observation that (2) is the Maximum Likelihood Estimator (MLE)
of the trajectory distribution of the expert 7* based on the observed trajectories, and thus we can
apply classical results on the convergence of MLEs in Hellinger distance [20, 64]. While this is a
powerful result when given clean expert feedback, in the noisy expert setting considered here, we
only have access to trajectories from 7r,*] rather than 7*, and thus, even when 7 and v are known, we

can guarantee closeness in Hellinger distance only to PP™ rather than P™" . Indeed, it would thus be
natural to replace (2) with the following estimator:

n H
= argminz Z —log 71'77((1;;) | 521))7 &)

LIS R

where 7, = (1 —n) - ™ + 1 - v is the noisy version of 7. Critically, while the identical analysis as in
Theorem 5 shows that Dz (P, Pﬁ"> is guaranteed to be small, our ultimate goal is to compete
with the clean expert 7* rather than the noisy expert 7, and thus we need to understand how this
noisy Hellinger distance controls the clean Hellinger distance D2 (]P’”* , ]P’ﬁ).

Theorem 6. Let w,n be policies that k-dominate wv. Then, Dy (P™,P™) <
(14n-x)(1—n)"""2 . Dy2(P™ ,P™). In particular, if % is as in (3) then with probability at

I'This assumption arises naturally due to the singularity of the map 1 — /N near n = 0 (cf. Remark 1).
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least 1 — §, it holds that Dg= (P*,P™" ) < (1+n- k) (1 — n) " H 72 1og(1V/s) /. In general, absent
k-domination it holds that Dy (P”*,Pﬁ) < \/((1*77)’}1*1)/7,(1—”) - Dz (P70, P™).

The proof is deferred to Appendix D.1, where the key idea is to apply backward induction by peeling
off the trajectory distributions one step at a time, and then to use the x-domination condition to
control the error at each step. Note that in the absence of x-domination, as n | 0, we do not recover a
tight dependence as a polynomial in H factor appears, which is tight.

While Theorem 6 shows that as long as 1 and v are known, a natural analogue of BC is consistent, the
sample complexity is exponential in the horizon H whenever 1 >> 1/#, even when the clean expert
m* is deterministic, in contradistinction to the clean setting where no explicit horizon dependence
exists. Thus in the long horizon regime, e.g. LMs generating long chains of thought in order to solve
a hard math problem, this upper bound becomes vacuous. Unfortunately, our next result shows that
this exponential dependence is necessary.

Proposition 1. Forany H > 2, k > 1, and ) < 1 there exists a horizon H MDP with 3 actions,
policies ™, 7, and k-dominated corruption distribution v such that Dy2 (Pﬁ, ]P’”*) Zn-k-(1—

n)"H=1. Dy (]Pﬁﬂ , }P’”"*z). Moreover, if kK = 1, we can take T* to be deterministic. In the absence

of k-domination, we may even force Dy (]P’”:]P’TA‘) > \/((1*77)71171)/1—77 - Dz (P70, P7™).

The constructions witnessing the above result can be found in Appendix D.2. This result demonstrates
that even in the easiest possible setting of noisy IL, where the contamination is known and the expert
is deterministic, any offline IL algorithm must have sample complexity that depends exponentially
on the horizon H in the worst case, presenting a fundamental barrier in the noisy expert setting.
Moreover, the result demonstrates the fundamental necessity of x-domination. Even worse, as we
show in Proposition 15, a corollary of this result demonstrates that any offline IL algorithm must
suffer from this exponential dependence in sample complexity, making offline IL. fundamentally
intractable in the noisy expert setting. In the next section, we show that online IL can reduce this
exponential dependence on the horizon to at most polynomial.

4 On-Policy Distillation Allows for Improved Guarantees

In the previous section, we showed that in the noisy expert setting, offline IL algorithms such as BC
must suffer from an exponential dependence on the horizon H, which is unacceptable in the kinds
of long-horizon tasks that are ubiquitous in modern Al applications [23, 42, 54]. In this section, we
demonstrate that online access to the expert can circumvent this exponential dependence, in direct
contradistinction to the classical setting where Foster et al. [17] showed that when given clean expert
feedback, BC is optimal even in the presence of online expert interaction.

In order to motivate our main result of the section showing that online access can greatly improve the
dependence on the horizon in the noisy expert setting, we first emphasize that the primary obstacle to
offline IL in the noisy expert regime is precisely the tightness of Theorem 6: in order to recover the
clean expert’s trajectory distribution in Hellinger distance, we must have exponentially better control
on the Hellinger distance between the trajectory distributions of the noisy expert and noisy learned
policy. While this relationship is unfortunately tight, it is natural to wonder if a stronger guarantee
on the closeness of the noisy policy trajectories can lead to one paying a smaller constant factor in
the relationship with the clean policy trajectories. In order to show that this is indeed the case, we
introduce the notation P™™ for augmented trajectory distributions. More precisely, for policies 7, 7/
we say that 7/ = (s1,a},...,sm,a%y) ~ PO if 7 = (s1,a1,...,sm,ap) ~ PTand @), ~ 7' (-|sp).
In other words, P™™" is the distribution over trajectories obtained by rolling out 7 in the MDP but
then taking actions according to 7’ instead of 7; note that P™™ is in general not the same as P” if
m is stochastic due to the resampling of actions, but they do have the same marginal distributions.
The following result shows that if we change our notion of divergence from Hellinger to KL and we
consider augmented trajectory distributions, then we can get a much tighter relationship.

Theorem 7. Let 7*, 7 x-dominate the corruption v. Then for any 0 < n < 1 it holds that

Dz (P™,P7) < (+nk)/(1—n)? - (Dgp, (BT |[PT>%n) A Dgy, (PF 70 | PF™0)). )
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Algorithm 1 NAIL: Noise-robust Aggregation for Imitation Learning

Require: Number of rounds n, policy class II, noisy expert 7, corruption level 7, corruption
distribution v.
1: Initialize w; = Unif(II).
2: fort =1tondo
3: Define p; = Y .y wi() - m and deploy p; to get trajectory (&) ~ P,
4

Query noisy expert 77 on 7(%) to obtain augmented trajectory ®'
H " | 50))7"
Update wy 1 (7) oc we(m) - ([T—y m(ay,” |s,7) .

end for
7: return & = pg where T' ~ Unif([n]).

> »

Absent the k-domination condition, it holds that

Dy (P™ ,PT) < (1—n)~t- \/ H - (Dky, (P™™||P%%0) A Dy, (P77 || PT70)). 3)

We defer a proof of this result to Appendix E.1. The key idea is to use the subadditivity of the
Hellinger distance from Foster et al. [16, 18] to control the trajectory Hellinger distance by the sum of
the per-step Hellinger distances, and then demonstrate that these per-step Hellinger distances can be
controlled by the KL divergence of the noisy augmented trajectory distributions. Critically, we have
to use KL divergence instead of Hellinger distance in the upper bound in order to stitch the per-step
distances back into a divergence over the trajectory distributions because KL divergence satisfies
the chain rule (cf. Proposition 4) while Hellinger distance does not. Moreover, in Proposition 17 we
show that (5) is tight up to a polynomial dependence on (1 — 1), and thus the improvement from
Theorem 7 is indeed significant in the presence of x-domination.

Note that, unlike the offline setting, Theorem 7 is fully independent of horizon in the presence of
r-domination and scales only polynomially with H in general. Moreover, the upper bounds in
Theorem 7 are closely related to the popular On-Policy Distillation (OPD) algorithm [2, 41], which
is used to finetune a student policy to match the behavior of a teacher policy by minimizing a loss
closely related to the right hand side of (4). Indeed, a common approach is to roll out a policy
7 and then use a target 7 to score the actions taken by 7, in particular attempting to minimize

Dxkr, (P™|[P™™). While our analysis suggests instead minimizing divergence on the augmented
trajectory distributions, this provides some explanation for why OPD can be so much more successful
than the offline BC (i.e., SFT) in practice.

While variants of OPD remain the recommended empirical approach (Section 6) and Theorem 7
provides theoretical backing for the success thereof, we continue in this section by introducing a
simple new algorithm, NAIL (Algorithm 1). At its core, much like the classical DAgger algorithm
[49], NAIL uses online learning to aggregate policies that are trained on the noisy expert’s behavior
on trajectories rolled out by the learner. Unlike some instantiations of DAgger, however, NAIL
is always on-policy, in the sense that it rolls out the current policy mixture yi; at each round [49].
Moreover, NAIL learns the policy at a trajectory level, thereby circumventing the horizon dependence
that DAgger necessarily incurs by learning a different policy at each time step h [17, 49]. More
precisely, NAIL begins with a uniform distribution w; over policies in IT and at each round ¢ rolls out
the mixture policy p; = )iy wy(7) - 7 to get a trajectory ("), queries the noisy expert T, on 7(®)
to get an augmented trajectory 7/(*), and then updates wy41 using the standard exponential weights
update [8] (cf. Appendix C.4) with the loss given by the negative log-likelihood of 7/(*) under each
policy 7. Finally, NAIL returns a random policy across the time steps. We show that NAIL achieves
the following regret guarantee in the noisy expert setting.

Theorem 8. Ler n* € 1l be an arbitrary policy, v be an arbitrary corruption distribution, and
0 < 1n < 1 be a corruption level. If 7 is the policy returned by NAIL (Algorithm 1) after n rounds

with feedback from 7}, then E [DHz (P”*,Pﬁ)] S Hf1—p - y/log(T]) [,

We defer a proof of this result to Appendix E.3, which proceeds by using the mixability (cf. Ap-
pendix C.4) of the trajectory-level log-loss to control the sum of on-policy trajectory-level KL
divergences across rounds 1 < ¢ < n, before applying Theorem 7 and the convexity of the Hellinger
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distance to get the desired bound. We reiterate that NAIL should be thought of as a theoretical
algorithm that is designed to be optimal in the worst case and that directly minimizing the right hand
side of (4) is a more practical approach to OPD. We further remark that, while NAIL uses exponential
weights, really any online learning algorithm with small regret for the trajectory-level log-loss could
be used in its place, as Theorem 7 allows for a generic reduction to online learning in the spirit of
Ross et al. [49]. We now show that NAIL is optimal up to factors in H and 7, although we do not
rule out a sharper bound under x-domination: the correct rate under this condition remains one of the
chief theoretical questions left open by our work.

Proposition 2. Forany H > 2,0 < n < 1, and small € there exists a horizon H MDP with 3 actions,
a policy class 11 of size |11| = 2 containing 7*, and known corruption v such that any algorithm with
online access to the noisy expert T, requires n 2 n-H/(1—n)2.e2 in order to obtain regret ¢.

We defer a proof to Appendix E.4. To summarize: there is a marked distinction between the clean and
noisy expert settings: in contradistinction to standard IL, when the expert is noisy, online interaction
can exponentially improve over offline access to the expert.

S Imitating Deterministic Experts with Unknown Corruptions

In the previous sections, we focused on the setting of noisy IL with a known corruption. While this
setting is simple, it is somewhat unrealistic; we now relax this assumption. The first problem we run
into is one of identifiability: without additional assumptions on the corruption, it may well be the case
that it is impossible to identify the expert policy 7* from the noisy expert 7, even absent stochasticity
in 7*; a concrete example of this phenomenon is provided in Appendix F.1. While this does not
present an issue in standard IL, where closeness to the observed actions is the key desideratum, in
the noisy expert setting, we care about learning a policy that is close to the clean expert and thus
identifiability is critical. This issue does not arise when v and 7 are known, as clean experts can be
recovered from their noisy analogues, but recovery is not possible absent known corruption.

While many identifiability assumptions are possible, we focus on a natural one, satisfied in many
of our motivating applications. We first restrict our focus to deterministic experts, motivated by
applications to reasoning, math, or coding in LMs, where we think of the true expert as producing a
fixed ‘correct’ output [23, 54]. We further assume that the corruption distribution v is ‘smooth.’

Definition 5. We say that a corruption distribution v is p-smooth if for all time steps h € [H], states
s € S, and actions a € A, it holds that v (als) < p.

Smoothness is a natural assumption when the action space is large, for example when we think of
corruption as arising from typos or other minor errors in the output of an LM or human demonstrator.
In particular, if v is a uniform distribution over a large action space, then v is p-smooth with

p = \.A|71. Finally, we assume a bound on the noise level such that < o < 1 to ensure that a
margin exists between the expert and the noise, which is necessary for identifiability.>

We propose an algorithm, NAILGUN (Algorithm 3), similar to NAIL, but that is capable of achieving
horizon-free regret guarantees in the noisy expert setting with unknown corruption under the above
assumptions. While we defer a detailed description of the algorithm to Appendix F.2, we note that
it is very similar to NAIL, except that we replace the mixture policy u; by its greedy analogue 7i,,
which plays the action with the highest probability under i, at each state and time step; moreover, the
precise form of the update is different in order to account for the fact that we do not know 7 and v.

Theorem 9. Suppose that ™™ € Il is deterministic, v is p-smooth, and n < « for some « satisfying
a(l + p) < 1. There exists an algorithm (Algorithm 3) without knowledge of 1) or v that returns a

policy 7 after n rounds of online interaction such that E [DHz (]P”r* , ]P’ﬁ)] < log(ID)/(1—a(14p))n.

We defer a proof of Theorem 9 to Appendix F.3, which proceeds through an intricate analysis of the
update rule and how the margin condition that a(1 + p) < 1 allows us to control the error without
knowledge of 1) or v. Note that unlike in the previous section, the particular form of the update rule is
critical to achieving this guarantee, and thus we do not prove a generic reduction to online learning.
We now conclude this section with a matching lower bound.

2We expect that we could replace determinism and smoothness with a more general margin condition and recover the same
results, but we leave this for future work.
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Proposition 3. For any 0 < « < 1 and any p satisfying a(1 + p) < 1, there exists a horizon H = 2
MDP and a deterministic policy class 11 of size |II| < 1/p such that in order to achieve expected
regret at most €, the learner requires n. 2, @°/=(1—a(1+p))? rounds of interaction with an online noisy
expert satisfying 1 < o« and v is p-smooth and unknown.

The proof of this lower bound can be found in Appendix F.4. In particular, in the noisy expert regime
where « and p are treated as constants, NAILGUN is optimal, even for horizon H = 2.

6 Experiments

We complement our theory with a small suite of experiments on synthetic and natural language tasks,
showing that the OPD variant suggested by our theory (NAIL) can outperform both offline BC and
existing OPD objectives under noisy expert feedback while remaining competitive under clean expert
feedback. In particular, given an expert 7, we compare five algorithms: (i) LogLossBC (SFT), which
minimizes the negative log-likelihood of the noisy expert trajectories; (ii) OPD-F, the standard OPD
algorithm minimizing the forward KL divergence between student and teacher trajectory distributions
[2]; (iii) OPD-R, the OPD algorithm that minimizes the reverse KL divergence between student and
teacher trajectory distributions [2, 41]; (iv) NAIL-F, the variant of NAIL minimizing forward KL
divergence between the augmented trajectory distributions; and (v) NAIL-R, the variant of NAIL
minimizing reverse KL divergence. In particular, the primary difference between OPD and NAIL
is that NAIL always generates greedily from the student policy, whereas OPD samples trajectories
from the student policy; we emphasize that we do not instantiate the exponential weights update in
Algorithm 1 but instead use gradient descent to minimize the upper bound in Theorem 7. We consider
two tasks: (i) modular addition and (ii) GSM-8K [14]. Additional details are in Appendix B.1.

6.1 Modular Addition

We begin with a synthetic task from Li et al. [38], that of modular addition. Namely, for fixed p and
m, given a sequence of m integers from [p], the goal is to compute the sum of these integers modulo
p. In the cited work, the authors demonstrated that low-depth transformers empirically benefit from a
chain of thought (CoT) reasoning process in this task, making it a suitable testbed for studying the
effect of horizon. All models are nanoGPT [30]. We train our expert 7* on a large corpus of data
with p = 7 and m = 31 until its accuracy (with CoT) is approximately perfect. We then construct a
noisy expert 7 by letting v be uniform over tokens and corrupting the expert with probability 7 at
each token if we have not yet seen an error, and corrupting all remaining tokens with probability 1 if
we have already seen an error. We then train the student models using the five algorithms described
above and evaluate the accuracy of the final learned policy 7 on a held-out test set of examples. We
defer further details to Appendix B.1.3. Figure 1(left) summarizes the results of this experiment. For
the clean expert (n = 0) regime, we see that most methods work, with offline BC (i.e., SFT) learning
the fastest, which is consistent with the fact that offline BC is optimal in the clean expert setting [17].
For the noisy expert (n = 0.2) regime, we see a sharp separation between our proposed methods
(NAIL-F, NAIL-R) and the baselines (LogLossBC, OPD-F, OPD-R), with the former achieving
perfect accuracy and the latter failing to learn anything, even after over 1M expert interactions. We
defer further comments and ablations to Appendix B.2 and Appendix B.3.

6.2 Mathematical Reasoning

We also consider a standard mathematical reasoning task, GSM-8K [14]. Here, we move beyond the
realizable setting of our theory and use GEMMA3-1B-IT as the teacher and GEMMA3-270M-IT as
the student [29]. To instantiate clean and noisy expert feedback with the same underlying model, we
consider temperature 1 sampling as the ‘clean’ expert, which achieves 52.69% accuracy on GSM-8K
test, and temperature 4 sampling as the ‘noisy’ expert, which achieves 0% accuracy. All training
prompts are drawn from TinyGSM [40] and we evaluate zero-shot, exact-match accuracy on the
GSM-8K test set with greedy decoding, reporting results over three random seeds. We defer further
details to Appendix B.1.4. We report results in Figure 1(right), where we see that all online methods
substantially outperform LogLossBC even in the clean expert setting, consistent with results from
Agarwal et al. [2], Lu and Lab [41]. In the noisy expert setting, only NAIL-F and NAIL-R remain
effective, achieving nontrivial performance while LogLossBC, OPD-F, and OPD-R all fail to learn
anything, maintaining 0 accuracy, like the noisy expert, throughout training.
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A Discussion

In this work we investigated the problem of imitation learning with noisy experts, where the learner
only has access to a corrupted version of the expert’s policy. We showed theoretically that while
offline imitation learning can be consistent in this setting, it suffers from an exponential dependence
on the horizon, making it fundamentally intractable in the long horizon regime. On the other hand,
we showed that online imitation learning can circumvent this exponential dependence and achieve
horizon-free guarantees in some cases and polynomial in horizon guarantees in general, in direct
contradistinction to the more classical IL setting with clean experts. Moreover, we provided formal
theoretical justification for the benefits of the commonly used On-Policy Distillation (OPD) algorithm
and validated our theory with a small suite of experiments on synthetic and natural language tasks. A
summary of our theoretical results is in Table 1. In this section, we discuss related work and future
directions for research.

A.1 Limitations

While our work presents a clean theoretical picture, there are several limitations in immediately
translating our results to practice. First, consistent with the literature in RL and IL, our results are
all in the finite II setting [17, 45, 47, 49]; standard arguments can be used to extend our results to
infinite IT under covering conditions. Second, we adopt an idealized corruption model, which may
not capture all the nuances of real-world expert noise; we defer to future work the task of developing
more sophisticated corruption models that may better capture the types of noise observed in practice.
Third, many of our results are in the known corruption setting, and we only provide results in the
unknown corruption setting when the expert is deterministic; while this setting is relevant for many
of our motivating applications, e.g. LMs learning to perform long chains of thought, it would be
interesting to understand the unknown corruption setting more generally. Fourth, there remains a
linear in horizon gap between our upper bound for arbitrary experts and our lower bound; closing this
gap would be an interesting direction for future work; similarly, whether or not fully horizon-free
rates are possible for online IL in the presence of x-domination is an interesting question. Finally,
due to resource constraints, our experiments are limited in scope and scale; it would be interesting to
conduct a more comprehensive empirical investigation of the phenomena we identify here, especially
in the context of training larger language models for longer.

A.2 Related Work

Imitation Learning. Behavior cloning was first introduced empirically in Pomerleau [44] and
has since engendered the field of Imitation Learning, with a large body of work considering both
theoretical and empirical aspects of the problem [5, 6, 13, 25, 47]. Of particular note is Ross et al.
[49], which introduced the online IL algorithm DAgger; while NAIL is conceptually similar (asking
for expert feedback to correct potential student mistakes), the analysis and guarantees are quite
different, with DAgger attempting to reduce horizon dependence in a clean expert setting.
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Table 1: Summary of the main theoretical results in the general noisy-expert setting. Here KLy, g ()
denotes the smaller of the two augmented-trajectory KL divergences appearing in Theorem 7. Bounds
control Dy2 (IP”T* , ]P”Ar) and are stated up to universal constants and logarithmic factors when indicated.

Regime Setting Bound Reference
Offline

No x-domination. Theorem 6 and Proposi-
\/ tion 1; this is tight.

(1—m)~" -1 log(|11]/)

n(1 —n) no
k-domination. Proposition 13; this is
ight.
2 log(|11]/5) i
14+n-k)(1—n) 772 2202
(I+n-k)(1-n) -
Online
Augmented-trajectory Theorem 7; this is tight
KL reduction without - 1 H - KLaug (7). up to factors in H and
domination. 1-n 7.
Augmented-trajectory KL re- Theorem 7
duction with x-domination. l+n-r KLaug (7)
(L= T
NAIL / trajectory-level on- Theorem 8. The lower
line aggregation H log |11 bound in Proposition 2
1—7n n is a factor of H and n
away from this upper
bound.
Deterministic 7*, p-smooth Theorem 9 and Proposi-
v, and n < a with o(1 + log |11 ) tion 3; this is tight up to
p) <1 (1 —a(l+p))2n a log factor.

Other IL algorithms study different feedback and data-collection models. SMILe [47] works in a
similar fashion as DAgger to collect learner-induced states under clean expert feedback, but instead
learns a sequence of policies and mixes them to control distribution shift. AggreVate [48] strengthens
the feedback model by using expert cost-to-go or advantage information, and GAIL [25] instead
casts IL as adversarial occupancy-measure matching from fixed expert demonstrations. DART [34]
collects off-policy demonstrations from a noise-injected expert so that the demonstrations include
recovery behavior.

More recently, Foster et al. [17] provided a comprehensive analysis of behavior cloning in the
realizable, clean expert setting and Rohatgi et al. [45] extended this to the agnostic setting. In the
online setting, Li and Zhang [37] considered a variant of DAgger where the learner pays per-state
instead of per-trajectory in expert feedback, while Li and Zhang [36] also considers the agnostic setting
but with strong assumptions on the MDP structure and a horizon dependence in their guarantees.
In contrast to these works, we consider a more challenging setting with noisy experts and show
that online IL can achieve horizon-free guarantees in some settings and polynomial dependence on
horizon in general even in this more difficult setting, while offline IL suffers from an exponential
dependence on the horizon. On the empirical side, OPD has seen recent success in training large
language models (LLMs) to perform long chains of thought [2, 4, 41], and our theoretical results
provide formal justification for the benefits of OPD in this setting.

The connections between IL and LMs have been explored in a number of recent works [7, 9, 17, 45],
with the deterministic expert setting being particularly relevant to LMs learning long chains of thought
[3, 28]. Our results generalize beyond this setting, allowing for stochastic experts and corrupted
feedback.
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Noisy Expert Feedback. Most prior work in IL assumes access to a clean expert, with the notable
exceptions of Sekhari et al. [52, 53]. While a promising start, and the former work provides an
exponential in horizon lower bound for offline learning in a particular setting, these works make strong
assumptions on the noise and MDP structure and only apply to specific policy classes; moreover,
they only consider a very specific type of corruption arising from preference-based feedback, in
contradistinction to our bounds which apply to arbitrary policy classes and MDPs. Another related
work that concerns a noisy-expert model is that of Swamy et al. [57], which focuses (under very strong
assumptions) on causal IL under temporally correlated noise, where action noise changes future
states and creates spurious state-action correlations that BC can learn. Our corruption model has the
same rolled-in character, but our focus is different: rather than debiasing offline demonstrations via
causal assumptions, we show that online local queries can avoid learning from fully contaminated
trajectories.

Distillation. Knowledge Distillation is typically the process of training a student model to match
a stronger teacher, emphasizing compression and efficient deployment. Early work emphasized
transferring softened teacher predictions from cumbersome ensembles to smaller students [24],
and the same idea was later extended to reinforcement-learning policies [50] and to autoregressive
sequence models through sequence-level distillation [31]. Critically, this continued as an off-policy
paradigm: the student is trained on a fixed transfer set, teacher-generated sequences, or teacher
logits, as in [27, 51, 59]; see also the general survey of [21]. While highly effective for compression,
these methods do not train on prefixes induced by the student’s own generations, and are therefore
susceptible to the train—test mismatch inherent in autoregressive generation, a well known problem in
imitation learning [44, 47].

On-policy distillation [2] addresses this mismatch by training the student on self-generated sequences
while receiving teacher feedback on those sequences using varying discrepancy measures between
teacher and student. One objective in distillation is the forward KL from the teacher to the student,
which corresponds in our terminology to OPD-F. Prior work of Agarwal et al. [2] has noted that this
objective can be problematic when the student is not expressive enough to fit the teacher distribution:
because forward KL is mode-covering, the resulting student may place probability on generations that
are unlikely under the teacher. Subsequent work [22, 41] has therefore explored alternative on-policy
objectives, advocating for sequence/trajectory-level reverse KL to avoid the mode-covering behavior
of forward KL in generative settings, while [33] smooths the loss and reduces rollout cost with an
adaptive off-policy reuse scheme.

Our results offer a more unifying perspective. In the noisy-expert setting, the difficulty is not only
which KL direction is used, but also which prefix distribution the teacher is queried on and which
feedback is informative. Sampling from the student can itself induce noisy or off-distribution prefixes,
reducing the usefulness of local teacher feedback. This helps explain empirical findings that sampled-
token OPD can be brittle, and that stability can improve by restricting both the rollout distribution
and the teacher signal used for local updates [19]. It is also consistent with recent work that makes
OPD updates more selective, for example by down-weighting teacher KL on failed trajectories where
the teacher itself is uncertain [66]. More generally, work on pivotal or “forking” tokens suggests that
a small number of CoT tokens can determine which reasoning branch the model follows, and hence
whether downstream feedback remains informative [1, 58]. Our theory gives a principled prescription:
matching teacher feedback along the learner’s deployed prefix distribution; in our experiments with
deterministic experts, using greedy student rollouts together with augmented trajectory-level KL
objectives helps suppress sampling-induced noise and learn more effectively from imperfect teachers.
We leave a more detailed study of when forward versus reverse KL is preferable to future work. More
recently, self-play and self-distillation methods have shown that on-policy data generation can itself
be a source of improvement even without a separate external teacher [12, 26, 62, 63, 65]. For a more
detailed overview, we refer to the recent survey of Song and Zheng [55].

A.3 Future Directions

While we provided a near-tight theoretical analysis of the problems studied, there remain many
interesting open questions for future work. First, in the unknown corruption setting, we focused on
the case of deterministic experts and smooth corruptions with margin, but it would be interesting to
understand the extent to which these assumptions can be relaxed while still achieving horizon-free
guarantees, or even consistency. Second, while we considered the natural linear corruption setting,
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motivated by classical statistical theory [46] and applications to LMs, alternative corruption models
are also interesting to study, for example trajectory-level, multiplicative, or token-adaptive corruptions
that target semantically pivotal “fork” tokens in long CoT reasoning [1, 10, 58, 66]. Third, our online
IL guarantees are in expectation due to the inherited guarantees from online learning with log loss,
whereas the offline guarantees are with high probability and resolving this discrepancy could provide
additional insight. Finally, scaling up the experimental results to more complex environments and
real-world tasks remains an important direction for future work.

A.4 Broader Impacts

This work is primarily theoretical and aims to improve our understanding of imitation learning from
imperfect expert feedback. We hope that showing fundamental separation between offline and online
methods (such as on-policy distillation) will lead to more reliable and sample-efficient post-training
methods, especially in long-horizon settings.

While our methods could be seen as enabling effective learning from imperfect teachers, they could
also make it easier to train models for harmful applications if deployed without appropriate safeguards.
Our experiments are limited to synthetic tasks and standard mathematical reasoning benchmarks, and
we do not release deployed systems or high-risk models. We therefore view the main impact of this
work as methodological, with downstream risks depending on how future systems built using these
ideas are trained, evaluated, and released.

B Further Empirical Results

This section provides additional details and discussion for the experiments in Section 6. Appendix B.1
describes the implementation of the methods in the autoregressive LM setting, as well as the synthetic
and reasoning tasks setup. Appendix B.2 gives a more detailed interpretation of the main empirical
results, including the differences between clean and noisy feedback and between greedy and sampled
rollouts. Finally, Appendix B.3 reports additional experiments and ablations.

B.1 Further Experimental Details

In this section, we provide implementation details for the empirical results in Section 6. Ap-
pendix B.1.1 defines the offline and online learning objectives that we compare, including behavior
cloning, standard OPD, and our NAIL-inspired variants; in Appendix B.1.2 we spell out their gradient
estimators. Appendix B.1.3 describes the setup of the synthetic CoT tasks, including the data-
generation procedure, corruption model, architectures, and training details. Finally, Appendix B.1.4
gives the corresponding details for the GSM8K experiments, including the teacher and student models,
sampling procedure, training setup, and evaluation protocol.

We used NVIDIA RTX 6000 Pro GPUs for the modular addition experiments, with each run taking 1
hour. In total, the modular addition experiments used 50 GPU hours. For the GSMS8K experiments, we
used NVIDIA A100 40GB GPUs. Each online-method run took approximately 60 hours, while each
offline-method run took approximately 3 hours; this disparity in runtime is an artifact of our highly
suboptimal hardware setup and a naive implementation and we do not believe such a discrepancy
would exist in a more optimal setup. In total, the GSM8K experiments used roughly 800 GPU hours.

B.1.1 Methods and Implementations

We compare offline behavior cloning against several on-policy distillation objectives. The key
distinction among the online methods is that there are two separate choices: the policy used to
generate prefixes, and the divergence used to compare the student and teacher distributions on those
prefixes. This distinction is motivated by Theorem 7, which controls the clean-expert trajectory error
through KL divergences between augmented trajectory laws. In particular, the rollout distribution
determines which prefixes are visited, while the per-prefix student distribution determines the next-
token distribution being matched to the noisy expert.

Let 7y denote the trainable student policy and let 77y denote the greedy rollout policy induced by 7.
Thus y1.7 ~ Ty(- | ) denotes the trajectory obtained by greedy decoding from the student, while
7g(- | o, y<¢) denotes the student’s full next-token distribution on the resulting prefix. We use 7 to
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denote the noisy teacher. In the synthetic experiments, 7, is obtained by corrupting the clean expert

token with the specified corruption law. In the language-model experiments, it is implemented by
sampling from the teacher at the specified temperature.

NAIL-F. The forward-KL version of our method (which minimizes the first term in (4)) uses greedy
student prefixes and trains the student to match noisy-teacher next-token feedback on those prefixes.
Ideally, this corresponds to minimizing

LNAILE(O) = Exn By o noro ()

T
S Dk (- | o)l | x7y<t>>] ,
t=1

Equivalently, up to the entropy of the noisy teacher, this is a soft-target cross-entropy objective:

T

—Eon By, rmmo(f2) [Z Z my(a | z,y<:)logma(a | x7y<t)‘| :
t=1a€cX

Since our implementation queries the teacher by sampling, we estimate this loss by drawing an

independent teacher token g; ~ w,*]( | ©,y<¢) at each greedy student prefix and minimizing

T
LNALF(0) = Bon By, oy (o) Egomms (y <o) [Z — log 76 (7 | x,y<t)] -
t=1

Thus, NAIL-F can be thought of as “local behavior cloning” on the learner’s own greedy prefixes:
rather than imitating complete noisy teacher trajectories, it repeatedly asks what the noisy teacher
would do at states actually reached by greedily rolling out the current student, and then trains the
student to predict the noisy teacher’s sample via cross-entropy. This is the empirical analogue of the
forward KL augmented-trajectory objective suggested by our theory. When 7 and v are known, the
literal theoretical objective replaces 7y above by the noisy student policy 7y ,, = (1 — 1)mg + nv; in
our experiments we use the simpler student-matching surrogate above.

NAIL-R. We also consider the reverse KL analogue suggested by minimizing the second term in (4).
As in NAIL-F, prefixes are generated by the greedy student rollout, but the KL direction is reversed:

LNAILR(0) = Eon By, oo (|2)

T
S Die(mo(- | &, y<o)llm(- | z,y«))] .
t=1
We estimate the student expectation in the reverse KL by drawing an auxiliary token ¢; ~ mg(- |
x,y<¢) at each greedy prefix:

T
LNAILR(0) = Eon By, oo (o) By o 2,y <o) [Z log 7o (9t | @, y<t) — log 7 (91 | xﬂq)] .
t=1
We note that the auxiliary token ¢, is not necessarily the greedy rollout token y;. The greedy rollout
tokens determine the prefix distribution, while the auxiliary samples estimate the student expectation
in the reverse KL. This separation is needed to match the augmented-trajectory viewpoint: the rollout

policy and the next-token distribution being compared need not be the same object.

OPD-F. As an ablation, we also consider the forward-KL objective with sampled student rollouts
rather than greedy rollouts:

Loppr(0) = ExnxEy, 1omp(|2)

> Drw(my (- | @, y<d)|Imo(- | wm))] 7

t=1

This isolates the effect of the rollout distribution: comparing OPD-F to NAIL-F tests whether greedy
learner prefixes are important, while comparing OPD-F to OPD-R tests the effect of KL direction
under the same sampled-prefix distribution.

OPD-R. Finally, we include the standard on-policy distillation baseline using reverse KL [41]. This
method samples trajectories from the student, queries the teacher on those same student-generated
prefixes, and updates the student using the teacher log-probability of the sampled student tokens:

LoprpR(0) = ExnxEyrory (12

T
ZDKL<7T9(' |, y<e) || (- | l’,y«))] :

t=1
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Using the sampled rollout token y; ~ 7y, this becomes:

T
Lopp-R(0) = Eonx By, pmmy(|2) lz (log mo(ye | 7, y<e) —log 7y (ye | x,y<t))] :
t=1
LogLossBC. The offline baseline is log-loss behavior cloning on a fixed dataset of noisy expert
rollouts [17]. Let D,; denote trajectories generated by rolling out the noisy expert ;. We train

lyl

ELogLossBC(e) = IE(x.,y)ND,7 - ZlOg 7o (Y ‘ T, Y<t)
t=1

Unlike the OPD variants, behavior cloning never queries the teacher on prefixes induced by the
current student. Consequently, if an early token in an offline teacher trajectory is corrupted, the
learner is also trained on all downstream prefixes induced by that corruption.

B.1.2 Gradient estimators.

We now spell out the stochastic gradient estimators used to optimize the empirical losses defined
above. Let s; = (r,y<;) denote a visited prefix, and write pp ¢(-) = 7o (- | 5¢) and g;(-) = 7 (- | 5¢).
Throughout, pg ; denotes the temperature-one student distribution whose KL is optimized. Rollout-
temperature ablations only change the distribution used to collect prefixes. In particular, for rollout
temperature 7, let py » denote the stopped prefix-collection policy, with

P00 = To, po.r (- | st) = softmax(zg(s¢)/7) forT > 0.

All gradients below treat prefixes sampled from py » as fixed; the gradient update is taken only
through the next-token distribution py ; at those visited prefixes. The default settings are 7 = 0 for
NAIL-F and NAIL-R and 7 = 1 for OPD-F and OPD-R, while the rollout-temperature ablations
vary this prefix-collection temperature.

For ZNA"__F(Q), after drawing prefixes y1.7 ~ pg - (- | ) and independent teacher tokens ; ~ ¢;, we
use

T
g5 ==Y _ Vologpe.(ij).

t=1

This is an unbiased stochastic gradient estimator for the stopped-prefix forward-KL objective because
the entropy term of ¢, is independent of 6. The methods differ only in how the prefixes are collected:
7 = 0 gives the default NAIL-F estimator with greedy prefixes, while 7 = 1 gives the default
sampled-prefix OPD-F estimator. Other rollout temperatures use the same next-token estimator on
prefixes sampled from pg . The offline LogLossBC baseline is ordinary cross-entropy on realized
noisy-expert trajectories; it has the same token-level gradient form, but its prefixes and labels come
from an offline dataset rather than from student rollouts.

For LnaiL-r(0), prefix collection and reverse-KL token sampling are separate. After drawing prefixes
y1.7 ~ po.r (- | ), the implementation draws an auxiliary token from a stopped copy of the current
student distribution at the visited prefix: §; ~ sg(pg ¢), where sg(-) denotes stop-gradient. Thus, the
rollout temperature 7 affects which prefixes are visited, but the auxiliary token for the reverse-KL
estimator is sampled from pg ¢+, not from the rollout distribution. The stopped-prefix score-function
estimator is
T
~R __ ~ ~ ~ ~
g8 = (sg(logpy.(iir)) —log qi(f:)) Valogpes(de), it ~ sg(po.c)-
t=1

Equivalently, this is implemented by backpropagating through the surrogate

07(0) = — exp(log po.¢ (§:) — sg(log pe.¢(§¢))) (log g (i) — sg(log po.¢ (i) -

The exponential factor is numerically equal to one at the sampled parameter value, but its numerator
still carries gradient, so differentiating gives exactly the estimator above.
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For Lopp-r(H), as in standard OPD, the sampled rollout token itself is used as the reverse-KL sample.
Therefore, if the rollout token is sampled from the current temperature-one student distribution, this
coincides with the on-policy reverse-KL estimator above. If one instead reuses rollout tokens sampled
at a different temperature, then the token distribution no longer matches py ;, and the resulting update
should be viewed as a temperature-mismatched surrogate. Note that this mirrors the recipe described
by Lu and Lab [41].

For the interpolated objective in Appendix B.3, where

Ls(0) = (1 - B)Lnair(0) + BLNALR(D),

we use the corresponding convex combination of the two stopped-prefix estimators,
95 = (1= B)go + B3 -
B.1.3 Synthetic Task: Modular Addition

We use the modular-addition task of Li et al. [38], denoted C),. Given p € N, the vocabulary
is {0,...,p — 1,=}. An input has the form =z = (z1,...,z,,=), where each z; is sampled
independently from {0, ...,p — 1}. The final answer is f*(z) = >\~ | #; mod p and the chain of
thought consists of the running partial sums (3'_, ; mod p)y™ ;. Modular addition is not intended
to be an inherently serial hardness instance; indeed, Li et al. [38] note that it is parallelizable and, in
principle, can be solved by constant-depth transformers with sufficient precision. Nevertheless, their
experiments show that low-depth transformers without CoT can perform near chance on C7, while
CoT substantially improves performance, especially at longer sequence lengths. We include it as a
simple controlled setting in which the target CoT has a transparent step-by-step structure, allowing us
to study how noisy intermediate feedback affects offline and online imitation-learning methods.

Training and Evaluation Details. We use the nanoGPT codebase [30] for all modular-addition
experiments. For the tokenizer, we use task-specific integer token IDs from the aforementioned
symbolic vocabulary. Unless otherwise stated, all runs use a depth-one transformer with 8 attention
heads, embedding dimension 512, dropout 0, no bias terms, and block size set to the CoT sequence
length for the corresponding m. We train with batch size 64 using Adam [32] with learning rate
10~?, warmup for 2000 iterations, weight decay 0, 3; = 0.9, 32 = 0.95, gradient clipping at 1.0,
and evaluation every 500 iterations.

We fix p = 7 and m = 31. All methods use the same prompt bank, containing 15 million training
prompts and 5000 validation prompts. We train on a fixed 3 million-prompt subset in a fixed order.
The clean expert is fixed across all runs and is synthetically modified using the corruption law
described below. It was trained for 10,000 optimizer steps with batch size 64. The model reached
perfect validation accuracy after roughly 2500 optimizer steps and stayed at this level, but we use the
final checkpoint for all experiments.

We compare the five methods for two noise levels, n € {0, 0.2}, and across three seeds. For each run
seed, we use the same seed for student optimization and for the stochastic components of the noisy
teacher law. For LogLossBC, the seed also determines the independently rendered noisy dataset.
For the online methods, there is no pre-rendered trajectory; the same seed controls the online teacher
sampling.

The noisy teacher is an absorbing instantiation of the state-dependent noise model in (1). The state is
augmented with a binary flag indicating whether the prefix has already made a semantic error. In the
unpoisoned state, at each target token the corruption distribution is

V(' | &€, y<t) = Ul’llf({o, By 2 1})a
so that

Tl e y<e) = (L=mm™ (- | 2, y<i) + (- | 2,y<)-

Here the uniform distribution includes the clean token. Since every modular-addition target token is a
digit representing a running sum, every target token is treated as semantic. Once the sampled token
differs from the clean running-sum token, the trajectory enters the poisoned state. In the poisoned
state, both 7* and v are defined to be uniform over {0,...,p — 1}, so all subsequent semantic
feedback is independent of the clean computation while remaining syntactically valid.
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903 This absorbing corruption law models a worst-case form of semantic error propagation in long
904 CoT reasoning: after an early pivotal mistake, the suffix may remain syntactically plausible while
905 providing minimal information about the clean continuation. This is motivated by recent work on
906 pivotal or forking tokens in reasoning models, where a small number of tokens can strongly affect the
907 success of the final completion [1, 58]. In our synthetic task, the running-sum tokens play this role, so
908 corrupting one makes downstream semantic feedback uninformative about the correct computation.
909 This pessimistic noise model provides a starting point for a controlled setting in which offline training
910 on corrupted rollouts can suffer from the trajectory-level contamination predicted by our theory, and
911 we leave the consideration of more nuanced noise models to future work.

912 For LogLossBC, training trajectories are rendered autoregressively from this noisy teacher law. Thus,
913 in the offline setting, an example is fully informative only if no visible semantic corruption occurs.
m ~

914 Under the idealized independent-trigger calculation, the probability of this eventis (1 — n + 7/p)" =
915 2.9 x 1072 in our setting.

916  For the online methods, the poisoned flag is inferred from the student-generated prefix: if a previous
917 running-sum token in the student prefix differs from the clean target, then later teacher feedback is
918 uniform over residues. Consequently, 7 = 0 has different semantics for offline and online runs under
919 this law: offline rendering is clean at = 0, while online feedback can still become uninformative
920 after a student prefix error.

921 Online methods are trained for one pass over the fixed 3 million-prompt subset, giving
922 3,000,000/64 = 46,875 iterations. LogLossBC is also trained for one pass over the corresponding
923 rendered 3 million-example dataset. All methods are evaluated on the same clean validation prompt
924 Dbank.

925 B.1.4 Mathematical Reasoning: GSM-8K

926 We evaluate on the GSM-8K test set [14] using zero-shot greedy decoding with max generation
927 length 512 and seed 42. Each problem is placed in the Gemma instruction-tuned chat template with
928 the following prefix.

929 Please reason step by step, and put your final answer within \boxed{}.

930 For example, an evaluation prompt takes the form

931 <bos><start_of_turn>user

932 Please reason step by step, and put your final answer within \boxed{}.

933

934 Janet’s ducks lay 16 eggs per day. She eats three for breakfast every morning
935 and bakes muffins for her friends every day with four. She sells the remainder
936 at the farmers’ market daily for $2 per fresh duck egg. How much in dollars
937 does she make every day at the farmers’ market?<end_of_turn>

938 <start_of_turn>model

939 We extract the final answer in the \boxed{} and compute exact-match accuracy after standard
940 answer normalization.

941 Training data. We construct the training prompt set from TinyGSM [40]. Specifically, we first filter
942 out examples whose code answers contain more than 1024 characters, and then remove examples
943 whose code answers are not executable. This filtering yields approximately 11M examples. We then
944 sample a 400K-example subset that is used for all training runs.

945 Training details. For the LogLossBC baseline, we generate fixed teacher rollouts on the 400K
946 TinyGSM prompts using GEMMA3-1B-ITWe generate clean rollouts with temperature 1 in the
947 low-noise setting and noisy rollouts with temperature 4 in the high-noise setting, both using random
948 seed 42 and a maximum generation length of 512 new tokens. We measure the accuracy of these clean
949 and noisy teacher rollouts on the 400K TinyGSM subset by executing the reference code answers
950 and treating the execution outputs as ground truth. The clean teacher obtains 50.1% accuracy on
951 the training subset, while the noisy teacher obtains 0% accuracy. We then supervised fine-tune the
952 GEMMA3-270M-IT student separately on the clean and noisy teacher rollouts.
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For the online reverse-KL variants, OPD-R and NAIL-R, we follow the recipe of Lu and Lab [41].
We generate students’ next token using temperature-1 sampling for OPD-R and greedy decoding
for NAIL-R. Along these student-generated trajectories, we compute the student and teacher log
probabilities conditioned on the same prefixes, using either the clean temperature-1 teacher or the
noisy temperature-4 teacher. The student is then updated using the corresponding importance-
sampling loss.

For the forward-KL variants, OPD-F and NAIL-F, we instead query the teacher locally on learner-
visited prefixes. At each such prefix, we sample the teacher’s next token, using the temperature-1
teacher in the low-noise setting and the temperature-4 teacher in the high-noise setting, and treat the
sampled token as a hard next-token label. The student is then updated using the standard next-token
log-loss. Subsequent learner prefixes are generated with temperature-1 sampling for OPD-F and
greedy decoding for NAIL-F.

All methods are trained on the same 400K TinyGSM prompts with a maximum generation length
of 512 new tokens. For the two online methods, we follow the recommended recipe from Lu and
Lab [41]. For the offline method, we tune the learning rate slightly in preliminary experiments, while
keeping all other hyperparameters fixed. Specifically, unless otherwise stated, all methods are trained
for one epoch using AdamW with default parameters, learning rate 1e-4, linear warmup followed by
cosine decay, batch size 64, and bf16 precision. We use LoRA with rank 128 and o = 256, applied
to all modules. For each method, we run three random seeds, 42, 43, and 44.

B.2 Further Discussion of Empirical Results in Section 6

All configurations are run with three random seeds. In the plots, each curve shows the mean across
seeds, and the shaded region corresponds to one standard deviation. We note that some shaded regions
are not visible as the runs are nearly identical across seeds. In particular, for Modular Addition, the
maximum standard deviation is less than 10~2 for LogLossBC and OPD-F in the low-noise setting,
and for OPD-F, OPD-R, and LogLossBC in the high-noise setting (as the latter all fail to learn).

For clarity of presentation, the main text shows accuracy only over the first 1M expert trajectories,
where the relevant separations between methods are most visible. In Figure 2, we provide the
corresponding validation-loss curves over the full 3M-trajectory training horizon. These longer-
horizon curves confirm the same qualitative picture: in the low noise setting, the NAIL variants
rapidly drive validation loss close to zero, while OPD-F plateaus early; in the high noise setting, the
gap becomes more pronounced, with NAIL-F and NAIL-R remaining substantially more stable than
the offline and OPD baselines.

To expand on the discussion in Section 6, Figure 2 shows a sharp contrast between the clean and
noisy regimes for the modular addition task. When 1 = 0.2, LogLossBC fails because an early
corrupted CoT token makes the remaining suffix random, so most offline trajectories contain little
usable signal. In contrast, our NAIL-F and NAIL-R reach perfect accuracy, consistent with the idea
that querying on student-induced prefixes avoids imitating fully corrupted trajectories. The failure
of sampled-rollout OPD further suggests that controlling the rollout distribution, here via greedy
prefixes, is important for keeping teacher feedback informative.

When 1 = 0.0, since offline traces are clean, LogLosSBC learns fastest, as predicted by Foster
et al. [17]. Among online methods, NAIL-F learns much faster than OPD-F, suggesting that greedy
rollouts help suppress sampling-induced noise that hinders access to uncorrupted teacher feedback.
The gap between NAIL-F and the reverse-KL methods here points to the fact that teacher-sampled
cross-entropy gives a direct positive signal for the correct next token, whereas reverse KL only scores
student-sampled tokens and is therefore less directly corrective. Finally, when there is no expert
noise, greedy rollouts offer little benefit for NAIL-R over OPD-R because both methods update using
student-sampled tokens.

B.3 Further Experiments

We include two additional ablations on the modular addition task to better understand which parts of
the online objective matter. In Appendix B.3.2, we fix greedy student rollouts and interpolate between
the forward- and reverse-KL augmented-trajectory losses, testing whether performance depends on a
single KL direction.

23



1005

1006
1007
1008
1009
1010
1011

Low noise (n=0.0) High noise (n=0.2)

12} 2 -
1%}
K=t .,“-_' ———— Ll R R e ——
- NS e AR RRRERRRRR
‘*%1 = m e P Am o P AN e
2
]
>
0 T T Ll Ll Ll Ll T T T T T T
1.0 4 sssnsls o
>
o
g
= 0.5 -
Q
1=}
<
0.0 Ll T T T T T Ll Ll Ll Ll T Ll
0 500k ™M 1.5M 2M 2.5M 3M 0 500k 1M 1.5M 2M 2.5M 3M
# Expert Trajectories # Expert Trajectories
=== Offline BC == OPD-F == OPD-R NAIL-F == NAIL-R

Figure 2: Full modular-addition results over 3M expert trajectories. Top: validation loss; Bottom:
accuracy. Curves show the mean over three random seeds, with shaded regions indicating one
standard deviation. In the low-noise setting (7 = 0), the NAIL variants drive validation loss to zero
and reach perfect accuracy, while OPD-F plateaus. In the high-noise setting (n = 0.2), the separation
is more pronounced: NAIL-F and NAIL-R remain stable and reach perfect accuracy, whereas offline
LogLossBC and the OPD baselines fail to solve the task.
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Figure 3: Ablation of student rollout temperature for NAIL-F and NAIL-R on Modular Addition. The
parameter ¢ controls the student sampling temperature used during training rollout. Curves show
the mean over three random seeds, with shaded regions indicating one standard deviation. Left:
low-noise setting, NAIL-F learns faster and is relatively insensitive to temperature, while NAIL-R is
substantially slower. Right: high-noise setting, moderate student temperatures improve robustness
for both objectives, with NAIL-F solving the task across temperatures and NAIL-R degrading at
larger t.

B.3.1 Ablating student rollout temperature

We next ablate the temperature used when sampling student rollouts. In the main experiments, the
student prefixes are generated greedily, i.e. temperature ¢t = 0. Here, we instead sample from the
student policy with various temperatures ¢ € {0.1,0.3,0.5}. We evaluate both NAIL-F and NAIL-R
on Modular Addition under the same low- and high-noise settings as in the main body. All variants
are trained using the same recipe as in Appendix B.1; for readability, Figure 3 shows only the first
1.25M expert-query trajectories.
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Figure 4: Interpolation between NAIL-F and NAIL-R on Modular Addition. The parameter
interpolates between the forward-KL (8 = 0) and the reverse-KL (3 = 1) losses. Curves show
the mean over three random seeds, with shaded regions indicating one standard deviation. All
interpolated variants eventually solve the task in both noise regimes, but the learning speed depends
strongly on 3. Left: in the low-noise setting, forward-KL-heavy objectives learn fastest. Right: in
the high-noise setting, intermediate and reverse-KL-heavy objectives are competitive, suggesting that
() the robustness of NAIL is primarily driven by querying the expert on learner-induced prefixes
rather than by a single KL direction, and (ii) the best KL direction is task- and noise-dependent.

In the low-noise setting ( = 0), NAIL-F solves the task at roughly the same sample complexity
across rollout temperatures, indicating that forward-KL training is fairly robust to this choice. In
contrast, NAIL-R remains slower across temperatures, consistent with the main results in Figure 1. In
the high-noise setting (n = 0.2), small to moderate rollout temperatures can still solve the task, but
large temperature substantially hurts both NAIL-F and NAIL-R. This suggests that some stochasticity
in student rollouts is tolerable, but excessive exploration can produce prefixes that are too noisy or
off-distribution for effective expert querying.

B.3.2 Interpolating between NAIL-F and NAIL-R

To further probe the role of the KL direction, we fix greedy student rollouts and interpolate between
the forward- and reverse-KL losses. For 5 € [0, 1], we minimize

Jo(ma) = (1= B) - Dy, (P3| [P0 ) + 8- Dy, (P70

Thus 8 = 0 recovers NAIL-F, while 5 = 1 recovers NAIL-R. We train each variant for 3M expert-
query trajectories using the same recipe as in Appendix B.1; for readability, Figure 4 shows only
the first 1.25M trajectories. All interpolated variants eventually reach perfect accuracy in both the
low-noise and high-noise regimes, but their learning dynamics differ.

Pﬁe’”é) .

When 1 = 0, performance changes smoothly from that of NAIL-F to NAIL-R as § increases,
matching the behavior in Figure 1: forward-KL-heavy objectives learn fastest. When n = 0.2,
however, intermediate and reverse-KL-heavy mixtures learn slightly faster than either endpoint, with
larger values of 3 reaching perfect accuracy roughly 100K trajectories earlier. These results suggest
that the optimal KL mixture is task- and noise-dependent. A more systematic study of when to prefer
forward KL, reverse KL, or mixtures of the two is an interesting direction for future work.

C Technical Tools

In this section, we recall some technical tools that are used throughout the proofs. We begin in
Appendix C.1, where we recall some basic definitions and properties of KL divergence and Hellinger
distance. We proceed in Appendix C.2 by stating some classical results on the performance of
maximum likelihood estimators. In Appendix C.3, we recall some key results from the theory of
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imitation learning that relate regret to Hellinger distance between trajectory distributions. Finally, in
Appendix C.4 we recall some standard results from online learning that are used in the analysis of
our online algorithms.

C.1 Information Theory
In this section we recall some basic results from information theory that are used throughout the
paper. For a more complete introduction to the topic, see Polyanskiy and Wu [43].

We first recall the definitions of KL divergence.

Definition 6. Let P, () be two distributions over the same space X'. The KL divergence between P
and Q is defined as

Dict. (PQ) = Exwp {log ZS(X)}

with D1, (P]|Q) = oo if P is not absolutely continuous with respect to Q.
We use the following classical properties of KL divergence repeatedly throughout the paper; see

Polyanskiy and Wu [43] for details.

Proposition 4. Let P, Q be distributions over the same space X. Then it holds that Dx1, (P||Q) > 0
with equality if and only if P = Q. Moreover, (P,Q) — Dxy, (P||Q) is jointly convex in its
arguments, i.e. for any A € |0, 1] and any distributions Py, P>, Q1, Qa,

Dir (AP + (1 = AP |IAQ1 + (1 — N)Q2) < XDk (P1|Q1) + (1 — A) - Dk, (P]|Q2) -

Furthermore, if P,Q € A(Xy X --- X,,), then the KL divergence satisfies a chain rule: if Px,...x,
and Qx, ... x, are the distributions of (X1, ..., X, ) under P and Q) respectively, then

n
DkL (PX17---7X71 ||QX17-~7Xn) = ZIEX17---1X1Z—1NP [DKL (PXi|X17~'~>Xi71 HQXHXhm,Xi—l)} .
i=1

While KL divergence is a fundamental notion of distance between distributions, it is infinite when the
two distributions are not absolutely continuous with respect to each other, which can be problematic
in many settings in IL. We thus also consider the Hellinger distance, defined as follows.

Definition 7. Let P, Q) be two distributions over the same space X'. The Hellinger distance between
P and @ is defined as

Duz (P,Q)=1—Ex.p %(X)
d
=1-Ex~.q %(X)

1 dP dQ ’
-5/ Wdu(x)— ﬁu“)) du(x).

where p is any measure such that P and () are absolutely continuous with respect to u, e.g. p =
(P+Q)/2.

While Hellinger distance is also nonnegative and equal to zero if and only if the two distributions are
equal, it is a weaker notion of distance than KL divergence, as it is always bounded by 1. In addition,
it satisfies a Pinsker-type inequality that relates it to KL divergence.

Proposition 5 (Pinsker’s inequality). Let P, Q) be two distributions over the same space X. Then,
Dy2 (P, Q) < Dk (P||Q) -

The Hellinger distance is also intimately related to the total variation distance TV (P, Q) =
sup oc x | P(A) — Q(A)| up to a quadratic factor.
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Proposition 6. Let P, Q) be two distributions over the same space X. Then,
I)I{2 (137(2) <TV (137C2) < V 2. I)IIQ (}Z Q?)'

Much like KL divergence, Hellinger is jointly convex in its arguments. In contradistinction to KL
divergence, however, Hellinger distance does not satisfy a chain rule, but it does satisfy two weaker
properties that will be sufficient for our purposes.

Proposition 7. Let P, Q be two distributions over Xy X « -+ X X,. Let Byy1(x1.,) = 1 and for all
i < n, let for some common dominating measure [,

dPXr'|X1~'71:$1- —1 dQX*\Xl- —1=T1:—1
Bi(x1.5-1) = e & x;) - L = ;) - B; r1.)du(z;).
(o1im1) /X\/ s LI (1) By (1) (o)

Then,
Dy: (P,Q) =1— Bj.
In particular, if P, Q) are product distributions, i.e. P = Py X -+ P, and Q = Q1 X - - - Qp, then

n

Dy (P,Q) =1—[[(1 = D2 (P, Q) <> D2 (P, Qi) -

i=1 i=1

The second property is more similar in form to the chain rule for KL divergence, but it is an inequality
rather than an equality.

Proposition 8 (Lemma D.2 Foster et al. [18]). Let P, Q be two distributions over X1 X - -- X X,.
Then,

H
Dy2 (P,Q) < Y Ep [Dyz (Px, X101 Qx| X1n1)] -
h=1

C.2 Maximum Likelihood Estimation

Maximum Likelihood Estimation (MLE) is a fundamental statistical estimation technique that returns
the density in a given class that maximizes the likelihood of the observed data. More precisely if IT’
is a class of conditional distributions S ~ A(A) and (s, a(¥)?_, are samples, then the MLE 7 is
defined as

T € argmax log 7 a®|s®) = argmin —logm a®|s). 6)
g ) log (a5 = argain ) —logn(a”1s1)

While the following result is due to Geer [20], Zhang [64], we state the version from Foster et al. [17]
that is most relevant to our setting.

Theorem 10 (Proposition B.1 from [17]). Let II' be a finite class of conditional distributions
S — A(A) and let 7 € TI. Let (sV,a D) be iid. samples from P™" , where P™" is the
distribution over S X A induced by sampling s ~ p and a ~ 7*(-|s). If 7 is the MLE in (6), then
with probability at least 1 — 0,

log (|™'|/5)

Dype (P”*,W) <12. 2V
n

An immediate consequence of Theorem 10 is that Behavior Cloning with the logarithmic loss achieves
Hellinger distance that scales in a horizon-free manner with the number of samples.

Corollary 1 (Proposition 2.1 from [17]). Let II be a finite class of policies S x [H] — A(A) and let

7 € IL Let 7V = (55’7, agi), R sg), ag)) be i.i.d. trajectories from P™ and let
n H )
7 € argmin Z Z —log ﬂ(as) \sgf))
mE€l T =1
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1094 Then with probability at least 1 — 6,

Dype (Pﬁ,w*) < w.

1005 In particular,
E [ (P7.P7)] 5 log (n - |II])

n

1006 Indeed, Corollary 1 follows from observing that the policy does not affect the transition densities and
1007  thus
n H

H n
= argminz Z —log (7r (agj) | 5?)) = argminz —log (7r (ag) | 55?) - Py, (ngi-)&-l | aﬁj), s?))
h=1

nell T4 mell i—1 h—1
n
:argming —log P™ (7).
LAS Y S—

1008 The second statement is immediate from the first and the fact that Hellinger distance is bounded by 1.

1009 C.3 Imitation Learning

1100 Recent work has revealed the fundamental importance of the Hellinger distance in the theory of
1101 interactive decision making [15, 16, 45]. In this section we recall the key fact that, at least in a
1102 minimax sense, Imitation Learning is essentially equivalent to learning the trajectory distribution
1103 of the expert in Hellinger distance. Following Foster et al. [17], we consider the deterministic and
1104  stochastic cases separately. In the deterministic case, we have the following result.

1105 Theorem 11 (Theorem 2.1 from [17]). Let m* be a deterministic policy and let & be an arbitrary
1106 (possibly stochastic) policy. Then,

J(n*) — J(#) < 4R - Dy (P*,W*) ,

1107 where R is such that
H
0< Zr(sh,ah) <R
h=1

1108 for all trajectories T = (s1,a1,...,SH,0H)-

1109 In the stochastic case, we recall the following result, which is a consequence of the more general
1110 results in Foster et al. [17].

1111 Theorem 12 (Theorem 3.1 and Proposition 3.1 from Foster et al. [17]). Let ©* be a (possibly
1112 stochastic) policy and let T be any policy. Then,

J(r*) —J(7) < \/32 Dy (P™,P7) + Rlog (DHZ(];PW)) Dy (pﬁ]pﬂ*) .

1113 Note that Foster et al. [17] proves a tighter result, replacing the R? under the square root with
Ll 2
ope =) E [(E {QZ (Sh,ah)|8h] - Qp (Shaah)) ] :
h=1

1114 where Q™ is the Q-function of * (cf. e.g. Sutton et al. [56]). The second cited result above, Foster
1115 etal. [17, Proposition 3.1], controls o2, by R? leading to the version stated above. While o2, is a
1116 significantly more refined quantity that can be much smaller than R? in many settings of interest,
1117 such as when 7* is near-deterministic, we use the version stated above for simplicity. We leave
1118 to future work the interesting problem of understanding the precise role of o2. in the noisy expert
1119 setting and whether it can be used to obtain improved guarantees in certain regimes.

1120 Note that Foster et al. [17, Theorem G.3] shows that the above reductions are tight up to constants in
1121 the sense that for any MDP and pair of policies, there exist reward functions that achieve the reverse
1122 inequalities up to constant factors. Thus, in a minimax sense, IL is essentially equivalent to learning
1123 the trajectory distribution of the expert in Hellinger distance. More formally, the result states the
1124 following.
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Algorithm 2 Exponential Weights

Require: Number of rounds n, loss function ¢ : II x ) — R, learning rate A > 0.
1: Set wy = Unif(II).
2: fort = 1tondo
3 Observe y; and suffer 1oss E ., [£(7, yi)]-
4 Update w1 (m) o< we () - e~ ML)
5: end for

Theorem 13 (Theorem G.3 from Foster et al. [17]). Let M be an MDP. Then for any pair of policies
7*, 7 and any o > 0 there exists a reward function r such that o%. < o and

T

J(r*) = J(%) 2 \/o? - Dy (B, 7).
Moreover, there exists a reward function r such that
J(x*) = J(7) 2 R-Dyz (P™,P7)
and the same conclusion applies even if we assume 7* is deterministic.

By Theorem 13, for any of our lower bounds on regret, it suffices to construct instances where
learning the trajectory distribution of the expert in Hellinger distance is hard, which is what we do.

C.4 Online Learning

Several of our results rest on the use of online learning algorithms, and in particular the exponential
weights algorithm, to learn policies in an online fashion. In this section we recall the key definitions
and results from online learning that are used throughout the paper. For a more complete introduction
to the topic, see Cesa-Bianchi and Lugosi [8].

We are only concerned with online learning over finite classes of experts in this work. For a finite class
I1, the online learning problem proceeds in rounds ¢ € [n] as follows. The learner at the beginning
is informed of a loss function ¢ : IT x ) — R and must choose a distribution w; € A(II) over the
experts. Then, an outcome y; € ) is revealed and the learner suffers loss E .., [¢(7, y¢)]. The goal
of the learner is to minimize regret, defined as

Regn = Z Eﬂ"“wt [E(ﬂ—v yt)] - glelll'} Z é(’]r, yt)
t=1 t=1

The exponential weights algorithm is a simple and classical online learning algorithm that achieves
optimal regret guarantees in the adversarial setting, given in Algorithm 2.

‘We make use of the following definition.

Definition 8. A loss £ : II x ) — R is 3-exp-concave if for all y € V), the function 7 — e~ 4(T¥)
is concave.

We recall the following result about the regret of the exponential weights algorithm when the loss is
exp-concave.

Proposition 9 (Proposition 3.1 from Cesa-Bianchi and Lugosi [8]). If ¢ is B-exp-concave, then the
exponential weights algorithm with learning rate \ = 3 achieves regret

log(|1I
Reg < 28T

T8

We emphasize that this regret is independent of the precise choice of 41, . . ., y,, and thus holds even
if the outcomes are chosen by an adversary that observes the learner’s distribution w; at each round.
Finally, we will recall a more general definition that is similar to exp-concavity but allows for a better
regret bound.

Definition 9. A loss ¢ : II x Y — R is S-mixable if for all y € ) and all distributions w € A(II),
there exists m,, € II such that

e By S| [efw(w,y)} ,
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Mixability is a classical notion in online learning and a more complete discussion of it can be found in
Cesa-Bianchi and Lugosi [8]. We recall the following guarantee for the exponential weights algorithm
when the loss is mixable.

Proposition 10 (Proposition 3.2 from Cesa-Bianchi and Lugosi [8]). If ¢ is S-mixable, then the
exponential weights algorithm with learning rate A\ = (3 achieves regret

_ log(m))

Reg,, <
8 8

D Proofs from Section 3

In this appendix, we prove the two results in Section 3 involving offline imitation learning with a noisy
expert. We begin by proving the upper bound that scales exponentially in horizon in Appendix D.1
before proving that this exponential dependence is necessary in the worst case in Appendix D.2. We
conclude in Appendix D.3 by showing that any offline IL algorithm must suffer from this exponential
dependence, making offline IL fundamentally intractable in the noisy expert setting.

D.1 Proof of Theorem 6

We first state a slightly tighter version of the main theorem, which recovers Theorem 6. We first
conclude the proof under x-domination and then show how to get a weaker guarantee in the absence
of x-domination.

Theorem 14. Let 7,7’ be policies that k-dominate the corruption v. For any 0 < n < 1, it holds
that

2(1 4 (2 — 1))

Do (PW’PTF/) = (1—p)H+2

- D2 (PW” , ]P’Tr:r) .

Noting that 7 < 1 immediately shows that the first statement of Theorem 6 follows from Theorem 14.
To prove the latter, we fix policies 7, 7" and introduce some notation in order to help with the proof.
First, for any state s € S, define

h(s) =P" (an, Thy1:1|5n = 5)

to be the conditional distribution of the action a;, and the future trajectory of states and actions
conditioned on the event that s;, = s. We then define

Di(s) = Dy (Pf(s). Pf (5))  and  Dj(s) = Dz (P’,;ﬂ(s)mﬁ(s)).

We have the following recursion.

Lemma 1. Let 7, 7’ be any two policies. Then Dy 11(s) = 0 forall s € S and for any s € S and
h < H, it holds that

Di(s) = Du (mn (). 7h (1)) + 32 ymaals) - mhale) - [ Drca )Py} o).

acA
Proof. We use Proposition 7. Indeed, we compute

™y (ans)

L= Dals) = E7 l T (@nls)

(1- Dh+1(5h+1))]

=Y \Jmulals) - mh(als) - B, mp (o) [ = Daga(snin)] -
acA

The result follows by rearranging and using the definition of the Hellinger squared distance. O

Lemma 1 reduces the problem of bounding the contraction in Hellinger distance of trajectory
distributions to bounding the contraction on a per-step basis. We thus prove that in the case of
k-dominated corruption distributions v, we can control this contraction at each time step h.
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Lemma 2. Let w, ' be arbitrary policies and suppose that v is k-dominated, i.e., forall 1 < h < H,
all s € S and a € supp(my(+|s)) Usupp(my,(+]s)), it holds that

vi(als) < i (mn(als) + m,(als)) .

Then for any 0 < n < 1, any state s € S and time 1 < h < H, it holds that
2(1+n(2k—1))
(L—mn)?
Proof. For the sake of notational simplicity, we will suppress the h in this proof; in addition,

because we have fixed a state s, we will write 7(a) for 7, (a|s). We observe that for any a €
supp(7) U supp(n’), it holds that

my(a) + my(a) = (1 —n) ((a) + 7'(a)) + 21 - v(a)

< (1=mn)(w(a) +7'(a)) + 20k - (7(a) + 7'(a))
= (L+n(2k = 1)) ((a) + 7' (a)).

Dyp2 (mn(-[s), 7, (+]5)) < ‘Dz (.0 (:15), ) 4 (]5)) -

/
/

—+
—+
Thus,

(\/w) + \/wg<a>)2 <2 (my(a) + 7(@) < 2(1+n(2s — 1) (V@) + V@) .

2
where we used the fact that a + b < (\/E + \/5) < 2(a + b) for nonnegative a, b. Plugging into
the definition of Hellinger distance, we see that

23 (o - o)

Digs ()

acA
1 (my(a) — 7} (a))”
2 ( m(a) + 1/7741(61))
1-n* 1 (w(a) — 7'(a))”
21402k -1)) 2 by ( (@) + /w’(a))Q
T o2k 1)) T
The result follows. O

Remark 1. Note that it is precisely in Lemma 2 that x-domination is used and in the proof one
can understand the necessity of such an assumption. Indeed, the problem is precisely that the map
n — /7 is not Lipschitz near = 0. For a simple example of what can go wrong, let

7 = Bernoulli(0) = §p, «" = Bernoulli(¢), and v = Bernoulli (1/2).

An elementary computation then shows that

Dy (m,7') <& but Dy (m,m) < €,

for n > 0. Thus, in order to prevent such a quadratic blowup, we need to ensure that v does not
put too much mass on actions that receive small, but positive, probability under 7 or 7/, which is
precisely what xk-domination ensures.

Remark 2. Note that even with x-domination, the (1 — 7)? dependence in the comparison is real.
Indeed, suppose that 7* = §,, and # = ,, for some a; # az, and v = /2 (7* + #). Then we have
k-domination with £ = 1. On the other hand, we have Dy (7%, %) = 1, whereas

(1—n?

Dy (75, 7ty) =1 —/n(2—1n) =< 5

Thus the (1 — 7)? dependence is tight up to constant factors.
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1207 We are now ready to conclude the proof of the result.

1208 Proof of Theorem 14. We prove the following claim by reverse induction from H, . .., 1: it holds for
1200 any s € S that

n 1— (1- 77)2
Dile) = (L= s ey D) "

1210 The case h = H follows immediately from Lemma 2. We thus suppose that (7) holds for 2 + 1. By
1211 Lemma 1, it holds that

DY) = Dis (ma (1) Ty (19) + 3 franlals) - als) - [ DI (a5, a)

acA
(1 - 77)2 / / n / /
> St ae =) D T + 3 rualels (ol [ DR )4
(1 _77)2 / / n / /
> BTy P )+ (=) S el mh o) [ DR
(1 _77)2 /
> e Dy () )
s @ g S frnals) wffals) - [ Daa () (s,0)
cA

acA
1— n H+3—h
2(1+n(2k —1)) n(s),

1212 where the first inequality used Lemma 2, the second inequality used the fact that

\/Wn,h(GIS) -y n(als) = \/((1 — m)ma(als) +nwa(als)) (1 —n)m (als) + nvn(als))

> (L=mn)-y/mn(als) -, (als),

1213 the third inequality used the inductive hypothesis, and the final inequality again used Lemma 1. The
1214 result follows immediately. O

(1 _7)H+37h / , , ,
Z 5 (1+ 77](2,{ ="k (DHz (mn(-]8), 7, (-]8)) + Z mh(als) - ) (als) - /Dh+1(8 YA Py (s |s,a)>
( )

1215 Note that in the case that 7, 7’ are both deferministic policies, then any v is k-dominated with k = 1
1216 and thus

enH/l—n

=T—ne

1217 We now show how to get a weaker guarantee in the absence of k-domination. We restate the result
1218 with constants made explicit now.

Dy (PW,PTF/) < (1 — T})_H_Q - Dy (Pﬂ'”’Pﬂ;) - D2 ([Pﬂ'nJP”:y) .

1219 Proposition 11. Ler M be a horizon H MDP and let 7,7’ be two policies. For any choice of v and
1220 any 0 <n < 1, it holds that

. o (L)1 -
DH2 <]P) ,]P )S\/27’](1—77)DH2(]P) ”,IP 71).

1221 We first prove the following general result on the contraction of Hellinger distance under arbitrary
1222 corruptions.

1223 Lemma 3. Let P, Q be two distributions over a common space X and let v be an arbitrary distribution
1224 over X. Forany 0 <n < 1, letting P, = (1 —n)P +nv and Q,, = (1 — n)Q + nv, it holds that

Dip: (P,Q) < fﬁ /Drz (P, Q).
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1234

1235
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1237

1238

Proof. By Proposition 6, it holds that

V201 (P.Q,) > TV (P,.Q,)

= sup |Ep,[f] - Eq,[f]|
0<f<1

(1-n) S |Ep[f] — Eqlf]]
=(1-n)-TV(P,Q)
> (1—n) -Du2 (P,Q),

where the second equality comes from the linearity of expectation and the final inequality again
comes from Proposition 6.

We can now prove the proposition.

Proof of Proposition 11. We will apply backward induction and Lemma 1. Indeed, we use the
identical notation as that used in the proof thereof. We suppose that there are constants C', for
h=H,..., 1satisfyingCy =271 (1 —n)? and
1 2 1
5+
Ch (1=n)? (1=n) Chp

such that
Dj(s) > Cj, - Dp(s)* foralls€S.
By Lemma 3, the statement holds for A = H. Now, by Lemma 1, it holds that

DZ(S) = DH2 (7T777h('| )7 7] h + Z \/7T77 h a| n h /Dh+1 dPh |57a)
acA

> 27" (1= n)* Dz (ma(]s), 7, (-[s))

(1—-1n Z’Mrh als) /Dh+1 VAP, (8|5, a)

acA
> 271 (1= )% Dz (mn(-]s), wz<-|s>>2

(L=m)- > \/mnlals) /oh+119h+1 N2dP,(s'|s, a)

acA
> 271 (1—n)2 - Dy (ma(-|s), 7, (-]s))

+Ch+1 1— <Z \/ T a| /Dh+1 dPh ‘S a)) s
acA

where the second inequality follows from the inductive hypothesis and the final inequality follows

from Jensen’s inequality and the fact that ) /7y (als) - 7}, (a]s) < 1. By AM-GM, it holds that for
a,b,xz,y >0,

2

1
a-2?+b-y* > 1— (z+y)>
ats

Thus, applying this to the final expression in the above display, we see that

Djl(s) > C}, - (DHz (7 (-8) )+ Z \/T -y, (als) /Dh+1 YdPy(s']s, a))

acA
= C - Di(s)?,

where the equality follows from Lemma 1. Thus, the inductive step is complete.
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It remains to bound C}, itself. Letting ¢, = C}, L we see that
cn=201-n7%  a=20-nT+0-n)"" e
for h < H. Thus by induction, it holds that
(1—n) -1
n(l-mn)
The result follows. O

C1 = 2

Finally, we note that Theorem 6 follows immediately from Theorem 14 and Proposition 11, concluding
the proof.

D.2  Proof of Proposition 1

We will prove three lower bounds: one for arbitrary «, one for x = 1 with a deterministic expert, and
one that holds absent x-domination. We begin by stating the common construction for the first two,
before proving these first two results separately.

We will take an MDP that has H + 1 states sy, ..., sy and an absorbing state L. We will suppose
the action space A = {ay, a2, a3}. Let the transition functions for h < H be

Py(s']s,a) = {giﬂl

In other words, L is an absorbing state that is reached by taking a ‘wrong’ action at any state,
otherwise we deterministically transition to the next state.

a=ayand s = sp,
a € {ag,az} ors =1~

We now state the formal proposition for the case of x = 1 and deterministic experts.

Proposition 12. Forany H > 1 and 0 < n < 1, there exists an MDP, a policy class 11 of size 2, and
a corruption distribution v such that both policies in 11 are deterministic, but

Dy (PW*,W) =1 but Dy (IP’T?,P*") < (1—np)fHt,

Proof. We will consider the MDP described above with policy class IT = {7*, 7} of size 2 such

that 7 (-|sp) = 7 (+|sp) = dq, (an atom on aq) for h < H, 7*(spy) = 04y, 7(Sz) = da,, and both

policies take the same action at L. Finally, suppose that

0ay + 0as
2

We claim that for any 0 < n < 1, the result of the proposition holds for this construction. Note that

the = 0 case is trivial, so suppose that 7 > 0. We now observe that Dy2 (]P’”* , IP”}) = 1 because
the policies deterministically differ in the final time step, which is reached with probability 1. Thus

v(-|smp) = and  v(-|sp) = 044 for h < H.

we focus on upper bounding Dy (]P’“:v , Pﬁ’l).

Note first that for 7 € {7*, 7%}, with probability at least 1 — (1 — 7)# 1, it holds that the trajectory
under 7 will transition to L before the final time step; moreover, conditional on this event, both
corrupted policies induce the same distribution. On the complementary event of no contamination up
to step H, it holds that

w;:(1—g)-5al+g-5a2 and ﬁn:g-§a1+<1—g)-5a2.
Thus,

Dz (my (sm), g (tlsm)) = 1= v/n(2 —n) =
Combining these observations, we see that
Dyz (P70, P%) < (1= )=t (1= ) = (1= )T+,

The result follows. O
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We now state the formal proposition for the case of arbitrary .

Proposition 13. Forany H > 1, kK > 1, and 0 < n < 1, there exists an MDP, a policy class 11 of
size 2, and a corruption distribution v such that both policies in 11 k-dominate v, but

Dy (]P’”,IP”T') >4n-k-(1—n) 71 . Dy (P“n,wé) .

Proof. We will consider the MDP described above but now let for h < H,
mr(-|sn) = 7, (lsn) = (1 —€) - 0y + €+ I

and

m(-lsg) =(1—¢€) 8a, + €00, and 7y(-lsg)=(1—¢) 6a +€ Oas-
Let both policies take action ay on L. Finally, let
ay + Oas
9
and let v(:| L) = dq,. Suppose that ¢ = 1/2x. We first note that v is K-dominated. Indeed, for h < H
this is immediate for action a1, and for as,

Up(-|sp) = 0ag forh < H and vy (|sy) =

vi(aslsy) =1=k-2e = k- (my(as|sn) + 7, (as|sn)) .
At sy, for ay we have

1

vi(azlsy) = g HRE=K: (ru(az|sy) + myaslsu)),

and similarly for az. Thus v is k-dominated.

We now compute the Hellinger distance between the clean trajectory distributions. Let £ denote the
event that the trajectory reaches sy. Note that the two laws are identical on £¢. On the other hand,

P (E)=P" ()= (1—¢)"' and Dz (mu(-|sg), 7 (|sn)) =¢
Thus,
Dy (PW,IP’T’) = (1) 1. ¢
We now compute the Hellinger distance between the corrupted trajectory distributions. For h < H

the policies coincide and the probability of reaching sg is (1 — )7 =1 (1 — £)#~1. At the final
time step,

2 — n)2:2
Dres (m s Cloae) o) = (Ve (L= = v/ap) " < U=

2n
Thus,
Dy2 (IP”",IP’”@) <(@-m-e U= ;77)72 -
< (1_7272;1% Dy (pﬂv]pﬂ')
_ A=) 4777’.):“ Dy (P7,P7).
The result follows. O

We now provide a lower bound that holds absent xk-domination.

Proposition 14. For any H > 1 and 0 < n < 1, there exists a horizon H MDP with 3 actions,
policies T, 7, and a corruption v such that

* ~ 1— 7H—1 * ~
Dyp (]P’“ ,]P’") > \/(’7) Dy (P, PAn).

1-nm
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Proof. Let M have H + 1 states s1,...,sy and 1, where
Pr(-[sh,a2) =0 and Py (-|sp,a1) = Pu(:[sn,a3) = Pp(-| L,a) =0..

Sh+1

Lett < 1/4,let

S = Z_(l_n)_h: (1_77) ((1;77)_}1_1) and )\:t/S.
=0

>

Let
up = M1 —n)~ "L,
Note that uj, < 1/4 for every h. Now, let
mh(|sh) = up - 0gy + (1 —up) - 0oy, and  x(+[sp) = up - gy + (1 — up) - day;

let 7*, & agree on | and define

0gy and  vp (| L) = dg,.

DN | =

1
vn(-lsn) = 5 0ar

We will let

*

Dy, = D2 (Pz*(sh),mi{(sh)) and D] = Dy (PZ”(sh),PZ”(sh)) :
Applying Lemma 1, we see that
Dy =up+ (1 —up) - Dpya.

Thus, by induction, we have that

H
l—e'<Dy=1-[]Q-w)<t
h=1

Because t < 1/4, it thus holds that t/2 < Dy < t. On the other hand, a direct computation shows that

* ~ 1- 2
it (5 Clsn ) (o) = 1= (1= 1)1 = un) = V5 20—y < S0,

By Lemma 1 again we see that

DY =1— (1= n)(1 —un) — /7P + 2y(L = n)un + (1 — n)(1 —up) - D},

(1 - 77)2 2 n
< Ty U + @ =n)1 —un) Dyyy.
Thus, by induction, we have that
=0 5 (1=n)
0 ( n h—1_ ,2 _ n 2
Dy < o '2(1—77) Sup = 2 - ATS.
h=1
Substituting in the definition of A and .S, we have that
1—n 2(1=n)
D7 < 2 < -D2.
P2 -1 e

The result follows immediately. O
We now prove the main lower bound.
Proof of Proposition 1. This follows from combining Propositions 12 to 14. O
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D.3 Implications for Offline Imitation Learning

We conclude this appendix by demonstrating that the exponential dependence on horizon in Theorem 6

must appear in any offline IL algorithm through a similar construction to the one used in Appendix D.2.

Proposition 15. Let k > 1 and 0 < n < 1. Forany H > 2 and

PO
AP0
128k ’

there exists an MDP, a policy class 11 of size 2, and a corruption distribution v such that both policies

in I1 k-dominate v, but any offline IL algorithm achieving D2 (IP”T* , IP’*) < € requires

n>_ 'k
Tt

samples from the corrupted expert.

Proof. We use the identical construction as the proof in Proposition 13, except we suppose that

'5a37

T (lsp) = (1= w)-ba, + 1 0oy, 7p(sm)=(1—u) 0oy, +u
and
v(c|lsg) =K w04, + (1 =26 -u) - 0gy + K- U~ Oay,

for some u < 1/2«. This construction is clearly xk-dominated. Moreover,

Dy (P7B7) = (1~ Y2)" ™ u and Dy (B0, B%) < (1) (1= 120

Choosing
64 - ¢
(1= Yr)™H

which allows u < 1/2« by the assumption on €, we see that
Dy (IP”,IP’”/) —64-¢ and Dy (IPM,W%) < (1—p)HHL.

A standard two point argument concludes the proof.

E Proofs from Section 4

16 - ¢
VR

(1—n?

dnk

In this appendix, we prove the results related to online Imitation Learning stated in the main body.

We begin in Appendix E.1 with the proof of Theorem 7, before continuing to prove the upper bound
on NAIL in Appendix E.3, and concluding with a proof of the lower bound in Appendix E.4.

E.1 Proof of Theorem 7

We first state a slightly tighter version of the result, albeit with a more complicated expression in the
upper bound. We break this into two separate results, one using forward KL and one using reverse
KL, which together imply Theorem 7. First, under x-domination, we have the following result.

Theorem 15. Let w, " be any two policies that k-dominate the corruption v. Then, forany 0 <n < 1

P

it holds that
2(1+n(2k — 1))
(I—n)?

Note that the first conclusion of Theorem 7 can be recovered immediately.

D (£7.27) < (o (7

Pﬂ',ﬂ;) A DL (Pﬁ',ﬂ;
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Proof of Theorem 15. We make use of the subadditivity of Hellinger squared divergence (Proposi-
tion 8). Indeed, it holds that

Dy (IP’T,IP’”/> <E"

H
> Dus <w<-|sh>,w’<-sh>>] .
h=1

Now, applying Lemma 2, we have that for any sy,
2(1+n(26—1))
(1 —mn)?
Combining this fact with the preceding display and applying Proposition 5, we have

Dz (7(-[sn), 7' (-|sn)) < Dz (0 (-|sn), 7, (-[sn)) -

H
D2 (P""IP’T/) < W .Eﬂ’/ };Dlp (W"ah('|5h),ﬂ':,,h(-|sh))] ®)
H
W = ;DKL (W"’h('sh)||”;7,h(‘|8h))1 .

We may now apply the Chain rule for KL divergence (Proposition 4) to observe that

H

Z Dk (Wn,h('|5h) ||7T;7,h('|5h))

h=1

E™

= Dk1, (Pﬂ/’ﬂ"

7!
P™ 7

The first result follows. The second follows by the same argument by observing that the Hellinger
distance is symmetric in (8). O

We now provide a similar comparison between the clean and noisy trajectory distributions absent
k-domination.

Proposition 16. Let m*, 7 be two policies and let v be an arbitrary corruption distribution. Then for
any 0 < n < 1it holds that

* o 1 I * P .y - *
Dy (B7,PF) < - \/2H - Dict, (B575 [BR:#1) A Dic, (B0 [BF74).

Proof. As in the proof of Theorem 7, we use the subadditivity of the Hellinger distance (Proposition 8)
to get that

H

> Duz (3 ([sn), 7 (-[sn)

h=1

< V2 g [i /P (w;,h<-|sh>,frn,h<-|sh>)]
h=1

Dyp (W*,Pff) < EF

1-nm

ﬁ

2H .
- . E™
1—

IN

zH:DH2 (W;,h(-ISh)7ﬁn,h(-|8h))]
h=1

V2H T
< 1oy VP (B[P,

where the second inequality comes from Lemma 3, the third inequality comes from Cauchy-Schwarz,
and the final inequality comes from applying Pinsker’s inequality (Proposition 5) and the chain rule
for KL divergence (Proposition 4). The first claimed bound follows. The second comes from the
identical argument but using the symmetry of the Hellinger distance to apply Pinsker’s inequality in
the reverse direction. The result follows. O

3

Finally, we note that Theorem 7 follows immediately from Theorem 15 and Proposition 16, concluding
the proof of the main result.
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E.2 Necessity of Horizon Dependence in the Absence of x-Domination

We now show that the polynomial dependence in horizon that appears in Proposition 16 is necessary
with the following lower bound. In particular, Proposition 16 is tight up to a polynomial dependence
on (1 —n).

Proposition 17. For any H > 1 and 0 < n < 1, there exists a horizon H MDP with 2 actions,
policies 7,7, and corruption distribution v such that

T o — H 7 T TE F oA
DHZ(P ,}P’)ZS 1-\/(1_77)-DKL(IP*WHIE” ).

Proof. Let the MDP M have two actions, A = {0, 1} and H steps such that s, transitions to sp1
deterministically, independent of the action. Let

ﬂ;(o‘sh) = 1, ﬁh(0|5h) =1- g, and I/h(O‘Sh) =0

for every h. Thus actions are independent across time. We thus compute
Dy (P”*,P*) —1-(1—¢)"

and thus, if ¢ < 1/4m, it holds that

On the other hand, it holds that

Dkr, (Pﬁ',ﬂ;

Pﬁﬁn) — H - Dr, (3(-]s)

= (s () s () )

Using the fact that log(1 — x) > —z — 22 and log(1 + x) > = — #*/2 for x € (0, 1), we get that if
g < n/e(1-n), then
. 1—
O PENR)
2 n
Thus for sufficiently small €, the claimed relation holds. O

Dx1, (Pﬁ’”’*’

E.3 Proof of Theorem 8

The main content of the proof is to show the following result, which is that the on-policy KL
divergence E [DKL (]P”AT’”;

Pﬁ’ﬁﬂ)} for 7 returned by Algorithm 1 is small. The result will then
follow from Theorem 7. Indeed, we have the following result.

Lemma 4. Let 11 be a finite policy class, v be an arbitrary corruption distribution, and 0 < n < 1
be a corruption level. Let 7 denote the policy returned by Algorithm 1. Then it holds that

Pﬁ,ﬁ”)} < H'log(|H|)'

E [DKL (P”Z
n

Proof. Let jiy = ) iy wi(m) - 7 denote the mixture policy defined in Algorithm 1. We first claim
that for any sequence of trajectories 7(!), 7’ it holds that

n H * (t), (t)
. (a;’ |s
> ) log ) — ) < H -log(|1]). )
(t) (a(t) ‘S(t))
t=1 h=1 Hop n\Qp, " 18,

To see this, let

H
Um,7') = =y log (myn(ay|sn))

h=1
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denote a loss function. We claim that £ is 1/H-mixable (Definition 9) and that Algorithm 1 amounts
to running the exponential weights algorithm (Algorithm 2) with respect to ¢ over the policy class

II,, = {m,|m € II}.
Indeed, fix 7/ and let w € A(II) and

P = Zw(ﬂ) e

mell

Then, we note that (f ), = Y.y w(m) - 7, by linearity and thus

H Yu
e~ H (i) _ <H (uw)n,h(aﬂsh))

h=1
H YH
=11 (Z w(ﬂ)'ﬂn,h(aHSh))
h=1 \well
H Yu
- Y i) (H m,hmmsm)
well h=1
_ w(7r) . e—H’l-é(ﬂ-,r’)
mell

::Eﬂww[e—Hfhaﬂﬁq}7

where the inequality follows from Holder’s inequality. Thus ¢ is 1/H-mixable. Moreover, it is
immediate that the update in Algorithm 1 corresponds to the exponential weights update with respect
to £ over the policy class 11, with learning rate A = H —1. Thus it holds by Proposition 10 that (9)

holds for any sequence 7(*).

Now, for fixed 1 < ¢t < n and temporarily suppressing the notational dependence on ¢, note that

H * ’
n(aylsn) 75 (@ lsn) - Pu(sntalsn, an)
Zlo ( Uk ) = EuE“Z”“;,h("Sh) [Z 10g ( 7, :

tin.n(a,|sn) he1 finn(aplsn) - Prsnir]sn, an)

= Dkr1, (]P” a

P “v) , (10)

where the last equality follows from the chain rule for KL divergence (Proposition 4). Combining (9)
and (10) and renormalizing, we have that

Z Dk, (]P’“

Since # = pr for T ~ Unif([n]), independent of the training randomness, the left-hand side is
exactly the average over ¢. The desired bound follows. O

n

i (f))] < H~log(|H|).

We can now prove the main result.

Proof of Theorem 8. The result follows immediately by combining Lemma 4 and Theorem 7. [

E.4 Proof of Proposition 2

In this section we prove the lower bound Proposition 2 demonstrating that even with online access,
noisy, stochastic experts necessitate the linear in horizon dependence in sample complexity that is
present in Theorem 8. We first state a more formal version of the lower bound, which is stated in the
main body as Proposition 2.
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1322 Proposition 18. For any H > 2, corruption level 0 < n < 1, and € < 1/32, there exists a horizon H
1393 MDP with three actions, deterministic transitions, a known corruption distribution v, and a policy
1394 class 11 of size |TI| = 2 such that v is k-dominated by 11 with k < H/< and any online IL algorithm
1395 must observe at least

> n-H
"= 1201 - )22

1396  trajectories of interaction with the noisy expert 7y in order to achieve regret J(n*) — J(7) < e.

1397 Proof. By Foster et al. [17], it suffices to show a lower bound against learning in trajectory-wise
1398 Hellinger distance to order €. Let an MDP have states sj,...,sy with transitions s, — Sp41
139 deterministically independent of the action. Let the action space be A = {a1, as, az} and the policy
1400 space be IT = {m,w_}. For some u to be determined such that Hu < /2 and u < 1/4, let

1
. (5111 +6a3) + 5 . 6a2~

=

T n(lsp) =u-0g, + (1 —w) - 0ay, T p(-|Sh) =w-0a3 + (1 —u)-6ay, and v, =

1401 Note that v, is k-dominated by II with kK = 1/4u.
1402 Now observe that
Dy (mp n(-fsn), 7 n(-lsn)) = 1= /(1 —u)* = u.

1403  Moreover, because the action distributions are independent,

)

H
Dygz (B™, ™) = 1 - (1—u)" > ==

1404 where the inequality used the assumption that 2w < 1. On the other hand, an elementary computa-
1405 tion reveals that

T = (3 4+ L =nu) - 8ay + (3 + =)L =) - 00 + 7 - 8uy
U n n
T = 400+ (5 L= )L =) 00+ (3 + (L= 1)u) - buy.
1406  Thus,
Ui AL = n)u U
_ (1 1— . -~ V- — . -
Dt (7. l7m—m.n) (4 * n)“) os (1 B (1= mju-log A1 = n)u+n

= (1—77)u~log(1+
4(1 = n)*u?
; .

1407 Thus, after n rounds of interaction, the chain rule for KL divergence (Proposition 4) ensures that the
1408 KL divergence between the distributions over trajectories induced by 7 and 7_ is at most

4(1 — n)?u?
n

<

nH -

1409 and thus if

n
P
"= 8H(1 —n)2u?’
1410 then by Le Cam’s inequality no algorithm can identify 7* with probability greater than 3/4, which

1411 is required in order to achieve regret at most ¢ if Hu/2 > 4e. Thus, setting u = 8¢/H, we see that as
1412 long as ¢ < 1/32, then Hu < /2 and u < 1/4. Plugging in concludes the proof. O

1413 We now show the necessity of xk-domination in order to shave off the quadratic dependence on ¢ in
1414 the sample complexity. We have the following result.

115 Proposition 19. For any > 1, any corruption level 0 < n < 1, and any e < 2~* - k™1, there exists
1416 a horizon H = 1 MDP with three actions, a policy class 11 of size |I1| = 2, and a known corruption
1417 distribution v such that:
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Algorithm 3 NAILGUN: Noise-robust Aggregation for Imitation Learning with Greedy UNcertainty

Require: Number of rounds n, deterministic policy class IL, noisy expert 7, noise ceiling o < 1,
contamination ceiling p > 0.

: Setr = /(1=2)/ap and wy = Unif(II).

1

2: fort =1tondo

3: Define p; = Y oy wi() - mand i, (-|s) = argmax, ju(als).

4: Deploy 7i, to get trajectory 7(*) ~ PPt

5: Query noisy expert 7, on 7(t) to obtain augmented trajectory 7@,
6: Update wyy1(m) o wy(m) - b H{W(Sg)):ag) }

7: end for

8: return 7 = fip for T' ~ Unif([n]).

1418 (a) v is k-dominated by 11 and 7 € 11, and
1419 (b) in order for an algorithm to achieve regret J(*) — J(7r) < ¢, the learner must observe at
1420 least n 2 n'r/=(1—n)* trajectories of interaction with the noisy expert o

1421 Proof. Suppose there is a single state s and three actions ag, as, as. Fix some 0 < u < 1/2x and
1422 suppose that IT = {7, 7_} where

Ty =U-0gy + (1 =) 8oy, 7o =wu-os +(1—u) ds,, and v =kKu-04 + K- gy + (1 —2Ku) - g, .
1423 It is immediate that v is xk-dominated by II from the construction. Moreover, observe that
Dyz (P™, P ) =1— /(1 —u)? =u.

1424 Thus, if u > 4e, then any algorithm returning a policy 7 such that D> (IP’ﬁ, ]P’”*) < ¢ must identify
1425 7. We now observe that an elementary computation reveals that

1-— 1—n)?
IP)TK'f,'r]) o u(l — 7]) . log <1 + n) S u - &.
ne nK
1426 Thus, if we were to set u = 8¢, then we would have by Le Cam’s inequality that if
(1 — )2
. 8- (1—mn) < 1
nK -8

Dxi, (P

1427 then with constant probability, # # 7*. If ¢ < 1/16x, then we can find such a u and thus the stated
1428 sample complexity is required to achieve regret at most €. The result follows. O

1420 F Proofs from Section 5

1430 In this appendix, we provide the proofs of the results stated in Section 5. We begin by describing the
1431 algorithm NAILGUN and providing intuition for its design in Appendix F.2. We then provide the
1432 proof of Theorem 9 in Appendix F.3. Finally, we provide the proof of the lower bound Proposition 3
1433 in Appendix F4.

1434  F.1 The Problem of Identifiability

1435 In the unknown corruption setting, identifiability can be a major concern, i.e., it may be the case
1436 that there are multiple policies 7 that are consistent with the observed noisy expert ), and thus it is
1437 impossible to identify the clean expert 7*. We now provide a simple example of this phenomenon.

1438 Let M be a horizon H = 1 MDP with a single state and action space A. Let 7* = J,+ be a
1439 deterministic expert and let v be an arbitrary policy. For n < a, let

1l-« a—1n
- O )

1—-n ¢ + 1—n
1440 Then it holds that 7, = 7, so the noisy expert 7, is consistent with both 7* and 7 as the underlying
1441 expert policy, and thus it is impossible to distinguish between 7* and 7. In particular, if J(7*) >
1442 J (), then it is impossible to learn a policy with good performance without additional assumptions
1443 on the corruption or the feedback.

™ V.

42



1444

1445
1446
1447
1448
1449
1450
1451

1452
1453
1454
1455
1456
1457
1458
1459
1460
1461
1462

1463

1464

1465
1466
1467
1468

1469

1470

1471

1472
1473
1474

1475

1476
1477

F.2 Description of the Algorithm

In Theorem 8, we saw that we could get regret bounds that scale polynomially in the horizon H
by appealing to exponential weights and in particular the mixability of the trajectory-level log-loss.
Unfortunately, this strategy fundamentally relies on the learner having access to the loss at each round
of interaction, which depends on knowing both 7 and v. In the unknown corruption setting, we do
not have access to this information and thus we cannot directly apply this strategy. Instead we use a
surrogate loss function specifically adapted to the assumption that the clean expert 7* is deterministic.
In particular, we use the following loss function:

H
U, ") = log(r) - Z]I{ﬂ(sh) #ay}. (11)
h=1

While this loss function itself can grow linearly in horizon, we demonstrate that its induced behavior
on the probability of error is substantially nicer. We eliminate this concern by rolling out our estimated
policies greedily. This leads naturally to Algorithm 3, which we call NAILGUN. At each step, we
roll out our current policy greedily, collect noisy expert feedback, and then run Algorithm 2 with
the loss function defined in (11). The key step in the analysis, provided below, is the observation
that the loss in (11) has the property that when we make a mistake at any point along the trajectory,
the weight we place on a policy that is not the expert goes down by a constant factor in expectation,
where critically this constant factor is independent of horizon. This analysis is thus substantially
different from the standard analysis of exponential weights, which relies on the mixability of the loss
function to control the sum of losses across rounds, and is more similar to the analysis of the halving
algorithm for online learning with expert advice [39].

F.3 Proof of Theorem 9

We begin by restating the theorem with a slightly tighter dependence on the parameters in question.

Theorem 16. Let I1 be a class of deterministic policies and suppose that m* € I1. Let v denote a
corruption distribution such that for all h € [H), a € A, and s € S it holds that vy (a|s) < p for
some 0 < p < 1. Let a > 0 such that (1 + p)a < 1 and suppose that the corruption noise in the
noisy expert n satisfies n < o If 7 is the policy returned by Algorithm 3, then it holds that

E[DHz(PﬁM*HS 4 - log(|11]) .
n(VI=a - )

We now derive Theorem 9 directly from this result.

Proof of Theorem 9. We compute

> (l—a(l+9)° _ (1—a(l+p)’
V1i—-—a—/a = 5 > .
( p) (\/1 —a+ ./ozp) 2

Plugging this into Theorem 16 concludes the proof. O

In order to prove Theorem 16, we must introduce some notation. First, for any 1 < ¢t < n, let
F: denote the o-algebra generated by all randomness before time ¢. Thus w;, W%, p:, and 11, are
JFi_1-measurable. We recall that

r= \/10470‘ >1, = Z wy(m)-m, and wpyq(m) o wt(ﬂ)rzile H{w(sgp):a;ﬂ,}.

mell

Moreover, fi, denotes the greedy policy associated with ;. We introduce the following notation:

1
and Wy= ——=1+ Ry(m). (12)
¢ wy () W;,;* +(m)
Note that if W; is small, then y; places a lot of weight on the correct policy 7* and, moreover, if W;
is very small, then we expect [, to agree with 7* on a trajectory. We let

M; = {there exists h < H such that ﬁtyh(sgf)) # 7y (sg))} (13)
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denote the event that the rolled out policy fi, disagrees with the clean expert 7* on at least one action.
The key lemma that we will show is that, in expectation, any time a mistake is made, W; goes down
by a constant factor.

Lemma 5. Let W; be as in (12) and let M, be as in (13). Then it holds for any 1 < t < n that

(VI—a- vap)’
2

E (Wit |Fia] < W (1 - E [thl]) .

We will now prove Theorem 16 assuming Lemma 5 and return to the proof of this key result below.

Proof of Theorem 16. Let M, be as in (13). Applying the fact that # = pp for T ~ Unif([n]) as
well as Foster et al. [17, Lemma D.3], we see that

T Tt 1 - . 7 2 =
E [DHQ (IP’ P )} <-3E [DHQ (}P’“t,}P’ )} <=3 PO
t=1 t=1
We now apply Jensen’s inequality and Lemma 5 to observe that

E [log(We41)|Fe—1] < log (B [Weg1|F-1])
< log (Wt (1 - ( - a; \/OTP) E [Mt|—7:t1]>>

—— 2
= log(W:) + log (1 - ( L a2— \/oTp) P (Mt]:t—l)>
<tog(w) - VIOV gz, ),

The last inequality follows due to the fact that

_(Vi—a-yap)’
- 2

P (M| Fioq) <1

almost surely and the numerical inequality log(1 — ) < —x for 0 < z < 1. Rearranging, taking
expectations, and applying the tower property of conditional expectation, we see that

(Wl)
g (1)),

where the second inequality follows because W, > 1 by construction in (12) and the equality follows
by assuming a uniform prior w;. Rearranging concludes the proof.

(\/ff \ﬁ Zp ) < zn: E [log(W:) — log(Wiy1)]
l
=lo

Thus it remains to prove the key intermediate result, Lemma 5.

Proof of Lemma 5. We fix a time ¢ and omit the ¢ from the notation of the trajectories 7 and 7’ in

order to simplify the presentation. Let G, denote the sigma-algebra generated by F;_; and the states

sgt), .. sg), but not the noisy labels agt)/7 . (t) . Thatis, G, = F;_1 V O’(Sg }{) Observe that

for 75 7*, letting a} = 7} (sp) and @, = W}L(Sh) we have

Ria(m) = Ry(m) - xp <1og > =) - Ta; =az}>)-

=1

In the event that @), = aj, clearly I{a@;, = a},} —I{a} = a},} = 0. On the other hand, if @;, # a},
then by the margin assumption,

P(a), =a}|sp) >1—a and P(a}, =an|sp) < ap.
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Thus,
pmn(sn)=al i (sm=ai} g, | =1~ P(a), = al|spn) — P (a), = @nls
h h h1Sh h h|Sh

P (a), = a}|sn)
r

+ +1r-P(aj, = an|sn)

1
=1- <1r> ‘P (a}, = a}|sp) + (r— 1) -P(a}, = anlsn) -

By the assumptions on ¢, p, it holds that » > 1 and thus combining the preceding two displays, we
have

E [ m=eh) iz}, | <1 - (1 - 1) (A-a)+(r—1)-ap
T

=1-(VI—a-yap)’

where we used the fact that r = /(1=a)/ap in the last equality.
Letting

H
)= > H{muls) £ milsi) }

h=1

we thus conclude that

Ni ()
E[Ris1 (MG < Ra(m) - (1= (VI=a - vap)”)
< Ri(r) (1= (VI=a - vap) - T{Ni(m) = 1}).
Summing over m # 7*, we have that
[Wt+1 - 1|gt - Z Rt+1 |gt
TAT*
<3 Ri(r (1_ (VI—a-ap) - T{Ny(m) > 1})
THETH
=Wi-1-(VI—a-vap) > Rin). (14)
Ny(m)>1

Now let a, = fi; 5,(sn) be the rolled out action and suppose that M; occurs; then there is some
minimal h < H such that aj, # aj,. Because fi; is the greedy policy, it must then hold that

Soowm = > wi(m)

mell well
m(sh)=an n(sn)=aj,
and thus g, (af|sp) < 1/2 and, in particular,

Z wy(m) >

Ny (m)>1

l\D\»—t

Dividing by w;(7*), we see that
1 Wy
S B2 s =g
Ny(m)>1 °T wi(m) 2
By (14), it clearly holds that W ; is a supermartingale. Moreover, combining that equation with the

preceding display, we see that the result holds. O
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F.4 Proof of Proposition 3

We now prove that NAILGUN is essentially optimal up to constants, the content of Proposition 3. We
first state a more formal version of the result before giving the construction.

Proposition 20. Foranye < 1/8, any0 < a < 1 and any 0 < p < 1 such that a(1 + p) < 1, there
exists a horizon H = 2 MDP and a deterministic policy class 1 of size [II| = M with M < 1+ 1/,
such that there exists a family of p-smooth measures {l/i}i]\il such that for some 1 < «, any online IL
algorithm with access to a noisy expert w; must observe

n 2 L
e(l—a(l+p))-log (1-1—%?’3))
trajectories in order to guarantee expected regret J(m*) — J(7t) < e.
Proof. Let m = [1/p] and let II = {7r1, e 77Tm} be a class of m deterministic policies. Let

A = [m]U{L} and take the corruption level to be n = .. We suppose there is a deterministic initial
state s1 and all policies map to the same action, which transitions to state s with probability ¢ and
s% with probability 1 — ¢ for some g to be determined. For 1 < ¢ < m, let

1l s=s
T(s)=4i s=85q,
1 s=s)

and let
vi(i) =0, wvi(j)=pforjem]\{i}, and v (L)=1-—(m—1)p.

In other words, 7* is informative only on state so and reveals the ‘correct’ action, whereas v; places
no mass on ¢ and distributes mass evenly otherwise. Note that by construction v; is always p-smooth.
We first note that 7; and 7; differ only upon transitioning to s and thus

Dy2 (P™,P™) = ¢
and so for any possibly randomized 7,

E [Dyz (P™,P7)] = q- P (7(s2) # 4).

Thus if ¢ = 4e, it suffices to show that for insufficiently many rounds of interaction, P (7(s2) # i) >
/4.
Now, we will let ; denote the trajectory distribution obtained by rolling out (1 — «) - m; + « - v
and we will denote by p; = (1 — «)d; + « - v; and note that

l—-«a j=1
N =P j € [m]\{i}
O PR
0 otherwise.
Thus,
Drc. (lles) = {1~ ) -log (1;;) +ap-log (&) = (1= a(l+p))-log (1 + w> .

Moreover, because p; and p; differ from each other only upon transitioning to s», it holds by the
chain rule (Proposition 4) that
1—a(l+p)

Dkr, (Qil|Q;) = ¢- (1 — a1l + p)) - log <1+ ap ) =4e-(1—a(l+)p))-log (1+

Applying Le Cam’s two-point method to any pair ¢ # j and the chain rule again, it holds that in order
for 7 to have a better than 3/4 probability of selecting the correct index, it must hold that

1

4s~(1—a(1+p))-10g<1+%;+p))

lonE;er)).

n >

~

The result follows.
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1539 Finally, we can prove the main result.

1540 Proof of Proposition 3. We observe that

log(1+ 1_0‘(1+p)> cloalltp)

ap ap
1541 and apply Proposition 20.
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NeurlIPS Paper Checklist

1. Claims

Question: Do the main claims made in the abstract and introduction accurately reflect the
paper’s contributions and scope?

Answer: [Yes]

Justification: The abstract and introduction state the main theoretical claims, including the
offline exponential separation, the online augmented-trajectory guarantee, the unknown-
corruption extension, and the empirical scope. The assumptions and scope are stated in the
problem setup and theorem statements.

Guidelines:

e The answer [N/A ] means that the abstract and introduction do not include the claims
made in the paper.

* The abstract and/or introduction should clearly state the claims made, including the
contributions made in the paper and important assumptions and limitations. A or
[N/A] answer to this question will not be perceived well by the reviewers.

* The claims made should match theoretical and experimental results, and reflect how
much the results can be expected to generalize to other settings.

* It s fine to include aspirational goals as motivation as long as it is clear that these goals
are not attained by the paper.

. Limitations

Question: Does the paper discuss the limitations of the work performed by the authors?
Answer: [Yes]

Justification: We discuss limitations in the discussion, including the stylized corruption
model, the focus on learning from deterministic experts in the unknown corruption setting,
the gap between the theoretical algorithms and practical OPD implementations, and the
limited scale of the empirical validation due to our compute budget.

Guidelines:

» The answer [N/A] means that the paper has no limitation while the answer means
that the paper has limitations, but those are not discussed in the paper.

* The authors are encouraged to create a separate “Limitations” section in their paper.

The paper should point out any strong assumptions and how robust the results are to
violations of these assumptions (e.g., independence assumptions, noiseless settings,
model well-specification, asymptotic approximations only holding locally). The authors
should reflect on how these assumptions might be violated in practice and what the
implications would be.

* The authors should reflect on the scope of the claims made, e.g., if the approach was
only tested on a few datasets or with a few runs. In general, empirical results often
depend on implicit assumptions, which should be articulated.

* The authors should reflect on the factors that influence the performance of the approach.
For example, a facial recognition algorithm may perform poorly when image resolution
is low or images are taken in low lighting. Or a speech-to-text system might not be
used reliably to provide closed captions for online lectures because it fails to handle
technical jargon.

* The authors should discuss the computational efficiency of the proposed algorithms
and how they scale with dataset size.

If applicable, the authors should discuss possible limitations of their approach to
address problems of privacy and fairness.

* While the authors might fear that complete honesty about limitations might be used by
reviewers as grounds for rejection, a worse outcome might be that reviewers discover
limitations that aren’t acknowledged in the paper. The authors should use their best
judgment and recognize that individual actions in favor of transparency play an impor-
tant role in developing norms that preserve the integrity of the community. Reviewers
will be specifically instructed to not penalize honesty concerning limitations.
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3. Theory assumptions and proofs

Question: For each theoretical result, does the paper provide the full set of assumptions and
a complete (and correct) proof?

Answer: [Yes]

Justification: All theoretical results state their assumptions, including realizability, known or
unknown corruption, deterministic versus stochastic experts, and domination/smoothness
conditions. Full and correct proofs are provided in the appendix.

Guidelines:

* The answer [N/A] means that the paper does not include theoretical results.

 All the theorems, formulas, and proofs in the paper should be numbered and cross-
referenced.

* All assumptions should be clearly stated or referenced in the statement of any theorems.

* The proofs can either appear in the main paper or the supplemental material, but if
they appear in the supplemental material, the authors are encouraged to provide a short
proof sketch to provide intuition.

* Inversely, any informal proof provided in the core of the paper should be complemented
by formal proofs provided in appendix or supplemental material.

* Theorems and Lemmas that the proof relies upon should be properly referenced.

. Experimental result reproducibility

Question: Does the paper fully disclose all the information needed to reproduce the main ex-
perimental results of the paper to the extent that it affects the main claims and/or conclusions
of the paper (regardless of whether the code and data are provided or not)?

Answer: [Yes]

Justification: The experimental setup, methods, task construction, noise model instanti-
ation, architectures, training details, and evaluation metrics are described in Section 6
and Appendix B.

Guidelines:

* The answer [N/A] means that the paper does not include experiments.

* If the paper includes experiments, a answer to this question will not be perceived
well by the reviewers: Making the paper reproducible is important, regardless of
whether the code and data are provided or not.

If the contribution is a dataset and/or model, the authors should describe the steps taken
to make their results reproducible or verifiable.

Depending on the contribution, reproducibility can be accomplished in various ways.
For example, if the contribution is a novel architecture, describing the architecture fully
might suffice, or if the contribution is a specific model and empirical evaluation, it may
be necessary to either make it possible for others to replicate the model with the same
dataset, or provide access to the model. In general. releasing code and data is often
one good way to accomplish this, but reproducibility can also be provided via detailed
instructions for how to replicate the results, access to a hosted model (e.g., in the case
of a large language model), releasing of a model checkpoint, or other means that are
appropriate to the research performed.

While NeurIPS does not require releasing code, the conference does require all submis-
sions to provide some reasonable avenue for reproducibility, which may depend on the
nature of the contribution. For example

(a) If the contribution is primarily a new algorithm, the paper should make it clear how
to reproduce that algorithm.

(b) If the contribution is primarily a new model architecture, the paper should describe
the architecture clearly and fully.

(c) If the contribution is a new model (e.g., a large language model), then there should
either be a way to access this model for reproducing the results or a way to reproduce
the model (e.g., with an open-source dataset or instructions for how to construct
the dataset).
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(d) We recognize that reproducibility may be tricky in some cases, in which case
authors are welcome to describe the particular way they provide for reproducibility.
In the case of closed-source models, it may be that access to the model is limited in
some way (e.g., to registered users), but it should be possible for other researchers
to have some path to reproducing or verifying the results.

5. Open access to data and code

Question: Does the paper provide open access to the data and code, with sufficient instruc-
tions to faithfully reproduce the main experimental results, as described in supplemental
material?

Answer:

Justification: We plan to release code and scripts for the camera ready version, but they are
not included with the initial anonymous submission. The appendix provides implementation
details sufficient to understand the main experimental results.

Guidelines:

» The answer [N/A] means that paper does not include experiments requiring code.

* Please see the NeurIPS code and data submission guidelines (https://neurips.cc/
public/guides/CodeSubmissionPolicy) for more details.

* While we encourage the release of code and data, we understand that this might not

be possible, so is an acceptable answer. Papers cannot be rejected simply for not
including code, unless this is central to the contribution (e.g., for a new open-source
benchmark).

* The instructions should contain the exact command and environment needed to run to
reproduce the results. See the NeurIPS code and data submission guidelines (https:
//neurips.cc/public/guides/CodeSubmissionPolicy) for more details.

* The authors should provide instructions on data access and preparation, including how
to access the raw data, preprocessed data, intermediate data, and generated data, etc.
¢ The authors should provide scripts to reproduce all experimental results for the new
proposed method and baselines. If only a subset of experiments are reproducible, they

should state which ones are omitted from the script and why.

* At submission time, to preserve anonymity, the authors should release anonymized
versions (if applicable).

* Providing as much information as possible in supplemental material (appended to the
paper) is recommended, but including URLSs to data and code is permitted.

6. Experimental setting/details

Question: Does the paper specify all the training and test details (e.g., data splits, hyperpa-
rameters, how they were chosen, type of optimizer) necessary to understand the results?

Answer: [Yes]

Justification: The paper specifies the training objectives, task setup, corruption process,
model architecture, optimizer settings, dataset sizes, other hyperparameters, and evaluation
protocol in Section 6 and Appendix B.

Guidelines:

» The answer [N/A] means that the paper does not include experiments.

* The experimental setting should be presented in the core of the paper to a level of detail
that is necessary to appreciate the results and make sense of them.

* The full details can be provided either with the code, in appendix, or as supplemental
material.

. Experiment statistical significance

Question: Does the paper report error bars suitably and correctly defined or other appropriate
information about the statistical significance of the experiments?

Answer: [Yes]

Justification: The plots report variability across independent runs using shaded error regions.
The appendix specifies the number of seeds and how the error regions are computed.
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Guidelines:

» The answer [N/A] means that the paper does not include experiments.

* The authors should answer [ Yes] if the results are accompanied by error bars, confidence
intervals, or statistical significance tests, at least for the experiments that support the
main claims of the paper.

* The factors of variability that the error bars are capturing should be clearly stated (for
example, train/test split, initialization, random drawing of some parameter, or overall
run with given experimental conditions).

* The method for calculating the error bars should be explained (closed form formula,
call to a library function, bootstrap, etc.)

 The assumptions made should be given (e.g., Normally distributed errors).

* It should be clear whether the error bar is the standard deviation or the standard error
of the mean.

It is OK to report 1-sigma error bars, but one should state it. The authors should
preferably report a 2-sigma error bar than state that they have a 96% CI, if the hypothesis
of Normality of errors is not verified.

* For asymmetric distributions, the authors should be careful not to show in tables or
figures symmetric error bars that would yield results that are out of range (e.g., negative
error rates).

* If error bars are reported in tables or plots, the authors should explain in the text how
they were calculated and reference the corresponding figures or tables in the text.

8. Experiments compute resources

Question: For each experiment, does the paper provide sufficient information on the com-
puter resources (type of compute workers, memory, time of execution) needed to reproduce
the experiments?

Answer: [Yes]

Justification: The appendix reports the compute resources used for the synthetic and GSM8K
experiments, including GPU type and approximate runtime (Appendix B.1).

Guidelines:

* The answer [N/A] means that the paper does not include experiments.

* The paper should indicate the type of compute workers CPU or GPU, internal cluster,
or cloud provider, including relevant memory and storage.

* The paper should provide the amount of compute required for each of the individual
experimental runs as well as estimate the total compute.

* The paper should disclose whether the full research project required more compute
than the experiments reported in the paper (e.g., preliminary or failed experiments that
didn’t make it into the paper).

. Code of ethics

Question: Does the research conducted in the paper conform, in every respect, with the
NeurIPS Code of Ethics https://neurips.cc/public/EthicsGuidelines?

Answer: [Yes]

Justification: The research conforms to the NeurIPS Code of Ethics. The work is primarily
theoretical and uses synthetic tasks and standard public benchmarks, with no human-subject
experiments or private data.

Guidelines:
e The answer [N/A| means that the authors have not reviewed the NeurIPS Code of
Ethics.
e If the authors answer , they should explain the special circumstances that require a
deviation from the Code of Ethics.
* The authors should make sure to preserve anonymity (e.g., if there is a special consid-
eration due to laws or regulations in their jurisdiction).

10. Broader impacts
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11.

12.

Question: Does the paper discuss both potential positive societal impacts and negative
societal impacts of the work performed?

Answer: [Yes]

Justification: The paper discusses potential positive impacts, such as more reliable learning
from imperfect teachers, and potential risks, such as improving distillation methods for
language models that could be misused if deployed without safeguards (Appendix A.4).

Guidelines:

* The answer [N/A] means that there is no societal impact of the work performed.

e If the authors answer [N/A] or , they should explain why their work has no societal
impact or why the paper does not address societal impact.

» Examples of negative societal impacts include potential malicious or unintended uses
(e.g., disinformation, generating fake profiles, surveillance), fairness considerations
(e.g., deployment of technologies that could make decisions that unfairly impact specific
groups), privacy considerations, and security considerations.

* The conference expects that many papers will be foundational research and not tied
to particular applications, let alone deployments. However, if there is a direct path to
any negative applications, the authors should point it out. For example, it is legitimate
to point out that an improvement in the quality of generative models could be used to
generate Deepfakes for disinformation. On the other hand, it is not needed to point out
that a generic algorithm for optimizing neural networks could enable people to train
models that generate Deepfakes faster.

* The authors should consider possible harms that could arise when the technology is
being used as intended and functioning correctly, harms that could arise when the
technology is being used as intended but gives incorrect results, and harms following
from (intentional or unintentional) misuse of the technology.

« If there are negative societal impacts, the authors could also discuss possible mitigation
strategies (e.g., gated release of models, providing defenses in addition to attacks,
mechanisms for monitoring misuse, mechanisms to monitor how a system learns from
feedback over time, improving the efficiency and accessibility of ML).

Safeguards

Question: Does the paper describe safeguards that have been put in place for responsible
release of data or models that have a high risk for misuse (e.g., pre-trained language models,
image generators, or scraped datasets)?

Answer: [N/A]

Justification: The paper does not release high-risk pretrained models, scraped datasets, or
systems intended for deployment. The experiments use small synthetic tasks and standard
benchmark data.

Guidelines:

* The answer [N/A] means that the paper poses no such risks.

* Released models that have a high risk for misuse or dual-use should be released with
necessary safeguards to allow for controlled use of the model, for example by requiring
that users adhere to usage guidelines or restrictions to access the model or implementing
safety filters.

 Datasets that have been scraped from the Internet could pose safety risks. The authors
should describe how they avoided releasing unsafe images.

* We recognize that providing effective safeguards is challenging, and many papers do

not require this, but we encourage authors to take this into account and make a best
faith effort.

Licenses for existing assets

Question: Are the creators or original owners of assets (e.g., code, data, models), used in
the paper, properly credited and are the license and terms of use explicitly mentioned and
properly respected?

Answer: [Yes]
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14.

Justification: Existing datasets, models, and codebases used in the experiments are cited
in the paper and appendix. We exclusively used open-source code and datasets for all
experiments.

Guidelines:

* The answer [N/A] means that the paper does not use existing assets.
* The authors should cite the original paper that produced the code package or dataset.

* The authors should state which version of the asset is used and, if possible, include a
URL.

* The name of the license (e.g., CC-BY 4.0) should be included for each asset.

* For scraped data from a particular source (e.g., website), the copyright and terms of
service of that source should be provided.

* If assets are released, the license, copyright information, and terms of use in the package
should be provided. For popular datasets, paperswithcode.com/datasets has
curated licenses for some datasets. Their licensing guide can help determine the license
of a dataset.

* For existing datasets that are re-packaged, both the original license and the license of
the derived asset (if it has changed) should be provided.

* If this information is not available online, the authors are encouraged to reach out to
the asset’s creators.
New assets

Question: Are new assets introduced in the paper well documented and is the documentation
provided alongside the assets?

Answer: [N/A]

Justification: The paper does not introduce a new benchmark dataset or pretrained model
as a standalone released asset. Any released code will be documented with reproduction
instructions.

Guidelines:

* The answer [N/A] means that the paper does not release new assets.

* Researchers should communicate the details of the dataset/code/model as part of their
submissions via structured templates. This includes details about training, license,
limitations, etc.

* The paper should discuss whether and how consent was obtained from people whose
asset is used.

* At submission time, remember to anonymize your assets (if applicable). You can either
create an anonymized URL or include an anonymized zip file.

Crowdsourcing and research with human subjects

Question: For crowdsourcing experiments and research with human subjects, does the paper
include the full text of instructions given to participants and screenshots, if applicable, as
well as details about compensation (if any)?

Answer: [N/A]

Justification: The paper does not involve crowdsourcing, human-subject experiments, or
collection of human participant data.

Guidelines:
* The answer [N/A] means that the paper does not involve crowdsourcing nor research
with human subjects.

* Including this information in the supplemental material is fine, but if the main contribu-
tion of the paper involves human subjects, then as much detail as possible should be
included in the main paper.

* According to the NeurIPS Code of Ethics, workers involved in data collection, curation,
or other labor should be paid at least the minimum wage in the country of the data
collector.
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15.

16.

Institutional review board (IRB) approvals or equivalent for research with human
subjects

Question: Does the paper describe potential risks incurred by study participants, whether
such risks were disclosed to the subjects, and whether Institutional Review Board (IRB)
approvals (or an equivalent approval/review based on the requirements of your country or
institution) were obtained?

Answer: [N/A]

Justification: The paper does not involve crowdsourcing or human-subject research, so IRB
approval is not applicable.

Guidelines:

* The answer [N/A] means that the paper does not involve crowdsourcing nor research
with human subjects.

* Depending on the country in which research is conducted, IRB approval (or equivalent)
may be required for any human subjects research. If you obtained IRB approval, you
should clearly state this in the paper.

* We recognize that the procedures for this may vary significantly between institutions
and locations, and we expect authors to adhere to the NeurIPS Code of Ethics and the
guidelines for their institution.

* For initial submissions, do not include any information that would break anonymity (if
applicable), such as the institution conducting the review.

Declaration of LLLM usage

Question: Does the paper describe the usage of LLMs if it is an important, original, or
non-standard component of the core methods in this research? Note that if the LLM is used
only for writing, editing, or formatting purposes and does not impact the core methodology,
scientific rigor, or originality of the research, declaration is not required.

Answer: [N/A]

Justification: LLMs are studied as part of the experimental domain, but no LLM is used as
an important, original, or non-standard component of the research methodology beyond the
models explicitly described in the experiments.

Guidelines:

* The answer [N/A] means that the core method development in this research does not
involve LLMs as any important, original, or non-standard components.

* Please refer to our LLM policy in the NeurIPS handbook for what should or should not
be described.
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