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Abstract

Machine unlearning asks for a deletion procedure
whose output is close to retraining from scratch
on the retained data. We study the strict forget-
only setting, where the unlearner receives only
the trained model M = A(S) and forget set U,
with no retained data or auxiliary training state.
We show that forget-only unlearning is not uni-
formly possible: if two datasets yield the same
trained model but a common deletion sends their
retraining targets far apart, no forget-only un-
learner can satisfy Rényi unlearning while pre-
serving nontrivial utility. Conversely, we prove
mutual-information lower bounds showing that
supporting many deletion requests requires the
trained model to memorize enough dataset infor-
mation to recover the corresponding retraining
targets. We instantiate these results on standard
learners, including thresholds, medians, SVMs,
PCA, sparse regression, and factorized matrix
completion. Overall, strict forget-only unlearning
can require retaining far more information than
ordinary learning: deletion requests may expose
information the learner would otherwise discard.

1. Introduction

Privacy regulations, such as the GDPR right to erasure (Art.
17; GDPR (2016)), and the accidental inclusion of poi-
soned (Schoepf et al., 2024), copyrighted (Dou et al., 2025),
or unlawfully collected (Thiel, 2023) training data call for
efficient procedures that remove data influence from a model
without full retraining. Certified machine unlearning for-
malizes this requirement by asking that the unlearned model
to be close in distribution to one retrained from scratch with-
out the removed data (Cao & Yang, 2015). We measure this
closeness using a pointwise Rényi definition, which implies
standard (&, 0) notions of unlearning (Mironov, 2017).
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In this work, we study forget-only unlearning, a strictly
harder unlearning setting in which the unlearning algorithm
A receives only the trained model M = A(S) and forget set
U, accessing the original dataset S only implicitly through
M. Several empirical methods that are forget-only (or close
to), including gradient-ascent methods on the forget set, per-
form well in some settings (Zhang et al., 2024; Fan et al.,
2024; Jang et al., 2023), but fail in others (Mavrothalassitis
et al., 2025; Yu et al., 2025). This motivates our first ques-
tion: Is forget-only unlearning always possible, and if not,
what conditions make it possible?

Our first result shows that forget-only unlearning is not
uniformly possible. If two datasets S1, .55 yield the same
trained model M = A(S;) = A(S2), but a common dele-
tion U produces well-separated retraining targets, then the
unlearner receives the same input (M, U) in both worlds
and must output the same distribution, which cannot be
close to both targets. We formalize this obstruction through
a necessary condition in Theorem 3.2, illustrated for stan-
dard learners. Thus, forget-only unlearning can succeed
only when the trained model retains enough information
to determine the relevant retraining target. This raises our
second question: How much dataset information must the
learned model memorize to support forget-only unlearning
requests?

Following Brown et al. (2021); Feldman et al. (2025),
we measure memorization through mutual information
I(M;S), where S is drawn from an analysis distribution
and M = A(S). Our main contribution is a technique for
lower bounding I(M; S) in terms of the hypothesis class,
the learning and unlearning algorithms, and the Rényi un-
learning parameters ¢, «.. In Section 4, we prove the lower
bound for discrete model spaces, and extend it to continuous
spaces in Section G.

Theorem 1.1 (Informal memorization lower bound). Let
M = A(S), and let W; = A(S \ U;) be the retrained
targets for possible forget requests Uy, ..., Ugk. If Ais an
(o, €)-unlearning algorithm, then for any ordering ,

K
I(M;8) 2 " H(Wagiy | Wrciy, Un(<i)) — K-err(a,e).
i=1

Each summand measures the new information in the next
retraining target beyond what is revealed by the current
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request and previous requests and targets, preventing double
counting (similar to the inclusion-exclusion principle). The
bound holds for any number of requests, any choice of
requests, and any ordering, hence the applications choose
these objects to make the conditional entropy terms large.
The error term captures approximate unlearning: weaker
approximation requirements reduce the lower bound, while
small error and informative retraining targets force large
memorization I (M; S). We instantiate this framework for
various learning problems in Sections 4 and F.

Taken together, our results give, to our knowledge, one of the
first formal accounts of why memorization is necessary in
forget-only unlearning. If (M, U) alone does not determine
the appropriate retraining target, unlearning is impossible;
conversely, supporting many deletion requests requires the
trained model to memorize enough information to recover
those targets. In short, forget-only unlearning entails a basic
tradeoff: either the learner preserves enough information
for future deletions, or some requests require additional
retained data, training state, or surrogate information.

2. Preliminaries

Let X be the data space and )V the model space. A dataset
of size n is an ordered tuple S € X™; we write U C S
for an unlearning request (forget set) and S \ U for the
retained set, with both operations interpreted in the multiset
sense. Unless stated otherwise, definitions are pointwise in
fixed S, U, with probability over algorithmic randomness.
In Section 4, when bounding I(M; S), S ~ Pg, where Pg
is an analysis distribution over datasets.

Unless stated otherwise, the learning algorithm A : X* —
W is a deterministic map. The unlearning algorithm is a
randomized' map A : W x X* — W. For fixed S and U C
S, define M = A(S), W = A(S\U),T = A(M,U), and
Y = A(W, (), called the pretrained model, retraining target,
unlearned model, and empty-request output, respectively.
The unlearner A is forget-only: at deletion time, it receives
only the trained model M and forget set U, with no access to
side information such as S, S\ U, training logs, checkpoints,
gradients, or auxiliary statistics. This contrasts with settings
where the unlearner may use additional information (Sekhari
et al., 2021; Neel et al., 2021).

Rényi divergence. For distributions P, Q) and o > 1, let
do (P, Q) = max{D,(P||Q), D.(Q|| P)} denote the sym-
metric a-Rényi divergence, with the standard definition of
D, recalled in Section B. For random variables X, Y, write
do(X,Y) = do(L(X), L(Y)). We use Rényi divergence
because its symmetric form implies the usual two-sided
(e, 9)-style indistinguishability (Mironov, 2017, Proposi-

"The randomness of A, and of A when randomized, is inde-
pendent of all other randomness.

tion 3) and yields the event-transfer and weak triangle in-
equalities used in our proofs; see Section B.

Definition 2.1. We say that (A, A) satisfies (o, e)-Rényi
unlearning (RU) over deletion sets of size at most m if, for
all Sand all U C S with |U| < m,

do (A(A(S),U), A(A(S\U),0)) <e.
We omit m from the terminology when clear from context.

Throughout the paper, we assume € < oo. The comparison
target is A(A(S \ U), ), rather than A(S \ U), so deter-
ministic learners are compared after the same empty-request
randomized post-processing, as in Sekhari et al. (2021). A
natural utility requirement is that this empty-request unlearn-
ing should not change its input too much.

Definition 2.2. Fix a metric dyy on the model space W
and a non-increasing function T' : [0,00) — [0,1]. We
say that A has (dyy, I')-utility on empty requests if, for all
w € Wandallr > 0: P(Y ~ Qu)[dw(Y,w) >r] <

L'(r), Qu := L(A(w,0)).

When W is a vector space equipped with the norm ¢, we
use the induced metric dyy (w,w’) = ¢ (w — w’) and the
notation (¢, I')-utility. When W is a discrete set, we will
use the 0-1 metric dyy (w,w’) = T{w # w'}.
Example 2.3 (Gaussian empty-request map). Suppose W =
R* and A(w,0) = w + Z, where Z ~ N(0,021). Then
A has (|||, , T)-utility with T(r) = 1 for r < o+/d, and
I(r) =exp (—(7" - a\/a)Q/(2a2)) otherwise.

3. Impossibility of Forget-Only Unlearning

In this section, we show that a forget-only unlearner cannot,
in general, achieve both small £ and nontrivial utility. An
unconditional lower bound over all learners is impossible:
a learner could encode the entire dataset S in M, making
S\ U fully recoverable. Our lower bound therefore de-
pends on the learner-specific quantity termed the deletion
gap. This also connects to Section 4, which quantifies the
memorization needed for successful unlearning. The main
structural condition is a learner collision exposed by dele-
tion: two datasets collide under .4 before deletion but yield
separated retraining targets after removing a common forget
set.

Definition 3.1. Fix A, a norm ¢, and m > 0. A triple
(51,52, U) is a shared-deletion example for A with m dele-
tions and separation A, if U C S; N Sy, |U| = m, and
A(S1) = A(S2), and ¢(A(S1 \ U) — A(S2 \ U)) > A.
The deletion gap of A at deletion size m is

Baslm)i= swp oA\ U) = AS:\U)),

with value 0 if the feasible set is empty.
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The second ingredient is that empty-request utility turns
separation in model space into separation between prob-
ability laws. For o > 1,u € (0,1/2), define ¢, (u) :=
—L-log ((1 — w)® ul =), with £, (0) = 4o0. For A > 0,
define

Aar(A):=  sup

: Lo (I'(r)), (1
0<r<A/2, T(r)<1/2

with value 0 if the feasible set is empty. By Lemma C.1,
if A has (¢,I')-utility on empty requests and ¢(w; —
wg) > A, then the empty-request laws must be sepa-
rated: do (A(wq,0), A(wz,0)) > Ay r(A). Combining
the learner-dependent deletion gap with the unlearner-
dependent separation A, r, we obtain the main result of

this section.

Theorem 3.2. Let o > 1, and set 3 = % Fix A,
A, a norm ¢, and m > 0. Suppose that A has (¢,T)-
utility on empty requests and that (A, A) is (o, €)-RU. If

A g,4(m) > 0, then for every 0 < A < A4 4(m),

a—1
A
= 2a—1"7"

(A).

The full proof is deferred to Section C.

Proof sketch. Fix 0 < A < Ay 4(m). By Defini-
tion 3.1, there exist Sy, Se, U with A(S;) = A(S2) =
M and A-separated retraining targets W, = A(S; \ U).
By Lemma C.1, the empty-request laws A(W;,()) are
Ag r(A)-separated. But the forget-only input is the same,
(M, U), so the unlearned output has one common law. The
weak triangle inequality with the two empty-request laws
gives the bound. O

Theorem 3.2 is informative only when the deletion gap
is nonzero. We show that this already occurs in standard
problems, using hard-margin SVMs as an example. Further
examples in Section D show the range of possible gaps: they
can be a constant fraction of the model-space diameter, the
full diameter, or even unbounded.

Example 3.3. Let d > 2, and let A5™ return the minimum-
norm homogeneous separator w satisfying y (w, x) > 1 on
realizable samples from {x : ||z||, < 1} x {—1,+1}. Then
Aszzn7H.|‘2(2) = OQ.

Note that, with normalized outputs w/ ||w||,, the gap be-
comes 2, the diameter of the unit sphere and hence the
largest possible gap in that model space. Since the unnor-
malized SVM gap is infinite, Theorem 3.2 applies at arbitrar-
ily large A. For Gaussian empty-request post-processing,
where A, r(A) = Q(A2%/0?), this rules out any uniform
finite (o, £)-Rényi unlearning guarantee over all datasets
and two-point deletions.
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S—>U;

\¢

A(-, 0)
W,—2e0 5y,

Figure 1. Markov graph for a single deletion request U;.

4. Memorization for Forget-Only Unlearning

The previous section identified an obstruction to forget-only
unlearning: after deletion, the retraining target may depend
on dataset information no longer visible from the trained
model. We now ask the complementary question: when
forget-only unlearning succeeds for many possible requests,
how much information about the dataset must the trained
model have memorized?

We measure this memorization by mutual information
I(M; S), with S ~ Pg drawn from an analysis distribution
over datasets and M = A(S). The unlearning guarantee
remains pointwise and worst-case; Pg is used only to mea-
sure how much information the trained model carries about
the data. The key idea is to analyze several possible deletion
requests Uy, ..., Uk for the same dataset S in parallel. The
unlearner is not run sequentially and does not see previous
answers; rather, the single trained model M must contain
enough information to support any one request. We account
for the required information one request at a time, using
the ordering only as an analysis device: for the i-th request,
we condition on the requests and retraining targets already
counted, preventing double counting.

We use the following setup. Draw S ~ Pg and allow
A to be randomized. Let Uy,..., Uk be requests with
U C S2, define M = A(S), and, for each k € [K], W}, =
A(S\ Uy), Ty = A(M,Uy), and Y3, = A(Wy,0). For
A = (Ay,..., Ax) and a permutation 7, write Ar<iy =
(Aw(1)7 PN 7A7r(i71)) and Aw(gi) = (Aw(l)a ey A,r(i)),
with A () empty. Figure | summarizes the conditional in-
dependences used below: M — S — (U;, W;), T; depends
only on (M, U;), and Y; only on W,.

We consider a finite model space WV, and extend to continu-
ous in Section G. The lower bound uses a recovery error for
identifying the retraining target from the unlearned model
together with the request.

Definition 4.1. The unlearning recovery error is
By = inf sup P(g(T,u) AW |S=5U=u).

gWXX*—=W s,utuCs
lu|<m

The randomness is over the algorithmic randomness of .4
and A, conditional on fixed s and w.

2If randomized, their randomness is independent of the algo-
rithmic randomness.
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A single reconstruction map g must work uniformly over
all inputs. g observes the unlearned model and forget set,
but not the original dataset s, and must recover the model
retrained on s \ u.

Lemma 4.2. Assume (A, A) satisfies (cv, €)-Rényi unlearn-

ing, and that A has (dy, I')-utility on empty requests, where

do(w,w') = {w # w'} and n = T'(0). Then, for

v=(a=1)/a
Br < B, Bi=min{l, & (n+A4)"},

where A 4 is the worst-case disagreement probability be-

tween two independent runs of A(s \ u).

Now, we state our main lower bound in the discrete setting.

Theorem 4.3. Letr S ~ Ps, M = A(S), and let
Ui, ..., Uk be requests of size at most m. Suppose W
is finite and the assumptions of Lemma 4.2 hold, with [3 as
defined there. Then, for any permutation 7 of K],

K

I(M;8) =Y " H(Wagy | Waeiy Un(<i)
=1

— K (log2 + Blog(W| — 1)) .

Proof sketch. Apply Proposition B.4; it remains to lower-
bound I(Wﬂ(i); T,r(i) | Hz), where 'Hl = (W.,r(<i), Uﬂ(éi)).
Let g be an almost-optimal decoder for /37, and set Wﬂ(i) =
9(Tr(iy> Ux(s))- By data processing, I(Wr(;); Triy | Hi) >

—

I(Weiys Wray | Hi). We use Lemma 4.2 to get the
uniform error bound P (ﬁ/\ﬂ(i) #+ W,T(i)) < B. Apply-
ing Fano’s inequality gives H(Wr() | Wﬂ(i),”Hi) <

log 2 + Blog(IW| — 1). Hence I(Wr(y; Waey | Hi) >
H(Wr) | Hi) —log2 — Blog(|W| — 1). Summing over i

proves the theorem. O

The lower bound is informative when the conditional en-
tropy terms are large and the penalty is small. The entropy
terms measure the new information in each retraining target
beyond previously accounted-for requests and targets, while
the penalty captures approximate unlearning. Thus, accu-
rate unlearning with little empty-request noise forces M to
retain enough information to reconstruct many possible re-
training targets. Next, we provide the necessary conditions
for forget-only unlearning under the setup of Theorem 4.3,
with m, a, 1, v,  as above, for several learning examples.
If the usual learner output carries less information than the
displayed lower bound, forget-only unlearning requires ad-
ditional stored state. Full constructions, further examples,
and proofs are deferred to Section F.

Canonical threshold ERM. Let Z = [N] x {0,1} and
H = {hae : ho(z) = z > a},a € [N + 1]}, with

canonical ERM returning the leftmost positive point, or N +
1 if none exists. Fix m > 1, n > 2m, q¢ > 2, and N = nq.
Then there exist a distribution Pg over realizable samples of
size n and requests Uy, ..., U,,, each of size m, such that
any forget-only unlearner satisfying the assumptions above
obeys

I(M;S) = m [log(N/n) —log 2 — Blog(N/n —1)] .
For the bare canonical ERM output, I(M;.S) = log(N/n).

Factorized affine matrix completion. Consider the row-
wise factorized affine matrix-completion learner defined
in Section F, which returns the A — 0 fitted matrix under
factorized weight decay. Letd > 4, m > 1, n > 3m, and

r, = min { L\/&J , {mLHJ } . Then there exist a distribu-
tion Pg over datasets of size n and requests Uy, ...,U,,,

each of size m, such that any forget-only unlearner satisfy-
ing the assumptions above obeys

7%

I(M;S) > log(r,!) = ) _ [log2 + Blog(s — 1)].
s=2

On Pg, the basic fitted matrix is deterministic, so
I(M;S)=0.

5. Related Work and Discussion

Existing empirical forget-only successes (Chundawat et al.,
2023; Foster et al., 2024; Thudi et al., 2022) typically rely on
benign requests, local stability, proxy retained-data informa-
tion, or weaker unlearning notions. This is consistent with
our bounds: they just require the information needed for re-
training to be recoverable from (M, U), whatever it may be.
Other guarantees use surrogate distributions or model-side
curvature information (Basaran et al., 2025; Ahmed et al.,
2025), which either degrades utility or implicitly assumes a
near-zero deletion gap. See Section A for related work.

The closest theoretical comparison is Cherapanamjeri et al.
(2025), who lower bound memory for learning—unlearning
via the eluder dimension. Their result is complementary:
it treats exact unlearning for realizability testing and is
hypothesis-class dependent, whereas our bounds are learner-
and request-dependent, apply to strict forget-only unlearning
for any (a, €), and cover regression, PCA, and factorization.

Our bounds quantify how much recoverable information
the trained model must memorize, but not which features
or statistics to store, or how to store them. Whether mem-
orization already present in overparameterized models can
support certified forget-only unlearning remains open. In-
stantiating our bounds for modern architectures and large-
scale pipelines may help distinguish algorithmic failures
from information-theoretic ones.
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Impact Statement

This paper presents work whose goal is to advance the field
of Machine Learning. There are many potential societal
consequences of our work, none which we feel must be
specifically highlighted here.
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A. Additional Related Works

Machine unlearning asks for a cheaper alternative to retraining whose output behaves like a model trained from scratch
without the deleted data (Cao & Yang, 2015; Guo et al., 2020). We study the stricter forget-only setting: at deletion time,
the unlearner receives only the trained model M = A(S) and the forget set U, not the retained set S \ U, training logs,
checkpoints, gradients, or auxiliary statistics. Several empirical methods are forget-only, or close to forget-only, in this
operational sense. Some zero-shot unlearning methods update the trained model using only the forget examples (Chundawat
et al., 2023; Foster et al., 2024). Related single-point analyses of SGD show that approximate unlearning guarantee depends
on the stability of the training dynamics (Thudi et al., 2022). Recent work has also developed nearly forget-only unlearning
methods for language models. However, these works use notions of unlearning that differ from ours; we discuss them,
together with other empirical evaluations at the end of the section. The empirical literature shows that forget-only and
retain-free unlearning can be useful, but our theory explains why this does not imply universal feasibility. Existing successes
typically rely on at least one of a few common forms of structure: the request is benign, the model is locally stable, retain
information is approximated by a proxy, or the unlearning definition is weaker than retraining-style indistinguishability.
This is consistent with our results: the lower bounds do not rule out forget-only unlearning, but they require the retraining
target to be recoverable from the information available in (M, U).

A related line removes access to the original retain data but reconstructs a proxy. Source-free and retain-free methods
synthesize adversarial, energy-guided, or generator-based proxy data to preserve utility while unlearning (Mu & Klabjan,
2025; Chen et al., 2025; Wang et al., 2025a; Lee et al., 2025). Other works obtain unlearning guarantees using a surrogate
distribution or model-side curvature information (Basaran et al., 2025; Ahmed et al., 2025). Several theoretical works allow
the unlearner to use training summaries, gradients, or other auxiliary local information in order to obtain certified unlearning
algorithms (Ginart et al., 2019; Neel et al., 2021; Sekhari et al., 2021; Heinzler et al., 2026). These methods are close in
motivation to ours, but the missing retain information is replaced by a proxy, a surrogate, a local approximation, or a state
deliberately preserved during training. Our memorization lower bound intuitively captures the same intuition: the trained
model must memorize enough recoverable information to reconstruct the retraining target.

Recent work on language-model unlearning has produced several forget-only, or nearly forget-only, procedures. Early
work on knowledge unlearning uses gradient-ascent or unlikelihood objectives on target sequences to reduce memorization
risk (Jang et al., 2023). Yao et al. (2024) view LLM unlearning as a post-hoc alignment operation driven by negative
examples, while Eldan & Russinovich (2023) fine-tune a large model so that it stops recalling Harry Potter content while
largely preserving standard benchmark performance. More recent methods refine this optimization perspective: Zhang
et al. (2024) introduce negative preference optimization to avoid the catastrophic collapse often caused by plain gradient
ascent, and Wang et al. (2025b) propose FLAT, a forget-data-only objective that uses neither retain data nor a reference
model. These works optimize empirical forgetting criteria rather than the stronger indistinguishability requirement studied
here. They therefore leave open whether weaker, task-level notions of forgetting can be achieved with substantially less
memorization.

Another line of work shows that the difficulty of unlearning depends on the deletion distribution and on the evaluation
criterion. Allouah et al. (2025) distinguish in-distribution from out-of-distribution deletion requests: simple certified
procedures can achieve tight tradeoffs for in-distribution deletions, whereas out-of-distribution deletions can be harder than
retraining in some regimes. For language models, benchmarks such as TOFU and MUSE show that forgetting synthetic
biographies, books, or news articles is already difficult under empirical metrics (Maini et al., 2024; Shi et al., 2025). Thaker
et al. (2025) argue further that the usual split into independent forget and retain queries can overstate progress, since realistic
queries may couple forgotten and retained information. Representation-based evaluations lead to a similar conclusion:
methods that appear successful under logit- or accuracy-based metrics may leave internal representations close to those
of the original model, or may destroy the representation altogether (Kim et al., 2026). These empirical observations are
consistent with our lower bound: unlearning becomes harder when the retraining target is more sensitive to retained data,
and when the criterion used to compare against retraining is more stringent. A related distinction between deletion-specific
and distribution-free sensitivity is made in the certified setting by Heinzler et al. (2026).
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B. Additional Technical Details

Definition B.1. Let P and () be probability measures, and o > 1. The a-Rényi divergence is,

dP\“
DuPIQ) = o [ (55) @ @

with the convention D, (P||Q) = oo if P is not absolutely continuous with respect to Q.

(0]

Lemma B.2 (Event transfer). Let o > 1, let vy = %1, and suppose D, (P||Q) < e. Then, for every measurable event E,
P(E) <e™Q(E).

Proof of Lemma B.2. Let y be a common dominating measure for P and (), meaning that P and () are both absolutely
continuous with respect to p: if u(A) = 0, then P(A) = Q(A) = 0. Such a common dominating measure always exists;
for example, one may take ;1 = 1/2(P + Q). Define

. 4P . 4Q
pi= a’ q = i
The Rényi divergence can be written as,
D,(P||Q) = ] log/p(m)aq(ac)l_o‘d,u(x). 3)
Define the Radon-Nikodym derivative of P w.r.t. () as,
—ap . _pl)
L(x) = a0 (z) = @) 4)
Then we have, N
[ reraee) = [ (55) awdn) = [ o)t duts) ®

which implies that,

1 1
D.(P = 1 L(x)%d = logEqg(LY) <
o(P@) =~ log [ L()dQ(w) = - logEo(L™) < ¢ o
— Eq(L) < el@™be,
For any event A, we have,
P(A) = / dP(z) = / L(z) dQ(z) = Eg(L I4). 7
A A
Using Holder’s inequality with m = a andn = -%5 (% + % = 1), we finally get,
P(A) = Eq(L 14) < (EqL™)V/™ (Eqlh)'/™ ®
— (EQLa)l/a (EQHA)(a—l)/a < e(a—l)/as Q(A)(a—l)/a.
This completes the proof. O
Lemma B.3 (Weak triangle inequality). Let o > 1 and set & = 25‘—: For probability measures P,Q, R: Dz(P||Q) <

—2-Do(P||R) + Do (R|Q), whenever the right-hand side is finite.

a—1

Proof of Lemma B.3. This is Proposition 11 of Mironov (2017) with

200 — 1 200 —1
p= ) q= .
« a—1

Indeed, par = v and g(& — 1/p) = a, which gives the displayed inequality. O

8
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Proposition B.4. Let S ~ Pg, let M := A(S), and let Uy, ..., Uk be requests generated as above. For eachi € [K],
define W;, T; as in Section 4. Then, for every permutation 7 : [K] — [K],

I(M;S) > ZI(WW@);TW@) | Wa(<iy, Un(<i)) -
i=1

Proof of Proposition B.4. Since M 1L (WX UX) | S, using the data processing inequality in (a), we have that,

(a

I(M;S) > I

i
—~

M;WE URY =1 (M;(Wey, Ury)s - - - Wiy, Un (i)

=

s
Il
—

I (M7 Wﬂ(i)? Uﬂ'(l) |W7r(<i)7 UTF(<Z))

S
AMN

@
Il
-

[T (M Un(iy [Wa(<iys Un(<iy) + I (M; Wa(i)|Wa(<iy, Un(<iy, Uniy) ] ©)

—
s
=

M-

«
Il
-

I (M; Wiy [Wa(<iy, Un(<iys Un(s))

Ve
'MN

@
I
-

I (To(iy; Wy Wi (<iys Un(<iys Un(i)) »

where (b) and (c) follow from the chain rule of mutual information, while (d) follows from its non-negativity; (e) uses the

data processing inequality again: since T'(;) = A(M, Ur(;)) is generated from (M, Ur(;)), it holds that T (5 1L Wiy |
(Ma Uﬂ'(i)? WTr(<i)7 UTI'(<’L)) U

C. Deferred Proofs from Section 3

Lemma C.1. Let o > 1, and suppose A has (¢, T')-utility on empty requests. Fix two models W1, Wo, and let r > 0 satisfy
& (W — Wo) > 2r IfT (1) < 1/2, then do, (Qw,, Qw,) > Lo (T (7).

Proof. Fori € {1,2},let B; :={y: ¢ (y — W;) <r}. Since ¢ (W; — W3) > 2r, the balls B; and B are disjoint.

By Definition 2.2, Qw, (B;) > 1 —T'(r) for i € {1, 2}. Since the balls are disjoint, we also have Qw, (B1) <T'(r) and
Qw, (B2) <T'(r).

Now apply data processing to the indicator map y — 1 {y € B;}. This gives

D, (le || QW2) > Dq (Ber (le (Bl)) H Ber (sz (Bl)))

Using the closed form for Rényi divergence between Bernoulli laws and keeping only the first term,

D (Ber (p) || Ber (q)) = log(pq' >+ (1 —p)*(1—q)' %) > log (p%¢' =) .

a—1 a—1

Setting p = Qw, (B1) and ¢ = Qw, (B1), and usingp > 1 —T'(r) and ¢ < T' (r), we obtain

Do (Qw, | Qw,) =

L og((1-T (1) T (1)) = £ (T (7).

o —
The reverse bound is identical, using the event Bs. O
Proof of Theorem 3.2. Fix any 0 < A < A4 4(m). By the definition of the deletion gap, there exists a shared-deletion

example (S, So, U) with m deletions and separation at least A. Write M := A(S1) = A(S2), W; := A(S; \ U), and
Qi == Qw, = L (AW;,0)) fori € {1,2}. Also write T := L (A(M,U)).

Since (A, A) is (o, £)-RU, we have d,, (T, Q;) < ¢ < oo fori € {1,2}. Hence Q1, Q2, and T have the same support.

9
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By the shared-deletion property, ¢(W; — W3) > A. Thus, by Lemma C.1, for every r < A/2 with I'(r) < 1/2,
Dp(@Qu]|@2) 245 (T (r)),  Dp(Q2[|Q1) = €5 (I'(r)) .
Taking the supremum over such r, we obtain

Dg (@11 @2) = Apr (),  Dp(Q2]@Q1) = Asr (A).

Choose p = %,q: ngll,andﬂ = 22‘:. Thenp,q,5 > 1,1/p+1/g=1,p8 =c,and q (8 — 1/p) = .

Applying Lemma B.3 with P = Q1, Q = @2, and R =T, we get

a
Do (T)@2) > Dy(@111@2) ~ "= Do (@117,
Since d, (T, Q1) < &, we have D, (Q1 || T) < e. Using (10), we obtain
a
Do (T]@2) = Apr(A) — ——e.

Since do (T, Q2) < €, we also have D, (T'|| Q2) < €. Therefore

(0%
g Z Aﬁﬁp (A) — o — 16.
Rearranging gives
2a0—1
> A A
a— 1 € — 6)F ( ) ?
or equivalently
> ozl (A)
€ .
= 2a-1 7"

Taking the supremum over 0 < A < A 4 4(m) gives

a—1

> sup Agr (A).
2a -1 0<A<A L, 4(m) ?

(10)

Finally, the last supremum is Ag r (A 4.4(m)): indeed, Ag r is nondecreasing, and every r < A 4 4(m)/2 is also below

A/2 for some A < A 4 4(m). This proves Theorem 3.2.

Proof of Example 3.3. Let ey, ez denote the first two standard basis vectors in R, and fix p € (0, 1//2]. Define
UP = {(7/)617 *1)7 (peh +1)}7
S1p = Up U{(=pler + €2), —1), (pe1 + €2), +1)},
S2,p = UP U {(_p(el - 62)? _1)7 (p(el - 62)7 +1>}
All points in Sy , U Sa , lie in the unit ball because ||pe; ||, = p < 1 and ||p(e; £ e2) ||, = pv2 < 1.

We first compute the SVM on the full datasets. For S ,, the margin constraints are

(woper) 21, (w,pler +e2)) = 1,

or equivalently wy > 1/p and wy + we > 1/p. The first inequality implies ||w||, > |w1| > 1/p, while p~*

inequalities with norm 1/p. Thus AS'™ (S, ,) = p~*
wy > 1/pand wy —wz > 1/p, gives A™(S2,,) = p~les.

O

ey satisfies both
e1. The same argument for S; ,, whose nonredundant constraints are

After deleting U,,, the first retained sample consists of the two labeled points (—p(e; + e2), —1) and (p(e1 + e2), +1).
Its hard-margin SVM is the minimum-norm vector w such that {(w, p(e; + e2)) > 1. By Cauchy—Schwarz, the unique

minimizer is parallel to e; + e5 and satisfies the constraint with equality, hence

) 1
Ailvm(slyp \ Up) = Tp(el +e2).

10
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Similarly,
1
AZ(S. U,) = —(e1 —ea).
F7(S2\Up) = 501 —2)

Therefore )
[ AG™ (S1,p \ Up) — AG™(S2, \ Up)ll, = o

Since p > 0 can be taken arbitrarily small, it follows that A Alsivm7||_“2(2) = o0o. The lower bound on ¢ follows from
Theorem 3.2. O

D. Further examples for Section 3

Example D.1 (Canonical thresholds). Fix ¢ € Z.,c > 1 and let the data space be X, x {—1,+1}, where X, =
{—=¢,—c+1,...,c}. Let A. be the canonical threshold learner on samples supported on X, that, on a realizable sample
containing both labels, returns the midpoint between the largest negative example and the smallest positive example. Then
A (2)=c—3

Proof of Example D.1. For a realizable sample .S, write n(S) := max{xz : (z,—1) € S} and p(S) := min{z : (z,+1) €
S}. Thus A.(S) = (n(S) + p(S)) /2.

We first prove the lower bound. Let U = {(—¢,—1),(—c+ 1,+1)}, and define the following multisets:
S1=UU{(-¢,-1),(—c+1,+1)}, Sy =UU{(—¢,-1),(c,+1)}.
Both full samples have largest negative example —c and smallest positive example —c + 1, s0 A.(S1) = A.(S2) = —c+ %

After deleting U, however, A:(S1\ U) = —c+ % and A(S2 \ U) = 0. Hence (51, S2, U) is a shared-deletion example
with two deletions and separation ¢ — £. Therefore A 4_ [./(2) > ¢ — 3.

It remains to show that no larger separation is possible. Consider any shared-deletion example (.S, So, U) with |U| = 2.
Put a; = n(S;), b; = p(S;), a; = n(S; \U), and b, = p(S; \ U) for i € {1,2}. Since A.(S1) = A.(S2), we have
aj + by = ag + by. Assume without loss of generality that A.(S2 \ U) > A.(S1 \ U). Then
Cc — bQ a; +c

+ 5
If b}, = by, then the first term is unnecessary and the bound is at most (a; + ¢)/2 < ¢ — 1,
a} = ay, then the bound is at most (¢ — b) /2 < ¢ — %, since by > —c + 1.

Ac(S2\U) = A(S1\ U) <

since a; < ¢ — 1. Similarly, if

It remains to consider the case b, > b2 and @} < a1. Then U must contain (b, +1), so (b2, +1) € S; and hence by > b;.
Also U must contain (a1, —1), so (a1, —1) € So and hence a; < ay. Together with a; + by = as + bs, these inequalities
imply a1 = ag and by = bs. Thus, writing @ = a1 = ag and b = by = bo,

a+c c—b b—a

T T

because a,b € X, and a < b. This proves A 4_|.|(2) < c— %, and hence the claimed equality.

Ac(S2\U) = A(S1\U) <

<c—

9

N | =

The stated lower bound on ¢ follows from Theorem 3.2. O
Example D.2 (Empirical median). Fix ¢ > 0, and let A™*Y be the empirical median learner on samples supported on
[—c¢, |, with midpoint tie-breaking for even sample size. Then A gmea 1.(3) = 2¢.
Proof of Example D.2. Let

S1=40,0,0,¢,c}, Sy ={—¢,—¢,0,0,0}, U =1{0,0,0}.

Since both multisets have size 5, the empirical median is the third order statistic, so AM¢4(S;) = A™ed(Sy) = 0.
After deleting U, we obtain S; \ U = {c,¢} and S3 \ U = {—c¢, —c}. By midpoint tie-breaking for even sample size,
Amed(§\ U) = cand A2°4(Sy \ U) = —c. Hence (51,99, U) is a shared-deletion example with three deletions and
separation 2c, and therefore A gmea |.|(3) > 2c.

The reverse inequality is immediate because every retained empirical median is supported on [—c, c], so the distance between
any two retraining targets is at most 2c. Thus A gmea |.|(3) = 2c. The lower bound on ¢ follows from Theorem 3.2. O

11
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E. Deferred proofs from Section 4

Proof of Lemma 4.2. Define the empty-request recovery error as,

By = h;#vniwjg%mh(y) Fw|W=w),

where the randomness in the probability is over the algorithmic randomness of A only. Since A has (do, I')-utility with
1 = I'(0), for a decoder h(y) = y, we have

By <supP(h;(Y)#w| W =w)<n.

Let h* be an optimal decoder for W given Y (if the infimum is not attained, one can use an é-optimal decoder and let 6 | 0),
ie.,

By = sup P(R*(Y) #w | W =w).
weW

Define an admissible decoder for W from (T, U) by
gy (t,u) = B (1),
which ignores the u-coordinate. For fixed w € W and u € X'*, define
Agwu ={2 EW:gy(z,u) #w} = {z € W: h*(z) £ w}.
By the fact that (A, A) are (o, )-RU, and Lemma B.2, for every fixed s, u, w,

Plgy(T\u) #w | S=sU=u)<ePh*Y)#w|S=sU=u). (11)

Denote
pw|s,u):=PW=w|S=sU=u).

Multiplying (11) by p(w | s, ), summing over w, and using Jensen’s inequality since z7 is concave for 0 < v < 1, gives

Z p(w | s,u)P(gy (T,u) #w | S =35U=u)

weWw
<e* Ju)P (R (Y S=sU=u)
<Y plw | s W R (Y) Fw|S=sU=u) )
weWw
v
<e® (Z pw|s,u)P(h*(Y)#w|S = 5,Uu)> .
weWw
We now bound the term inside the parentheses. Expanding over the conditional law of W | S = s,U = u,
Do plw|suP(R*(Y)#w|S=5U=u)
weWw (13)
= Z p(w | s,u)p(w’ | s,u)P(R*(Y)#w|W=w'S=sU=u).
w,w’ EW

Let -
Wi, W | S=s5U=u R PW|S:5,U:u7
and let Y5 be the empty-set unlearning output generated from Wy, namely
Yo [Wo=w',8=5U=ur~ Pyjwow, s=su=u-

Then the double sum in (13) equals
P(h*(Y2) # W1 | S =5U=u).

12
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Moreover,
{n*(Y2) # Wi} C{h*(Y2) # Wa} U{W1 # Wa},

and hence

P(h*(Y2) #Wi | S=sU=u) <P(h"(Y2) #W2 [S=5,U=u)+P(W1 # W2 [S=5U=u). (14

It remains to bound the matched term. Since Y 1L (S,U) | W,
LY | Wo=w,S=3s,U=u)=LY |W=uw).
Therefore,
PO (Ya) £ Wa | S=s,U =u)= 3 plw | s,w)P (h*(Y) £w | W = w)
wew (15)

< sup P(W*(Y) £ w | W = w) = B}
wew

Combining (12), (13), (14), and (15), we obtain, for every fixed s, u,

Z p(w|S,U)P(gy(T,U)%w|S:S,U:U) Se’YE(ﬂ;‘/+P(W1#W2 | S:SaU:u))ﬁy'
weWw

Since T Il W | S, U, the left-hand side is exactly
Pgy(T,u) #W | S=sU=u).

Thus,
P(gy(Tyu) #W | S=s5,U=u) < By +P(W1 £ Wy |S=sU=u)).

Finally, since gy is an admissible decoder in the definition of /7.,

5’} §supﬂ3’(gy(T,u) #W I S:‘SaU:u)'

Therefore,
Br < e (By +A4)7,
where N
Aq:=supP (W, Wy | S =5U=u), Wi, Wa | S =3s,U= u R Py \s=s,u=u-
The proof is completed by noting that 55, < nand 8} < 1. O

Proof of Theorem 4.3. To prove the memorization lower bound, we start from the result of Proposition B.4 and will bound
the term,
T (Weiys Triy | Wageiy, Un(<iy) -

Assuming the model space WV is discrete and finite, we have that,
I (Watiy: Tugiy | Wa(<iy, Un(zy) = H (Wa(@) [Wa(<iy, Un(<i) = H (Wa(i) [ Tr(iys Wa(<iys Un(<i)) 6
(a)
> H (W) Wa(<iys Un(<i) — H (Wa)l 97 (Tr(iy, Uniy) »

where g% is the optimal decoder of W from (T,U) (or almost-optimal if the infimum is not attained), i.e., 85 =
supg , P (g7(T,u) # W | S = 5,U = u), and (a) follows from the following chain of inequalities,

H (Wa(i) | Triys Wa(<iys Un(<iy) < H (Waii)| Trgiys Un(iy) < H (Wag| 97 (Trgiys Uncy)) -

13
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The first inequality uses that conditioning reduces entropy, while the second uses data processing. By Fano’s inequality
applied to the pair

(Wﬂ(i)v g'}(Tﬂ(l)7 Uﬂ(l))) ’

we get
H (Weiiy | 97(Tr(iy: Uni))) < B(Pen(iy) + Periy log(IW| = 1) <log2 + P. ;) log(IW] — 1),
where
P. iy =P (97 (Tr(iy, Uniy) # Wagsy) -
Moreover,

P. vty =Esu, ) [P (97 (Tr(i), Uni)) # Wri) | S:Un())] < Esu, ., 18] = B < B. (17
Hence, Fano’s inequality gives
H (Wey | 97(Tr(iy Un(sy)) < log2+ Blog(W| —1).
Therefore,
T (Waoy; Tty | Wai<iy, Un(<i) = H (W) | W<y, Un(<i)) —log2 = Blog([W] — 1).

Summing over ¢ = 1, ..., K and using Proposition B.4 gives the claim. O

F. Full formulations, further examples and their proofs — Section 4

Canonical threshold ERM learner. Let Z = X x {0,1}, where X = [N], and consider H =
{hq : ho(z) =1{x > a}, a € [N + 1]} . The canonical ERM tie-breaking rule returns the leftmost point labeled 1, or
N + 1 if there is no positive example.

Proposition F.1 (Canonical threshold ERM). Fix deletion budget m > 1. Let n > 2m, let ¢ > 2, and set N = nq. Then
there exists a distribution Ps over realizable threshold samples of size n, and there are deletion requests Uy, . .. ,U,,, each
of size exactly m, such that any forget-only unlearning algorithm satisfying the assumptions above must obey

1052 m e () s -t (¥ 1],

For the bare canonical ERM output on thresholds, one has I1(M; S) = log (N/n).

Proof of Proposition F.1. Partition [N] into n consecutive bins
Bj={(-Da+1,....5q}, je€ln],
where ¢ = N/n. Draw z; ~ Unif(B;) independently, and set
yj =1{j =m}.

Let
S=((w1,91)s- - (Tn,Yn))-

Since the bins are ordered, every negative example lies to the left of every positive example, so S is realizable by a threshold.
By the canonical tie-breaking rule, the ERM output on the full sample is

Aprm(S) = ha,, -
For each i € [m], define the deletion request
Ui=A{(z;,0):1<j<m—i}U{(z;,1) :m<j<m+i—1}.

14
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The first set has size m — i, the second has size 4, and hence |U;| = m. Since n > 2m, the point x,, 1, exists. After deleting
U, the leftmost remaining positive example is ;. Therefore

Wi = Agrm(S\ Ui) = ha,, -

Let H; = (W«;,U<;). The variables in H; reveal only points from bins other than B,, ;. In particular, the previous
retraining targets Wy, ..., W;_q reveal @41, ..., Tmyi—1, all of which are already deleted by U;. Since the x;’s are
independent across bins,

Tm+i | Hz ~ UIllf(Bm_H)

Distinct threshold locations define distinct hypotheses, so

H(Wi | Hz) =loggq.

Applying Theorem 4.3 and substituting ¢ for each ¢ € [m], gives the result. Finally, for the bare ERM output, Myae = ha,
and x,, ~ Unif(B,,). Hence
I(Mbare; S) = H(Mbare) = IOg q.

O

Row-wise factorized affine matrix completion. Fix r and view the first 2 coordinates as an 7 x r matrix X with rows
x; € R". A data point (i, a,y), with ¢ € [r], a € R", and y € R, imposes the row-wise affine constraint (a, x;) = y.
Thus (¢, 1., r) imposes the row-sum constraint, and (7, ¢, 1) imposes (x;), = 1. The learner uses a row-wise factorization
z; = u;v;, with u; € Rand v; € R”, and minimizes 1 Pt ayes (@ uv;) — y)’+3 3, (ul2 + ||v7||§) . The algorithm
A, returns the fitted matrix in the limit A — 0. On the consistent datasets below, this limit is the interpolating matrix
minimizing Y., [|z;]|2, because infy,y, =, 3 (u? + [|v;[|3) = ||lz:]l2-

This is best viewed as a row-wise affine matrix-completion problem with a factorized norm bias. The construction below
shows that forget-only unlearning may force the trained object to store a hidden permutation even though the ordinary fitted
matrix on the full sample is deterministic.

Proposition F.2 (Row-wise factorized affine matrix completion). Let d > 4 be the ambient number of scalar matrix entries,
let m > 1 be the deletion budget, and let n > 3m be the dataset size. Define r, = min { L\/EJ , LmL-HJ } . Then there

exists a distribution Pg over datasets of size n, and deletion requests Uy, . .., U, , each of size exactly m, such that any
forget-only unlearning algorithm satisfying the assumptions above must obey

7%

I(M;S) > log(r,!) = Y _ [log2 + Blog(s — 1)].
s=2

On Ps, the basic fitted matrix is deterministic and thus I(M; S) = 0 when no unlearning is required.
Proof of Proposition F.2. Setr = r,. By definition of r,, we have r? < d and r(m+ 1) < n. Since d > 4 and n > 3m,
we have r > 2.

We use the first 72 ambient coordinates as an 7 x 7 matrix. If n > r(m + 1), we add n — r(m + 1) deterministic dummy
measurements of the form (1, 0,.,0). These impose no constraint and do not affect the fitted matrix.

Draw a uniformly random permutation o of [r]. For each row ¢ € [r], include m indexed copies of the row-sum measurement
(a) _ /- 1
¢ = (i,1,,1), a€m],

and one coordinate measurement
Z; = (i, eg(i)7 ].)

Thus the non-dummy part of the dataset has size r(m + 1). The copies are treated as distinct indexed examples, so a deletion
request may delete all 7 row-sum copies in a row.
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We first compute the fitted matrix on the full dataset. Because the data are consistent and A — 0, the learner selects, among
interpolating matrices, one minimizing
T
D Nl
i=1

The rows decouple. Fix row <. The constraints are

T

D@)e=r  (@)ou = 1.

=1
Therefore the remaining  — 1 coordinates must sum to  — 1. By Cauchy—Schwarz,
r—1)2
P e
with equality iff all remaining coordinates are equal to 1. Hence the unique minimum-norm interpolating row is
z; =1,.
This holds for every row, so the full fitted matrix is deterministic:

Myare = -Afac(s) = 1T1;r'

For each row i € [r], define
Ui = {C(-l) PN C(-m)} .

This deletion request has size m. After deleting U;, row ¢ has only the coordinate constraint
(Ti)o@y = 1.

The unique minimum-¢5-norm row satisfying this constraint is
Ti = €o(4)-

All other rows still have both their row-sum and coordinate measurements, so they remain equal to 1,. Thus W; =
Atac (S \ U;) is the matrix whose i-th row is e, (;) and whose other rows are 1,.. In particular, W; reveals exactly o (7).

Let H; = (W.;,U<;). The deletion requests themselves are deterministic functions of the row index and reveal no
information about o. After observing W1, ..., W,;_1, one knows

o(l),...,o(i—1).

Since o is a uniformly random permutation, conditional on this information, o (¢) is uniform over the remaining r — ¢ + 1
columns. Therefore
H(W; | H;) =log(r —i+1).
Applying Theorem 4.3 and using Y. _, log s = log(r!), we get
I(M;S) > log(rl) = > [h(ps) + pslog(s — 1)].
s=2

Finally, Myar. is deterministic on this distribution, so I(Mpayre; S) = 0. O

Coordinate PCA. Here the learner returns the coordinate direction with largest raw empirical second moment among the
axis-aligned directions. Without unlearning, storing the selected coordinate direction requires only O(log d) bits.
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Proposition F.3 (Coordinate PCA). Consider top-coordinate PCA in dimension d. Let n be the dataset size and let m be
the deletion budget. Assume d = nq for some integer q > 2, and assume 2m < n. Then there exists a distribution Pg over
datasets of size n, and deletion requests Uy, . . ., Uy, each of size exactly m, such that any forget-only unlearning algorithm
satisfying the assumptions above must obey

1005 m o (£) ez - 1 (1)

For the bare top-coordinate PCA output, M = e,,, one has I(Mpaye; S) = logg.

Proof of Proposition F.3. Partition [d] into n disjoint blocks
By ={(i—Da+1,....i¢}, jelnl.
Let e, € R? denote the a-th standard basis vector. Fix strictly decreasing positive numbers
AL> A > o> A, > 0.

Draw a; ~ Unif(B;) independently and set
Zj =1/ >‘j eaj .
Let S = (21,-..,2n)-

The learner returns

Apca (D) = ez(p), a(D) € argmax Z (e, 2)?,
a€ld]  cp

with an arbitrary fixed tie-breaking rule. On the full sample, because the A;’s are strictly decreasing,

Mbare = -APCA(S) = €q, -

For i € [m], define
Ui = {Zl, e ,Zi} U {Zn—m+i+la e ,Zn} s

where the second set is empty when ¢ = m. The first set has size 7 and the second has size m — i, so |U;| = m. The
assumption 2m < n ensures that these deletions do not remove z; 1.

After deleting U;, the largest remaining empirical second moment is A; 1, attained uniquely at coordinate a;;;. Hence
Wi = Apca(S\Ui) = eq,.,-
Let H; = (W<;,Ux;). The variables in H; reveal aq, ..., a;, possibly some tail coordinates, and as, . . . , a; through the
previous retraining targets. They reveal no information about a; ;. Since the blocks are independent,
ai+1 | Hy ~ Unif(B;y1).

Therefore
H(Wz | Hz) =loggq.

Applying Theorem 4.3 for each ¢ € [m] and substuting ¢ gives the result. For the bare PCA output, Myare = €4, , SO
I(Myare; S) = H(eq,) = logg.
O

Sparse subset least-squares regression. Consider least squares with a one-per-block sparsity constraint. The d features are
partitioned into disjoint blocks G1, ..., G, and the learner minimizes >, ((w, z;) — y;)? subject to |supp (w) N G;| < 1
for every j € [b]. Best-subset regression is classical (Garside, 1965; Hocking & Leslie, 1967; Furnival & Wilson, 1974), and
the one-per-block constraint is the standard multiple-choice programming constraint (Healy, 1964). Without unlearning,
specifying one selected coordinate per block costs O(blog(d/b)) bits.
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Proposition F.4 (One-per-block sparse least-squares regression). Consider one-per-block sparse least-squares regression in
dimension d. Let n be the dataset size and let m > 1 be the deletion budget. Assume b := mLH €N, whered =b(q+ 1)
for some integer q > 2. Then there exists a distribution Ps over datasets of size n, and deletion requests Uy, . .., Uy, each
of size exactly m, such that any forget-only unlearning algorithm satisfying the assumptions above must obey

" s (R 1) <o)

On Pg, the bare ERM output is deterministic and thus has I (M; S) = 0.

; >
104:8) = —

Proof of Proposition F.4. Partition the coordinates into b blocks. Block j contains one shortcut coordinate s; and g candidate
coordinates v; 1, ..., ;4. Thus
G ={s5vj1,--,viq},  d=0blg+1).

The model class is
Wi, = {w € R*: [supp (w) NG| < 1forevery j € [b]},

and the learner is
Ag (D) = argmin Y ((w,z) —y)°,
W (2,y)eD

with a fixed tie-breaking rule. In the construction below the minimizer is unique, so the tie-breaking rule is irrelevant.

Fix R > 1. For each block j, draw
A;j ~ Unif ([q])

independently. The dataset contains m indexed copies of the shortcut example
(m _
Cj - (es_ij)v T e [m] ’
and one candidate example
zj = (€v;4,,1)-

Thus
S| =b(m+1)=n.

The copies are treated as distinct indexed examples, so a deletion request may delete all m shortcut copies in a block.

The loss separates over blocks. Fix block j, and condition on A; = a. If the model chooses the shortcut coordinate s, the
optimal coefficient is R, the shortcut examples are fit perfectly, and the candidate example contributes loss 1. If the model
chooses the active candidate coordinate v; 4, the optimal coefficient is 1, the candidate example is fit perfectly, and the m
shortcut examples contribute loss m R2. If it chooses an inactive candidate coordinate or no coordinate in the block, the
loss is at least mR2 + 1. Since R > 1 and m > 1, the unique blockwise minimizer chooses the shortcut coordinate with
coefficient R.

Therefore the full trained bare model is deterministic:

b
Mpare = Ary(S) =R > ey,
j=1

For each ¢ € [b], define
U, = {c(l) 0(771)}.

This request has size m. After deleting U;, block 7 contains only the candidate example z; = (e, a0 1). Hence the unique
minimizer in block ¢ sets the coefficient of v; 4, equal to 1. Every other block still chooses its shortcut coordinate. Thus

Wi= A, (S\U;) =R ey +eu, , -
J#i

The map A; — W; is injective.
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Let H; = (W«;,U<;). The requests Us, . .., U, reveal only deterministic shortcut examples. The previous retraining targets
Wi,...,W;_qreveal Ay,..., A;_1, but reveal no information about A4;. Since the A;’s are independent and uniform,

A; | H; ~ Unif ([q]) .

Therefore
H(W; | H;) = H(A;) = logq.

Applying Theorem 4.3 and substituting ¢ gives the result. Since My, is deterministic on this distribution, I(Mpayre; S) =
0. O

G. Continuous model space

For the case where the model space W is continuous, we follow a similar proof strategy as in the discrete case, but with
several important modifications. In this setting, asking whether W is exactly recoverable from the empty-request output, or
from the unlearned model together with the unlearning set, is no longer the right notion, since exact equality is typically a
probability-zero event. Instead, we use a natural approximate recovery criterion: given a norm ¢ and a radius p > 0, we ask
whether W lies in the ¢-ball of radius p centered at the recovered model. Namely, for wq € R4, we define the ¢-ball of
radius p centered at wy, restricted to W, as

Bf,)\,’p(wo) ={weW:d(w—wy) <p}.

Definition G.1 (Continuous recovery errors). Recall that Y = A(W, (). The empty-request recovery error is

* — ¢ —
By(p)i= imf SE%P (w ¢ By ,(9(Y)) [ W = w) -
where the randomness in the probability is over the algorithmic randomness of A only. Next, recall M ~ A(S),W ~
A(S\U), T ~ A(M,U), where the runs of A on the same dataset are independent when A is randomized. The unlearning
recovery error is

* . : [ _ _
Brp) = g:W><H/%€f*—>W S,S}lfgsp (W ¢ wa(g(T, w)|§=sU= u) ’
[u]<m

Here, the randomness is over the algorithmic randomness of .4 and A, conditional on fixed s and w.

Similarly to the discrete case, if A has (¢, T')-utility on empty requests, then for any p > 0, using the identity recovery map
g(y) = y gives the following upper bound on 33 (p):

By (p) < sup P (w ¢ Bfy,(9(Y)) | W =w) = sup P (w ¢ B, (V) | W =w) <T(p). (1)
wew weWw

Now, analogous to the discrete case, we bound the recovery error 5%(p).

Lemma G.2. Assume that (A, A) satisfies (o, €)-Rényi unlearning for all deletion requests of size at most m and A has
(¢, T)-utility on empty requests. Define v := =L and fix p > 0,0 < r < p. Then,

Br(p) < BP,T7 Bp,r =min{l,e” (I'(p—r) + AA(T))’Y} )
Ay(r)y:= sup P (Ws(lu) ¢ B{f\/,r (W(%L)) | S=s5U= u) , (19)

s
s,u:uCs ’
ful<m

and Ws(lu) and Ws(2u) are independent runs of A(s \ u).

Proof of Lemma G.2. Fix p > 0and 0 < r < p. Let h* be an optimal (p — r)-decoder for W given Y (if the infimum is
not attained, one can use an J-optimal decoder and let 6 | 0), and write

Bi(p—r) = sup P(wg By, (F"(Y) | W = w).
wew
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Define the corresponding decoder from (7', U) by
gy (t,u) == h*(t),

which ignores the u-coordinate. For fixed w € W and u € A'*, define the bad event
Agwu = {x eEW:w¢ B{fv,p(gy(x,u))} = {x eEW:w¢ B$V7p(h*(x))} .
By («, ¢)-RU and Lemma B.2, for every fixed s, u, w,

P (w ¢ BY, (9v(T,u) | S =s,U = u) < P (w ¢ Bj, (W*(Y))|S=sU= u)". (20)

Let Py s, denote the conditional law of W | S = s5,U = u. Integrating (20) with respect to w ~ Py, ., and using
Jensen’s inequality since x” is concave for 0 < v < 1, gives

J B (w08 By ov () | S = 5.0 = u) dPwsu(w)

< e </]p> (¢ By, (" (V)) | S =5,U = u) dPW|S,u(w)>7. @1)

We now bound the term inside the parentheses. Let
W17 W2 | S = S, U=u i.'i';"d' PW|S:5,U:ua
and let Y5 be generated from W5, namely

/
Yo [Wo=w',8=5U=u~ Pyiw—uw, s5—sU=u

Then

/IP’ (w ¢ B, (W(Y))|S=sU = u) APy |s(w) = P (W1 ¢ B, (h*(Y2)) | S =5,U = u) .

By the triangle inequality of the norm ¢, if
Wa€ By, (h*(Y2)) and  W; € B, (W),

then
W € By, (h*(Y2)).
Equivalently,
{wig B, (va)) | € {Wa g By, (0" (Y2)) fU {Wh ¢ B, (W2) }.
Hence,

P (Wi ¢ By, (" (V2) | S = 5,U = u)
<P (W2 ¢ Bh, _ ((Y2)|S=sU= u) +P (W1 ¢ BY,, (W) | S =s,U = u) . 22)
It remains to bound the matched term. Since Y 1L (S,U) | W,
LY | Wo=w,S=3s,U=u)=LY |W=uw).
Therefore,
P(Wa ¢ By, (h*(¥2)) | S =s.U=u)
= [ (wg B, (0r () | W =) dPws(w)

< sup P (w g Bfy, ("(V) | W =w) =B (p—7). 23)
weW
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Combining (21), (22), and (23), we obtain, for every fixed s, u,

/IP’ (w ¢ BY, (9v(T,u) | S =sU = u) APy (s u(w)

24

< e (5;(p_r)+1p(wl ¢B$V,,.(W2)|S:3,U:u))7 .

Since T' 1L W | S, U, the left-hand side equals
P (W ¢ BY, (gy(T,u)) | S =s,U = u) .
Therefore,
P (W g By, (v (T,w) | $ = 5,U =) < (85(p— )+ P (W1 ¢ By, (W2) | S =5,U =u)) .
Finally, since gy is an admissible decoder in the definition of 55.(p),
Bi(p) < supB (W ¢ BY, (gv(Tw)) | S = s.U = u).
Hence,
Br(p) <€ (By(p—r) + A(r))7,
where
A(r) = supP (Wi ¢ B, (W) | S=s,U=u),  Wi,Wa|S=sU=u""PFsvo.

The claim then follows from 3. (p — r) < T'(p — r) and 55.(p) < 1. O
We now state the memorization lower bound in the continuous setting.
Theorem G.3 (Continuous memorization lower bound). Let S ~ Pg, let M = A(S), and let Uy, ..., Uk be possible

requests generated as above, each of size at most m. Assume W is continuous and that A, A satisfy the same assumptions
as Lemma G.2. Then, for any permutation 7 : [K| — [K], we have

K _ g
_ 1
IM,»S > 1*5 r E I:g ¢ U felo 2’
( )_ z :( p,) ( ap(”ﬂ-(<i)7 7(37'))>

i=1

where B,M is defined in Lemma G.2, and

O‘?(wﬂ(@)’“ﬂ(ﬁi)) = Slg)/vp (W € B{fv,p(wO) | Wa(<i) = Wr(<i), Un(<i) = Uw(gi)) .
wo

Proof of Theorem G.3. We start from the result of Proposition B.4. By the data processing inequality, for any decoding
function g : W x A* — W, we have

I (Watays Tty | W(<iys Un(<iy) 2 T (Wa(iy: 9(Te(iys Uni)) | Wa(<iy, Un(<i)) »
since, conditional on Uy (;), the quantity g(TW(i), Uw(i)) is a function of T’ ;). For the ease of notation, we define,
Wi=Wra, T:=Tw, U=Uy, 2= Wri<i)Un<p)
so we have that the variables conditioning the mutual information can be expressed as,
W (<iys Un(<iy = (Z,U).
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We additionally denote with g7 the optimal decoder for W from T, U, so that,
Bi(p) = supP (W ¢ B, (g7(Tow) | S = 5,U =u).
Furthermore, we define the maximum mass contained in a radius-p ball according to the law of W | U = u, Z = z,

aff(u,z) = sup P (W € st\;,p(wo) |U=u,Z = z) ,
woEW

as well as the following shorthands,

P, .= ﬁ(W,W |U=u,Z = 2),

Qu-=LW|U=u,Z=2)@LW|U=u,2Z=2),
where TW := ¢(T,U).Fix U = u, Z = z and consider the event,
E={(w,w) e W we B, (v)},

with,

p = Pu,z(E)7 q = Qu,z(E)-
‘We have that the conditional mutual information,

IW;W|U=u,Z=2) = Dgr(Pu. || Qu.:)
> Dy, (Ber(Py,-(E)) || Ber(Qu,-(E)))

(25)
= Dxkw(Ber(p) || Ber(q))
= —h(p) —plogq — (1 —p)log(l —q),
where Dy, denotes the KL-divergence, and Ber is the Bernoulli law. We further have that,
p:IP’(Wer}V’p(W) | U:u,Z:z)
:1—P(W¢B$V7p(W)\U:u,Z:Z) (26)

=1-YP(S=s|U=u2=2) ]P’(W¢B$V,p(W)|S:s7U:u,Z:z)
seS

The Markov structure states that, conditional on S and U, the target W is independent of all other variables, and 7" is
independent of the history Z. The latter implies that W 1L Z | S, U, as W is a function of T" given U. Consequently, the
pair (W, W) is independent of Z given (S, U). Hence,

P<W¢B$V’p(/V[7)|S:s,U:u,Z:z)
=P (W ¢ B}y, (W) | S =50 =u) < 8i(p),

which implies,
p>1-P1(p).
On the other hand, under the law @,, ., we have that W' and W/ are independently sampled as,
W~ LW |U=uZ=2), W ~LW|U=uZ-=:2).

Then, using this independence, we can express ¢ as,

q= EW"U:U,7Z:Z |:P (W/ € B{?V,p(/wl) ‘ U=u,Z= Z;/V[?/):|
= EW’\U:u,Z:z |:IP) (W/ € Bﬁ\),p(Wl) ‘ U= u, Z = Z):| 27)
< ]EW’\Uzu,Z:z [O‘g(% Z)]
= afj(u,z).
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Since —(1 — p)log(1 — ¢q) > 0, we can write (25) as,

* * 1
IW;97(T,u) | U=u,Z =z)>—h(p) —plogq > (1 — B7(p)) log T log 2 (28)
14 )

where the last inequality uses the fact that 2(p) < log 2 and —plog ¢ is increasing in p and decreasing in ¢. Taking the
expectation over the law of (U, Z) and substituting the previously redefined variables we finally obtain,

1
p; ) — log 2.
ap (Wh(<iy, Un(<iy)

Summing over ¢ = 1,..., K and using Proposition B.4 gives the claim. O

I (Wagy; 97 (Tr(iys Uni)) | Wri<iy, Un(<iy) = (1= B7:(p)) E (
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