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Abstract

We revisit Wasserstein Policy Optimization (WPO) as policy transport on action1

densities followed by a projection onto a parametric manifold. Evolving poli-2

cies by a 2-Wasserstein gradient flow and projecting in the Fisher/KL inner prod-3

uct yields a covariant natural step with a mixed-derivative cross-term. We make4

this projection-based view explicit, prove baseline invariance (via a constrained5

Gáteaux variation) and parameterization covariance (via Fisher pullbacks), and6

delineate when the step coincides with natural policy gradient (affine-in-action7

exponential families) versus when it departs (mixtures, squashings). For Gaus-8

sian policies we give mean and covariance updates, including a full-covariance9

Cholesky implementation that preserves SPD. We extend to c-Wasserstein dynam-10

ics to obtain principled stability via convex conjugates and state precise energy11

inequalities in the frozen-critic regime. Assumptions and weak-form conditions12

are spelled out, and connections to classic PG/DPG/NPG are established.13

1 Introduction14

Wasserstein Policy Optimization (WPO) offers a principled link between optimal transport and pol-15

icy updates through Wasserstein gradient flows. Despite elegant foundations, theoretical questions16

remain: the precise projection from infinite-dimensional flows to parametric updates; invariance to17

baselines and parameterizations; and stability when action-value gradients are large. We present a18

self-contained treatment addressing these points with label-anchored derivations, and we identify19

the conditions under which the WPO update coincides with, or departs from, classic policy gradi-20

ent/natural gradient directions.21

2 Background22

On the 2-Wasserstein manifold, steepest descent of a functionalJ [π] follows the continuity equation23

with velocity v = −∇a(δJ /δπ) [Ambrosio et al., 2008, Benamou and Brenier, 2000]. Taking24

J [π] = −E[Qπ] yields ∂tπ = −∇a · (π∇aQ
π). Projecting this infinite-dimensional flow to a25

parametric family {πθ} leads to the natural-gradient form ∆θ = F−1
θθ Ftθ, where the cross term is26

E[∇θ∇a log π∇aQ
π] under mild regularity and boundary conditions. We relate to natural policy27

gradient [Kakade, 2001] and to neural ODE views of transport [Chen et al., 2018].28

Weak form and boundary conditions. We interpret the continuity equation in weak form, with29

no-flux boundary condition (πv) · n = 0 on bounded action domains or vanishing flux at infinity on30

Rd. Under C1/C2 regularity and dominated convergence, integration by parts is valid and boundary31

terms vanish; all energy identities and projections below are stated in this weak-form sense.32
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3 Preliminaries and Notation33

Let A ⊆ Rd denote the action domain and S the state space. Policies are absolutely continuous34

densities πθ(a | s) on A for each s ∈ S. We write expectations as Es∼dπ, a∼πθ(·|s)[·] for a fixed35

reference weighting dπ(s) (e.g., discounted occupancy). In line with the policy gradient theorem,36

our first-order variations operate in a semi-gradient setting where dπ and Qπ are treated as fixed.37

Notation. S states,A ⊆ Rd actions; dπ discounted occupancy; πθ(a | s) policy density; Qπ(s,a)38

critic; Fθθ Fisher; sym(X) = 1
2 (X +X⊤); Sd++ SPD cone. We use bold a for vectors and a for 1D39

examples.40

Throughout, expectations are with respect to the joint measure s ∼ dπ , a ∼ πθ(· | s). When we41

abbreviate Es,a[ · ], this is the understood measure unless stated otherwise.42

The Fisher matrix is43

Fθθ = Es∼dπ, a∼πθ(·|s)
[
∇θ log πθ(a | s)∇θ log πθ(a | s)⊤

]
. (1)

We equip density variations with the inner product44

⟨f, g⟩ = Es∼dπ

[ ∫
A

f(a, s) g(a, s)

πθ(a | s)
da

]
, (2)

for which the parametric tangent directions are π∇θ log π. Throughout, we assume sufficient45

smoothness (C1/C2), dominated convergence conditions to exchange expectation and differentia-46

tion, and vanishing boundary terms so that integration by parts is valid.47

4 Derivation of WPO48

4.1 Problem Setup49

We consider continuous control with policy πθ(a | s) and critic Qπ(s,a). We adopt a reference state50

distribution dπ(s) (e.g., discounted occupancy) and study policy updates that arise as projections of51

Wasserstein gradient flows on action densities.52

4.2 From Wasserstein Flow to Parametric Update53

Let J [π] = −Es∼dπ,a∼π(·|s)[Q
π(s,a)]. We adopt a per-state time rescaling and work with the54

rescaled flow whose velocity uses v = ∇aQ
π (absorbing the dπ factor). The 2-Wasserstein flow is55

∂tπ = −∇a ·
(
π∇aQ

π
)
. (3)

We note that embedding the discounted state weighting dπ(s) into δJ /δπ scales the per-state veloc-56

ity by dπ(s). This is a per-state time reparameterization and preserves weak-form energy identities,57

but a Fisher-projected finite step may change unless additional conditions (e.g., state-wise collinear-58

ity of velocities or constant scaling) hold. To remove this ambiguity, we adopt the convention59

δJ /δπ = −Qπ and carry dπ(s) only as an outer expectation in all cross terms and Fisher quan-60

tities. We project to {πθ} by minimizing, in the Fisher metric, the discrepancy between ∂tπ and61

δπθ = π (∇θ log π) ·∆θ, leading to Fθθ ∆θ = Ftθ with62

Ftθ = Es∼dπ,a∼π

[
∇θ∇a log πθ(a | s) ∇aQ

π(s,a)
]
. (4)

4.3 Energy Dissipation63

Under suitable regularity, and in the frozen-critic regime, the rescaled gradient flow (3) dissipates64

J :65

Lemma 1 (Energy dissipation). Along solutions πt of (3), one has d
dt J [πt] ≤ 0 with d

dt J [πt] =66

−Es∼dπ,a∼πt

[
∥∇aQ

π(s,a)∥2
]
. For the c-Wasserstein flow with velocity ∇c∗(∇aδJ /δπ) one has67

d
dt J [πt] = −Es,a

[
⟨∇c∗(∇aQ

π), ∇aQ
π⟩
]
≤ 0 by monotonicity of ∇c∗. See Appendix (Energy68

Dissipation) for weak-form derivations and function-space assumptions.69
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4.4 Functional Derivative of J70

For discounted RL, under the semi-gradient convention (holding dπ and Qπ fixed), we adopt the71

rescaled functional derivative compatible with (3):72

δJ
δπ

(s,a) = −Qπ(s,a), dπ(s) = (1− γ)
∑
t

γt Pr(st = s). (5)

This corresponds to absorbing dπ(s) via a per-state time reparameterization. Under the alternative73

convention that embeds dπ(s) inside δJ /δπ, the Fisher-projected finite step can differ unless state-74

wise collinearity or constant scaling holds; our adopted convention avoids this ambiguity while75

preserving the weak-form energy identities.76

4.5 KL/Fisher Projection and Normal Equations77

Equivalently, minimizing ∥∂tπ−δπθ∥2 in the Fisher norm (2) yields the normal equations Fθθ ∆θ =78

Ftθ. The cross term satisfies79

Ftθ =

∫
∇θ log πθ(a | s) ∂tπθ(a | s) da (6)

= −
∫
∇θ log πθ ∇a ·

(
πθ∇aQ

π
)
da (7)

=

∫ (
∇a∇θ log πθ

)⊤
(πθ∇aQ

π) da (8)

= Ea∼πθ

[
∇θ∇a log πθ ∇aQ

π
]
, (9)

where boundary terms vanish and derivatives commute under the stated assumptions. Under C280

regularity and vanishing boundary terms, this follows from integration by parts. The natural-gradient81

step is ∆θ = F−1
θθ Ftθ.82

4.6 Projection Metric: Fisher vs. W283

We project the W2 flow in the Fisher/KL inner product on densities, which induces a covariant84

natural step on the parametric manifold and yields simple estimators. A W2-parametric projection85

would instead align the parametric velocity with the W2 tangent metric via a velocity potential on86

parameters.87

Operator-level relation (per state). Let Tθ denote the parametric tangent span {π∇θ log π u : u ∈88

Rdim θ}. The Fisher projector and the W2-tangent projector are two positive self-adjoint operators89

on Tθ induced by different inner products. They coincide when Tθ is invariant and the per-state90

velocity is collinear with the tangent directions (e.g., exponential families with sufficient statistics91

affine in a under a compatible parameterization, such as Gaussian means with fixed covariance). In92

general they differ by a positive operator on Tθ. We favor Fisher projection for statistical stability,93

parameterization covariance, and practicality.94

4.7 Stability via c-Wasserstein95

For convex c, the c-Wasserstein flow uses the velocity v = ∇c∗
(
∇a(δJ /δπ)

)
= ∇c∗(−∇aQ

π).96

The corresponding flow is ∂tπ = −∇a ·
(
π∇c∗(∇a(δJ /δπ))

)
. If c∗ is even, then ∇c∗(−x) =97

−∇c∗(x) and one may equivalently write ∂tπ = −∇a ·
(
π∇c∗(∇aQ

π)
)
. For a separable choice98

c(u) = 1
4

∑
i |ui|4, one has c∗(x) = 3

4

∑
i |xi|4/3 and the elementwise cube-root map ∇c∗(x)i =99

sign(xi)|xi|1/3, controlling large action-gradients while preserving descent/ascent directions. A100

rotationally invariant alternative c(u) = 1
4∥u∥

4
2 yields ∇c∗(x) = ∥x∥−2/3

2 x (radial shrinkage).101

These shrinkage maps are direction-preserving, monotone, and Hölder-continuous, ensuring the102

energy identity holds and often allowing larger stable steps than heuristic gradient clipping under103

the same frozen-critic assumptions.104

Theorem 1 (Energy decay for c-Wasserstein flows). Under Assumption 1, let c be proper, convex,105

l.s.c., with differentiable c∗ and monotone ∇c∗. The flow106

∂tπ = −∇a ·
(
π∇c∗

(
∇a(δJ /δπ)

))
3



satisfies the intrinsic energy identity107

d

dt
J [πt] = −Es,a

[〈
∇c∗

(
∇a(δJ /δπ)

)
, ∇a(δJ /δπ)

〉]
≤ 0,

with equality iff ∇a(δJ /δπ) = 0 almost everywhere. Specializing to δJ /δπ = −Qπ gives108

−E[⟨∇c∗(−∇aQ
π), −∇aQ

π⟩] ≤ 0; if in addition c∗ is even (hence ∇c∗ odd), this equals109

−E[⟨∇c∗(∇aQ
π), ∇aQ

π⟩] ≤ 0. For c(u) = 1
4

∑
i |ui|4 one has elementwise shrinkage110

∇c∗(x)i = sign(xi)|xi|1/3; for c(u) = 1
4∥u∥

4
2 one has radial shrinkage ∇c∗(x) = ∥x∥−2/3

2 x.111

Practical note: the induced map is direction-preserving and monotone, which yields energy decay112

under frozen critics. Unlike heuristic gradient clipping, it retains a variational interpretation and113

often permits larger stable steps in ill-conditioned regimes. See Theorem 1 and Appendix A.2.114

4.8 Estimators and variance reduction115

With a reparameterization a = fθ(ϵ, s) and a frozen critic, an unbiased single-sample estimator of116

the cross term is117

ĝθ(ϵ, s) = ∇θ∇a log πθ

(
fθ(ϵ, s) | s

)
∇̂aQ(s, fθ(ϵ, s)).

Mixed derivatives are computed efficiently via JVP/VJP (one forward- and one reverse-mode pass118

suffice in most autodiff systems). The critic action-gradient ∇aQ comes from differentiating the119

critic wrt its action input. A score-aligned control variate subtracts c(s)∇θ log πθ(a | s), with120

c(s) chosen by least-squares to minimize variance, leaving E[ĝθ] unchanged. The optimal per-state121

coefficient is122

c∗(s) =
Cov

(
∇θ log πθ, ĝθ

∣∣ s)
Var

(
∇θ log πθ

∣∣ s) , (10)

estimated online via running moments.123

4.9 Gaussian Parameter Updates124

For Gaussian policies, 1D mean/variance updates are125

∆µ = E[∇aQ], (11)

∆(σ2) = 2E[(a− µ)∇aQ]. (12)

With diagonal covariance, updates act coordinate-wise. For full covariance Σ ∈ Sd++, the Fisher-126

natural step simplifies to ∆Σ = M +M⊤ = 2 sym(M) with M = Es∼dπ, a∼πθ
[ (∇aQ)(a−µ)⊤ ].127

Sampling formulas follow directly from the expectation definitions. The full-covariance update128

entailsO(d3) algebra (linear solves), whereas diagonal updates areO(d). In practice, full covariance129

helps under strong anisotropy/ill-conditioning; diagonal is preferable when samples or compute are130

limited.131

Full-covariance via Cholesky. Write Σ = LL⊤ with L lower-triangular and diag(L) > 0. To132

implement the natural step stably, solve for ∆L in the triangular Sylvester equation133

L∆L⊤ +∆LL⊤ = S, S = M +M⊤,

by forward substitution by columns j = 1, . . . , d:134

(2Ljj)(∆L)jj = Sjj − 2
∑
k<j

Ljk(∆L)jk,

(∆L)ij =
Sij −

∑
k<j

(
Lik(∆L)jk + (∆L)ikLjk

)
− Lij(∆L)jj

Ljj
, i = j + 1, . . . , d.

Then update L ← L+ η∆L with a line search to keep diag(L) > 0. This realizes ∆Σ = S while135

preserving Σ ∈ Sd++. In practice, shrink η (backtracking) until mini(L+ η∆L)ii > 0; this prevents136

loss of SPD under large steps.137

Deterministic limit. As Σ → 0, the mean update reduces to the deterministic policy-gradient138

direction evaluated at the mean, while the covariance update vanishes. The Fisher metric provides a139

well-defined limit.140
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Quadratic toy. If locally ∇aQ
π(s,a) = H(s)(a − µ) with H(s) ⪰ 0, then M = H(s)Σ and141

∆Σ = H(s)Σ + ΣH(s), while ∆µ = 0 at a = µ, consistent with the deterministic limit.142

4.10 Main Results143

We state the primary results under the hypotheses above; proofs are provided in the appendix. Scope:144

results are stated with fixed critic Qπ and state weighting dπ (semi-gradient convention). When both145

evolve, additional residual terms appear.146

Assumption 1 (Standing hypotheses). (i) log πθ(a | s) ∈ C2 in (a, θ) with mixed partials com-147

muting almost everywhere, and ∇θ∇a log πθ ∈ L1(dπ ⊗ πθ); (ii) Qπ(·, s) ∈ C1 with ∇aQ
π ∈148

L2(πθ(· | s)) uniformly in s; (iii) either A = Rd with vanishing flux at infinity or a no-flux bound-149

ary on ∂A; (iv) dominated convergence justifies swapping expectations and derivatives. All energy150

statements hold in the frozen-critic regime.151

Theorem 2 (Projection to Natural Gradient). Let ∂tπ satisfy (3) for J [π] = −E[Qπ]. With the inner152

product (2), the Galerkin orthogonality conditions ⟨∂tπ − δπθ, π∇θ log π⟩ = 0 yield the normal153

equations Fθθ ∆θ = Ftθ with Ftθ in (4). Hence ∆θ = F−1
θθ Ftθ.154

Finite steps ∆θ = η F−1
θθ Ftθ need not monotonically decrease J unless η is sufficiently small; a155

global line search (Armijo/backtracking) can ensure descent. Locally, if g(θ) := Ftθ is L-Lipschitz156

and Fθθ ⪰ mI in a neighborhood, then choosing η ≤ m/L yields a guaranteed decrease for suffi-157

ciently small neighborhoods.158

Corollary 1 (Normal equations). Under Assumption 1, the Fisher–Galerkin projection yields159

Fθθ ∆θ = Ftθ with Ftθ = E[∇θ∇a log π∇aQ
π].160

Proposition 1 (Baseline Invariance). For any baseline b(s), replacing Qπ by Aπ = Qπ − b(s)161

leaves both the PDE and the parametric cross term Ftθ unchanged. Equivalently, the constrained162

first variation under per-state normalization satisfies δJ /δπ = −
(
Qπ − b(s)

)
.163

Caution: action-dependent adjustments b(s,a) are not baselines in this sense; they alter ∇aQ and164

hence change both the PDE velocity and the projected update.165

Theorem 3 (Parameterization Covariance). Let ϕ = ϕ(θ) be a local diffeomorphism with Jacobian166

J = ∂ϕ/∂θ and pullback Fisher Fϕ = J−⊤FθJ
−1. Define gθ = E[∇θ∇a log π∇aQ] and gϕ =167

J−⊤gθ. Then the natural-gradient step is covariant: ∆ϕ = F−1
ϕ gϕ = J F−1

θ gθ = J ∆θ.168

Lemma 2 (Gaussian Family). For a 1D Gaussian policy with fixed variance, ∆µ = E[∇aQ]. With169

log-variance λ = log σ, ∆λ = σ−2 E[(a − µ)∇aQ], i.e., ∆(σ2) = 2E[(a − µ)∇aQ]. For full170

covariance Σ, with M = E[(∇aQ)(a − µ)⊤] and G = sym(Σ−1MΣ−1), the affine-invariant171

Fisher yields ∆Σ = 2ΣGΣ, which reduces to ∆Σ = M +M⊤.172

Proposition 2 (c-Wasserstein Gradient Flow). For convex c with conjugate c∗, replacing ∇aQ by173

∇c∗(∇aQ) defines the c-Wasserstein gradient flow of J (in the sense of Ambrosio et al., 2008).174

Under standard regularity, J decreases along solutions. The elementwise cube-root arises from175

c∗(x) = 3
4 |x|

4/3.176

Proposition 3 (Alignment with NPG for Gaussian means). Let πθ(· | s) = N (µθ(s),Σ) with fixed177

Σ. Suppose∇aQ
π(s,a) ≈ H(s) (a− µθ(s)) in a neighborhood of µθ(s) with H(s) ⪰ 0. Then the178

WPO mean step ∆θµ = F−1
θµ

E[∇θµ∇a log π∇aQ
π] and the NPG mean step F−1

θµ
E[∇θµ log π Aπ]179

are collinear for each s, and hence globally after averaging over dπ .180

5 Theoretical Discussion181

Equivalence vs. departure. Proposition 3 formalizes alignment with natural policy gradient for182

Gaussian means with fixed covariance under a local quadratic assumption on Qπ . More generally,183

in exponential families with sufficient statistics affine in action and compatible parameterizations,184

the WPO and NPG directions can be collinear per state. Departures arise for non-Gaussian families185

(e.g., mixtures, tanh-squashed Gaussians) through the mixed derivative ∇θ∇a log π, which reflects186

policy-manifold geometry and can rotate the update relative to NPG.187
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Non-Gaussian example. For a two-component Gaussian mixture with shared covariance, com-188

ponent responsibilities ϕi(a, s) =
ρi N (a|µi,Σ)∑
k ρk N (a|µk,Σ) enter ∇θ∇a log π and weight the cross-moment189

E[ϕi(a, s)∇aQ (a − µi)
⊤]. These curvature terms change the step direction even after Fisher pre-190

conditioning.191

6 Related Work192

Policy gradient methods include REINFORCE [Williams, 1992], natural policy gradient [Kakade,193

2001, Pascanu and Bengio, 2013], deterministic policy gradients [Silver et al., 2014], and successors194

such as DDPG [Lillicrap et al., 2015]. Wasserstein geometry has informed optimization and learning195

[Ambrosio et al., 2008, Benamou and Brenier, 2000], and several works explored Wasserstein in RL:196

robust formulations [Abdullah et al., 2019], natural gradients [Moskovitz et al., 2020], and policy197

optimization views [Zhang et al., 2018]. MPO [Abdolmaleki et al., 2018] relates as a policy iteration198

method with KL-regularized exponentiated targets. Score-based transport (SVGD) [Liu and Wang,199

2016] and its policy variants differ in using score-driven particle flows rather than density flows plus200

projection. For covariance updates, affine-invariant geometry on SPD matrices [Absil et al., 2008]201

and second-order approximations like K-FAC [Martens and Grosse, 2015] provide complementary202

perspectives.203

7 Limitations204

Our energy and dissipation statements rely on the frozen-critic regime and matching state weight-205

ing in the projection metric; fully coupled policy–critic dynamics introduce residual terms we do206

not analyze. Non-smooth architectures may require weak-form interpretations. We do not ana-207

lyze the variance/bias of mixed-derivative estimators beyond qualitative remarks. The Fisher vs.208

W2 parametric projection gap is only closed under affine-in-action exponential families. Extend-209

ing equivalence results beyond Gaussians and characterizing regularity under which c-Wasserstein210

squashing preserves optimality are important directions.211

8 Conclusion212

We clarified the WPO foundation with label-anchored derivations: Fisher–Galerkin projection to213

a parametric update, baseline invariance, parameterization covariance, c-Wasserstein stability, and214

Gaussian family updates. Future work includes extending equivalence conditions beyond Gaussians215

and analyzing stronger regularity requirements for non-smooth architectures.216

A Derivations and Assumptions217

A.1 Convention (Rescaled Flow)218

We work throughout with a per-state time-rescaled flow: the Eulerian velocity uses v = ∇aQ
π219

and the functional derivative is δJ /δπ = −Qπ . The state weighting dπ(s) enters only as an outer220

expectation over s. All projection inner products and Fisher expectations use the same dπ(s), so the221

projected direction is invariant under this rescaling. Using the unrescaled convention instead would222

multiply the fiberwise energy identities by dπ(s)2 inside the state integral.223

A.2 Energy Dissipation (Proofs)224

Weak form. Fix a state s. A curve t 7→ πt(· | s) is a weak solution of the continuity equation225

∂tπ = −∇a · (πv) if, for every φ ∈ C∞
c (A), the map t 7→

∫
φπt da is absolutely continuous and226

d

dt

∫
φπt da =

∫
∇aφ(a) · vt(a)πt(a) da.

Assume either vanishing flux at infinity or a no-flux boundary condition on ∂A.227
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Function spaces. Assume Qπ(·, s) ∈ C1, ∇aQ
π ∈ L2(πt(· | s)) uniformly in t, and πtvt ∈ L1.228

Fubini/Tonelli applies to interchange the s and a integrals under dπ(s)πt(a | s).229

W2 case. With the rescaled convention v = ∇aQ
π and δJ /δπ = −Qπ , take φ = δJ /δπ as a230

test function and use the chain rule (justified by dominated convergence under the L2 bounds):231

d

dt
J [πt] =

∫
δJ
δπ

∂tπt da = −
∫

δJ
δπ
∇a · (πt vt) da =

∫
∇a

(δJ
δπ

)
· vt πt da,

where the boundary term vanishes. Substituting ∇a(δJ /δπ) = −∇aQ
π and vt = ∇aQ

π gives232
d
dt J [πt] = −

∫
πt ∥∇aQ

π∥2 da. Taking the expectation over s ∼ dπ yields Lemma 1.233

c-Wasserstein case. Let c be proper, convex, l.s.c., with conjugate c∗ differentiable and ∇c∗234

monotone. With vt = ∇c∗(−∇a δJ /δπ) the same argument yields235

d

dt
J [πt] =

∫
∇a

(δJ
δπ

)
· ∇c∗

(
−∇a

(δJ
δπ

))
πt da = −

∫
⟨∇c∗(∇aQ

π), ∇aQ
π⟩πt da ≤ 0,

with equality only when ∇aQ
π = 0 almost everywhere (or when ∇c∗(·) = 0 at that argument).236

A.3 Assumptions and Boundary Conditions237

We assume C1/C2 smoothness as required and vanishing boundary terms in integration by parts;238

interchange of expectation and differentiation follows from dominated convergence under integrable239

bounds. We assume either (i) A = Rd with tails making the flux vanish at infinity, or (ii) bounded240

A with no-flux boundary condition (π v) ·n = 0 on ∂A. We assume Qπ(·, s) ∈ C1 in a with∇aQ
π241

locally Lipschitz (uniformly in s), ensuring the weak formulation and energy identity.242

Sufficient boundary/decay conditions include: (i) bounded A with (πv) · n = 0; or (ii) A = Rd and243

π(a | s) ∥∇aQ
π(s,a)∥ → 0 as ∥a∥ → ∞ (uniformly in s).244

Scope of descent (frozen critic). Energy decay statements apply to the proxy functional with Qπ245

and dπ held fixed during the inner flow/projection step (semi-gradient setting). They do not by246

themselves imply monotone improvement of the true return when the critic or occupancy evolves247

between steps.248

A.4 Fisher–Galerkin Projection249

Minimizing the Fisher-weighted squared error between ∂tπ and δπθ yields the orthogonality con-250

ditions ⟨∂tπ − δπθ, π∇θk log π⟩ = 0 for each coordinate k, i.e., Fθθ ∆θ = Ftθ with Fθθ =251

E[∇θ log π∇θ log π
⊤]. Using the continuity equation and integrating by parts in a (boundary terms252

vanish),253

Ftθk = E
[ ∫
∇θk log π ∂tπ da

]
= −E

[ ∫
∇θk log π∇a·(π∇aQ) da

]
= E

[ ∫ (
∇a∇θk log π

)⊤
(π∇aQ) da

]
,

which gives Ftθ = E[∇θ∇a log π∇aQ]. Commutation of ∇θ with the integral follows by domi-254

nated convergence if ∇θ∇a log π ∈ L1 uniformly.255

A.5 Gáteaux Variation and Baselines256

Consider the Lagrangian L(π, λ) = −EsEa∼π(·|s)[Q
π(s,a)] + Es

[
λ(s)(

∫
π(a | s) da − 1)

]
. The257

first variation in a direction h with
∫
h da = 0 per state is δL(π;h) = −Es

∫
Qπ(s,a)h(a, s) da.258

Stationarity yields δJ /δπ = −Qπ + λ(s). Replacing Qπ by Qπ − b(s) shifts λ(s) to λ(s) + b(s);259

since ∇ab(s) = 0, both the Eulerian velocity and the cross term Ftθ are unchanged.260

A.6 Gaussian Updates261

For 1D Gaussian, ∂µ log π = (a − µ)/σ2 and ∂λ log π = (a − µ)2/σ2 − 1 with λ = log σ.262

Fisher blocks are Fµµ = 1/σ2, Fλλ = 2, Fµλ = 0. The natural step gives ∆µ = E[∇aQ] and263

∆λ = 1
σ2E[(a− µ)∇aQ].264

For full covariance, work on SPD(d) with the affine-invariant inner product ⟨U, V ⟩Σ =265

tr(Σ−1U Σ−1V ). Let M = E[(∇aQ)(a − µ)⊤]. A standard calculation gives the Riemannian266
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gradient gradJ (Σ) = sym(Σ−1M Σ−1). The natural step is ∆Σ = −α gradJ pulled back to267

Euclidean coordinates, i.e.,268

∆Σ = 2Σ sym(Σ−1M Σ−1) Σ = M +M⊤,

which matches the Fisher-preconditioned update.269

A.7 Cholesky Triangular Sylvester Solve270

Linearizing Σ = LL⊤ yields ∆Σ = L∆L⊤ + ∆LL⊤. Given a symmetric target S, the271

lower-triangular recursion stated in the main text solves L∆L⊤+∆LL⊤ = S uniquely by forward272

substitution (prove by induction on columns). Hence the realized increment equals S = M +M⊤.273

For SPD preservation, a sufficient condition is to backtrack η until mini(L + η∆L)ii > 0; for274

example, if η ∥L−1∆L∥∞ < 1, the updated diagonal remains positive.275

276

Algorithm (Cholesky SPD update). Given L and a symmetric target S = M +M⊤:277

1. Solve L∆L⊤ + ∆LL⊤ = S for lower-triangular ∆L by forward substitution (column-278

wise recursion above).279

2. Line search η > 0 (e.g., backtracking Armijo) until mini(L+ η∆L)ii > 0.280

3. Update L← L+ η∆L and return Σ← LL⊤.281

Cost: O(d3) per update; diagonal Σ reduces to O(d).282

A.8 Parameterization Covariance283

Let ϕ = ϕ(θ) be a local diffeomorphism with Jacobian J = ∂ϕ/∂θ. The Fisher transforms as Fϕ =284

E[∇ϕ log π∇ϕ log π
⊤] = J−⊤FθJ

−1. The cross term obeys gϕ = E[∇ϕ∇a log π∇aQ] = J−⊤gθ285

by the chain rule ∇ϕ = J−⊤∇θ. Therefore ∆ϕ = F−1
ϕ gϕ = J F−1

θ gθ = J ∆θ.286

A.9 c-Wasserstein287

Assume c is proper, convex, l.s.c., with conjugate c∗ differentiable and ∇c∗ monotone. The288

c-Wasserstein flow uses velocity ∇c∗(−∇aδJ /δπ). The elementwise cube-root mapping used289

in the main text arises from the separable choice c(u) = 1
4

∑
i |ui|4, whose conjugate has290

c∗(x) = 3
4

∑
i |xi|4/3 and∇c∗(x)i = sign(xi)|xi|1/3. This map is direction-preserving and Hölder-291

continuous, supporting the stated stability. A rotationally invariant alternative c(u) = 1
4∥u∥

4
2 yields292

∇c∗(x) = ∥x∥−2/3
2 x.293

B Proofs of Main Results294

Proof of Theorem 2. Projecting ∂tπ onto δπθ in the Fisher inner product yields normal equations295

⟨∂tπ − δπθ, π∇θ log π⟩ = 0, which rearrange to Fθθ ∆θ = Ftθ. Integration by parts under the296

stated regularity gives the cross term in (4).297

Proof of Proposition 1. Constrained variation with per-state normalization introduces a Lagrange298

multiplier λ(s), yielding δJ /δπ = −Qπ +λ(s). Any baseline b(s) can be absorbed into λ, so both299

the PDE and Ftθ are invariant to Qπ 7→ Qπ − b(s).300

Proof of Theorem 3. Under the pullback metric, F−1
ϕ = J F−1

θ J⊤ and gϕ = J−⊤gθ. Thus301

F−1
ϕ gϕ = J F−1

θ gθ = J ∆θ.302

Proof of Lemma 2. Use∇a log π = −(a−µ)/σ2 and∇θ∇a log π = (∇θµ)/σ
2 to compute gθ and303

Fisher blocks; apply ∆θ = F−1g to obtain the stated updates. For full Σ, the affine-invariant Fisher304

yields ∆Σ = M +M⊤.305
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Proof of Proposition 2. For convex c, c∗ is convex and ∇c∗ is monotone. Replacing ∇aQ by306

∇c∗(∇aQ) corresponds to the Eulerian form of the c-Wasserstein gradient flow, preserving de-307

scent/ascent while taming large gradients.308

Proof of Proposition 3. Proof sketch. For fixed covariance, the mean-block Fisher is Fθµθµ =309

E[∇θµ log π∇θµ log π⊤]. Under the local quadratic model ∇aQ
π ≈ H(s)(a− µ) and Gaussian π,310

one has E[∇aQ
π (a−µ)⊤] = H(s)Σ. Using∇θµ∇a log π = (∂µ/∂θµ) Σ

−1, the WPO cross term311

becomes gθµ = E[(∂µ/∂θµ) Σ−1H(s) Σ]. The NPG mean direction with advantage Aπ linearized312

around µ yields the same factor H(s) multiplying∇θµ log π, so after preconditioning by F−1
θµθµ

both313

steps are collinear. Averaging over dπ preserves collinearity.314
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