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Abstract

Previous influential work showed that infinite
width limits of neural networks in the lazy training
regime are described by kernel machines. Here,
we show that neural networks trained in the rich,
feature learning infinite-width regime in two dif-
ferent settings are also described by kernel ma-
chines, but with data-dependent kernels. For both
cases, we provide explicit expressions for the ker-
nel predictors and prescriptions to numerically cal-
culate them. To derive the first predictor, we study
the large-width limit of feature-learning Bayesian
networks, showing how feature learning leads to
task-relevant adaptation of layer kernels and pre-
activation densities. The saddle point equations
governing this limit result in a min-max optimiza-
tion problem that defines the kernel predictor. To
derive the second predictor, we study gradient
flow training of randomly initialized networks
trained with weight decay in the infinite-width
limit using dynamical mean field theory (DMFT).
The fixed point equations of the arising DMFT
defines the task-adapted internal representations
and the kernel predictor. We compare our kernel
predictors to kernels derived from lazy regime
and demonstrate that our adaptive kernels achieve
lower test loss on benchmark datasets.

1. Introduction

As neural-network-based artificial intelligence is increas-
ingly impacting many corners of human life, advancing the
theory of learning in neural networks is becoming more
and more important, both for intellectual and safety reasons.
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Progress in this endeavor is limited but promising. An in-
fluential set of results that motivates this paper identifies
infinitely-wide neural networks under certain initializations
as nonparametric kernel machines (Neal, 1995; Cho & Saul,
2009a; Lee et al., 2018; de G. Matthews et al., 2018; Arora
et al., 2019b; Jacot et al., 2020; Lee et al., 2020). This is
important because kernels are theoretically well-understood
(Rasmussen & Williams, 2006; Scholkopf & Smola, 2001),
offering rich mathematical frameworks for analyzing the ex-
pressivity and generalization properties of neural networks.
A drawback of this identification is that it works in the lazy
regime of neural network training (Chizat et al., 2020), i.e.
when data representations are fixed at initialization and do
not evolve during learning. However, state-of-the-art deep
networks operate in the rich, feature learning regime (Geiger
et al., 2020; Vyas et al., 2022; Yang & Hu, 2022; Vyas et al.,
2023), where they adapt their internal representations to the
structure of the data.

Motivated by these observations, here, we ask whether in-
finitely wide neural networks still admit nonparametric ker-
nel predictors in the rich domain. And if so, what charac-
terizes these predictors? Since in the rich regime data rep-
resentations evolve dynamically according to the training
dynamics, identifying the nature of predictors in this regime
is crucial for uncovering the principles behind feature learn-
ing. Further, as wider networks are believed to perform
better on the same amount of data (Hestness et al., 2017;
Novak et al., 2018; Kaplan et al., 2020; Hoffmann et al.,
2022), it opens the possibility of directly training infinitely-
wide feature learning networks through their corresponding
kernel machines for obtaining the best performing instances
of a given model architecture.

In this paper, we derive kernel predictors for infinitely wide
multilayer perceptrons (MLPs) and convolutional neural net-
works (CNNG5s) in the rich regime. They are kernel predictors
in the sense that

P
flx)=0 <Z a, K (x, mu)> (1)

p=1

where o is a nonlinear function, a* are scalar coefficients,
{w,}/_, are training data, and @ is the test point. The
kernel K depends on the architecture of the network, and,
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importantly, adapts to the training data, unlike the Neu-
ral Tangent Kernel (NTK) (Jacot et al., 2020) and Neural
Network Gaussian Process Kernel (NNGPK) (Cho & Saul,
2009Db; Lee et al., 2018; de G. Matthews et al., 2018) derived
from lazy infinite limits.

To arrive at these predictors, we start from existing work
characterizing the feature-learning infinite-width limits of
deep neural networks under gradient flow dynamics. Previ-
ously, Bordelon & Pehlevan (2022) adopted the dynamical
mean-field theory (DMFT) (Martin et al., 1973; De Domini-
cis, 1978; Sompolinsky & Zippelius, 1981; Arora et al.,
2019a; Arous et al., 2004) approach to the training dynam-
ics of deep MLPs and CNNs under the maximal update
parameterization (4P) (Yang & Hu, 2022; Yang et al., 2022;
Mei et al., 2018; Rotskoff & Vanden-Eijnden, 2022), which
leads to a feature-learning infinite-width limit. This DMFT
results in a set of stochastic integro-differential equations in
terms of summary statistics, which define the deterministic
training time (¢) evolution of the deterministic network pre-
dictor f(x,t). Performing inference with this framework
requires solving these equations over the training time using
sophisticated Monte Carlo techniques. Further, the com-
plexity and history dependence of the equations make the
predictor interpretation challenging.

Our main observation is that we can analyze the network
predictor at convergence f(x,t = 00) in two ways to obtain
deterministic adaptive kernel predictors: (1) by interpreting
the dynamics of gradient flow with added white noise as
sampling the weights from a Bayesian posterior, (2) by
studying the fixed points of DMFT equations for gradient
flow with weight decay. Specifically, our contributions in
this work are the following:

1. We study the noisy gradient-flow dynamics with weight
decay in the rich regime for MLPs and CNNs. We iden-
tify two novel infinite-width limits (Table 1, Figure 1)
that lead to adaptive kernel machine interpretations of
neural networks. We name the corresponding kernels
adaptive Neural Bayesian Kernel (aNBK) and adaptive
Neural Tangent Kernel (aNTK) for reasons that will be
apparent below.

2. To analyze the first of these limits, we introduce a novel
Bayesian interpretation of feature-learning neural net-
works, where the posterior distribution at infinite width
characterizes the network’s state after training. Ana-
lyzing this posterior in the infinite width limit using
statistical mechanics methods, we identify a min-max
optimization problem, arising from a saddle point ar-
gument, that defines the aNBK predictor.

3. To analyze the second limit, we invoke the DMFT anal-
ysis of gradient-flow dynamics (Bordelon & Pehlevan,
2022). We show that when weight decay is added

to gradient flow dynamics the final learned network
predictors behave as kernel predictors. We provide
the DMFT fixed point equations that define the aNTK
predictor.

4. We develop numerical methods to solve for our predic-
tors.

5. For kernels arising from deep infinitely-wide linear
Bayesian networks, we solve the saddle point equations
exactly via recursion, bypassing sampling strategies
needed for the nonlinear case. We analyze the behav-
ior of kernel-task overlap parameters across depth for
whitened data.

6. We provide comparisons of our adaptive kernel ma-
chines to trained networks and lazy NTK and NNGPK
predictors for MLPs and CNNs. We demonstrate that
our adaptive-kernels are descriptive of feature-learning
neural network training on a variety of metrics, in-
cluding test loss, intermediate feature kernels, and pre-
activation densities. In addition, they outperform lazy
kernel predictors on benchmark datasets.

1.1. Related works

Neural networks as kernel machines. In certain initial-
ization and parameterization schemes, taking the width of
a neural network to infinity leads the model to learn a ker-
nel machine, with a kernel that depends only on the initial
task-independent features which do not change during train-
ing (Jacot et al., 2020; Lee et al., 2018). This “lazy train-
ing” regime has been extensively studied, particularly in
the context of infinitely wide networks (Chizat et al., 2020;
Jacot et al., 2020; Lee et al., 2018; 2020). However, neural
networks outside of the lazy limit (in the so-called “rich
regime”) often perform better than their corresponding ini-
tial NTKs (Vyas et al., 2022) and are not obviously related
to kernel machines. Domingos (2020) argues that gradient
descent training for any deep network corresponds to re-
gression with a history-dependent “path kernel”, though this
definition does not satisfy the standard representer theorem
where coefficients are only functions of the training data
as in Equation (1). In general, the learned function of a
network trained with gradient flow can always be written as
an integral over the history of error coefficients on training
data and a time evolving NTK. In the present work, how-
ever, we are focused on when the final solution a network
converges to satisfies a history independent representer the-
orem as in Equation 1. Some experimental and theoretical
works have indicated that this is often the case, where re-
gression with the final NTK (computed with gradients at
the final parameters) of a network provides an accurate ap-
proximation of the learned neural network function during
rich training (Geiger et al., 2020; Atanasov et al., 2021; Wei
et al., 2022). A complete theoretical understanding of when
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Figure 1. Test network predictors of a two-layer MLP (width N = 5000) trained with P = 300 data of two-classes of CIFAR10 compared
with the theoretical kernel regression predictors. Three panels are for different regimes of regularization \ and temperature 1/4. In all
the three cases of A, Kinit represent the network predictors at initialization, while Kfinal / Pgna correspond either to aNTK at convergence
for (a)/(b) or aNBK that at convergence for (c). (a) When A = 0 the NN predictor of gradient flow without weight decay is not a
kernel predictor; (b) instead, when A > 0 the test prediction is well captured by fiuntk (Eq. (11)). (c) Bayesian empirical predictor is
well-described by aNBK predictor at convergece. We expect these matches to be exact for adaptive kernels at infinite width.

and why the correspondence between final NTK and final
network function holds is currently lacking.

Adaptive kernels. In Bayesian neural networks, several
works have identified methods that describe learned net-
work solutions beyond the lazy infinite-width description of
NNGP regression. Some works pursue perturbative approx-
imations to the posterior in powers of 1/width (Zavatone-
Veth et al., 2022a; Roberts et al., 2022) or alternative cumu-
lant expansions of the predictor statistics (Naveh & Ringel,
2021). Others analyze the Bayesian posterior for deep linear
networks, which are more analytically tractable (Aitchison,
2020; Hanin & Zlokapa, 2023; Zavatone-Veth et al., 2022b;
Bassetti et al., 2024) and actually also capture the behavior
of deep Bayesian nonlinear student-teacher learning in a
particular scaling limit (Cui et al., 2023). Several works on
Bayesian deep learning have argued in favor of a propor-
tional limit where the samples and width are comparable
(Li & Sompolinsky, 2021; Pacelli et al., 2023; Aiudi et al.,
2023; van Meegen & Sompolinsky, 2024; Baglioni et al.,
2024; Fischer et al., 2024). In the context of fully connected
(MLP) linear neural networks, (Li & Sompolinsky, 2021;
Pacelli et al., 2023) argued that, the mean predictor under
the posterior is the same as regression with the lazy NNGP
kernel, though with a rescaled ridge and a predictor variance
that depends on scale factor Q(«) that both change as a
function of « = P/N. Extending this result to deep net-
works Pacelli et al. (2023) found that each layer has a scale
renormalization constant Q¢(«), while Aiudi et al. (2023)
showed that convolutional architectures are characterized
by a matrix of scale renormalization constants Q) s () that
capture learned space X space that adapt to the data.

In the same NTK parameterization, Fischer et al. (2024) and
Seroussi et al. (2023) developed theories of feature learning
where kernels adapt more flexibly (each entry in the kernel
can adapt due to feature learning). In this setting, feature

learning acts as a 1/width effect in the posterior measure.
Fischer et al. (2024) derive a general large deviation princi-
ple for the distribution of kernels under the posterior, which
holds for any « = P/N, however, they focus on linear re-
sponse theory for the kernel updates since feature learning
induces O(N 1) corrections to the the posterior distribu-
tion of kernels. Since the kernels do not concentrate in the
proportional limit P, N — oo with P/N = «, Fischer et al.
(2024) also compute how fluctuations in the kernels propa-
gate across layers. They show that the linear response theory
used to track fluctuations can also be used to compute fea-
ture learning corrections when linearizing the action around
the NNGP kernels. Their results are thus non-perturbative
in & = P/N but perturbative in what we call “richness” .
Similarly, (Seroussi et al., 2023) explore variational approx-
imations of the hidden neuron activation densities at finite
width. More recent versions of these proportional theories
have begun to explore other parameterizations (Rubin et al.,
2024a) in linear networks, resorting to cumulant expansion
of activation densities (up to Gaussian order) in one-hidden
layer non-linear networks.

Closer to our approach, Yang et al. (2023) analyze rescal-
ings of the Bayesian likelihood to induce representation
learning at infinite width. This approach has also been used
to explain sharp transitions in the behavior of the poste-
rior as hyperparameters, such as prior weight variance, are
varied in large width networks (Rubin et al., 2024b). Alter-
natively, some works have developed non-neural adaptive
kernel algorithms, which filter information based on gradi-
ents of a kernel solution with respect to the input variables
(Radhakrishnan et al., 2022), which exhibit improvements in
performance over the initial kernel and can capture interest-
ing feature learning phenomena such as grokking (Mallinar
et al., 2024).

In our work, we study the infinite width N — oo limit of
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Bayesian networks at fixed P in the mean-field (uP) pa-
rameterization setting. As a consequence, feature learning
is not driven by finite width and cannot generally be ex-
tracted from linear response theory (or can be interpreted
in terms of fluctuations since kernels concentrate). Con-
trary to previous results (Li & Sompolinsky, 2021; Pacelli
et al., 2023; Aiudi et al., 2023; van Meegen & Sompolinsky,
2024; Baglioni et al., 2024), in our theories, the kernels
deterministically adapt to data. These kernels can exhibit
arbitrarily large changes in their structure (rather than just
scale or spatial renormalization) at infinite width, and these
cannot be obtained from linear response theory, at odds with
previous computations (Fischer et al., 2024; Seroussi et al.,
2023; Rubin et al., 2024a) (see Figures 1 & 3). Addition-
ally, our adaptive kernels at infinite width are deterministic
quantities, while in previous scaling theories, one has to
compute kernel fluctuation statistics to get non-parametric
predictors in the feature learning regime. To the best of
our knowledge, we are also the first to solve for these adap-
tive kernels in the Bayesian setting without resorting to any
perturbative (in richness ~g) approach nor any Gaussian
approximation of hidden layer pre-activation distributions,
which are non-Gaussian at infinite width.

2. Preliminaries

We start by describing our setup. Here, for ease of presenta-
tion, we discuss the fully connected MLP setting, referring
to Appendix D for the case of CNNs.

For an empirical training dataset D = {a,,,y,,}/, of size
P, input vectors x,, € RP and labels Yu, we define the
output of an MLP with L layers as

o o)

1
WE hf hl —
m ¢( H)’ ”w

1 @

vD

hffl = wOg,

where ¢(+) represents a homogeneous transfer function in
its parameters ¢(af) = a"¢(0), hﬁ € RM¢ atlayer £ is the
pre-activation vector and W*¢ € RNe+1XNe i the matrix of
weights to be learned. We initialize each trainable parameter
as a Gaussian random variable ij ~ N(0,1) with unit
variance, in such a way that in the infinite width limit N, =
N — oo, V¢ € {L} the pre-activations at each layer will
remain Oy (1). At the same time, we scale the network
output by a factor o/ N in order to study feature learning.
This allows to interpolate between a lazy limit description
of NNs when 7y — 0, and a rich regime description when
Yo = On(1). This parameterization, known as maximal
update parameterization (1P) (Yang & Hu, 2022), allows
feature learning by enabling preactivations to evolve from
their initialization during training even in the infinite-width
limit.

3. Adaptive kernel limits of training dynamics

Next, we study the rich training dynamics of the NN defined
as in Eq. (2) to arrive at adaptive kernel predictors. In
particular, we study the infinite time limit ¢ — oo of the
noisy gradient-flow dynamics

dO(t) = —*VeLldt — \371O(t) dt + /26~ 1de(t) (3)

for the collection of weights & = Vec{W©) .. w()},
a loss function £(80) and for a ridge A\, V¢ € {L}. Here,
7?2 = 43N ensures the feature updates to be O (1) in the
infinite width limit (Bordelon & Pehlevan, 2022), and de is a
Brownian motion with covariance structure (de(t)de(t')) =
d(t — t')I (being ¢ the Dirac delta), whose contribution to
the dynamics can be switched off by tuning the tempera-
ture T = £ — 0. When the Brownian motion is on, this
dynamics can be interpreted as sampling from a Bayesian
posterior, which will be detailed below. When it is turned
off, this is gradient-flow dynamics with weight decay.

It is well know that infinite limits of this training dynamics
in the lazy regime (9 — 0) lead to kernel machines defined
by the NTK (Jacot et al., 2020) and NNGPK (Cho & Saul,
2009b; Lee et al., 2018; de G. Matthews et al., 2018). Here,
we show that there are infinite limits in the rich regime that
also lead to kernel predictors, but this time these kernels
adapt to data. The order of limits for width, time, tempera-
ture, and feature learning strength parameters { N, ¢, 3,70}
to get either the already known lazy (NNGPK, NTK) or
novel adaptive kernel predictors is shown in Table 1. The
latter kernels correspond either to the infinite width limit of
a NN at convergence (i.e. t — 00) that learns with § > 0
(aNBK) or to the infinite time limit of an infinitely wide NN
learning with gradient flow and weight decay (i.e. 5 — 00)
(aNTK).

NNGPK aNBK (ours)

limy, 0 lim o0 limy s o0 Lim n— o0 limy oo

B =06n(1) {70, 8}=On(1)

NTK aNTK (ours)

im0 imy o0 limp s oo|| limy—yoo imy o0 limg 00
t:@N(l) ’70:@1\/(].)

Table 1. Limiting orders for {N, ¢, 8,70} in the dynamics (3) to
get either (known) static kernels NNGPK & NTK (left column),
or (new) adaptive kernel predictors (right column).2

Next, we give the functional forms of our novel aNTK
and aNBK predictors and briefly discuss their derivations.
Details are given in Appendix A.
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3.1.aNBK

As described in Table 1, if we take first the ¢ — oo limit,
and then the N — oo limit with temperature (1/3) and
feature learning strength (o) fixed, we arrive at an adaptive
kernel predictor (see Fig. 1)

( ZA@L% ) 4

with A, = ——“ being the error signal, s,, = ﬁw(m .
1

¢(h};) the pre-readout as in Eq. 2, and &% = Lo(h]) -

#(h1) the train-test feature kernel at the last layer L. In

this notation, the kernel matrix element is given by <I>ﬁ,j =

L (x,,x,). In the squared loss case with a linear readout
(o(s) = s), the predictor f(x) becomes a kernel regression
predictor of the form

f aNBK

fanp(z) = (25 (2)) " [‘I’L + )\L;] . y, (5

where ®%(z), =
pendix A.2).

®L(x,x,) (for derivation, see Ap-

In Appendix A, we show that the kernel ®* is given by a
solution to a min-max optimization problem that involves
the data-adaptive kernel ®* € R”*P | intermediate layer
adaptive-kernels ®¢ € R”* " and dual adaptive-kernel vari-
ables ®¢ € RP*F . Here, we present this min-max problem
for the squared loss and linear readout for simplicity, see
Appendix A for the full expressions. First, we define the
action:

-V 4 - “Yo T I ‘Ii !
S{@', ) = ZTrcp@ (ﬁ+AL) y
L—1
- Z In Z,[® 1, &1 (6)
=1

where the functions Z,[®~!, &!] are defined as
-1 (hz)T (q)el)1hz>

TR o) )
(7

Z, @71, ) = / dh’ exp (
exp <—

with base case <I>2 = éwu x,. Then, the saddle point

that dominates the distribution is

{®0, @0}, —arg?n%?laﬁfs({@l @), ®

Derivation sketch. Taking t — oo at fixed temperature
8 = % and finite width N in Eq. (3) converges to a sta-
tionary distribution (Kardar, 2007; Welling & Teh, 2011;

Mingard et al., 2020; Naveh et al., 2021) over the trainable
parameters 8 given the dataset D, which can be interpreted
as a Bayesian posterior with log-likelihood —3v2£(6) and

. . ~1/2
a Gaussian prior of scale A, /

L

—BYLO) =)

£=0

p(OID) =  exp o). o
The distribution of Eq. (9) can be studied in the overpa-
rameterized thermodynamic limit where the width at each
layer N — oo while P = On(1). When 8 — oo, the
posterior is dominated by the set of global minimizers of
the loss for the training data (i.e. solutions @ that mini-
mize £(60)). In general, Eq. (9) is function of the order

parameters {®‘, ®}%_ since it has the form p(8|D) o
[TIr, d®ddt exp (—NS(<I>£7 ,i,e)) where S(®¢, ®¢)
is the Bayesian action given in Equation (6). When N
is large, p(@|D) is exponentially dominated by the saddle
points of .S, and looking for the values of {®*, ®}%_, which
makes S locally stationary means solving the min-max opti-
mization problem in Algorithm 1. In the lazy learning limit
Yo — 0, the dual kernels vanish &’ 5 0 and we recover
Gaussian preactivation densities, consistent with the NNGP
theory (Lee et al., 2018). A full account of this derivation is
given in Appendix A.1. O

We present a numerical algorithm to calculate the aNBK
Regression Predictor from data in Alg. 1.

Algorithm 1 aNBK Regression Predictor
Input: Dataset D = {x,,, y, }},—; with covariance 9, =
+,, - @, hyperparameters {70, 3, A¢}, step size 4.
Output: Predictor f(x) for any test point € € { Peg -
Generate: Initial guesses for {®¢, &'}
& = <¢(h5)¢(h")T>heNN(O’¢Z,1), and ®° =0 VL.
while Kernels do not converge do
Define action the action S of Equation (6) as differen-
tiable function of {®*, &}, using importance sam-
pling to estimate the functions Z.
Solve the inner optimization problem

max S({®*, &})

with gradient ascent
Perform gradient updates on feature kernels

9 )
@Z @/ @[ P L

Compute:  For a test point =, ®‘(x) =

(¢p(h*(z))¢(h*))pn,py  with importance —sampling

and p(h, h) from Eq. (7) (see A.2).
return f,ngx(x) as in Eq. (5)
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3.2.aNTK

The second order of limits we study is when 5 — oo in
Eq. (3). We are interested in the infinite time limit ¢ — oo
of the dynamics when N — oo, which leads to a predictor

| P
favtk () = 0 (ml;A#K“NTK(wM’w)) ,  (10)

where again A, = _gTi’ s, the output pre-
activation and K™ = limy . 78{;9("‘) : 73’;”9(” =

limy o0 >, GLEL (¢, 1)®Y, (¢, 1) is the adaptive Neural Tan-
gent Kernel. The gradient kernel wa(t,t) = %gfl(t) .
g’ (t) represents the inner products of gradient vectors
9.(t)
propagation.

= N~y gfl‘é ((?) which are usually computed with back-

For a squared loss and a linear readout, a homogenous acti-
vation function ¢(-), the final predictor has the form

kaNTK(:I?*)T[KaNTK+)\LI<LI]71y. (11)

faNTK(iB*) =

The factor k appears in the expressions from the weight
decay contribution to the dynamics (3), since we consider a
 degree homogeneous network as specified in 2.

In the infinite width limit N — oo, the neurons in each
hidden layer become independent and the @, GG kernels can
be computed as averages (Bordelon & Pehlevan, 2022)

., (t,1) = (S(hy, ()6 (hy (1))
Gl (t.1) = (g,()g, (1))

where (- ) denotes the averages over a stochastic process for
pairs {h _1 which obey the dynamics

W>—“@

+70/ dt’ e~ A=) ZA
2, () = e M, (1)
+70/ dt’ e=Mt= ”ZA NGt )
= bl (1), (t)

(12)

)DL (¢, t)

9,(1)
(13)
where §ﬁ (1), ﬁ(t) are stochastic processes inherited from
the initial conditions, which become suppressed at large
times. These equations are one way (but not the only way)
to converge to a set of fixed point condition for the final fea-
tures and final predictor (see Appendix F). Alg. 2 provides
pseudocode for calculating the predictor in this setting.

Derivation sketch. A derivation to obtain the DMFT dy-
namics as in Eq. (13) can be found in (Bordelon & Pehle-
van, 2022). Here, we want to stress the difference between

the A = 0 (disccused in (Bordelon & Pehlevan, 2022)) and
A > 0 cases, the last of which leads to the kernel predictor
as in Eq. (10). In the case of gradient flow with weight
decay, since the predictor dynamics can be written by the
df o= % %“, we can just track the dynamics of
the output pre activation

chain rule

P
= > KNSt )Aa(t) = Aprs,  (14)

a=1

s
dt

if we suppose o”(s,,) # 0. How to arrive at this formula
can be found in Appendix E. Here, at the fixed point the out-
put pre-activation is s, = x>, A, K*™T8(¢, 1), which
recovers the kernel predictor of Eq. (10). O

In principle, for any given value of )\, in order to have an
estimate of K°NTK at convergence, one has to simulate
the stochastic non-Markovian field dynamics as shown in
Algorithm 2. When A > 0, the contribution from initial
conditions &, (t), wﬁ(t) (see Eq. (13)), is exponentially sup-
pressed at large time, while the second term of Eq. (13)
contributes the most only when the system has reached con-
vergence. This is not true if we switch-off the regularization
A, in which case the contribution from &/, (t), 1%, (t) persist
late in training, since without the weight decay term, the
initial conditions prevent the dynamics from converging to
a fixed kernel predictor.

In Fig. 1 we clearly demonstrate this, by comparing the pre-
dictor of a two-layer MLP trained on a subset of CIFAR10
with the theoretical predictor of Eq. (11). For the first case
when A = 0, the network predictor at convergence is not
the kernel predictor aNTK. Instead, when A > 0, the net-
work dynamics is well-described by Eq. (11). We refer to
Appendix E.1 for the case of CNNs.

Algorithm 2 aNTK Regression Predictor

Input: Data ®°, y and hyperparameters {~o, \¢}.
Output: Predictor fyntk () for any test point © € { Peg }-
Generate: Initial guesses for {®¢, G*}L_: ®°, GL*! =
117.
Draw S samples for random fields at initialization fé J(t) =
S WEO)H(hE)(E) and ¥, () = WA (0)gEH (1
while Kernels do not converge V¢ € {L},Vs € {S} do
Implement the non-Markovian dynamics of Eq. (13)
Compute new {®’, G}

Compute K2\™® = lim,_,oc Y27 GEE(t,1) 0, (L, 1)
return faNTK( )asinEq. (11)

3As specified in the Appendix E, we restrict the readout activa-
tions to those with o’ (s,,) # 0, otherwise, the gradient signal does
not backpropagate through the network, preventing convergence
to a kernel predictor.
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Figure 2. Linear networks with whitened data are determined by a set of kernel-label overlap matrices. (a) The overlap variables ¢,
increase exponentially with ¢ with rate that depends on . Solid lines taken from Langevin dynamics on N = 1024 network. (b) The
alignment of the final layer c;, as a function of o and L exhibits three distinct scaling regimes. (c) Examples of learned kernels (at each
layer ¢) in depth £ € {L = 8}, o = 4.0 and finite width N networks compared to the N — oo theory.

4. Infinitely-wide feature learning deep linear
networks

Deep linear networks (¢(h) = h) provide a simpler frame-
work for analysis than their nonlinear counterparts (Saxe
et al., 2014; Advani & Saxe, 2017; Arora et al., 2019a;
Aitchison, 2020; Li & Sompolinsky, 2021; Jacot et al.,
2022; Zavatone-Veth et al., 2022a), yet they still converge
to non-trivial feature aligned solutions. In deep linear net-
works, preactivations remain Gaussian at each layer when
P = ©y(1) for the Central Limit Theorem (CLT), and this
greatly simplifies the saddle point equations to algebraic
formulas which close in terms of the kernels for both aNBK
and aNTK theories. This means that we can solve for the
adaptive kernels in both cases without any refined sampling
strategy. The deep linear case of gradient flow dynamics
can be found in (Bordelon & Pehlevan, 2022). Here, we
report the solution to the saddle point equations that define
the kernels in the feature-learning Bayesian setting, special-
izing to the regression problem (the generic loss case can be
found in Appendix A)
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Here, as a consistency check, it is easy to see that in the
lazy limit 7o — O the dual kernels & =0 V¢ € {L}, and
as a consequence all the kernels ®° will stay equal to the
data covariance matrix ®°, consistent with lazy learning.
However, for the rich regime where ~y > 0 the & kernels
do not vanish and alter the fixed point kernels ®° with target
dependent information in the form of low rank spikes (by
definition of <i>L).

To illustrate this spike effect in the learned kernels in the
rich limit, we specialize to whitened input data K* = I.
We show in Appendix A.3 that the equations get simplified
even further, since now the kernels ®¢ only grows in the
rank-one yy | direction. By defining some set of scalar
variables {c;, & }%_,, which are the overlaps with the label
direction y " ®‘y = ¢, and yTégy = ¢p we find

2
YoCL

£

which means that there is an exponential dependence of the
overlap on the layer index ¢ (full derivation can be found in
the Appendix) as Fig. 2(a) shows. From Eq. (16) we derive
the scalings for lazy, large depth, and large feature strength
limits. For the last layer overlap cy, these are

cp ~1+ Ly oL — 0
cr, ~ ’ygL/(L+1) Yo — 00, L fixed (17)
Ly
L~ L — o0, 7 fixed
In(L~g)

which closely match the theory in their respective regimes
plotted in Fig. 2(b). In Fig. 2(c) we show examples of
learned kernels for a L = 8 network and -y = 4.0 matching
the finite width N = 1028 network trained with Langevin
dynamics.

5. Numerical Results

Two-layer MLPs. In Fig. 3(a) we compare test losses of
lazy vs feature learning kernels for a two-layer MLP trained
on a P subset of two classes of CIFAR10 in a regression task.
The green curve is the performance of NNGPK, Orange is
the aNTK, red is the aNBK. There is a gap in performance
between the lazy predictors and the adaptive feature learning
predictors. However, when sample size P is small, feature
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Figure 3. Feature learning theories outperform lazy predictors for a two-layer MLP trained with Squared Loss (SL) on two classes of
CIFAR10 (airplane vs automobile). (a) Test losses as a function of sample size P. Solid lines refer to theories, dashed lines to numerical
simulations on a N = 5000 network. Blue is the NNGP lazy predictor; green is the deterministic NNGPK kernel predictor; orange is
aNTK with feature learning strength vo = 0.3; red is aNBK predictor with the same 7o. (b) Non-Gaussian pre-activation densities as a
function of 7o for (fop) aNTK and (bortom) aNBK. Black dashed lines are theoretical predictions. (c) Learned feature kernels of the
adaptive theories closely match their relative finite width N network trainings and evolve with ~o.

learning in a data-limited scenario can let the model to
overfit on test points and lazy learning can be beneficial in a
small window of P.

In this plot, we also include the Neural Network Gaus-
sian Process in blue (Neal, 1995; Lee et al., 2018;
de G. Matthews et al., 2018), where for a number of pat-
terns P the solution space is sampled from the posterior of
Eq. (9) by taking v = ©(1). Here the mean predictor is
equivalent to the NNGPK predictor, however there is also
a variance term, which comes from the fact that we are
averaging over all possible random weights.

In the rich scenarios, we derive the preactivation distribu-
tions p(h) as a function of 7, (Fig. 3(b) top and bottom)
at convergence. At initialization, p(h) follows N(0, ®°).
However, as learning proceeds and features are learned, the
densities accumulate non-Gaussian contributions which are
identified by our theories (e.g. Eq. (7)). Fig. 3(c) shows that
there is a clustering of P = 100 data points by category in
the feature space defined by the adaptive kernels.

Deep MLPs. In Fig. 4 we show simulations of a Bayesian
L = 5 Tanh MLP and compare to our infinite-width pre-
dictors. In order to study how feature learning propagates
through depth, we plot the theoretical adaptive kernels of
the aNBK theory versus the empirical kernels of Langevin
dynamics at thermalization as a function of the layer in-
dex ¢. Coherently with the deep linear case in 4, the last
layer feature kernel aligns first with the labels, since the
clustering of features by class is more evident in this case.
There is a small difference between theory and experiments
because solving the min-max problem when L > 1 makes
the convergence of 1 harder, given the dependency of the

Figure 4. Theory vs empirical kernels at each layer for a SHL MLP
with ¢(h) = tanh(h) learning P = 50 patterns of MNIST with
(BBl
y = {+1}7 labels. Alignments A(®‘, ®.,) = ”L(ZH%P)”
exp
between theory and empirical kernels are A(®', ®.,,) = 97%,
A(®?, ®2,) = 81%, A(®*, ®%,) = 73% and A(®*, BL,) =
89%.

non-Gaussian single-site density of Eq. (7) from the layer
index /.

5.1. CNNs

DMEFT for infinite-width CNNs under gradient-flow was pre-
viously derived in (Bordelon & Pehlevan, 2022), which we
solve numerically here for the first time. In Fig. 5 we show
comparisons of DMFT kernel predictors at convergence for
a two-layer MLP and a two-layer CNN with kernel size
k = 8 and stride 8. Black dashed curves, which are the
theories, closely match the full colored lines, which are the
network predictors on N = 1028 width networks. CNN
outperform the MLP at large sample size P for the same 7.
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Figure 5. Test Loss as a function of sample size P for DMFT
theories at convergence: two-layer MLP vs two-layer CNN trained
on P animate/inanimate data on CIFAR10. Dashed lines are for
theory, full-colored curves for empirical kernels.

See Appendix E.1 and Figure 5 for simulations of adap-
tive convolutional kernels derived from the feature-learning
setting.

6. Discussion

In this paper, we develop a theory of non-parametric fea-
ture kernel predictors for MLP and CNN architectures in
pP/mean-field parameterization. By analyzing gradient flow
dynamics with weight decay and/or white noise, we iden-
tify two distinct infinite-width adaptive kernel predictors:
aNBK, representing a Bayesian description of DNNs, and
aNTK, corresponding to the fixed points of gradient flow
with weight decay (Bordelon & Pehlevan, 2022). Unlike
static NNGP (Neal, 1995; Lee et al., 2018) and NTK (Ja-
cot et al., 2020) predictors, our kernels adapt to data. The
feature learning strength, controlled by ~y, recovers lazy
training when 9 — 0 and enables richer representations
for 79 > 0 (Bordelon et al., 2024). We study their impact
across architectures and benchmark tasks on real datasets.

We also analyze infinitely wide deep linear networks in the
feature-learning regime, where the saddle point equations
simplify. Assuming a white data covariance matrix, the
order parameters reduce to scalar overlaps ¢, between ker-
nels and labels at each layer ¢, exhibiting an exponential
dependence on /. This implies that for fixed v, deep linear
networks align last-layer kernels first and propagate align-
ment backward. We derive scaling laws for these overlaps
in the lazy, large-width, and large-depth regimes.

Our numerical results show that our adaptive kernels outper-
form NNGP and NTK at large sample size and match the
performance of a trained NN in the feature-learning regime
even in moderate widths (e.g. N = 5000). Our theory pre-
dicts non-Gaussian pre-activation densities at convergence
and data-clustered feature kernels, whose alignment with
label covariance increases with 7.

Future work could focus on reducing solver computational
costs by developing more efficient optimization techniques.
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Adaptive kernel predictors from feature-learning infinite limits of neural networks

A. Multi-layer deep Bayesian MLPs

As mentioned in the main text, we would like to study feature learning when the solution space is sampled from a posterior
that is a Gibbs distribution with a likelihood £(8;D) and a Gaussian prior %||6||2. We can do this computation for
generic loss and non-linear activation functions as Eq. (2) shows. The representer theorem for Bayesian network is indeed
independent on the activation choice. Here, the posterior takes the form

L

L 2oy — S 210t
p(O|D) = — exp | —y*L(6; D) gQHGH : (18)

being @ = Vec{W () ... w(")} the collection of weights, D = {x,,, Yu}/—y the dataset with P patterns, and 3 =

the temperature inverse. Agaln we are interested in the infinitely overparametenzed limit where N — oo, P = Oy (1).

Here, when 5 — oo the posterior becomes the uniform distribution over the set of global minimizers 6* € arg min £(8). In
0

this setting, one needs to rescale the loss function £ — 2L with v = 79v/N in order to avoid for the Gaussian prior to
dominate over the likelihood when N — oo, suppressing any interaction with the learning task D. From the normalization
factor in Eq. (18), the partition function reads

/Hdwf LN, Lyt )~y A W2 (19)

and since we consider the dataset as fixed, we wish to integrate out the weights and move to a description in the space of
representations. This can be done by simply enforcing the definitions of Eq. (20) through the integral representations of
some Dirac-delta functions

/gdhﬁJrlds#(g& (hfﬁl WW% (h!, )H(s <su »nyw(L) -¢(hﬁ)>>9NN(O,A_1I) (20)

getting
L—-1 R R . €. ¢
- LT o (o
Y 1=0 2N
o [ otrier)) .
D DY (%) —ENY Z, L(y* o (sM))
21
L L Y4 A N oL
/H d®,, d(I) /H ds#dsq D3> O, L~ N S, sudut E 8, S8, — ENE S, Llyuso(su)
1 —
vyt 27TN ’ 2rN;
w N Tty m 2@t e, ]
In the last expression, we introduced the adaptive feature kernels as
¢
,, = ¢( ) o(hy) (22)

and, again, we enforced their definitions in Z with some conjugated variables <i>fw Both {®°
deterministic quantities in the N — oo limit.

£, ®%,} will become

The single-site density in Eq. (21) is given by
~ £—1 ~ ~
z /H dhydh,, o S b= Sy b X b= 5, 6 ()8, 080 )

£—1\ —1 N 2
L ML s (3E) hed S, 6008,000) @3)

27Tdet (bg 1
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At each layer, this decouples over the neuron index because we supposed the hidden layers having the same width dimension
N for £ = 1,..., L, and represents the normalization factor of a non-Gaussian pre-activation density distribution p(hﬁ)

where the non-Gaussian part is proportional to &, while the Gaussian contribution has a covariance that is the feature kernel
at previous layer &1,

In the large N — oo limit, we can collect the partition function of Eq. (21) in the compact form

L l ¢
/H d@ d@ /H ds#dsu _NS({® .85 3L ) 24)
27rN T 27N, e

puv £=1

being S({®*, ®%_,}L ) the intensive Bayesian action

:_722@7 O+ 90 Y Sudu — Z i, uuAy+7 Zﬁyﬂ, o(s,)) Zan (25)

N2 m nv

At infinite width N, this partition function is exponentially dominated by the saddle points of .S. We thus identify the kernels
that make S locally stationary (6.5 = 0) by the equations

‘?—fzo Vi=1,...,L (26a)
o9t
;szo Ve=1,...,L—1 (26b)
nv
s
—0 (26¢)
oL,
gg =0 (26d)
"
E?TS —0 (26¢)
"

where the last two saddle points fix the output pre-activation given the loss function £. If we explicitly write down the
partial derivatives, we get

= (¢(hy)p(hy)) VL e {L} (27a)
= Ao(@,) 7 = A D (RL) T hahp) (@5,)7 VL e {L -1} (27b)
ap
Yy 1 . .
<I>W = —Esﬂsu (27¢)
. oL
S, = =P 8% (27d)

from which we get a kernel predictor on a unseen test point &, since

P
flxg)=0 ()\BL ;AM(PL(:BN, a:)) (28)

being A, = —g—fu the pattern error signal for that given loss.

A.1. Regression problem

In this specific case, where the form of the loss function is known £ = Zizl(y# — fu)? and the readout is linear, i.e.
f(su) = s, Yu € {P}, we can integrate over the output pre-activations and its conjugated parameter {s,, 5, }. After
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integrating, we obtain

L ¢ £
/H ot dd, S EICC IR S 7Y

27rN 1
pr =1
ey 29)
/11 [ bl - Tt v (e S ) oo S (e )
2rN—1
pr =1
where the important quantity to be extremized in the limit N — oo is the intensive action
¢ &L 0o ’Yo L (I);Lw =1 e
S(q)pl/’ (D[I,V = ZZ(D;LV(I);UJ Y ( B + ) - Z an (I);ul ’(I');UJ] (30)

nv

Here, the saddle points which render the action S locally stationary .5 = 0 with respect to these 2L matrix order parameters
can be collected as

o, = (p(hl)e(ht)) Ve=1,...,L (la)

-1 -1
20 L osoi1s0t1 0 \—1 Z 1 q>ﬁa (I)gv
¢.U'V == Y<h# hV > = (¢NV) - TZ T[ <hah5> )\e V( = ]., .. .,L - ]. (31b)
af .

£

2 L _ q)L 1
Y0 I « o feY 1 H,@l/ Br
L — 0 ( n p ) o 6( ) 31
w2 g o) U T Glo
being @), = %7~ the data matrix covariance in this notation.

Notice that the last layer dual’s kernel i){;l, vanishes in the lazy limit vy — 0 and so do all the dual kernels at previous layers

(if;l, = 0, while for non-negligible v, we see that the each hidden layer features are non-Gaussian from Eq. (23). Details on
the numerical implementation of the numerical solver for Egs. (23) can be found in Sec. G.2.

In general, solving the min-max problem for deep networks is hard, because solving max.S (S is the action defined
&

in Algorithm 1) means to find some values for the dual kernels {'i%}f:l which tilt the non-Gaussian measure in Eq. (7)
at each layer /. In Fig. 2? of the main text we solved the theory for Algorithm 1 by initializing the theoretical kernels
{®, 'i'}éLzl with a lazy guess as explained in Sec. G.2. However, an easier strategy for convergence is to initialize the
solver Algorithm 1 with the empirical NN kernels { ®*} | atconvergence obtained from Langevin simulations and perturbed

with a multiplicative Gaussian noise. In this way, one only needs to solve for the dual variables. This warm start allows
T q,ﬁ

Yy
lyy T2
which is the cosine similarity between the kernel ®¢ and the label covariance yy | at each layer. We show that by increasing
feature strength 7, the alignments increase. As expected, the last layer kernel aligns first with the labels as 7, increases,
followed by the previous ones. Fig. 7(b) shows that the perturbed kernels of the theory retrieve the final NN kernels as
locally stable fixed points.

faster convergence. This is what we did to produce Fig. 7. Here, we plot the kernel alignment A(®¢, yy ") =

In Fig. 6 we show that the non Gaussian preactivation distribution, depending on the activation function chosen, can develop
a multimodal profile, and so a Mexican-hat profile for high values of feature learning strength .

A.2. Generalization error

Knowing the posterior distribution makes it easy to compute the test error on a new (unseen) example (2, yo), which is
defined as

eg(@o,y0) = ((yo — fo(20:0))*)o~p(oD) (32)
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2 3

0 1

-3 -2 H
(b) Preactivation density for ¢(h) = tanh(h)

-1

(a) Kernel for ¢(h) = tanh(h).
Figure 6. (a) Bayesian theory (aNBK) and empirical (Langevin) adaptive kernels with feature learning strength ~y, and for P = 50 patterns

of 0/1 classes of MNIST. C'is the Gram matrix of data. (b) The preactivation distribution is in general non-Gaussian at each value of
feature strength . For activation ¢(h) = tanh(h) we show that p(h) can develop a Mexican-hat profile.
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(a) Kernel alignments
Figure 7. Bayesian L = 5 ReLU MLP trained on P = 1000 data of CIFAR10. Colored curve are experiments, dashed lines are the
,yy ) at each layer vs feature strength. (b) Theory vs empirical

predictors calculated from Algorithm 1. (a) Kernel alignments .A(
kernels at each layer. Here, theory refers to the intermediate layer kernels calculated via Algorithm 1

where the sampling measure corresponds to Eq. (18). Here, we can include with an index p = O the test pattern contribution

and just compute

P oL 5 3 Ny, oL (3 )2
pov=1 P 8udvtaxy Poo (30 %
(33)

dsudsy, eDtv=0 2t Ne®; @) + 3

L dqﬂ ch%
o ) TS [ 1T 5 e

x
( anO 2xN— 1
pr=0/,=1
% 6)‘L soZ ®,5,—Nr Zu 0 SHSM_EN25:1(1!“—3“)2+N ZeL:O In 2, % (yO _ 50)
where the single-site action contains now all the possible interactions with the test point at each layer ¢ in the test-test kernel
PGy = (¢(ho)?) and the test-train kernel ®f, = (¢(ho)@(hy))
1800 e s 2 I
(ho)—3 Xo_1 ho =P (ho)”— p=1 ﬁhohu
(34)

A pl—1 | .
pr=1 H AZ 1 hl’izﬁuzl (b(hu)q)f“/(b

/Hdhdhﬂzz o huhu—13P

X e u=1 ©i¢(h0)¢(hu)_
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Exploiting the saddle point equations, we realize that the dual kernels concerning the test point L doy = 0, and that

o

®f, = (p(hy)p(hy)) VO=1,....L (35a)
o, = 2%@?%?% Ve=1,...,L—1 (35b)
L+ is,s =0 (35¢)
o = Aiemg“izfﬁl) Ve=1,...,L—1 (35d)
o =0 =Pgp=0 (35e)
s0= % %: oL3, (356)
50— B (v = 5,) =0 (359)
5, = i zy: oL 3, (35h)

This allows to rewrite the single site density in a much simpler form, where the non-Gaussian contribution includes just the

. T
train points, while the Gaussian part has a (P + 1) x (P + 1) covariance matrix ® = <(I)00 ®y )

o, o,
) [I,dh,  ~+Sh_oh, (ffif ) LS 6l 60)
A (R L =" ‘ (36)
ZWdet(‘fj:i)

This means that once we solved for Eq. (31) we can marginalize Eq. (36) to get p(hg |h?) and hence the test-train vector
kernel ®,,. The test error expression is

1 L, [, 11 2
eo(@0,y0) = (o — — @f[ “"+ﬂ} y> 37)
(0, 90) (yo )\L;, v tal Y
L -1
meaning that the predictor f,, = % > v @ﬁ [qj\”L + H‘[;,”} Yy, 1s again a kernel predictor, with adaptive kernels from
Egs. (31).
An alternative way to obtain the predictor in the specific regression setting from Eq. (28) and when o (s) = s is by solving
for A, = —g%. In this case
T

B
Au:yu_f,u:y,u_XZAy(b;w (38)

and by solving this equation for A € R” we obtain

3 -1
A= [1 + A@] v. (39)
Lastly, combining this with the original Eq. (28), we get
3 -1
f(z)=®(x)" [I + )\(I)] y (40)

as is it in the main text Eq. (5).
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A.3. Deep linear case

In the deep linear case ¢(h*) = h’, the action of Eq. (30) gets simplified because the single-site density is now Gaussian,
and this leads to

L -1
_ = é L 70 ]I;w (I);u/ (I)[U/ ¢
({CI)MV’ - ZZ MV(I)/W - y (5 + L) s Zlndet( o+ Ao— (I) ) @1
with the following saddle point equations
@Z 1 (bé 1 (-1
Pt — I o) =0 W=1,...,L 42
o () _— (422)
(i)ﬁ-i-l Pt 1
_ (]1+ <I>“1> -0 Yi=1,..,L-1 (42b)
A by,
2 L L
RO T e e S
B 4+ ( —) ( —) ~0. )
AL \pB - /) Y\ - AL (20

In principle, this is a closed set of equations, which can be iteratively solved as mentioned in Sec. 4. If we choose input data
that are whitened, with ®° = K® = I and label norm |y| = 1, the equations can be simplified even further, since feature
kernels at each layer ®° only evolve in the rank-one direction yy ' . This allows to define the variables {c¢, ¢¢} which are
the overlaps with the label direction y

y ®ly=c y dly=¢ (43)
In this setting, the reduced saddle point equations become

1 )

Cl=—F—,F¢C = 44
Ty C1 S ce Cot1 44
2 A~
A i N Ce+1
cr, = — , Cp = — 45
: (B l4er)? " Tteiéon )
which are 2L scalar equations for the overlaps ¢, at each layer. We note the following conservation
2
A A Y CL
= =1 = 46
CeCp = Ce41Co41 (B~ +cL)? x(cr) (46)
which implies that
Cy 14
l=————"— = cy1=cc(1—x(cr)) =1 —x(cr)) . (47)
ey = en = al-x(e) = (- x(e) o
Since we have ¢; = m = ¢; = 1 — x(cr.), hence we find

=(1—x(c))’ 48)

which means that here is an exponential dependence of the overlap on layer index. In practice, we can solve Eq. (48) for the
last layer overlap ¢y, since x(cy,) and then move backward in computing all the previous layer overlaps.

We can also extract the following small v or small L asymptotics. Precisely, when L is fixed and 79 — 0 we recover a
perturbative feature learning regime
Ly? 2 .2
cr~1+— = ¢ ~14+ Ly, v*L—0 (49)
CL
where correction are O(y2L). Similarly, at large v with fixed L, which stands for a shallow but very rich regime, the
overlaps scale as

c=[1+72c]" = ¢~ PE/0EAD (50)
while, alternatively the large L asymptotics for a very deep network have the form
14+1/L 2 2 Ly®
M/ =c+v" = clne~ Ly = ¢~ ——— (629
In(L~y?)

which we show to be predictive in Fig.3 of the main text.
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Figure 8. (a) Bayesian two-layer MLP trained on a whitened covariance matrix ®° = I on P = 4 train points. Feature learning (7o > 0)
leads to a non-Gaussian pre-activation distributions. Black-dashed curve is the lazy NNGP when h ~ N (0, ®°); red curve is the aNBK
theory when h is sampled from Eq. 7; blue is the empirical pre-activation distribution of a N = 5000 network trained in the rich regime.
(b) Non-gaussian pre-activation distribution as a function of feature learning strength « for a Bayesian 2-layer MLP trained with Squared
Error (SE) on 0-1 classes of MNIST dataset. Here sample size P = 100.

A.4. Non-gaussian pre-activation density

In the non-linear case, as Eq. (23) shows, when -y > 0 the pre-activation density at each layer is non-Gaussian, with g
entering in the saddle point equation for the dual kernel at the last layer BL (see Eq. (31)). This means that, once we
have {®’, g },-_ | from the solver (Alg 1), we can evaluate Eq. (23) with importance sampling and compute p(h,,) for a
given pattern p. In Fig. A.4(a) we show that, while in the lazy regime where no feature learning enters, the hidden layer
pre-activation of the NNGP predictors are Gaussian, this is not the case in our setting.

A.5. Perturbative approximation

In the 9 — 0 limit, we recover the static kernels of NNGP predictor (Neal, 1995; Lee et al., 2018). Corrections to this lazy
limit can be extracted at small but finite ~y. In order to do so, we can expand each macroscopic variable (o) in power
series of 7o, such as ¢ = ¢(© +12¢™") +~3¢® + .., and compute the corrections up to O(42). First of all, we notice that
at leading order in 3

A -1 -1
®F =5 (B +67") wy (7 +57T) (52)
where we set each A\, = 1 for clarity of notation. For each dual kernel at previous layer £ = 1,..., L — 1 we have instead a
recursion
leg 0 T Yas)
where non-perturbatively
1. 1 0 1 1 ~
7(1)5 _ _ = Z = (I)€ -1y = (be-i-l 4
59 =5 [ digg oo (5@ - Somation) (s4)
1 1 < o? 1 S0
= :  (ggz e (5o o (55)
2 (exp (—3o(m)@ o)) IR 2 0
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being (), the Gaussian average with covariance ®*¢. With a little bit of algebra the numerator can be written as

<ah%h exp (g0t ) ) == (5 [exw (~ 50000 ) 601, Bm0(h)| >

0 ) %ﬁ: B, <¢(hu)¢(hu)¢(ha)¢(hﬁ) exp (;¢(h)<i>¢(h)> >

0

0 X e ( F o) exp (500080 )

0
. . 1 . .
= (bMmdna)esp (50008000 ) By (56)
0
Under the leading order approximation, we find the following relationship between successive layers
Ty S CENY (57)
2 \ OhOhT
The entries of this Hessian matrix can be computed in terms of derivatives of the activation function
0 0 . o - . . .
Y ¢ =_— v ‘1)1/ v « ‘I)V(X
5 3, 2 Aa)oha)® = 5 [()0(0s)ua + D)o (ha)Bra (58)
=2 <¢'>(hu)¢#(hu)> B, + 20, <<}3(hﬂ) > ¢(hﬂ)> D, (59)
B

all of these Gaussians can be evaluated at the unperturbed NNGP kernels Gaussian densities. Once these & matrices have
been computed, the & matrices can be asymptotically approximated as

1

&' ~ Pt —
0 9

(o(m)o(m)T (6(h) @ 6(R))) — @6 (o(h) S 6(h)) (60)
which agree with the perturbative treatment of (Zavatone-Veth et al., 2022a) obtained in the NTK parameterization which is

similar to our small vy expansion (neglecting finite width fluctuations).

B. Expanded Related Works

In this section we provide additional details comparing our contributions with previous works. We break these up into (1)
scale-renormalization theories (2) Adaptive Kernel Theories in the NTK scaling (3) and rescaling the likelihood.

B.1. Scale Renormalization Theories

Many theories of proportional limits of Bayesian neural networks predict that the mean predictor has the form

(f(2)) = Q@)Y (x,3,) [Qa)@" + 7|y =D ®F(z,2,) [@F + 71Q(e) ']

-1
Yus (61)

g nv
where Q(a) € R is a scalar that is determined self consistently as a function of & = P/N and ®(z, ') is the final layer’s
NNGP kernel under the prior (Li & Sompolinsky, 2021; Pacelli et al., 2023). We rewrote this expression in the last line to
emphasize that this is equivalent to a data dependent ridge with the original NNGP kernel. In the limit of low temperature
B — oo (zero regularization), these effects have no impact on the mean predictor. This theory does not capture adaptation in
the entries of the kernel.

Extensions of this theory to CNNs, gated linear networks, and transfer learning result in slightly more order parameters
which compute gate x gate overlaps for gated linear networks (Li & Sompolinsky, 2022), or space x space overlaps for
CNNs (Aiudi et al., 2023), or task X task overlaps for transfer/continual learning (Shan et al., 2024; Ingrosso et al., 2025).
While these theories are slightly more flexible, they do not allow for adaptation for the kernels to adapt within each block
(gate, spatial location, task) but just reweight the blocks.
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B.2. Adaptive Kernel Theories in NTK Scaling

Both Seroussi et al. (2023) and Fischer et al. (2024) derive mean field actions for the kernels and conjugate kernels for
Bayesian networks under the posterior. Seroussi et al. (2023) use a variational Gaussian approximation to the preactivation
density which finds the best Gaussian density which approximates the true posterior density for h. Fischer et al, explicitly
describe how the joint distribution of kernels obeys a large deviation principle at large /N (or in the proportional limit
P,N — co with P/N = «)

= lnp({'}) ~ —max S({@, $'}) (©2)
N {&}

where S is an action. However, in their theory the single-site distribution for hidden layer ¢ have the form

pe(h) ocexp< Zh hy [®°7 1#,,f—2¢ > (63)

which reveal that the non-Gaussianity is explicitly suppressed with respect to N. As they focus on large width networks
N > 1, they expand the single-site densities at leading order

pe(h) & exp ( Zh h, [®@41] W) [1 - % Z¢(hu)¢(hu)(i’;€y] (64)

which enables computation of Gaussian averages with a perturbed density.

Some key differences between our approach and this approach is that

* Our theory does not allow for linearization of the preactivation densities unless the richness hyperparameter g is
explicitly made small. We therefore do not rely on linear response theory to solve our equations but rather confront the
min-max problem directly.

* Our theory results in deterministic kernels rather than random matrices for the kernels CIwa. The kernels arising from a
proportional limit are random matrices. Reducing the noise from random initialization results in better performance as
we discuss in Appendix C.

B.3. Feature Learning At Infinite Width By Rescaling Likelihood

An alternative approach, in analogy to mean-field/uP scaling in the dynamics case (Mei et al., 2018; Chizat et al., 2020;
Geiger et al., 2020; Yang & Hu, 2022; Bordelon & Pehlevan, 2022), one could instead reparameterize the network definition
so that feature learning persists as N — oo even if P is kept constant. This approach was pursued for Bayesian networks
by Yang et al. (2023). However, they do not reparameterize the definition of the network predictor so their saddle point
equations for the kernels are not in agreement with ours. To see this concretely in the case of a one hidden layer linear
networks. For direct comparison, the posterior kernels satisfy the following saddle point equations in our theory and theirs
at zero temperature

®=C"! 120 lyy'®! Ours 65)

0=C ' - lyy @ ! Theirs

where the second equation is provided in Equation 128 of Yang et al. (2023). We can obtain their result from our result by
taking an ultra-rich limit 79 — oo and rescaling the kernel as ® = ¢ ® which gives

Cl=o lyyd ' (66)
We thus see that our scaling allows for more intermediate behaviors between the ultra-rich vy — co and the lazy learning

o — 0 limits. Further, Yang et al. (2023) utilize a different spline-based numerical method to approximate the preactivation
density under the posterior, whereas we utilize importance sampling.
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Figure 9. Finite-width effects in NTK and pP parameterizations. Blue curves are for different IV values, showing that NNGP predictor
is not consistent across network widths. We compare predictions of finite width /N networks (as in (Pacelli et al., 2023)) to the NNGP
infinite width limit. Finite width effects are instead negligible in uP parameterization, where finite N networks trained with Langevin
consistently lie on the theory full orange and red curves.

C. Finite-width effects

In principle, in uP, the kernels (bfw and predictions f, at width N exhibit O (\/Lﬁ) fluctuations around their limiting values
(Bordelon & Pehlevan, 2024). Because these fluctuations generically add variance to the predictor (see (Li & Sompolinsky,
2021; Pacelli et al., 2023)), they increase the test loss compared to the large N limit as we show in Figure 9. Here, we
compare the finite width light blue effects in 1HL fully connected architecture (parameterized with NTK parameterization) at
finite width and finite « = P/N = O (1), with orange and red curves, which are the finite width effects in our mean-field
parameterization. Light blue curves in this plot are the predictor performance as obtained in (Pacelli et al., 2023). Light
orange and light red curves are the finite width effects of our aNTK and aNBK predictors respectively.

When N is comparable to P in either parameterization, the kernels ®¢ should actually be thought of as random matrices
with significant deformations to their spectra compared to the N — oo limit.

D. Deep Bayesian CNNs

In this section, we describe the Bayesian posterior of a Deep convolutional neural network (CNN) for infinitely many
channels. Here, we need to add an index a for each weight Wf}a in order to account for the filter value at spacial displacement

a from the filter center at each layer, while S* is the spatial receptive field at layer £. The L — 1 hidden layers of the CNN
can be expressed as

,uza - Z Z Wbeu,J a+b (67&)

J 1bes®
Z 1 L
p,era Z Z Wng(b hu] a+b) (67b)
] 1b€S@
67
P« ’YON Z sza¢ ;Lza ( C)

From these definitions, the partition function turns out to be

/HHd Wy, T dwke™ 570N Zulonm i Tl o wlod ) +3 T T Wi +3 T e (68
£=0 1ijb ia
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By imposing the pre-activation definitions with the use of the integral representation of some Dirac delta functions as we did
in Eq. (20), we can integrate out the weights contribution and just move in the space of representations, and get

hé-‘rldhf-i-l

/H H l“a Hra /Hdsﬂdsﬂ ’LZz pia hf:alhitahﬂz SHS#/HHdW”bHdUha Q’YON Z“(y“ S“)

£=0 pia £ ijb
6% 2 Zub( 1]b) +% Zia(w’ ) —i3, Z,ua fjnl ( VN Z;V 1 Zbesl’ W‘L]bd)( g, a+b)) iZ“ Su (ﬁ Zivzl > wiLa¢(hﬁia))
(69)
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L
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(70)
With saddle point equations
O e = (O b(hly 0 )O(hE yryy)) VE=1,... L1 (71a)
b
DL, e = 2/\<hﬁah,’fa> Ve=1,...,L—1 (71b)
o), = <Z¢ hyia)$(hsa)) (71c)
x ’7[) I @ d a) I o d o -1
(I)L = (L Il o L) 71d
= Tgp 2 6+>\>yy5<5+>\ 71

E. DMFT review

In this section, we briefly recall the dynamical mean field theory derivation of a gradient flow dynamics for a multi-layer
fully connected neural network. As clarified in the main text, we are interested in a fully connected feedforward network
with L layers, defined as

1 8 1 1
7117([/) -o(h hé 1— —W e(b hz hl =—W (0)212 72
) )
/*N ( u) n ﬁNZ ( ;L) % /7D H ( )

where each trainable parameter W is initialized as a Gaussian random variable Wi‘} ~ N(0, 1) with unit variance. Here,
the gradient updates for the weights W*(t) and the output function fy. are given by

f,u:

dW{ = ZA gt (te(hh (1) T — AWt ,df“ ZKNTKtt NOER (73)
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oh (1)
oht (1)

gated gradients flowing from the downstream layers. Instead, the term gb(hﬁ (t)) involves the activations of the ¢-th layer
and reflects the forward pass contribution to the weight update, which is proportional to v? = 42 N so that in the infinite
width limit N — oo the pre-activation updates of Eq. (72) remain © y(1).

where A, (t) = —% represents the pattern error signal for a pattern y, and gﬁ(t) = captures the backpropa-
"

As specified in the main text, for the representer theorem to be valid in this case, we restrict to x degree homogeneous
network, whose output scales as f(af) = a” f(0). Here, the predictor dynamics is governed by the driving force of the

error signal propagated through the adaptive Neural Tangent Kernel KﬂTK(t, t') = 8%9@) of, ‘*(t ). This quantifies the
interaction between parameter gradients for outputs of pattern pairs (s, ) at times (¢,¢’). The homogenelty factor k appears
in the second term from the weight decay contribution. Some quantities of interest to define are the forward and gradient
kernels at each layer

@, (1,1) = Ol (1) - O(RL(F)), Gl (1) = - gh(t) - gb(t) (74)

which allows to rewrite K™ (¢, ') = Z(@L:o GEPH ()L, (¢, 1'). If we take care of the initial conditions over the weights,

in the DMFT limit where N,y — oo with v = v9v/N, we can determine the final kernels by solving the field dynamics

hf;(t):e_’\tfﬁ(t)—i—'yo/ dt’ e~ M= ”ZA Nttt
(75)
25(t) = e Mh(t) + 7o dt’e A=t ZA ) o(hs ()G 1),

0

In Eq. (75), both pre-activations h,(t) and pre-gradient signals z/, = \}W‘) gj.t* decouple over the neuron index and

factorize over the layer index, and the contribution from initial conditions &/,(t) = T%We(o)qb(hﬁ_l)(t) and ¢!, (t) =

ﬁWﬁ (0) gf[“ (t) is exponentially suppressed at large time ¢. Simulating a stochastic process like Eq. (75) requires keeping
track of the entire history trajectory, and computing at each step produces of kernel matrices that have dimension P7T x PT.
This scales cubically in both sample and time dimensions O (P3T?), allowing in principle to solve for the field dynamics
when P,T = On(1). A sketch of an iterative algorithm procedure can be found in Algorithm 1, where given an initial
guess on {®*, GE}ZL:1 one can compute K*NTK and solve for the predictor dynamics of Eq. (72) once drawn a number S of
samples {&/, ,, () Yo, ~ N(0, @), {¢f, . (£)}5=1 ~ N(0, G"™!) and solved Eq. (75) for each {hf, ,,(t), 2/, ,(t) }o—;.
A sketch of the solver can also be found in the main text Algorithm 2. As can be noticed in Figures 10, solvmg for the field
dynamics gives a good agreement with simulations. Precisely, once knowing the predictor, one can study how both train
and test losses updates during the training dynamics and for different values of . Fig. 10(b) (top left panel) shows that
the lazy learning regime when v = 0 does not allow the network to interpolate on the training data and leads to a higher
test loss compared to the rich cases with v > 0. Increasing v has also the effect of speed up learning, while for that given
sample size value (P = 200 here) there exists an optimal degree of feature learning (i.e. ) concerning the test loss. The
specifics of the learning task can be found in the figure caption. Fig. 10 also shows the non-Gaussianity of the pre-activation
and pre-gradient distributions once the system has thermalized, at the end of training. As mentioned above, because of the
weight initialization as ij ~ N(0,1), both {h, z} are Gaussian distributed when the training starts. Then feature learning
has the effects of accumulating non-Gaussian contributions as the training proceeds.

E.1. DMFT for Convolutional Networks

In Fig. 11 we show how our DMFT theory can be extended to a two-layer CNN which is trained on CIFAR10 images on a
subset of P = 100 (left) or P = 1000 (right) points. When data sample is small, for any value of 7 there is an optimal
early stopping time for the best Test Loss performance.

The theory to get the predictor is an easy extension to the multi-layer fully-connected setting and can be found in (Bordelon
& Pehlevan, 2022). However, we recall here for the sake of clarity how the field dynamic equations get modified in this
setting. Again, in our notation a is the spatial displacement from the center of the filter at each layer where b € S* is the
spatial relative field at layer £ as in Eq. (D). The pre-activation definitions still remain the same as it is in Appendix D. In the
same way, the gradient signal are now defined as

4+1

g, =70N2Lef'ah”’b
w,a 1 0

b ath 8h#’“

(76)
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Figure 10. The training dynamics of two layer ReLU MLPs trained with weight decay. The richly trained networks achieve lower training
and test errors at equal levels of regularization. Our theory can reproduce the final preactivation and pregradient densities in each setting.
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Figure 11. Training dynamics for a two layer CNN for varying richness o on CIFAR-10 images. The images are turned into patches
before computing cross-spatial correlations in the data. The training dynamics for infinite width networks (black) is compared to training
finite width networks. For small training set sizes, richer training can result in faster overfitting, while this effect is less severe when there

is more data.
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while the weight dynamics per filter is

d
FW0 = U5 S A o) AW 7

Given that, the stochastic dynamics for the pre-activation and pre-gradient signals (similar to Eq. (75)) becomes

hﬁ—j_al( ) _)\t€/+1 + Yo / dt € —A(= v ) Z A (I)ul/ a+b, a+c(t t )gz{tl( )
v,b,c

(78)
zi,a(t) =e€ At ( )+70/ dt ei)\(t ¢ ) Z A Gﬁtla b,c— b(tvt,)as(hnu,c’f)

v,b,c

where again £/t (t) = \/LWWZ(OW(hfm(t)) and ¥/, (t) = ﬁW’( )gi. k.t (t) from the initial conditions. At large time ¢,
as it is for the fully connected dynamics, the contribution form initial condition get suppressed and the fixed point predictor

is a kernel predictor, being the feature and gradient kernels now

(I)p,a l/b(t) t/) = %d)(hia(t)) . ¢(hl€b(t/>)’ G;J,a l/b( /) = %gﬁa(t) : gﬁb(t/) (79)

The Neural Tangent Kernel is instead K25 (¢,1) = 32,3, @4, (t,1) ijglyb(t, t) and the predictor again at convergence
f@) = 55 X, AV KNz, 2,).

F. Fixed point structure of GD with Weight Decay

In what follows, we will be interested in the infinite time limit of a dynamics such that in Eq. (75). Prior work on the
dynamics of L2 regularization in the kernel regime revealed that training a wide network for infinite time leads to collapse
of the features and network predictor to zero (Lewkowycz & Gur-Ari, 2020). However, if one instead adopts a P scaling,
then it is possible to have a non-trivial fixed point at infinite width as the feature learning updates and regularization updates
are of the same order (Bordelon & Pehlevan, 2022). This is because from Eq. , we realize that in the setting where A > 0,
not only the initial contribution of the fields dynamics are suppressed at large time ¢, but also the second terms contribute the
most when the system has equilibrated, leading to a predictor which is a kernel predictor

f(x,) = k(x,) T [K + M\cI] 'y (80)

Because of the simple interpretation of DNNs in this regime, we wish to say something about the fixed point structure of the
field dynamics, which are

e =10 ZA O d(h)z , 2 = 2 ZA S(hL)GLE. (81)

In what follows, we specialize to simple solvable cases to gain intuition for these fixed point constraints. In general, these
constraints imply a set of possible joint densities over h, z as well as determine the final feature and gradient kernels and the
predictor.

F.1. Two Layer MLP with whitened data

Let’s consider a single data point with a white covariance matrix K* = 1, label y = 1 and a transfer function ¢(z) =
ReLU(z). In this setting, the dynamics of training for the pre-activation and pre-gradient signals are

d d
Sh() = 20A0g(t) = Mh(t) , S2(t) = ADO((H) — A=(t). (82)
At the fixed point, the following conditions are satisfied
- I;Aq'ﬁ(h)z  z= %Agf)(h). (83)
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In principle, there are infinitely many solutions to these equations, and combining them gives the following constraint on h

b= 2 A28m)e(h) = 1 AZ(n) (34)
22 A2 ’

Since we know that here ¢(h) = max(0, h), this means that the following two constraints on the pre-activation density must
be satisfied

A
Vh<0 ph)y=0, A== (85)
Y
Lastly, we have the equation that fixes the value of the pattern error signal A through the predictor definition, which is
1 _
A=1-—{zp(h) =1-7" (h?) (86)
7o
implying that the second moment of i must give
(h*) =0 — A (87)
The solution here is correct if 79 > . Otherwise <h2> = 0 and p(h) = 6(h). We can verify that this is true by comparing
the pre-activation density of a two-layer MLP trained until interpolation with the theoretical predictions of the fixed points.
As shown in Fig. 12, there is a sharp phase transition in the limiting density right when 5 = . Precisely, when vy < A, the
effect of feature learning here is to kill the left-side of the distribution and adjusting the variance of A > 0 such that the
constraint of Eq. (87) is satisfied. Another way of saying this is that in the infinite time limit ¢ — oo, the {yo, Ao} — 0
limits do not commute. In the first case of Fig.12, when lim.,_,0 x—0 We get a stable non-Gaussian behavior for the p(h).
In the second case of Fig. 12 we see a collapse when lim ,_,o and nothing is learned by the network. In the same way, in
the limit where we fix t = Ox (1) and study the ridge-less limit of a lazy network (o = 0), we recover the Neural Tangent

Kernel predictor, and consequently the Gaussian pre-activation density at initialization.

10!
10°

1071

Density

1072

1073

15 2.0

Figure 12. Pre-activation densities of a two-layer MLP trained with GD and weight decay at different times. Ligther colors represent the
end of training. Dashed blue line is the theoretical prediction from the fixed point in the infinite time limit.

F.2. Linear case

In principle, the constraints one gets by looking at fixed points of Eq. (81) fix the first two moments of the pre-activation
density distribution, but are not enough to determine the full marginal p(h). Indeed, this remains history dependent and one
in principle has to track the entire update dynamics in order to get the full description. One possible way of understanding
this is by looking at the simplest, linear case. Here, we initialize the weights of a two-layer MLP to be Laplace distributed.
Here, we expect the distribution p(h) to be Gaussian distributed if we train with weight decay until interpolation. Fig. 13
shows that training with weight decay to the fixed point does not recover a Gaussian single site density. But it does have the
properties demanded by the saddle point equations, which are again A = \/7o; (h?) = 79 — A.
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Figure 13. Pre-activation density of a two-layer MLP trained with P = 1 with a white covariance matrix. Dark colors correspond to early
time training, being the weights initialized as Laplace distributed at ¢ = 0. Light colors coincide with the end of training, when the system
has thermalized. Blue dashed line is the theory prediction from the fixed point equations.
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Figure 14. Weight decay in the lazy training regime can cause a model to “unlearn” and reduce its output after the features start to decay.
Provided ~o is sufficiently large compared to A, however, the final predictor will still be nontrivial, unlike the zero predictor obtained in
NTK parameterization (Lewkowycz & Gur-Ari, 2020).

G. Algorithmic implementation and numerical details

In this section, we provide more details regarding the numerical methods used for solving both the adaptive kernel theories
and for training the finite width /V neural networks.

G.1. Data pre-processing

As clarified in the main text, we focus on regression problems on two classes (respectively labeled as —1/1) for both MNIST
and CIFARI10 datasets. For MLPs architectures, the input patterns have 28 x 28 pixels except when comparing the MLP
test prediction with CNN as we did in Figure 5 . Indeed, for all the experiments except the one in Figure 5, we resize
CIFAR10 images to 28 x 28 pixels by reducing their spatial resolution and then converting them to grayscale. In each case,
we normalize the pixel values to have a consistent scale, and then we flatten the images as a D = 784 input vectors. For
CNNs on CIFAR10, we preserve the spatial structure of the 32 x 32 pixel images rather than flattening them. Specifically,
after normalization, each image is partitioned into non-overlapping patches of size 8 x 8, resulting in a multi-dimensional
array that maintains the local neighborhood relationships. This representation enables the convolutional layer to apply a
K = 8 x 8 spatial filter directly, thereby effectively capturing localized features relevant to the regression tasks.

G.2. Theory solver: Min-Max optimization for Bayesian DNNs

In this section, we provide more detail on the solver for the aNBK algorithm. We use automatic differentiation (via JAX) to
compute gradients of the action S({®*, ®‘}) (Equation 6) with respect to the order parameters {®*, ®} (Bradbury et al.,
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2018). A key challenge for this is to estimate the single site moment generating functions Z, as a differentiable function of
both variables ®¢ and ®*. To do so, we use importance sampling, by recognizing that, conditional on ‘!, the Z, can be
expressed as an average of a nonlinear function with respect to a Gaussian with covariance ®‘~!

Zy

<eXp <_;¢(h)Tée¢(h)) >h~N(o,q>el)

i ( hk)T%(hk)) (88)

k

22

In our code, in practice, each of the vectors hy, are i.i.d. draws from N'(0, @), by setting \, = 1/ € {L}.

At each step of the iteration scheme for the min-max solver, we resample a new batch of B vectors hj and use these to
estimate Zy, which provides fresh samples at each iteration of the algorithm.

Our solver proceeds by alternately optimizing over the conjugate kernels {@e}éLzl (via gradient ascent in the inner loop) and
the kernels { ®*} L (via gradient descent in the outer loop). In practice, the inner loop runs for #iuer ~ 200 steps gradient
steps, after which the outer loop updates {®¢}%_| given {®‘}}_| for a maximum number #oyier ~ 20000 of iterations. The
code implement this scheme as follows:

« Kernel Initialization: A function init_kernels computes the initial lazy guesses for kernels {®¢, ®‘}%_, given
a data covariance matrix ®° = Lz € RP*P. Atlayer ¢ = 1, this involves generating a samples = 20000 number
of Gaussian vectors h! € RF>samples (by drawing from A/ (0, ®°) after computing the square-root of ®°) and then

computing an empirical kernel via ®! = sdmplesd)(hl)gb(hl)—r € RP*P_ The same iterative procedure is applied at
each layer, given ®¢ = gamplﬂqﬁ(hZ Dp(h!1)T. For the conjugated kernels, &¢ = 0P*P ¢ € {L}.

* Single-Site Estimation: A function single_site computes the log-normalized moment generating function by tak-
ing an average over the batch of B samples as described above: log Z; = log (% S5 exp (—% (hk)T‘i%(hk))) .

« Action Function: The overall action S({®*, &’} L ) is computed through a function act ion as in Equation (6).

* Gradient Updates: The gradients of S({®, ®‘}L_|) with respect to ®* and ®* are computed using JAX’s automatic
differentiation and are used to update the corresponding variables via gradient ascent/descent (GD) as detailed above.
Two separate learning rates (or update steps), up_step_Phi ~ le — 5 and up_step_hatPhi~ le — 4, are used to
control the outer and inner updates, respectively.

G.3. Theory solver: DMFT dynamics

In this section, we detail the implementation of our DMFT dynamics solver, which is used to simulate the gradient flow
dynamics with weight decay (given a regularization parameter \ at each layer £ € {L}). Minor variations to take into
account spatial positions are implemented for the CNN case. This solver is based on the DMFT derivation described in
Section E and captures the evolution of the pre-activation fields h,, and gradient signals z,, via Monte Carlo sampling. For
simplicity, we restrict to the case L = 1 (i.e., two layers architecture).

The implementation proceeds as follows:

* Fields initialization: an initial set of samples= 20000 Gaussian pre-activation fields h(0) € R¥*samples jg oenerated
by drawing Monte Carlo samples from N(0, K*), where K* = =0 = LgzT € RP*" is the Gram matrix
of the P data. In the same way, an auxiliary array of length samples= 20000, z(0) € R™Ps j5 generated by
sampling Gaussian random variables z,(0) ~ (0, 1). From that, the gradient field g(0) € R” > js computed as
g(0) = ¢(h(0)) ® 2(0) (Equation (13)).

+ Initial kernels and error signal: Having h(0) € RP*samples  the feature kernel is evaluated as ®‘=1(0) =
L_#(h(0))p(h(0))" € RP*P being ¢(-) = max(0, -) the ReLU activation function. The initial gradient kernels

samples

are instead: G*=1(0) = —1-—g(0)g(0)" € RP*F G*=2 =T ¢ RP*F vt € {T}.

samples
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According to Section E, the initial error signal for P patterns A(0) € RFP is computed as A(0) =
Y — Sosamnies @(R(0))2(0) because we focus on MSE loss £ = 3 ij:l(AH)Q.

* Field dynamics: at each step for 7' = 20000 steps, the fields and the error signals are updated according to the

dynamics
h(t+1) = h(t) +m0 (9(t) © A1) ®°(t) — Ah(t) (892)
z(t+1) = 2(t) + myo (6(h(1)) © A1) — Az(t) (89b)
AW =y~ —— (k1)) 2(1). (890)
Yosamples

* Loss: Training loss L(t) are computed as the mean squared error over the corresponding A(t), since
P
L(t) = %2#21 Au(t)Q-

* Return: The function solve_dynamics_reg returns: list of losses over iterations £(t), the target vector y, final
states {h(T), z(T)} for the fields and the final kernels {®‘='(T"), G*='(T')}. From that, the aNTK kernel is computed
as K*NTK(T) = Tr(@=0(T)G*=1(T)) + ®@=1(T).

In our theory solver, learning rate 7 = 1 x 1073, samples = 20000, and we span over P, 7, values.

G.4. MLP Experiments

For designing the model, we construct a deep multilayer perceptron (MLP) in JAX. The architecture is built as a sequence of
weight matrices with input dimension D = 784 (except for Figure 5 where the input dimension is D = 1024) and hidden
layer width N = 1024 for a number L + 1 of hidden layers, each randomly initialized from a normal distribution such that
ij ~ N(0,1). Each hidden layer is followed by a ReLU non-linearity after being normalized according to the mean-field
scaling as in Equation (2). The last layer returns a scalar output that serves as the regression prediction.

For training, we either employ a variant of deep Langevin dynamics, or a gradient descent with weight decay dynamics
according to Equation (3). The MLP is trained to minimize a regularized mean squared error (MSE) loss (rescaled by
the factor %*ygN ) in both cases. For Langevin training, the otimizer we use - optax .noisy_sgd - is designed to inject
Gaussian white noise into the gradient updates at each iteration. This noise is drawn from a zero-mean Gaussian distribution
whose variance is controlled by both the learning rate 7 and the inverse temperature parameter 3! as in Equation (3). This
white noise plays a critical role in approximating the posterior distribution (Equation (9)) over the network parameters.

For both Langevin and gradient descent dynamics, we use a weight decay contribution proportional to \ as it is for (3) (in
all our experiments we use A = 1 for each layer, except when we compare with CNN test loss, where A = 1 x 1072). For
Langevin, we average the 7' = 20000 steps fluctuations every 1000 steps after ¢ > 5000 epochs. We use a learning rate
n =5 x 10~* and an inverse temperature 3 = 50. For gradient descent, we train until convergence for 7' = 20000 epochs
and we use a learning rate 7 = 1 x 1072, Both the experiments are performed by varying the sample size P and the feature
learning strength vo.

G.5. CNN Experiments

We implement our CNN using Flax’s Linen module in JAX. The model architecture and training strategy are designed to
capture localized features from the animate/inanimate regression tasks on CIFAR10 images. The CNN consists of a single
convolutional layer with a kernel size of 8 x 8 and stride equal to the kernel size. This choice effectively splits each 32 x 32
input image (with 3 color channels) into non-overlapping patches. We set the number of filters to N = 1024, and the
convolution weights are initialized using a normal distribution with unit variance. To ensure that the variance is appropriately
scaled, the convolutional output is divided by v/3 x 82. A ReLU activation is applied afterwards. This activated output is
then flattened and fed to a dense layer that outputs a single scalar prediction; the dense layer’s weights are further scaled by
a factor of 1/( V) to maintain the mean field scaling as in Equation (2).
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The CNN is trained using a gradient-based optimization strategy over 1" = 20000 epochs, over a MSE loss. Before each
parameter update, the gradients are scaled by a factor of %'ygN and regularized with a weight decay term proportional to A
as it is in the dynamics of Equation (3). The key hyperparameters for training the CNN are chosen as follows: learning rate
n =1 x 1073, regularization A = 1 x 102, and the experiments are performed by varying the number of training sample
P and the feature learning strength ~o.

G.6. Computational overhead

Time for Kernels Algorithm (1): the most computationally expensive part is the Monte Carlo estimation of the non-
Gaussian single-site density. At each inner step, we sample a batch of B Gaussian vectors (as clarified in G.2) and estimate
the single site desity function, an operation costing roughly O(BP?) per inner update (since it involves P x P matrix
operations). Repeating this for #;,qe; inner steps gives an overhead of approximately O (#iner BP?) per outer update.

In contrast, when training a finite-width network via full Langevin dynamics, the end-to-end cost scales as O(T'N 2P),
where N = 1024 is the network width. For comparable 7" (we use T' = toyer = 20000 for both Langevin and theory solver),
this is typically much lower than the overhead of the full theory solver, O(tou[ertmnerBPQ), especially when the sample size
P is are large.

For deep linear networks—where the single-site density is Gaussian—the overhead of Algorithm (1) is significantly reduced
because the conjugate kernels can be solved explicitly (see Eq. (15)), leading to a cost of O(P3) per step.

When comparing to DMFT-based analysis (Algorithm (2)), the full dynamics require handling PT" x PT kernels, leading to
a time complexity of O(T°P3) for the complete dynamics. In our work, Algorithm (1) already represents an improvement
over Algorithm (2). In Appendix E.1, we propose an O(T'P3) version of Algorithm (2) by leveraging weight decay to
directly solve the fixed-point equations.

To get an order of magnitude, in most of our simulations toyeer = 104, tipner = 2 x 102, and T = 2 x 10%, B = 2 x 10* and
sample size at most P = 103.

Time for output predictions Generating the final predictions using Algorithm (1) requires approximately
O(tou[ertinnerBPz) operations, as the procedure involves repeated sampling and kernel evaluations over the training dynamics.
By comparison, Algorithm (2) incurs a heavier cost of O (T3 P3), while a simple kernel regression with a known kernel only
requires O(P3) time. End-to-end training of a finite-width network scales as O(T' N2 P) (for both Langevin and gradient
descent with weight decay dynamics), which is significantly more efficient in practice when P is large.

Memory for kernels For Algorithm (1), the memory footprint is primarily dictated by the storage of the kernels
{®*, &}, each requiring roughly O(P?) space. In contrast, Algorithm (2) have a memory cost O(P27?). Meanwhile,
finite-width network training typically demands a memory proportional to O(N?).

H. Glossary

Here we provide more explanation of our choice of terminology for the various kernel predictors. We use the letter K at the
end of a name to indicate that this predictor is a kernel method with no variance from random weight prior or initialization.
We use the prefix letter “a” to indicate an adaptive kernel method where the feature kernels adapt to the structure of the
learning task.

* NNGP: the Gaussian process with O 5 (1) variance for the network outputs under both the prior and the posterior. The
mean of this process is a kernel method with the matrix & in the lazy limit.

* NNGPK: the mean kernel predictor for lazy training with the initial final kernel neglecting. This corresponds to
N — oo first followed by 79 — 0 in our parameterization. In this limit, there is no variance of the predictor under
either prior or posterior.

¢ NTK: a kernel method for the initial neural tangent kernel at infinite width without any randomness or variability in
the predictor from initialization. This is the predictor obtained in the NTK parameterization if the initial output of the

model is subtracted off (ie if a centering operation is performed where f(6,x) — f(6,x) — f(0y, x)).

31



Adaptive kernel predictors from feature-learning infinite limits of neural networks

+ aNBK: the adapted Bayesian kernel method in our scaling limit. This corresponds to regression with the adapted ®*
kernel.

* aNTK: the adapted NTK kernel in our feature learning scaling limit. This corresponds to regression with the adapted
K kernel.
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