Prompting the Unknown:
Understanding Response Uncertainty in Large Language Models

Anonymous ACL submission

Abstract

Large language models (LLMs) are widely
used in decision-making across diverse do-
mains. Ensuring the generation of safe and
reliable responses is critical for the effective
deployment of LLM-based applications, partic-
ularly in high-stakes domains such as health-
care and finance. Most of these applications
typically use carefully crafted prompts to guide
response generation; however, the relationship
between prompts and the reliability of LLM-
generated responses is not yet fully understood.
To address this gap, we propose a novel prompt-
response concept model that explains the rela-
tionship between the amount of task-relevant
information (informativeness) provided in the
prompt and the LLM-generated response un-
certainty by decomposing response uncertainty
into four distinct sources: prompt underspec-
ification, model quality, task variability, and
semantic redundancy. We prove that response
uncertainty decreases as prompt informative-
ness or model quality increases, mirroring the
behavior of epistemic uncertainty in probabilis-
tic models. Our experimental results on real-
world datasets further validate our proposed
model and corroborate the theoretical results.

1 Introduction

Large language models (LLMs) have demon-
strated impressive performance across a variety of
tasks (Google, 2023; OpenAl, 2023; Zhao et al.,
2023). This success has led to their widespread
adoption and significant involvement in decision-
making applications across various domains, such
as healthcare (Karabacak and Margetis, 2023;
Sallam, 2023; Yang et al., 2023), finance (Wu
et al., 2023b), education (Xiao et al., 2023), and
law (Zhang et al., 2023a). Most of these appli-
cations typically use carefully crafted prompts to
guide the desired response generation; however,
the relationship between prompts and the relia-
bility of LLM-generated outputs, particularly for

high-stakes tasks in domains such as healthcare
and finance, is not yet well understood (Arkoudas,
2023; Huang et al., 2023a). Therefore, understand-
ing how the information in prompts influence re-
sponse uncertainty is critical to generate safe and
reliable responses for the effective deployment of
LLM-based decision-making applications.

To understand this importance, consider a mo-
bile health application (mHealth app) in which
machine learning algorithms are incorporated to
monitor users’ health conditions and provide per-
sonalized suggestions on daily activities to influ-
ence their decision-making (Boursalie et al., 2018;
Trella et al., 2022, 2023). For LLMs to be suitable
for such tasks, they must generate safe and con-
sistent responses, e.g., consider an LLM-powered
mHealth app that recommends physical therapy
(PT) routines to a patient recovering from surgery.
To promote patient adherence to PT regimen de-
spite discomfort, the mHealth app must deliver
accurate and consistent suggestions. Inconsis-
tent advice can undermine the patient’s progress
and reduce trust in the application, so reliable re-
sponses are essential for the mHealth app’s effec-
tiveness (Shin et al., 2022).

With the emergent capabilities of LLMs (Dong
et al., 2022; Kojima et al., 2022; Wei et al., 2022;
Yao et al., 2023), it is possible to improve model re-
sponses by guiding them with informative prompts
that include task-relevant instructions and exem-
plars. It helps LLMs to effectively use the relevant
information acquired during pretraining to gener-
ate better responses, even if the prompt itself does
not explicitly reveal the ground truth (Liu et al.,
2023; Sahoo et al., 2024). The LLM responses are
generated by sequentially sampling tokens from
probability distributions over vocabulary, condi-
tioned on the given prompt. LLMs use different
decoding strategies such as beam search (Cho et al.,
2014), greedy (Sutskever et al., 2014), and nucleus
sampling (Holtzman et al., 2019).



Typically, tokens with higher probabilities are
chosen sequentially to generate the response. The
response variations is controlled by LLM hyper-
parameters like temperature (Hinton et al., 2015),
top-k (Fan et al., 2018), or top-p (Holtzman et al.,
2019). While variability benefits creative tasks
like poem and essay writing, it can be detrimental
for tasks requiring high reproducibility and consis-
tency (Ganguli et al., 2022; Huang et al., 2023c).
Making LLMs generate deterministic responses is
also not ideal, as users’ preferences may vary (Wu
et al., 2023a). Thus, a better approach is needed
to understand and separate the different sources
of response uncertainty and develop methods to re-
duce uncertainty naturally rather than masking it by
adjusting LLM hyperparameters. As response un-
certainty of a fixed or black-box LLM can also be
controlled by the amount of task-relevant informa-
tion in the prompt (i.e., prompt informativeness),
this paper focuses on quantifying the response
uncertainty due to the prompt while keeping the
LLM and its hyperparameters fixed.

To this end, we use the insight that LLMs implic-
itly learn to infer latent concepts during pretrain-
ing (Xie et al., 2022; Hahn and Goyal, 2023; Zhang
et al., 2023b) and propose a novel prompt-response
concept (PRC) model. Our PRC model conceptu-
alizes how an LLLM generates responses based on
given prompts and helps understand the relation-
ship between prompts and response uncertainty by
measuring response uncertainty for prompts with
varying task-relevant information. Specifically, it
provides a principled framework for separating and
analyzing the distinct sources of response uncer-
tainty. We provide theoretical results that show the
uncertainty of responses generated by an LLM de-
creases as the prompt informativeness and model
quality increase. We draw a connection between
the reducible response uncertainty and epistemic
uncertainty, and using our PRC model, we theo-
retically justify why increasing the task-relevant
information in the prompt is a principled and ef-
fective method to reduce the response uncertainty.
Finally, we validate the PRC model through experi-
ments and demonstrate the practical applicability
of our insights using a healthcare use case. Specifi-
cally, our key contributions are as follows:

* Prompt-Response Concept model. In Sec. 3,
we propose a prompt-response concept model
to understand and quantify the relationship
between prompt informativeness and response
uncertainty in LLMs.

* Decomposition of response uncertainty. Us-
ing the PRC model, we decompose the re-
sponse uncertainty into four distinct sources:
prompt underspecification, model quality, task
variability, and semantic redundancy, where
uncertainty due to prompt underspecification
is an epistemic uncertainty, while the others
are the source of aleatoric uncertainty when
the LLM and its hyperparameters are fixed.

* Theoretical result. In Sec. 3.2, we prove that
response uncertainty decreases as prompt in-
formativeness or model quality increases (The-
orem 1). We further link reducible uncertainty
to epistemic uncertainty, as adding more rel-
evant information to prompts and improving
model quality reduces response uncertainty.

* Empirical results. In Sec. 4, we validate the
PRC model through experiments and demon-
strate its practical applicability across diverse
tasks base on real-world datasets and health-
care use case. In addition, we found that,
when supplied with sufficient relevant infor-
mation, a smaller (less capable) model can
sometimes outperform a larger (more capable)
model with less information.

2 Preliminaries

Problem setting. Let X' denote the set of all
prompts and ) the set of all responses generated by
an LLM f, where f : X — ). Let V represent the
vocabulary of all unique tokens. For any prompt
x € X and response y € ), we have x € Vil and
y € VIY!, where |-| denotes the number of tokens in
the prompt or response. For a given prompt x € X,
the LLM f generates a response y € f(z), which
can vary each time the LLM generates it due to
two factors: (i) the LLM hyperparameters, such as
temperature, top-k, and top-p, which control the
randomness in token sampling, and (ii) the task-
relevant information in the prompt, which we refer
to as prompt informativeness. This paper focuses
solely on the latter aspect while keeping the LLM
and its hyperparameters fixed. Specifically, this
paper aims to explain how prompt informativeness
influences response uncertainty for a given LLM
and then quantify response uncertainty as a func-
tion of both prompt informativeness and the LLM.

Measure for response uncertainty. We use en-
tropy to measure the uncertainty in the responses
generated by an LLM for a given prompt. Let Y be



a random variable representing the response. For a
given prompt x, the entropy of Y is defined as:

H(Y|z) = =Y plyle)logy p(yle), (1)
yey

where p(y|z) is the conditional probability that the
response variable Y takes the value y given the
prompt z. Intuitively, a more informative prompt
reduces the uncertainty of response generated by
the LLM, leading to lower entropy in Y.

Concept. The notion of a concept varies across
fields: in philosophy, a concept represents the fun-
damental unit of thought; in psychology, it is a men-
tal construct; in linguistics, it refers to the semantic
units that words or phrases represent; and in educa-
tion, it denotes key ideas or principles. In this paper,
we define a concept as an abstraction derived from
specific instances or occurrences that share com-
mon characteristics (Fodor, 1998; Laurence and
Margolis, 1999; Weiskopf, 2009; Wilmont et al.,
2013). To illustrate this notion of concept, consider
the example of Meeting, which includes informa-
tion such as the agenda, date and time, location,
and other relevant details about the meeting, for
example, “Write an email to schedule a meeting on
28 July 2025, from 14:00 to 15:30, in Room 301
of the Department Building. The agenda includes
reviewing the draft paper, discussing key findings,
and planning the next steps for submission. Par-
ticipants include the lead author, co-authors, ad-
visors, and invited peers to give feedback. ”?
Recent works (Gao et al., 2024), Lieberum et al.
(2024), and Templeton (2024) provide mechanistic
interpretability evidence suggesting that LLMs can
learn concept-like features.

Concept attributes. A concept can be repre-
sented as a sequence of sentences conveying se-
mantic meaning, typically expressed in natural
language. Here, we use ‘semantic meaning’ (or
‘semantically meaningful’) to refer to information
that is both understandable and interpretable by
humans (Hurford et al., 2007). As illustrated in
the earlier example of meeting concept, explaining
a concept often involves multiple sentences, each
contributing to a specific and meaningful aspect of
the concept (Piccinini and Scott, 2006). We refer
to each of these aspects as a concept attribute. For
example, the sentence, “schedule a meeting on 28
May 2025, from 14:00 to 15:30, in Room 301 of the
Computer Science Building.” provides information
about the meeting’s date, time, and location.

We now formalize the notion of a concept. Let
© denote the set of all possible latent concepts,
where each 6; € O corresponds to the concept
associated with a specific task ¢. Here, task ¢
refers to the underlying objective, either explic-
itly specified in the prompt or implicitly expected
from the response. In the example of meeting con-
cept, “Write an email" is the task specified in the
prompt, while the corresponding email draft con-
taining meeting details is expected as the response.
Let Ag, = {Ap,1,.-., A0, m} denote the set of
all attributes associated with a concept 6, € ©O.
Each concept 6, is thus fully characterized by its
set of attributes Ag,. We assume that each attribute
Ap, o € Ap, can be accurately extracted from, or
meaningfully represented in, a semantically coher-
ent sequence of tokens drawn from the set V.

3 Prompt-Response Concept Model

We first use the notion of concept to explain our
proposed prompt-response model for LL.Ms, then
use it to derive theoretical results that explain the
relationship between prompt informativeness and
response uncertainty by analyzing how uncertainty
changes with the informativeness.

3.1 Prompt-Response Concept Model

Building on prior work showing that LLMs implic-
itly learn to infer latent concepts during pretrain-
ing (Xie et al., 2022; Hahn and Goyal, 2023; Zhang
et al., 2023b), we propose the prompt-response
concept (PRC) model of LLM. The PRC model
conceptualizes how an LLLM generates responses
for a given prompt, providing a structured way to
analyze the relationship between prompts and re-
sponse uncertainty by distinguishing its sources.
The PRC model consists of three main components
(as illustrated in Fig. 1): prompt concept, response
concept, and mapping functions.

-
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Figure 1: Prompt-Response concept model of LLM.

Prompt concept. Let ©, denote the set of all la-
tent concepts corresponding to prompts in set X
Each prompt x € X, expressed as a sequence of to-
kens describing a task, maps to a concept 6, € ©O,.



We refer to this concept as the prompt concept. In-
tuitively, an LLM extracts the attributes of a latent
prompt concept from input tokens, expressed as
multiple semantically meaningful sentences in the
prompt. If these sentences in a prompt cannot be
combined to describe a single concept, the LLM
interprets them as representing multiple distinct
concepts. Our experiments (Fig. 11c) show that
adding semantically meaningful information from
different concepts increases response uncertainty.

Response concept. Let O, be the set of all latent
concepts corresponding to responses in the set ).
We refer to these concepts as the response concept.
Each response concept 6, € ©, is uniquely asso-
ciated with a response y € ). As prompts and
responses follow different distributions and repre-
sentations, we model them as separate concepts,
in contrast to the ICL setting, which uses a single
intermediate concept (Xie et al., 2022).

Mapping functions. To understand the relation-
ship between the prompt, intermediate concepts,
and the response, our PRC model conceptual-
izes the LLM f as a composition of three map-
ping functions: prompt-concept mapping function
(9x), concept-concept mapping function (g.), and
concept-response mapping function (g, ). First, the
function g, maps the prompt x to a latent prompt
concept 6, that we assume capture the understand-
ing about task and associated relevant information
from the prompt. This concept is then transformed
by g. into a response concept 6, which encap-
sulates the core intent and structure of the desired
output, which is then mapped to the actual response
by gy. Intuitively, g, captures the LLM’s ability
to understand the task specified by the prompt, g.
models the reasoning process to derive the response
concept from this understanding, and g, represents
the verbalization of the response concept.

It is important to note that both the concept-
concept mapping g. and the generation process
gy are inherently stochastic. The stochasticity in
g. means that for the same prompt concept, the
model might stochastically choose different re-
sponse concepts even if its input is fixed (e.g.,
explanation focusing on different aspects of the
tasks). The stochasticity in g, corresponds to the
token-sampling process (e.g., using temperature or
nucleus sampling), allowing for different phrasings
and semantically equivalent variations of the same
response concept. These two sources of random-
ness are fundamental to the response variability

observed in LLMs. In the formal analysis that fol-
lows, we regard g, (6,,) as the response distribution
over ); the token-by-token mechanism is thus fully
marginalized out. Thus, the overall LLM function
can be expressed as y = f(2) = gy(9c(92(2))).

To understand these mapping functions better,
consider the following prompt: “Write an email to
schedule a meeting next Wednesday at 14:00 for
one and a half hours in Room 301.” First, the LLM
uses a function g, to understand what this prompt
is about; in this example, it recognizes the concept
of a meeting being scheduled (the prompt concept)
and then extracts the key attributes such as the
meeting’s date, time, and location. It then applies
gc to determine the required response, i.e., an email
containing meeting details (the response concept).
Finally, g, verbalizes the response concept into the
actual email, i.e., the LLM response, represented as
a semantically coherent sequence of tokens drawn
from the vocabulary set V.

As shown in Fig. 1, both prompt and response
concepts are latent components within the LLM.
To generate the desired response, the prompt con-
cept must include all task-relevant attributes, ei-
ther explicitly extracted from the prompt or im-
plicitly inferred from the LLM’s pretrained knowl-
edge. Intuitively, the prompt concept represents the
LLM’s internal understanding of the task. Better
LLMs extract these attributes more reliably and
leverages richer pretrained knowledge, producing
responses with lower uncertainty and higher qual-
ity, as demonstrated in Fig. 2 and Fig. 3. When
the prompt concept lacks sufficient task-relevant
attributes, response variability increases, since the
LLM can interpret and complete the task in multi-
ple plausible ways (see Fig. 11a).

3.2 Theoretical Results

Let Z. be a random variable representing a concept
(with ¢ = z for prompt concept and ¢ = y for
response concept) and X be a random variable
representing a prompt having semantic meaning s.
We first introduce the assumptions under which our
theoretical results hold.

Assumption 1. We assume an LLM is perfect if it
has exactly learned the mapping functions of the
PRC model, namely g, g., and gy.

This assumption states that the LLM has per-
fectly learned the mapping functions used in our
proposed PRC model. Although this assumption
may not hold exactly in practice, a better LLM



is expected to estimate these mapping functions
more accurately, resulting in lower uncertainty and
higher-quality responses, as supported by our ex-
perimental results shown in Fig. 2 and Fig. 3. Our
first result shows the relationship between prompt
informativeness and prompt concept uncertainty.

Lemma 1. For any LLM with exactly leaned g, and
two concepts 01,05 € ©,, we have Xp, N Xy, =
if 01 # 6y. Furthermore, H(Z,|Xy_) = 0.

The proof of Lemma 1 and other missing proofs
are given in Sec. A.2. The first part of this result
implies that prompts fully describing two different
concepts cannot have the same semantic meaning,
i.e., no two concepts share exactly the same se-
mantic description. In other words, the prompts
that fully describe two different concepts cannot
have the same semantic meaning. The second part
implies that the prompt concept is deterministic
when the prompt contains all information needed
to complete the task. Next, we present a result
showing that prompt concept uncertainty decreases
as prompt informativeness increases.

Proposition 1. As X represents more informative
prompts (i.e., as more task-relevant information is
included in the prompt), H (Z,|Xs) decreases.

Our next result links prompt informativeness to
the response uncertainty of LLMs.

Theorem 1. As X, represents more informative
prompts, H(Y|Xy) strictly decreases. Specifi-
cally H(Y|X,) < H(Y|Z,) + H(9.(2.)|Z.) +
H(Z;|Xs). Furthermore, H (Y |Xs) converges to
H(Y:|Zy)+H (Y;|Zy) + E, where £ decreases as
the model quality improves. When Assumption |
hold, £ — 0 as prompt informativeness increases.

Here, H(Z,|X,) is the uncertainty due to
prompt underspecification and imperfect LLM (par-
ticularly g.), H(9.(Z:)|Z,) due to model quality,
H (Y;|Z,) due to task variability (e.g., response
being outcome of coin toss), and H (Y| Z,) due to
semantic redundancy, more discussion about this
decomposition is provided in Sec. A.3. The above
two results suggest that response uncertainty de-
creases as prompt informativeness or model quality
increases due to the uncertainty in the response
concept. It can be understood through our PRC
model: a highly informative prompt provides a
strong and unambiguous initial concept, which acts
as an ‘anchor’ for the response generation. This an-
chor constrains the possible generated responses to
a narrow set of semantically similar outcomes and

thus reduces the final response entropy. Conversely,
a vague prompt allows for many divergent genera-
tion paths, resulting in higher uncertainty. Further-
more, when sufficient information is provided in a
prompt and Assumption 1 hold, no uncertainty (£)
remains due to the prompt concept and model qual-
ity. The remaining randomness in responses can
be decomposed into two terms: H (Y| Z,,), which
represents the uncertainties due to task variability
(H (Y7|Z,)) and semantic redundancy (H (Y| Zy)).

The task variability (H (Y;|Z,)) is the aleatoric
uncertainty in the prompt task. If the prompt task
does not have a deterministic ground truth (e.g.,
forcing the model to answer the outcome of toss-
ing a fair coin), the aleatoric uncertainty exists and
is irreducible. In our experiments, we eliminate
this source of uncertainty by using QA datasets for
the prompt tasks with deterministic ground truth.
We observe multiple realizations of the response
concept for the same prompt concept across dif-
ferent iterations due to the imperfection of g, re-
sulting in variations in responses. However, as
shown in Fig. 7c, as the LLM quality improves,
& gets smaller, resulting in lower overall response
uncertainty. When an LLM can extract all task-
relevant attributes, there should be no randomness
in response due to the prompt and the remaining un-
certainty in the response arises only from semantic
redundancy (H (Y;.|Z,)), which is the ability of the
multiple responses expressing the same response
concept, i.e., multiple responses are semantically
equivalent (Kuhn et al., 2023), which is the irre-
ducible uncertainty (see Theorem 1).

Remark 1 (Compatibility with autoregressive
decoding). During autoregressive decoding, the
model re-feeds the growing token sequence (z,Yy)
at each step t. Although the input changes, no new
source of randomness is introduced. Thus, the
uncertainty decomposition for the full sequence
applies directly to each next-token distribution.
No additional uncertainty arises from feeding back
tokens that are already in-distribution under ©,,.

3.3 Epistemic and Aleatoric Response
Uncertainty

In machine learning literature, epistemic uncer-
tainty is typically reduced by incorporating addi-
tional information, such as using a better model and
additional training data (Hiillermeier and Waege-
man, 2021; Lahlou et al., 2021; Senge et al., 2014;
Shaker and Hiillermeier, 2020; Valdenegro-Toro



and Mori, 2022; Der Kiureghian and Ditlevsen,
2009). In Proposition 1, H (Z.| X) represents the
epistemic uncertainty in the latent concepts.! We
have demonstrated that H (Z.| X) is strictly re-
duced with a prompt that contains more attributes
of the relevant concept(s). Thus, increasing the
information about the concept in a prompt can lead
to more reliable and consistent responses by re-
ducing the epistemic uncertainty in the latent con-
cept (Hiillermeier and Waegeman, 2021). However,
if the prompt contains information that are irrele-
vant to the task, the response uncertainty can also
increase, as demonstrated in Fig. 11d.

Due to the model’s inability to learn a perfect
mappings during training as well as the possibility
that the task in the prompt may not have a determin-
istic ground truth, the mapping from the prompt
concept to the response concept cannot be deter-
ministic. In Theorem 1, £ captures the uncertainty
due to model quality. In scenarios where model
parameters are allowed to be modified, this uncer-
tainty becomes epistemic and can be reduced as the
model quality improves (Fig. 7c). The uncertainty
due to task variability (H (Y;|Z,)) is the irreducible
aleatoric uncertainty of the given prompt task. The
remaining response uncertainty characterized by
the term H (Y;.|Z,)) that arises due to semantic re-
dundancy. It can be further reduced in two ways:
use fine-tuning or prompting to instruct the model
to reply with a certain fixed style.” Due to seman-
tic equivalence, semantic redundancy is generally
not detrimental to the desired information. It is
possible that a model can result in low response
uncertainty but poor response quality (Singh et al.,
2023; Li et al., 2024; Fu et al., 2025).

4 Experiments

To validate our proposed prompt-response concept
model, we empirically demonstrate different as-
pects of our proposed model in different settings,
the details of which are as follows. For instruction-
fine-tuned LLMs, their prompts usually are in the
form of some tasks from the user (i.e., ‘explain to
me why the sky is blue’). Our experiments treat a
relatively simple task as a ‘concept’ and a complex
task as a composition of multiple concepts. All

'Tt is termed the semantic entropy in Kuhn et al. (2023). In
this paper, we study it through the lens of uncertainty reduc-
tion.

*The response style can be viewed as an implicit concept,
S0 semantic redundancy can be reduced by providing relevant
style information in the prompt to guide the model response.

selected datasets have deterministic ground truths
to eliminate the aleatoric uncertainty in the tasks.

4.1 Informative Prompt vs. Response Quality

It is worth noting that low uncertainty in model re-
sponses does not necessarily indicate high response
quality, as an LLM can produce outputs with very
low uncertainty while being blindly confident in in-
correct answers. This behavior is problematic and
can lead to hallucinations (Huang et al., 2023b). To
ascertain the actual relationship between prompt,
model response uncertainty, and quality, we fur-
ther investigated the relationship between the ef-
fective token count of the prompt and model re-
sponse quality. To assess if the reduction in uncer-
tainty translates to improved output quality, we test
the model’s output accuracy when answering the
multiple-choice questions (MCQs

Datasets. We selected 100 MCQs from the Med-
ical Meadow MedQA dataset (Jin et al., 2021), a
benchmark for medical question answering. Due
to space constraints, we report additional results
on general-domain reasoning datasets, ARC (Clark
et al., 2018), OpenBookQA (Mihaylov et al., 2018),
and RACE (Lai et al., 2017), in Sec. B.

Controlling prompt informativeness. We use
three methods for controlling prompt informative-
ness: sentence-level removal, attribute-level re-
moval, and token-level removal.

(D Sentence-level removal. We iteratively select
an increasing fraction of randomly selected sen-
tences from the context of the questions.

(@ Attribute-level removal. We first prompt the
LLM to identify key concepts in the context (e.g.,
entities, events, and locations), along with their as-
sociated attributes, which are defined as specific
facts or details that describe each concept. These
attributes are extracted as exact quoted spans from
the original text and then selectively removed. Un-
like sentence-level removal, which indiscriminately
deletes entire sentences, attribute-level removal tar-
gets semantically meaningful information that is
critical for comprehension. This approach enables
a more fine-grained analysis of model degradation
when relevant facts are missing, rather than merely
reducing the amount of text.

(® Token-level removal. We iteratively select an
increasing fraction of randomly selected tokens in
the context by replacing them with space tokens.
For each question, we set the decoding tempera-
ture to 1 and sample 100 responses to assess output
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variability. We repeat this process using 5 different
random seeds to select the tokens for replacement.
As the fraction of removed content increased,
we incrementally expanded the set of randomly se-
lected elements (sentences, attributes, or tokens),
while keeping previously removed elements fixed.
This controlled procedure ensures that changes in
model performance are attributable to the increas-
ing degree of information removal, rather than ran-
domness in the selection process. As a result, we
can more reliably assess the impact of reduced
prompt informativeness on response quality.

Results. In Figs. 2, 3a, 3b and 5, we plot the accu-
racy for the responses of different open-source and
black-box LLMs on the same set of MCQs. As the
fraction of removed content in the prompt increases,
the accuracy monotonically decreases across all
tested models and removal strategies. For each
random seed, we also compute the empirical con-
ditional entropy H (Y| X) of the model responses
for the given questions® (Figs. 2, 3a and 5) as a
measure of response uncertainty. As more informa-
tion is removed, response uncertainty consistently
increases for all models (and monotonically for

3We assume a uniform distribution over questions, i.e.,
p(z) In the absence of access to the true
conditional distribution p(y|x), we estimate H (Y |X) =
— >, p(@) 322, B(ylz) log H(y|z), where p(y|x) is obtained
from the empirical response distribution. This metric is partic-
ularly suitable for MCQ settings, where the model’s effective
output is a single discrete choice.

larger LLMs), revealing a clear negative correlation
between H (Y| X') and response accuracy. These
results support our hypothesis that greater prompt
informativeness reduces response uncertainty and
improves output quality. Furthermore, as shown in
Figs. 3c, 3d, 7a and 7b, models with higher accu-
racy exhibit lower empirical conditional entropy,
corroborating our characterization of £ in Theo-
rem 1.

An interesting finding across all tasks is that suf-
ficient prompt informativeness can allow a smaller
model to match or even outperform a more capable
one, e.g., Gemma?2 27B model with full context sur-
passed GPT-40-mini with upto 80% context. This
result underscores that a high-quality prompt can
effectively compensate for a model’s inherent scale,
enabling less powerful models to achieve highly
competitive performance.

4.2 mHealth Intervention Usecase

We now demonstrate the effectiveness of our pro-
posed approach in a real-world simulation use
case in mHealth setting. We adapt the formula-
tion from Shin et al. (2022); both the app and the
user act as reinforcement learning agents. The app
agent’s objective is to encourage the user agent to
adhere to the PT routine. The user agent moves
along a chain with [V states, where a higher state
number represents a healthier physical state, and
state [V indicates completion of the PT routine.
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Figure 4: Results from PT intervention simulation. For (a) and (b), a higher value indicates more improvement.
For (c), a lower value indicates more improvement. (d) is the patient’s optimal policy averaged across all health
states, obtained from analytically solving the MDP. A higher value indicates on average the patient agent is more
likely to continue engaging in PT. Overall, we observed prompt with more information gave rise to more consistent
improvement compared to prompt with less information across all patient types.

We conduct the intervention simulation experi-
ment with LLM to compare the effect of prompts
with different informativeness levels on the inter-
vention outcome. The experiment concludes that
when the prompt provides the LLM (i.e., the app
agent) with more information about the patient’s
intentions and the strategies it can employ, the effi-
ciency of the intervention improves consistently for
different patient types compared to scenarios with-
out the additional information. A more detailed
description of this experiment is given in Sec. B.4.

Due to space constraints, we have provided ad-
ditional experimental results in Sec. B.

5 Related Work

While uncertainty quantification has been exten-
sively studied in machine learning, its application
to LLMs remains relatively underexplored. Kada-
vath et al. (2022) investigated the extent to which
LLMs can accurately self-evaluate their knowledge
and how LLM calibration can improve response
quality. Their goal of calibrating LLMs was to
align the variability in model responses with ac-
tual uncertainty so that response variations gen-
uinely reflect the model’s lack of relevant knowl-
edge given the prompt. Kuhn et al. (2023) intro-
duced the concept of semantic entropy to more
precisely quantify the uncertainty in the informa-
tional content of model responses, accounting for
semantically equivalent variations and eliminat-
ing noise from paraphrasing. Lin et al. (2023)
proposed a method for estimating uncertainty in
black-box LLMs for question-answering tasks by
measuring response similarity using a Natural Lan-
guage Inference (NLI) model, combined with sim-
ple dispersion-based measures. In a related but
orthogonal line of work, Wagle et al. (2023) con-
ducted empirical studies on pretrained language
models (PLMs) and found that, while PLMs are

often overconfident, larger models tend to be better
calibrated, i.e., confidence estimates more closely
aligned to actual prediction accuracy. Similar to
our work, Ling et al. (2024) aim to understand
and quantify LLLM response uncertainty by decom-
posing it into aleatoric and epistemic components.
However, their study is limited to the setting of ICL
and assumes a correlation between model response
accuracy and uncertainty without direct empirical
examination. In contrast, we explicitly investigate
whether lower response uncertainty necessarily im-
plies higher response quality. While we also adopt
an entropy-based uncertainty measure, similar to
Kuhn et al. (2023), Lin et al. (2023), Wagle et al.
(2023), and Farquhar et al. (2024), our focus is on
understanding the LLM’s response uncertainty, and
how increasing informativeness and model quality
can be used as a principled way to reduce response
uncertainty. We defer additional related works on
asymptotic behaviors of LLMs to Sec. A.1.

6 Conclusion

This paper highlights the significance of under-
standing how prompts and models impact response
uncertainty in LLMs. By examining the informa-
tiveness of prompts, we demonstrate that more in-
formative prompts, when combined with a better
model, result in lower response uncertainty. To for-
malize this relationship, we introduce the prompt-
response concept (PRC) model that captures how
LLMs generate responses from prompts and helps
identify sources of uncertainty. The insights from
this work provide a principled approach for enhanc-
ing prompt design, which is crucial for the safe and
effective use of LLMs in decision-making tasks,
particularly in high-stakes domains such as health-
care. Future research may further refine the PRC
model and explore its applicability in other areas
that require reliable LLM responses.



7 Limitations

This work has two key limitations, which we out-
line in this section to guide future research.

Idealistic nature of the PRC model. It is worth
noting that the PRC model that we proposed in this
paper assumes an idealized version of LLMs. As
empirically demonstrated, while models such as
GPT-3.5-Turbo, GPT-4 and Llama-2, and Llama 3
exhibit behaviors largely according to our predic-
tions, there are still some modes in which they devi-
ate (e.g., Qwen2_1.5b plot). This is likely in those
cases where LLM does not know the mapping per-
fectly. For example, Lu et al. (2021) showed that
the order of exemplars in ICL influences the model
response quality. Our model does not capture this
phenomenon. However, the authors showed that in
the same work, the order of examples tends to have
less effect as model quality gets better. Other such
examples include jailbreak by asking the model
to repeat the same single-token word for a suffi-
ciently long period of time (Nasr et al., 2023), by
appending adversarially crafted tokens (Zou et al.,
2023), and translating the prohibited request into
low-resource language (Yong et al., 2023). Simi-
larly, it was observed that adversarial attacks tend
to have lower success rates as the model becomes
more capable. While further investigation is needed
to incorporate the adversarial behavior of LLMs
into this framework, the more capable LLMs are
less prone to these failure modes. Our model can
more effectively explain them.

LLMs for human behavior simulation. Re-
search exploring the parallels between human be-
havior and reasoning patterns and those of LLMs,
as well as the adaptation of LLLMs as human substi-
tutes in diverse studies, is detailed in Aher et al.
(2023), Argyle et al. (2023), Binz and Schulz
(2023), and Dasgupta et al. (2022). These studies
frequently demonstrate LLMs’ capacity for human-
like responses, leading many to regard them as
viable alternatives. This paper, however, needs to
delve into the appropriateness of this substitution,
deferring to other works for such discussion.
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A Leftover Details

A.1 Related Works

Explanation for asymptotic behaviors of LLMs. Several recent efforts have been made to develop
frameworks that explain the surprising emergent behaviors of LLMs. Zhang et al. (2023b) demonstrate
that the attention mechanism in LLMs approximates Bayesian model averaging in the ICL setting. Wang
et al. (2023) conceptualize real-world LLMs as latent variable models, suggesting that these models
operate as implicit topic models by inferring latent conceptual variables from prompts. Notably, Xie
et al. (2022) interpret ICL as an instance of implicit Bayesian inference over latent concepts acquired
during pretraining. However, their analysis is limited to characterizing zero-one error in the asymptotic
case of infinite exemplars, and their hidden Markov model-based mathematical formulation is tailored
specifically to the ICL setting, making it unsuitable for analyzing chain-of-thought or conversational-style
responses. Furthermore, their theoretical results quantify the mode of the posterior predictive distribution
and do not address uncertainty quantification. Hahn and Goyal (2023) further extend this line of work by
incorporating greater flexibility and complexity in the exemplars, yet similarly provide only asymptotic
bounds on classification error. In contrast, our work complements these approaches by focusing on how
the response uncertainty varies with finite-length prompts, providing a more practical understanding of
LLM behavior in real-world scenarios.

A.2 Proofs

Lemma 1. For any LLM with exactly leaned g, and two concepts 61,02 € O, we have Xp, N Xp, = 0 if
01 # 0a. Furthermore, H(Zz| Xy, ) = 0.

Proof. The result holds trivially for the case in which Xy for any 6 € O, is an empty set. As discussed in
Sec. 3, each concept is completely characterized by all of its attributes, therefore, two different concepts
cannot have the same set of attributes, i.e., Ag, # Ap, if i # j. As our PRC model assumes any attribute
can be perfectly expressed by some sequence of tokens, any attribute ag, ,, € Ay, can be expressed by
a sequence of tokens. We denote the set of all possible sequence of tokens by Xs(agi, .)» Where s(ag, x)
denotes the semantic meaning of ag, ;.. Therefore, the set of attributes Ay, is expressed as a sequence of

tokens Xy, € Xp,, where Xy, = C ({Xs(ag/_’k)}2:1> in which n = | Ay, | and operator C applied in the
following way:
* Chooses one element z g

e X, foreach k € {1,2,...,n};

ag; k) (ap; k)

¢ Create a set Sp, containing all the selected elements x4, ,). Then, concatenate these elements in
Sp, to form sequences by exhausting all possible ordering and use this collection of sequences to
form a new set Xy .

* Repeat step 1 and 2 for all possible sets Sy, and generate all possible Xéi. Finally, take the union
of all such Xéi sets to form a new set. Since this set consists of all possible sequences that are
semantically equivalent and fully characterize 0;, it is exactly Xp,.

Intuitively, the operator C takes all sequences that fully characterize each attribute of the concept 6; and
generates all possible concatenated sequences that fully characterize concept ;. Therefore, under the
PRC model, for every 6 € ©,, there exits a non-empty set Xy. Since the attributes of any two distinct
concepts are different, i.e., Ag, # Ay, if i # j, Xo, # Xp, if i # j. Since Ay, is the support of Xy,,
X, ﬁ)(gj =0ifs # j.

Since the first part of Lemma 1 is non-trivially true in our framework, given any Xy, = z, there exits a
unique 6, € O, such that p(Z, = 0,|z) = 1 and p(Z; = 6,|2") = 0 for all 2’ # x. Therefore,

H(Zy|Xo,) =~ ) P(x) Y P(z|z)log P(]z)

l‘EX@w 2€Z,
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=— Z P(x) Z P(z|x)log P(z|x) + P(0|x) log P(0|x)
x€Xg, 2E€Z:\0

=— > P | > 0log0+1logl

z€Xg, 2E€Z2\0
== > P@)(0)=0
wGXgI

Note that in order for the model to get the correct conditional entropy above, it must know the
true mapping function g,. This is because it needs to be able to tell that p(Z, = 6,|z) = 1 and
p(Zy = 0;]2") = 0 for all 2/ # x). Therefore, our result holds when LLM has exactly learned g,,. ]

Proposition 1. As X, represents more informative prompts (i.e., as more task-relevant information is
included in the prompt), H (Z,|X ) decreases.

Proof. Given Lemma 1, we know that Z; depends on Xy_. If there exists Xy, € X, such that as C ay,,
then Z, and X are dependent. Therefore, I(Z,; X) > 0, and as a result

H(Zx|Xs) = H(Zw) - I(Zm3Xs) < H(Zw) ()

Let Z! denote the random variable formed by Z, conditioning on X. Since Supp(Z.) C Supp(Z,.),
there still exist semantically meaningful prompts X that is related to Z.. Apply Inequality (2) again we
obtain:

H (Z./(Xs, X{)) = H(Z,| X)) <H(Z;) = H(Z|X = X;) <H(Z,), (3)

where X! = (X, X!) is a longer prompt sequence formed by appending X! to X,. By iteratively
applying the inequality in Eq. (3), we finally obtain Proposition 1. O

Theorem 1. As X represents more informative prompts, H (Y| X) strictly decreases. Specifically
H(Y|X,) <H(Y\|Zy)+H(9:(Z3)|Zy)+H (Zy| Xs). Furthermore, H (Y | Xy) converges to H (Y;|Z,) +
H(Y.|Z,) + £, where & decreases as the model quality improves. When Assumption 1 hold, £ — 0 as
prompt informativeness increases.

Proof. To simplify notation, we use Y instead of Yy, and assume the model response is complete (i.e., the
last token is the ‘EOS’ token). By design, Z, and Z, are discrete random variables. Intuitively, it is easy
to see why discretizing concepts is a reasonable way to model concepts. Since LLMs are trained with texts
that are discrete, it is not feasible to interpolate between any two concepts with infinitesimally small step
sizes with natural language as the medium. We consider a general setting, where g. can be a stochastic
function, i.e., Z, can have different realizations for the same Z,. Since H (f(X)|Y) < H(f(X), X|Y),
we have

H(Zy|X,) < H(Zy, Z:|Xs) = H(Z:|Xs) + H(Zy| Zs, X)), (4)
therefore,

H(Zy|X,) < H(Z:|Xs) + H(Zy| Zs, X5)
=H(Z,|X,s)+H(Zy|Z),

as Z, is conditionally independent of X, given Z,. Finally, since

H(Y) = H(Y, Z,) — H(Z,Y)
=H(Y|Z,) +H(Z,) —H(Z,]Y),
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we can express the entropy of the response posterior as follows:

H(Y|X,) = H(Y|Z,, X;) + H(Z,|X5) = H(Z,]Y, X;)
=H (Y‘Zy) +H (Zy’Xs) —H (Zy’Yv Xs)
(Y is conditionally independent of X given Z,).
<H(Y|Z,) + H(Z,|X.)
<HY|Zy) +H(Z;|Xs) + H(Zy|Z, X)
(from Eq. (4) and Z, is conditionally independent of X given Z,)
= H(Y|X,) <HY|Zy) +H(9:(Z2)|Z:) + H(Z:|Xs). (a8 Zy = 9.(Zz))

This completes the proof of the first part. Furthermore, we can rewrite H (Y| X) = H (Y'|Z,) + £. The
term & captures the stochasticity of g. which is upper bounded by H (9.(Z;)|Z,;) + H(Z,|Xs), and it
depends the quality of the LLM. In our experiments, we observe that better LLMs (i.e., with higher
accuracy for the same given prompts) have smaller empirical entropy values (Figs. 3c and 3d). With the
PRC model, we interpret this as because better LLMs learned a better g. during their training, such that
the £ is smaller. Ideally, when the LLM is perfectly trained and the task in the prompt has a deterministic
ground truth, g. is deterministic, the term £ vanishes, and only semantic redundancy and task uncertainty
remain. Therefore, we can rewrite H (Y'|Z,) = H(Y;|Z,) + H (Y;|Z,) to characterize the randomness
due to the inherent uncertainty in the task (e.g., asking for the outcome of an instance of tossing a fair coin)
and the semantic redundancy in model responses because there are multiple ways of expressing the same
concept (i.e., semantically equivalent sequences). This result holds for the LLM that knows the true g,,.
Due to Proposition 1 and Lemma 1, when X has enough information to perfectly characterize the concept
(e, Xs € Xp,), H(Z;|Xs) =H(Z:| Xp,) = 0 for the LLM with known g,.. Hence, H (Z,| X,) reduces
to H(Z,|Z,) (since it is upper bounded by H (Z,|X;) + H (Z,|Z,)) and € reduces to a non-negative
value that is no larger than H (g.(Z,)|Z,), which further decreasing as model quality improves. As a
result, the value of £ reduces as the model quality increases. O

A.3 Discussion about Response Uncertainty Decomposition

In this section, we examine the decomposition of response uncertainty. As discussed in Sec. 3.2, each
component of uncertainty captures a distinct source of variation:

* H(Z,|X) reflects uncertainty due to prompt underspecification, specifically, the model’s inability to
infer the intended concept from the prompt, either because of incomplete information or limitations
in its inherent knowledge.

* H(g.(Z,)|Z,) captures uncertainty arising from model quality, i.e., the model’s ability to generate the
appropriate high-level abstractions (response concepts) based on its understanding of the instruction.
This uncertainty depends on how well the model interprets the prompt and produces a suitable
response, overall depending on model’s quality.

* H(Y;|Z,) represents task-related variability, where randomness is inherent to the task itself (e.g.,
predicting the outcome of a fair coin toss or rolling a die).

* H(Y,|Z,) accounts for semantic redundancy, reflecting the existence of multiple ways to express
the same underlying response concept (i.e., different sequences that are semantically equivalent
sentences).

Together, these components provide a structured view of the different sources of uncertainty in language
model outputs.

A.4 Relationship between Prompts and Response

Having established the PRC model, we now seek to formalize it mathematically to analyze the response
uncertainty. As stated before, we now analyze the probability of a response-level, complete response y
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given the initial prompt x. Following prior work (Xie et al., 2022; Hahn and Goyal, 2023; Zhang et al.,
2023b; Wang et al., 2023), which assumes that LL.Ms implicitly perform Bayesian inference, we also
adopt this perspective. Specifically, we assume that the conditional distribution p(y|z) representing the
posterior predictive distribution is marginalized over the latent prompt and response concepts, and is

p(ylz) = / p(y16,,2)p(0,|)d6, = /6 /6 D(y10y,2)p(010r 2)p(0 ), 8.

Oy

The first equality follows from conditioning the response on the response concept. Critically, the term
p(y|6y, x) represents the probability of the response y generated from the response concept 6. The
second equality follows from

p(0,)z) = /9 0,182, 0)p(0, ).

which is conditioning distribution of the response concept given the prompt concept. If p(6.|z) (where
¢ = {x,y}) concentrates on a specific concept with a more informative prompt, the LLM learns effectively
via marginalization. More concretely, our PRC model assumes that the LLM achieves this by extracting
task-relevant attributes from the prompt = and using its inherent knowledge acquired during pretraining.

B Additional Experiment Details

We first give additional experiments on other datasets such as ARC (Clark et al., 2018), OpenBookQA (Mi-
haylov et al., 2018), and RACE (Lai et al., 2017), comparing the accuracy and empirical entropy of
generated responses across different LLMs under similar conditions as described in Sec. 4.1. We then
show the ablation studies in Sec. B.4.1, demonstrating how response uncertainty varies with different types
of noisy prompts. Finally, we describe the details about our mHealth intervention simulation experiments.
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Figure 5: Accuracy and entropy for RACE dataset after sentence- and attribute-level removal. There is strong
negative correlation between accuracy and uncertainty, with less accurate models generally showing greater
uncertainty in their responses.

We also selected 100 MCQs from ARC (Clark et al., 2018) and OpenBookQA (Mihaylov et al., 2018)
datasets. In Figs. 6b and 6d, we plot the accuracy for the responses of three open-source and three
black-box LLMs on the same set of MCQs. As the fraction of masked tokens increases in prompt,
the accuracy monotonically decreases for all tested models. For each random seed, we also plot the
empirical conditional entropy H (Y| X) of the response for the given questions* (Figs. 6a and 6¢) as an
indicator of response uncertainty. As corruption becomes more severe, we observe that the response
uncertainty increases for all models (increases monotonically for larger LLMs), indicating a clear negative
correlation between H (Y| X') and the response accuracy. This result corroborates our hypothesis: more
relevant information leads to both a reduction in response uncertainty and an improvement in its quality.
Furthermore, as shown in Fig. 7c, models with better accuracy tend to have lower empirical entropy. This
corroborates our characterization of £ in Theorem 1.

“The distribution of the questions used p(z) is assumed uniform. With no access to the prior of p(y|z), we use the form

H(Y|X) = -3, p(z) 32, p(y|z) log p(y|z) where p(y|x) is obtained from the empirical distribution and p(x) = 55 for all
z in the setting. The conditional entropy is a good measure for MCQs setting as the model’s effective response is just one choice.
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uncertainty (i.e., empirical entropy) for difference models. Averaged across Medical Meadow Medqa, ARC and
OpenbookQA) and all corruption levels.

B.1 The Relative Importance of Different Attributes

We investigate to what extent different attributes contribute to model response quality and uncertainty. We
choose 10 questions from the RACE dataset (Lai et al., 2017) with moderate context length, assume each
context as one concept and the sentences it comprises as its attributes, and use leave-one-out method to
remove one sentence from its context, for each case generate 100 response samples and observe its impact
on the model response. As shown in Fig. 8, we observed for some cases, there is a strong correlation
between the choice of the removal of the sentence and the response quality and uncertainty across different
models. This suggests that to some degree, there is a consensus among the LLMs about the importance of
certain attributes in affecting model’s ability to find the right prompt and response concept.

Prompt 4 Leave-One-Out Accuracy Prompt 4: LOO Entropies (Multiple Models) Prompt 7 Leave-One-Out Accuracy Prompt 7: LOO Entropies (Multiple Models)

2 3 4 [ o T 2 H 3 3 s H 3 i s ] T B 3
Removed Sentence index ~ emoved Sentence ndex. Removed Sentencendex ~ emoved Sentence ndex.

(a) Prompt 4 LOO Accuracy (b) Prompt 4 LOO Entropy  (c) Prompt 7 LOO Accuracy  (d) Prompt 7 LOO Entropy

Figure 8: (a) Prompt 4 Leave-One-Out Accuracy. (b): Prompt 4 Leave-One-Out Empirical Entropy. (c): Prompt 7
Leave-One-Out Accuracy.(d): Prompt 7 Leave-One-Out Empirical Entropy. For all plots, the colour not visible
has value 0. It can be observed that there is clear correlation between the choice of the sentence removal and the
response quality/uncertainty , which indicates certain attributes are commonly important across multiple models.

B.2 Response Quality vs. Model Precision

Fig. 9 illustrates the relationship between model precision and both accuracy and response uncertainty
across multiple MCQ datasets (MedQA and RACE). We observe a clear and strong negative correlation
between model precision and response quality: less precise models consistently exhibit higher empirical
conditional entropy and lower accuracy, while more precise models produce more confident and accurate
responses. This trend holds across datasets, suggesting that increased model precision is closely associated
with reduced response uncertainty and improved decision quality in multiple-choice question answering.
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Figure 9: Accuracy and entropy for MCQs datasets vs. model precision. There is a clear and strong negative
correlation between model precision and response quality, with less precise models generally showing greater
uncertainty and lower accuracy in their responses.

B.3 License for Datasets

Medical Meadow MedQA (Jin et al., 2021): MIT License; ARC (Clark et al., 2018): CC BY-SA 4.0;
OpenBookQA (Mihaylov et al., 2018): Apache License 2.0; RACE (Lai et al., 2017): non-commercial
research purpose only; SQuAD (Rajpurkar et al., 2016): CC BY-SA 4.0.

B.4 Further Details on the mHealth Intervention Simulation Experiments in Sec. 4.2

At the beginning of the PT, the user is at state 0. The user has their default set of MDP parameters (i.e.,
discount factor ~y, probability of transiting to the next healthier physical state p, and the probability of
disengaging from PT d). In this setting, those MDP parameters are interpreted in the following way:
represents the farsightedness of the patient, p represents the probability of the patient’s health state gets
improved if they chooses to engage in PT, d represents the probability of the patient disengaging from PT
if they chooses to abstain from PT. Based on these parameters, the user agent can solve this MDP and
figure out their optimal policy. The task of the app agent is to intervene on the user’s MDP parameters
such that the optimal policy for the user is to complete the PT (i.e., go from state 0 to state N.> We use the
same formulation in this simulation by using two LL.Ms as the app agent and the user agent respectively.
The app agent uses natural language to intervene in the user behavior. The user LLM is grounded in the
aforementioned MDP setting. Specifically, in the system message for the user agent, the model is told
they will increase the value of v (i.e., farsightedness) when the app agent persuades the user agent to
value more on the long-term goal of PT, increase p (i.e., probability of improvement) and decrease d (i.e.,
probability of disengagement) when the app agent manages to strengthen the user’s belief in the efficacy
of PT. An illustration of the setup can be found in Fig. 10.
The effectiveness of the intervention depends on the following factors:

» The persuasiveness of and the strategy used by the app agent.
* The values of MDP parameters.

* The stubbornness of the user. The system message is defined in the way that a ‘stubborn’ user is less
likely to change their behaviors compared to a ‘not-so-stubborn’ user.

SRefer to Shin et al. (2022) for the complete description of the problem setting and formulation.
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Figure 10: Visualization of states and transitions in the digital health grid world. Arrows indicate the required action
and the probability of transitioning between states.

We conduct the intervention simulation experiment to compare the effect of different system messages
for the app agent on the outcome of the intervention. The two system messages for comparison can be
found in Sec. C.1.

We set N = 10. For each run, we give 7 rounds of conversation between the app agent and the user.
While the history of the conversation between them is visible to both parties within every run, the user’s
MDP parameters are not directly visible to the app agent. However, after every round of intervention,
after the user updates their MDP parameters, a value iteration solver will be used to find the optimal
policy of the patient, and this policy is visible to the app agent. The app agent can potentially leverage
this piece of information to decide how to proceed with the next round of intervention. The user agent
will also have the memory of this history in the change of their own MDP parameters. We use OpenAl
‘gpt-4-1106-preview’ API for both app agent and user and use 5 different random seeds for each different
setting. We run the intervention experiments on 5 types of patients, each with a noticeably different set of
initial MDP parameters from the rest. The exact values and details on the setup and can be found in Tab. 1.
The results can be found in Fig. 4.

It can be observed across all settings, with more useful information provided in the system message,
the MDP parameters were more likely to be changed in the positive direction (i.e., larger -y and p, smaller
d). As a result, the patient has improved PT engagement rate across all health states for all patient types.
Moreover, this change tends to have a longer persistent effect compared to when the system message
contains less useful information. This result is sensible because the more successful intervention came
from an app agent who was provided with more information to work with. It has a better intervention
strategy because its messages are tailored to specifically influence the user’s MDP parameters. Our
proposed framework provides an information theoretic perspective to formalize this intuitive notion: when
the system message with the longer prompt can specify the more relevant part of the concept in LLMs’
concept space and assuming the relevant knowledge is known, this prompt can provide consistent and
useful responses due to its less posterior entropy which translates to more effective intervention strategy.
As a result, the responses from the user are also more consistent and positive.

MDP parameters
gl p d

Patient Type

Underconfident 0.6 0.1 0.1
Overconfident 0.6 0.9 0.1
Myopic 0.1 0.6 0.1
Farsighted 0.9 0.6 0.1
Stubborn 0.1 0.6 0.1

Table 1: The initial MDP parameters values for every type of patient.
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B.4.1 Ablations

We also run a series of ablations to analyze the impact of various components of PRC model, prompt
informativeness, compositionality, and irrelevant information, on response uncertainty. The details of
which are as follows.

Prompt informativeness and response uncertainty. We first begin by assessing the response uncertainty
of LLMs through the generation of responses using increasingly longer prompts with more relevant
information (Sec. C.2 for the prompts used). For each prompt, we generate 100 responses from LLM with
uncalibrated logits (1" = 1) and project them into the embedding space as single points using the OpenAl
‘text-embedding-ada-002’ model. To quantify the uncertainty in the generated responses for a given
prompt, we use the rotal standard deviation, denoted as M (x), defined as y/Tr(X), where ¥ represents
the covariance matrix of the embedding vectors of responses y1, . . . , y100- For LLMs, the dispersion of
their responses in the embedding space indicates how much they differ in their semantic meaning (Lin
et al., 2023; Petukhova et al., 2024). Therefore, M (x) is an effective metric for how much uncertainty
there is in the model responses. It is noteworthy that Tr(X) is also referred to as total variation, serving as
a lightweight measure of dispersion in the data (Ferrer-Riquelme, 2009). This metric is applicable for
responses generated from both black-box and white-box LLMs, as it does not require access to logits.
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Figure 11: (a-b): Total Standard Deviation (M (x)) for prompts with different levels of informativeness. (c): Total
Standard Deviation increases with respect to increasing number of sub-tasks/concepts. (d): Additional irrelevant
information does not reduce response uncertainty. (e-h): The semantic entropy (unit: bits) counterparts of (a-d)
respectively showing consistent trends.

As illustrated in Fig. 11a, longer prompts with more task-related information resulted in reduced
response uncertainty. In the extreme case of an empty prompt (shown as blue bar), the responses vary
greatly in semantic meaning (see supplementary material). Our results show that the response uncertainty
decreases as the informativeness of the prompt increases. For a detailed examination of the relationship
between prompt’s informativeness and response uncertainty, we focus on the aforementioned mHealth
intervention task, and use prompts with different numbers of attributes for the same task. As shown in
Fig. 11a, that having more attributes present in a prompt generally resulted in smaller response uncertainty.
The lack of observable trend from bar 2 to bar 3 and from bar 4 to bar 5 could be due to adding redundant
information in the prompt (see supplementary material for details of all prompts and LLM model used).
We also run an additional experiment with two prompts containing different amounts of information for a
given task (see supplementary material for short prompt and long prompt) in which different uncertainty
measure is used. We generate N responses respective prompts and calculate the sequence-level normalized
predictive entropy (PE) (Wagle et al., 2023; Lin et al., 2023): PE(Y|z) = —4 >, p(ylz) log(p(ylz)),
where Y is the random response and the sum is taken over N = 3000 generated responses.°

%We model the entire generated response as the random variable instead of modeling it on the token level as in Wagle et al.
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Compositionality of concepts. A given prompt can have multiple attributes that correspond to different
concepts. In such cases, the model may infer more than one concept from the prompt.” Assuming the task
in the prompt is decomposable into k sub-tasks, each corresponds to a distinguishable concept. When we
fix the prompt’s size, on average, each concept only has more information due to the small number of
tokens that can be used. Therefore, having k sub-tasks/concepts in a fixed-size prompt should result in
more response uncertainty.

In our experiment, we consider the task of PT intervention with multiple sub-tasks/concepts and
compare the total standard deviation of the model responses with respect to the number of concepts
present. To test the hypothesis that a larger k£ leads to more response uncertainty, we ensure that the
prompt with k sub-tasks/concepts have the same token count as the prompt with only a single concept
(more details are given in supplementary material). In Fig. 11c, Prompt 1 corresponds to a single concept
while Prompt 2-4 contain multiple sub-tasks, each corresponding to one concept. Despite having the
same token count, prompts with more concepts exhibit larger response uncertainty. This result provides
evidence for the PRC model through the lens of the compositionality of concepts.

Effect of semantically meaningful but irrelevant information. Unlike random tokens, semantically
meaningful sentences correspond to specific concept in our PRC model. Does this imply that adding
arbitrary semantically meaningful sentences can still reduce response uncertainty? To examine this
behavior, we measured the response uncertainty when inserting an increasing number of arbitrary sentences
sampled from the Squad dataset (Rajpurkar et al., 2016) into our prompt (see supplementary material for
more details). As shown in Fig. 11d, response uncertainty increased for the prompts with these insertions
compared to the original prompt. The behavior, as discussed in Sec. B.4.1, likely occurs because the LLM
treats the original prompt and the irrelevant sentences as independent concepts.

C Further Experimental Details: Prompts and LL.Ms Models Used

In this section, we provide details about different prompts that are used in our experiments. All open-source
LLMs and APIs for black-box LLMs are specified in each corresponding subsection.

C.1 Prompts for the Experiments in Sec. 4.2

(1) Prompt with less relevant information: You are a helpful assistant. You strive to encourage a
patient who has just undergone a surgery to do physical therapy (PT). Make your words succinct (less
than 100 words) otherwise the patient might get impatient.

(2) Prompt with more relevant information: You are a helpful assistant. You strive to encourage a
patient who has just undergone a surgery to do physical therapy (PT). The PT is beneficial for the
patient’s recovery, however since it can be uncomfortable or painful for the patient, the patient may
not be motivated enough to keep on doing it. Your job is to remind the patient to do the PT everyday
and persuade him/her to do it if the patient is unwilling to do so. Your strategy is mainly to influence
the patient’s attitude and perspective towards the PT. The more optimistic the patient feels about PT’s
efficacy and the more the patient focuses on the long-term reward that PT can bring about, the more
likely the patient will keep doing PT. Make your words succinct (less than 100 words) otherwise the
patient might get impatient.

C.2 Details for the Experiment in Fig. 11a

The following system messages correspond to model prompts from bar 1 to bar 5 in Fig. 11a in the same
order. The first prompt is empty. The second prompt only puts a restriction on word count. Prompts 3-5
can be found in Sec. C.4 where a more detailed examination is conducted. The color coding represents
additional attributes related to the preceding prompt. The experiment was conducted with GPT-4-0613

(2023). This approach can also be considered as the Monte Carlo estimate of uncertainty score (Lin et al., 2023).

"This case differs from having uncertainty over multiple concepts. In our earlier case, we assume all attributes in the prompt
belong to only a single concept. In contrast, in the case of uncertainty over multiple concepts, the model knows there is more
than one concept in the prompt and puts uncertainty over each one of them. When sampled multiple times, the former will have
responses about only one concept at a time, whereas the latter will have responses about multiple concepts for each response.
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API in October 2023 (OpenAl APIs’ behavior can vary depending on when the queries are made).

Prompts:
(1) N.A. (empty);
(2) Make your response succinct (less than 100 words);

(3) You are a helpful assistant. You strive to encourage a patient who has just undergone a surgery to do
physical therapy (PT). Make your words succinct (less than 100 words).;

(4) You are a helpful assistant. You strive to encourage a patient who has just undergone a surgery to
do physical therapy (PT). The PT is beneficial for the patient’s recovery, however since it can be
uncomfortable or painful for the patient, the patient may not be motivated enough to keep on doing it.

Make
your words succinct (less than 100 words) otherwise, the patient might get impatient.

(5) You are a helpful assistant. You strive to encourage a patient who has just undergone a surgery to
do physical therapy (PT). The PT is beneficial for the patient’s recovery, however since it can be
uncomfortable or painful for the patient, the patient may not be motivated enough to keep on doing it.

Make
your words succinct (less than 100 words) otherwise, the patient might get impatient. Patient: I dont
want to do PT. It incurs too much burden to my body.

Remark 2. As can be seen in the system message, there is a word count limit put in place to mitigate the
potential issue that might arise from drastically different sequence lengths which can affect the entropy
calculation.

Remark 3. Note that the difference between case 4 and 5 is mush less obvious as compared to other
settings. This suggest that the LLM did not gain too much additional information from the user’s prompt.
Upon inspection, we can see this is because in step 4 the system message already conveyed almost all
information the app agent needs to know with regard to how it should carry out the intervention. The
uncertainty when LLM did not receive any information and only received response length limit is relatively
much larger because the valid response spaces are too huge in these two cases.

C.3 Model Response Samples when prompt is Empty for the Experiment in Fig. 11a

If we do not give any prompt to condition the model responses, the responses will vary a lot in their
semantic meaning. This is expected because, assuming the API provider does not have very strong
guardrails in place (Inan et al., 2023), the model’s responses are approximately sampled from its prior
knowledge, which can encompass any information from its entire training data. We conducted this
experiment in late 2023; since then, the behavior of the GPT-4-0613 checkpoint has changed, possibly
due to internal fine-tuning or guard-railing by OpenAl.

Samples:

(1) It is possible for human beings to travel to Mars in the future, but it would be a complex and
challenging endeavor. Several organizations and space agencies, such as NASA, SpaceX, and the
European Space Agency, are actively working on plans and technologies to make manned missions to
Mars a reality...
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(2) The "Blue Wall of Silence" refers to a culture within law enforcement where police officers protect
each other from accountability by refusing to report or testify against one another for any wrongdoing.
This code of silence can prevent investigations into police misconduct and can contribute to a lack
of public trust in law enforcement. Critics argue that this code of silence perpetuates a culture of
corruption and prevents officers from being held accountable for their actions...

(3) I'm sorry, I cannot help with that request.

(4) Sure, here’s a summary of the book for you:

"The Giver" is a dystopian novel written by Lois Lowry. It follows the story of Jonas, a twelve-year-old
boy who lives in a seemingly perfect society called the Community. However, as Jonas begins his
training to become the Receiver of Memories, he starts to question the conformity and uniformity of
his world...

(5) Dear [Name], I am writing to express my deepest condolences for the loss of your loved one. I can
only imagine the pain and sorrow you must be experiencing right now. Please know that I am here for
you in any way that I can be...

C.4 Details for the Experiment in Fig. 11b

The following system messages correspond to model prompts from bar 1 to bar 5 in Fig. 11b in the same
order. Additional information/attributes relative to the preceding prompt is color-coded with a different
color. Experiment was conducted with GPT-3.5-turbo APL

Prompts:

(1) You are a helpful assistant. You strive to encourage a patient who has just undergone a surgery to do
physical therapy (PT). Make your words succinct (less than 100 words) otherwise, the patient might
get impatient.

(2) You are a helpful assistant. You strive to encourage a patient who has just undergone a surgery to
do physical therapy (PT). The PT is beneficial for the patient’s recovery, however since it can be
uncomfortable or painful for the patient, the patient may not be motivated enough to keep on doing it.
Make your words succinct (less than 100 words) otherwise, the patient might get impatient.

(3) You are a helpful assistant. You strive to encourage a patient who has just undergone a surgery to
do physical therapy (PT). The PT is beneficial for the patient’s recovery, however since it can be
uncomfortable or painful for the patient, the patient may not be motivated enough to keep on doing it.
Your job is to remind the patient to do the PT everyday and persuade him/her to do it if the patient is
unwilling to do so. Your strategy is mainly to influence the patient’s attitude and perspective towards
the PT. Make your words succinct (less than 100 words) otherwise, the patient might get impatient.

(4) You are a helpful assistant. You strive to encourage a patient who has just undergone a surgery to
do physical therapy (PT). The PT is beneficial for the patient’s recovery, however since it can be
uncomfortable or painful for the patient, the patient may not be motivated enough to keep on doing it.
Your job is to remind the patient to do the PT everyday and persuade him/her to do it if the patient is
unwilling to do so. Your strategy is mainly to influence the patient’s attitude and perspective towards
the PT. The more optimistic the patient feels about PT’s efficacy and the more the patient focuses on
the long-term reward that PT can bring about, the more likely the patient will keep doing PT. Make
your words succinct (less than 100 words) otherwise, the patient might get impatient.

(5) You are a helpful assistant. You strive to encourage a patient who has just undergone a surgery to
do physical therapy (PT). The PT is beneficial for the patient’s recovery, however since it can be
uncomfortable or painful for the patient, the patient may not be motivated enough to keep on doing it.
Your job is to remind the patient to do the PT everyday and persuade him/her to do it if the patient is
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Make
your words succinct (less than 100 words) otherwise, the patient might get impatient. Patient: I dont
want to do PT. It incurs too much burden to my body.

Remark 4. Note that from the second to the third prompt and from the fourth to the fifth prompt,
the additional information can be inferred from the existing information, which is likely the cause of
insignificant uncertainty reduction when comparing bar 3 to bar 2 and bar 5 to bar 4 in Fig. 11b.

C.5 Details for the Experiment in Fig. 11c

The following system messages were used for experiment in Sec. B.4.1. The first system message is
defined as comprising only one task (i.e., 1 sub-task). In task 2-5, the black texts represent the same
task as task 1, and for the color-coded texts, each color represents a different sub-task (i.e., task 2-5 are
composite/decomposable tasks). The total word counts of task 1-5 are kept roughly the same within
+2 tolerance. Experiment conducted with GPT-3.5-turbo API. Results averaged from 5 runs with 95%
confidence intervals.

Prompts:

(1) You are a helpful assistant. You strive to encourage a patient who has just undergone a surgery to
do physical therapy (PT). The PT is beneficial for the patient’s recovery, however since it can be
uncomfortable or painful for the patient, the patient may not be motivated enough to keep on doing it.
Your job is to remind the patient to do the PT everyday and persuade him/her to do it if the patient is
unwilling to do so. Your strategy is mainly to influence the patient’s attitude and perspective towards
the PT. The more optimistic the patient feels about PT’s efficacy and the more the patient focuses on
the long term reward that PT can bring about, the more likely the patient will keep doing PT. Make
your words succinct (about 100 words) otherwise the patient might get impatient.

(2) You are a helpful assistant. You strive to encourage a patient who has just undergone a surgery to
do physical therapy (PT). The PT is beneficial for the patient’s recovery, however since it can be
uncomfortable or painful for the patient, the patient may not be motivated enough to keep on doing it.
Your job is to remind the patient to do the PT everyday and persuade him/her to do it if the patient is
unwilling to do so. Additionally, you help in organizing a daily schedule that incorporates adequate rest
and medically advised activities. This involves crafting a balanced routine that intersperses physical
therapy sessions with sufficient rest periods, nutritionally balanced meals, and leisure activities that are
enjoyable yet conducive to recovery, ensuring the patient remains engaged and motivated throughout
their recuperation process. Make your words succinct (about 100 words).

(3) You are a helpful assistant. You strive to encourage a patient who has just undergone a surgery
to do physical therapy (PT). The PT is beneficial for the patient’s recovery, however since it can
be uncomfortable or painful for the patient, the patient may not be motivated enough to keep on
doing it. Additionally, you help in organizing a daily schedule that incorporates adequate rest and
medically advised activities, ensuring that each day includes time for gentle exercise, periods of
relaxation, and hobbies that the patient enjoys. This balance promotes healing, reduces stress, and
fosters a positive mindset towards recovery. Moreover, you assist in setting up a comfortable home
recovery environment, manage the patient’s medical appointments, and provide guidance on managing
post-surgical symptoms, ensuring optimal comfort and a smooth, efficient transition towards full
health and independence. Make your words succinct (about 100 words).

(4) You are a helpful assistant. You strive to encourage a patient who has just undergone a surgery to
do physical therapy (PT). Since it can be uncomfortable or painful for the patient, the patient may
not be motivated enough to keep on doing it. Additionally, you help in organizing a daily schedule
that incorporates adequate rest and medically advised activities, ensuring that each day includes

24



time for gentle exercise, periods of relaxation, and hobbies that the patient enjoys. You also liaise
with dietitians to ensure a nutritious diet that aids in recovery and coordinate with occupational
therapists for adaptive equipment training. Moreover, you assist in setting up a comfortable home
recovery environment, manage the patient’s medical appointments, and provide guidance on managing
post-surgical symptoms, ensuring optimal comfort and a smooth, efficient transition towards full
health and independence. Make your words succinct (about 100 words).

(5) You are a helpful assistant. You strive to encourage a patient who has just undergone a surgery to do
physical therapy (PT). It can be uncomfortable or painful for the patient. Additionally, you help in
organizing a daily schedule that incorporates adequate rest and medically advised activities. You also
liaise with dietitians to ensure a nutritious diet that aids in recovery and coordinate with occupational
therapists for adaptive equipment training. Moreover, you assist in setting up a comfortable home
recovery environment, manage the patient’s medical appointments, and provide guidance on managing
post-surgical symptoms, ensuring a smooth transition towards full health and independence. Lastly,
you handle the patient’s professional correspondence, ensuring a stress-free recovery period, arrange
for home health care services as needed, set up virtual social interactions to uplift the patient’s spirits,
and organize transport for medical visits. Make your words succinct (about 100 words).

C.6 Details for the Experiment in Fig. 11d

The slight decrease in uncertainty from bar 3 to bar 4 and bar 5 to bar 6 in Fig. 11d is likely due to the
model mapping some of the added sentences into one concept. Note that this does not help reduce the
original task’s response uncertainty, as it is still higher than the response uncertainty for the clean input
prompt. The experiment was conducted using GPT-3.5-turbo API.

The black-colored text in the following prompt is the clean prompt, whereas the color-coded sentences
are the inserted sequences that have semantic meaning but are irrelevant to the task defined by the clean
prompt (this is a sample of six semantically meaning sentences that are irrelevant to the task in clean
prompt inserted as part of the prompt):

Prompts:

* You are a helpful assistant. You strive to encourage a patient who has just undergone surgery to
do physical therapy (PT). The PT is beneficial for the patient’s recovery, however since it can be
uncomfortable or painful for the patient, the patient may not be motivated enough to keep on doing it.
Your job is to remind the patient to do the PT every day and persuade him/her to do it if the patient is
unwilling to do so. Your strategy is mainly to influence the patient’s attitude and perspective toward
the PT. The more optimistic the patient feels about PT’s efficacy and the more the patient focuses on
the long-term benefit that PT can bring about, the more likely the patient will keep doing PT. This
law is a fundamental principle of physics. The classic case of a corrupt, exploitive dictator often
given is the regime of Marshal Mobutu Sese Seko, who ruled the Democratic Republic of the Congo
(which he renamed Zaire) from 1965 to 1997. Some consider koshari (a mixture of rice, lentils, and
macaroni) to be the national dish. In 1781, Immanuel Kant published the Critique of Pure Reason,
one of the most influential works in the history of the philosophy of space and time. The United
States Census Bureau estimates that the population of Florida was 20,271,272 on July 1, 2015, a 7.
Australian rules football and cricket are the most popular sports in Melbourne.”Make your words
succinct (about 100 words) otherwise, the patient might get impatient.
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