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ABSTRACT

Linear bandits have been extensively studied due to their broad applications and
solid theoretical foundations. However, purely online algorithms often suffer from
high exploration costs, while purely offline approaches critically depend on the
quality of offline data. To bridge this gap, we study a hybrid setting where (bi-
ased) offline data is available in online learning. We propose Hybrid LinUCB, an
algorithm that leverages both offline and online information by constructing two
confidence ellipsoids to trade off bias against the size of offline data. We establish
an upper bound and a nearly matching lower bound that explicitly capture the de-
pendence on the bias upper bound V and the spectrum of the offline feature matrix
V0. Compared with existing work, our algorithm requires weaker assumptions on
offline data and exhibits stronger adaptability. Moreover, our theoretical analysis
recovers and unifies prior guarantees across different settings.

1 INTRODUCTION

The bandit learning problem formulates a sequential decision process where an agent repeatedly
interacts with an unknown environment (Lattimore & Szepesvári, 2020; Agrawal & Goyal, 2012).
At each time step, the agent submits an action and receives noisy feedback from the environment.
A key challenge in bandit learning is the exploration–exploitation trade-off: the agent must balance
exploiting actions known to generate high rewards with exploring uncertain alternatives that may
be superior. This bandit learning model has been successfully applied in many real-world domains,
such as recommendation systems (Li et al., 2010), computational advertising (Geng et al., 2021),
and more (Lu et al., 2021; Wang et al., 2025).

In classical bandit learning, the agent begins with no historical data, necessitating extensive explo-
ration to identify the optimal action — a requirement that is often impractical in many real-world
scenarios (Kapp, 2006). However, before the online learning begins, the agent may access previ-
ously collected offline logs that contain data relevant to the unknown environment (Li et al., 2022;
Oetomo et al., 2023). Given that, a natural solution is to leverage offline datasets to reduce the re-
liance on online exploration, thereby enabling the faster identification of optimal actions. Numerous
works have attempted to devise offline-to-online bandit learning methods for reducing the regret suf-
fered in the online learning stage (Shivaswamy & Joachims, 2012; Oetomo et al., 2023; Zhang et al.,
2025; Tan & Xu, 2024). Some recent works like warm-started LinUCB and warm-started Thomp-
son Sampling, leveraging offline datasets to accelerate online exploration in linear bandits (Oetomo
et al., 2023). There is another line of work called hybrid Reinforcement Learning (RL) focusing on
leveraging offline datasets to enhance online exploration in Markov Decision Process (MDP) (Tan
& Xu, 2024; Song et al., 2023).

However, most of these works assume that offline and online data follow the same distribution, which
is too strong in reality due to the widespread nature of distribution shifts (Qu et al., 2025). Recently, a
MIN-UCB algorithm is proposed by Cheung & Lyu (2024) to address stochastic MAB with possibly
biased offline datasets. In parallel, for the tabular MDP setting, Qu et al. (2025) investigate a hybrid
transfer RL problem where the offline MDP shifts from the online one, and develop the HySRL
method to tackle this challenge. Nevertheless, these works primarily focus on the arm-level (MAB)
or state-action level (tabular MDP) structures. In contrast, linear bandits inherently emphasize the
geometry of the entire action space, where arm-level analyses and techniques cannot be directly
applied. For instance, the proof strategies for LinUCB (linear bandits) versus UCB (MAB) differ
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fundamentally, not only in regret upper bounds but also in lower bound constructions (Lattimore &
Szepesvári, 2020). As a result, existing hybrid methods provide only high-level inspirations (e.g.,
order-wise comparisons, intuitive use of offline data), but not concrete techniques or transferable
analyses for the linear bandit setting.

Moreover, as the number of arms grows, the benefits that such arm-level algorithms or analyses
bring to online learning become increasingly limited; in contrast, linear bandits directly exploit the
underlying structure of the entire feature space and thus do not suffer from this scalability issue.
A simple example illustrates this gap: in MAB, having offline data on a subset of arms essentially
reduces the number of online pulls needed for those arms. By contrast, in linear bandits, offline
samples from certain arms inform the entire feature space, enabling more efficient global exploration
rather than merely saving pulls on individual arms. This further highlights that the linear bandit
problem requires a fundamentally different analytical perspective, distinct from existing works.

Based on these observations, we raise the following natural question:

Can we design efficient linear bandit algorithms capable of utilizing offline datasets from a shifted
linear model to accelerate online exploration in a target environment?

In this paper, we provide an affirmative answer to this question by formulating a problem called
hybrid linear bandits with biased offline data. We summarize our contributions as follows:

• Algorithmic design. We introduce a new ellipsoidal confidence set that incorporates bi-
ased offline data and propose the hybrid-LinUCB algorithm. Our regret upper bound takes
the form Õ(min{d

√
T , (
√

λmax(V0)V +
√
d)
√

dT 2

T+λmin(V0)
}), ensuring that the algorithm

never performs worse than the purely-online baseline, while automatically leveraging even
biased offline data whenever beneficial. Our analysis also unifies several regimes, covering
online linear bandits, unbiased hybrid linear bandits, and biased hybrid multi-armed bandit
(MAB) settings.

• Refined bias–quality tradeoff. Compared with prior work on hybrid biased MAB,
our regret bound captures a more refined dependence on the offline data via the term√

λmax(V0)
T+λmin(V0)

V T, which directly quantifies the tradeoff between the offline data quality
(size and structure) and the bias magnitude. Intuitively, a large λmax(V0) indicates strong
coverage in certain directions, but also amplifies the effect of bias if it is concentrated
there; in contrast, a large λmin(V0) reflects uniform coverage across directions, mitigating
the impact of bias and enhancing robustness.

• Analysis framework. We provide a new analytical framework for hybrid linear bandits that
refines matrix-norm based arguments in two complementary ways. First, instead of rely-
ing on aggregate quantities such as det(Vt)/ det(V0) in LinUCB (Lattimore & Szepesvári,
2020), we show how the per-round action norm ∥at∥(Vt+V0)−1 can be decomposed across
individual eigen-directions, thereby revealing how offline data contribute to exploration in
each dimension. Second, we decompose the estimation error ∥θ̂ − θ∗∥V into additive con-
tributions from bias, online noise, offline noise, and regularization. These two perspectives
offer a unified way to interpret the role of offline data and providing a bridge to link the
bias V and the quality of offline data λi(V0), yield richer results when specialized to hybrid
MAB.

• Lower bound. We construct hard instances depending on the bias magnitude and establish
matching lower bounds, showing that our upper bounds are near-optimal up to logarithmic
factors.

• Empirical validation. We complement our theory with numerical simulations that com-
pare hybrid-LinUCB against pure online and unbiased hybrid baseline. The results confirm
our theoretical predictions: hybrid-LinUCB consistently benefits from offline data while
remaining robust to bias.

Section 2 introduces the setting of hybrid linear bandits with biased offline data together with our
assumptions. Section 3 presents the algorithmic design and underlying intuition, and Section 4
develops the regret bounds and compares them with prior work. Section 5 sketches the main ideas
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of the proofs, and Section 6 concludes. Related work, detailed proofs, and experimental results are
deferred to the Appendix.

2 PROBLEM SETUP

Notation. For any vector a ∈ Rd and any symmetric positive semidefinite matrix A ∈ Rd×d, we
write ∥a∥ :=

√
a⊤a, ∥a∥A :=

√
a⊤Aa. λmax(A), λmin(A), λk(A) denote the largest, the smallest,

and the k-th largest eigenvalue of matrix A, respectively.

Online model and offline data. We consider the hybrid linear bandits problem, which extends
the classical linear bandits setting in online learning. In the standard formulation, at each round
t, the learner selects an action at ∈ A ⊆ Rd (where A may be finite or infinite) and observes a
stochastic reward

xt = ⟨at, θ∗⟩+ ηt, t = 1, 2, . . . , T,

where θ∗ ∈ Rd is an unknown parameter and ηt is zero-mean 1-subgaussian noise.

In the hybrid setting, the learner is granted access to an offline dataset prior to the online interaction.
This dataset, denoted by D0, consists of N pairs (bs, ys), where bs ∈ A denotes an action and ys the
corresponding feedback. Without loss of generality, we assume that the offline feedback also follows
a linear structure, albeit potentially governed by a different parameter. Specifically, we assume

ys = ⟨bs, θoff⟩+ ηs, s = 1, . . . , N,

where θoff ∈ Rd is the offline parameter that may be different from θ∗ and ηs is zero-mean 1-
subgaussian noise. Moreover, we assume that {ηt}Tt=1 and {ηs}Ns=1 are mutually independent and
are independent of the learner’s actions/history. The central challenge is to effectively integrate the
biased offline data with online exploration to achieve improved regret guarantees. Overall, we define
a instance I = {D0, θ

off, θ∗, T}.

Regret. Let a∗ := argmaxa∈A⟨a, θ∗⟩ denote the optimal action under the true parameter. The
cumulative regret after T rounds is

E[RT ] := E

[
T∑

t=1

(
⟨a∗, θ∗⟩ − ⟨at, θ∗⟩

)]
.

Bias upper bound. The offline parameter may differ from the true parameter. We assume that the
discrepancy is bounded in ℓ2 norm to characterizes the overall magnitude of bias in a global sense:

∥θ∗ − θoff∥ ≤ V, where V ∈ R+.

Boundedness. We assume ∥a∥ ≤ L for all a ∈ A (hence ∥bs∥ ≤ L) and ∥θ∗∥, ∥θoff∥ ≤ S.

3 HYBRID LINUCB ALGORITHM

In this section, we present our proposed hybrid LinUCB algorithm (Algorithm 1) that adaptively
balances the use of offline data to enhance the efficiency of online learning.

For convenience, define Vt as the Gram matrix that collects purely online features and Vt,N as the
Gram matrix that collects action features from both online interaction and offline dataset. Similarly,
denote θ̂t and θ̂t,N to represent the estimated parameter using pure online and the hybrid feedback
(Line 7-8). We then construct two corresponding confidence sets Con

t and Chyb
t defined as follows:

Cont = {θ : ∥θ − θ̂t∥Vt
≤
√
βt}, Chybt = {θ : ∥θ − θ̂t,N∥Vt,N

≤
√

βt,N}.

The following lemma shows that by choosing an appropriate confidence radius, the real reward
parameter will fall into the confidence sets with high probability.
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Algorithm 1 H-LinUCB with Intersected Confidence Sets
Require: action set A ⊆ Rd; offline data D0 = {(bs, ys)}Ns=1; regularization λ > 0; confidence

δ ∈ (0, 1)

1: V1,N ← λI +
∑N

s=1 bsb
⊤
s , θ̂1,N = V −1

1,N

∑N
s=1 bsys, V1 = λI, θ̂1 = 0

2: for t = 1, 2, . . . , T do
3: compute

√
βt and

√
βt,N defined in equation 2

4: Action selection:
5: at ← argmaxa∈A

{
U int
t (a)

}
where

U int
t (a) = min

{
⟨a, θ̂t⟩+

√
βt ∥a∥V −1

t︸ ︷︷ ︸
UCB from online ellipsoid

, ⟨a, θ̂t,N ⟩+
√
βt,N ∥a∥V −1

t,N︸ ︷︷ ︸
UCB from hybrid ellipsoid

}
. (1)

6: Pull at and observe xt

7: Vt+1 ← Vt + ata
⊤
t , θ̂t+1 ← V −1

t+1

∑t
s=1 asxs

8: Vt+1,N ← Vt,N + ata
⊤
t , θ̂t+1,N ← V −1

t+1,N

(∑N
s=1 bsys +

∑t
s=1 asxs

)
9: end for

Lemma 1. Choosing the confidence radius

√
βt =

√
λS +

√
2 log(

1

δ
) + d · log

(
dλ+tL2

dλ

)
,
√
βt,N =

√
λmax(V0)V +

√
βt +

√
βN . (2)

It holds that Pr(θ∗ ∈ Cont ∩ C
hyb
t ) ≥ 1− δ.

The algorithm would then select the arm with the highest upper confidence bounds, i.e., at ∈
argmaxa∈A U int

t (a) (Line 5), where U int
t (a) is defined as the minimum of two UCB estimates:

one based solely on online data and the other incorporating both online and offline data (equation 1).

Why the hybrid confidence radius is constructed this way. Recall that the hybrid ellipsoid is

Chyb
t =

{
θ : ∥θ − θ̂t,N∥Vt−1,N

≤
√
βt,N

}
, Vt−1,N = Vt−1 + V0,

and Lemma 1 shows (with high probability)

∥θ̂t,N−θ∗∥Vt−1,N
≤
√
λmax(V0) ∥θ∗ − θoff∥︸ ︷︷ ︸

bias

+
∥∥∥ t−1∑

s=1

asηs

∥∥∥
V −1
t−1︸ ︷︷ ︸

online noise

+
∥∥∥ N∑

s=1

bsη
′
s

∥∥∥
V −1
0︸ ︷︷ ︸

offline noise

+
√
λ ∥θ∗∥︸ ︷︷ ︸
ridge

.

That is, the radius naturally decomposes into bias, online noise, offline noise and the ridge term
(more computational details are provided in Appendix A.1). This decomposition is conceptually
unavoidable: if we decide to exploit offline data in estimation, we must (i) pay an extra variance term
arising from the offline responses and (ii) protect against the possible shift θ∗ ̸= θoff by inflating the
radius with a bias term.

“Is the hybrid radius always larger than the online one?” Indeed, compared to the pure-online
radius

√
βt, the hybrid radius contains two additional addends (bias and offline noise). This, how-

ever, does not mean the hybrid UCB is always looser. The arm-level uncertainty that drives decisions
is the product √

βt,N︸ ︷︷ ︸
radius inflation

× ∥a∥V −1
t−1,N︸ ︷︷ ︸

geometry (variance) shrinkage

vs
√

βt ∥a∥V −1
t−1

.

While
√
βt,N ≥

√
βt, the geometry is strictly more favorable: since Vt−1,N ⪰ Vt−1,

∥a∥V −1
t−1,N

≤ ∥a∥V −1
t−1

(∀a ∈ Rd).
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More precisely, letting Ct = V
−1/2
t−1 V0V

−1/2
t−1 with eigenvalues {λk,t}dk=1 and writing a in the cor-

responding basis gives the spectral identity

a⊤(Vt−1+V0)
−1a =

d∑
k=1

γ2
k,t

1 + λk,t
, γk,t = (U⊤

t V
−1/2
t−1 a)k,

so each direction k is shrunk by a factor 1
1+λk,t

. Hence offline coverage (large λk,t) reduces the
prediction variance exactly along the directions where V0 is strong. This shrinkage can more than
offset the extra terms in

√
βt,N .

Centering effect (why θ̂t,N helps). Besides width, the UCB also depends on the center. The hybrid

estimator θ̂t,N = V −1
t−1,N

(∑N
s=1 bsys +

∑t−1
s=1 asxs

)
aggregates more information than the pure-

online one. When the bias level ∥θ∗ − θoff∥ ≤ V is small, Lemma 1 yields

∥θ̂t,N − θ∗∥Vt−1,N
≤
√
λmax(V0)V +

√
βt +

√
βN ,

and the first term vanishes when V = 0. In that unbiased (or small-bias) regime the center θ̂t,N
is closer to θ∗ in the Vt−1,N -norm because of the added offline evidence, while ∥a∥V −1

t−1,N
is si-

multaneously smaller. Note that
√
βt grows only logarithmically with t (standard self-normalized

bounds), so—as in pure online LinUCB—the dominant effect with time is that the design matrix
accumulates information and the estimator concentrates towards θ∗.

Summary. The hybrid radius explicitly captures the trade-off between offline coverage (sample size
and directional structure encoded by V0) and bias V . When coverage is strong and bias small, the
geometric shrinkage ∥a∥V −1

t−1,N
and improved centering of θ̂t,N tighten the UCB, whereas with large

bias the min-of-two rule safely reverts to the pure-online ellipsoid.

More specifically:

• If V is small and/or the offline design is well-conditioned (large λmin(V0) in aligned di-
rections), then the shrinkage ∥a∥V −1

t−1,N
≪ ∥a∥V −1

t−1
and the improved centering of θ̂t,N

outweigh the small increase in radius; the hybrid UCB becomes tighter and accelerates
exploration.

• If V is large and V0 is also large, the inflation
√
λmax(V0)V indicates offline data may be

misleading. In this case, the algorithm automatically falls back to the online UCB due to
the intersected rule U int

t (a) = min
{
⟨a, θ̂t⟩+

√
βt∥a∥V −1

t−1
, ⟨a, θ̂t,N ⟩+

√
βt,N∥a∥V −1

t−1,N

}
.

Overall, although the hybrid radius includes extra bias and offline-noise terms and can be larger than
the pure-online one, the accompanying variance shrinkage and improved centering—both induced
by Vt−1,N—often make the hybrid UCB tighter whenever the offline structure is useful, while the
intersected design guarantees robustness against misleading offline data.

4 REGRET ANALYSIS

This section provides regret guarantees for hybrid linear bandits with potential bias as well as the
corresponding discussions. Theorem 1 first provides a regret upper bound of Algorithm 1.
Theorem 1. Following Algorithm 1 with a valid bias bound V , the regret satisfies

E[Reg(T )] ≤ Õ

(
min

{
d
√
T , (
√
λmax(V0)V +

√
d)

√
dT 2L2

TL2 + λmin(V0)

})
, (3)

In the following, we discuss the main intuition and compare our results with related works.

Intuition of the regret. The upper bound highlights two key aspects. First, it contains the term√
λmax(V0)V , which indicates that if the offline dataset is large but highly biased, it may introduce

5
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additional risk and inflate the regret. This shows that our algorithm is inherently “safe”: once the bias
V is large, the algorithm automatically falls back to the pure-online route. Second, the result makes
explicit the core trade-off: λmin(V0) quantifies the coverage of offline data in different directions,
while V captures its misalignment. Our regret bound precisely balances these two factors: large
coverage with small bias yields significant improvements; large coverage with large bias prevents
reliance on offline data; and small coverage limits the overall impact of offline data.

Results in the reduced purely online setting or hybrid setting without bias. Intuitively, the
first term in equation 3 corresponds to the standard regret in the purely online setting, while the
second term reflects the additional benefit obtained by leveraging hybrid feedback. When the of-
fline dataset is empty, i.e., λmax(V0) = λmin(V0) = 0, the second term coincides with the first,
and our result recovers the regret bound of the classic LinUCB algorithm. Conversely, when
the offline dataset is fully aligned with the online setting, i.e., V = 0, the regret reduces to
Õ(d

√
T 2L2/(TL2 + λmin(V0))). This bound is strictly better than that of standard LinUCB when-

ever λmin(V0) > 0.

Remark 1. Our current analysis highlights the role of λmin(V0), which suggests that benefits arise
whenever the offline design is full-rank. However, even when V0 is not full rank, offline data can still
be beneficial by providing coverage in certain directions, thereby accelerating exploration along
those subspaces. Capturing such partial coverage benefits requires a more refined, dimension-wise
characterization of the interaction between V0 and the online trajectory. Similar ideas have been
discussed in the context of bandits with partially observable confounded data (Tennenholtz et al.,
2021), where one leverages coverage restricted to a subset of directions. We think similar technique
and intuition can perform in hybrid linear bandits as well and leave a formal treatment of this setting
as an interesting direction for future work.

Comparison with Zhang et al. (2025). This work is the most closely related one that also investi-
gates the hybrid linear bandit problem under potential bias. However, both its technical approach and
its final results differ significantly from ours. Specifically, this work also constructs two confidence
sets: one, as in our setting, based on the purely online dataset; the other, however, is not derived from
the combined offline and online data but instead defined as an ℓ2-ball centered at θoff with radius V .
This construction does not effectively utilize the offline data, which is reflected in the regret bound
by the absence of any improvement as the amount of offline data increases. Specifically, their regret
order is Õ(min{d

√
T , V T +

√
dT/

√
λmin(V0)}). When no offline data are available, the second

term (intended to capture the effect of offline information) fails to recover the purely online result.
When offline data are available and V = 0, their result requires λmin(V0) > T in order to obtain
any benefit. This contradicts the natural intuition that unbiased offline data should immediately en-
hance online learning performance. In contrast, our algorithm achieves such a benefit as soon as
λmin(V0) > 0, which is fully consistent with this intuition. Moreover, when V ̸= 0, their bound
suffers from a direct linear dependence on V T , while our result eliminates this dependence by more
finely characterizing the influence of bias V in terms of the quantity of offline data. Consequently,
even when V is large, our regret remains sub-linear in T if the amount of offline data λmax(V0) is
small, avoiding the overly pessimistic behavior exhibited in their bound.

Comparison with Vijayan et al. (2025). Vijayan et al. (2025) study hybrid linear bandits in the
unbiased setting (V = 0) and design an elimination-based algorithm. Our approach targets a broader
regime. First, we allow an infinite action set and do not require each offline sample to be collected
independently, a fixed data-generating policy, or per-arm coverage conditions such as ensuring every
arm in the support of πoff receives at least Ω̃(log((T + Toff)/d)) samples. More importantly, we
analyze the biased hybrid setting, which is both more general and technically more challenging.

In the unbiased case, the two approaches achieve regret bounds of the same order. However, Vi-
jayan et al. (2025) obtain a finer decomposition that tracks the per-direction exploration through the
eigenvalues {λi(V0)}, whereas our current analysis aggregates offline coverage through λmin(V0).
From this perspective, their bound is more granular.

Methodologically, elimination in linear bandits typically hinges on (re-)designing a G-optimal allo-
cation across phases: given a living action set, one selects a well-spread subset of actions to control
the worst-case prediction variance. After incorporating offline data, the design naturally adapts,
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but G-optimality optimizes only the geometry of actions and does not directly encode the mismatch
between offline and online data; consequently, extending elimination cleanly from the unbiased to
the biased case is nontrivial and, to our knowledge, remains open. By contrast, our hybrid Lin-
UCB constructs intersected confidence ellipsoids that explicitly capture the trade-off between bias
and the size/structure of the offline data. This yields a transparent, interpretable mechanism and,
importantly, imposes no finiteness restriction on the action set—making the approach amenable to
downstream RL formulations.

Remark 2. Vijayan et al. (2025) also discuss the connection to the warm-start analysis of LinUCB.
By substituting V0 = ToffVπoff

into the framework of Valko et al. (2014) , one can recover regret
bounds for LinUCB in the unbiased case. If we reduce our setting to the unbiased case, their
formulation again provides richer conclusions, as it quantifies the exploration reduction along each
eigen-direction of V0 rather than aggregating via λmin(V0). This perspective might also inform
some of the concerns and open problems we highlighted in the future work section.

Remark 3. Moreover, we emphasize that the supposed advantage of elimination over LinUCB in
terms of d versus

√
d dependence does not hold in general. As rigorously discussed in Chapter 24 of

the Lattimore & Szepesvári (2020), the
√
d rate is tied to the assumption of an infinite (or continuous)

action set. When the action setA is finite, say |A| = k, the regret of LinUCB reduces fromO(d
√
T )

to O(
√
dT ), eliminating the apparent gap.

Comparison with Cheung & Lyu (2024). When our upper bound is reduced to the MAB setting,
the key difference from the bound in Cheung & Lyu (2024) lies in the bias-related term. Their

bound involves a V T term, whereas ours takes the form Õ(
√

Nmax

T+Nmin
V T ) which is strictly tighter

whenever the maximum gap among offline arm sample counts does not exceed T . In the opposite
regime, when the sample imbalance across arms is very large, our term can indeed be larger than
theirs; yet it remains controlled by the magnitude of V , and never worse than the purely-online

√
T

dependence. Thus, the more important message is that our bound makes the trade-off between N
(offline sample allocation) and V (bias) transparent.

In the linear bandit setting, this intuition becomes even more pronounced. A large λmax(V0) indi-
cates that some directions are already well-explored by the offline data, but this also amplifies the
effect of bias if it happens to concentrate along those directions. Meanwhile, λmin(V0) provides a
coverage guarantee across all directions; increasing it ensures more uniform exploration and con-
sequently diminishes the adverse effect of bias as the geometry of the action space becomes better
understood. In this sense, our formulation highlights how the offline covariance structure governs
the interplay between bias and online learning accuracy.

Theorem 2. Let θ∗ − θoff = (v1, ..., vd)
⊤ ∈ Rd, then vmax ≤ V/

√
d, A = {1/

√
d,−1/

√
d}d and

V0 be fixed but arbitrary. For any non-anticipatory policy π, there exists a Gaussian instance θ∗
with offline design matrix V0, such that

E[Reg(T )] ≥ min

{
d
√
T ,

e−
S2

2d

4
T

d∑
i=1

vi√
T + λi(V0)

+
e−

1
2

4
T

d∑
i=1

1√
T + λi(V0)

}
. (4)

Intuition of lower bound. The lower bound in Theorem 2 shows that, after uniformly control-
ling the vi, the order matches our upper bound (up to logarithmic factors), establishing the near-
optimality of our result. Importantly, the bound decomposes the effect of bias along each eigen-
direction of V0, thereby quantifying how different coordinates of the bias vector v contribute to the
online regret. In the unbiased case (V = 0), the lower bound continues to match the upper bound
and, in fact, yields a slightly finer characterization. However, compared to Vijayan et al. (2025),
this does not represent a substantive improvement: our bound can essentially be viewed as a special
case of theirs, corresponding to an average allocation of offline samples across dimensions, whereas
their result depends on the full distribution of offline data across coordinates and selects the optimal
allocation. The comparison with other related works is similar with the upper bound part above.
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5 PROOF SKETCH OF THEOREM

5.1 PROOF SKETCH OF THEOREM 1

We outline the key steps of the regret analysis when the algorithm selects actions based on the hybrid
confidence ellipsoid. Detailed proof are provided in Appendix C.

Step 1: Regret decomposition. At each round t, the instantaneous regret satisfies

rt = ⟨a∗, θ∗⟩ − ⟨at, θ∗⟩ ≤ min
{
∥at∥V −1

t−1
∥θ̂t − θ∗∥Vt−1 , ∥at∥V −1

t−1,N
∥θ̂t,N − θ∗∥Vt−1,N

}
.

Step 2: Confidence sets. By Lemma 1, with high probability we have

∥θ̂t − θ∗∥Vt−1 ≤
√

βt, ∥θ̂t,N − θ∗∥Vt−1,N
≤
√

βt,N .

Idea of Lemma 1. Start from θ̂t,N − θ∗ = V −1
t,N

(∑t
s=1 asxs +

∑N
s=1 bsys

)
− θ∗, and expand

xs = ⟨as, θ∗⟩+ ηs, ys = ⟨bs, θoff⟩+ η′s to obtain

θ̂t,N − θ∗ = V −1
t,N

[
V0(θoff − θ∗) +

t∑
s=1

asηs +
N∑
s=1

bsη
′
s − λ θ∗

]
.

Using ∥B−1c∥B = ∥c∥B−1 and triangle inequality gives

∥θ̂t,N − θ∗∥Vt−1,N
≤ ∥V0(θoff − θ∗)∥V −1

t−1,N︸ ︷︷ ︸
bias

+
∥∥∥ t∑

s=1

asηs

∥∥∥
V −1
t−1︸ ︷︷ ︸

online noise

+
∥∥∥ N∑

s=1

bsη
′
s

∥∥∥
V −1
0︸ ︷︷ ︸

offline noise

+
√
λ ∥θ∗∥︸ ︷︷ ︸
ridge

.

For the bias term, Vt−1,N ⪰ V0 implies ∥V0(θoff − θ∗)∥V −1
t−1,N

≤
√
λmax(V0) ∥θoff − θ∗∥ ≤√

λmax(V0)V . For the two noise terms, apply self-normalized bounds (LinUCB/OFUL standard)
to get∥∥∥ t∑

s=1

asηs

∥∥∥
V −1
t−1

≤
√
2 log(1/δ)+d log

(
1+ tL2

dλ

)
,
∥∥∥ N∑

s=1

bsη
′
s

∥∥∥
V −1
0

≤
√

2 log(1/δ)+d log
(
1+NL2

dλ

)
.

Combining the four pieces and using ∥θ∗∥ ≤ S yields ∥θ̂t,N −θ∗∥Vt−1,N
≤
√
λmax(V0)V +

√
βt+√

βN , i.e., the stated hybrid radius.

Step 3: Controlling the hybrid norm. The key quantity is ∥at∥2V −1
t−1,N

= a⊤t (Vt−1 + V0)
−1at. Using

the matrix inversion identity A−1 − (A+B)−1 = A−1B(A+B)−1 and eigen-decomposition, we
obtain

a⊤t (Vt−1 + V0)
−1at =

d∑
k=1

1

1 + λk,t
γ2
k,t,

where λk,t are eigenvalues of V −1/2
t−1 V0V

−1/2
t−1 and γk,t are corresponding coordinates.

Step 4: Eigenvalue lower bound. Lemma 2 ensures λk,t ≥ λk(V0)
λmax(Vt−1)

≥ λk(V0)
tL2 . Hence

1
1+λk,t

≤ 1
1+λk(V0)/(tL2) , showing that offline data regularizes the effective variance.

Step 5: Summation. The standard bound
∑T

t=1 a
⊤
t V

−1
t−1at = Õ(d) implies

T∑
t=1

a⊤t (Vt−1 + V0)
−1at ≤

∑
t,k

γ2
k,t

1 + λk(V0)/(tL2)
.

Step 6: Aggregation and final bound. Applying Cauchy–Schwarz yields and Substituting the above
estimates, and using the regret analysis for pure online term gives

T∑
t=1

rt ≤

√√√√T · βT,N ·
T∑

t=1

a⊤t (Vt−1 + V0)−1at.

8
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Step 7: Final bound. Substituting the above estimates, and using the regret analysis for pure online
term gives

Reg(T ) = Õ

(
min

{
d
√
T ,
(√

λmax(V0)V +
√
d
)√

dT 2L2

TL2+λmin(V0)

})
.

5.2 PROOF SKETCH OF THEOREM 2

At a high level, the lower bound is obtained by reducing the problem to multiple hypothesis testing.
Biased offline data can mislead the learner along certain directions, while in orthogonal subspaces
the problem reduces to the purely online case. We construct hard instances differing only in selected
coordinate signs, so that each misclassification incurs fixed regret and information-theoretic bounds
limit their frequency. This reveals the trade-off: offline data accelerates learning when aligned with
the true parameter, but may amplify regret if the bias lies in high-coverage directions.

Step 1: Hard instance construction. We consider parameters θ(u) = ϵu with u ∈ {±1}d and
symmetric action set A = {± 1√

d
}d. The offline data are generated from θoff , while the online

rewards follow θ∗, with ∥θ∗ − θoff∥ ≤ V .

Step 2: Misclassification–regret link. The regret can be expressed as a weighted count of sign
misclassifications across coordinates, so bounding the expected number of mistakes directly yields
a regret lower bound:

Regt = ⟨θuon , a∗(uon)− at⟩ =
2√
d

d∑
i=1

ϵiI{sgn(at) ̸= uon
i }

Step 3: Information-theoretic reduction. For each coordinate i, we construct neighboring instances
that differ only on the i-th coordinate of the online/offline parameters. Depending on the bias size,
we choose ϵi so that the KL divergence between the two instances is small, forcing a constant
misclassification probability by summing up the difference from online distributions and offline
distributions.

Step 4: Bretagnolle–Huber inequality and aggregation. Applying Bretagnolle–Huber converts the
KL bound into a uniform lower bound on the expected number of mistakes. And summing over d
coordinates gives

E[Reg(T )] ≥ Ω

(
min

{
d
√
T , T

d∑
i=1

vi√
T + λi(V0)

+ T

d∑
i=1

1√
T + λi(V0)

})
.

6 CONCLUSION

We studied the problem of hybrid linear bandits with biased offline data, and proposed the hybrid-
LinUCB algorithm based on intersected confidence sets. Our analysis shows that the algorithm auto-
matically interpolates between purely online learning and unbiased hybrid learning, while gracefully
handling biased offline datasets. We established both upper and lower bounds, demonstrating near-
optimality and highlighting the tradeoff between offline data quality and bias. Our framework not
only generalizes existing results for online, unbiased, and MAB settings, but also provides new
analytical tools for decomposing estimation error and regret in hybrid bandits.

Future work. Several open directions remain:

• Dimension-wise characterization. Our current bounds rely on λmin(V0); a finer analysis
using all eigenvalues {λi(V0)} could capture partial coverage benefits of offline data.

• Vector-valued bias. We model the bias V via its ℓ2 norm, a global measure. Considering
V as a vector could reveal richer, coordinate-dependent behaviors.

• Beyond linear bandits. Since linear models serve as a key building block for general
function approximation, it is natural to ask whether our techniques can extend to more
general function classes.
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A RELATED WORK

Online and Offline Linear Bandits. The linear bandits problem is a generalization of the multi-
armed bandit (MAB) setting, and has been widely studied due to its capacity to model many real-
world applications. The online linear bandit problem dates back to Dani et al. (2008), who extend
Upper Confidence Bound (UCB) algorithms to the stochastic linear bandit setting. Later, Abbasi-
Yadkori et al. (2011) develop the OFUL algorithm, achieving a regret upper bound of Õ(d

√
T ) for

purely online regret minimization (without any offline data). Beyond UCB-type methods, Agrawal
& Goyal (2013) employ Thompson Sampling in linear contextual bandits. Moreover, to address
drawbacks of sub-optimal bounds in settings with sub-exponential arm sets, a phased elimination
algorithm has been proposed (see, e.g., Lattimore & Szepesvári (2020)). In contrast, the offline
linear bandits problem assumes that the agent has access to an offline dataset and aims to identify
the optimal action using that data. For example, Rashidinejad et al. (2021) propose a pessimism-
based algorithm for offline linear bandits and Markov decision processes. Similarly, Li et al. (2022)
propose pessimistic learning rules for offline linear contextual bandits and prove the sub-optimality
gap for fixed contexts.

Hybrid Bandits. The hybrid bandits problem is closely related to the warm-start bandits setting,
which studies how to use offline data to accelerate online exploration. Several works address this
in the MAB setting. Shivaswamy & Joachims (2012) develop the HUCB algorithm, which exploits
offline (historical) data to better approximate the confidence bounds in UCB-style schemes. Hao
et al. (2023) propose a warm-started Thompson Sampling approach that attains a Bayesian regret
bound. However, these works assume that the offline data and the online samples follow the same
reward distribution—a strong assumption that often fails in practice. To relax this, Cheung & Lyu
(2024) study a hybrid MAB problem in which the offline dataset may follow a different reward
distribution than the online environment, and propose a MIN-UCB method that achieves a near-
optimal regret bound given prior knowledge of the distribution shift.

As for the hybrid linear bandits problem, most of existing works still focus on the unbiased reward
distribution setting. Oetomo et al. (2023) extend ideas from hybrid MAB to linear contextual ban-
dits by developing both Thompson Sampling– and LinUCB–based hybrid algorithms. Vijayan et al.
(2025) introduce an Offline-Online Phased Elimination (OOPE) algorithm for stochastic linear ban-
dits. We notice this work has restrictive assumptions on the independence of offline data and finite
arm set. There are only few works focusing on hybrid linear bandits with biased reward distribution.
Zhang et al. (2025) study a biased parametric model for dynamic pricing (a special case of linear
bandits) and also discuss the broader linear bandit setting. Their rate scales as Õ

(√
dT/

√
λmin(V0)

)
when V = 0, which only improves upon the standard O(d

√
T ) bound when λmin(V0) is sufficiently

large; without such coverage, no uniform improvement is ensured.

Hybrid Reinforcement Learning. The task of utilizing offline dataset to enhance the performance
of online exploration has also been investigated broadly in the realm of Reinforcement Learning
(RL) with the name of Hybrid RL. Most of existing works consider this hybrid RL problem under the
general function approximation setting. For instance, Song et al. (2023) propose hybrid Q-learning,
and Tan & Xu (2024) develop a Global Optimism based on Local Fitting (GOLF)-based algorithm
with general Q-function approximation. We point out that the general function approximation setting
can recover the linear MDP setting (Wagenmaker & Pacchiano, 2023; Tan et al., 2024). However, an
assumption commonly used in these works is that the offline and online MDPs are the same—that
is, they share the same transitions and reward functions—which may be overly restrictive for many
real-world RL applications. A recent work (Qu et al., 2025) addresses distribution shift in offline and
online MDPs, terming this hybrid transfer RL. The authors propose the HySRL method to tackle this
challenge. Nevertheless, this work only considers the tabular MDP without extending the proposed
method to the general function approximation setting, and assume a known distribution shift lower
bound between the offline and online environments.
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B IMPORTANT LEMMAS

Lemma 2. For any positive matrix A and B, we have:

λk(A
−1/2BA−1/2) ≥ λk(B)

λmax(A)

B.1 PROOF OF LEMMA 1

Proof. Notice that:

θ̂t,N − θ∗ = V −1
t,N

(
t∑

s=1

asxs +

N∑
s=1

bsys

)
− θ∗

= V −1
t,N

t∑
s=1

as
(
θ⊤∗ as + ηs

)
+ V −1

t,N

N∑
s=1

bs
(
θ⊤offbs + η′s

)
− θ∗

≤ V −1
t,N

[
− Vt,Nθ∗ +

t∑
s=1

asa
⊤
s θ∗ +

N∑
s=1

bsb
⊤
s θ∗ +

t∑
s=1

asηs +

N∑
s=1

bsη
′
s +

N∑
s=1

bsb
⊤
s (θoff − θ∗)

]

= V −1
t,N

[
N∑
s=1

bsb
⊤
s (θoff − θ∗) +

t∑
s=1

asηs +

N∑
s=1

bsη
′
s − λθ∗

]
.

Let a, b ∈ Rd be arbitrary vectors and B ∈ Rd×d be symmetric positive definite (SPD). If a =
B−1b, then

∥a∥2B := a⊤Ba = (B−1b)⊤B(B−1b) = b⊤B−1b,

⇒ ∥a∥B =
√
b⊤B−1b = ∥b∥B−1 .

Then we have:

∥θ∗ − θ̂t,N∥Vt,N
=
∥∥∥V0(θoff − θ∗) +

t∑
s=1

asηs +

N∑
s=1

bsη
′
s − λθ∗

∥∥∥
V −1
t,N

≤ ∥V0(θoff − θ∗)∥V −1
t,N

+
∥∥∥ t∑

s=1

asηs

∥∥∥
V −1
t,N

+
∥∥∥ N∑

s=1

bsη
′
s

∥∥∥
V −1
t,N

+
√
λS

≤ ∥V0(θoff − θ∗)∥V −1
t,N

+
∥∥∥ t∑

s=1

asηs

∥∥∥
V −1
t

+
∥∥∥ N∑

s=1

bsη
′
s

∥∥∥
V −1
0

+
√
λS

≤ ∥V0(θoff − θ∗)∥V −1
t,N

+

√
2 log

(
1
δ

)
+ d log

(
1 + tL2

dλ

)
+

√
2 log

(
1
δ

)
+ d log

(
1 + NL2

dλ

)
+
√
λS

≤
√
λmax(V0) · V +

√
βt +

√
βN ,

where the fourth inequality comes from Theorem 20.4 of Lattimore & Szepesvári (2020) with prob-
ability of 1− δ.

Along with pure online discussion on Theorem 20.5 of Lattimore & Szepesvári (2020), we have
Pr(θ∗ ∈ Cont ∩ C

hyb
t ) ≥ 1− δ.

13



702
703
704
705
706
707
708
709
710
711
712
713
714
715
716
717
718
719
720
721
722
723
724
725
726
727
728
729
730
731
732
733
734
735
736
737
738
739
740
741
742
743
744
745
746
747
748
749
750
751
752
753
754
755

Under review as a conference paper at ICLR 2026

B.2 PROOF OF LEMMA 2

Proof. Let Uk be a k-dimensional subspace spanned by the top-k eigenvectors of B. For any u ∈ Uk

with u ̸= 0, we have the Rayleigh bound

u⊤Bu

∥u∥2
≥ λk(B).

Consider the k-dimensional subspace S := A1/2Uk and any x ∈ S of the form x = A1/2u with
u ∈ Uk, x ̸= 0. Then

x⊤A−1/2BA−1/2x = u⊤Bu ≥ λk(B) ∥u∥2.

Moreover,

∥x∥2 = u⊤Au ≤ λmax(A) ∥u∥2 ⇒ ∥u∥2 ≥ ∥x∥2

λmax(A)
.

Hence for every nonzero x ∈ S,

x⊤A−1/2BA−1/2x

∥x∥2
≥ λk(B)

λmax(A)
.

Taking the minimum over unit vectors in S and then the maximum over all k-dimensional subspaces
via the Courant–Fischer theorem yields

λk

(
A−1/2BA−1/2

)
= max

dimS=k
min
x∈S

∥x∥=1

x⊤A−1/2BA−1/2x ≥ λk(B)

λmax(A)
.

C PROOF OF THEOREM 1

C.1 UNBIASED CASE

Proof. To make our proof easier to understand and read, we firstly considering the unbiased case.
When V = 0, suppose that U int

t (at) ≤ ⟨a, θ̂t,N ⟩+
√

βt,N ∥a∥V −1
t,N

:= ⟨at, θ̃t,N ⟩. Then we have:

⟨θ∗, at⟩ ≤ UCBt(a
∗) ≤ UCBt(at) = ⟨θ̃t, at⟩.

Using Cauchy–Schwarz inequality and the assumption that θ∗ ∈ Ct,N and facts that θ̃t ∈ Ct,N leads
to

rt = ⟨θ∗, a∗⟩ − ⟨θ̃t,N − θ∗, at⟩ ≤ ∥at∥V −1
t−1,N

∥θ̃t,N − θ∗∥Vt−1,N
, (5)

where Vt−1,N =

t−1∑
s=1

asa
⊤
s +

N∑
s=1

bsb
⊤
s := Vt−1 + V0.

∥θ̃t,N − θ∗∥Vt−1,N
can be controlled by

√
βt,N =

√
βt +

√
βN .

Further control ∥at∥V −1
t−1,N

:

We fix t, define

∆t(at) := a⊤t V
−1
t−1at − a⊤t (Vt−1 + V0)

−1at

= a⊤t V
−1
t−1V0(Vt−1 + V0)

−1at.
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(Matrix inversion identity: A−1 − (A+B)−1 = A−1B(A+B)−1)

Let Ct = V
−1/2
t−1 V0V

−1/2
t−1 , and yt = V

−1/2
t−1 at. Then

∆t(at) = y⊤t Ct(I + Ct)
−1yt.

Consider spectral decomposition: Ct = UtΛtU
⊤
t . Let zt = U⊤

t yt, then

∆t(at) = z⊤t Λt(I + Λt)
−1zt.

Since Ut is orthogonal, ∥yt∥ = ∥zt∥. Write zt = (γ1,t, . . . , γd,t)
⊤, then

∆t(at) =

d∑
k=1

λk,t

1 + λk,t
γ2
k,t,

where λk,t is the k-th largest eigenvalue of Ct.

And also a⊤t V
−1
t at = y⊤t yt = ∥yt∥2 = ∥zt∥2 =

∑d
k=1 γ

2
k,t.

Then

a⊤t (Vt−1 + V0)
−1at = a⊤t V

−1
t at −∆t(at)

=

d∑
k=1

γ2
k,t −

d∑
k=1

λk,t

1 + λk,t
γ2
k,t

=

d∑
k=1

1

1 + λk,t
γ2
k,t.

From Ch.19 lemma19.4 in bandits book (Lattimore & Szepesvári, 2020):

T∑
t=1

∥at∥2Vt−1
=

T∑
t=1

a⊤t V
−1
t−1at

≤ 2 log

(
detVT

detV0

)
≤ 2d · log

(
dλ+ TL2

d det(λI)1/d

)
= Õ(d).

Hence

T∑
t=1

d∑
k=1

γ2
k,t =

T∑
t=1

a⊤t V
−1
t−1at = Õ(d).

As a result,

T∑
t=1

a⊤t (Vt−1 + V0)
−1at =

T∑
t=1

d∑
k=1

1

1 + λk,t(V
−1/2
t−1 V0V

−1/2
t−1 )

γ2
k,t.

From Lemma 2: for all t = 1, . . . , T , k = 1, . . . , d,

λk,t(V
−1/2
t−1 V0V

1/2
t−1 ) ≥

λk(V0)

λk(Vt−1)
≥ λk(V0)

t · L2
.
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Thus, for function f(x) = 1
1+x decreasing,

T∑
t=1

d∑
k=1

1

1 + λk,t(V
−1/2
t−1 V0V

1/2
t−1 )

γ2
k,t ≤

T∑
t=1

d∑
k=1

1

1 + λk(V0)
(t−1)L2

γ2
k,t.

Assume that
f(k, t) =

1

1 + λk(V0)
tL2

, g(k, t) = γ2
k,t,

with λk(V0) > 0 for all k, and
T∑

t=1

d∑
k=1

g(k, t) ≤ Õ(d).

Then we have:

E[Reg(T)] =
T∑

t=1

rt
(a)

≤
T∑

t=1

√
a⊤t V

−1
t−1,Nat ·

√
βt,N

(b)

≤

√√√√T

T∑
t=1

a⊤t V
−1
t−1,Nat ·

√
βT,N

(c)
=
√
T · βT,N ·

√∑
t

∑
k

fg

(d)

≤
√

T · βT,N ·
√

fmax

∑
t

∑
k

g

(e)

≤
√

T · βT,N · Õ

(√
TL2

TL2 + λmin(V0)
· d

)

= Õ

(√
βT,N

dT 2L2

TL2 + λmin(V0)

)
,

where (a) is obtained by (5), (b) is from Cauchy-Schwarz inequality over t, (c) is from definition of
f and g, (d) is from the operation that fmax = maxt maxk f(k, t) and (e) is from

∑
t

∑
k g ≤ Õ(d).

C.2 BIASED CASE

Proof. Now we only need to consider the pure online term and the case when V ̸= 0:∑
t

rt ≤
∑
t

min
{
∥at∥V −1

t
∥θ∗ − θ̂t∥Vt

, ∥at∥V −1
t,N
∥θ∗ − θ̂t,N∥Vt,N

}
≤
∑
t

min
{
∥at∥V −1

t
·
√

βt, ∥at∥V −1
t,N
·
√

βt,N

}

≤ min

{
Õ
(√

βt · d · T
)
, Õ

(√
βt,N · d ·

TL2

TL2 + λmin(V0)

})

≤ min

{
Õ
(√

βT dT
)
, Õ

(
(
√
λmax(V0)V +

√
βT +

√
βN )

√
dT 2L2

TL2 + λmin(V0)

)}
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D PROOF OF THEOREM 2

Proof. Histories and filtration:

Let D0 = {(bs, ys)}Ns=1 denote the offline dataset, possibly random. Define the filtration F =
(Ht)t≥0 by

H0 = σ(D0), Ht = σ
(
D0, a1, x1, . . . , at, xt

)
(t ≥ 1),

where at round t the learner selects at ∈ A ⊆ Rd according to a (possibly randomized) policy
πt(· |Ht−1), and then receives

xt = ⟨at, θ∗⟩+ ηt,
with (ηt)t≥1 being conditionally zero-mean sub-Gaussian noises (independent of the past given
Ht−1). By construction, at isHt−1-measurable (under πt), and xt isHt-measurable.

Define action sequence and feedback sequence:
a1:T = (a1, . . . , aT ), x1:T = (x1, . . . , xT )

Policy:
{πt}Tt=1, at ∼ πt(· | Ht−1, D0)

(depends onHt−1 and offline matrix D0)

θ family and action set:

θ(u) = ϵu =

d∑
i=1

ϵiuiei,where ϵ > 0, u ∈ {1,−1}d and ∥θ∥2 ≤ S.

A = {a ∈ {1/
√
d,−1/

√
d}d}, ∥a∥ ≤ L.

Later we will use uon
1 , uoff

1 , uon
2 , uoff

2 to distinguish the two different distribution between online envi-
ronment and offline data distribution in case 1 and 2 correspondingly.

We have:

a∗(uon) =
sgn(θuon)√

d
=

uon
√
d
∈ A,

Regt = ⟨θuon , a∗(uon)− at⟩ =
2√
d

d∑
i=1

ϵiI{sgn(at) ̸= uon
i }

Define the misclassification count: Since in hybrid learning, the event I{sgn(at) ̸= ui} happens
or not usually depend on both uon and uoff (We remark that our discussion in here assume that the
algorithm will use offline data, the pure online lower bound can obtain by the similar analysis and
we do not further discuss in here), we define:

N−
i (uon, uoff) =

T∑
t=1

I
{
sgn(at) ̸= uon

i

}
Then for the cumulative regret:

Reg(T ) =
T∑

t=1

rt =
2√
d

d∑
i=1

ϵi Euon,uoff

[
N−

i (uon, uoff)
]

Conditional reward distribution:
offline data Puoff(ys | bs) = N (⟨θuoff , bs⟩, σ2),

online feedback Puon(xt | at) = N (⟨θuon , at⟩, σ2)

Offline dataset distribution:

Puoff (D0) =

N∏
s=1

ν(bs)N (⟨θoff
u , bs⟩, σ2)

17
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Case 1 When
∑

i vi ≥ e−
1
2 (S

2/d−1)d, then

Ω(
e−S2/2d

4
T

d∑
i=1

vi√
T + λi(V0)

+
e−1/2

4
T

d∑
i=1

1√
T + λi(V0)

) = Ω(T

d∑
i=1

vi√
T + λi(V0)

).

Then for any fix i, we build 4 distributions such that:

uon, u
(i),on
j =

{
−u

(i),on
j , j = i,

u
(i),on
j , else,

, uoff
j =

{
−uon

j , j = i,

uon
j , else,

, u(i),off = uon.

Then we have:

Puon,uoff(D0, a1:T , x1:T ) = Puoff(D0)

T∏
t=1

πt(at | Ht−1, D0)Puon(xt | at),

Pu(i),on,u(i),off (D0, a1:T , x1:T ) = Pu(i),off (D0)

T∏
t=1

πt(at | Ht−1, D0)Pu(i),on(xt | at).

Tips: Since they share the same history but only differ in the true parameter θ, their policy is the same.

Then, by analysis the KL decomposition:

KL
(
Puon,uoff(D0, a1:T , x1:T ), x1:T )

∥∥Pu(i),on,u(i),off (D0, a1:T , x1:T )
)

:= KL(Pu∥Pu(i))

= KL(Puoff (D0)∥Pu
(i),off (D0))

+ ED0,a1:T∼Puon

[
T∑

t=1

KL
(
Puon(xt | Ht−1, D0)∥Pu(i),on(xt | Ht−1, D0)

)]

=
1

2

N∑
s=1

⟨θ(uoff)− θ(u(i),off), bs⟩2 +
1

2

T∑
t=1

⟨θ(uon)− θ(u(i),on), at⟩2

=
1

2

N∑
s=1

(−2ϵiuon
i bs,i)

2 +
1

2

T∑
t=1

(2ϵiu
on
i at,i)

2

=
v2i

2(T + λi(V0))/d

(
λi(V0) + T/d

)
= v2i /2

≤ v2max/2

≤ S2/2d,

where the last inequaltiy holds for vmax ≤ S/
√
d.

Furthermore, define event E(i)
t = {sgn(at,i) = uon

i } and by using the Bretagnolle-Huber inequality,
we have:

Pu

(
E

(i)
t

)
+ Pu(i)

(
(E

(i)
t )c

)
≥ 1

2
exp
(
−KL(Pu ∥Pu(i))

)

and sum up over t, and from ∀a, b ∈ R+, a+ b > c⇒ a ≥ c
2 or b ≥ c

2 ,

18



972
973
974
975
976
977
978
979
980
981
982
983
984
985
986
987
988
989
990
991
992
993
994
995
996
997
998
999
1000
1001
1002
1003
1004
1005
1006
1007
1008
1009
1010
1011
1012
1013
1014
1015
1016
1017
1018
1019
1020
1021
1022
1023
1024
1025

Under review as a conference paper at ICLR 2026

Eu

[
N−

i (u)
]
≥ T

4
exp(−KL(Pu ∥Pu(i))) ≥

T

4
exp
(
−S2/2d

)
Finally,

Reg(T ) =
T∑

t=1

rt

=
2√
d

d∑
i=1

ϵi Eu

[
N−

i (u)
]

≥ 2√
d

d∑
i=1

ϵi ·
T

4
· exp(−S2/2d)

=
e−

S2

2d

4
T

d∑
i=1

vi√
T + λi(V0)

= Ω

(
T

d∑
i=1

vi√
T + λi(V0)

)
.

Case 2 When
∑

i vi ≤ e−
1
2 (S

2/d−1)d, then

Ω(
e−S2/2d

4
T

d∑
i=1

vi√
T + λi(V0)

+
e−1/2

4
T

d∑
i=1

1√
T + λi(V0)

) = Ω(T

d∑
i=1

1√
T + λi(V0)

).

Fix i, we build 4 distributions such that:

uon, u
(i),on
j =

{
−u

(i),on
j , j = i,

u
(i),on
j , else,

, uoff = uon, u
(i),off
j =

{
−uon

j , j = i,

uon
j , else,

.

Then we let ϵi = 1

2
√

(T+Ni)/d
, and we have:

KL(Pu∥Pu(i)) = KL(Puoff (D0)∥Pu
(i),off (D0))

+ ED0,a1:T∼Puon

[
T∑

t=1

KL
(
Puon(xt | Ht−1, D0)∥Pu(i),on(xt | Ht−1, D0)

)]

=
1

2

N∑
s=1

⟨θ(uoff)− θ(u(i),off), bs⟩2 +
1

2

T∑
t=1

⟨θ(uon)− θ(u(i),on), at⟩2

=
1

2

N∑
s=1

(−2ϵiuon
i bs,i)

2 +
1

2

T∑
t=1

(2ϵiu
on
i at,i)

2

=
1

2

Furthermore, define event E(i)
t = {sgn(at,i) = uon

i } and by using the Bretagnolle-Huber inequality,
we have:

Pu

(
E

(i)
t

)
+ Pu(i)

(
(E

(i)
t )c

)
≥ 1

2
exp
(
−KL(Pu ∥Pu(i))

)
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and sum up over t, and from ∀a, b ∈ R+, a+ b > c⇒ a ≥ c
2 or b ≥ c

2 ,

Eu

[
N−

i (u)
]
≥ T

4
exp(−KL(Pu ∥Pu(i))) ≥

T

4
exp(−1/2)

Finally,

Reg(T ) =
T∑

t=1

rt

=
2√
d

d∑
i=1

ϵi Eu

[
N−

i (u)
]

≥ 2√
d

d∑
i=1

1

2
√
T + λi(V0)

· T
4
· exp(−1/2)

= Ω

(
T

d∑
i=1

1√
T + λi(V0)

)
.

Summarize case 1, case 2 and the discussion on pure online regret lower bound in Theorem 24.1
from Lattimore & Szepesvári (2020), we finished the proof.

E EXPERIMENTS

We conduct numerical simulations to compare the performance of hybrid-LinUCB against two
baselines: Pure Online LinUCB and hybrid-LinUCB with unbiased offline data.

The action set is defined as A = {a ∈ Rd : ∥a∥2 ≤ 1}, θ∗ ∈ {θ : ∥θ∥2 ≤ 1},, with dimension
d = 10. The offline dataset size is varied over N ∈ {100, 1000, 5000}. And we set noise variance
σ2 = 0.25, and regularization parameter λ = 10−2. Each experiment is repeated 50 times and
we report the average cumulative regret. To construct the offline dataset, we first sample a true
parameter θ∗ uniformly from the unit ball, and then generate a biased version θoff = θ∗ ± V√

d
u,

where u is a random unit vector and V ∈ [0, 2] controls the overall bias level. For each offline
dataset, we uniformly sample N actions from A, and generate the rewards according to θoff .

For plotting, we show the mean cumulative regret and one-standard-error bands over 50 runs. All
experiments are implemented in Python with NumPy, using Sherman–Morrison updates for matrix
inverses.

Figure 1 reports the performance when the bias parameter V is small. In this case, the performance
of hybrid-LinUCB is almost indistinguishable from the unbiased variant. As N increases, the benefit
from offline data becomes more pronounced, leading to smaller regret overall.

Figure 1: Performance comparison of hybrid-LinUCB with different offline data sizes when bias is
small.

Figure 2 reports the performance when the bias is relatively large (V = 0.9, which corresponds
to a per-dimension perturbation of V/

√
d ≈ 0.28 when d = 10). For small N , the performance
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of the three algorithms is similar. Despite the large bias, hybrid-LinUCB remains fairly stable. As
N grows, the algorithm still benefits from the additional offline data, but the improvement is less
significant compared to the small-bias case. Moreover, we observe that the gap between biased
hybrid-LinUCB and its unbiased counterpart widens with larger N , which matches our intuition:
a larger offline dataset amplifies the influence of bias on online learning, thereby leading to more
regret compared to the unbiased case.

Figure 2: Performance comparison of hybrid-LinUCB with different offline data sizes when bias is
large.

USE OF LLMS

In preparing this paper, we made limited use of large language models (LLMs). They were em-
ployed only for auxiliary purposes such as improving the clarity of writing and quickly checking
programming syntax or documentation. All conceptual contributions, theoretical developments, and
experimental implementations are original work of the authors.

21


	Introduction
	Problem Setup
	Hybrid LinUCB Algorithm
	Regret Analysis
	Proof sketch of theorem
	Proof Sketch of theorem 1
	Proof Sketch of theorem 2

	Conclusion
	Related Work
	Important Lemmas
	proof of lemma 1
	proof of lemma 2

	Proof of Theorem 1
	unbiased case
	biased case

	Proof of Theorem 2
	Experiments

