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Abstract

Imitation Learning (IL) is a natural framework for learning in sequential decision-1

making systems and has emerged as the dominant paradigm through which we2

understand language model training. A central puzzle is that, while in theory offline3

IL can be horizon-free and optimal, in practice online methods such as on-policy4

distillation (OPD) often outperform offline methods such as supervised fine-tuning5

(SFT). We propose a noisy expert model to explain this gap, in which the learner6

only has access to a noisy version of the expert’s policy, but wishes to compete7

against the reward achieved by a clean expert, motivated by the fact that in many8

applications, e.g. training language models to perform long chains of thought, the9

expert is often imperfect. In this setting, we show a sharp separation between offline10

and online IL. Offline learning from noisy trajectories is fundamentally hard: to11

compete with the clean expert, the sample complexity must grow exponentially, in12

contradistinction to the clean expert setting where no explicit horizon dependence13

exists. In contrast, we prove that online interaction with the noisy expert via a novel14

variant of OPD enables horizon-free guarantees in some settings and polynomial15

dependence on horizon in general. Our analysis leads to an alternative loss function16

form that is commonly considered empirically for LM training. We further provide17

algorithms and lower bounds, and extend our results to the more realistic setting18

of unknown corruption when the clean expert is deterministic, thereby providing19

a theoretical foundation for why on-policy distillation can outperform standard20

supervised fine-tuning when training language models from imperfect teachers.21

We complement our theoretical results with experiments on synthetic and natural-22

language tasks, showing that the OPD variant suggested by our theory outperforms23

both offline BC and existing OPD objectives under noisy expert feedback.24

1 Introduction25

Imitation learning (IL) is a powerful framework for training agents to perform complex tasks in26

challenging environments by learning from expert demonstrations [7, 44, 47, 49]. In recent years, IL27

has gained significant attention due to its success in a wide range of applications, including robotics28

[5, 13], autonomous driving [11], and natural language processing [2, 7, 9, 41]. In particular, IL has29

been proposed as a natural framework through which to understand Language Models (LMs), where30

the training corpus is thought to consist of ‘expert demonstrations’ of human behavior. Due to the31

increasing importance and cost of LMs, this raises the question of how to best leverage expert access32

to train LMs, and more generally, how to best leverage expert access in IL.33

Prior work has distinguished between two paradigms for IL: offline IL, where the learner only has34

access to a fixed dataset of expert demonstrations, and online IL, where the learner can interact with35

the expert and query for demonstrations in states visited by the learner [17, 45, 47, 49]. The canonical36

algorithm in offline IL is Behavioral Cloning (BC), where the learner simply performs supervised37
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Figure 1: Comparison of offline BC, standard OPD from [2, 41], and our proposed NAIL for forward
(F) and reverse (R) KL losses with clean and noisy experts. Left: Modular addition task: adding 31
numbers mod 7, where the expert is corrupted with probability η ∈ {0, 0.2}. Right: GSM-8K: math
reasoning where the expert generates with temperature t ∈ {1, 4}. In both cases, NAIL is competitive
with offline methods and standard OPD in the low noise regime and strongly outperforms these
baselines in the high noise regime.

learning on the expert demonstrations in an effort to predict the action from the observation. While38

it was classically thought that BC suffers from compounding errors and thus has poor performance39

in long-horizon tasks, with the suboptimality of the learned policy growing quadratically with the40

horizon [47, 49], more recent work has shown that BC, when instantiated with the correct loss41

function, is both horizon-free and optimal in a minimax sense, even when comparing to online IL42

algorithms [17]. While this theoretical result may seem to suggest that BC is the best way to leverage43

expert access, in practice, many works have found that online IL algorithms, such as DAgger [49]44

and On-Policy Distillation (OPD) [2, 41], can significantly outperform offline IL in a wide range of45

settings. Recent work has suggested that this discrepancy between theory and practice may be due46

to the fact that the expert is often misspecified, meaning that the expert’s policy is not realizable by47

the learner’s policy class [45]; such misspecification can occur in robotics and autonomous driving48

problems when the expert and learner have different observation spaces (e.g. a human demonstrator49

has more sensory input than a robot learning) [5] and in LMs when we are trying to distill a large50

teacher model into a smaller student model [2, 24]. While misspecified experts are a natural model in51

many settings, they do not apply to one of the chief successes of IL for LMs, which is to use OPD to52

fine-tune a student LM from a teacher LM that has been trained with reinforcement learning (RL) but53

where both student and teacher share the same architecture [2, 41]. In this setting, the expert is not54

misspecified, but online IL (OPD) still outperforms offline IL (SFT) empirically.55

In this work, we propose a noisy expert model to explain the discrepancy between theory and practice56

in IL. In particular, we suppose that there is a true expert policy π⋆ that achieves good expected57

reward when rolled out in an environment, but we only have access to a noisy version of this expert,58

π⋆
η = (1− η) · π⋆ + η · ν, where 0 ≤ η < 1 is a noise level and ν is some noise distribution. This59

model captures the fact that in many real-world settings, such as math, code, and reasoning, the true60

expert against which we wish to compete could be approximately deterministic, but for computational61

reasons we are training a stochastic expert. Moreover, in the LM setting, the teacher model that we62

are distilling from is often a large model that is not fully converged and thus can be thought of as a63

noisy expert that occasionally makes mistakes [29, 61]. Such mistakes can also arise from human text64

that introduces minor errors, typos, and inconsistencies into datasets, which is known to be harmful65

for training LMs [35, 42, 60]. We thus ask: Given access to a noisy expert, how should we leverage66

this expert to train a learner policy that performs well when rolled out in the environment?67

We provide an answer to this question in both the offline and online settings. For the sake of simplicity,68

in the introduction we discuss a special case of the noisy expert model (Definition 4), which is always69

satisfied when π⋆ is deterministic. We now summarize our main theoretical contributions. We first70

consider the setting where both η and ν are known to the learner; while unrealistic in practice, this71

setting allows us to cleanly characterize the fundamental limits of learning from a noisy expert72

without adding identifiability concerns (cf. Section 5). Our first result is that in offline settings, unlike73
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the clean expert setting where horizon-free guarantees are possible, we must pay exponentially in74

horizon H in order to guarantee learning whenever η ≳ 1/H.75

Theorem 1 (Informal version of Theorem 6 and Proposition 1). Suppose an expert π⋆ is contained in76

a policy class Π and a learner has access to n trajectories rolled out from a noisy expert π⋆
η . In order77

to learn a policy π̂ whose expected reward when rolled out is within ε of that of π⋆, BC requires78

n ≳ (1−η)−(H+2)·log(|Π|)/ε and this is optimal.79

This result stands in marked contrast to the clean expert setting, where BC can achieve horizon-free80

guarantees, and suggests that offline IL is fundamentally intractable when the expert is noisy. In the81

online setting, however, we show that we can circumvent this exponential dependence on the horizon82

via On-Policy Distillation. Our second main result shows that a natural analogue of OPD, where83

the learner queries the noisy expert for demonstrations in states visited by the learner, can achieve84

horizon-free guarantees even when the expert is noisy.85

Theorem 2 (Informal version of Theorem 7). Let Pπ,π′
denote the law of an augmented trajectory86

of states and actions generated by rolling out π in an environment, but at each step querying π′ for87

an auxiliary action. Then, the suboptimality in expected reward of a policy π̂ can be bounded by88

(1− η)−2 · (DKL(Pπ̂,π⋆
η∥Pπ̂,π̂η ) ∧DKL(Pπ̂,π̂η∥Pπ̂,π⋆

η )).89

Note that Pπ̂,π⋆
η is only available through online feedback: we roll out policy π̂ and, at each step,90

ask for what the (noisy) expert π⋆
η would do in that state. This result suggests that rolling out the91

student as will be done at deployment (e.g. greedily) and then using the noisy expert to score the92

actions taken by the student is the right way to leverage online access to a noisy expert, providing93

a principled justification for OPD. We emphasize that the suggested loss function is different from94

that considered in Agarwal et al. [2], Lu and Lab [41], which do not distinguish between rollout95

distribution (e.g. greedy) and student policy (e.g. temperature 1) during training. Our final main96

theoretical result concerns our ability to control this forward KL divergence.97

Theorem 3 (Informal version of Theorems 8 and 9). Suppose we have access to a policy class Π98

that contains π⋆. If η and ν are known, there is an OPD-like algorithm that can find a policy π̂99

with suboptimality in expected reward at most ε with n ≳ H2·log(|Π|)/ε2(1−η)2 rounds of interaction100

with the noisy expert π⋆
η and this is optimal up to a factor of H . Moreover, if η and ν are unknown101

and π⋆ is deterministic, then as long as η is not too large and ν puts mass at most ρ on any action,102

n ≳ log(|Π|)/ε(1−η(1+ρ))2 rounds of interaction suffice and this is optimal.103

In essence, we show that horizon-free guarantees on suboptimality with respect to the clean expert104

are possible when given online access to a noisy expert, when the corruption is unknown but the105

expert is deterministic, while we pay only polynomially in the horizon in general when given online106

access to a noisy expert.107

We empirically validate our theory in Figure 1 on both a synthetic task of modular addition [38] and108

a natural language task of math reasoning (GSM-8K) [14] by minimizing a loss function motivated109

by Theorem 7. Across both settings, online distillation substantially outperforms LogLossBC under110

noisy expert feedback, while remaining competitive under clean expert feedback, in line with our111

theoretical findings. Moreover, our NAIL variants consistently improve over standard OPD in the112

noisy expert setting, suggesting that the loss function suggested by our theory is indeed more effective113

for leveraging online access to a noisy expert. We defer further experimental details to Section 6.114

In Section 2 we formally introduce the problem, as well as some prerequisite notions. In Section 3,115

we analyze the offline setting before discussing the online setting in Section 4. In Section 5, we116

extend to the setting where η and ν are unknown and the expert is deterministic. Finally, in Section 6117

we present some preliminary empirical results validating our theoretical findings. We conclude with118

a discussion of related work and future directions in Appendix A and Table 1 summarizes our results.119

2 Formal Problem Setup and Preliminaries120

We consider Imitation Learning in the standard episodic Markov Decision Process (MDP) setting121

[17, 47, 49]. In particular, we have an MDP M with horizon H consisting of a state space S, an122

action space A, transition kernels Ph : S ×A → ∆(S) for each step h ∈ [H], and a reward function123

r : S × A → [0, 1]. We assume that the initial state distribution is given by some ρ ∈ ∆(S). We124

will consider learning policies π : S × [H] → ∆(A) that can be non-stationary across the horizon,125
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mapping states to distributions over actions. Given a policy π we denote by Pπ the distribution over126

trajectories induced by rolling out π in the MDP M , i.e., τ = (s1, a1, . . . , sH , aH) with s1 ∼ ρ,127

ah ∼ πh(·|sh) and sh+1 ∼ Ph(·|sh, ah). We will also use Eπ to denote the expectation over128

trajectories induced by π. We are primarily concerned with finding policies π that have small regret129

with respect to the expert policy π⋆: Reg(π) = J(π⋆)−J(π), where J(π) = Eπ
[∑H

h=1 r(sh, ah)
]
.130

As in Foster et al. [17], we will decouple the reward range from the horizon by assuming that131

0 ≤
∑H

h=1 r(sh, ah) ≤ R for some R, for any trajectory τ . While naïvely, R can scale with the132

horizon H , in many settings of interest we can have R be a constant independent of H , which allows133

for horizon-free regret bounds, e.g. for LMs learning to solve math problems where the trajectory134

reward is binary [23, 54].135

Unlike in reinforcement learning, imitation learning assumes access only to trajectories τ without any136

reward signal. While in classical IL, one assumes access to expert actions, in this work we consider137

instead a noisy expert, where there exists a corruption policy ν : S × [H] → ∆(A) and a corruption138

level η ∈ [0, 1) such that the learner has access to π⋆
η defined as139

π⋆
η,h(a | s) = (1− η) · π⋆

h(a | s) + η · νh(a | s). (1)

As in more traditional IL, we distinguish between two different ways in which to interact with the140

(noisy) expert. In the offline setting [17, 44, 47], we assume access only to expert trajectories and141

attempt to learn without additional interaction, formalized as follows.142

Definition 1 (Offline Imitation Learning). In the offline setting, a learner is given n trajectories143

τ1, . . . , τn ∼ Pπ⋆
η with π⋆

η as in (1) and must output a policy π̂ without further interaction.144

Meanwhile, in online imitation learning [49], the learner is instead allowed to query the expert on145

trajectories rolled out by the learner itself, formalized as follows.146

Definition 2. In the online IL setting, a learner interacts with the environment in rounds. In each147

round t, the learner deploys a policy πt and observes a trajectory τ (t) drawn from Pπt . The learner148

can then query the (noisy) expert π⋆
η at each of the states visited in τ (t) to get the expert’s action at149

those states, forming τ (t)
′
= (s1, a

′
1, . . . , sH , a′H), where a′h ∼ π⋆

η,h(·|sh).150

When η = 0, this recovers the online IL setting studied in Ross et al. [49]. A priori, the online setting151

is more powerful than the offline setting and classically, when η = 0 (i.e., we are in the clean expert152

setting) this additional power was reflected in an improved sample complexity of online algorithms153

like DAgger [49] compared to offline algorithms like BC. More recently, however, Foster et al.154

[17] showed that in the realizable setting, BC is actually optimal and achieves horizon-free regret155

bounds. In order to state these bounds, we recall the definition of the Hellinger distance between two156

distributions P and Q over the same space X :157

Definition 3 (Hellinger Distance). The Hellinger distance between two distributions P and Q over158

the same space X is defined as DH2 (P,Q) = 1/2 ·
∫
X (
√

dP/dµ(x)−
√

dQ/dµ(x))2dµ(x), where µ159

is any distribution that dominates both P and Q.160

While we defer to Polyanskiy and Wu [43] for a detailed discussion of the properties of the Hellinger161

distance, we provide a brief exposition in Appendix C.1. In particular, the Hellinger distance is162

intimately related to the more commonly used total variation distance up to a quadratic factor, and163

it is upper bounded by the KL divergence via Pinsker’s inequality. The following result shows that164

regret is intimately related to the Hellinger distance between the trajectory distributions of the expert165

and learned policies.166

Theorem 4 (Theorem 2.1 & 3.1 from [17]). Let π⋆ and π̂ be any two policies in an MDP with reward167

range R. Then it holds that168

J(π⋆)− J(π̂) ≲ R ·
√

DH2 (Pπ⋆ ,Pπ̂) +R ·DH2

(
Pπ⋆

,Pπ̂
)
.

Moreover, if π⋆ is deterministic, then it holds that J(π⋆)− J(π̂) ≲ R ·DH2

(
Pπ⋆

,Pπ̂
)
.169

In addition, as we recall in Appendix C.3, Foster et al. [17] showed that the above reduction is tight,170

in the sense that for any two policies π⋆ and π̂, there exists a reward function such that the Hellinger171

distance lower bounds the regret up to constant factors. Theorem 4 thus motivates us to focus on172

4



controlling the Hellinger distance between the trajectory distributions of the expert and learned173

policies in order to get good regret guarantees; because of this, we will often abuse nomenclature and174

refer to DH2

(
Pπ⋆

,Pπ̂
)

as regret. Thus, the question we answer in this work is the following:175

How much interaction with a noisy expert π⋆
η is required in order to find a policy π̂176

such that DH2

(
Pπ⋆

,Pπ̂
)
≤ ε and how does online access to the expert affect this177

sample complexity?178

We will at times focus on the case where the corruption distribution ν satisfies a certain domination179

condition with respect to the policy class Π, defined as follows.180

Definition 4 (κ-Domination). We say that a corruption distribution ν is κ-dominated by policies181

π, π′ if for any time step h ∈ [H], state s ∈ S, and action a ∈ supp(πh(· | s)) ∪ supp(π′
h(· | s)), it182

holds that νh(a|s) ≤ κ · (πh(a|s) + π′
h(a|s)). We will say that ν is κ-dominated by a policy class Π183

if for fixed π⋆ ∈ Π, ν is κ-dominated by π⋆ and π for any π ∈ Π.184

While this condition may appear somewhat unmotivated,1 we will show that it is necessary in order185

to provide horizon-free guarantees in the noisy expert setting. The condition is weaker than it may186

first appear, as the likelihood domination only needs to hold on the support of the policies π and π′,187

which can be much smaller than the entire action space. Indeed, note that it is always satisfied with188

κ = 1 for deterministic policies π, which we will study in detail in Section 5.189

3 Offline Imitation Learning with a Noisy Expert190

We begin by considering the offline setting, where the learner only has access to a dataset of191

trajectories generated by the noisy expert π⋆
η , i.e. τ1, . . . τn ∼ Pπ⋆

η . In this and the next sections,192

we will focus on the known corruption setting, where both η and ν are known to the learner and193

generalize to unknown corruptions in Section 5. While the known corruption setting is often not194

realistic in practice, it allows the main ideas to be presented with significantly greater clarity, as well195

as providing a useful benchmark for the more difficult unknown corruption setting. In the classical196

regime, wherein the learner receives clean expert feedback, Foster et al. [17] showed:197

Theorem 5 (Theorem 2.1 Foster et al. [17]). Let π⋆ ∈ Π and suppose τ1, . . . , τn ∼ Pπ⋆

. If198

π̂ ∈ argmin
π∈Π

n∑
i=1

H∑
h=1

− log π(a
(i)
h | s(i)h ), (2)

then with probability at least 1− δ, it holds that DH2

(
Pπ̂,Pπ⋆)

≲ log(|Π|/δ)/n.199

This analysis is based on the key observation that (2) is the Maximum Likelihood Estimator (MLE)200

of the trajectory distribution of the expert π⋆ based on the observed trajectories, and thus we can201

apply classical results on the convergence of MLEs in Hellinger distance [20, 64]. While this is a202

powerful result when given clean expert feedback, in the noisy expert setting considered here, we203

only have access to trajectories from π⋆
η rather than π⋆, and thus, even when η and ν are known, we204

can guarantee closeness in Hellinger distance only to Pπ⋆
η rather than Pπ⋆

. Indeed, it would thus be205

natural to replace (2) with the following estimator:206

π̂ ∈ argmin
π∈Π

n∑
i=1

H∑
h=1

− log πη(a
(i)
h | s(i)h ), (3)

where πη = (1− η) · π + η · ν is the noisy version of π. Critically, while the identical analysis as in207

Theorem 5 shows that DH2

(
Pπ⋆

η ,Pπ̂η

)
is guaranteed to be small, our ultimate goal is to compete208

with the clean expert π⋆ rather than the noisy expert π⋆
η , and thus we need to understand how this209

noisy Hellinger distance controls the clean Hellinger distance DH2

(
Pπ⋆

,Pπ̂
)
.210

Theorem 6. Let π, π′ be policies that κ-dominate ν. Then, DH2(Pπ,Pπ′
) ≲211

(1 + η · κ) (1− η)
−H−2 · DH2(Pπη ,Pπ′

η ). In particular, if π̂ is as in (3) then with probability at212

1This assumption arises naturally due to the singularity of the map η 7→ √
η near η = 0 (cf. Remark 1).
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least 1− δ, it holds that DH2

(
Pπ̂,Pπ⋆)

≲ (1 + η · κ) (1− η)
−H−2 · log(|Π|/δ)/n. In general, absent213

κ-domination it holds that DH2

(
Pπ⋆

,Pπ̂
)
≲
√

((1−η)−H−1)/η(1−η) ·DH2

(
Pπ̂η ,Pπ⋆

η
)
.214

The proof is deferred to Appendix D.1, where the key idea is to apply backward induction by peeling215

off the trajectory distributions one step at a time, and then to use the κ-domination condition to216

control the error at each step. Note that in the absence of κ-domination, as η ↓ 0, we do not recover a217

tight dependence as a polynomial in H factor appears, which is tight.218

While Theorem 6 shows that as long as η and ν are known, a natural analogue of BC is consistent, the219

sample complexity is exponential in the horizon H whenever η ≫ 1/H, even when the clean expert220

π⋆ is deterministic, in contradistinction to the clean setting where no explicit horizon dependence221

exists. Thus in the long horizon regime, e.g. LMs generating long chains of thought in order to solve222

a hard math problem, this upper bound becomes vacuous. Unfortunately, our next result shows that223

this exponential dependence is necessary.224

Proposition 1. For any H ≥ 2, κ ≥ 1, and η < 1 there exists a horizon H MDP with 3 actions,225

policies π⋆, π̂, and κ-dominated corruption distribution ν such that DH2

(
Pπ̂,Pπ⋆)

≳ η · κ · (1 −226

η)−H−1 ·DH2

(
Pπ̂η ,Pπ⋆

η

)
. Moreover, if κ = 1, we can take π⋆ to be deterministic. In the absence227

of κ-domination, we may even force DH2

(
Pπ⋆

,Pπ̂
)
≳
√

((1−η)−H−1)/1−η ·DH2

(
Pπ̂η ,Pπ⋆

η
)
.228

The constructions witnessing the above result can be found in Appendix D.2. This result demonstrates229

that even in the easiest possible setting of noisy IL, where the contamination is known and the expert230

is deterministic, any offline IL algorithm must have sample complexity that depends exponentially231

on the horizon H in the worst case, presenting a fundamental barrier in the noisy expert setting.232

Moreover, the result demonstrates the fundamental necessity of κ-domination. Even worse, as we233

show in Proposition 15, a corollary of this result demonstrates that any offline IL algorithm must234

suffer from this exponential dependence in sample complexity, making offline IL fundamentally235

intractable in the noisy expert setting. In the next section, we show that online IL can reduce this236

exponential dependence on the horizon to at most polynomial.237

4 On-Policy Distillation Allows for Improved Guarantees238

In the previous section, we showed that in the noisy expert setting, offline IL algorithms such as BC239

must suffer from an exponential dependence on the horizon H , which is unacceptable in the kinds240

of long-horizon tasks that are ubiquitous in modern AI applications [23, 42, 54]. In this section, we241

demonstrate that online access to the expert can circumvent this exponential dependence, in direct242

contradistinction to the classical setting where Foster et al. [17] showed that when given clean expert243

feedback, BC is optimal even in the presence of online expert interaction.244

In order to motivate our main result of the section showing that online access can greatly improve the245

dependence on the horizon in the noisy expert setting, we first emphasize that the primary obstacle to246

offline IL in the noisy expert regime is precisely the tightness of Theorem 6: in order to recover the247

clean expert’s trajectory distribution in Hellinger distance, we must have exponentially better control248

on the Hellinger distance between the trajectory distributions of the noisy expert and noisy learned249

policy. While this relationship is unfortunately tight, it is natural to wonder if a stronger guarantee250

on the closeness of the noisy policy trajectories can lead to one paying a smaller constant factor in251

the relationship with the clean policy trajectories. In order to show that this is indeed the case, we252

introduce the notation Pπ,π′
for augmented trajectory distributions. More precisely, for policies π, π′253

we say that τ ′ = (s1, a
′
1, . . . , sH , a′H) ∼ Pπ,π′

if τ = (s1, a1, . . . , sH , aH) ∼ Pπ and a′h ∼ π′(·|sh).254

In other words, Pπ,π′
is the distribution over trajectories obtained by rolling out π in the MDP but255

then taking actions according to π′ instead of π; note that Pπ,π is in general not the same as Pπ if256

π is stochastic due to the resampling of actions, but they do have the same marginal distributions.257

The following result shows that if we change our notion of divergence from Hellinger to KL and we258

consider augmented trajectory distributions, then we can get a much tighter relationship.259

Theorem 7. Let π⋆, π̂ κ-dominate the corruption ν. Then for any 0 ≤ η < 1 it holds that260

DH2(Pπ⋆

,Pπ̂) ≲ (1+η·κ)/(1−η)2 · (DKL(Pπ̂,π⋆
η∥Pπ̂,π̂η ) ∧DKL(Pπ̂,π̂η∥Pπ̂,π⋆

η )). (4)
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Algorithm 1 NAIL: Noise-robust Aggregation for Imitation Learning
Require: Number of rounds n, policy class Π, noisy expert π⋆

η , corruption level η, corruption
distribution ν.

1: Initialize w1 = Unif(Π).
2: for t = 1 to n do
3: Define µt =

∑
π∈Π wt(π) · π and deploy µt to get trajectory τ (t) ∼ Pµt .

4: Query noisy expert π⋆
η on τ (t) to obtain augmented trajectory τ (t)

′
.

5: Update wt+1(π) ∝ wt(π) ·
(∏H

h=1 πη(a
(t)′

h | s(t)h )
)1/H

.
6: end for
7: return π̂ = µT where T ∼ Unif([n]).

Absent the κ-domination condition, it holds that261

DH2(Pπ⋆

,Pπ̂) ≲ (1− η)−1 ·
√
H · (DKL(Pπ̂,π⋆

η∥Pπ̂,π̂η ) ∧DKL(Pπ̂,π̂η∥Pπ̂,π⋆
η )). (5)

We defer a proof of this result to Appendix E.1. The key idea is to use the subadditivity of the262

Hellinger distance from Foster et al. [16, 18] to control the trajectory Hellinger distance by the sum of263

the per-step Hellinger distances, and then demonstrate that these per-step Hellinger distances can be264

controlled by the KL divergence of the noisy augmented trajectory distributions. Critically, we have265

to use KL divergence instead of Hellinger distance in the upper bound in order to stitch the per-step266

distances back into a divergence over the trajectory distributions because KL divergence satisfies267

the chain rule (cf. Proposition 4) while Hellinger distance does not. Moreover, in Proposition 17 we268

show that (5) is tight up to a polynomial dependence on (1 − η), and thus the improvement from269

Theorem 7 is indeed significant in the presence of κ-domination.270

Note that, unlike the offline setting, Theorem 7 is fully independent of horizon in the presence of271

κ-domination and scales only polynomially with H in general. Moreover, the upper bounds in272

Theorem 7 are closely related to the popular On-Policy Distillation (OPD) algorithm [2, 41], which273

is used to finetune a student policy to match the behavior of a teacher policy by minimizing a loss274

closely related to the right hand side of (4). Indeed, a common approach is to roll out a policy275

πt and then use a target π⋆
η to score the actions taken by πt, in particular attempting to minimize276

DKL(Pπt∥Pπt,π
⋆
η ). While our analysis suggests instead minimizing divergence on the augmented277

trajectory distributions, this provides some explanation for why OPD can be so much more successful278

than the offline BC (i.e., SFT) in practice.279

While variants of OPD remain the recommended empirical approach (Section 6) and Theorem 7280

provides theoretical backing for the success thereof, we continue in this section by introducing a281

simple new algorithm, NAIL (Algorithm 1). At its core, much like the classical DAgger algorithm282

[49], NAIL uses online learning to aggregate policies that are trained on the noisy expert’s behavior283

on trajectories rolled out by the learner. Unlike some instantiations of DAgger, however, NAIL284

is always on-policy, in the sense that it rolls out the current policy mixture µt at each round [49].285

Moreover, NAIL learns the policy at a trajectory level, thereby circumventing the horizon dependence286

that DAgger necessarily incurs by learning a different policy at each time step h [17, 49]. More287

precisely, NAIL begins with a uniform distribution w1 over policies in Π and at each round t rolls out288

the mixture policy µt =
∑

π∈Π wt(π) · π to get a trajectory τ (t), queries the noisy expert π⋆
η on τ (t)289

to get an augmented trajectory τ ′(t), and then updates wt+1 using the standard exponential weights290

update [8] (cf. Appendix C.4) with the loss given by the negative log-likelihood of τ ′(t) under each291

policy π. Finally, NAIL returns a random policy across the time steps. We show that NAIL achieves292

the following regret guarantee in the noisy expert setting.293

Theorem 8. Let π⋆ ∈ Π be an arbitrary policy, ν be an arbitrary corruption distribution, and294

0 ≤ η < 1 be a corruption level. If π̂ is the policy returned by NAIL (Algorithm 1) after n rounds295

with feedback from π⋆
η , then E

[
DH2

(
Pπ⋆

,Pπ̂
)]

≲ H/1−η ·
√

log(|Π|)/n.296

We defer a proof of this result to Appendix E.3, which proceeds by using the mixability (cf. Ap-297

pendix C.4) of the trajectory-level log-loss to control the sum of on-policy trajectory-level KL298

divergences across rounds 1 ≤ t ≤ n, before applying Theorem 7 and the convexity of the Hellinger299
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distance to get the desired bound. We reiterate that NAIL should be thought of as a theoretical300

algorithm that is designed to be optimal in the worst case and that directly minimizing the right hand301

side of (4) is a more practical approach to OPD. We further remark that, while NAIL uses exponential302

weights, really any online learning algorithm with small regret for the trajectory-level log-loss could303

be used in its place, as Theorem 7 allows for a generic reduction to online learning in the spirit of304

Ross et al. [49]. We now show that NAIL is optimal up to factors in H and η, although we do not305

rule out a sharper bound under κ-domination: the correct rate under this condition remains one of the306

chief theoretical questions left open by our work.307

Proposition 2. For any H ≥ 2, 0 < η < 1, and small ε there exists a horizon H MDP with 3 actions,308

a policy class Π of size |Π| = 2 containing π⋆, and known corruption ν such that any algorithm with309

online access to the noisy expert π⋆
η requires n ≳ η·H/(1−η)2·ε2 in order to obtain regret ε.310

We defer a proof to Appendix E.4. To summarize: there is a marked distinction between the clean and311

noisy expert settings: in contradistinction to standard IL, when the expert is noisy, online interaction312

can exponentially improve over offline access to the expert.313

5 Imitating Deterministic Experts with Unknown Corruptions314

In the previous sections, we focused on the setting of noisy IL with a known corruption. While this315

setting is simple, it is somewhat unrealistic; we now relax this assumption. The first problem we run316

into is one of identifiability: without additional assumptions on the corruption, it may well be the case317

that it is impossible to identify the expert policy π⋆ from the noisy expert π⋆
η , even absent stochasticity318

in π⋆; a concrete example of this phenomenon is provided in Appendix F.1. While this does not319

present an issue in standard IL, where closeness to the observed actions is the key desideratum, in320

the noisy expert setting, we care about learning a policy that is close to the clean expert and thus321

identifiability is critical. This issue does not arise when ν and η are known, as clean experts can be322

recovered from their noisy analogues, but recovery is not possible absent known corruption.323

While many identifiability assumptions are possible, we focus on a natural one, satisfied in many324

of our motivating applications. We first restrict our focus to deterministic experts, motivated by325

applications to reasoning, math, or coding in LMs, where we think of the true expert as producing a326

fixed ‘correct’ output [23, 54]. We further assume that the corruption distribution ν is ‘smooth.’327

Definition 5. We say that a corruption distribution ν is ρ-smooth if for all time steps h ∈ [H], states328

s ∈ S, and actions a ∈ A, it holds that νh(a|s) ≤ ρ.329

Smoothness is a natural assumption when the action space is large, for example when we think of330

corruption as arising from typos or other minor errors in the output of an LM or human demonstrator.331

In particular, if ν is a uniform distribution over a large action space, then ν is ρ-smooth with332

ρ = |A|−1. Finally, we assume a bound on the noise level such that η ≤ α < 1 to ensure that a333

margin exists between the expert and the noise, which is necessary for identifiability.2334

We propose an algorithm, NAILGUN (Algorithm 3), similar to NAIL, but that is capable of achieving335

horizon-free regret guarantees in the noisy expert setting with unknown corruption under the above336

assumptions. While we defer a detailed description of the algorithm to Appendix F.2, we note that337

it is very similar to NAIL, except that we replace the mixture policy µt by its greedy analogue µt,338

which plays the action with the highest probability under µt at each state and time step; moreover, the339

precise form of the update is different in order to account for the fact that we do not know η and ν.340

Theorem 9. Suppose that π⋆ ∈ Π is deterministic, ν is ρ-smooth, and η ≤ α for some α satisfying341

α(1 + ρ) < 1. There exists an algorithm (Algorithm 3) without knowledge of η or ν that returns a342

policy π̂ after n rounds of online interaction such that E
[
DH2

(
Pπ⋆

,Pπ̂
)]

≲ log(|Π|)/(1−α(1+ρ))2·n.343

We defer a proof of Theorem 9 to Appendix F.3, which proceeds through an intricate analysis of the344

update rule and how the margin condition that α(1 + ρ) < 1 allows us to control the error without345

knowledge of η or ν. Note that unlike in the previous section, the particular form of the update rule is346

critical to achieving this guarantee, and thus we do not prove a generic reduction to online learning.347

We now conclude this section with a matching lower bound.348

2We expect that we could replace determinism and smoothness with a more general margin condition and recover the same
results, but we leave this for future work.
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Proposition 3. For any 0 < α < 1 and any ρ satisfying α(1 + ρ) < 1, there exists a horizon H = 2349

MDP and a deterministic policy class Π of size |Π| ≲ 1/ρ such that in order to achieve expected350

regret at most ε, the learner requires n ≳ αρ/ε(1−α(1+ρ))2 rounds of interaction with an online noisy351

expert satisfying η ≤ α and ν is ρ-smooth and unknown.352

The proof of this lower bound can be found in Appendix F.4. In particular, in the noisy expert regime353

where α and ρ are treated as constants, NAILGUN is optimal, even for horizon H = 2.354

6 Experiments355

We complement our theory with a small suite of experiments on synthetic and natural language tasks,356

showing that the OPD variant suggested by our theory (NAIL) can outperform both offline BC and357

existing OPD objectives under noisy expert feedback while remaining competitive under clean expert358

feedback. In particular, given an expert π⋆
η , we compare five algorithms: (i) LogLossBC (SFT), which359

minimizes the negative log-likelihood of the noisy expert trajectories; (ii) OPD-F, the standard OPD360

algorithm minimizing the forward KL divergence between student and teacher trajectory distributions361

[2]; (iii) OPD-R, the OPD algorithm that minimizes the reverse KL divergence between student and362

teacher trajectory distributions [2, 41]; (iv) NAIL-F, the variant of NAIL minimizing forward KL363

divergence between the augmented trajectory distributions; and (v) NAIL-R, the variant of NAIL364

minimizing reverse KL divergence. In particular, the primary difference between OPD and NAIL365

is that NAIL always generates greedily from the student policy, whereas OPD samples trajectories366

from the student policy; we emphasize that we do not instantiate the exponential weights update in367

Algorithm 1 but instead use gradient descent to minimize the upper bound in Theorem 7. We consider368

two tasks: (i) modular addition and (ii) GSM-8K [14]. Additional details are in Appendix B.1.369

6.1 Modular Addition370

We begin with a synthetic task from Li et al. [38], that of modular addition. Namely, for fixed p and371

m, given a sequence of m integers from [p], the goal is to compute the sum of these integers modulo372

p. In the cited work, the authors demonstrated that low-depth transformers empirically benefit from a373

chain of thought (CoT) reasoning process in this task, making it a suitable testbed for studying the374

effect of horizon. All models are nanoGPT [30]. We train our expert π⋆ on a large corpus of data375

with p = 7 and m = 31 until its accuracy (with CoT) is approximately perfect. We then construct a376

noisy expert π⋆
η by letting ν be uniform over tokens and corrupting the expert with probability η at377

each token if we have not yet seen an error, and corrupting all remaining tokens with probability 1 if378

we have already seen an error. We then train the student models using the five algorithms described379

above and evaluate the accuracy of the final learned policy π̂ on a held-out test set of examples. We380

defer further details to Appendix B.1.3. Figure 1(left) summarizes the results of this experiment. For381

the clean expert (η = 0) regime, we see that most methods work, with offline BC (i.e., SFT) learning382

the fastest, which is consistent with the fact that offline BC is optimal in the clean expert setting [17].383

For the noisy expert (η = 0.2) regime, we see a sharp separation between our proposed methods384

(NAIL-F, NAIL-R) and the baselines (LogLossBC, OPD-F, OPD-R), with the former achieving385

perfect accuracy and the latter failing to learn anything, even after over 1M expert interactions. We386

defer further comments and ablations to Appendix B.2 and Appendix B.3.387

6.2 Mathematical Reasoning388

We also consider a standard mathematical reasoning task, GSM-8K [14]. Here, we move beyond the389

realizable setting of our theory and use GEMMA3-1B-IT as the teacher and GEMMA3-270M-IT as390

the student [29]. To instantiate clean and noisy expert feedback with the same underlying model, we391

consider temperature 1 sampling as the ‘clean’ expert, which achieves 52.69% accuracy on GSM-8K392

test, and temperature 4 sampling as the ‘noisy’ expert, which achieves 0% accuracy. All training393

prompts are drawn from TinyGSM [40] and we evaluate zero-shot, exact-match accuracy on the394

GSM-8K test set with greedy decoding, reporting results over three random seeds. We defer further395

details to Appendix B.1.4. We report results in Figure 1(right), where we see that all online methods396

substantially outperform LogLossBC even in the clean expert setting, consistent with results from397

Agarwal et al. [2], Lu and Lab [41]. In the noisy expert setting, only NAIL-F and NAIL-R remain398

effective, achieving nontrivial performance while LogLossBC, OPD-F, and OPD-R all fail to learn399

anything, maintaining 0 accuracy, like the noisy expert, throughout training.400
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A Discussion629

In this work we investigated the problem of imitation learning with noisy experts, where the learner630

only has access to a corrupted version of the expert’s policy. We showed theoretically that while631

offline imitation learning can be consistent in this setting, it suffers from an exponential dependence632

on the horizon, making it fundamentally intractable in the long horizon regime. On the other hand,633

we showed that online imitation learning can circumvent this exponential dependence and achieve634

horizon-free guarantees in some cases and polynomial in horizon guarantees in general, in direct635

contradistinction to the more classical IL setting with clean experts. Moreover, we provided formal636

theoretical justification for the benefits of the commonly used On-Policy Distillation (OPD) algorithm637

and validated our theory with a small suite of experiments on synthetic and natural language tasks. A638

summary of our theoretical results is in Table 1. In this section, we discuss related work and future639

directions for research.640

A.1 Limitations641

While our work presents a clean theoretical picture, there are several limitations in immediately642

translating our results to practice. First, consistent with the literature in RL and IL, our results are643

all in the finite Π setting [17, 45, 47, 49]; standard arguments can be used to extend our results to644

infinite Π under covering conditions. Second, we adopt an idealized corruption model, which may645

not capture all the nuances of real-world expert noise; we defer to future work the task of developing646

more sophisticated corruption models that may better capture the types of noise observed in practice.647

Third, many of our results are in the known corruption setting, and we only provide results in the648

unknown corruption setting when the expert is deterministic; while this setting is relevant for many649

of our motivating applications, e.g. LMs learning to perform long chains of thought, it would be650

interesting to understand the unknown corruption setting more generally. Fourth, there remains a651

linear in horizon gap between our upper bound for arbitrary experts and our lower bound; closing this652

gap would be an interesting direction for future work; similarly, whether or not fully horizon-free653

rates are possible for online IL in the presence of κ-domination is an interesting question. Finally,654

due to resource constraints, our experiments are limited in scope and scale; it would be interesting to655

conduct a more comprehensive empirical investigation of the phenomena we identify here, especially656

in the context of training larger language models for longer.657

A.2 Related Work658

Imitation Learning. Behavior cloning was first introduced empirically in Pomerleau [44] and659

has since engendered the field of Imitation Learning, with a large body of work considering both660

theoretical and empirical aspects of the problem [5, 6, 13, 25, 47]. Of particular note is Ross et al.661

[49], which introduced the online IL algorithm DAgger; while NAIL is conceptually similar (asking662

for expert feedback to correct potential student mistakes), the analysis and guarantees are quite663

different, with DAgger attempting to reduce horizon dependence in a clean expert setting.664
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Table 1: Summary of the main theoretical results in the general noisy-expert setting. Here KLaug(π)
denotes the smaller of the two augmented-trajectory KL divergences appearing in Theorem 7. Bounds
control DH2

(
Pπ⋆

,Pπ̂
)

and are stated up to universal constants and logarithmic factors when indicated.

Regime Setting Bound Reference

Offline

No κ-domination. √
(1− η)−H − 1

η(1− η)
· log(|Π|/δ)

n
.

Theorem 6 and Proposi-
tion 1; this is tight.

κ-domination.

(1+η·κ)(1−η)−H−2· log(|Π|/δ)
n

.

Proposition 13; this is
tight.

Online

Augmented-trajectory
KL reduction without κ-
domination.

1

1− η

√
H · KLaug(π̂).

Theorem 7; this is tight
up to factors in H and
η.

Augmented-trajectory KL re-
duction with κ-domination. 1 + η · κ

(1− η)2
· KLaug(π̂).

Theorem 7

NAIL / trajectory-level on-
line aggregation H

1− η

√
log |Π|

n
.

Theorem 8. The lower
bound in Proposition 2
is a factor of H and η
away from this upper
bound.

Deterministic π⋆, ρ-smooth
ν, and η ≤ α with α(1 +
ρ) < 1

log |Π|
(1− α(1 + ρ))2n

.

Theorem 9 and Proposi-
tion 3; this is tight up to
a log factor.

Other IL algorithms study different feedback and data-collection models. SMILe [47] works in a665

similar fashion as DAgger to collect learner-induced states under clean expert feedback, but instead666

learns a sequence of policies and mixes them to control distribution shift. AggreVate [48] strengthens667

the feedback model by using expert cost-to-go or advantage information, and GAIL [25] instead668

casts IL as adversarial occupancy-measure matching from fixed expert demonstrations. DART [34]669

collects off-policy demonstrations from a noise-injected expert so that the demonstrations include670

recovery behavior.671

More recently, Foster et al. [17] provided a comprehensive analysis of behavior cloning in the672

realizable, clean expert setting and Rohatgi et al. [45] extended this to the agnostic setting. In the673

online setting, Li and Zhang [37] considered a variant of DAgger where the learner pays per-state674

instead of per-trajectory in expert feedback, while Li and Zhang [36] also considers the agnostic setting675

but with strong assumptions on the MDP structure and a horizon dependence in their guarantees.676

In contrast to these works, we consider a more challenging setting with noisy experts and show677

that online IL can achieve horizon-free guarantees in some settings and polynomial dependence on678

horizon in general even in this more difficult setting, while offline IL suffers from an exponential679

dependence on the horizon. On the empirical side, OPD has seen recent success in training large680

language models (LLMs) to perform long chains of thought [2, 4, 41], and our theoretical results681

provide formal justification for the benefits of OPD in this setting.682

The connections between IL and LMs have been explored in a number of recent works [7, 9, 17, 45],683

with the deterministic expert setting being particularly relevant to LMs learning long chains of thought684

[3, 28]. Our results generalize beyond this setting, allowing for stochastic experts and corrupted685

feedback.686
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Noisy Expert Feedback. Most prior work in IL assumes access to a clean expert, with the notable687

exceptions of Sekhari et al. [52, 53]. While a promising start, and the former work provides an688

exponential in horizon lower bound for offline learning in a particular setting, these works make strong689

assumptions on the noise and MDP structure and only apply to specific policy classes; moreover,690

they only consider a very specific type of corruption arising from preference-based feedback, in691

contradistinction to our bounds which apply to arbitrary policy classes and MDPs. Another related692

work that concerns a noisy-expert model is that of Swamy et al. [57], which focuses (under very strong693

assumptions) on causal IL under temporally correlated noise, where action noise changes future694

states and creates spurious state-action correlations that BC can learn. Our corruption model has the695

same rolled-in character, but our focus is different: rather than debiasing offline demonstrations via696

causal assumptions, we show that online local queries can avoid learning from fully contaminated697

trajectories.698

Distillation. Knowledge Distillation is typically the process of training a student model to match699

a stronger teacher, emphasizing compression and efficient deployment. Early work emphasized700

transferring softened teacher predictions from cumbersome ensembles to smaller students [24],701

and the same idea was later extended to reinforcement-learning policies [50] and to autoregressive702

sequence models through sequence-level distillation [31]. Critically, this continued as an off-policy703

paradigm: the student is trained on a fixed transfer set, teacher-generated sequences, or teacher704

logits, as in [27, 51, 59]; see also the general survey of [21]. While highly effective for compression,705

these methods do not train on prefixes induced by the student’s own generations, and are therefore706

susceptible to the train–test mismatch inherent in autoregressive generation, a well known problem in707

imitation learning [44, 47].708

On-policy distillation [2] addresses this mismatch by training the student on self-generated sequences709

while receiving teacher feedback on those sequences using varying discrepancy measures between710

teacher and student. One objective in distillation is the forward KL from the teacher to the student,711

which corresponds in our terminology to OPD-F. Prior work of Agarwal et al. [2] has noted that this712

objective can be problematic when the student is not expressive enough to fit the teacher distribution:713

because forward KL is mode-covering, the resulting student may place probability on generations that714

are unlikely under the teacher. Subsequent work [22, 41] has therefore explored alternative on-policy715

objectives, advocating for sequence/trajectory-level reverse KL to avoid the mode-covering behavior716

of forward KL in generative settings, while [33] smooths the loss and reduces rollout cost with an717

adaptive off-policy reuse scheme.718

Our results offer a more unifying perspective. In the noisy-expert setting, the difficulty is not only719

which KL direction is used, but also which prefix distribution the teacher is queried on and which720

feedback is informative. Sampling from the student can itself induce noisy or off-distribution prefixes,721

reducing the usefulness of local teacher feedback. This helps explain empirical findings that sampled-722

token OPD can be brittle, and that stability can improve by restricting both the rollout distribution723

and the teacher signal used for local updates [19]. It is also consistent with recent work that makes724

OPD updates more selective, for example by down-weighting teacher KL on failed trajectories where725

the teacher itself is uncertain [66]. More generally, work on pivotal or “forking” tokens suggests that726

a small number of CoT tokens can determine which reasoning branch the model follows, and hence727

whether downstream feedback remains informative [1, 58]. Our theory gives a principled prescription:728

matching teacher feedback along the learner’s deployed prefix distribution; in our experiments with729

deterministic experts, using greedy student rollouts together with augmented trajectory-level KL730

objectives helps suppress sampling-induced noise and learn more effectively from imperfect teachers.731

We leave a more detailed study of when forward versus reverse KL is preferable to future work. More732

recently, self-play and self-distillation methods have shown that on-policy data generation can itself733

be a source of improvement even without a separate external teacher [12, 26, 62, 63, 65]. For a more734

detailed overview, we refer to the recent survey of Song and Zheng [55].735

A.3 Future Directions736

While we provided a near-tight theoretical analysis of the problems studied, there remain many737

interesting open questions for future work. First, in the unknown corruption setting, we focused on738

the case of deterministic experts and smooth corruptions with margin, but it would be interesting to739

understand the extent to which these assumptions can be relaxed while still achieving horizon-free740

guarantees, or even consistency. Second, while we considered the natural linear corruption setting,741
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motivated by classical statistical theory [46] and applications to LMs, alternative corruption models742

are also interesting to study, for example trajectory-level, multiplicative, or token-adaptive corruptions743

that target semantically pivotal “fork” tokens in long CoT reasoning [1, 10, 58, 66]. Third, our online744

IL guarantees are in expectation due to the inherited guarantees from online learning with log loss,745

whereas the offline guarantees are with high probability and resolving this discrepancy could provide746

additional insight. Finally, scaling up the experimental results to more complex environments and747

real-world tasks remains an important direction for future work.748

A.4 Broader Impacts749

This work is primarily theoretical and aims to improve our understanding of imitation learning from750

imperfect expert feedback. We hope that showing fundamental separation between offline and online751

methods (such as on-policy distillation) will lead to more reliable and sample-efficient post-training752

methods, especially in long-horizon settings.753

While our methods could be seen as enabling effective learning from imperfect teachers, they could754

also make it easier to train models for harmful applications if deployed without appropriate safeguards.755

Our experiments are limited to synthetic tasks and standard mathematical reasoning benchmarks, and756

we do not release deployed systems or high-risk models. We therefore view the main impact of this757

work as methodological, with downstream risks depending on how future systems built using these758

ideas are trained, evaluated, and released.759

B Further Empirical Results760

This section provides additional details and discussion for the experiments in Section 6. Appendix B.1761

describes the implementation of the methods in the autoregressive LM setting, as well as the synthetic762

and reasoning tasks setup. Appendix B.2 gives a more detailed interpretation of the main empirical763

results, including the differences between clean and noisy feedback and between greedy and sampled764

rollouts. Finally, Appendix B.3 reports additional experiments and ablations.765

B.1 Further Experimental Details766

In this section, we provide implementation details for the empirical results in Section 6. Ap-767

pendix B.1.1 defines the offline and online learning objectives that we compare, including behavior768

cloning, standard OPD, and our NAIL-inspired variants; in Appendix B.1.2 we spell out their gradient769

estimators. Appendix B.1.3 describes the setup of the synthetic CoT tasks, including the data-770

generation procedure, corruption model, architectures, and training details. Finally, Appendix B.1.4771

gives the corresponding details for the GSM8K experiments, including the teacher and student models,772

sampling procedure, training setup, and evaluation protocol.773

We used NVIDIA RTX 6000 Pro GPUs for the modular addition experiments, with each run taking 1774

hour. In total, the modular addition experiments used 50 GPU hours. For the GSM8K experiments, we775

used NVIDIA A100 40GB GPUs. Each online-method run took approximately 60 hours, while each776

offline-method run took approximately 3 hours; this disparity in runtime is an artifact of our highly777

suboptimal hardware setup and a naïve implementation and we do not believe such a discrepancy778

would exist in a more optimal setup. In total, the GSM8K experiments used roughly 800 GPU hours.779

B.1.1 Methods and Implementations780

We compare offline behavior cloning against several on-policy distillation objectives. The key781

distinction among the online methods is that there are two separate choices: the policy used to782

generate prefixes, and the divergence used to compare the student and teacher distributions on those783

prefixes. This distinction is motivated by Theorem 7, which controls the clean-expert trajectory error784

through KL divergences between augmented trajectory laws. In particular, the rollout distribution785

determines which prefixes are visited, while the per-prefix student distribution determines the next-786

token distribution being matched to the noisy expert.787

Let πθ denote the trainable student policy and let π̄θ denote the greedy rollout policy induced by πθ.788

Thus y1:T ∼ π̄θ(· | x) denotes the trajectory obtained by greedy decoding from the student, while789

πθ(· | x, y<t) denotes the student’s full next-token distribution on the resulting prefix. We use π⋆
η to790
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denote the noisy teacher. In the synthetic experiments, π⋆
η is obtained by corrupting the clean expert791

token with the specified corruption law. In the language-model experiments, it is implemented by792

sampling from the teacher at the specified temperature.793

NAIL-F. The forward-KL version of our method (which minimizes the first term in (4)) uses greedy794

student prefixes and trains the student to match noisy-teacher next-token feedback on those prefixes.795

Ideally, this corresponds to minimizing796

LNAIL-F(θ) = Ex∼XEy1:T∼π̄θ(·|x)

[
T∑

t=1

DKL(π
⋆
η(· | x, y<t)∥πθ(· | x, y<t))

]
,

Equivalently, up to the entropy of the noisy teacher, this is a soft-target cross-entropy objective:797

−Ex∼XEy1:T∼π̄θ(·|x)

[
T∑

t=1

∑
a∈Σ

π⋆
η(a | x, y<t) log πθ(a | x, y<t)

]
.

Since our implementation queries the teacher by sampling, we estimate this loss by drawing an798

independent teacher token ỹt ∼ π⋆
η(· | x, y<t) at each greedy student prefix and minimizing799

L̂NAIL-F(θ) = Ex∼XEy1:T∼π̄θ(·|x)Eỹt∼π⋆
η(·|x,y<t)

[
T∑

t=1

− log πθ(ỹt | x, y<t)

]
.

Thus, NAIL-F can be thought of as “local behavior cloning” on the learner’s own greedy prefixes:800

rather than imitating complete noisy teacher trajectories, it repeatedly asks what the noisy teacher801

would do at states actually reached by greedily rolling out the current student, and then trains the802

student to predict the noisy teacher’s sample via cross-entropy. This is the empirical analogue of the803

forward KL augmented-trajectory objective suggested by our theory. When η and ν are known, the804

literal theoretical objective replaces πθ above by the noisy student policy πθ,η = (1− η)πθ + ην; in805

our experiments we use the simpler student-matching surrogate above.806

NAIL-R. We also consider the reverse KL analogue suggested by minimizing the second term in (4).807

As in NAIL-F, prefixes are generated by the greedy student rollout, but the KL direction is reversed:808

LNAIL-R(θ) = Ex∼XEy1:T∼π̄θ(·|x)

[
T∑

t=1

DKL(πθ(· | x, y<t)∥π⋆
η(· | x, y<t))

]
.

We estimate the student expectation in the reverse KL by drawing an auxiliary token ŷt ∼ πθ(· |809

x, y<t) at each greedy prefix:810

L̂NAIL-R(θ) = Ex∼XEy1:T∼π̄θ(·|x)Eŷt∼πθ(·|x,y<t)

[
T∑

t=1

log πθ(ŷt | x, y<t)− log π⋆
η(ŷt | x, y<t)

]
.

We note that the auxiliary token ŷt is not necessarily the greedy rollout token yt. The greedy rollout811

tokens determine the prefix distribution, while the auxiliary samples estimate the student expectation812

in the reverse KL. This separation is needed to match the augmented-trajectory viewpoint: the rollout813

policy and the next-token distribution being compared need not be the same object.814

OPD-F. As an ablation, we also consider the forward-KL objective with sampled student rollouts815

rather than greedy rollouts:816

LOPD-F(θ) = Ex∼XEy1:T∼πθ(·|x)

[
T∑

t=1

DKL(π
⋆
η(· | x, y<t)∥πθ(· | x, y<t))

]
,

This isolates the effect of the rollout distribution: comparing OPD-F to NAIL-F tests whether greedy817

learner prefixes are important, while comparing OPD-F to OPD-R tests the effect of KL direction818

under the same sampled-prefix distribution.819

OPD-R. Finally, we include the standard on-policy distillation baseline using reverse KL [41]. This820

method samples trajectories from the student, queries the teacher on those same student-generated821

prefixes, and updates the student using the teacher log-probability of the sampled student tokens:822

LOPD-R(θ) := Ex∼XEy∼πθ(·|x)

[
T∑

t=1

DKL(πθ(· | x, y<t)∥π⋆
η(· | x, y<t))

]
.
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Using the sampled rollout token yt ∼ πθ, this becomes:823

L̂OPD-R(θ) = Ex∼XEy1:T∼πθ(·|x)

[
T∑

t=1

(
log πθ(yt | x, y<t)− log π⋆

η(yt | x, y<t)
)]

.

LogLossBC. The offline baseline is log-loss behavior cloning on a fixed dataset of noisy expert824

rollouts [17]. Let Dη denote trajectories generated by rolling out the noisy expert π⋆
η . We train825

LLogLossBC(θ) = E(x,y)∼Dη

− |y|∑
t=1

log πθ(yt | x, y<t)

 .

Unlike the OPD variants, behavior cloning never queries the teacher on prefixes induced by the826

current student. Consequently, if an early token in an offline teacher trajectory is corrupted, the827

learner is also trained on all downstream prefixes induced by that corruption.828

B.1.2 Gradient estimators.829

We now spell out the stochastic gradient estimators used to optimize the empirical losses defined830

above. Let st = (x, y<t) denote a visited prefix, and write pθ,t(·) = πθ(· | st) and qt(·) = π⋆
η(· | st).831

Throughout, pθ,t denotes the temperature-one student distribution whose KL is optimized. Rollout-832

temperature ablations only change the distribution used to collect prefixes. In particular, for rollout833

temperature τ , let ρθ,τ denote the stopped prefix-collection policy, with834

ρθ,0 = π̄θ, ρθ,τ (· | st) = softmax(zθ(st)/τ) for τ > 0.

All gradients below treat prefixes sampled from ρθ,τ as fixed; the gradient update is taken only835

through the next-token distribution pθ,t at those visited prefixes. The default settings are τ = 0 for836

NAIL-F and NAIL-R and τ = 1 for OPD-F and OPD-R, while the rollout-temperature ablations837

vary this prefix-collection temperature.838

For L̂NAIL-F(θ), after drawing prefixes y1:T ∼ ρθ,τ (· | x) and independent teacher tokens ỹt ∼ qt, we839

use840

ĝFτ = −
T∑

t=1

∇θ log pθ,t(ỹt).

This is an unbiased stochastic gradient estimator for the stopped-prefix forward-KL objective because841

the entropy term of qt is independent of θ. The methods differ only in how the prefixes are collected:842

τ = 0 gives the default NAIL-F estimator with greedy prefixes, while τ = 1 gives the default843

sampled-prefix OPD-F estimator. Other rollout temperatures use the same next-token estimator on844

prefixes sampled from ρθ,τ . The offline LogLossBC baseline is ordinary cross-entropy on realized845

noisy-expert trajectories; it has the same token-level gradient form, but its prefixes and labels come846

from an offline dataset rather than from student rollouts.847

For L̂NAIL-R(θ), prefix collection and reverse-KL token sampling are separate. After drawing prefixes848

y1:T ∼ ρθ,τ (· | x), the implementation draws an auxiliary token from a stopped copy of the current849

student distribution at the visited prefix: ŷt ∼ sg(pθ,t), where sg(·) denotes stop-gradient. Thus, the850

rollout temperature τ affects which prefixes are visited, but the auxiliary token for the reverse-KL851

estimator is sampled from pθ,t, not from the rollout distribution. The stopped-prefix score-function852

estimator is853

ĝRτ =

T∑
t=1

(sg(log pθ,t(ŷt))− log qt(ŷt))∇θ log pθ,t(ŷt), ŷt ∼ sg(pθ,t).

Equivalently, this is implemented by backpropagating through the surrogate854

ℓ̂Rt (θ) = − exp(log pθ,t(ŷt)− sg(log pθ,t(ŷt))) (log qt(ŷt)− sg(log pθ,t(ŷt))) .

The exponential factor is numerically equal to one at the sampled parameter value, but its numerator855

still carries gradient, so differentiating gives exactly the estimator above.856
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For L̂OPD-R(θ), as in standard OPD, the sampled rollout token itself is used as the reverse-KL sample.857

Therefore, if the rollout token is sampled from the current temperature-one student distribution, this858

coincides with the on-policy reverse-KL estimator above. If one instead reuses rollout tokens sampled859

at a different temperature, then the token distribution no longer matches pθ,t, and the resulting update860

should be viewed as a temperature-mismatched surrogate. Note that this mirrors the recipe described861

by Lu and Lab [41].862

For the interpolated objective in Appendix B.3, where863

L̂β(θ) = (1− β)L̂NAIL-F(θ) + βL̂NAIL-R(θ),

we use the corresponding convex combination of the two stopped-prefix estimators,864

ĝβ = (1− β)ĝF0 + βĝR0 .

B.1.3 Synthetic Task: Modular Addition865

We use the modular-addition task of Li et al. [38], denoted Cp. Given p ∈ N, the vocabulary866

is {0, . . . , p − 1,=}. An input has the form x = (x1, . . . , xm,=), where each xi is sampled867

independently from {0, . . . , p− 1}. The final answer is f∗(x) =
∑m

i=1 xi mod p and the chain of868

thought consists of the running partial sums (
∑t

i=1 xi mod p)mt=1. Modular addition is not intended869

to be an inherently serial hardness instance; indeed, Li et al. [38] note that it is parallelizable and, in870

principle, can be solved by constant-depth transformers with sufficient precision. Nevertheless, their871

experiments show that low-depth transformers without CoT can perform near chance on C7, while872

CoT substantially improves performance, especially at longer sequence lengths. We include it as a873

simple controlled setting in which the target CoT has a transparent step-by-step structure, allowing us874

to study how noisy intermediate feedback affects offline and online imitation-learning methods.875

Training and Evaluation Details. We use the nanoGPT codebase [30] for all modular-addition876

experiments. For the tokenizer, we use task-specific integer token IDs from the aforementioned877

symbolic vocabulary. Unless otherwise stated, all runs use a depth-one transformer with 8 attention878

heads, embedding dimension 512, dropout 0, no bias terms, and block size set to the CoT sequence879

length for the corresponding m. We train with batch size 64 using Adam [32] with learning rate880

10−5, warmup for 2000 iterations, weight decay 0, β1 = 0.9, β2 = 0.95, gradient clipping at 1.0,881

and evaluation every 500 iterations.882

We fix p = 7 and m = 31. All methods use the same prompt bank, containing 15 million training883

prompts and 5000 validation prompts. We train on a fixed 3 million-prompt subset in a fixed order.884

The clean expert is fixed across all runs and is synthetically modified using the corruption law885

described below. It was trained for 10,000 optimizer steps with batch size 64. The model reached886

perfect validation accuracy after roughly 2500 optimizer steps and stayed at this level, but we use the887

final checkpoint for all experiments.888

We compare the five methods for two noise levels, η ∈ {0, 0.2}, and across three seeds. For each run889

seed, we use the same seed for student optimization and for the stochastic components of the noisy890

teacher law. For LogLossBC, the seed also determines the independently rendered noisy dataset.891

For the online methods, there is no pre-rendered trajectory; the same seed controls the online teacher892

sampling.893

The noisy teacher is an absorbing instantiation of the state-dependent noise model in (1). The state is894

augmented with a binary flag indicating whether the prefix has already made a semantic error. In the895

unpoisoned state, at each target token the corruption distribution is896

ν(· | x, y<t) = Unif({0, . . . , p− 1}),

so that897

π⋆
η(· | x, y<t) = (1− η)π⋆(· | x, y<t) + ην(· | x, y<t).

Here the uniform distribution includes the clean token. Since every modular-addition target token is a898

digit representing a running sum, every target token is treated as semantic. Once the sampled token899

differs from the clean running-sum token, the trajectory enters the poisoned state. In the poisoned900

state, both π⋆ and ν are defined to be uniform over {0, . . . , p − 1}, so all subsequent semantic901

feedback is independent of the clean computation while remaining syntactically valid.902
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This absorbing corruption law models a worst-case form of semantic error propagation in long903

CoT reasoning: after an early pivotal mistake, the suffix may remain syntactically plausible while904

providing minimal information about the clean continuation. This is motivated by recent work on905

pivotal or forking tokens in reasoning models, where a small number of tokens can strongly affect the906

success of the final completion [1, 58]. In our synthetic task, the running-sum tokens play this role, so907

corrupting one makes downstream semantic feedback uninformative about the correct computation.908

This pessimistic noise model provides a starting point for a controlled setting in which offline training909

on corrupted rollouts can suffer from the trajectory-level contamination predicted by our theory, and910

we leave the consideration of more nuanced noise models to future work.911

For LogLossBC, training trajectories are rendered autoregressively from this noisy teacher law. Thus,912

in the offline setting, an example is fully informative only if no visible semantic corruption occurs.913

Under the idealized independent-trigger calculation, the probability of this event is (1− η + η/p)
m ≈914

2.9× 10−3 in our setting.915

For the online methods, the poisoned flag is inferred from the student-generated prefix: if a previous916

running-sum token in the student prefix differs from the clean target, then later teacher feedback is917

uniform over residues. Consequently, η = 0 has different semantics for offline and online runs under918

this law: offline rendering is clean at η = 0, while online feedback can still become uninformative919

after a student prefix error.920

Online methods are trained for one pass over the fixed 3 million-prompt subset, giving921

3,000,000/64 = 46,875 iterations. LogLossBC is also trained for one pass over the corresponding922

rendered 3 million-example dataset. All methods are evaluated on the same clean validation prompt923

bank.924

B.1.4 Mathematical Reasoning: GSM-8K925

We evaluate on the GSM-8K test set [14] using zero-shot greedy decoding with max generation926

length 512 and seed 42. Each problem is placed in the Gemma instruction-tuned chat template with927

the following prefix.928

Please reason step by step, and put your final answer within \boxed{}.929

For example, an evaluation prompt takes the form930

<bos><start_of_turn>user931

Please reason step by step, and put your final answer within \boxed{}.932

933

Janet’s ducks lay 16 eggs per day. She eats three for breakfast every morning934

and bakes muffins for her friends every day with four. She sells the remainder935

at the farmers’ market daily for $2 per fresh duck egg. How much in dollars936

does she make every day at the farmers’ market?<end_of_turn>937

<start_of_turn>model938

We extract the final answer in the \boxed{} and compute exact-match accuracy after standard939

answer normalization.940

Training data. We construct the training prompt set from TinyGSM [40]. Specifically, we first filter941

out examples whose code answers contain more than 1024 characters, and then remove examples942

whose code answers are not executable. This filtering yields approximately 11M examples. We then943

sample a 400K-example subset that is used for all training runs.944

Training details. For the LogLossBC baseline, we generate fixed teacher rollouts on the 400K945

TinyGSM prompts using GEMMA3-1B-ITẆe generate clean rollouts with temperature 1 in the946

low-noise setting and noisy rollouts with temperature 4 in the high-noise setting, both using random947

seed 42 and a maximum generation length of 512 new tokens. We measure the accuracy of these clean948

and noisy teacher rollouts on the 400K TinyGSM subset by executing the reference code answers949

and treating the execution outputs as ground truth. The clean teacher obtains 50.1% accuracy on950

the training subset, while the noisy teacher obtains 0% accuracy. We then supervised fine-tune the951

GEMMA3-270M-IT student separately on the clean and noisy teacher rollouts.952
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For the online reverse-KL variants, OPD-R and NAIL-R, we follow the recipe of Lu and Lab [41].953

We generate students’ next token using temperature-1 sampling for OPD-R and greedy decoding954

for NAIL-R. Along these student-generated trajectories, we compute the student and teacher log955

probabilities conditioned on the same prefixes, using either the clean temperature-1 teacher or the956

noisy temperature-4 teacher. The student is then updated using the corresponding importance-957

sampling loss.958

For the forward-KL variants, OPD-F and NAIL-F, we instead query the teacher locally on learner-959

visited prefixes. At each such prefix, we sample the teacher’s next token, using the temperature-1960

teacher in the low-noise setting and the temperature-4 teacher in the high-noise setting, and treat the961

sampled token as a hard next-token label. The student is then updated using the standard next-token962

log-loss. Subsequent learner prefixes are generated with temperature-1 sampling for OPD-F and963

greedy decoding for NAIL-F.964

All methods are trained on the same 400K TinyGSM prompts with a maximum generation length965

of 512 new tokens. For the two online methods, we follow the recommended recipe from Lu and966

Lab [41]. For the offline method, we tune the learning rate slightly in preliminary experiments, while967

keeping all other hyperparameters fixed. Specifically, unless otherwise stated, all methods are trained968

for one epoch using AdamW with default parameters, learning rate 1e-4, linear warmup followed by969

cosine decay, batch size 64, and bf16 precision. We use LoRA with rank 128 and α = 256, applied970

to all modules. For each method, we run three random seeds, 42, 43, and 44.971

B.2 Further Discussion of Empirical Results in Section 6972

All configurations are run with three random seeds. In the plots, each curve shows the mean across973

seeds, and the shaded region corresponds to one standard deviation. We note that some shaded regions974

are not visible as the runs are nearly identical across seeds. In particular, for Modular Addition, the975

maximum standard deviation is less than 10−2 for LogLossBC and OPD-F in the low-noise setting,976

and for OPD-F, OPD-R, and LogLossBC in the high-noise setting (as the latter all fail to learn).977

For clarity of presentation, the main text shows accuracy only over the first 1M expert trajectories,978

where the relevant separations between methods are most visible. In Figure 2, we provide the979

corresponding validation-loss curves over the full 3M-trajectory training horizon. These longer-980

horizon curves confirm the same qualitative picture: in the low noise setting, the NAIL variants981

rapidly drive validation loss close to zero, while OPD-F plateaus early; in the high noise setting, the982

gap becomes more pronounced, with NAIL-F and NAIL-R remaining substantially more stable than983

the offline and OPD baselines.984

To expand on the discussion in Section 6, Figure 2 shows a sharp contrast between the clean and985

noisy regimes for the modular addition task. When η = 0.2, LogLossBC fails because an early986

corrupted CoT token makes the remaining suffix random, so most offline trajectories contain little987

usable signal. In contrast, our NAIL-F and NAIL-R reach perfect accuracy, consistent with the idea988

that querying on student-induced prefixes avoids imitating fully corrupted trajectories. The failure989

of sampled-rollout OPD further suggests that controlling the rollout distribution, here via greedy990

prefixes, is important for keeping teacher feedback informative.991

When η = 0.0, since offline traces are clean, LogLossBC learns fastest, as predicted by Foster992

et al. [17]. Among online methods, NAIL-F learns much faster than OPD-F, suggesting that greedy993

rollouts help suppress sampling-induced noise that hinders access to uncorrupted teacher feedback.994

The gap between NAIL-F and the reverse-KL methods here points to the fact that teacher-sampled995

cross-entropy gives a direct positive signal for the correct next token, whereas reverse KL only scores996

student-sampled tokens and is therefore less directly corrective. Finally, when there is no expert997

noise, greedy rollouts offer little benefit for NAIL-R over OPD-R because both methods update using998

student-sampled tokens.999

B.3 Further Experiments1000

We include two additional ablations on the modular addition task to better understand which parts of1001

the online objective matter. In Appendix B.3.2, we fix greedy student rollouts and interpolate between1002

the forward- and reverse-KL augmented-trajectory losses, testing whether performance depends on a1003

single KL direction.1004
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Figure 2: Full modular-addition results over 3M expert trajectories. Top: validation loss; Bottom:
accuracy. Curves show the mean over three random seeds, with shaded regions indicating one
standard deviation. In the low-noise setting (η = 0), the NAIL variants drive validation loss to zero
and reach perfect accuracy, while OPD-F plateaus. In the high-noise setting (η = 0.2), the separation
is more pronounced: NAIL-F and NAIL-R remain stable and reach perfect accuracy, whereas offline
LogLossBC and the OPD baselines fail to solve the task.
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Figure 3: Ablation of student rollout temperature for NAIL-F and NAIL-R on Modular Addition. The
parameter t controls the student sampling temperature used during training rollout. Curves show
the mean over three random seeds, with shaded regions indicating one standard deviation. Left:
low-noise setting, NAIL-F learns faster and is relatively insensitive to temperature, while NAIL-R is
substantially slower. Right: high-noise setting, moderate student temperatures improve robustness
for both objectives, with NAIL-F solving the task across temperatures and NAIL-R degrading at
larger t.

B.3.1 Ablating student rollout temperature1005

We next ablate the temperature used when sampling student rollouts. In the main experiments, the1006

student prefixes are generated greedily, i.e. temperature t = 0. Here, we instead sample from the1007

student policy with various temperatures t ∈ {0.1, 0.3, 0.5}. We evaluate both NAIL-F and NAIL-R1008

on Modular Addition under the same low- and high-noise settings as in the main body. All variants1009

are trained using the same recipe as in Appendix B.1; for readability, Figure 3 shows only the first1010

1.25M expert-query trajectories.1011
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Figure 4: Interpolation between NAIL-F and NAIL-R on Modular Addition. The parameter β
interpolates between the forward-KL (β = 0) and the reverse-KL (β = 1) losses. Curves show
the mean over three random seeds, with shaded regions indicating one standard deviation. All
interpolated variants eventually solve the task in both noise regimes, but the learning speed depends
strongly on β. Left: in the low-noise setting, forward-KL-heavy objectives learn fastest. Right: in
the high-noise setting, intermediate and reverse-KL-heavy objectives are competitive, suggesting that
(i) the robustness of NAIL is primarily driven by querying the expert on learner-induced prefixes
rather than by a single KL direction, and (ii) the best KL direction is task- and noise-dependent.

In the low-noise setting (η = 0), NAIL-F solves the task at roughly the same sample complexity1012

across rollout temperatures, indicating that forward-KL training is fairly robust to this choice. In1013

contrast, NAIL-R remains slower across temperatures, consistent with the main results in Figure 1. In1014

the high-noise setting (η = 0.2), small to moderate rollout temperatures can still solve the task, but1015

large temperature substantially hurts both NAIL-F and NAIL-R. This suggests that some stochasticity1016

in student rollouts is tolerable, but excessive exploration can produce prefixes that are too noisy or1017

off-distribution for effective expert querying.1018

B.3.2 Interpolating between NAIL-F and NAIL-R1019

To further probe the role of the KL direction, we fix greedy student rollouts and interpolate between1020

the forward- and reverse-KL losses. For β ∈ [0, 1], we minimize1021

Jβ(πθ) = (1− β) ·DKL

(
Pπ̄θ,π

⋆
η

∥∥∥Pπ̄θ,πθ

)
+ β ·DKL

(
Pπ̄θ,πθ

∥∥∥Pπ̄θ,π
⋆
η

)
.

Thus β = 0 recovers NAIL-F, while β = 1 recovers NAIL-R. We train each variant for 3M expert-1022

query trajectories using the same recipe as in Appendix B.1; for readability, Figure 4 shows only1023

the first 1.25M trajectories. All interpolated variants eventually reach perfect accuracy in both the1024

low-noise and high-noise regimes, but their learning dynamics differ.1025

When η = 0, performance changes smoothly from that of NAIL-F to NAIL-R as β increases,1026

matching the behavior in Figure 1: forward-KL-heavy objectives learn fastest. When η = 0.2,1027

however, intermediate and reverse-KL-heavy mixtures learn slightly faster than either endpoint, with1028

larger values of β reaching perfect accuracy roughly 100K trajectories earlier. These results suggest1029

that the optimal KL mixture is task- and noise-dependent. A more systematic study of when to prefer1030

forward KL, reverse KL, or mixtures of the two is an interesting direction for future work.1031

C Technical Tools1032

In this section, we recall some technical tools that are used throughout the proofs. We begin in1033

Appendix C.1, where we recall some basic definitions and properties of KL divergence and Hellinger1034

distance. We proceed in Appendix C.2 by stating some classical results on the performance of1035

maximum likelihood estimators. In Appendix C.3, we recall some key results from the theory of1036
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imitation learning that relate regret to Hellinger distance between trajectory distributions. Finally, in1037

Appendix C.4 we recall some standard results from online learning that are used in the analysis of1038

our online algorithms.1039

C.1 Information Theory1040

In this section we recall some basic results from information theory that are used throughout the1041

paper. For a more complete introduction to the topic, see Polyanskiy and Wu [43].1042

We first recall the definitions of KL divergence.1043

Definition 6. Let P,Q be two distributions over the same space X . The KL divergence between P1044

and Q is defined as1045

DKL (P∥Q) = EX∼P

[
log

dP

dQ
(X)

]
with DKL (P∥Q) = ∞ if P is not absolutely continuous with respect to Q.1046

We use the following classical properties of KL divergence repeatedly throughout the paper; see1047

Polyanskiy and Wu [43] for details.1048

Proposition 4. Let P,Q be distributions over the same space X . Then it holds that DKL (P∥Q) ≥ 01049

with equality if and only if P = Q. Moreover, (P,Q) 7→ DKL (P∥Q) is jointly convex in its1050

arguments, i.e. for any λ ∈ [0, 1] and any distributions P1, P2, Q1, Q2,1051

DKL (λP1 + (1− λ)P2∥λQ1 + (1− λ)Q2) ≤ λ ·DKL (P1∥Q1) + (1− λ) ·DKL (P2∥Q2) .

Furthermore, if P,Q ∈ ∆(X1 × · · · Xn), then the KL divergence satisfies a chain rule: if PX1,...,Xn
1052

and QX1,...,Xn are the distributions of (X1, . . . , Xn) under P and Q respectively, then1053

DKL (PX1,...,Xn
∥QX1,...,Xn

) =

n∑
i=1

EX1,...,Xi−1∼P

[
DKL

(
PXi|X1,...,Xi−1

∥∥QXi|X1,...,Xi−1

)]
.

While KL divergence is a fundamental notion of distance between distributions, it is infinite when the1054

two distributions are not absolutely continuous with respect to each other, which can be problematic1055

in many settings in IL. We thus also consider the Hellinger distance, defined as follows.1056

Definition 7. Let P,Q be two distributions over the same space X . The Hellinger distance between1057

P and Q is defined as1058

DH2 (P,Q) = 1− EX∼P

[√
dQ

dP
(X)

]

= 1− EX∼Q

[√
dP

dQ
(X)

]

=
1

2
·
∫
X

(√
dP

dµ
(x)−

√
dQ

dµ
(x)

)2

dµ(x),

where µ is any measure such that P and Q are absolutely continuous with respect to µ, e.g. µ =1059
(P+Q)/2.1060

While Hellinger distance is also nonnegative and equal to zero if and only if the two distributions are1061

equal, it is a weaker notion of distance than KL divergence, as it is always bounded by 1. In addition,1062

it satisfies a Pinsker-type inequality that relates it to KL divergence.1063

Proposition 5 (Pinsker’s inequality). Let P,Q be two distributions over the same space X . Then,1064

DH2 (P,Q) ≤ DKL (P∥Q) .

The Hellinger distance is also intimately related to the total variation distance TV (P,Q) =1065

supA⊆X |P (A)−Q(A)| up to a quadratic factor.1066
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Proposition 6. Let P,Q be two distributions over the same space X . Then,1067

DH2 (P,Q) ≤ TV (P,Q) ≤
√
2 ·DH2 (P,Q).

Much like KL divergence, Hellinger is jointly convex in its arguments. In contradistinction to KL1068

divergence, however, Hellinger distance does not satisfy a chain rule, but it does satisfy two weaker1069

properties that will be sufficient for our purposes.1070

Proposition 7. Let P,Q be two distributions over X1 × · · · × Xn. Let Bn+1(x1:n) = 1 and for all1071

i ≤ n, let for some common dominating measure µ,1072

Bi(x1:i−1) =

∫
Xi

√
dPXi|X1:i−1=x1:i−1

dµ
(xi) ·

dQXi|X1:i−1=x1:i−1

dµ
(xi) ·Bi+1(x1:i)dµ(xi).

Then,1073

DH2 (P,Q) = 1−B1.

In particular, if P,Q are product distributions, i.e. P = P1 × · · ·Pn and Q = Q1 × · · ·Qn, then1074

DH2 (P,Q) = 1−
n∏

i=1

(1−DH2 (Pi, Qi)) ≤
n∑

i=1

DH2 (Pi, Qi) .

The second property is more similar in form to the chain rule for KL divergence, but it is an inequality1075

rather than an equality.1076

Proposition 8 (Lemma D.2 Foster et al. [18]). Let P,Q be two distributions over X1 × · · · × Xn.1077

Then,1078

DH2 (P,Q) ≤
H∑

h=1

EP

[
DH2

(
PXh|X1:h−1

, QXh|X1:h−1

)]
.

C.2 Maximum Likelihood Estimation1079

Maximum Likelihood Estimation (MLE) is a fundamental statistical estimation technique that returns1080

the density in a given class that maximizes the likelihood of the observed data. More precisely if Π′1081

is a class of conditional distributions S 7→ ∆(A) and (s(i), a(i))ni=1 are samples, then the MLE π̂ is1082

defined as1083

π̂ ∈ argmax
π∈Π′

n∑
i=1

log π(a(i)|s(i)) = argmin
π∈Π′

n∑
i=1

− log π(a(i)|s(i)). (6)

While the following result is due to Geer [20], Zhang [64], we state the version from Foster et al. [17]1084

that is most relevant to our setting.1085

Theorem 10 (Proposition B.1 from [17]). Let Π′ be a finite class of conditional distributions1086

S 7→ ∆(A) and let π⋆ ∈ Π′. Let (s(i), a(i))ni=1 be i.i.d. samples from Pπ⋆

, where Pπ⋆

is the1087

distribution over S × A induced by sampling s ∼ ρ and a ∼ π⋆(·|s). If π̂ is the MLE in (6), then1088

with probability at least 1− δ,1089

DH2

(
Pπ⋆

,Pπ̂
)
≤ 12 ·

log
(|Π′|/δ

)
n

.

An immediate consequence of Theorem 10 is that Behavior Cloning with the logarithmic loss achieves1090

Hellinger distance that scales in a horizon-free manner with the number of samples.1091

Corollary 1 (Proposition 2.1 from [17]). Let Π be a finite class of policies S × [H] → ∆(A) and let1092

π⋆ ∈ Π. Let τ (i) = (s
(i)
1 , a

(i)
1 , . . . , s

(i)
H , a

(i)
H ) be i.i.d. trajectories from Pπ⋆

and let1093

π̂ ∈ argmin
π∈Π

n∑
i=1

H∑
h=1

− log π(a
(i)
h |s(i)h ).
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Then with probability at least 1− δ,1094

DH2

(
Pπ̂,Pπ⋆

)
≲

log (|Π|/δ)

n
.

In particular,1095

E
[
DH2

(
Pπ̂,Pπ⋆

)]
≲

log (n · |Π|)
n

.

Indeed, Corollary 1 follows from observing that the policy does not affect the transition densities and1096

thus1097

π̂ = argmin
π∈Π

n∑
i=1

H∑
h=1

− log
(
π
(
a
(i)
h | s(i)h

))
= argmin

π∈Π

n∑
i=1

H∑
h=1

− log
(
π
(
a
(i)
h | s(i)h

)
· Ph

(
s
(i)
h+1 | a

(i)
h , s

(i)
h

))
= argmin

π∈Π

n∑
i=1

− logPπ(τ (i)).

The second statement is immediate from the first and the fact that Hellinger distance is bounded by 1.1098

C.3 Imitation Learning1099

Recent work has revealed the fundamental importance of the Hellinger distance in the theory of1100

interactive decision making [15, 16, 45]. In this section we recall the key fact that, at least in a1101

minimax sense, Imitation Learning is essentially equivalent to learning the trajectory distribution1102

of the expert in Hellinger distance. Following Foster et al. [17], we consider the deterministic and1103

stochastic cases separately. In the deterministic case, we have the following result.1104

Theorem 11 (Theorem 2.1 from [17]). Let π⋆ be a deterministic policy and let π̂ be an arbitrary1105

(possibly stochastic) policy. Then,1106

J(π⋆)− J(π̂) ≤ 4R ·DH2

(
Pπ̂,Pπ⋆

)
,

where R is such that1107

0 ≤
H∑

h=1

r(sh, ah) ≤ R

for all trajectories τ = (s1, a1, . . . , sH , aH).1108

In the stochastic case, we recall the following result, which is a consequence of the more general1109

results in Foster et al. [17].1110

Theorem 12 (Theorem 3.1 and Proposition 3.1 from Foster et al. [17]). Let π⋆ be a (possibly1111

stochastic) policy and let π̂ be any policy. Then,1112

J(π⋆)− J(π̂) ≲
√
R2 ·DH2 (Pπ⋆ ,Pπ̂) +R log

(
R

DH2 (Pπ̂,Pπ⋆)

)
·DH2

(
Pπ̂,Pπ⋆

)
.

Note that Foster et al. [17] proves a tighter result, replacing the R2 under the square root with1113

σ2
π⋆ =

H∑
h=1

Eπ⋆

[(
E
[
Qπ⋆

h (sh, ah)|sh
]
−Qπ⋆

h (sh, ah)
)2]

,

where Qπ⋆

is the Q-function of π⋆ (cf. e.g. Sutton et al. [56]). The second cited result above, Foster1114

et al. [17, Proposition 3.1], controls σ2
π⋆ by R2 leading to the version stated above. While σ2

π⋆ is a1115

significantly more refined quantity that can be much smaller than R2 in many settings of interest,1116

such as when π⋆ is near-deterministic, we use the version stated above for simplicity. We leave1117

to future work the interesting problem of understanding the precise role of σ2
π⋆ in the noisy expert1118

setting and whether it can be used to obtain improved guarantees in certain regimes.1119

Note that Foster et al. [17, Theorem G.3] shows that the above reductions are tight up to constants in1120

the sense that for any MDP and pair of policies, there exist reward functions that achieve the reverse1121

inequalities up to constant factors. Thus, in a minimax sense, IL is essentially equivalent to learning1122

the trajectory distribution of the expert in Hellinger distance. More formally, the result states the1123

following.1124
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Algorithm 2 Exponential Weights
Require: Number of rounds n, loss function ℓ : Π× Y → R, learning rate λ > 0.

1: Set w1 = Unif(Π).
2: for t = 1 to n do
3: Observe yt and suffer loss Eπ∼wt

[ℓ(π, yt)].
4: Update wt+1(π) ∝ wt(π) · e−λ·ℓ(π,yt).
5: end for

Theorem 13 (Theorem G.3 from Foster et al. [17]). Let M be an MDP. Then for any pair of policies1125

π⋆, π̂ and any σ > 0 there exists a reward function r such that σ2
π⋆ ≤ σ2 and1126

J(π⋆)− J(π̂) ≳
√

σ2 ·DH2 (Pπ⋆ ,Pπ̂).

Moreover, there exists a reward function r such that1127

J(π⋆)− J(π̂) ≳ R ·DH2

(
Pπ⋆

,Pπ̂
)

and the same conclusion applies even if we assume π⋆ is deterministic.1128

By Theorem 13, for any of our lower bounds on regret, it suffices to construct instances where1129

learning the trajectory distribution of the expert in Hellinger distance is hard, which is what we do.1130

C.4 Online Learning1131

Several of our results rest on the use of online learning algorithms, and in particular the exponential1132

weights algorithm, to learn policies in an online fashion. In this section we recall the key definitions1133

and results from online learning that are used throughout the paper. For a more complete introduction1134

to the topic, see Cesa-Bianchi and Lugosi [8].1135

We are only concerned with online learning over finite classes of experts in this work. For a finite class1136

Π, the online learning problem proceeds in rounds t ∈ [n] as follows. The learner at the beginning1137

is informed of a loss function ℓ : Π× Y → R and must choose a distribution wt ∈ ∆(Π) over the1138

experts. Then, an outcome yt ∈ Y is revealed and the learner suffers loss Eπ∼wt [ℓ(π, yt)]. The goal1139

of the learner is to minimize regret, defined as1140

Regn =

n∑
t=1

Eπ∼wt
[ℓ(π, yt)]−min

π∈Π

n∑
t=1

ℓ(π, yt).

The exponential weights algorithm is a simple and classical online learning algorithm that achieves1141

optimal regret guarantees in the adversarial setting, given in Algorithm 2.1142

We make use of the following definition.1143

Definition 8. A loss ℓ : Π× Y → R is β-exp-concave if for all y ∈ Y , the function π 7→ e−β·ℓ(π,y)1144

is concave.1145

We recall the following result about the regret of the exponential weights algorithm when the loss is1146

exp-concave.1147

Proposition 9 (Proposition 3.1 from Cesa-Bianchi and Lugosi [8]). If ℓ is β-exp-concave, then the1148

exponential weights algorithm with learning rate λ = β achieves regret1149

Regn ≤ log(|Π|)
β

.

We emphasize that this regret is independent of the precise choice of y1, . . . , yn, and thus holds even1150

if the outcomes are chosen by an adversary that observes the learner’s distribution wt at each round.1151

Finally, we will recall a more general definition that is similar to exp-concavity but allows for a better1152

regret bound.1153

Definition 9. A loss ℓ : Π× Y → R is β-mixable if for all y ∈ Y and all distributions w ∈ ∆(Π),1154

there exists πw ∈ Π such that1155

e−β·ℓ(πw,y) ≥ Eπ∼w

[
e−β·ℓ(π,y)

]
.
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Mixability is a classical notion in online learning and a more complete discussion of it can be found in1156

Cesa-Bianchi and Lugosi [8]. We recall the following guarantee for the exponential weights algorithm1157

when the loss is mixable.1158

Proposition 10 (Proposition 3.2 from Cesa-Bianchi and Lugosi [8]). If ℓ is β-mixable, then the1159

exponential weights algorithm with learning rate λ = β achieves regret1160

Regn ≤ log(|Π|)
β

.

D Proofs from Section 31161

In this appendix, we prove the two results in Section 3 involving offline imitation learning with a noisy1162

expert. We begin by proving the upper bound that scales exponentially in horizon in Appendix D.11163

before proving that this exponential dependence is necessary in the worst case in Appendix D.2. We1164

conclude in Appendix D.3 by showing that any offline IL algorithm must suffer from this exponential1165

dependence, making offline IL fundamentally intractable in the noisy expert setting.1166

D.1 Proof of Theorem 61167

We first state a slightly tighter version of the main theorem, which recovers Theorem 6. We first1168

conclude the proof under κ-domination and then show how to get a weaker guarantee in the absence1169

of κ-domination.1170

Theorem 14. Let π, π′ be policies that κ-dominate the corruption ν. For any 0 ≤ η < 1, it holds1171

that1172

DH2

(
Pπ,Pπ′

)
≤ 2(1 + η(2κ− 1))

(1− η)H+2
·DH2

(
Pπη ,Pπ′

η

)
.

Noting that η < 1 immediately shows that the first statement of Theorem 6 follows from Theorem 14.1173

To prove the latter, we fix policies π, π′ and introduce some notation in order to help with the proof.1174

First, for any state s ∈ S, define1175

Pπ
h(s) = Pπ (ah, τh+1:H |sh = s)

to be the conditional distribution of the action ah and the future trajectory of states and actions1176

conditioned on the event that sh = s. We then define1177

Dh(s) = DH2

(
Pπ
h(s),Pπ′

h (s)
)

and Dη
h(s) = DH2

(
Pπη

h (s),Pπ′
η

h (s)
)
.

We have the following recursion.1178

Lemma 1. Let π, π′ be any two policies. Then DH+1(s) = 0 for all s ∈ S and for any s ∈ S and1179

h ≤ H , it holds that1180

Dh(s) = DH2 (πh(·|s), π′
h(·|s)) +

∑
a∈A

√
πh(a|s) · π′

h(a|s) ·
∫

Dh+1(s
′)dPh(s

′|s, a).

Proof. We use Proposition 7. Indeed, we compute1181

1−Dh(s) = Eπ

[√
π′
h(ah|s)

πh(ah|s)
(1−Dh+1(sh+1))

]
=
∑
a∈A

√
πh(a|s) · π′

h(a|s) · Esh+1∼Ph(·|s,a) [1−Dh+1(sh+1)] .

The result follows by rearranging and using the definition of the Hellinger squared distance.1182

Lemma 1 reduces the problem of bounding the contraction in Hellinger distance of trajectory1183

distributions to bounding the contraction on a per-step basis. We thus prove that in the case of1184

κ-dominated corruption distributions ν, we can control this contraction at each time step h.1185
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Lemma 2. Let π, π′ be arbitrary policies and suppose that ν is κ-dominated, i.e., for all 1 ≤ h ≤ H ,1186

all s ∈ S and a ∈ supp(πh(·|s)) ∪ supp(π′
h(·|s)), it holds that1187

νh(a|s) ≤ κ (πh(a|s) + π′
h(a|s)) .

Then for any 0 ≤ η < 1, any state s ∈ S and time 1 ≤ h ≤ H , it holds that1188

DH2 (πh(·|s), π′
h(·|s)) ≤

2 (1 + η (2κ− 1))

(1− η)2
·DH2

(
πη,h(·|s), π′

η,h(·|s)
)
.

Proof. For the sake of notational simplicity, we will suppress the h in this proof; in addition,1189

because we have fixed a state s, we will write π(a) for πh(a|s). We observe that for any a ∈1190

supp(π) ∪ supp(π′), it holds that1191

πη(a) + π′
η(a) = (1− η) (π(a) + π′(a)) + 2η · ν(a)

≤ (1− η) (π(a) + π′(a)) + 2ηκ · (π(a) + π′(a))

= (1 + η(2κ− 1)) (π(a) + π′(a)) .

Thus,1192 (√
πη(a) +

√
π′
η(a)

)2

≤ 2
(
πη(a) + π′

η(a)
)
≤ 2 (1 + η(2κ− 1))

(√
π(a) +

√
π′(a)

)2
,

where we used the fact that a+ b ≤
(√

a+
√
b
)2

≤ 2(a+ b) for nonnegative a, b. Plugging into1193

the definition of Hellinger distance, we see that1194

DH2

(
πη, π

′
η

)
=

1

2

∑
a∈A

(√
πη(a)−

√
π′
η(a)

)2

=
1

2

∑
a∈A

(
πη(a)− π′

η(a)
)2(√

πη(a) +
√
π′
η(a)

)2
≥ (1− η)

2

2(1 + η(2κ− 1))
· 1
2

∑
a∈A

(π(a)− π′(a))
2(√

π(a) +
√

π′(a)
)2

=
(1− η)

2

2(1 + η(2κ− 1))
·DH2 (π, π′) .

The result follows.1195

Remark 1. Note that it is precisely in Lemma 2 that κ-domination is used and in the proof one1196

can understand the necessity of such an assumption. Indeed, the problem is precisely that the map1197

η 7→ √
η is not Lipschitz near η = 0. For a simple example of what can go wrong, let1198

π = Bernoulli(0) = δ0, π′ = Bernoulli(ε), and ν = Bernoulli (1/2) .

An elementary computation then shows that1199

DH2 (π, π′) ≍ ε but DH2

(
πη, π

′
η

)
≍ ε2,

for η > 0. Thus, in order to prevent such a quadratic blowup, we need to ensure that ν does not1200

put too much mass on actions that receive small, but positive, probability under π or π′, which is1201

precisely what κ-domination ensures.1202

Remark 2. Note that even with κ-domination, the (1− η)2 dependence in the comparison is real.1203

Indeed, suppose that π⋆ = δa1
and π̂ = δa2

for some a1 ̸= a2, and ν = 1/2 (π⋆ + π̂). Then we have1204

κ-domination with κ = 1. On the other hand, we have DH2 (π⋆, π̂) = 1, whereas1205

DH2

(
π⋆
η , π̂η

)
= 1−

√
η(2− η) ≍ (1− η)2

2
.

Thus the (1− η)2 dependence is tight up to constant factors.1206
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We are now ready to conclude the proof of the result.1207

Proof of Theorem 14. We prove the following claim by reverse induction from H, . . . , 1: it holds for1208

any s ∈ S that1209

Dη
h(s) ≥ (1− η)H+1−h · (1− η)2

2 (1 + η(2κ− 1))
·Dh(s). (7)

The case h = H follows immediately from Lemma 2. We thus suppose that (7) holds for h+ 1. By1210

Lemma 1, it holds that1211

Dη
h(s) = DH2

(
πη,h(·|s), π′

η,h(·|s)
)
+
∑
a∈A

√
πη,h(a|s) · π′

η,h(a|s) ·
∫

Dη
h+1(s

′)dPh(s
′|s, a)

≥ (1− η)2

2 (1 + η(2κ− 1))
·DH2 (πh(·|s), π′

h(·|s)) +
∑
a∈A

√
πη,h(a|s) · π′

η,h(a|s) ·
∫

Dη
h+1(s

′)dPh(s
′|s, a)

≥ (1− η)2

2 (1 + η(2κ− 1))
·DH2 (πh(·|s), π′

h(·|s)) + (1− η) ·
∑
a∈A

√
πh(a|s) · π′

h(a|s) ·
∫

Dη
h+1(s

′)dPh(s
′|s, a)

≥ (1− η)2

2 (1 + η(2κ− 1))
·DH2 (πh(·|s), π′

h(·|s))

+ (1− η) · (1− η)H−h · (1− η)2

2 (1 + η(2κ− 1))
·
∑
a∈A

√
πh(a|s) · π′

h(a|s) ·
∫

Dh+1(s
′)dPh(s

′|s, a)

≥ (1− η)H+3−h

2 (1 + η(2κ− 1))
·

(
DH2 (πh(·|s), π′

h(·|s)) +
∑
a∈A

√
πh(a|s) · π′

h(a|s) ·
∫

Dh+1(s
′)dPh(s

′|s, a)

)

=
(1− η)H+3−h

2 (1 + η(2κ− 1))
·Dh(s),

where the first inequality used Lemma 2, the second inequality used the fact that1212 √
πη,h(a|s) · π′

η,h(a|s) =
√

((1− η)πh(a|s) + ηνh(a|s)) ((1− η)π′
h(a|s) + ηνh(a|s))

≥ (1− η) ·
√

πh(a|s) · π′
h(a|s),

the third inequality used the inductive hypothesis, and the final inequality again used Lemma 1. The1213

result follows immediately.1214

Note that in the case that π, π′ are both deterministic policies, then any ν is κ-dominated with κ = 11215

and thus1216

DH2

(
Pπ,Pπ′

)
≲ (1− η)−H−2 ·DH2

(
Pπη ,Pπ′

η

)
≤ eηH/1−η

(1− η)2
·DH2

(
Pπη ,Pπ′

η

)
.

We now show how to get a weaker guarantee in the absence of κ-domination. We restate the result1217

with constants made explicit now.1218

Proposition 11. Let M be a horizon H MDP and let π, π′ be two policies. For any choice of ν and1219

any 0 < η < 1, it holds that1220

DH2

(
Pπ,Pπ′

)
≤

√
2 · (1− η)−H − 1

η(1− η)
·DH2

(
Pπη ,Pπ′

η
)
.

We first prove the following general result on the contraction of Hellinger distance under arbitrary1221

corruptions.1222

Lemma 3. Let P,Q be two distributions over a common space X and let ν be an arbitrary distribution1223

over X . For any 0 < η < 1, letting Pη = (1− η)P + ην and Qη = (1− η)Q+ ην, it holds that1224

DH2 (P,Q) ≤
√
2

1− η
·
√

DH2 (Pη, Qη).
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Proof. By Proposition 6, it holds that1225 √
2DH2 (Pη, Qη) ≥ TV (Pη, Qη)

= sup
0≤f≤1

∣∣EPη [f ]− EQη [f ]
∣∣

= (1− η) · sup
0≤f≤1

|EP [f ]− EQ[f ]|

= (1− η) · TV (P,Q)

≥ (1− η) ·DH2 (P,Q) ,

where the second equality comes from the linearity of expectation and the final inequality again1226

comes from Proposition 6.1227

We can now prove the proposition.1228

Proof of Proposition 11. We will apply backward induction and Lemma 1. Indeed, we use the1229

identical notation as that used in the proof thereof. We suppose that there are constants Ch for1230

h = H, . . . , 1 satisfying CH = 2−1 · (1− η)2 and1231

1

Ch
=

2

(1− η)2
+

1

(1− η) · Ch+1

such that1232

Dη
h(s) ≥ Ch ·Dh(s)

2 for all s ∈ S.

By Lemma 3, the statement holds for h = H . Now, by Lemma 1, it holds that1233

Dη
h(s) = DH2

(
πη,h(·|s), π′

η,h(·|s)
)
+
∑
a∈A

√
πη,h(a|s) · π′

η,h(a|s) ·
∫

Dη
h+1(s

′)dPh(s
′|s, a)

≥ 2−1 · (1− η)2 ·DH2 (πh(·|s), π′
h(·|s))

2

+ (1− η) ·
∑
a∈A

√
πh(a|s) · π′

h(a|s) ·
∫

Dη
h+1(s

′)dPh(s
′|s, a)

≥ 2−1 · (1− η)2 ·DH2 (πh(·|s), π′
h(·|s))

2

+ (1− η) ·
∑
a∈A

√
πh(a|s) · π′

h(a|s) ·
∫

Ch+1Dh+1(s
′)2dPh(s

′|s, a)

≥ 2−1 · (1− η)2 ·DH2 (πh(·|s), π′
h(·|s))

2

+ Ch+1(1− η) ·

(∑
a∈A

√
πh(a|s) · π′

h(a|s) ·
∫

Dh+1(s
′)dPh(s

′|s, a)

)2

,

where the second inequality follows from the inductive hypothesis and the final inequality follows1234

from Jensen’s inequality and the fact that
∑

a

√
πh(a|s) · π′

h(a|s) ≤ 1. By AM-GM, it holds that for1235

a, b, x, y ≥ 0,1236

a · x2 + b · y2 ≥ 1
1
a + 1

b

· (x+ y)2.

Thus, applying this to the final expression in the above display, we see that1237

Dη
h(s) ≥ Ch ·

(
DH2 (πh(·|s), π′

h(·|s)) +
∑
a∈A

√
πh(a|s) · π′

h(a|s) ·
∫

Dh+1(s
′)dPh(s

′|s, a)

)2

= Ch ·Dh(s)
2,

where the equality follows from Lemma 1. Thus, the inductive step is complete.1238
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It remains to bound Ch itself. Letting ch = C−1
h , we see that1239

cH = 2(1− η)−2, ch = 2(1− η)−2 + (1− η)−1 · ch+1

for h < H . Thus by induction, it holds that1240

c1 = 2 · (1− η)−H − 1

η(1− η)
.

The result follows.1241

Finally, we note that Theorem 6 follows immediately from Theorem 14 and Proposition 11, concluding1242

the proof.1243

D.2 Proof of Proposition 11244

We will prove three lower bounds: one for arbitrary κ, one for κ = 1 with a deterministic expert, and1245

one that holds absent κ-domination. We begin by stating the common construction for the first two,1246

before proving these first two results separately.1247

We will take an MDP that has H + 1 states s1, . . . , sH and an absorbing state ⊥. We will suppose1248

the action space A = {a1, a2, a3}. Let the transition functions for h < H be1249

Ph(s
′|s, a) =

{
δsh+1

a = a1 and s = sh
δ⊥ a ∈ {a2, a3} or s =⊥ .

In other words, ⊥ is an absorbing state that is reached by taking a ‘wrong’ action at any state,1250

otherwise we deterministically transition to the next state.1251

We now state the formal proposition for the case of κ = 1 and deterministic experts.1252

Proposition 12. For any H ≥ 1 and 0 ≤ η < 1, there exists an MDP, a policy class Π of size 2, and1253

a corruption distribution ν such that both policies in Π are deterministic, but1254

DH2

(
Pπ⋆

,Pπ̂
)
= 1 but DH2

(
Pπ⋆

η ,Pπ̂η

)
≤ (1− η)H+1.

Proof. We will consider the MDP described above with policy class Π = {π⋆, π̂} of size 2 such1255

that π̂(·|sh) = π⋆(·|sh) = δa1 (an atom on a1) for h < H , π⋆(sH) = δa1 , π̂(sH) = δa2 , and both1256

policies take the same action at ⊥. Finally, suppose that1257

ν(·|sH) =
δa1

+ δa2

2
and ν(·|sh) = δa3

for h < H.

We claim that for any 0 ≤ η < 1, the result of the proposition holds for this construction. Note that1258

the η = 0 case is trivial, so suppose that η > 0. We now observe that DH2

(
Pπ⋆

,Pπ̂
)
= 1 because1259

the policies deterministically differ in the final time step, which is reached with probability 1. Thus1260

we focus on upper bounding DH2

(
Pπ⋆

η ,Pπ̂η

)
.1261

Note first that for π ∈ {π⋆, π̂}, with probability at least 1− (1− η)H−1, it holds that the trajectory1262

under π will transition to ⊥ before the final time step; moreover, conditional on this event, both1263

corrupted policies induce the same distribution. On the complementary event of no contamination up1264

to step H , it holds that1265

π⋆
η =

(
1− η

2

)
· δa1

+
η

2
· δa2

and π̂η =
η

2
· δa1

+
(
1− η

2

)
· δa2

.

Thus,1266

DH2

(
π⋆
η(·|sH), π̂η(·|sH)

)
= 1−

√
η(2− η) =

(1− η)2

1 +
√

η(2− η)
≤ (1− η)2.

Combining these observations, we see that1267

DH2

(
Pπ⋆

η ,Pπ̂η

)
≤ (1− η)H−1 · (1− η)2 = (1− η)H+1.

The result follows.1268
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We now state the formal proposition for the case of arbitrary κ.1269

Proposition 13. For any H ≥ 1, κ ≥ 1, and 0 ≤ η < 1, there exists an MDP, a policy class Π of1270

size 2, and a corruption distribution ν such that both policies in Π κ-dominate ν, but1271

DH2

(
Pπ,Pπ′

)
≥ 4η · κ · (1− η)−H−1 ·DH2

(
Pπη ,Pπ′

η

)
.

Proof. We will consider the MDP described above but now let for h < H ,1272

πh(·|sh) = π′
h(·|sh) = (1− ε) · δa1

+ ε · δa3

and1273

πH(·|sH) = (1− ε) · δa1
+ ε · δa2

and π′
H(·|sH) = (1− ε) · δa1

+ ε · δa3
.

Let both policies take action a2 on ⊥. Finally, let1274

νh(·|sh) = δa3
for h < H and νH(·|sH) =

δa2
+ δa3

2
,

and let ν(·| ⊥) = δa2
. Suppose that ε = 1/2κ. We first note that ν is κ-dominated. Indeed, for h < H1275

this is immediate for action a1, and for a3,1276

νh(a3|sh) = 1 = κ · 2ε = κ · (πh(a3|sh) + π′
h(a3|sh)) .

At sH , for a2 we have1277

νH(a2|sH) =
1

2
= κ · ε = κ · (πH(a2|sH) + π′

H(a2|sH)) ,

and similarly for a3. Thus ν is κ-dominated.1278

We now compute the Hellinger distance between the clean trajectory distributions. Let E denote the1279

event that the trajectory reaches sH . Note that the two laws are identical on Ec. On the other hand,1280

Pπ(E) = Pπ′
(E) = (1− ε)H−1 and DH2 (πH(·|sH), π′

H(·|sH)) = ε

Thus,1281

DH2

(
Pπ,Pπ′

)
= (1− ε)H−1 · ε.

We now compute the Hellinger distance between the corrupted trajectory distributions. For h < H1282

the policies coincide and the probability of reaching sH is (1 − η)H−1 · (1 − ε)H−1. At the final1283

time step,1284

DH2

(
πη,H(·|sH), π′

η,H(·|sH)
)
=
(√

η/2 + (1− η)ε−
√

η/2
)2

≤ (1− η)2ε2

2η
.

Thus,1285

DH2

(
Pπη ,Pπ′

η

)
≤ ((1− η)(1− ε))

H−1 · (1− η)2 · ε2

2η

≤ (1− η)H+1ε

2η
·DH2

(
Pπ,Pπ′

)
=

(1− η)H+1

4η · κ
·DH2

(
Pπ,Pπ′

)
.

The result follows.1286

We now provide a lower bound that holds absent κ-domination.1287

Proposition 14. For any H ≥ 1 and 0 < η < 1, there exists a horizon H MDP with 3 actions,1288

policies π⋆, π̂, and a corruption ν such that1289

DH2

(
Pπ⋆

,Pπ̂
)
≳

√
(1− η)−H − 1

1− η
·DH2

(
Pπ⋆

η ,Pπ̂η
)
.
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Proof. Let M have H + 1 states s1, . . . , sH and ⊥, where1290

Ph(·|sh, a2) = δsh+1
and Ph(·|sh, a1) = Ph(·|sh, a3) = Ph(·| ⊥, a) = δ⊥.

Let t < 1/4, let1291

S =

H−1∑
h=0

(1− η)−h =
(1− η)

(
(1− η)−H − 1

)
η

and λ = t/S.

Let1292

uh = λ(1− η)−h+1.

Note that uh ≤ 1/4 for every h. Now, let1293

π⋆
h(·|sh) = uh · δa1

+ (1− uh) · δa2
and π̂h(·|sh) = uh · δa3

+ (1− uh) · δa2
;

let π⋆, π̂ agree on ⊥ and define1294

νh(·|sh) =
1

2
· δa1 +

1

2
· δa3 and νh(·| ⊥) = δa1 .

We will let1295

Dh = DH2

(
Pπ⋆

h (sh),Pπ̂
h(sh)

)
and Dη

h = DH2

(
Pπ⋆

η

h (sh),P
π̂η

h (sh)
)
.

Applying Lemma 1, we see that1296

Dh = uh + (1− uh) ·Dh+1.

Thus, by induction, we have that1297

1− e−t ≤ D1 = 1−
H∏

h=1

(1− uh) ≤ t.

Because t ≤ 1/4, it thus holds that t/2 ≤ D1 ≤ t. On the other hand, a direct computation shows that1298

DH2

(
π⋆
η,h(·|sh), π̂η,h(·|sh)

)
= 1− (1− η)(1− uh)−

√
η2 + 2η(1− η)uh ≤ (1− η)2

2η
· u2

h.

By Lemma 1 again we see that1299

Dη
h = 1− (1− η)(1− uh)−

√
η2 + 2η(1− η)uh + (1− η)(1− uh) ·Dη

h+1

≤ (1− η)2

2η
· u2

h + (1− η)(1− uh) ·Dη
h+1.

Thus, by induction, we have that1300

Dη
1 ≤ (1− η)2

2η
·

H∑
h=1

(1− η)h−1 · u2
h =

(1− η)2

2η
· ·λ2S.

Substituting in the definition of λ and S, we have that1301

Dη
1 ≤ 1− η

2 ((1− η)−H − 1)
· t2 ≤ 2(1− η)

(1− η)−H − 1
·D2

1.

The result follows immediately.1302

We now prove the main lower bound.1303

Proof of Proposition 1. This follows from combining Propositions 12 to 14.1304
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D.3 Implications for Offline Imitation Learning1305

We conclude this appendix by demonstrating that the exponential dependence on horizon in Theorem 61306

must appear in any offline IL algorithm through a similar construction to the one used in Appendix D.2.1307

Proposition 15. Let κ ≥ 1 and 0 ≤ η < 1. For any H ≥ 2 and1308

ε <
(1− 1/2κ)

H−1

128κ
,

there exists an MDP, a policy class Π of size 2, and a corruption distribution ν such that both policies1309

in Π κ-dominate ν, but any offline IL algorithm achieving DH2

(
Pπ⋆

,Pπ̂
)
≤ ε requires1310

n ≳
η · κ

(1− η)H+1 · ε

samples from the corrupted expert.1311

Proof. We use the identical construction as the proof in Proposition 13, except we suppose that1312

πH(·|sH) = (1− u) · δa2
+ u · δa1

, π′
H(·|sH) = (1− u) · δa2

+ u · δa3
,

and1313

νH(·|sH) = κ · u · δa1
+ (1− 2κ · u) · δa2

+ κ · u · δa3
,

for some u ≤ 1/2κ. This construction is clearly κ-dominated. Moreover,1314

DH2

(
Pπ,Pπ′

)
= (1− 1/2κ)

H−1 · u and DH2

(
Pπη ,Pπ′

η

)
≤ (1− η)H−1 · (1− 1/2κ)

H−1 · u · (1− η)2

4ηκ
.

Choosing1315

u =
64 · ε

(1− 1/2κ)
H−1

,

which allows u ≤ 1/2κ by the assumption on ε, we see that1316

DH2

(
Pπ,Pπ′

)
= 64 · ε and DH2

(
Pπη ,Pπ′

η

)
≤ (1− η)H+1 · 16 · ε

η · κ
.

A standard two point argument concludes the proof.1317

E Proofs from Section 41318

In this appendix, we prove the results related to online Imitation Learning stated in the main body.1319

We begin in Appendix E.1 with the proof of Theorem 7, before continuing to prove the upper bound1320

on NAIL in Appendix E.3, and concluding with a proof of the lower bound in Appendix E.4.1321

E.1 Proof of Theorem 71322

We first state a slightly tighter version of the result, albeit with a more complicated expression in the1323

upper bound. We break this into two separate results, one using forward KL and one using reverse1324

KL, which together imply Theorem 7. First, under κ-domination, we have the following result.1325

Theorem 15. Let π, π′ be any two policies that κ-dominate the corruption ν. Then, for any 0 ≤ η < 11326

it holds that1327

DH2

(
Pπ,Pπ′

)
≤ 2(1 + η(2κ− 1))

(1− η)2
·
(
DKL

(
Pπ′,πη

∥∥∥Pπ′,π′
η

)
∧DKL

(
Pπ′,π′

η

∥∥∥Pπ′,πη

))
.

Note that the first conclusion of Theorem 7 can be recovered immediately.1328
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Proof of Theorem 15. We make use of the subadditivity of Hellinger squared divergence (Proposi-1329

tion 8). Indeed, it holds that1330

DH2

(
Pπ,Pπ′

)
≤ Eπ′

[
H∑

h=1

DH2 (π(·|sh), π′(·|sh))

]
.

Now, applying Lemma 2, we have that for any sh,1331

DH2 (π(·|sh), π′(·|sh)) ≤
2(1 + η(2κ− 1))

(1− η)2
·DH2

(
πη(·|sh), π′

η(·|sh)
)
.

Combining this fact with the preceding display and applying Proposition 5, we have1332

DH2

(
Pπ,Pπ′

)
≤ 2(1 + η(2κ− 1))

(1− η)2
· Eπ′

[
H∑

h=1

DH2

(
πη,h(·|sh), π′

η,h(·|sh)
)]

(8)

≤ 2(1 + η(2κ− 1))

(1− η)2
· Eπ′

[
H∑

h=1

DKL

(
πη,h(·|sh)

∥∥π′
η,h(·|sh)

)]
.

We may now apply the Chain rule for KL divergence (Proposition 4) to observe that1333

Eπ′

[
H∑

h=1

DKL

(
πη,h(·|sh)

∥∥π′
η,h(·|sh)

)]
= DKL

(
Pπ′,πη

∥∥∥Pπ′,π′
η

)
.

The first result follows. The second follows by the same argument by observing that the Hellinger1334

distance is symmetric in (8).1335

We now provide a similar comparison between the clean and noisy trajectory distributions absent1336

κ-domination.1337

Proposition 16. Let π⋆, π̂ be two policies and let ν be an arbitrary corruption distribution. Then for1338

any 0 ≤ η < 1 it holds that1339

DH2

(
Pπ⋆

,Pπ̂
)
≤ 1

1− η
·
√
2H ·DKL

(
Pπ̂,π⋆

η

∥∥Pπ̂,π̂η
)
∧DKL

(
Pπ̂,π̂η

∥∥Pπ̂,π⋆
η
)
.

Proof. As in the proof of Theorem 7, we use the subadditivity of the Hellinger distance (Proposition 8)1340

to get that1341

DH2

(
Pπ⋆

,Pπ̂
)
≤ Eπ̂

[
H∑

h=1

DH2 (π⋆
h(·|sh), π̂h(·|sh))

]

≤
√
2

1− η
· Eπ̂

[
H∑

h=1

√
DH2

(
π⋆
η,h(·|sh), π̂η,h(·|sh)

)]

≤
√
2H

1− η
·

√√√√Eπ̂

[
H∑

h=1

DH2

(
π⋆
η,h(·|sh), π̂η,h(·|sh)

)]

≤
√
2H

1− η
·
√

DKL

(
Pπ̂,π⋆

η

∥∥Pπ̂,π̂η
)
,

where the second inequality comes from Lemma 3, the third inequality comes from Cauchy-Schwarz,1342

and the final inequality comes from applying Pinsker’s inequality (Proposition 5) and the chain rule1343

for KL divergence (Proposition 4). The first claimed bound follows. The second comes from the1344

identical argument but using the symmetry of the Hellinger distance to apply Pinsker’s inequality in1345

the reverse direction. The result follows.1346

Finally, we note that Theorem 7 follows immediately from Theorem 15 and Proposition 16, concluding1347

the proof of the main result.1348
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E.2 Necessity of Horizon Dependence in the Absence of κ-Domination1349

We now show that the polynomial dependence in horizon that appears in Proposition 16 is necessary1350

with the following lower bound. In particular, Proposition 16 is tight up to a polynomial dependence1351

on (1− η).1352

Proposition 17. For any H ≥ 1 and 0 < η < 1, there exists a horizon H MDP with 2 actions,1353

policies π⋆, π̂, and corruption distribution ν such that1354

DH2

(
Pπ⋆

,Pπ̂
)
≥ 8−1 ·

√
H · η
(1− η)

·DKL

(
Pπ̂,π⋆

η

∥∥Pπ̂,π̂η
)
.

Proof. Let the MDP M have two actions, A = {0, 1} and H steps such that sh transitions to sh+11355

deterministically, independent of the action. Let1356

π⋆
h(0|sh) = 1, π̂h(0|sh) = 1− ε, and νh(0|sh) = 0

for every h. Thus actions are independent across time. We thus compute1357

DH2

(
Pπ⋆

,Pπ̂
)
= 1− (1− ε)

H/2

and thus, if ε ≤ 1/4H, it holds that1358

Hε

4
≤ DH2

(
Pπ⋆

,Pπ̂
)
≤ Hε.

On the other hand, it holds that1359

DKL

(
Pπ̂,π⋆

η

∥∥∥Pπ̂,π̂η

)
= H ·DKL

(
π⋆
η(·|s)

∥∥π̂η(·|s)
)

= H ·
(
(1− η) · log

(
1

1− ε

)
+ η · log

(
η

η + (1− η)ε

))
.

Using the fact that log(1− x) ≥ −x− x2 and log(1 + x) ≥ x− x2
/2 for x ∈ (0, 1), we get that if1360

ε ≤ η/e(1−η), then1361

DKL

(
Pπ̂,π⋆

η

∥∥∥Pπ̂,π̂η

)
≤ 3

2
·H · 1− η

η
· ε2.

Thus for sufficiently small ε, the claimed relation holds.1362

E.3 Proof of Theorem 81363

The main content of the proof is to show the following result, which is that the on-policy KL1364

divergence E
[
DKL

(
Pπ̂,π⋆

η

∥∥∥Pπ̂,π̂η

)]
for π̂ returned by Algorithm 1 is small. The result will then1365

follow from Theorem 7. Indeed, we have the following result.1366

Lemma 4. Let Π be a finite policy class, ν be an arbitrary corruption distribution, and 0 ≤ η < 11367

be a corruption level. Let π̂ denote the policy returned by Algorithm 1. Then it holds that1368

E
[
DKL

(
Pπ̂,π⋆

η

∥∥∥Pπ̂,π̂η

)]
≤ H · log(|Π|)

n
.

Proof. Let µt =
∑

π∈Π wt(π) · π denote the mixture policy defined in Algorithm 1. We first claim1369

that for any sequence of trajectories τ (t), τ (t)
′
, it holds that1370

n∑
t=1

H∑
h=1

log

(
π⋆
η,h(a

(t)′

h |s(t)h )

µ
(t)
η,h(a

(t)′

h |s(t)h )

)
≤ H · log(|Π|). (9)

To see this, let1371

ℓ(π, τ ′) = −
H∑

h=1

log (πη,h(a
′
h|sh))
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denote a loss function. We claim that ℓ is 1/H-mixable (Definition 9) and that Algorithm 1 amounts1372

to running the exponential weights algorithm (Algorithm 2) with respect to ℓ over the policy class1373

Πη = {πη|π ∈ Π} .

Indeed, fix τ ′ and let w ∈ ∆(Π) and1374

µw =
∑
π∈Π

w(π) · π.

Then, we note that (µw)η =
∑

π∈Π w(π) · πη by linearity and thus1375

e−H−1·ℓ(µw,τ ′) =

(
H∏

h=1

(µw)η,h(a
′
h|sh)

)1/H

=

H∏
h=1

(∑
π∈Π

w(π) · πη,h(a
′
h|sh)

)1/H

≥
∑
π∈Π

w(π) ·

(
H∏

h=1

πη,h(a
′
h|sh)

)1/H

=
∑
π∈Π

w(π) · e−H−1·ℓ(π,τ ′)

= Eπ∼w

[
e−H−1·ℓ(π,τ ′)

]
,

where the inequality follows from Hölder’s inequality. Thus ℓ is 1/H-mixable. Moreover, it is1376

immediate that the update in Algorithm 1 corresponds to the exponential weights update with respect1377

to ℓ over the policy class Πη with learning rate λ = H−1. Thus it holds by Proposition 10 that (9)1378

holds for any sequence τ (t).1379

Now, for fixed 1 ≤ t ≤ n and temporarily suppressing the notational dependence on t, note that1380

E

[
H∑

h=1

log

(
π⋆
η,h(a

′
h|sh)

µη,h(a′h|sh)

)]
= EµEa′

h∼π⋆
η,h(·|sh)

[
H∑

h=1

log

(
π⋆
η,h(a

′
h|sh) · Ph(sh+1|sh, ah)

µη,h(a′h|sh) · Ph(sh+1|sh, ah)

)]
= DKL

(
Pµ,π⋆

η

∥∥∥Pµ,µη

)
, (10)

where the last equality follows from the chain rule for KL divergence (Proposition 4). Combining (9)1381

and (10) and renormalizing, we have that1382

E

[
1

n

n∑
t=1

DKL

(
Pµ(t),π⋆

η

∥∥∥Pµ(t),µ(t)
η

)]
≤ H · log (|Π|)

n
.

Since π̂ = µT for T ∼ Unif([n]), independent of the training randomness, the left-hand side is1383

exactly the average over t. The desired bound follows.1384

We can now prove the main result.1385

Proof of Theorem 8. The result follows immediately by combining Lemma 4 and Theorem 7.1386

E.4 Proof of Proposition 21387

In this section we prove the lower bound Proposition 2 demonstrating that even with online access,1388

noisy, stochastic experts necessitate the linear in horizon dependence in sample complexity that is1389

present in Theorem 8. We first state a more formal version of the lower bound, which is stated in the1390

main body as Proposition 2.1391
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Proposition 18. For any H ≥ 2, corruption level 0 < η < 1, and ε < 1/32, there exists a horizon H1392

MDP with three actions, deterministic transitions, a known corruption distribution ν, and a policy1393

class Π of size |Π| = 2 such that ν is κ-dominated by Π with κ ≍ H/ε and any online IL algorithm1394

must observe at least1395

n ≥ η ·H
512(1− η)2 · ε2

trajectories of interaction with the noisy expert π⋆
η in order to achieve regret J(π⋆)− J(π̂) ≤ ε.1396

Proof. By Foster et al. [17], it suffices to show a lower bound against learning in trajectory-wise1397

Hellinger distance to order ε. Let an MDP have states s1, . . . , sH with transitions sh → sh+11398

deterministically independent of the action. Let the action space be A = {a1, a2, a3} and the policy1399

space be Π = {π+, π−}. For some u to be determined such that Hu ≤ 1/2 and u ≤ 1/4, let1400

π+,h(·|sh) = u · δa1
+ (1− u) · δa2

, π−,h(·|sh) = u · δa3
+ (1− u) · δa2

, and νh =
1

4
· (δa1

+ δa3
) +

1

2
· δa2

.

Note that νh is κ-dominated by Π with κ = 1/4u.1401

Now observe that1402

DH2 (π+,h(·|sh), π−,h(·|sh)) = 1−
√
(1− u)2 = u.

Moreover, because the action distributions are independent,1403

DH2 (Pπ+ ,Pπ−) = 1− (1− u)H ≥ Hu

2
,

where the inequality used the assumption that 2Hu ≤ 1. On the other hand, an elementary computa-1404

tion reveals that1405

π+,η,h =
(η
4
+ (1− η)u

)
· δa1

+
(η
2
+ (1− η)(1− u)

)
· δa2

+
η

4
· δa3

π−,η,h =
η

4
· δa1

+
(η
2
+ (1− η)(1− u)

)
· δa2

+
(η
4
+ (1− η)u

)
· δa3

.

Thus,1406

DKL (π+,η,h∥π−,η,h) =
(η
4
+ (1− η)u

)
· log

(
1 +

4(1− η)u

η

)
+ (1− η)u · log

(
η

4(1− η)u+ η

)
= (1− η)u · log

(
1 +

4(1− η)u

η

)
≤ 4(1− η)2u2

η
.

Thus, after n rounds of interaction, the chain rule for KL divergence (Proposition 4) ensures that the1407

KL divergence between the distributions over trajectories induced by π+ and π− is at most1408

nH · 4(1− η)2u2

η

and thus if1409

n ≤ η

8H(1− η)2u2
,

then by Le Cam’s inequality no algorithm can identify π⋆ with probability greater than 3/4, which1410

is required in order to achieve regret at most ε if Hu/2 ≥ 4ε. Thus, setting u = 8ε/H, we see that as1411

long as ε ≤ 1/32, then Hu ≤ 1/2 and u ≤ 1/4. Plugging in concludes the proof.1412

We now show the necessity of κ-domination in order to shave off the quadratic dependence on ε in1413

the sample complexity. We have the following result.1414

Proposition 19. For any κ ≥ 1, any corruption level 0 < η < 1, and any ε < 2−4 · κ−1, there exists1415

a horizon H = 1 MDP with three actions, a policy class Π of size |Π| = 2, and a known corruption1416

distribution ν such that:1417
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Algorithm 3 NAILGUN: Noise-robust Aggregation for Imitation Learning with Greedy UNcertainty
Require: Number of rounds n, deterministic policy class Π, noisy expert π⋆

η , noise ceiling α < 1,
contamination ceiling ρ > 0.

1: Set r =
√

(1−α)/αρ and w1 = Unif(Π).
2: for t = 1 to n do
3: Define µt =

∑
π∈Π wt(π) · π and µt(·|s) = argmaxa µt(a|s).

4: Deploy µt to get trajectory τ (t) ∼ Pµt .
5: Query noisy expert π⋆

η on τ (t) to obtain augmented trajectory τ
′(t).

6: Update wt+1(π) ∝ wt(π) · r
∑H

h=1 I
{
π(s

(t)
h )=a

(t)′
h

}
.

7: end for
8: return π̂ = µT for T ∼ Unif([n]).

(a) ν is κ-dominated by Π and π⋆ ∈ Π, and1418

(b) in order for an algorithm to achieve regret J(π⋆)− J(π̂) ≤ ε, the learner must observe at1419

least n ≳ η·κ/ε(1−η)2 trajectories of interaction with the noisy expert π⋆
η .1420

Proof. Suppose there is a single state s and three actions a1, a2, a3. Fix some 0 < u ≤ 1/2κ and1421

suppose that Π = {π+, π−} where1422

π+ = u · δa1 + (1− u) · δa2 , π− = u · δa3 + (1− u) · δa2 , and ν = κu · δa1 + κu · δa3 + (1− 2κu) · δa2 .

It is immediate that ν is κ-dominated by Π from the construction. Moreover, observe that1423

DH2 (Pπ+ ,Pπ−) = 1−
√

(1− u)2 = u.

Thus, if u > 4ε, then any algorithm returning a policy π̂ such that DH2

(
Pπ̂,Pπ⋆) ≤ ε must identify1424

π⋆. We now observe that an elementary computation reveals that1425

DKL (Pπ+,η∥Pπ−,η ) = u(1− η) · log
(
1 +

1− η

ηκ

)
≤ u · (1− η)2

ηκ
.

Thus, if we were to set u = 8ε, then we would have by Le Cam’s inequality that if1426

n · 8ε · (1− η)2

ηκ
≤ 1

8

then with constant probability, π̂ ̸= π⋆. If ε ≤ 1/16κ, then we can find such a u and thus the stated1427

sample complexity is required to achieve regret at most ε. The result follows.1428

F Proofs from Section 51429

In this appendix, we provide the proofs of the results stated in Section 5. We begin by describing the1430

algorithm NAILGUN and providing intuition for its design in Appendix F.2. We then provide the1431

proof of Theorem 9 in Appendix F.3. Finally, we provide the proof of the lower bound Proposition 31432

in Appendix F.4.1433

F.1 The Problem of Identifiability1434

In the unknown corruption setting, identifiability can be a major concern, i.e., it may be the case1435

that there are multiple policies π that are consistent with the observed noisy expert π⋆
η and thus it is1436

impossible to identify the clean expert π⋆. We now provide a simple example of this phenomenon.1437

Let M be a horizon H = 1 MDP with a single state and action space A. Let π⋆ = δa⋆ be a1438

deterministic expert and let ν be an arbitrary policy. For η ≤ α, let1439

π =
1− α

1− η
· δa⋆ +

α− η

1− η
· ν.

Then it holds that π⋆
α = πη , so the noisy expert π⋆

α is consistent with both π⋆ and π as the underlying1440

expert policy, and thus it is impossible to distinguish between π⋆ and π. In particular, if J(π⋆) ≫1441

J(π), then it is impossible to learn a policy with good performance without additional assumptions1442

on the corruption or the feedback.1443
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F.2 Description of the Algorithm1444

In Theorem 8, we saw that we could get regret bounds that scale polynomially in the horizon H1445

by appealing to exponential weights and in particular the mixability of the trajectory-level log-loss.1446

Unfortunately, this strategy fundamentally relies on the learner having access to the loss at each round1447

of interaction, which depends on knowing both η and ν. In the unknown corruption setting, we do1448

not have access to this information and thus we cannot directly apply this strategy. Instead we use a1449

surrogate loss function specifically adapted to the assumption that the clean expert π⋆ is deterministic.1450

In particular, we use the following loss function:1451

ℓ(π, τ ′) = log(r) ·
H∑

h=1

I {π(sh) ̸= a′h} . (11)

While this loss function itself can grow linearly in horizon, we demonstrate that its induced behavior1452

on the probability of error is substantially nicer. We eliminate this concern by rolling out our estimated1453

policies greedily. This leads naturally to Algorithm 3, which we call NAILGUN. At each step, we1454

roll out our current policy greedily, collect noisy expert feedback, and then run Algorithm 2 with1455

the loss function defined in (11). The key step in the analysis, provided below, is the observation1456

that the loss in (11) has the property that when we make a mistake at any point along the trajectory,1457

the weight we place on a policy that is not the expert goes down by a constant factor in expectation,1458

where critically this constant factor is independent of horizon. This analysis is thus substantially1459

different from the standard analysis of exponential weights, which relies on the mixability of the loss1460

function to control the sum of losses across rounds, and is more similar to the analysis of the halving1461

algorithm for online learning with expert advice [39].1462

F.3 Proof of Theorem 91463

We begin by restating the theorem with a slightly tighter dependence on the parameters in question.1464

Theorem 16. Let Π be a class of deterministic policies and suppose that π⋆ ∈ Π. Let ν denote a1465

corruption distribution such that for all h ∈ [H], a ∈ A, and s ∈ S it holds that νh(a|s) ≤ ρ for1466

some 0 < ρ < 1. Let α > 0 such that (1 + ρ)α < 1 and suppose that the corruption noise in the1467

noisy expert η satisfies η ≤ α. If π̂ is the policy returned by Algorithm 3, then it holds that1468

E
[
DH2

(
Pπ̂,Pπ⋆

)]
≤ 4 · log(|Π|)

n
(√

1− α−√
αρ
)2 .

We now derive Theorem 9 directly from this result.1469

Proof of Theorem 9. We compute1470 (√
1− α−√

αρ
)2

=
(1− α(1 + ρ))

2(√
1− α+

√
αρ
)2 ≥ (1− α(1 + ρ))

2

2
.

Plugging this into Theorem 16 concludes the proof.1471

In order to prove Theorem 16, we must introduce some notation. First, for any 1 ≤ t ≤ n, let1472

Ft denote the σ-algebra generated by all randomness before time t. Thus wt, Wt, µt, and µt are1473

Ft−1-measurable. We recall that1474

r =

√
1− α

αρ
≥ 1, µt =

∑
π∈Π

wt(π) · π, and wt+1(π) ∝ wt(π)r
∑H

h=1 I
{
π
(
s
(t)
h

)
=a

(t)′
h

}
.

Moreover, µt denotes the greedy policy associated with µt. We introduce the following notation:1475

Rt(π) =
wt(π)

wt(π⋆)
and Wt =

1

wt(π⋆)
= 1 +

∑
π ̸=π⋆

Rt(π). (12)

Note that if Wt is small, then µt places a lot of weight on the correct policy π⋆ and, moreover, if Wt1476

is very small, then we expect µt to agree with π⋆ on a trajectory. We let1477

Mt =
{

there exists h ≤ H such that µt,h(s
(t)
h ) ̸= π⋆

h(s
(t)
h )
}

(13)
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denote the event that the rolled out policy µt disagrees with the clean expert π⋆ on at least one action.1478

The key lemma that we will show is that, in expectation, any time a mistake is made, Wt goes down1479

by a constant factor.1480

Lemma 5. Let Wt be as in (12) and let Mt be as in (13). Then it holds for any 1 ≤ t ≤ n that1481

E [Wt+1|Ft−1] ≤ Wt

(
1−

(√
1− α−√

αρ
)2

2
· E [Mt|Ft−1]

)
.

We will now prove Theorem 16 assuming Lemma 5 and return to the proof of this key result below.1482

Proof of Theorem 16. Let Mt be as in (13). Applying the fact that π̂ = µT for T ∼ Unif([n]) as1483

well as Foster et al. [17, Lemma D.3], we see that1484

E
[
DH2

(
Pπ̂,Pπ⋆

)]
≤ 1

n

n∑
t=1

E
[
DH2

(
Pµt ,Pπ⋆

)]
≤ 2

n

n∑
t=1

P (Mt) .

We now apply Jensen’s inequality and Lemma 5 to observe that1485

E [log(Wt+1)|Ft−1] ≤ log (E [Wt+1|Ft−1])

≤ log

(
Wt

(
1−

(√
1− α−√

αρ
)2

2
· E [Mt|Ft−1]

))

= log(Wt) + log

(
1−

(√
1− α−√

αρ
)2

2
· P (Mt|Ft−1)

)

≤ log(Wt)−
(√

1− α−√
αρ
)2

2
· P (Mt|Ft−1) .

The last inequality follows due to the fact that1486

0 ≤
(√

1− α−√
αρ
)2

2
P (Mt|Ft−1) ≤ 1

almost surely and the numerical inequality log(1 − x) ≤ −x for 0 < x < 1. Rearranging, taking1487

expectations, and applying the tower property of conditional expectation, we see that1488 (√
1− α−√

αρ
)2

2
·

n∑
t=1

P (Mt) ≤
n∑

t=1

E [log(Wt)− log(Wt+1)]

≤ log(W1)

= log (|Π|) ,

where the second inequality follows because Wt ≥ 1 by construction in (12) and the equality follows1489

by assuming a uniform prior w1. Rearranging concludes the proof.1490

Thus it remains to prove the key intermediate result, Lemma 5.1491

Proof of Lemma 5. We fix a time t and omit the t from the notation of the trajectories τ and τ ′ in1492

order to simplify the presentation. Let Gt denote the sigma-algebra generated by Ft−1 and the states1493

s
(t)
1 , . . . , s

(t)
H , but not the noisy labels a(t)′1 , . . . , a

(t)′
H . That is, Gt = Ft−1 ∨ σ(s

(t)
1:H). Observe that1494

for π ̸= π⋆, letting a⋆h = π⋆
h(sh) and ah = πh(sh), we have1495

Rt+1(π) = Rt(π) · exp

(
log(r) ·

H∑
h=1

(I {ah = a′h} − I {a⋆h = a′h})

)
.

In the event that ah = a⋆h, clearly I {ah = a′h} − I {a⋆h = a′h} = 0. On the other hand, if ah ̸= a⋆h,1496

then by the margin assumption,1497

P (a′h = a⋆h|sh) ≥ 1− α and P (a′h = ah|sh) ≤ αρ.
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Thus,1498

E
[
rI{πh(sh)=a′

h}−I{π⋆
h(sh)=a′

h}|sh
]
= 1− P (a′h = a⋆h|sh)− P (a′h = ah|sh)

+
P (a′h = a⋆h|sh)

r
+ r · P (a′h = ah|sh)

= 1−
(
1− 1

r

)
· P (a′h = a⋆h|sh) + (r − 1) · P (a′h = ah|sh) .

By the assumptions on α, ρ, it holds that r > 1 and thus combining the preceding two displays, we1499

have1500

E
[
rI{πh(sh)=a′

h}−I{π⋆
h(sh)=a′

h}|sh
]
≤ 1−

(
1− 1

r

)
· (1− α) + (r − 1) · αρ

= 1−
(√

1− α−√
αρ
)2

,

where we used the fact that r =
√

(1−α)/αρ in the last equality.1501

Letting1502

Nt(π) =

H∑
h=1

I
{
πh(s

(t)
h ) ̸= π⋆

h(s
(t)
h )
}
,

we thus conclude that1503

E [Rt+1(π)|Gt] ≤ Rt(π) ·
(
1−

(√
1− α−√

αρ
)2)Nt(π)

≤ Rt(π)
(
1−

(√
1− α−√

αρ
)2 · I {Nt(π) ≥ 1}

)
.

Summing over π ̸= π⋆, we have that1504

E [Wt+1 − 1|Gt] = E

∑
π ̸=π⋆

Rt+1(π)|Gt


≤
∑
π ̸=π⋆

Rt(π)
(
1−

(√
1− α−√

αρ
)2 · I {Nt(π) ≥ 1}

)
= Wt − 1−

(√
1− α−√

αρ
)2 · ∑

Nt(π)≥1

Rt(π). (14)

Now let ah = µt,h(sh) be the rolled out action and suppose that Mt occurs; then there is some1505

minimal h ≤ H such that ah ̸= a⋆h. Because µt is the greedy policy, it must then hold that1506 ∑
π∈Π

π(sh)=ah

wt(π) ≥
∑
π∈Π

π(sh)=a⋆
h

wt(π)

and thus µt,h(a
⋆
h|sh) ≤ 1/2 and, in particular,1507 ∑

Nt(π)≥1

wt(π) ≥
1

2
.

Dividing by wt(π
⋆), we see that1508 ∑

Nt(π)≥1

Rt(π) ≥
1

2 · wt(π⋆)
=

Wt

2
.

By (14), it clearly holds that Wt+1 is a supermartingale. Moreover, combining that equation with the1509

preceding display, we see that the result holds.1510
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F.4 Proof of Proposition 31511

We now prove that NAILGUN is essentially optimal up to constants, the content of Proposition 3. We1512

first state a more formal version of the result before giving the construction.1513

Proposition 20. For any ε < 1/8, any 0 < α < 1 and any 0 < ρ < 1 such that α(1 + ρ) < 1, there1514

exists a horizon H = 2 MDP and a deterministic policy class Π of size |Π| = M with M ≤ 1 + 1/ρ1515

such that there exists a family of ρ-smooth measures {νi}Mi=1 such that for some η ≤ α, any online IL1516

algorithm with access to a noisy expert π⋆
η must observe1517

n ≳
1

ε (1− α(1 + ρ)) · log
(
1 + 1−α(1+ρ)

αρ

)
trajectories in order to guarantee expected regret J(π⋆)− J(π̂) ≤ ε.1518

Proof. Let m = ⌈1/ρ⌉ and let Π =
{
π1, . . . , πm

}
be a class of m deterministic policies. Let1519

A = [m] ∪ {⊥} and take the corruption level to be η = α. We suppose there is a deterministic initial1520

state s1 and all policies map to the same action, which transitions to state s2 with probability q and1521

s′2 with probability 1− q for some q to be determined. For 1 ≤ i ≤ m, let1522

πi(s) =


⊥ s = s1
i s = s2
⊥ s = s′2

,

and let1523

νi(i) = 0, νi(j) = ρ for j ∈ [m] \ {i} , and νi(⊥) = 1− (m− 1)ρ.

In other words, πi is informative only on state s2 and reveals the ‘correct’ action, whereas νi places1524

no mass on i and distributes mass evenly otherwise. Note that by construction νi is always ρ-smooth.1525

We first note that πi and πj differ only upon transitioning to s2 and thus1526

DH2 (Pπi ,Pπj ) = q

and so for any possibly randomized π̂,1527

E
[
DH2

(
Pπi ,Pπ̂

)]
= q · P (π̂(s2) ̸= i) .

Thus if q = 4ε, it suffices to show that for insufficiently many rounds of interaction, P (π̂(s2) ̸= i) ≥1528
1/4.1529

Now, we will let Qi denote the trajectory distribution obtained by rolling out (1− α) · πi + α · νi1530

and we will denote by pi = (1− α)δi + α · νi and note that1531

pi(j) =


1− α j = i

αρ j ∈ [m] \ {i}
α(1− (m− 1)ρ) j = ⊥
0 otherwise.

Thus,1532

DKL (pi∥pj) = (1− α) · log
(
1− α

αρ

)
+ αρ · log

(
αρ

1− α

)
= (1− α(1 + ρ)) · log

(
1 +

1− α(1 + ρ)

αρ

)
.

Moreover, because pi and pj differ from each other only upon transitioning to s2, it holds by the1533

chain rule (Proposition 4) that1534

DKL (Qi∥Qj) = q · (1− α(1 + ρ)) · log
(
1 +

1− α(1 + ρ)

αρ

)
= 4ε · (1− α(1 + ρ)) · log

(
1 +

1− α(1 + ρ)

αρ

)
.

Applying Le Cam’s two-point method to any pair i ̸= j and the chain rule again, it holds that in order1535

for π̂ to have a better than 3/4 probability of selecting the correct index, it must hold that1536

n ≳
1

4ε · (1− α(1 + ρ)) · log
(
1 + 1−α(1+ρ)

αρ

) .
The result follows.1537

1538
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Finally, we can prove the main result.1539

Proof of Proposition 3. We observe that1540

log

(
1 +

1− α(1 + ρ)

αρ

)
≤ 1− α(1 + ρ)

αρ

and apply Proposition 20.1541
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generate Deepfakes for disinformation. On the other hand, it is not needed to point out1770

that a generic algorithm for optimizing neural networks could enable people to train1771

models that generate Deepfakes faster.1772

• The authors should consider possible harms that could arise when the technology is1773

being used as intended and functioning correctly, harms that could arise when the1774

technology is being used as intended but gives incorrect results, and harms following1775

from (intentional or unintentional) misuse of the technology.1776

• If there are negative societal impacts, the authors could also discuss possible mitigation1777

strategies (e.g., gated release of models, providing defenses in addition to attacks,1778

mechanisms for monitoring misuse, mechanisms to monitor how a system learns from1779

feedback over time, improving the efficiency and accessibility of ML).1780

11. Safeguards1781

Question: Does the paper describe safeguards that have been put in place for responsible1782

release of data or models that have a high risk for misuse (e.g., pre-trained language models,1783

image generators, or scraped datasets)?1784

Answer: [N/A]1785

Justification: The paper does not release high-risk pretrained models, scraped datasets, or1786

systems intended for deployment. The experiments use small synthetic tasks and standard1787

benchmark data.1788

Guidelines:1789

• The answer [N/A] means that the paper poses no such risks.1790

• Released models that have a high risk for misuse or dual-use should be released with1791

necessary safeguards to allow for controlled use of the model, for example by requiring1792

that users adhere to usage guidelines or restrictions to access the model or implementing1793

safety filters.1794

• Datasets that have been scraped from the Internet could pose safety risks. The authors1795

should describe how they avoided releasing unsafe images.1796

• We recognize that providing effective safeguards is challenging, and many papers do1797

not require this, but we encourage authors to take this into account and make a best1798

faith effort.1799

12. Licenses for existing assets1800

Question: Are the creators or original owners of assets (e.g., code, data, models), used in1801

the paper, properly credited and are the license and terms of use explicitly mentioned and1802

properly respected?1803

Answer: [Yes]1804
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Justification: Existing datasets, models, and codebases used in the experiments are cited1805

in the paper and appendix. We exclusively used open-source code and datasets for all1806

experiments.1807

Guidelines:1808

• The answer [N/A] means that the paper does not use existing assets.1809

• The authors should cite the original paper that produced the code package or dataset.1810

• The authors should state which version of the asset is used and, if possible, include a1811

URL.1812

• The name of the license (e.g., CC-BY 4.0) should be included for each asset.1813

• For scraped data from a particular source (e.g., website), the copyright and terms of1814

service of that source should be provided.1815

• If assets are released, the license, copyright information, and terms of use in the package1816

should be provided. For popular datasets, paperswithcode.com/datasets has1817

curated licenses for some datasets. Their licensing guide can help determine the license1818

of a dataset.1819

• For existing datasets that are re-packaged, both the original license and the license of1820

the derived asset (if it has changed) should be provided.1821

• If this information is not available online, the authors are encouraged to reach out to1822

the asset’s creators.1823

13. New assets1824

Question: Are new assets introduced in the paper well documented and is the documentation1825

provided alongside the assets?1826

Answer: [N/A]1827

Justification: The paper does not introduce a new benchmark dataset or pretrained model1828

as a standalone released asset. Any released code will be documented with reproduction1829

instructions.1830

Guidelines:1831

• The answer [N/A] means that the paper does not release new assets.1832

• Researchers should communicate the details of the dataset/code/model as part of their1833

submissions via structured templates. This includes details about training, license,1834

limitations, etc.1835

• The paper should discuss whether and how consent was obtained from people whose1836

asset is used.1837

• At submission time, remember to anonymize your assets (if applicable). You can either1838

create an anonymized URL or include an anonymized zip file.1839

14. Crowdsourcing and research with human subjects1840

Question: For crowdsourcing experiments and research with human subjects, does the paper1841

include the full text of instructions given to participants and screenshots, if applicable, as1842

well as details about compensation (if any)?1843

Answer: [N/A]1844

Justification: The paper does not involve crowdsourcing, human-subject experiments, or1845

collection of human participant data.1846

Guidelines:1847

• The answer [N/A] means that the paper does not involve crowdsourcing nor research1848

with human subjects.1849

• Including this information in the supplemental material is fine, but if the main contribu-1850

tion of the paper involves human subjects, then as much detail as possible should be1851

included in the main paper.1852

• According to the NeurIPS Code of Ethics, workers involved in data collection, curation,1853

or other labor should be paid at least the minimum wage in the country of the data1854

collector.1855
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15. Institutional review board (IRB) approvals or equivalent for research with human1856

subjects1857

Question: Does the paper describe potential risks incurred by study participants, whether1858

such risks were disclosed to the subjects, and whether Institutional Review Board (IRB)1859

approvals (or an equivalent approval/review based on the requirements of your country or1860

institution) were obtained?1861

Answer: [N/A]1862

Justification: The paper does not involve crowdsourcing or human-subject research, so IRB1863

approval is not applicable.1864

Guidelines:1865

• The answer [N/A] means that the paper does not involve crowdsourcing nor research1866

with human subjects.1867

• Depending on the country in which research is conducted, IRB approval (or equivalent)1868

may be required for any human subjects research. If you obtained IRB approval, you1869

should clearly state this in the paper.1870

• We recognize that the procedures for this may vary significantly between institutions1871

and locations, and we expect authors to adhere to the NeurIPS Code of Ethics and the1872

guidelines for their institution.1873

• For initial submissions, do not include any information that would break anonymity (if1874

applicable), such as the institution conducting the review.1875

16. Declaration of LLM usage1876

Question: Does the paper describe the usage of LLMs if it is an important, original, or1877

non-standard component of the core methods in this research? Note that if the LLM is used1878

only for writing, editing, or formatting purposes and does not impact the core methodology,1879

scientific rigor, or originality of the research, declaration is not required.1880

Answer: [N/A]1881

Justification: LLMs are studied as part of the experimental domain, but no LLM is used as1882

an important, original, or non-standard component of the research methodology beyond the1883

models explicitly described in the experiments.1884

Guidelines:1885

• The answer [N/A] means that the core method development in this research does not1886

involve LLMs as any important, original, or non-standard components.1887

• Please refer to our LLM policy in the NeurIPS handbook for what should or should not1888

be described.1889
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