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Abstract

We study a bilevel max–max optimization framework for principal–agent contract
design, where a principal selects incentives to maximize utility while anticipating
the agent’s best response. This setting, central in moral hazard and contract theory,
arises in applications such as market design, delegated portfolio management, hedge
fund fee design, and executive compensation. While some special cases admit
closed-form solutions, realistic contracts involve nonlinear utilities, stochastic
dynamics, and high-dimensional actions for which analytical solutions do not exist.
We remove this dependence on closed forms by introducing a scalable framework
that solves general principal–agent problems without restrictive assumptions. Our
approach adapts machine learning techniques for bilevel optimization—specifically,
implicit differentiation with conjugate gradient (CG)—to compute hypergradients
using only Hessian–vector products, avoiding explicit Hessian inversion and scal-
ing to high-dimensional contracts. Applied to the classic Holmström–Milgrom
model, the method recovers the exact analytical optimum and converges reliably
from random initialization. Because it is matrix-free and problem-agnostic, it
extends directly to complex, nonlinear principal–agent models, providing a new
computational tool for contract design, specifically in financial markets.

1 Introduction

The design of incentive mechanisms is a central problem in economics, finance, and operations
research [9, 27, 30, 24, 10, 26]. In many settings, a principal (e.g., an employer, regulator, firm,
or portfolio manager) seeks to influence the actions of an agent (e.g., an employee, contractor, or
service provider) whose choices directly affect the principal’s payoff [17]. A key challenge is that the
principal cannot directly dictate the agent’s decision; instead, they must offer a contract specifying
how the agent will be compensated based on observable outcomes [36, 20, 21]. The agent, upon
observing the contract, chooses an action that maximizes their own utility, which may diverge from
that of the principal.

This interaction leads naturally to a bilevel optimization problem in which both levels are maximiza-
tion problems: the principal optimizes contract parameters in the outer problem, anticipating the
agent’s best-response in the inner problem [12]. Such models appear throughout the literature on
moral hazard [20, 17, 21], mechanism design [31], and industrial organization.
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A canonical example is the linear–quadratic principal–agent model of Holmström and Milgrom [21],
in which the principal offers a linear contract t = (s, b), consisting of a fixed payment s and a
performance-based incentive b. The agent chooses an effort level a that is costly to exert, and
output is noisy. Under quadratic cost of effort and mean–variance preferences, this model admits a
closed-form solution for (s⋆, b⋆, a⋆) [21]. While this structure is analytically tractable, real-world
contracts often involve nonlinear utilities, richer stochastic dynamics, and high-dimensional actions
for which closed-form solutions do not exist [37].

When u1 and u2 are differentiable, a natural computational strategy is to use gradient-based opti-
mization [13]. However, in bilevel settings the outer objective u1(a

⋆(t), t) depends on the contract
parameters t both directly and indirectly through the agent’s optimal response a⋆(t). Differentiating
through the inner maximization requires computing hypergradients that involve inverting the Hessian
of u2 with respect to the agent’s action, a computational bottleneck in high dimensions [16].

Contributions. We introduce a scalable, gradient-based framework for principal–agent contract
design that adapts implicit differentiation with conjugate gradient (CG) [18, 39, 8, 16, 28]. Although
CG-based implicit differentiation is a well-established tool in large-scale machine learning—with
applications in meta-learning and hyperparameter optimization [29, 33]—it has not previously been
applied to principal–agent models, where analytical derivations remain the norm. Our method
computes hypergradients entirely through Hessian–vector products, eliminating the need for explicit
Hessian inversion and scaling effectively to nonlinear utilities and high-dimensional contract spaces.
We test our method on classic moral-hazard settings and show that, except in extreme cases, it
recovers the exact closed-form optimum from random initialization, validating both its correctness
and stability. More broadly, the framework extends seamlessly to settings where closed-form analysis
is infeasible, offering a general-purpose computational tool that connects modern machine learning
optimization techniques with long-standing challenges in contract theory [9, 36].

2 Problem Setup

We consider the problem of contract design in a principal–agent relationship [17, 20]. In this setting,
a principal (e.g., an employer, a firm, or a regulator) wishes to design an incentive scheme that will
influence the behavior of an agent (e.g., an employee, a contractor, or a service provider).

The interaction has four key features: (a) the principal cannot directly dictate the agent’s decision
a (e.g., the level of effort exerted); (b) instead, the principal offers a contract t specifying a fixed
payment and performance-based incentives; (c) the agent observes t and chooses a to maximize their
own utility u2(a, t); and (d) the principal’s utility u1(a, t) depends on both the contract t and the
resulting action a. This leads to a bilevel max–max problem:

max
t∈Rm

u1 (a
⋆(t), t) (1)

s.t. a⋆(t) ∈ arg max
a∈Rn

u2(a, t), (2)

where t are contract parameters, a agent actions, and u1, u2 principal and agent utilities.

This type of bilevel max–max problem arises in economics, finance, and contract theory, where
the goal is to design incentives that align an agent’s actions with the principal’s objectives. In asset
management a principal (fund owner) may set a fixed fee s and performance–based rate b to maximize
returns net of payouts, anticipating that the agent (portfolio manager) will choose a risk exposure a to
maximize utility given market volatility σ, risk aversion r, and cost of risk-taking c.

In simple cases, the structure of u1 and u2 allows for a closed-form solution. However, outside
such highly structured quadratic settings, closed-form solutions generally do not exist. Realistic
principal–agent models may involve nonlinear production functions, multidimensional effort vectors,
stochastic dynamics, or additional constraints. In these cases, (1)–(2) must be solved numerically,
and the challenge becomes: How can we design efficient optimization algorithms to solve general
bilevel max–max problems when no analytical solution is available?

3 Method

When both the outer and inner objective functions are differentiable, a natural approach to solving the
bilevel problem (1)–(2) is to apply gradient-based optimization. In this setting, the outer objective
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Figure 1: Results for the Holmström–Milgrom linear–quadratic model with varying c. (Left)
Final relative errors in a and b. (Middle) Principal’s utility gap during optimization. (Right)
Relative error in b during optimization. Fixed parameters: r = 1.0, σ = 0.1; varied parameter:
c ∈ {0.1, 1.0, 10.0, 100.0}.
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Figure 2: Results with the Insurance Prevention model when varying r. Fixed values: c = 2.0,
σ = 0.25, ℓ = 1.0. Varied: r ∈ {0.001, 0.01, 0.1, 1.0, 10.0, 100.0}.

u1(a
⋆(t), t) depends on t both directly and indirectly through the agent’s optimal response a⋆(t).

Thus, computing the gradient ∇tu1(a
⋆(t), t) requires differentiating through the solution of the

inner problem (2), which is typically unavailable in closed form and may itself require iterative
optimization.

Theoretical derivation. Suppose a⋆(t) denotes an exact maximizer of the inner problem. Then it
satisfies the first-order optimality condition

∇au2(a
⋆(t), t) = 0. (3)

By the implicit function theorem,

da⋆(t)

dt
= −

[
∇2

aau2(a
⋆(t), t)

]−1∇2
tau2(a

⋆(t), t). (4)

Substituting this into the total derivative of u1 yields the hypergradient:

∇tu1(a
⋆(t), t) = ∂tu1(a

⋆(t), t)− ∂au1(a
⋆(t), t)

[
∇2

aau2(a
⋆(t), t)

]−1
∂2
tau2(a

⋆(t), t). (5)

Practical approximation. In practice, we do not have access to the exact optimum a⋆(t). Instead,
our algorithm computes an approximate best response ã(t) by running a limited number of gradient
ascent steps on u2(·, t). All quantities in (5) are therefore evaluated at ã(t) rather than a⋆(t).
Moreover, directly forming and inverting∇2

aau2 is computationally infeasible for high-dimensional
actions a. To avoid explicit inversion, we introduce an auxiliary vector v defined as the solution to[

−∇2
aau2(ã(t), t) + λI

]
v = ∇au1(ã(t), t), (6)

where λ > 0 is a small damping parameter for numerical stability. Once v is obtained (approximately,
using conjugate gradient), the hypergradient is estimated as

hypergradt = ∇tu1(ã(t), t) +∇2
tau2(ã(t), t)

⊤v. (7)

Practical implementation. The method is efficient because Hessian–vector products (HVPs)
such as∇2

aau2 v and∇2
tau

⊤
2 v can be computed with reverse-on-forward automatic differentiation,

avoiding explicit Hessian construction. We solve (6) approximately using Tcg iterations of conjugate
gradient (CG) (see Alg. 2) [18, 39, 8, 28, 16], which requires only HVPs. The cost of each outer
iteration is therefore: (i) the inner optimization for a⋆(t), (ii) Tcg HVPs for solving (6), and (iii) one
mixed HVP for ∇2

tau
⊤
2 v. In practice, Tcg ≪ dim(a) is sufficient for accurate hypergradients, and

the method scales without forming or storing Hessians.
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Algorithm 1 Bilevel Max–Max via Implicit Differentiation (CG) with Tolerances

Require: Utilities u1, u2; initial contract t0; initial action a0
Require: Inner steps Tinner, inner step size ηinner, inner tolerance εin
Require: Outer steps Touter, outer step size ηouter
Require: Damping λ ≥ 0, CG iterations Tcg, CG tolerance εcg

1: t← t0, a← a0
2: for k = 0 to Touter − 1 do ▷ outer loop: update contract t
3: (Inner solve: approximate best response)
4: for j = 1 to Tinner do
5: g

(u2)
a ← ∇au2(a, t)

6: if ∥g(u2)
a ∥2 ≤ εin then break

7: a← a+ ηinner g
(u2)
a ▷ gradient ascent on u2(·, t)

8: ã(t)← a ▷ store approximate inner maximizer

9: (Hypergradient via implicit differentiation + CG)
10: g

(u1)
a ← ∇au1(ã(t), t), g

(u1)
t ← ∇tu1(ã(t), t)

11: Define hvp(v)← −∇2
aau2(ã(t), t) v + λv ▷ SPD operator for CG

12: v ← CG
(
hvp, g(u1)

a , Tcg, εcg
)

13: m← ∇2
tau2(ã(t), t)

⊤v

14: hypergradt ← g
(u1)
t +m

15: (Outer ascent step)
16: t← t+ ηouter hypergradt
17: (Warm start) a← ã(t)

18: return t, a ▷ final contract and induced (approximate) action

4 Experiments

Our goal is to test whether the proposed implicit differentiation method with conjugate gradient (CG)
can reliably recover optimal contract parameters in bilevel max–max principal–agent problems. We
benchmark performance in five canonical CARA–Normal linear–contract environments with known
closed-form solutions: (1) the Holmström–Milgrom linear–quadratic benchmark [20], (2) insurance
with prevention (self–protection)[14, 38], (3) imperfect performance measurement with a single noisy
signal[26], (4) multiple noisy signals (two-signal aggregation)[26, 6], and (5) separable multitask
contracting[22]. These settings allow us to compare learned contracts and induced actions against
theoretical optima and to assess the numerical behavior of implicit differentiation in a controlled
environment (see Appendix C.1).

In each experiment, all environment parameters (e.g., c, σ) are fixed while a single parameter
of interest (e.g., r) is varied. Contract parameters b = t and the agent’s action a are initialized
independently from standard normal distributions.

We solve the bilevel problem (1)–(2) using Alg. 1. The inner problem is optimized by gradient
ascent on u2 with step size ηinner = 5× 10−3 for up to Tinner = 50 iterations, stopping early when
∥∇au2∥2 ≤ εinner = 10−4. The outer variables t are updated for Touter = 500,000 iterations with
step size ηouter = 10−3, using implicit differentiation with CG (Tcg = 20, damping λ = 10−4).
Each inner solve is warm-started from the previous ã(t).

We evaluate performance using three metrics: the relative errors in the agent’s action and contract
parameter, errora := ∥a−a⋆∥

∥a⋆∥ , errorb :=
∥b−b⋆∥
∥b⋆∥ and the principal’s utility gap, ∆u1 = u1(a

⋆, b⋆)−
u1(a, b), (a, b) are the learned action and contract parameters, and (a⋆, b⋆) are their closed-form
counterparts with a⋆ = a⋆(b⋆). Across all experiments, the algorithm consistently recovers the
optimal contract parameter b⋆ and achieves a negligible utility gap, along with the corresponding
optimal action a⋆(b⋆). Performance degrades only in extreme cases (e.g., when r ≪ 0.1, as in
Fig. 3), which correspond to economically unrealistic regimes where the varied parameter (such as
risk aversion r) takes on vanishingly small or excessively large values.
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Algorithm 2 Conjugate Gradient (CG) Solver

Require: hvp: function computing Hv for given v; right-hand side g; maximum iterations Tcg;
tolerance tol

1: v ← 0
2: r ← g − hvp(v) ▷ initial residual
3: p← r
4: rs_old← r⊤r
5: for k = 0 to Tcg − 1 do
6: Hp← hvp(p)
7: α← rs_old/(p⊤Hp)
8: v ← v + αp
9: r ← r − αHp

10: if ∥r∥2 < tol then break
11: rs_new ← r⊤r
12: β ← rs_new/rs_old
13: p← r + βp
14: rs_old← rs_new
15: return v

A Conjugate Gradient

The conjugate gradient (CG) method is an iterative algorithm for solving large, sparse, symmetric
positive-definite linear systems of the form

Hv = g,

where H is typically the Hessian of the inner objective with respect to the agent’s actions, and g is a
gradient vector from the outer objective. In our framework, CG is used to avoid explicitly forming
or inverting H , instead relying solely on Hessian–vector products (HVPs), which are computed
efficiently via automatic differentiation. This matrix-free property makes CG suitable for high-
dimensional principal–agent problems, since each iteration requires only one HVP and a few vector
operations.

Usage in our method. In (6), CG approximately solves[
−∇2

aau2(a
⋆(t), t) + λI

]
v = ∇au1(a

⋆(t), t),

returning v without explicitly computing or storing∇2
aau2. The resulting v is then used to form the

hypergradient in Eq. (5).

B Related Work

Principal–agent theory and contract design. Classic insight into incentive contracts arises from
hidden–action models of moral hazard [20, 17, 21] and the broader mechanism–design tradition [31].
These foundations have been synthesized in comprehensive works spanning labor economics, indus-
trial organization, management, and finance [9, 26, 36, 27, 30, 7, 19]. In the canonical CARA–Normal,
linear–contract framework, the Holmström–Milgrom linear–quadratic model offers closed-form solu-
tions under analytical tractability [21]. Subsequent extensions have preserved such tractability by
incorporating features like multitask incentives [22], imperfect or multiple performance measures
[6, 26], and insurance with prevention trade-offs [14, 38]. While these classical models provide sharp
comparative statics, they rest on restrictive assumptions—quadratic costs, Gaussian uncertainty, and
linear contracts—that limit their applicability in nonlinear or high-dimensional settings.

Computation in economics and finance. When analytical derivations are unavailable, economists
have relied on problem-specific computational fixes. In dynamic contracting, tractability often
comes from recursive formulations that reduce the principal’s problem to continuation utilities
[37, 40, 32, 25]. Structural estimation methods likewise design bespoke algorithms for particular
incentive models—ranging from nested fixed-point methods [35] and conditional choice probabilities
[23] to sequential and simulation-based estimators for dynamic games [2, 3, 11, 15]. More recently,
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online learning perspectives recast contract design as a bandit problem, yielding adaptive discretization
and regret-minimization guarantees [19, 41, 5]. Each of these approaches has advanced understanding
in specific settings, but all share the same limitation: they depend on handcrafted derivations or
strong structure, leaving open the question of how to compute contracts in more general nonlinear or
high-dimensional environments.

Bilevel optimization. Abstractly, principal–agent models can be cast as bilevel max–max programs
where the principal’s optimization anticipates the agent’s best response. Bilevel optimization has a
long tradition in operations research [12] and has become central in machine learning—powering
hyperparameter tuning, meta-learning, data reweighting, and differentiable programming [28, 33, 34,
4, 1]. Early methods differentiated through the inner solver by “unrolling” optimization steps [13],
which is memory-intensive and prone to truncation bias. More scalable approaches apply implicit
differentiation to the inner optimality conditions, reducing the task to solving linear systems involving
Hessians or Jacobians [16, 28]. Despite their success in machine learning, such bilevel optimization
tools have not been systematically applied to contract design.

Implicit differentiation and matrix-free methods. Modern implicit differentiation techniques
avoid explicit Hessian inversion by combining automatic differentiation for Hessian–vector products
(HVPs) with Krylov-style solvers like conjugate gradient (CG) [18, 8, 39]. This “matrix-free” recipe
underpins recent advances in scalable hypergradient methods for meta-learning, hyperparameter
optimization, and differentiable programming [29, 33, 16, 28]. Bringing this toolkit into principal–
agent problems fills the gap left by recursive, structural, and bandit approaches: it provides a
general-purpose, model-agnostic computational method that requires only gradient and HVP oracles.

Positioning and novelty. n this work, we adapt well-established implicit-differentiation techniques
to the distinctive max–max structure of principal–agent problems, introducing ascent directions
appropriate for inner maximizations and adaptive damping for numerical stability. Our framework
(i) reproduces known analytic solutions in classical settings, (ii) scales to nonlinear utilities and
high-dimensional contract spaces, and (iii) requires only gradient evaluations and Hessian–vector
product oracles, without ever forming or inverting the Hessian explicitly. In this way, we bring a
computational tool widely adopted in machine learning into contract design, showing that it provides
a flexible and general alternative to existing specialized methods.

C Additional Results

To expand on the main-text experiments, we conducted a wide range of experiments with the settings
outlined below.

C.1 Settings

We present a set of canonical hidden-action models in which a risk–neutral principal offers a linear
contract to a risk–averse agent. In each environment, the agent privately chooses an action (e.g.,
effort or prevention) that influences an output or loss variable, which is observed imperfectly or with
noise. Contracts take the form t = (s, b, . . .), where s is a fixed payment, and b (and possibly other
coefficients) link compensation to the observed performance measure(s). The principal and the agent
both have exponential utility with Constant Absolute Risk Aversion (CARA) preferences and face
normally distributed shocks, yielding tractable certainty–equivalent formulations.

We review the Holmström–Milgrom linear–quadratic benchmark and several extensions capturing
distinct informational and technological frictions: moral hazard in insurance with prevention, im-
perfect performance measurement, and relative performance evaluation. For each environment, we
state the utility functions, solve for the agent’s best response, impose the participation constraint, and
derive closed-form optimal contract parameters (a⋆, b⋆, s⋆, . . .).

Holmström–Milgrom (linear–quadratic baseline). In this setting, a risk–neutral principal hires
a risk–averse agent to produce output; the agent chooses effort a (cost c

2a
2), output is measured

with noise y = a+ ε, ε ∼ N (0, σ2), and pay is linear in measured performance, w = s+ by. The
principal’s and agent’s certainty–equivalent utilities are

u1(a, t; r, σ, c) = a− 1
2rb

2σ2 − 1
2ca

2,

u2(a, t; r, σ, c) = s+ ba− 1
2rb

2σ2 − 1
2ca

2,
(8)
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where r > 0 is the agent’s risk aversion, c > 0 is the effort–cost coefficient, and σ > 0 measures
output variability.

Imposing the participation constraint u2(a
⋆, t) = Ures yields the closed-form optimal contract:

b⋆ =
1

1 + rcσ2
,

a⋆ =
b⋆

c
,

s⋆ = Ures −
[
b⋆a⋆ − 1

2r(b
⋆)2σ2 − 1

2c(a
⋆)2

]
.

(9)

As r or σ2 rise, incentives become more costly and b⋆ decreases.

Insurance with prevention (self–protection). In this setting, a risk–neutral insurer offers coverage
to a risk–averse insured who faces a baseline loss ℓ > 0 and a zero-mean loss shock ε ∼ N (0, σ2)
with volatility σ > 0. Unobservable prevention a lowers expected loss linearly (from ℓ to ℓ− a) at
cost c

2a
2 with c > 0. The realized loss is L̃ = (ℓ − a) + ε. The contract is linear in the realized

loss: the insured pays a fixed premium s and receives indemnity bL̃, so they bears the residual loss
(1− b)L̃. The principal (insurer) and agent (insured) certainty–equivalent utilities are

u1(a, t; r, σ, c, ℓ) = −(ℓ− a)− 1
2r(1− b)2σ2 − 1

2ca
2,

u2(a, t; r, σ, c, ℓ) = −(1− b)(ℓ− a)− s− 1
2r(1− b)2σ2 − 1

2ca
2,

(10)

where r > 0 is the insured’s risk aversion, c > 0 is the prevention–cost coefficient, σ > 0 is the loss
volatility, and ℓ > 0 is baseline loss.

Imposing u2(a
⋆, t) = Ures yields the optimal contract:

b⋆ =
rcσ2

1 + rcσ2
,

a⋆ =
1

c(1 + rcσ2)
,

s⋆ = −Ures − (1− b⋆)(ℓ− a⋆)− 1
2r(1− b⋆)2σ2 − 1

2c(a
⋆)2.

(11)

As risk or risk aversion r increases, coverage increases (b⋆ ↑) and prevention decreases (a⋆ ↓),
reflecting moral hazard.

Imperfect performance measurement (CARA–Normal). We study a hidden-action setting in
which performance is observed only through a noisy signal z = αa + ε, with ε ∼ N (0, σ2) and
sensitivity α ∈ R. The contract is parameterized by t = (s, b), where s is a fixed transfer and b is the
slope on the signal. The principal’s and agent’s certainty–equivalent utilities are

u1(a, t; r, σ, c, v) = va − 1
2rb

2σ2 − 1
2ca

2,

u2(a, t; r, σ, c, α) = s+ b(αa) − 1
2rb

2σ2 − 1
2ca

2,
(12)

where r > 0 is risk aversion, c > 0 is the effort–cost coefficient, σ > 0 is signal noise, α is signal
informativeness, and v > 0 is the principal’s marginal value of effort.

Imposing the participation constraint u2(a
⋆, t) = Ures yields the closed-form optimal contract:

b⋆ =
vα

vα2 + rcσ2
,

a⋆ =
αb⋆

c
,

s⋆ = Ures −
[
b⋆αa⋆ − 1

2r(b
⋆)2σ2 − 1

2c(a
⋆)2

]
.

(13)

As α→ 0 (uninformative signal), incentives vanish (b⋆ → 0); as α rises or σ2 falls, the optimal slope
increases.

Relative performance (peer benchmark, CARA–Normal). Two agents face a common shock and
idiosyncratic noise. For agent i, yi = a+η+εi and yj = apeer +η+εj , where εi, εj ∼ N (0, σ2) are

10
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Figure 3: Results with the Holmström–Milgrom linear–quadratic model when varying r. Fixed
values: c = 2.0, σ = 0.1. Varied: r ∈ {0.001, 0.01, 0.1, 1.0, 10.0, 100.0}.
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Figure 4: Results with the Holmström–Milgrom linear–quadratic model when varying c. Fixed
values: r = 1.0, σ = 0.1. Varied: c ∈ {0.1, 1.0, 10.0, 100.0}.

independent and η ∼ N (0, τ2) is common. The contract is t = (s, b, d), with intercept s, own–slope
b, and peer–slope d on wi = s+ b yi + d yj . The principal’s and agent’s certainty–equivalent utilities
are

u1(a, t; r, σ, τ, c, v) = va − 1
2r
[
(b2+d2)(σ2+τ2) + 2bd τ2

]
− 1

2ca
2,

u2(a, t; r, σ, τ, c, apeer) = s+ ba+ dapeer − 1
2r
[
(b2+d2)(σ2+τ2) + 2bd τ2

]
− 1

2ca
2.

(14)

Imposing u2(a
⋆, t) = Ures and optimizing yields

d⋆ = − b⋆
τ2

σ2 + τ2
,

σ2
eff =

σ2(σ2 + 2τ2)

σ2 + τ2
,

b⋆ =
v

v + rcσ2
eff

,

a⋆ =
b⋆

c
,

s⋆ = Ures −
[
b⋆a⋆ + d⋆apeer − 1

2r b
⋆2σ2

eff − 1
2c a

⋆2
]
.

(15)

As the common-shock variance τ2 rises, the optimal peer loading becomes more negative (|d⋆| ↑),
residual risk per unit incentive increases (σ2

eff ↑), and the optimal own–slope b⋆ declines.
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Figure 5: Results with the Holmström–Milgrom linear–quadratic model when varying σ. Fixed
values: r = 1.0, c = 2.0. Varied: σ ∈ {0.05, 0.1, 0.2, 0.4}.
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Figure 6: Results with the Insurance Prevention model varying r. Fixed values: c = 2.0,
σ = 0.25, and ℓ = 1.0. Varied: r ∈ {0.001, 0.01, 0.1, 1.0, 10.0, 100.0}.
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Figure 7: Results with the Insurance Prevention model when varying c. Fixed values: r = 1.0,
σ = 0.25, ℓ = 1.0. Varied: c ∈ {0.1, 1.0, 10.0, 100.0}.
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Figure 8: Results with the Insurance Prevention model when varying σ. Fixed values: r = 1.0,
c = 2.0, ℓ = 1.0. Varied: σ ∈ {0.05, 0.1, 0.2, 0.4}.
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Figure 9: Results with the Insurance Prevention model when varying ℓ. Fixed values: r = 1.0,
c = 2.0, σ = 0.25. Varied: ℓ ∈ {0.001, 0.01, 0.1, 1.0, 10.0, 100.0}.
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Figure 10: Results with the Imperfect Signal model when varying r. Fixed values: c = 2.0,
σ = 0.1, α = 0.7, v = 1.0. Varied: r ∈ {0.001, 0.01, 0.1, 1.0, 10.0, 100.0}.
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Figure 11: Results with the Imperfect Signal model when varying c. Fixed values: r = 1.0,
σ = 0.1, α = 0.7, v = 1.0. Varied: c ∈ {0.1, 1.0, 10.0, 100.0}.

10
1

10 4

4 × 10 5

6 × 10 5Er
ro

r

a error
b error

10
1

10
3

10
5

Iteration

10 5

10 3

10 1

u 1
u 1

=0.05
=0.1
=0.2
=0.4

101 103 105

Iteration

10 10

10 7

10 4

10 1

Re
la

tiv
e

er
ro

ri
n

b
=0.05
=0.1
=0.2
=0.4

Figure 12: Results with the Imperfect Signal model when varying σ. Fixed values: r = 1.0,
c = 2.0, α = 0.7, v = 1.0. Varied: σ ∈ {0.05, 0.1, 0.2, 0.4}.
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Figure 13: Results with the Imperfect Signal model when varying α. Fixed values: r = 1.0,
c = 2.0, σ = 0.1, v = 1.0. Varied: α ∈ {0.25, 0.5, 1.0, 2.0}.

10
2

10
0

10
2

r

10 4

3 × 10 5
4 × 10 5

6 × 10 5Er
ro

r

a error
b error

10
1

10
3

10
5

Iteration

10 10

10 7

10 4

10 1

u 1
u 1

r=0.001
r=0.01
r=0.1
r=1
r=10
r=100

101 103 105

Iteration

10 4

10 2

100

Re
la

tiv
e

er
ro

ri
n

b

r=0.001
r=0.01
r=0.1
r=1
r=10
r=100

Figure 14: Results with the Multitask Separable model when varying r. Fixed values: Ures = 0.0,
ci, σi, and vi at baseline values. Varied: r ∈ {0.001, 0.01, 0.1, 1.0, 10.0, 100.0}.
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Figure 15: Results with the Multitask Separable model when varying ci. Fixed values: r = 1.0,
Ures = 0.0, σi and vi at baseline values. Varied: ci ∈ {0.1, 1.0, 10.0, 100.0} for each task i.

10
1

vec

4 × 10 5

5 × 10 5

6 × 10 5

7 × 10 5

Er
ro

r

a error
b error

10
1

10
3

10
5

Iteration

10 5

10 3

10 1

101

u 1
u 1

vec=0.05
vec=0.1
vec=0.2
vec=0.4

101 103 105

Iteration

10 4

10 3

10 2

10 1

100

Re
la

tiv
e

er
ro

ri
n

b

=0.05
=0.1
=0.2
=0.4

Figure 16: Results with the Multitask Separable model when varying σi. Fixed values: r = 1.0,
Ures = 0.0, ci and vi at baseline values. Varied: σi ∈ {0.05, 0.1, 0.2, 0.4} for each task i.
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Figure 17: Results with the Multitask Separable model when varying vi. Fixed values: r = 1.0,
Ures = 0.0, ci and σi at their baseline values. Varied: vi ∈ {0.10, 0.5, 0.75, 1.0} (for each task i).

10
1

10
0

10
1

10
2

r

10 4

10 3

10 2

10 1

Er
ro

r

a error
b error

10
1

10
3

10
5

Iteration

10 10

10 7

10 4

10 1

u 1
u 1

r=0.1
r=1
r=10
r=100

101 103 105

Iteration

10 3

10 1

101

Re
la

tiv
e

er
ro

ri
n

b

r=0.1
r=1
r=10
r=100

Figure 18: Results with the Two Signals model when varying r. Fixed values: c = 2.0, v = 1.0,
σ1 = 0.15, σ2 = 0.2. Varied: r ∈ {0.1, 1.0, 10.0, 100.0}.
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Figure 19: Results with the Two Signals model when varying c. Fixed values: r = 1.0, v = 1.0,
σ1 = 0.15, σ2 = 0.2. Varied: c ∈ {0.1, 1.0, 10.0, 100.0}.
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Figure 20: Results with the Two Signals model when varying σ1. Fixed values: r = 1.0, c = 2.0,
v = 1.0, σ2 = 0.2. Varied: σ1 ∈ {0.05, 0.1, 0.2, 0.4}.
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Figure 21: Results with the Two Signals model when varying σ2. Fixed values: r = 1.0, c = 2.0,
v = 1.0, σ1 = 0.15. Varied: σ2 ∈ {0.05, 0.1, 0.2, 0.4}.
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Figure 22: Results with the Two Signals model when varying v. Fixed values: r = 1.0, c = 2.0,
σ1 = 0.15, σ2 = 0.2. Varied: v ∈ {0.05, 0.10, 0.20, 0.25, 0.30, 0.40}.
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