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ABSTRACT

Adam-type methods, the extension of adaptive gradient methods, have shown great
performance in the training of both supervised and unsupervised machine learning
models. In particular, Adam-type optimizers have been widely used empirically as
the default tool for training generative adversarial networks (GANs). On the theory
side, however, despite the existence of theoretical results showing the efficiency
of Adam-type methods in minimization problems, the reason of their wonderful
performance still remains absent in GAN’s training. In existing works, the fast
convergence has long been considered as one of the most important reasons and
multiple works have been proposed to give a theoretical guarantee of the con-
vergence to a critical point of min-max optimization algorithms under certain
assumptions. In this paper, we firstly argue empirically that in GAN’s training,
Adam does not converge to a critical point even upon successful training: Only
the generator is converging while the discriminator’s gradient norm remains high
throughout the training. We name this one-sided convergence. Then we bridge
the gap between experiments and theory by showing that Adam-type algorithms
provably converge to a one-sided first order stationary points in min-max opti-
mization problems under the one-sided MVI condition. We also empirically verify
that such one-sided MVI condition is satisfied for standard GANSs after trained
over standard data sets. To the best of our knowledge, this is the very first result
which provides an empirical observation and a strict theoretical guarantee on the
one-sided convergence of Adam-type algorithms in min-max optimization.

1 INTRODUCTION

As one of the most popular optimizers in supervised deep learning tasks like natural language
processing (Chowdhury, 2003) as well as the main workhorse of generative adversarial network
training (Goodfellow et al.| 2014), Adam-type methods are widely used because of their minimal
need for learning rate tuning and their coordinate-wise adaptivity on local geometry. Starting from
AdaGrad (Duchi et al., 2011)), adaptive gradient methods have evolved into a variety of different
Adam-type algorithms, such as Adam (Kingma & Ba, 2015)), RMSprop, AMSGrad (Reddi et al.}
2018) and AdaDelta (Zeiler,|2012). In supervised learning, adaptive gradient methods and Adam-
type algorithms play important roles. Especially in the field of NLP (natural language processing),
Adam-type algorithms are the goto optimizer. Multiple NLP experiments show that sparse Adam
outperforms other non-adaptive algorithms like Stochastic Gradient Descent (SGD) not only on the
solution performance, but also on both the training and testing error’s convergence rates. It’s worth
mentioned that the most popular pre-training language model BERT (Devlin et al., 2018) also uses
Adam as its optimizer, which shows the power of Adam-type algorithms.

Also, Adam-type algorithms are very effective in min-max optimization. As a direct and widely used
application of min-max optimization, generative adversarial networks (GANs) are notorious for the
training difficulty. Training by SGD will easily diverge to nowhere or converge to a limiting cycle,
both of which will lead to an ill-performing solution, while Adam optimizer, as the default optimizer
for GANSs (Hsieh et al.|[2020), can obtain better performance. The reason why these two optimizers
have so much difference in GAN’s training has long been an open problem. Traditionally, the training
performance of min-max optimization is measured according to its first-order convergence, which
means the norm of the gradient, but is it really true in GAN’s training?

After training GAN on two relatively simple datasets, MNIST and Fashion-MNIST, we can find
that, in a practical training process of GAN, Adam optimizer does not perfectly converge since the
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norm of discriminator’s gradient remains quite high through out the training process. Instead, it
only has a one-sided convergence as the norm of generator’s gradient actually converges to 0. This
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Figure 1: We train GAN on the dataset MNIST and Fashion-MNIST. The first two figures above show
us the Frobenius norm of the gradients of discriminator and generator. After 50k iterations, we obtain
(¢),(d) by using Adam. Despite its one-sided convergence, the min-max training actually succeeds.

paper thus aims to explain this phenomenon by bridging the gap between theory and practice. On
one hand, we understand under which conditions Adam-type optimization algorithms have provable
convergence for min-max optimization. Towards this end, a recent work (Liu et al.,2020) designs
two algorithms, Optimistic Stochastic Gradient (OSG) and Optimistic AdaGrad (OAdaGrad) for
solving a class of non-convex non-concave min-max problems and gives theoretical guarantee on
their convergence. (Liu et al.,[2020) also proposes an open problem on the convergence proof of
Adam-type algorithms, which is solved by this paper. On the other hand, we find that the MVI
condition needed for our convergence proof does not practically hold for GANs. Instead, we propose
the much milder one-sided MVI condition, which tends to hold practically and under which we
provide the theoretical guarantee of the one-sided convergence of Adam-type algorithms.

Despite some theoretical guarantee made on the convergence of Adam-type algorithms on convex
concave or non-convex concave min-max optimization, in the non-convex non-concave setting which
is most general, there is no theoretical guarantee on convergence. Comparatively speaking, proving
the convergence of Adam-type algorithms is much more difficult since they use an empirical version
of Momentum. Although it has been shown to perform well in practice, it is actually difficult to
analyze theoretically. Even in the standard convex setting, proving the convergence of Adam-type
algorithms (Reddi et al., |2018; Zou et al.| [2021) is much harder than other adaptive algorithms such
as AdaGrad (Duchi et al.,|2011)). Actually, the original version of Adam is known not to converge in
convex settings. Therefore, to formally analyze the convergence of Adam-type algorithms in min-max
optimization, we also consider a “theoretically correct” version of Adam, which is an analog of
AMSGrad (Reddi et al., 2018]).

In this paper, there are three main contributions. (1) We analyze Extra Gradient AMSGrad, which is
an Adam-type algorithm used for solving non-convex non-concave min-max optimization problems
as well as GAN’s training. We prove that, under the assumption of standard MVI condition, the Extra
Gradient AMSGrad algorithm provably converges to a e-stationary point with O(ds~2) complexity
in deterministic setting and O(de~*) complexity in stochastic setting. (2) Although the standard MVI
condition above is a much milder assumption than convexity, we empirically show that MVI condition
does not hold for GAN’s objective functions in reality. Instead, the one-sided MVI condition proposed
by us tends to hold, which is the mildest assumption ever used in all the convergence proofs for
min-max optimization. Under the the one-sided MVI condition, we modify the algorithm above
by using dual rate decay, and theoretically prove its convergence rate. (3) We conduct empirical
experiments on GAN’s training by the Extra Gradient AMSGrad algorithm and the Extra Gradient
AMSGrad with dual rate decay analyzed by us. We show that they have much better performance
than the Stochastic Gradient Descent Ascent (SGDA) algorithm. Also, we empirically verify that our
new one-sided MVI condition is indeed satisfied during GAN’s training while the previously
proposed standard MVI condition is not, which makes the one-sided MVI condition much closer
to reality than the standard version.

After achieving all these results, we are eventually able to understand the one-sided convergence of
Adam-type algorithms in min-max optimization as well as in GAN’s training.
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2 BACKGROUND AND RELATED WORKS

In this section, we will introduce the background knowledge as well as related works on the following
three fields: adaptive gradient methods, min-max optimization, and the convergence properties of
multiple algorithms for min-max optimization problems.

2.1 ADAPTIVE GRADIENT METHODS AND ADAM-TYPE METHODS

We consider the simplest 1-dimensional unconstrained minimization problem:

o, f(=).

where f : D — R is a continuously differentiable function. As one of the most dominant algorithms
on the optimization problem above, Stochastic Gradient Descent (SGD) was originally proposed
by (Goodfellow et al.,|2016), which has been both empirically and theoretically proved effective,
especially when facing large datasets and complicated models. To further improve the performance
of SGD, several adaptive variants of SGD have been proposed, such as RMSprop, Adam (Kingma &
Bal 2015)), AdaGrad (Duchi et al.,[2011), AMSGrad (Reddi et al., 2018) and AdaDelta (Zeiler, 2012).
Distinguished from the vanilla gradient descent or its stochastic version SGD, adaptive gradient
methods use a coordinate-wise scaling of the updating direction and each iteration relies on the history
information of past gradients. In AdaGrad, we use arithmetic average when adopting history gradient
information of each iteration while in Adam, RMSprop etc., we use exponential moving average
instead because its believed that the more current gradient information is more important. Although
adaptive gradient methods and momentum based methods are two different routes on optimization,
they are combined perfectly in Adam. Now we introduce the family of adaptive gradient methods
and Adam-type, and all of them have the following form:

Mygp1 = WV f(x) + 1 my, v = pt(Vf(xt))Q +qr vy
Mit1 [Adaptive]

N

Here, f is the objective function to minimize. h, 7, p, q are scalars depending on ¢, \; is the learning
rate of the ¢-th iteration and € > 0 is a small constant used to protect the denominator from being close
to 0. From the formula above, we see that the momentum m, is the weighted sum of the past gradients
and v, is the weighted sum of the past squared gradients. When h = 1,7 = 0, my11 = V f(z¢) is
just the current gradient. We start with the original Adam.

Vi1 = aqvr + (1 — ) (Vf(20))?, mugr = Beme + (1 — BV f(24)
Mit1 [Adam]

VUi + €

As we can see, Adam is a combination of adaptive gradient method and momentum method. Here,
the momentum term is empirical, meaning that it does not coincide with acceleration techniques
that are theoretically sound, which creates extra difficult for the analysis. In Adam, we have
ht + ¢ = pt + ¢¢ = 1. When the oy = «a, 5; = [ remains constant, there is a bias correction step

Vi+1 mMy41 . . . . .
where vy 1« 7oy and my g < T 5t However, we may practically ignore this bias correction

step since 1_17 and # rapidly approach to 1. As one of the variants of Adam, AMSGrad has the
following formulation:

Tt41 = Tt —Ae-

xt_H:xt—)\-

D41 = Qp0¢ + (1 - Oét)(vf(xt))27 Vi1 = max(vt, 17t+1)

) B o muip [AMSGrad]
Mep1 = Prve + (1= B)VF(@e), e =20 = A Vi e

As we can see, their difference is that the velocity term v, keeps increasing in AMSGrad.

After showing the details of these traditional adaptive gradient methods and Adam-type methods, we
introduce their convergence properties as well as their further variants. [Reddi et al.| (2018]) shows
that Adam does not converge in some settings where large gradient information is rarely encountered
and it will die out quickly because of the “short memory” property of the exponential moving
average. However, under some conditions, the convergence proofs of adaptive gradient methods
have been obtained. Basu et al.| (2018]) proved the convergence rate of RMSprop and Adam when
using deterministic gradients instead of stochastic gradients. |Li & Orabona| (2018)) analyzed the
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convergence rate of AdaGrad under both convex and non-convex settings. All the papers above
provide theoretical guarantee for the convergence of different types of adaptive gradient descent. After
that, Chen et al.| (2019) extends Adam to a broader class of Adam-type algorithms and provides its
convergence analysis for non-convex optimization problems. In order to combine the fast convergence
of adaptive methods and better generalization with momentum based methods, a number of new
algorithms are proposed, such as SC-AdaGrad / SC-RMSprop (Mukkamala & Hein, 2017), AdamW
(Loshchilov & Hutter, 2019), AdaBound (Luo et al.,|2019) etc..

2.2 MIN-MAX OPTIMIZATION

In the min-max optimization problem (or saddle point problem), we have to solve:

min max ¢(z, y), [SP]
where XY CR™ Y C R™ and ¢ : X x Y — R is the objective function. When ¢ is convex on x
and concave on y, we call it a convex-concave min-max optimization. Otherwise, it’s a more general
non-convex non-concave min-max optimization. For the brevity, we denote z = (x,y) and Z =
X x Y C R™*"2 We also introduce our gradient vector field: V(z) = (=V.¢(z,y), Vyo(z,v)),
which are the update directions on both sides. The goal of [SP] is to find a tuple z* = (z*, y*) such
that ¢(x*, y) < ¢(a*,y*) < ¢(x,y*) holds for Vo € X,y € ), which is called the solution of [SP].
If the inequality above only holds in the local neighbourhood of z*, then z* can only be called a local
solution. Notice that the necessary condition of being a solution (or even a local solution) is to be a
stationary point of ¢, which means V' (z*) = 0. Furthermore, if V is C, any local solution of [SP]
must be stable, which means V2_¢(z*,y*) = 0 and Viyqﬁ(x*, y*) = 0. Next, we will introduce
several commonly-used algorithms which are designed to solve [SP].

Stochastic Gradient Descent Ascent (SGDA) This is a simple extension of Stochastic Gradient
Descent (SGD) algorithm for minimization problems (Johnsen,|1959). In the ¢-th iteration:

Zepr = 2e + v V(2 we), [SGDA]

where w1y, wa, - - - are the independent and identically distributed sequence of noises. V' (z,w) can be
treated as a query to the stochastic first-order oracle (SFO). In each iteration of SGDA, we need to
query SFO once. Notice that, we simultaneously update x, y in each iteration of SGDA. Therefore, if
we alternate the updates of = and y, we obtain a variant of SGDA, which is named as the alternating
stochastic gradient descent ascent (AItSGDA) algorithm. Different from original SGDA, we have to
make two queries to SFO in each iteration. One for z; = (x4, y¢), and the other for the intermediate
step (z¢+1, y¢). Since original SGDA is not going to work even in the convex-concave setting (such as
min, max, f(x,y) = xy), so researchers propose the following “theoretically correct modification”.

Stochastic Extra-gradient (SEG) This is a different algorithm with the above SGDA, and it is
originally proposed for solving the convex-concave setting of min-max optimization problems by
Korpelevich| (1976). Given z; as a base, we take a virtual gradient descent ascent step and obtain a Z,
which can be treated as the shadow of z;. Then we use the gradient at z; as the update direction of z;.
This process can be described as:

25 =z + e - V(zt;wt(l))

Zt41 = 2t + Ve V(Z£§w1£2))'

[SEG]
In each iteration, we need to make two queries to the SFO. One for the base z; and the other for the
shadow z;. However, in the first step of [SEG], we can use the gradient at the previous shadow z]_
so that we only have to make only one query in each iteration and remember the query’s result of the
previous step. This algorithm is called Optimistic Gradient or Popov’s Extra-gradient (Popov, [1980)
which can be described as:

=z 4y V(e_w—
t t TVt ( f 1Wi-1) (0]
A A CHE
As a widely used algorithm, it has been applied in multiple works (Daskalakis et al., 2018]; Mer{
tikopoulos et al., |2019). Under some mild assumptions, convergence rates are proved by many
theoretical works and we will summarize them in the next section.

4
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2.3 CONVERGENCE RATES OF MULTIPLE MIN-MAX ALGORITHMS

In this section, we summarize the convergence rates of different algorithms as well as the assumptions
needed. For convex-concave optimization, Nesterov| (2007) provided the O(1/T) convergence
guarantee of Mirror-Prox in terms of duality gap. Juditsky et al.| (2011) introduced its stochastic
version where only the stochastic first order oracle can be accessed. After combining with (Darzentas,
1983)), convergence rates for both deterministic and stochastic mirror-prox algorithms are shown to
be optimal. When it comes to the more challenging non-convex non-concave min-max optimization,
Dang & Lan| (2015) showed that the deterministic extragradient method can converge to e-first order
stationary point with non-asymptotic guarantee. Another interesting algorithm Inexact Proximal Point
(IPP) method (Lin et al.| [2018])), which is a stage-wise algorithm, performs well when the objective
function is weakly-convex weakly-concave. In each stage, we construct a strongly-convex strongly-
concave sub-problem by adding quadratic regularizers. Then, by using stochastic algorithms, we
can approximately solve the original problem. It’s known that IPP also has a first order convergence
guarantee. Also,|Sanjabi et al.|(2018) proposed an alternating deterministic optimization algorithm,
where multiple steps of gradient ascents are conducted before one gradient descent step. Therefore,
we can approximately make sure that the max step always reaches near optimal. However, in
order to guarantee its convergence to first order stationary point, we have to assume that the inner
maximization problem satisfies PL condition (Polyakl |1969)). For the details of convergence rate, we
summarize them into Table 1] Finally, MVI condition needs to be explained. Let K : R? — R? be

- Assumption IC Guarantee
OMD (Daskalakis et al., 2018) bilinear N/A asymptotic
(deterministic) ymp
OG (Liu et al.} 020 MVTI has solution O™ e-SP
(stochastic)
OAdaGrad (Liu et al., [2020) MVI has solution ~ 2y
(stochastic) BCG Condition o ((d/ &) ) e-SP
SEG (lusem et al., 2017) .. 4
(stochastic) pseudo-monotonicity Oe™?) e-SP
Extra-gradient (Azizian et al., 2019) .. .
(deterministic) strong-monotonicity O(log(1/¢)) g-optim
AltSGDA(Gidel et al.,[2019) .- .
(deferministic) bilinear O(log(1/¢)) g-optim
IPP (Lin et al; 2018) MVTI has solution O(e™%) e-SP
(stochastic)
Extra Gradient AMSGrad (ours) . O(de™?) &
(deterministic & stochastic) MVThas solution O(de™) e-5P
Extra Gradient AMSGrad . .. _9
with Dual Rate Decay (ours) Olf;lg(fl(liltl:/([) XI O(de _1 & e-SP
(deterministic & stochastic) O(de™")

Table 1: Summary of different algorithms for min-max optimization. IC stands for iteration complex-
ity, e-SP stands for e-first order stationary point, and e-optim stands for e-close to the set of optimal
solutions. The last two lines are algorithms analyzed by us in this paper. BCG condition stands for
the bounded cumulative gradient assumption.

an operator and X C R? is a closed convex domain. [Hartman & Stampacchial (1966) proposed the
Stampacchia Variational Inequality (SVI), which aims to find z* € X, such that (K (z*),z —2z*) > 0
holds for all z € X. Similarly, [Minty| (1962) proposed the Minty Variational Inequality (MVI)
problem, which aims to find z* € X, such that (K (z),z — 2*) > 0. In Table I} the operator

K(2) = (Vad(z,y), —Vyod(z,y)) " = =V (z) with z = (z,y).
3 MAIN RESULTS

In this section, we introduce the main results of this paper. We focus on two algorithms: Extra
Gradient AMSGrad (AMSGrad-EG) and Extra Gradient AMSGrad with Dual Rate Decay (AMSGrad-
EG-DRD) which inherit the idea of OAdaGrad into Adam-type algorithms. With AMSGrad-EG,
we can prove its first-order convergence under MVI condition. However, as we stated above, Adam
does not perfectly converge in GAN’s training since M VI condition does not always hold for GAN’s
objective functions. We bridge the gap by proposing one-sided MVI condition which is shown to be
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more likely to hold. Under this condition, we prove that Extra Gradient AMSGrad with Dual Rate
Decay (AMSGrad-EG-DRD) converges one-sidedly, which matches our experiment results.

3.1 PROBLEM SETTING AND ASSUMPTIONS
Throughout the paper, we analyze the min-max optimization problems:

i SP
min max o(x,y), [SP]

where ¥ C R™, )Y CR™,and ¢ : X x J — Ris the objective function. We denote z = (x, y) and
Z = X x ). First, we state some useful assumptions on ¢(x, y):

Assumption 1.
(1) V := (=V40,Vy0) is L-Lipschitz continuous under || - |2 norm.
(2) The stochastic first order gradient oracle (SFO) is unbiased and has bounded variance:

E[V(2:)] = V(2) and E|[V(2;€) = V(2)]* < o*.

(3) The Stochastic first-order Gradient Oracle (SFO) has bounded output: there exists G > 0 and
d > 0 such that |V (z;8)|l2 < G and |V (%;€)]|co < 6 almost surely holds.

(4) There exists a universal constant D > 0, such that || zi||2 < D holds for all points zj, on our
trajectory and || z*||o < D. If the feasible set Z is bounded, then this assumption naturally holds.

Assumption 2 (Standard MVI condition). The MVI of —V (z) has a solution, which means there
exists a z*, such that:
(=V(2),z — 2*) = 0 holds forNz € Z

3.2 EXTRA GRADIENT AMSGRAD (AMSGRAD-EG)

In this section, we analyze the Extra Gradient AMSGrad (AMSGrad-EG) algorithm, which is used
for non-convex non-concave min-max optimization, and we theoretically provide its convergence
rate. So far, the convergence rate of Adam-type algorithms for min-max optimization has long been
an open problem, and this work is the very first to obtain a related result. AMSGrad-EG algorithm is
described as Algorithm|[T]

Algorithm 1 Extra Gradient AMSGrad

Input: The initial state zo = my = vy = 0, a constant learning rate 7, momentum parameters
B1t, B2, a Stochastic First-order Oracle (SFO) V (z; £), a sequence of batch sizes { M }.
Output: z; where ¢ is uniformly chosen from {0,1,..., N — 1}.

1: fork=1,...,N do

2:  (Gradient Evaluation 1) g1 = ﬁk Zi‘i’“l Vi(zk—1;€L_1)-
3 (Momentum Update 1) my = B1privg—1 + (1 — B1k)gr—1-
4 (Velocity Update 1) vy, = max(B20,—1 + (1 — ﬁg)g%_l,@k,l), Hy, = 61 + Diag(/vy).
5 (Shadow Update) 2, = zx—1 + 1 - H,;lmk.

6:  (Gradient Evaluation 2) g = - Y174 V(41 &L).
7 (Momentum Update 2) my = Sremi + (1 — B1k) k-

8  (Velocity Update 2) oy = max(Bavg + (1 — 82)§7,vk), Hy = 6I + Diag(v/0r)
9: (Real Update) 2z, = z—1 + 71 - f{,c_lmk.

10: end for

Compared to the original Adam, we just add an extra-gradient technique and a taking-max process in
velocity updates. It’s worth mentioned that if we delete the maximizing operation in velocity update
steps, then this algorithm degenerates to Extra-Gradient Adam, since the largest difference between
Adam and AMSGrad is that the latter one guarantees that the velocity term is non-decreasing.

Theorem 3.1 (Main Theorem 1). For the AMSGrad-EG algorithm, given the objective function
d(x,y) : R — Rand V(z) = (—Vg¢, V) that satisfy Assumptionand Assumption as
well as the initial point zg € Z, the iteration number N, a sequence of batch sizes { My} and a

constant learning rate n < 3%, then the output of the algorithm satisfies the following inequality:
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E|V(2)|? <
1V (2)]12 N

1 [6dD2(6 +G)?  12dG%(5 +G)?] 15002 5 16 &
N 2 + 52 + Z

48GD5+G 10872G2(5 + G) &
N it et S ) Zﬁl ”—Zﬁ?t-

Here, we analyze the conclusion above on two sides: parameter choosing on 51 and on M.

Discussion Here, we give some discussions on Theorem [3.1]and compare it with existing results.
(1) There are two practical ways to choose the parameter sequence {B1t}: (1) ﬁu = fp - )\t 1

where 81, A € (0,1) and (2) 81 = 1/¢. In both settings, Zt 1B =0(1) and Zt 1B = ( ).

Therefore, we can conclude from Theorem.that E|V(2)]|3 < O(d/N)+O1/N)- SN 1/M,
holds after regarding D, G, §, ) as constants.
(2) When the batch sizes M), are constant, let My, = O(1/€?). To guarantee E||V (2)||3 < €2, the
total number of iterations should be N = O(de~?2) and the total complexity is 227:0 M, = O(de™%).
When the batch sizes Mj, are increasing, let My, = k + 1. To guarantee E||V (2)||3 < €2, the total
number of iterations should be N = O(de~2) and the total complexity is Y"p_, My, = O(d2e~4).
Obviously, using constant batch sizes obtains a better total complexity.
(3) In the deterministic setting, the first-order oracle dlrectly outputs the accurate gradient V' (z; &) =
V( ), which means o = 0. Theorem.leads o E||V(z )|| < O(d/N). To guarantee E||V (2)||3 <
2, the total number of iterations should be N = O(de~ )
(4) In the AMSGrad-EG algorithm, the momentum term is a technical difficulty on the convergence
proof. Proofs in the past works always use the MVI condition or convex condition like (V' (zx), 21, —
2*) <0 = (g, 2 — 2*) 5 0 to control the gradient norms. However, if we replace g, with the
momentum term my, the inequality above will no longer hold, and then we have to find another
way to control the upper bound of gradient norms. It’s also worth mentioned that our proof can’t be
extended to Optimistic Adam (OAdam) since we need to guarantee that H; < Hy < ... in our proof.
Actually, Adam may not even converge in convex case (Reddi et al., 2018)).
(5) Comparison with OAdaGrad: (Liu et al.,|2020) proposes the Optimistic AdaGrad (OAdaGrad)
algorithm and gives a convergence analysis on under Assumption and Bounded Cumulative
Gradient Assumption (which assumes the existence of a constant 0 < ¢ < 1/2 such that the
cumulative gradients are bounded as [|g1:x,:[l2 < dk* for all k). Under these assumptions, they

conclude that:
—ZEHV (21 HH_l < O(1/N'=).

On one hand, notice that +; Zk LENV (%) ||2 _, is the average of the norms of V'(z). However,
the norm keeps changing. Since H 11 keeps decreasmg and may limit to 0 as £ — oo, its unclear
what is the real convergence rate in terms of the size of the gradient. It would be more convincing if
we can upper bound the average of constant norms like - Z,Ile E||V (2x)||3. On the other hand, the
Bounded Cumulative Assumption though widely used in related papers (Zhou et al.,|2018; Reddi
et al., [2018}; |Duchi et al.; 2011]), is actually a very strong assumption: Under this assumption, it holds
that ||g1.5,:||2 < 0k°, Which naturally leads to:

d
N ZEHV k) N ZE”ngQ <Nl—2a) )

which causes circularity on the argument. In this paper, we overcome these two shortcomings.

Standard MVI and one-sided MVI conditions From Table I} we can see that many related
convergence proofs rely on assuming the MVI condition of —V'(z), which means (V' (z), z — 2*) <
0 Vz € Z. Although MVI condition is theoretically known to be true in many standard supervised
deep learning settings (Li & Yuan, 2017} |Kleinberg et al., [2018; |Allen-Zhu & Li, [2020; |Allen-
Zhu & Li, 2020; L1 et al., 2018} 2020; |Allen-Zhu & Li, 2020; 2019). However, this is a rather
unrealistic assumption for GANs: In some practical scenarios such as DCGAN (Radford et al.|
2013)), it is unclear whether the training objective can satisfy the MVI condition: While the generator
might have a consistent gradient direction towards the optimal generator (which is the one that
generates the target distribution), it is very unlikely that there is a “optimal discriminator” where the
discriminator’s gradient is pointing to through the course of the training. Indeed, different generator
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should in principle requires different discriminator to discriminate it from the target distribution,
which precludes the MVI condition to hold on .

Also, in practical scenarios like GAN, we only care about the min-variable = (which refers to the
generator of GAN), and the optimally of y is not needed. Therefore, in the following part, we
propose a weaker version of MVI condition, which is the one-sided MVI condition. Recall that
z=(z,y),2" = (@, y")wherex € X,y € Y, Z = X x Y, and V(z) = (=V,¢(2), Vyo(2)) :=
(Vz(2),Vy(2)). Then, the one-sided MVI condition implies that (V,(z),z —2*) < 0 Vz € Z,
which means for any y € ), the x-part of function V, —V (-, y) satisfies the MVI condition. Now we
empirically verify that one-sided M VI is more likely to hold in practice in some simple applications
of GANs. For z, 2* € Z:

(=V(2),2 = 2") = (=Va(2), 2 —27) + (=Vy(2),y — "),

where z = (z,y),2* = (z*,y*). We call the three terms above as total MVI, z-sided MVI and
y-sided MVI respectively. Assumption [2]requires total MVI to be non-negative, and Assumption
requires z-sided MVI to be non-negative. After training Wasserstein GAN on the MNIST/Fashion
MNIST dataset with AMSGrad-EG optimizer, we denote zj := (zx, yx) as the value of z at the k-th
iteration, and z* := (z*, y*) as the value of z at the last iteration. In the following Figure we plot
the total MVI values (—V(zy), 2z, — 2*), z-sided MVI values (—V(z;), x — x*), and y-sided MVI
values (—V, (zx), yx — y*) along the training trajectory. We can see that z-sided MVI stays positive
while the total MVI does not, which means the one-sided MVI condition proposed in Assumption|3]is
more realistic than the original MVI condition in Assumption[2] Under the one-sided MVI condition,

— Xesided MV 04
—— Y-sided MVI
— Total MVI 03

) 20 40 60 80 100 [ 20 40 60 80 100
thousan: d iterations thousand iterations

(a) MNIST (b) Fashion MNIST

Figure 2: This figure shows the MVI values along the training trajectory. As we can see, the blue
curve stays above z axis in both experiments while the red curve does not. Since we use non-linear
activations in the network architecture, this result is exciting. It’s safe to say that the one-sided MVI
condition proposed by us fits the reality since the x-sided MVI keeps positive.

we prove in our next theorem that, the conclusion of Theorem [3.1]still holds once we slightly modify
AMSGrad-EG to Extra Gradient AMSGrad with Dual Rate Decay (AMSGrad-EG-DRD). To the best
of our knowledge, this is a convergence guarantee of an adaptive min-max algorithm with the weakest
assumption ever needed. In the next section, we introduce the AMSGrad-EG-DRD algorithm and its
convergence property.

3.3 EXTRA GRADIENT AMSGRAD WITH DUAL RATE DECAY

Now, we write down the one-sided M VI condition introduced above in Assumption@ which is the
weakest assumption ever needed to obtain a convergence guarantee in min-max optimization.

Assumption 3 (One-sided MVI condition). The one-sided MVI of —V (z) has a solution, which
means there exists a z* = (z*,y*) € Z, such that:

(—=Vi(2),z — x*) = 0 holds forVz = (z,y) € Z.

After slightly modifying AMSGrad-EG with a O(1/v/k) dual rate decay, we get Extra Gradient
AMSGrad with dual rate decay (AMSGrad-EG-DRD). Its pseudo-algorithm is placed in the appendix.
We propose its convergence property as follows:

Theorem 3.2 (Main Theorem 2). For the AMSGrad with Extra-Gradient and Dual Rate Decay
(AMSGrad-EG-DRD) algorithm, given the objective function ¢(z,y) : R — Rand V(z) =
(=Va, Vyo) == (Va(2), Vy(2)) that satisfy Assumption|[I|and Assumption[3| as well as the initial
point zg € Z, the iteration number N, a sequence of batch sizes { My} and a constant learning rate
n < 3%, then the output of the algorithm satisfies the following inequality:
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Figure 3: Generated MNIST and Fashion-MNIST figures by the three algorithms after 10k, 20k, 50k
iterations. A-EG and A-EG-DRD stand for AMSGrad-EG and AMSGrad-EG-DRD.

E||Va(2)|3 <

_ (154 3log N)dG?(5 + G)* | 6dD*(5 +G)* , 1500°(3 + G) ZN: 1
N§2 N2 N M,

48GD 5+G 1087*G*(6 + G)
B o— Zﬁlt U—ZBH

Similar to Theorem in the deterministic settlng where o = 0, the total complexity is O (de=2).
In the stochastic setting, we have: E||V,.(2)[|3 < O(d/N) + O(1/N) - Zf 1 1/M;. When we use
constant batch sizes My, = ©(1/¢2), iteration number N should be O(ds~2) in order to guarantee
that ||V, (2)||2 < 2. So the total complexity should be O(de~4).

4 EXPERIMENTAL RESULTS

In this section, we use experiments to verify the effectiveness of AMSGrad-EG and AMSGrad-EG-
DRD algorithms by applying Wasserstein GAN (Arjovsky et al.l 2017) on the MNIST (LeCun et al.,
1998)) and Fashion-MNIST (Xiao et al.l 2017) datasets in our experiments. More experiments will be
shown in the appendix. The architectures of discriminator and generator are set to be MLP. The layer
widths of generator MLP are 100, 128, 784 and the layer widths of discriminator MLP are 784, 128, 1.
We set batch sizes as 64, learning rate as 1e-4 and we compare AMSGrad-EG, AMSGrad-EG-DRD
and SGDA by printing their generated figures after 10k, 20k, 50k iterations in the following Figure
E} We use the Tensorflow framework (Abadi et al.,|2016) to complete our experiments. As a result,
unlike the non-adaptive SGDA algorithm, the two algorithms proposed by us perform better than the
non-adaptive SGDA and their generated figures are realistic, which shows their effectiveness.

5 DISCUSSION AND FUTURE WORKS

This work fills up the blank in the theory of non-convex non-concave min-max optimization as well as
GAN’s training. We bridge the gap between theory and practice and provide the theoretical guarantee
of the one-sided convergence of Adam under one-sided MVI condition, which perfectly matches the
empirical observation. To the best of our knowledge, it is the very first proof for the convergence of
Adam-type algorithms in non-convex non-concave min-max optimization. Future follow-up works
can go further on the following two directions: (a) Figure out which part of Adam-type algorithms
play an important role on the outstanding performance: automatic tuning of learning rate or local
geometry adaptivity. (b) With both the discriminator and generator of GANs to be overparameterized
2-layer ReLLU networks, it would be an influential work to figure out the convergence property, the
converging limit and the training trajectory of min-max optimization under multiple optimizers like
Adam and SGDA so that we can get some intuition on their differences.
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A PROOF FOR THE CONVERGENCE OF AMSGRAD-EG

We recall that in the ¢-th iteration of Extra-Gradient AMSGrad, our update is as follows:
my = Brmu—1 + (1 — Br)gi—1, vy = max(Bade—1 + (1 — B2)gi_y, Dr—1)
H; =61 + Diag(\/vr), 21 = z1—1+ 1~ H; 'my
e = Bremu + (1 — Bre)ge, By = max(Bavy + (1 — B2)d7, vr)
H, =61 + Diag(\/a), Ze=21-1+n- ﬁ;lmt.

Now we begin to prove Theorem 3.1 (Main Theorem 1). Before that, we prove that as the weighted
sum of stochastic gradient, the momentum terms m,, 1M, are also contained in /5 ball with radius G.

(D

Lemma A.1. There exist upper bounds for both velocity terms v;, 0, and momentum terms my, My:
(1) For V't € N, almost surely, the momentum terms ||my||2 < G, ||]l2 < G.
(2) For Vt € N, almost surely, the velocity terms |v: ;| < G, |0¢;| < G? hold for ¥i € [d].

Proof of Lemma(A7]] Actually, this lemma can be simply proved by using the method of induction.
Since we’ve assumed that ||V (z)||2 < G almost surely holds for z € Z = R%, so ||g¢|2 < G and
|g¢]]2 < G almost surely holds. Therefore, by knowing that mg = mo =0 = 0 = ||mgll2 =
o] < G and once ||myg_1|2 < G, ||/k—1]|2 < G, we have:

lmlle = | Biemi—1 + (1 — Bik)gr—1ll2 < Bigllmu—1ll2 + (1 — Bie)|gr—1ll2 < (1 — B1x)G + f1xG = G
Il = | Bieme + (1 — Bik)dlle < Bikllmellz + (1 — Bie)llgrlle < (1 — B1k)G + f1xG = G.

Similarly, the upper bound for velocity terms can also be easily proved.
O

Lemma A.2.

o = 213, < oo = 2113, = lreos = 2l + l12 = =l%, + 200 €0 2 — 2*) + 87BuGD.

Here, &, = g — V(%) = ﬁt Zij\i’i V(% f}) — V(%)

Proof of Lemma[A2] According to the update rules:

2 = 2113, =l +m- H Mg — 27|13,
= ||ze—1 +n- Hy Mg — 2

%, Nz - H i — 2|3,

= llzem1 = 2%, — l2e—1 — 2|y, +2(n - 1, 2 — 2%)
= |lz4—1 — z*||ilt —|lztm1 — B + 2 — Zt”%(t +2(n My, ze — Ze) + 2(n - 1y, 2o — 27)
= [z = 2" W%, = lle—1 = 2%, = 1120 — 2ellG, — 2(Hi(z1 = 20), 2 — 20)
+2(n - e, 20 — 2¢) +2(n - g, 2 — 27)
= llze—1 = 2" 1%, = l2e—1 = 2%, — 12 — 2l g, + 2(n - 17, 20 — 27)
+2(z — 2,5,H}(zt,1 —Zi+n- ﬁ;lmt»
= llze-1 = 2", = llze-1 — 2
+ 220 — &, Hi(2e — %))

= llzem1 — 2% 11, — 21 — 2

A P R

o, Tz =zl + 200 i, 2 — 27)

Notice that g; = V' (2;) + ;. Since z* is a solution of MVI which means (V' (z), z — z*) < 0 holds
forVz € Z,s0 (V (%), 2t — 2*) < 0. Therefore:

n- (Breme + (1= Bre)Ge), 2 — 2°) < (- Ges e — 27) + (- Bre(me — Ge), 20 — 27)
N (V(2) + €)y 2 = 2%) + B - lme — Gell2 - (|20 — 272

<77'mt72t _Z*> =

—

a

S <nét; ét — Z*> —|— 477ﬁ1tGD

=

13
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Here, (a) holds because ||m; — §¢||2 < ||[mell2 + ||dell2 < 2G, || — 2*||2 < 2D and by using MVI
property, (V' (2:), 2 — 2*) <0
Combine it with the inequality above, we obtain that:

Hzt — z*”%t < ||Zt71 — Z*H?{t — ||Zt71 — 275H?{t + ||2t - ZtH?{t + 2<’[7 cEp, 2 — Z*> + SnﬁltGD
which comes to our conclusion. O
In the lemma above, (1 - &;, 2, — z*) has zero mean. So it can be ignoring when taking expectation.
Next, we upper bound the ||2; — z; qu term.

t

Lemma A.3.

162G232, 120212
5 1ty = 12 = 21l

e — 2ol < 207 NG — 7 ymelly, +

+12i - (|l

2+ el ) -

Here, et—1 = gi—1 — V(2t—1) and & = §: — V(%).

Proof of Lemma[A-3] According to the update rules , we know that z, — 2, = 7 - (]EIt_ Ying —
H; 'm,). Therefore, we upper bound the term ||z, — z HiI as follows:

12 — Zt”?‘{t =’ || H iy — H{lthi}t =7 ||H (i — my) + (H ' — Hfl)mt||i‘1t
<o (e — el + 1 = H 2,

= o |(H ' - Hy ymlf% 4207 - || Bre(me —rie—1) + (1 = B1) (G — gtﬂ)”?:]t—l

<2 (A7 - Ht_l)th%t + 4n? (5%&””% - mt—l”§};1 + (1= B1e)? g — gt—1||§q;1)
Qa0 — HPymal, + P a2, gl

Do 8 = oy, + P V) = V) + 20—l
gz — i a2 v ) - VI

#1202 - (el + el )

§)) . _ 1602G2B2, 120202 .
< o (7 = H Yy, + A T = 2,

+ 12772 . (”ét”?‘{t—l + ||Et71||§_1t—1>
Here, (a) holds because m; = S1¢1ii—1 + (1 — B1t)gi—1, My = Bremy + (1 — Bi1¢)Je, and then:

1y —my = Bre(my — my—1) + (1 = B1e)(Ge — ge—1)-

(b) holds because [|a + b[|Z < (||lallc + [|b]lc)? < 2(Ha||§~ + ||b]|2,) and (e) holds because of the
similar reason: ||z +y + 22 < (lz]lc + [yllc + [2le)® < 3(1alf2 + lyll2 + 1 2]2). () holds
because (1 — f14)? < 1 and
Hmt — TAth_le < 4G2

0 i
(d) holds because g; = V(%) + €, and g;—1 = V(z:-1) + €:—1. (f) holds because of the following
fact:

[[me — mt—l”fgt—l <

SI=Hy<Hyo<H,<H,<...<Hy=...
or equivalently:

| =
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which leads to [[e;—1]|% 1 < [le—1][%, 1. Also, V(-) is L-Lipschitz continuous and 67 < Hy, so:
t t

X 2.
IV (z) = V(z-)l - < Sz ll% — 21, -

O

Since our learning rate n <

A3

272
5%, we have 12’(752L < % Now, we can combine Lemma and Lemma

lze = 2* 1%, < llzem1 = 2* 1%, = llzem1 = 2%, +2(n- &0, 2 — 2*) + 8nBuGD

o _ 16n2G?p2,  1202L% |
207 [(H = B mel, + = g g - mal,

1202 - (a1 + el )

Since 12’(75# < %, therefore:
* * 1 5 A « 160G B}
Iz — 211, < llee-1 — 2", — gl = 2|, + 200 &, 2 — ) + 80BuGD + flt
2 (A = mlg, 1202 (11l + o)) -
After taking expectation and summation over t = 1,2, ..., N, we obtain that:
N N N
1 5 * * 167’]2G262
3 D Els = 2l < OB s =+l ~ = =71 ] + 3 [snsucp + L
t=1 t=1 t=1
N N
+ 2 SN — B mal, 1207 DB [l + el -
t=1 t=1
: 2 112 -1 2 o (2)
Since || 21 =23, = lln-H; " mull and V(zi1) = i1 =1 = mu—Pr(hu1—gi-1) —€r1,
we know that:
||V(Zt—1)||i1t—1 = [[m¢ — Bre(he—1 — ge—1) — gt‘1”?ff
<3 (lmallZ -+ 181t — g D)y + el )
(3)

=3 (1B1eire—1 = gr-0)Zy1 + vl ) +3 - 1H  mall,

12G?3? 3 .
Tlt + 3”&}71”?{;1 + TTQHZt—l - th%t

After combining Equation (Z) and Equation (3), it holds that:

N N

6 " N 4831:GD  108n2G?j3?
Zﬂ*:nvut_l)n;,<7722E[||zt_1—z||§,t—|zt—z||zj+2[ e
t=1 t=1 t=1

<

N N
12 Bl = H Yl + 75 Y B[l + leald ] -
t=1 t=1

“4)

In the following steps, we will upper bound the four terms above on the right side one by one, and we
start from the first term.

Lemma A 4.

N
> [Hzt,l — 21—l - Z*”%’t] <dD*- (6 +G),
t=1

which is a constant.
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Proof of Lemma Notice that

N
> (21 = 213, = N1z = 2115, | <=

t=1 t=

N-1

(Nt = 213, =l = 2*11%,)

—

_||z0—z*||2 + Z [zt—z VI (Hypgpy — Hy) - (2 — 2%)

[E——

N-1
<D tr(Ho) + Y D?- (tr(Hyyn) — tr(Hy)) = D* - tr(Hy) < dD? - (5 + G),
t=1
which comes to our conclusion. O

For the second term, it’s easy to see that:

N N N
4861,GD _ 1089°G28%]  48GD 10812G?
> [ e = > Bt = B

%)
t=1 n g t=1 t=1
Next, we analyze the third term.
Lemma A.5. N
I dG*(5 + G)
SO~ B, < G
Proof of Lemma(A.3] For any 6 < < y, we notice that:
1 1\? (y—2)? y—-o y—2x
- _Z < . 6
W(G-3) ®
Therefore, we have:
N
>l COmally, <> oml (H7 - HYYH(H - Hmy
=1 t=1
N A A
<SG (7 - YA - A7)
t=1
@ X G2 5
<Y 5z [tr(He) — tr(Hy)]
t=1
G2 G2 dG?*(5 + G)
Here, (a) holds because of Equation (6). O

Finally, we come to the noise term Zil E Nét ||?q—1 + let—1 ||fq,1}, which is closely related to our
t t
batch sizes M;. Obviously, we have:

1 1 o2
2 2 —_— —_— —
EHEt”}f]: = 5 EHEtHZ 5 Mt'
Similarly,
1 o2
2
EH&—l”Ht—l < S : ﬁt
Therefore, we can upper bound the expectation of the noise term as:
N N
A 202 1
> E| hel <5 X 2
t=1 t=1
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Finally, after we combine Equation (@) with Equation (3)), Equation (7) and Lemma[A:4] Lemma[AZ3]
we obtain that:

6dD?(5 + G 12dG?*(5 + G) 1500
Z]EHV Zt—1 ||H—1 X 7(72 ) + (5(2 Z Mt

2
48GD Zﬂlt 10877 G Zﬂlf

Since for V¢, HV(zt,l)HHt_l > H%||V(zt,1)||2, therefore:

6d.D? (5 +G)? 12dG%(5 + G)? 1500 al
ZEHV )P < + Z
(0+G) v G20+ G) - o
48GD(6 + G 108n°G=(6 + G
+ 7261t + fzﬁfb
t=1 t=1
which comes to our conclusion.
B PROOF FOR THE CONVERGENCE OF AMSGRAD-EG-DRD
In the ¢-th iteration of AMSGrad-EG-DRD, our update is as follows:
my = Brgi—1 + (1 — Bie)ge—1, v¢ = max(Bals—1 + (1 — 52)9371, Uy—1)
Hy = 61+ Diag(y/vy), 2 = (&, 8¢) = (ze—1 +n- (HF) " 'mf, ye1 + % -(HY)"'m})
9

my = Premy + (1 — B1e)ge, 0 = max(Bavy + (1 — 52)@?,1&)
Hy = 61+ Diag(\/0r), 2t := (2, 41) = (we—1 + 1+ (HF) "0, g1 + % (HY) ).

Most parts of this convergence proof are similar to the convergence proof of AMSGrad-EG. Lemma
[ATlstill holds.

Lemma B.1.

*||2 :

=" 2, < llooms =@, = Noems = @l + 18— @il + 207,80 — 27) + 8B1,GD.

Here, &% = §7 — V(%) = Mt ZMt Vi (2; &) — Vi (20).

We can use the same technique of Lemma[A-2]to prove it. Next, we obtain the next lemma.

Lemma B.2.

) o e 1602G232,  12n2L2
I — el < 207 ()™ = () mi G, + =4 =

1207 - (185 12y + Neta By ) -

NIz — 211,

Here, e1_1 = gt—1 — V(zt—1) and é; = §r — V(%4).

2
We can prove it by using the same technique as Lemma Since we have 1222L < % Now, we

can combine Lemma[B.Iland Lemma [B.2}
e =3 < Noeos = "1, — llrecs = 2l +20n-€F, 2 — ") + S GD

16772G25%t
1)

+ 207 ()™ = (HP))mi |G, + L %,

#1202 - (17121 + ey )

17
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After taking expectation and summation over ¢t = 1,2, ..., N, we obtain that:
N
1 12 6772G2ﬂ%t
3 ;Eth—l — 2| Iz Z]E { — |l ] + Z {SnﬂltGD + — 5
N
202 S BN — (HE) T mE |, + 1207 ZE (165 125y + e gy
t=1
1 N
=N Ellye—1 — Gell%0-
+2; lye—1 yt||Ht.
(10)
Since |21 — &[5, = lIn- (HF) ™ mi||7, and Vo(z-1) = gf-1 — efoy = mi — Bu(ii_y -

g7 1) —ef_ 1,weknowthat
||VI(Zt—1)||(Ht’”)—1 = Hmt - Blt(mtr_l - gf_l) - €tz_1||%H;r)—1
3 (”me%Hf)*l + ||61t(mf_1 - gf_l)H%Htx)—l + ||Ef—l“?Hf)*1>

= 3 (18w mEs = g ay-s + e lipy—2 ) + 3 () mi |,
12Gzﬂft

<
)

3
2 112
+3llet 1 ll(mzy -+ + ?th—l — &4l

(11)
After combining Equation (I0) and Equation (TT), it holds that:

. 4831:GD  108n2G2p32
S EIVa et 1)l < 2ZE[||mt 1=, - xt—xn%hz[ o e
t=1 t=1

+12ZEH((FIZ”)‘1 (H?)™)m ||2T+752E[||éf||(m)1+||ef_1||%Hf>4]

N
3 "
+ *QZEHC%A — 1% (12)
st !
In the following steps, we will upper bound the five terms above on the right side. Actually, the

first four terms can be upper bounded by using the same technique in the convergence proof of
AMSGrad-EG algorithm above.

Lemma B.3. N
S [lwes =1, — oo —2*)3, | <dD*- (5+G),
=1 ' ¢

which is a constant.

Lemma B.4. N
T AG2(5 + G
S~ () 3, < CEOEE)
t=1

Finally, the last term can be perfectly bounded by the O(1/+/t) decayed learning rate.
N N2
Z]Enyt—l - ?Jt”?qty < ZETH(th)_lm?H?{g
t=1 t=1

N 2 2 22
nt G° G
< E ]ET 5 = 5 (1+1logN). (13)

To sum up, we eventually get the equation that:

E|Vz(2)lI3 <

(15 +3log N)AG*(0 + G)? | 6dD*(6+G)* | 1500°(5 + G) XN: 1
N§2 Nn? Né¢ —

18
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48GD(5 + G) 10872G2(5 + G) =
+ TZﬂlt + TZ@@

t=1 t=1

which comes to our conclusion.

C MORE EXPERIMENTAL RESULTS

In this section, we further use experiments to verify the effectiveness of AMSGrad-EG and AMSGrad-
EG-DRD algorithms proposed by us. Also, we show that the one-sided MVI condition is more
feasible than standard M VI condition even in a more complicated setting. Here, we use DCGAN
(Radford et al.; 2015 on CIFAR10 dataset. We set our batch size as 100, learning rate as le-4 and we
compare AMSGrad-EG, AMSGrad-EG-DRD and SGDA by drawing their generated figures after 50,
100, 200 iterations in the following Figure 2. The two algorithms proposed by us again perform better
than the non-adaptive SGDA. After training DCGAN on the CIFAR10 dataset with AMSGrad-EG
optimizer, we plot the total MVI values (—V (21), 2z, — 2*), x-sided MVI values (—V,(zx), v, — z*),
and y-sided MVI values (—V,,(z:.). ux — u*) along the training trajectory as the following Figure [4}

35
—— X-sided MVI

301 —— Y-sided MVI
25 | —— Total MVI
20
15
10

5 4

° \V/
_5 4

0 100 200 300 400 500

iterations

Figure 4: This figure shows the MVI values along the DCGAN’s training trajectory. As we can see,
the blue curve stays above x axis in the experiment while the red curve does not.
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Figure 5: These are the generated CIFAR10 figures by the three algorithms after 50, 100, 200
iterations.

D STOCHASTIC EXTRA-GRADIENT AND ADAPTIVE EXTRA-GRADIENT
ALGORITHMS

In a previous paper [2020), the authors propose the Optimistic Gradient (OG) method and
Optimistic AdaGrad (OAdagrad) method. In this section, we extend them to the Extra-Gradient
type algorithms: Stochastic Extra-Gradient (SEG) and Adaptive Extra-Gradient (AEG). We put the
result in the appendix because it is just a by-product of this research and not our main result.

Before we introduce our newly-proposed Adaptive Extra-Gradient method, we slightly modify
the Stochastic Extra-Gradient (SEG) algorithm, by using different batch sizes in each iteration, as
Algorithm 2] below.

Algorithm 2 Stochastic Extra-Gradient (SEG) with batch size
Input: The initial state 2y = zp = 0, a constant learning rate 7, a Stochastic First-order Oracle
(SFO) V' (#;£), a sequence of batch sizes {my }x>1.
Output: z;, ¢ is uniformly chosen from {0,1,2,..., N — 1}.
l: fork=1,...,Ndo '
2:  (Gradient Evaluation) g;_, = mik S Vize—1:€5_q)-

3:  (Shadow Update) 2 =z [z—1 + 7 - gk—1]-

4:  (Gradient Evaluation) g5 _1 = mik SRV (R &)
5:  (Real Update) z;, = Hz[zk—1 + 71 - Gr—1]

6: end for

Algorithm [3]is a basic idea on the design of AEG algorithm. Here, we use constant batch size m
and let gp—1 = L 3" V(zp—1,80_1), 961 = = >iry V(2k, &L _,) be the estimated gradients
on z,_1 and 2, in the k-th iteration. Also, g1.j is the concatenation of g1, ..., gk, and Gi.x; is its i-th
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row vector. Similarly, go.; is the concatenation of gy, . . ., g, and go.x; 18 its i-th row vector. Note
that all the matrices Hy, S are diagonal so they don’t require extra computation complexity.

Algorithm 3 Adaptive Extra-Gradient (AEG)

Input: The initial state 2y = 29 = 0, Hy = Hy = 61, a constant learning rate 7, a Stochastic

First-order Oracle (SFO) V (z; &), a constant batch size m.

Output: z;, ¢ is uniformly chosen from {0,1,2,..., N — 1}.

1: fork=1,...,Ndo

2: (Gradient Evaluation) g1 = &= 3" V(zk—1;&}_;).

3:  (Gradient Concatenation and Norm Calculation) Update go.r = [go:k—2 9k—1], Sk—1,; =
H (gozkfl’i gl;kfl’i) ||2 i=1,2,...,dand H,_, = ol + diag(sk,l).

4. (Shadow Update) 2y = z;—1 + 7 H; ' gr—1
(Gradient Evaluation) g1 = L S V(2560 )).

6:  (Gradient Concatenation and Norm Calculation) Update g1.x = [J1:6-1 Jk), Sk—1,i =
H (go:k_17r,: gl:k,i) ||2 1= 1, 2, ey d and Sk—l =6l + diag(ék_l).

7:  (Real Update) zj, = z,—1 + 7 - S,:lgk,l

8: end for

Now, we introduce the following two theorems (Theorem [D.T]and Theorem [D.2)), which compare the
convergence rates of SEG and its adaptive variant AEG.

Theorem D.1 (Convergence of SEG). There is an algorithm (Stochastic Extra-Gradient), which
given:

* A Stochastic First-order Oracle (SFO) access to the objective function ¢(x,y) : X xY — R
where X C R™ .Y C R"™2, which is denoted as: V(z;€) and it satisfies the following
conditions:

E[V(2;6)] = V(2) := (=Vau,Vy0) and E|V(2;€) — V(2)||* < 0.

Here, z := (x,y) and Z := X x Y. Also: the corresponding MVI function of —V has a
solution z* € Z, which means (=V (z),z — z*) > 0 holds forVz € Z.

* A positive real L such that V is L-Lipschitz continuous with respect to || - ||2.
* The learning rate n.
e An initial point 2y € Z.
* The iteration number N.
* The sequence of batch sizes in each iteration {my, };>1.
Then, we output a result z € Z which satisfies:

Az =P 50n2 K= o

Br3()] < ~o -
k=0

mg

wherer,(2) == |z —z(z+a-V(z))|2 andn < ﬁ- If Z = R™ ™2 then the projection operator
11 is the identity, and 7,(2) := « - ||V (2)||2. The inequality above becomes:
N-1
4|20 — 2*||* 50 o?
E||V g L N R B —

e s DI
Compared with Optimistic Stochastic Gradient (OSG) method proposed in (Liu et al.| |2020), we can
have a larger learning rate in this theorem.
Remark. Letn = ﬁ. If the batch sizes are constant, which means my = m for Vk. In order
to guarantee that E||V (2)||?> < €%, we have to make m = O(1/?) and N = O(L?/&?), and the
total complexity is Zivd my, = mN = O(L?/e*). In another scenario where my, = k + 1 is an
increasing sequence, in order to guarantee that E||V (2)|? < €2, we have to make N = O(L?/&?)

and then the total complexity is Zszl my = Zivzl(k +1) = O(L*/e%).
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Theorem D.2 (Convergence of AEG). When our objective function ¢(x,y) satisfies Assumption 1
and 2, as well as the bounded cumulative gradient condition, there exists an algorithm (AEG), given:

e A Stochastic First-order Oracle (SFO) access to the objective function ¢(x,y) : R"1+72 —
R, which is denoted as: V (z;§) and it satisfies the following conditions:

E[V(z;8)] =V (z) = (—Va0,Vy0) and E|V (z;§) — V(z)H2 < o’

Here, z := (x,y) and Z := R™ "2 = R? where d := ny + no. Also: the corresponding
MVI function of V has a solution z* € Z.

* Positive real numbers G, such that ||V (z;€)||2 < G almost surely holds.
* A positive real L such that V is L-Lipschitz continuous with respect to || - ||2.

* A universal constant D > 0 such that ||z, — z*||2 < D and for all the points on the
trajectory of our algorithm.

* An initial point zy € Z.
e The iteration number N.
e A constant batch size m.

* A constant 0 < « < 1/2 such that: the cumulative gradients are bounded as:
1(91:5, G1:8i) |2 < 20 - kK for all i, k.

» The constant learning rate 1 < 0

4L
The output results zg, 21, . . . , 2N —1 Satisfies the following inequality:
N-1
1 9 16dD?6/n? + 200d6 + 40dG? /5~ 50002 /m + 2G?d /5§
— 1 < .
FE X VGOl < e 0 md

If we switch the assumption of MVI condition (Assumption 2) to the one-sided MVI condition
(Assumption 3), we can slightly modify the Adaptive Extra-Gradient (AEG) method to Adaptive
Extra-Gradient with Dual Rate Decay (AEG-DRD), where the learning rate of {y;} variables set
as . In the Algorithmbelow, Hj;, = Diag(Ay, By) and Sy = Diag(Cy, D) where for each
k e N, Ag,C, € R™*™ and By, Dy, € R™*"2. Also, g, = (9%,9;) and §r = (9%, g} ) where
gr.9r € R™ and g, g} € R™2.

Algorithm 4 Adaptive Extra-Gradient with Dual Rate Decay (AEG-DRD)

Input: The initial state 2y = z9 = 0, H) = Hy = 401, a constant learning rate 7, a Stochastic
First-order Oracle (SFO) V (z; &), a constant batch size m.
Output: z; where ¢ is uniformly chosen from {0,1,2,..., N—1}.

1: fork=1,...,Ndo

2: (Gradient Evaluation) g1 = &= 3" V(zk—1;&}_;).

3:  (Gradient Concatenation and Norm Calculation) Update go.x = [go:k—2 9k—1], Sk—1,: =
H (gozkflyi gl:kfl,i) ||2 i=1,2,...,dand Hp_, = ol + diag(sk,l).
(Shadow Update of ) &1, = zp—1 + - A; g8,
(Shadow Update of y) § = yx—1 + 1 - By 1190
(Gradient Evaluation) g1 = £ 37" | V/(; éi_l)
(Gradient Concatenation and Norm Calculation) Update g1., = [J1.6—1 Gk, Sk—1i =
H (g():kfl’i gl:k,i) ||2 i=1,2,...,dand Sk_1 =01 + diag(ék,l).

8: (Real Update of ) x, = xx—1 + 71 - C’,:lg,ffl.

9:  (Real Update of y) yx. = yr—1 + 7 - D,;_llgi_l.
10: end for

A A
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Theorem D.3 (Convergence of AEG-DRD). When our objective function ¢(x,y) satisfies Assump-
tion 2 and 3, as well as the bounded cumulative gradient condition, there exists an algorithm
(AEG-DRD), given:

* A Stochastic First-order Oracle (SFO) access to the objective function ¢(x,y) : R™1+n2 —
R, which is denoted as: V (z;€) and it satisfies the following conditions:

E[V(2:6)] = V(2) := (=Va0, V) and E[|[V(2;6) = V(2)|I* < o*.

Here, z := (z,y) and Z := R™"+"2 = R? where d := ny + na. Also: the one-sided MVI
function of V' has a solution z* € Z.

* Positive real numbers G, such that ||V (z;€)||2 < G almost surely holds.
* A positive real L such that V' is L-Lipschitz continuous with respect to || - ||2.

* A universal constant D > 0 such that ||z, — 2*||2 < D and for all the points on the
trajectory of our algorithm.

* An initial point zy € Z.
e The iteration number N.
¢ A constant batch size m.

* A constant 0 < o« < 1/2 such that: the cumulative gradients are bounded as:
(910 G1:i) |2 < 20 - kK forall i, k.

* The constant learning rate n < 2

E.
The output results 2, 21, . . . , 2N —1 satisfy the following inequality:
N
1 ) 16dD?6 /n? 4+ 200d6 + 40dG? /5~ 24dG? /5 + 50502 /m
NE}; ||V$(Zk71)||clj—11 < lea + N .

D.1 PROOF OF THEOREM [D.1]

We recall that in the ¢-th iteration of Stochastic Extra-Gradient (SEG) algorithm with batch size, we
have the following updates:

Zy =1z =z (21 + 1 g—1]

1 :
Ze—1 41" pr Z Vi(zt-1:&-1)
i=1

2z =1z =Tz [z +n- §e1]

1
Zt—1+1- prs Z V(2 &-1)
i=1

Before we start our proof, we introduce two simple properties of the projection operation Iz as
follows, where Z C R? is closed and convex.

Lemma D.1.

(1) |z — Tz(x)||* + |[Uz(z) — 2]|2 > ||z — 2||? and (11z(z) — x,Uz(x) — 2) < 0 holds for
Vo € R, 2 € Z. Actually, the first inequality is a simple extension of the second one.

(2) The projection operator 11 z is a compression, which means for Vx,y € R?, it holds that:

[Tz(z) — Hz(y)ll2 < |z — yll2.

Now, we can start our formal proof.
Lemma D.2.
2k — 2* 117 < lzkms — 212 = (1 = 6n°L%) - zms — 2612 = Il — 241
+ 60 ([ler—1)® + lIEr_1l*) + 22k — 2%, - E1_1).

Here, e 1 = 7= 74 Vi(2k-1;6) ) — Vi(zk—1) and &y = 2= S8 V(55 €4) — V(%)
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Proof of Lemma([D.2] According to the Property (1) of Lemma|D.T] we know that:
lzx — 2*11> = Mz [zk—1 + 1 Gr1] = 2°1* < llze—1 + 7 o1 — 2117 = lze—1 + 1 Gr1 — 2l
= Izt — 2% = llzk—1 — 2ll® +2(n - Gr1, 2 — 27)
= |lzk—1— 2*11® = lzk—1 — 26 + 26 — 2> +2(0 - Gr—1, 26 — 2) + 200 - Gr—1, 2k — 21
= [lzk—1 — 21> = llzk—1 = 2ll® = 112k — 2ll® — 2(zk—1 — 2&, 2% — 2&)
+2(n- (V(2k) +ék—1), 2k — 2°) + 2(n - Gr—1, 21 — Zk)
= |lzk—1 — 2*)|2 = llze—1 — 2l = 12 — 2kll® + 202k — 2k, 2k — 261 — 0 - Gr—1)
+ 2(7} . V(?:’k), 2k — Z*> =+ 2<77 . ék—la 2k — Z*>
Since z* is a solution of MVI inequality, we know that for Vz € Z, it holds that (V' (z),z — 2*) < 0,.
Therefore:
<V(2k)72k — Z*> < 0
Also, since 2, = I1z[zk—1 + 1 - gk—1], according to the property (1) of Lemma|D.1} we have:
(Zk — 2k, 2k — (21 + 1 - gk—1)) < 0.
After combining all the three inequalities above, we have:
2k — 2% < llzke1 — 2*)1% = llzk—1 = 2ll® — |12k — 2ll® + 2(n - éx—1, 2k — 2%)
+ 202k — 21, 2k — 21 — N g1+ Gr—1 — N Jr—1)
<lzro1 = 25017 = llzk—1 = 2ell® = 126 — 2l + 2(n - Ex—1, 2 — 27)
+2(Zk — 2k, - G—1 — 1" Gh—1)

(a) ) R R R
< lzk—1 — 2 lzk—1 = Zll” — 126 — 26l1> + 2012 — 2]l - lgk—1 — Gr—1]l

+ 2(1} . ék—l, ék - Z*>

II* |

(b)
< llawmt = 27012 = llan—r = 26l = 12k = 2601 + 202l gr—1 — G—a|®
+2<n’ék71;2k —Z*> (14)
Here, (a) holds by Cauchy-Schwarz inequality, and (b) holds because by using the property (2) of
Lemma|[D1] we know that

126 — z&ll = T zlzp—1 + 1 gr—1] —Hz{zk—1 + 17 Gro1]ll < [(Zo=1+ 7 gr—1) — (Ze—1 + 1 Gr—1)||
=n-llgr—1 — Gr—-1l-
Now, we focus on dealing with ||gx—1 — §x—1||. In fact:
N (o) N N
lgk—1 — Gr—11* = |V (zk-1) = V (k) + €1 — Er—1|®
(d) R .
< 3(IV(zk=1) = VEI? + lee—1l® + l1éx-11%) (15)

(e)
< BL2||zk—1 — Zell® + 3(llen—1ll* + lléx—1]1%)
Here, (c) holds by the definition of €;_1,€,_1. (d) holds because by Cauchy Inequality, ||z +

y+ z||2 < 3(]|z]|? + |lyl|® + ||z]|?) always holds. (e) holds because we’ve assumed that V (z) is
L-Lipschitz continuous under || - ||z norm. Combine Equation and (13)), we obtain that:

2k = 2" 11 < llzk—1 = 21 = (1= 69 L2)llzk—1 — 2l|* — (12 — 2el* + 607 - (llen—1[l* + 1&—1]1%)
+2(n - ép—1, 2 — 27),
which is exactly what we want to prove in this lemma. O

Now, we come back to our Theorem[D.1] Notice that
() = llow = Mzlon + 0 V()P = 126 — Zks1 + 21 — Hzlzn + 0 V()]

(@) )
< 2 (lzk = ZrgI® + 1 2os1 — Mzlzr + - V(z)]I1?)

(16)
=2 (llzk = 21 + WMz l2k + - ] = Mzl + - V)P

(b)
< 2|2k = 2| + 207 - Jlex]?
Here, (a) comes from Cauchy Inequality and (b) holds because of the property (2) of Lemma [D.1]
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Proof of Theorem|[D1} Putk =1,2,..., N in Lemma[D.2]and add them up, and we obtain that:

N-1 N
lan = 21> < llzo = 21> = (1= 65°L?) - > llz — 2l = D llzw — l°
k=0 k=1
N—-1 N
+ 6’[]2 . Z (Hz‘;‘kng + ||ék||2) + 2Z<ZA’]€ —_ 2*77] . ék:71>-
k=0 k=1

Therefore, after combining with Equation @) we have:

N-1
> ralz)* <2 Z Iz = S| + 207 - Z lexl?
k=0

N-—1 N
2 * ~ A * A
<o (HZo S o S (lenl® + ) + 23 (5 — 2 ,n-ek_1>>
k=0 k=1

N-1
+ 207 - Z eI

Since n < 4 7> we have 1 6n2L% > % After taking expectation on the inequality above, it holds
that:
1 = 1]E 4”20 —Z H2 487] Z 2 ]VZI
N mk myg
k:O =0
Az, 5072 §= 07
k=0

which comes to our conclusion. Here, we use the fact that E|[e||* < 7‘;—1, Elléx? < ;’Ti and
E<ZA’/€—Z*,77-EA;€_1>=0. O]

D.2 PROOF OF THEOREM [D.2]

We recall that in the ¢-th iteration of Adaptive Extra-Gradient, our update is as follows:
G=z_1+n - H g
2 =21+ S 13

Now we begin our proof by introducing several lemmas.

Lemma D.3.

et — 212, < llewms = 21, = llewms — 2l + ek — 2l + 200+ 2,2 — 2°).
Here, é, = g, — V() = a ey V(Zk;fz') - V(2k).

Proof of Lemma[D.3] According to our update rule, we know that:
2 = 2*11%,_, = llze—r + - Sy — 27113,
= llzk—1 + 0 Siti9k — 2* 15, = llzn—1 +1- S g0 — 213,

= llzk—1 — 2115, _, — llze—1 — 2ll3,_, +2(0 - Gk, 21 — 27)

= llze—1 — 2* 13, _, — llzn—1 — 2% + 26 — 2ll3,_, + 200~ Gk, 20 — 2&) + 2(0 - G, B — 2%)
k k

= llze—1 — 2% 113, _, — llz—1 — Zll%,_, — 1136 — 2ll3,_, — 2(Sk—1(2k—1 — 2), 2k — 2k)

+2(n - Grs 2k — 2k) +2(0 - G, 2k — 27)

= [lzb—1 = 2" (1%, = lzk—1 = Z6llEy = 13k — 26ll5,_, +2(0 - Gy 25 — 27)
+ 2(2k — 2k, Sk—1(2k—1 — 2k + 1 Si 11 0k))

= llze—1 = 2* 1%, = llze—1 = Zell%_, — 1126 — 2ell%,_, +2(n- Gk, 26 — 27)
+ 2(z, — 2k, Sk—1(2k — 21))

= llze—1 = 215, = llow—1 = Zell&,_, + 12 — 215, _, + 200 Gr, 26 — 27)
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Notice that g, = V' (2)) + €. Since z* is a solution of MVI which means (V' (z), z — 2z*) < 0 holds
forVz € Z,s0 (V(2), £ — 2*) < 0. Therefore:

(-G, 2k —2") = (- (V(Z) + k), 2 — 27) < (- &k, 26 — 27).
Combine it with the inequality above, we obtain that:
lze = 2" 1%, < lew—r = 2" 05, = llaes = 26l + 126 — 23, +2(n - &x, 25 — 27),
which comes to our conclusion. O
In the lemma above, it’s worth mentioned that the expectation of (1) - £, £, — 2*) is 0. In the next
lemma, we are going to deal with the upper bound of |2, — z||3, _,. Before that, we notice the

following fact:
Ho =Sy H =25 =2...2Hy 2 Sn.

Lemma D.4.

5112 61> L* 502 2 2 - 2
o = 2l < Tzt = 2ulid, + 607 (lenoald o + l&eall?os )

+27 - 152y — Hi 2D |13,

Proof of Lemma[D4] Since 2, = z,_1 + 1 - Hk__llgk,l and 2, = 21+ 17 S,;_llgk, we have:

lzr — 2k||2sk71 =02 1Sy Lok — Hk__llgk—lH?gkfl =02 1Sy gk — Si tigk—1 + Syt ge-1 — Hk__llgk—ngkfl

(a) R B _
< 202 (1552 @k — a0, + 1(SE — Bt Do I, )

=22+ (19 = ge-alZs + 1S = Ht)ge 3, )

= 27" |V (%) = V(z1) + o1 — el +207 (S0 = Bl g l3,

(b) R .
s o Zk) — VI(Zk—1 st Ek—1 st €k—1 st
<6n2 - (V) = VsodlBor +lEnoal2or + el

+207 (St — Hi gkl

(c) L2 R

< 61 - (52”% — zilld,, + Hgk—l”QS,;jl + ”8k_1”i1k11>
+207  [(Se - Hi g%,

which comes to our conclusion. Here, (a) holds since for any norm || - || 4, we have ||z + y||% <
(Izlla + [lylla)® < 2(|lz]|4 + llyl%), and (b) holds for the similar reason. (c) holds because of the
following two reasons:

(1) Since V' is L-Lipschitz continuous, and 61 < S;_1, we have:

N 1 . L L?
IV (zx) = V(z-1)llg < SV ) — V(zk-1)|3 < 5 12— zp-1|? < 52 12 = 213, -
(2) Since Hy,_1 = S;_1, we have Skf_ll = H,;_ll. Therefore,

2 2
ka—l Hskfjl < ||5k:—1 ||HI:—11

272
Since n < &, then 67752L < % According to Lemmaand Lemma we have:

. . . 1 .
o = 27115,y < llonon = 2718, = llaemr = 2elE, + 200 Gk 26— 27) + Sl — 2ll3,

607 (lenolZ o+ €l ) +207 - I0SE) = B g I,
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which means:
1 R R N
2 llek-1- Zellg, <llzeor = 2*0%, ., — llze — 25115, +2(n- €k, 2k — 27)

67 (Jlew-al o+ I6ealZ0 ) + 207 1Sy — i Dowal,

)
Notice that, ||zx—1 — 2|13, = |In- H; ' gr—1l|%, _,. Therefore,
||gkf1||?gk—711 = 1S gk llE, = 1H igk—1 + (St — H ! Dgea 3,
1 -1 1
<2 (M2 9003, + 1S = Bl Dol ) (18)
2 . _ _
2 lzk1 = 2ell%, , +2- 110Scdy — Hily)grll3,
Combine Equation (I7) and (I8), we obtain that:
2 4 * |12 * 12 8 A S *
lgr—1llg1 < 5 - (ler—1 = 2"l5 2y = llow = 275, ) + (€1, 2 — 27)
n n 19)

24 (llen-allys +leelZo ) +10- 1Sty = HitDaea i,

In the inequality above, the expectation of (€51, 2 —2*) is 0, which can be ignored under expectation.
Since we are going to do the summation over kK = 1,2, ..., N in the future, in the following lemmas,

we analyze the upper bounds of Zg:1(||zk_1 - z*||25ki1 — |lzk — z*\|%k71), Zszl ||(S,c__11 —
_ N .
Hi gl and SOl + 812 )

Lemma D.5.

N
S (loros = 713, — ok — =713, ) < 2aD% - N°.
k=1

Proof of Lemma[D.3] Notice that

N N-1
> (e =2 W, = Nz = 2113, ) < llzo = =*13, + D (llae = 2*113, — Il — 213, )
k=1 k=1
N-1
= ||z0 — z*”%o + Z [(Zk — Z*)T(Sk — Skfl) . (Zk — Z*)}
k=1
N-1
<D?tr(So) + Y D?- (tr(Sy) — tr(Sk_1)) = D* - tr(Sy_1) < D* - 2d6N?,
k=1
which comes to our conclusion. O]

Lemma D.6.

N

_ _ 2dG? - N
oIS = Bl Dgells, , < —
k=1

Proof of Lemma([D.6 For any 6 < < y, we notice that:

2 2

1 1 —x —T -z

y(_) :(y2)<y2 cy-r 20)
r oy T4y T
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Therefore, we have:

N
Z 10532y = Bt Dgr—llg,, <)ol (it = 2 )Se-a (Hy = S0 g
k=1

N
< Z G2 - tr ((HI;—11 - 51:—11)51671([{1:—11 - Slz—ll))
k=1

—~
s)
=

VAN
M=
%‘Cg

[tI‘(S}.C 1)—tI‘(Hk 1)]

k=1
G* G? 2dG? - N©
< = S -2dy - N = —.
5z lSN-) < 7 5
Here, (a) holds because of Equation (20). O
Lemma D.7.

N
do2
2 N 2 fe%
B (lewillo, + lenealfi,) < T+ 40
The proof of this lemma can be found in (Duchi et al, 201T). Combine Lemma[D.5} [D.6 [D.7| with

Equation (19), we obtain that:

2dG? - N*

4 502
]EZHgk 5 S 2dD25N“+24~<U+4d5.Na)+1o. :

m

Now, we replace the gi—1 with the true gradient V' (z_1) as follows:

N N N
EY V(a1 -1 *]EZHgk 1+ g 1HH—1 Q'EZHgkleiI;l+2‘EZ||51€71||§1;711
=1 k=1 k=1

AE

2-E

Mz

— - §o?
[\|gk,1||25;_11 + o (H ! = S -gk,l} +2- (m +4ds - N“)
1
do? N
lowalos, +2+ (S +4d8- M%) 4267 3 ()~ ()]
! k=1

2 2 2 . N@
-2dD*§N® + 50 - (60 + 4ds6 - Na> +20 - de +2G? - tr(Hy )

2 Q.Na 2 2
- 2dD?N® + 50 - <60+4d5 N“>+20- dGé n id.

Mzﬁ

<2-E

>
Il

\

8
U
3

7]2

Here, (a) uses the conclusion of Lemma Finally, we multiplies % on both sides and finish the
proof:

16dD28 /n? + 200d5 + 40dG2/6 50002 /m + 2G2d/§
fEZHvzkHHl\ / Nia / + /N /9

D.3 PROOF OF THEOREM D3]
In this proof, we are still using the Adaptive Extra-Gradient (AEG) algorithm, which its ¢-th iteration
is:

G=zm_1+n H g

z = z—1+1 S Gt

For simplicity, we split the update of a variable and y variable. Recall that Hy, = Diag(Ay, By) and
Sk = Diag(Cy, Dy) where for each k € N, Ay, C, € R™*™ and By, D), € R™2%"2, Also, we
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denote g, = (9%, 9;) and g, = (9%, gy) where g7, g € R™ and g}, g; € R"2. Then, the update
above can be rewritten as: .

Ty =x1+n A 197

N n _

Yt = Yt—1 + P B9t

Tt = L1 + - Ct__llgtm

n —1
Yt = Ye—1 + rh D, 47

Similar to Lemma we only focus on the z-s, and then we can get our upper bound for ||z —
z*||%, _,» which is the first step of our proof.

Lemma D.8.

e — a2, < llewos — 2", —lexes —2ul2,, + lox -2l +200- &0y, d,—a”).

Proof of Lemma([D.8| According to the update rule of x, Z, we know that:

lew — (|2, = lon—1 +n- Clydi — =* 113,

= [lze-1 + 0 G210k — 218, — low—r +n- Cgk — wlle,

= llze1 —2* I3, _, — lon—1 — 2xlle,_, +2(n- 95, xr — *)

= llor—1 — 213, , — oo — &k + & — 2illEy, + 2000 95, 26 — &)+ 2(n - 95, B — %)

= llor—r — 23, _, — llze—1 — 2xlle,_, — 26 — 2ll?,_, — 2(Chor(zro1 — &), & — k)
+2(n - 9> e — Tk) +2(n - Gk, Tk — 27)

= llen—1 — "3, | = len—1 — &xlle, , — 126 — 2xll3,_, +2(n- g5, 2% — 2%)
+2(z — Tk, C1 (Th—1 — T + 1 Cp107))

= llor—1 — 23, _, — lze—1 — Elle,_, — 18k — zllE,_, +2(0- 97, &% — 2¥)
+ 2(xy, — Tg, Cr—1(xr — 3))

= lzg—1 = 2*)1E,_, = llew—r = ZllE,, + @k — 2l + 200 - G5, &6 — o)

Notice that g, = V() + éx—1 = 9§ = Va(Zr) + €7_,. Since z* satisfies the one-side MVI
condition, therefore (V,(z),x — z*) < 0 holds for Vz = (z,y) € Z, so (V;(Z), & — z*) < 0.
Therefore:

(- GF,dn—2%) = (- (Va(Za) + &5y, — 2%) < (- &5y, 24 — ).

Combine it with the inequality above, we obtain that:

ok =218, _, < llow-1 =218, _, = lon-1 = 2l _, + lon — 2alE, _, +2(0- €5y, &0 —a7),
which comes to our conclusion. O

Notice that the term 2(n-£_,, 1 — ™) has zero mean, which can be ignored when taking expectation.
In the next step, we upper bound the || £, — z[|Z, _, term. Also, we notice the following facts:

Ay 2 Cp 2 A 2C1 2... 2 Ay <X Cy,
By XDy =<XB; 2D =...2 By =X Duy.
Lemma D.9.

R 6n°L? R . .
o = aell, , < = (lors =l + lgeos = delid, ) +60° (lerols + el )

+20? (O, = Al )gi A llg,

Proof of Lemma|D.9} Since &), = xx_1 +1- Ay gF  and zy, = 21 + 1 - C,} ¥, we have:

1 ~z

e — &kllg,_, =n* - 1008 — At i1 llE., =7 1068 — Ciltigi—y + Ciltigiy — At gk llE,
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(a) 1o _ _
< 27+ (16241 — gk I3, + (G = At )gioal,,)

= 2%+ (1% — gk I +1(CE = At g%, )

(b) - .
<27 (g = geal2 + (G = A Dgiali, )

= 2" IV(2) = V(zko1) +éno1 —enallz +207 - [(Cply — AZ)gi 12,

(c)
Lont - (V50— Vil + Il + el )
+207 - (Cty = At gioa NI,
(d) L?
2 5 2 A 2 2
< 6n° - (62”2;c —zx—1ll5,_, + ée—1ll -1 + |€k—1|H;11>

—1 —1
+207 - 1(Cy — Al gl
(e) L L? . .
9 2. <6||zk thcalE i vl + Bl + el
-1
+27 - (Ol = Al )gialg,

(2D
which comes to our conclusion. Here, (a) holds since for any norm || - || 4, we have ||z + y|% <
(lzlla + llylla)? < 2(||x||A + ||y||A) and (c¢) holds for the similar reason. (b) holds because
lgr — gk—lHSkfjl 9% — 9i- 1HC—1 +119¢ — 91%4”%;711 2 llgi — 91?—1”?;}6—711’ and (e) holds for

the same reason. (d) holds because of the following two reasons:
(1) Since V' is L-Lipschitz continuous, and §1 < S;_1, we have:

5 . L L
V() = V(g < 51V ) = Vze)llE < llg — 2l < S5l — zeallf -

(2) Since Hj_1 < Si_1, we have Sk__ll = H,f__l1 Therefore,
2 2
lex-1lZ 2 < llen il -
O

2
Since we requlre our learning rate n < 3 L, the coefficient above 6"6 L < % After combining

Lemma|[D-8]and Lemma|[D.9] we obtain that:

. 1 N . R
lor = "3, _, < llon-1 = "3, = 5llzees = @nld,_, + 5hve-1 = Gelib, _, +200- &y o — 2%
62 (el + ln-allis ) +20% - ICh — ATt b2,

(22)
which means:

. 1 R . N
Sllzn—1 - Eulle,_, <llwe—r — 23, — llok — 2|5, + §Hyk—1 — illb,_, +2(n- &y, &k —a*)

62 (el s+ ln-alls ) +20% - Gty — ATtk I,

(23)
Notice that, |21 — 2x[|3, _, = [n- Al gr 1IZ, - Therefore,
lgi alos =1 g1, = 1A g + (Gt = At Dbl
2 (It it allE,, + (G - Atz ) 24)
= e lloens = el + 2 G — A el
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Combining Equation (23) and Equation (Z4), we get:

8
?
24 (Jlen-alZs + a1l ) +10- (G = At )gioal3, s

4 2 N
o, < o (lonos =2 B, = low =", + oglems = el +

(25)
Then, we take summation over k = 1,2, ..., N and take expectation, and we can obtain that:
N 4 N 5 XN
EZ ||9£—1||2k—jl < ?]EZ (”‘Tk—l - x*”%k71 - ||‘Ik - I*||2Ck71) + ?EZ ||yk—1 - ng2Dk71
k=1 k=1 k=1

N N
+24-EY (len-alds + el ) +10-EY NG - ATt)gi 2, .
k=1 -

k=1
(26)
In the following steps, we will upper bound the four terms above on the right side. The third term

E ij:l (||5k_1 ||?{l;11 + ||ék—1 ||23k11> can be upper bounded by using Lemma

N
A 5o .
B (lee-tld s +lgeallfos ) < 25 +4d8- N 27)
k=1

The fourth term E S0, [[(CiY, — At )gb |2, can be upper bounded by using Lemma

. a . . ) 2dG? - N@
EE ¢ Ck 1~ A 1)9k 1”0,c 1 ]E§ ||(Sk:1 _Hki1)9k71||sk_1 < 5 .
k_

For the first term E Zk:l <||xk_1 —a*g, = ek — 2 ||20k71), we can use the similar techniques
as Lemma|[D.J
Lemma D.10.

N
S (loor =272, — llow — 2712, ) < 24D% - N°
k=1

Proof of Lemma[D-10] Notice that

N N—-1
> (lanes =23, = loe =212, ) < llzo = 2* 13, + Y (lon = "1, — o — 212, )
k=1 k=1
N—-1
= ||xg — .T*H2CO + Z [(.’L‘k - .%‘*)T(Ck —Cl-q) - (zr — x*)]
k=1

N-1
< D?-tx(Co) + D D*- (t(Ck) — tr(Ck-1)) = D* - tr(Cy—1) < D* - tr(Sy_1) < D*- 2d6N?,
k=1
which comes to our conclusion. O
For the second term E Zszl lyk—1 — GrllB, _, - notice that:
N
n?

e
Z”i‘/k l_kaDk L= ﬁ IIB;Z_llgi’i_lll%k_l = 2 gk 1Bk 1Dk 1Bk 19k 1
k=1 k=1

N2
2d5k°
<Y L. c*(B ! DB L) <Z” ¢ =5
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Here, we notice that:

N N
Z 22—« < 1 + 2—
k=1 1T

dw<1+/N1daz 1+2(1—1)<3
o e VN :

Therefore:
6772dG2
ZHyk 1= OkllD,
According to Equation (26)):
N
4 2 62dG? 5o 2dG? - N®
T 2 2 a et
EZHgk_lHC,:lg?QdD §-N BT +24. —+4d6 N)+10- =
2(5 20dG? 12dG? 2460
= Ne. +96d0 + + + =2
1) ) m
(28)
Finally, we replace the gi;_, above with the actual gradient V, (z,_1). Since:
2
IValee-0)20 < (lgiollons, +leioillop, ) <2 (lgioaldos +leioil?oa )
we can upper bound the target term E Zgzl Ve (zk—1) H2C_1
k—1
N N N
EZHV ()l <ED 2 (ool +lefoalZs ) <2ED lofalZ +28 3 el s
k=1 - - k=1 a k=1 h
(@) 16dD2§ 40dG?\  24dG? 48502 al ) )
< “. -1 S -1
<N ( o +192do + 5 )+ 5 + - +2IEZ<||5k_1|| k—1+||€k 1“5;%1)
(®) 16dD?6 40dG? 24dG?  4860? 6
<Na~( 04D0 | 1995 + OéG >+ 6G 4 8% +2<“+4d5 Na>
n
16dD?6 40dG?\ | 24dG? | 5000
= N¢. < +200d6 + )+ + 07
0 ) m
(29)

which means that:

16dD?%5 /n? 4+ 200dd + 40dG? /6 24dG? /5 + 50602 /m
7EZ||V Zk1||cl < / N / + / ~ / ’

which comes to our conclusion.
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E PSEUDO-ALGORITHM OF AMSGRAD-EG-DRD

Algorithm 5 Extra Gradient AMSGrad with Dual Rate Decay

Input: The initial state zo = my = vy = 0, a constant learning rate 7, a Stochastic First-order
Oracle (SFO) V (z; £), momentum parameters 51, 2, a sequence of batch sizes { My, }.
Output: z; with ¢ uniformly chosen from {0,1,..., N — 1}.

1: fork=1,...,N do

2: (Gradient Evaluation 1) gx—1 = = > V(zp—1; &1 _4).

3:  (Momentum Update 1)my = Sixmk—1 + (1 — B1k)gr—1

4:  (Velocity Update 1) vy, = max(B20x—1 + (1 — Bg)gz_l7ﬁk,1), Hy, = 61 + Diag(/vy).
5: (Shadow Update) &y = x4y +7 - (HF) ™' m?,

Ok =yk—1+ % (HY) 'mY, 2 = (&k, 1)-

(Gradient Evaluation 2) gy, = 5 SIME V(23 €0).

(Momentum Update 2) my = Sremi + (1 — B1k) k-

(Velocity Update 2) 4, = max(Bavy, + (1 — B2)d3,vx), Hy = 61 + Diag(y/0x)

(Real Update) zj, = zj,_1 + 1 - H, ‘1.

-1
10:  (Real Update) x, = xp—1 + 7 - (H,f) mg,

Y e R

N1
Yk = Yr—1 + % (H;i’) my, 2k = (Th, Yr)-
11: end for
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