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ABSTRACT

The use of momentum in stochastic optimization algorithms has shown empir-
ical success across a range of machine learning tasks. Recently, a new class
of momentum-based stochastic algorithms has emerged within the Linear Mini-
mization Oracle (LMO) framework–leading to methods such as Muon, Scion, and
Gluon–for effectively solving deep neural network training problems. However,
traditional stochastic momentum methods offer convergence guarantees no better
than O(1/K1/4). While several approaches–such as Hessian-Corrected Momen-
tum (HCM)–have aimed to improve this rate, their theoretical results are generally
restricted to the Euclidean norm setting. This limitation hinders their applicability
in the problems where arbitrary norms are often required. In this paper, we extend
the LMO-based framework by integrating HCM, and provide the convergence
guarantees under relaxed smoothness and arbitrary norm settings. Specifically, we
establish improved convergence rates of O(1/K1/3) for HCM, thereby surpassing
the classical momentum rate and allowing the algorithms to better adapt to the ge-
ometry of the problem. Experimental results on training Multi-Layer Perceptrons
(MLPs) and Long Short-Term Memory (LSTM) networks support our theoreti-
cal findings, demonstrating that the proposed LMO-based algorithms with HCM
significantly outperform their vanilla algorithms with traditional momentum.

1 INTRODUCTION

Stochastic momentum methods have been widely used for solving data-intensive machine learning
problems. They are employed as the default Stochastic Gradient Descent (SGD) optimizer in open-
sourced software libraries, such as Pytorch (Paszke et al., 2019), for deep neural network (DNN)
training. The concept of stochastic momentum methods is inspired by deterministic momentum
methods, including Polyak’s heavy-ball method (Polyak, 1964). The heavy-ball method achieves an
accelerated linear convergence rate compared to classical gradient descent (Ghadimi et al., 2015) for
minimizing twice continuously differentiable strongly convex and smooth functions.

The convergence for stochastic momentum methods has been well studied for minimizing an L-
smooth function f(x), i.e. the function whose gradient is L-Lipschitz continuous. Most prior works
have focused on the Euclidean norm setting, including convergence analyses by Yan et al. (2018); Yu
et al. (2019); Liu et al. (2020); Cutkosky & Mehta (2020); Hübler et al. (2024a). More recently, there
has been increasing interest in extending these results to arbitrary norm settings, as demonstrated
by Kovalev (2025); Pethick et al. (2025a); Riabinin et al. (2025). Despite their empirical success
over SGD, no existing theoretical analysis has established a provable advantage for momentum. In
particular, their convergence guarantees do not improve upon the O

(
1/K1/4

)
convergence in the

expected gradient norm.

However, many learning applications, including distributionally robust optimization (Chen et al.,
2023) and deep neural network training, often violate the standard L-smoothness condition. For
instance, many empirical studies have shown that the Hesian norm is not uniformly upper-bounded
as required by L-smoothnes when training neural networks like LSTM by Zhang et al. (2019),
ResNet20 by Zhang et al. (2019), and transformers by Crawshaw et al. (2022). These observa-
tions have motivated the development of relaxed smoothness conditions that more accurately re-
flect the behavior of modern learning problems. Examples of relaxed smoothness conditions in-
clude the (L0, L1)-smoothness conditions (Zhang et al., 2019; Gorbunov et al., 2024; Chen et al.,
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2023; Vankov et al., 2024), the (L0, L1, α)-smoothness conditions (Chen et al., 2023), and the ℓ-
smoothness conditions (Li et al., 2023).

Under relaxed smoothness conditions, several first-order methods have been studied. Under
(L0, L1)-smoothness, the O(1/K1/4) convergence in the expected gradient norm has been estab-
lished for SGD (Li et al., 2023), clipped SGD (Zhang et al., 2019; 2020a; Koloskova et al., 2023),
and AdaGrad-Norm (Faw et al., 2023; Wang et al., 2023). Also, the same O(1/K1/4) rate under
(L0, L1)-smoothness has been proved for stochastic momentum methods, in the Euclidean norm set-
ting (Hübler et al., 2024b; Zhao et al., 2021) and the arbitrary norm setting (Riabinin et al., 2025).

To improve the convergence of stochastic momentum methods, several approaches have been re-
cently proposed to modify gradient estimators in momentum updates. One such approach, called
extrapolated momentum, was introduced by Cutkosky & Mehta (2021), and achieves a convergence
rate of O(1/K2/5). This convergence was further improved by recent momentum variants, such
as STORM (Cutkosky & Orabona, 2019), MARS (Yuan et al., 2024), and second-order momen-
tum (Salehkaleybar et al., 2022; Tran & Cutkosky, 2022; Zhang et al., 2020b). These momentum
variants ensure the improved rate of O(1/K1/3), proven to be optimal for minimizing smooth non-
convex functions under mild conditions (Arjevani et al., 2023). However, these methods have been
primarily analyzed under traditional smoothness assumptions and within the Euclidean setting, lim-
iting their applicability in broader machine learning contexts, such as neural network training.

2 CONTRIBUTIONS

The goal of this paper is to generalize two variants of second-order momentum methods (Salehka-
leybar et al., 2022; Tran & Cutkosky, 2022) for minimizing nonconvex functions under relaxed
smoothness assumptions in the arbitrary norm setting. We make the following contributions:

First, we incorporate two second-order momentum update variants into the class of optimization
algorithms that leverage a Linear Minimization Oracle (LMO) proposed by Pethick et al. (2025a);
Kovalev (2025). Our methods generalize the second-order momentum techniques originally pro-
posed in the Euclidean setting by Salehkaleybar et al. (2022); Tran & Cutkosky (2022) to broader
geometries and norm choices corresponding to the problems.

Second, we establish an O(1/K1/3) convergence in the expected gradient norm for LMO-based
methods using two second-order momentum variants under relaxed smoothness assumptions in
the arbitrary norm setting. This improves upon the previously known O(1/K1/4) rate for LMO-
based methods using Polyak momentum by Pethick et al. (2025a;b); Riabinin et al. (2025); Kovalev
(2025). Also, our results match the known rates for second-order momentum methods under stan-
dard L-smoothness in the Euclidean setting (Salehkaleybar et al., 2022; Tran & Cutkosky, 2022). A
comparison of theoretical guarantees is summarized in Table 1.

Third, we empirically evaluate LMO-based methods with second-order momentum and other mo-
mentum updates on three nonconvex problems: logistic regression problems, Multi-Layer Percep-
tron (MLP) training problems, and Long Short-Term Memory (LSTM) network training problems.
Our results validate our theory, illustrating that LMO-based methods using second-order momentum
outperform those using Polyak momentum and extrapolated momentum.

3 RELATED WORKS

Stochastic momentum methods. Momentum is widely used to expedite the training process in
stochastic optimization methods. In the Euclidean norm setting, stochastic momentum methods en-
joy the O(1/K1/4) convergence under traditional smoothness (Yan et al., 2018; Yu et al., 2019; Liu
et al., 2020; Cutkosky & Mehta, 2020), and recently under relaxed smoothness (Hübler et al., 2024a).
Moreover, momentum has been incorporated to enhance the performance of other algorithms, such
as distributed methods with communication compression (Fatkhullin et al., 2023; Khirirat et al.,
2024), and LMO-based optimization methods for deep neural network training (Jordan et al., 2024;
Pethick et al., 2025a). To improve upon the O(1/K1/4) convergence rate, several novel momentum
updates have been proposed. For instance, stochastic methods employing extrapolated momen-
tum (Cutkosky & Mehta, 2021) have been shown to achieve an improved rate of O(1/K2/7). Fur-
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Methods Rate Gradient Smoothness Hessian Smoothness Norm Type
Unconstrained SCG

Pethick et al. (2025a)
O (1/K1/4) (L) – Arbitrary

GGNC

Pethick et al. (2025b)
O (1/K1/4) (L0, L1) – Arbitrary

Gluon

Riabinin et al. (2025)[Theorem 2]
O (1/K1/4) (L0, L1) – Arbitrary

Second-order momentum (Variant 1)

Salehkaleybar et al. (2022)
O (1/K1/3) L – Euclidean

Second-order momentum (Variant 2)

Tran & Cutkosky (2022)
O (1/K1/3) L M Euclidean

Second-order momentum (Variant 1)

NEW (Theorem 1 )
O (1/K1/3) (L0, L1) – Arbitrary

Second-order momentum (Variant 2)

NEW (Theorem 2)
O (1/K1/3) (L0, L1) (M0,M1) Arbitrary

Table 1: Comparisons of convergence for LMO-based methods that use Polyak momentum
like Gluon, and LMO-based methods that use second-order momentum methods to attain

min
k={0,1,...,K}

E
[∥∥∇f(xk)

∥∥
⋆

]
≤ ε.

thermore, the methods based on STORM (Cutkosky & Orabona, 2019), MARS (Yuan et al., 2024),
and Hessian-corrected momentum techniques (Salehkaleybar et al., 2022; Tran & Cutkosky, 2022;
Zhang et al., 2020a) attain the convergence rate of O(1/K1/3), which matches the known lower
bound established by Arjevani et al. (2023). However, the convergence guarantees of these novel
stochastic momentum methods were restricted to traditional smoothness in the Euclidean setting. In
this paper, we will incorporate Hessian-corrected momentum techniques into the LMO-based op-
timization methods to guarantee the O(1/K1/3) convergence in the arbitrary norm setting, which
improves upon the O(1/K1/4) convergence achieved by current Muon optimizers (i.e., LMO-based
methods using Polyak momentum).

Muon. Muon optimizers (Jordan et al., 2024) update the model parameters (with their inherent
matrix structure) with orthogonalized gradient momentum. Empirical studies, e.g. by Jordan et al.
(2024); Liu et al. (2025a), highlight the superior performance of Muon over Shampoo (Gupta et al.,
2018), SOAP (Vyas et al., 2024), and AdamW (Loshchilov & Hutter, 2017), for language model
training. These encouraging observations motivate the studies of the convergence analysis for Muon.
Originally, the convergence of Muon was analyzed by Li & Hong (2025) under the L-smoothness
with respect to the Frobenius norm. Later, LMO-based optimization methods with momentum were
proposed by Pethick et al. (2025a) to capture optimizers, including Muon, Scion, and stochastic
Euclidean momentum methods with momentum. The methods were shown to enjoy the O(1/K1/4)
convergence under traditional smoothness (Pethick et al., 2025a; Kovalev, 2025) and under relaxed
smoothness (Pethick et al., 2025b; Riabinin et al., 2025), in the arbitrary norm setting.

Relaxed smoothness. Training deep neural networks, especially large-scale language models, poses
significant challenges due to their highly non-convex functions. To better capture this, a variety of re-
laxed smoothness conditions on the functions have been proposed. One early contribution by Zhang
et al. (2019) introduced a function class in which the Hessian norm grows linearly with the gradi-
ent norm, providing a more flexible alternative to classical smoothness assumptions. Building upon
this, several works have introduced broader classes of functions, such as the symmetric (L0, L1, α)-
smoothness condition (Chen et al., 2023), the ℓ-smoothness condition (Li et al., 2023), and the
(ρ,K0,Kρ)-smoothness condition (Liu et al., 2025b). These conditions aim to more accurately re-
flect the optimization landscape encountered in deep learning. Under such relaxed assumptions, the
convergence behavior of various gradient-based methods has been extensively studied (Crawshaw
et al., 2022; Hübler et al., 2024a; Zhang et al., 2019; Koloskova et al., 2023; Chezhegov et al., 2025;
Gorbunov et al., 2024; Vankov et al., 2024; Khirirat et al., 2024), providing theoretical insights that
align more closely with empirical observations in neural network training.
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4 PROBLEM FORMULATION

We consider the following unconstrained stochastic optimization problems
min
x∈Rd

f(x) := Eξ∼D [fξ(x)] , (1)

where fξ(x) is a differentiable but possibly nonconvex function, x ∈ Rd is the d-dimensional vector
of model parameters, and ξ is a random vector, which represents a training data sample drawn from
an unknown data distribution D.

Often, we access a stochastic oracle to compute the stochastic gradient and Hessian of f at x with
respect to ξ ∼ D denoted by ∇fξ(x) and ∇2fξ(x), respectively. We assume that the stochastic
gradient and stochastic Hessian satisfy the following unbiased and variance-bounded properties:
Assumption 1. ∇fξ(x) and ∇2fξ(x) is an unbiased and variance-bounded estimator of ∇f(x) and
∇2f(x), respectively, i.e. for all x,w ∈ Rd,

Eξ [∇fξ(x)] = ∇f(x), Eξ

[
∥∇fξ(x)−∇f(x)∥22

]
≤ σ2

g ,

Eξ

[
∇2fξ(x)

]
= ∇2f(x), and Eξ

[∥∥(∇2fξ(x)−∇2f(x))w
∥∥2
2

]
≤ σ2

H ∥w∥22 .

Assumption 1 has been commonly used for analyzing the convergence of optimization algorithms
using stochastic gradients (Ghadimi & Lan, 2013; Cutkosky & Orabona, 2019; Gorbunov et al.,
2020) and stochastic Hessians (Tran & Cutkosky, 2022; Cutkosky & Orabona, 2019; Jiang et al.,
2024).

To facilitate our analysis, we also impose the following standard assumptions on objective functions.
Assumption 2. The function f : Rd → R is bounded from below, i.e., f inf = infx∈Rd f(x) > −∞.
Assumption 3. The function f : Rd → R is, and its gradient ∇f(x) is symmetrically (L0, L1)-
Lipschitz continuous with respect to the norm ∥·∥, i.e. for all x, y ∈ Rd,

∥∇f(x)−∇f(y)∥⋆ ≤ (L0 + L1 sup
θ∈[0,1]

∥∇f(θx+ (1− θ)y)∥⋆) ∥x− y∥ .

Assumption 4. The function f : Rd → R is twice differentiable, and its Hessian ∇2f(x) is sym-
metrically (M0,M1)-Lipschitz continuous with respect to the norm ∥·∥, i.e. for all x, y ∈ Rd,∥∥∇2f(x)−∇2f(y)

∥∥
⋆
≤ (M0 +M1 sup

θ∈[0,1]

∥∇f(θx+ (1− θ)y)∥⋆) ∥x− y∥ .

Assumptions 2, 3, and 4 ensure the lower-bound of the objective function f , the symmetric relaxed
Lipschitz continuity of its gradient ∇f , and the symmetric relaxed Lipschitz continuity of its Hessian
∇2f , respectively. On the one hand, Assumption 3 is a generalization of the symmetric (L0, L1)-
Lipschitz continuity of ∇f(·) with respect to the Euclidean norm by Gorbunov et al. (2024); Chen
et al. (2023). Also, Assumption 3 recovers L-Lipschitz continuity with respect to the arbitrary norm
by Kovalev (2025); Pethick et al. (2025a) when we let L0 = L and L1 = 0. On the other hand,
Assumption 4 is a generalization of the asymmetric (M0,M1)-Lipschitz continuity of the Hessian
with respect to the Euclidean norm by Xie et al. (2024, Assumption 3). Also, Assumption 4 obtains
the LH -Lipschitz continuity of the Hessian by Carmon et al. (2018); Nesterov & Polyak (2006),
when we let M0 = LH and M1 = 0.

Finally, note that the variance (Assumption 1) is measured with respect to the Euclidean norm, while
the Lipschitz continuity of the gradient (Assumption 3) and Hessian (Assumption 4) with respect to
the arbitrary norm and its dual norm. Hence, we describe a connection between these norms using
the following inequality:

¯
ρ ∥x∥2 ≤ ∥x∥⋆ ≤ ρ̄ ∥x∥2 , and

¯
θ ∥x∥2 ≤ ∥x∥ ≤ θ̄ ∥x∥2 . (2)

4.1 LMO-BASED METHODS WITH MOMENTUM

To solve the problem in equation 1 for neural network training tasks, we focus on the LMO-based
optimization methods using momentum (Pethick et al., 2025a; Kovalev, 2025), which update the
iterates {xk}k≥0 as follows: Given x0,m0 ∈ Rd,

xk+1 = xk + lmo(mk), and mk+1 = (1− αk)mk + αk∇fξk+1
(xk+1). (3)
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Here, ηk > 0 is a stepsize, αk ∈ (0, 1) is a momentum parameter, ∇fξ(x) is the stochastic gradient,
and lmo(mk) := argmin∥x∥≤ηk

⟨mk, x⟩. The methods in equation 3 encompass a class of stochastic
momentum methods under specific norm choices. For instance, they recover normalized stochas-
tic momentum methods (Cutkosky & Mehta, 2020) when we let ∥·∥ = ∥·∥2, and sign stochastic
momentum methods (Jiang et al., 2025) when we let ∥·∥ = ∥·∥∞.

The LMO-based methods using momentum in equation 3 were theoretically shown by Pethick et al.
(2025a); Kovalev (2025); Riabinin et al. (2025) to attain the O

(
1/K1/4

)
convergence rate in the

gradient norm in the arbitrary norm setting, which recovers the same rate as stochastic momentum
methods in the Euclidean norm setting, e.g. by Cutkosky & Mehta (2020); Jiang et al. (2025); Zhang
et al. (2020a); Hübler et al. (2024b).

To further improve the iteration complexity of the methods in equation 3, many momentum variants
have been proposed.

Extrapolated momentum. The first variant is extrapolated momentum (Cutkosky & Mehta,
2021), which updates the momentum vector mk according to

mk+1 = (1− αk)mk + αk∇fξk+1
(yk+1) , (4)

where yk+1 = xk+1 + ((1−αk)/αk)(xk+1 − xk). LMO-based methods using extrapolated momen-
tum enjoys the O(1/K2/7) convergence rate under traditional smoothness in the arbitrary norm
setting Kovalev (2025), which matches the rate in the Euclidean norm setting by Cutkosky & Mehta
(2021, Theorem 5) with p = 2.

STORM. To further improve the convergence of stochastic methods using extrapolated momen-
tum, we may consider Stochastic Recursive Momentum (STORM) (Cutkosky & Orabona, 2019).
The key technique is to use the stochastic gradient difference ∇fξk+1

(xk+1) − ∇fξk+1
(xk) as the

correction term to expedite the training process. In STORM, the momentum vector mk is updated
via

mk+1 = (1− αk)(mk + [∇fξk+1
(xk+1)−∇fξk+1

(xk)]) + αk∇fξk+1
(xk) . (5)

LMO-based methods using STORM have been recently shown to achieve the O(1/K1/3) conver-
gence rate under relaxed smoothness in the Frobenius norm setting recently by Huang et al. (2025),
which recovers the rate under traditional smoothness in the Euclidean norm setting by Cutkosky &
Orabona (2019). To better control the gradient correction term in STORM, Yuan et al. (2024) intro-
duce a scaling parameter βk ∈ (0, 1). The resulting algorithm, named MARS, modifies STORM by
adjusting the update rule for the momentum vector mk as follows:

mk+1 = (1− αk)

(
mk +

βk

1− αk
[∇fξk+1

(xk+1)−∇fξk+1
(xk)]

)
+ αk∇fξk+1

(xk) . (6)

By tuning the scaling factor βk properly, MARS can provide the finer control over the gradient
difference term, thus leading to improved convergence performace.

Second-order momentum. For achieving the same convergence in stochastic optimization,
second-order momentum (Salehkaleybar et al., 2022; Tran & Cutkosky, 2022; Zhang et al., 2020b),
called Hessian-corrected momentum, can serve as an alternative to STORM. It utilizes the Hessian-
vector product as the correction term to improve the complexity of momentum-based methods. It
performs the following update:

mk+1 = (1− αk)(mk +∇2fξk+1
(x̂k+1)(xk+1 − xk)) + αk∇fξk+1

(xk+1). (7)

The second-order momentum update in equation 7 becomes the one proposed by Tran & Cutkosky
(2022) when x̂k+1 = xk+1, and by Salehkaleybar et al. (2022) when x̂k+1 = bkxk+1 + (1− bk)xk

with bk ∈ R generated by the uniform distribution U(0, 1). Like STORM, second-order momentum
ensures the O(1/K1/3) convergence, which is faster than the O(1/K2/7) convergence of extrapo-
lated momentum and the O(1/K1/4) convergence of Polyak momentum. However, the results of
second-order momentum are limited to traditional smoothness in the Euclidean norm setting, which
reduces its applicability, especially in solving neural network training problems.

5



270
271
272
273
274
275
276
277
278
279
280
281
282
283
284
285
286
287
288
289
290
291
292
293
294
295
296
297
298
299
300
301
302
303
304
305
306
307
308
309
310
311
312
313
314
315
316
317
318
319
320
321
322
323

Under review as a conference paper at ICLR 2026

5 LMO-BASED METHODS WITH SECOND-ORDER MOMENTUM

Now, we study LMO-based methods (Pethick et al., 2025a; Kovalev, 2025) using two second-order
momentum variants (Salehkaleybar et al., 2022; Tran & Cutkosky, 2022; Zhang et al., 2020b). The
methods leverage the LMO-based oracle in equation 3, second-order momentum updates in equa-
tion 7, and the scaling factor βk introduced in MARS (Yuan et al., 2024). See Algorithm 1 for the
detailed description of the methods.

In Algorithm 1, the second-order momentum incorporates the Hessian-vector product term into its
update to accelerate the training process using the LMO-based momentum methods. Computing
the Hessian-vector product can take roughly the same time as computing the gradient (Pearlmutter,
1994). This can be achieved by using the automatic differentiation package to compute ∇2f(x)v
for x, v ∈ Rd by evaluating ∇h(x), where h(x) = ⟨∇f(x), v⟩ (Tran & Cutkosky, 2022).

Algorithm 1 LMO-based Optimization Methods with Second-order Momentum

1: Input: Tuning parameters ηk > 0 and αk, βk ∈ (0, 1) for k = 0, 1, . . .; Initial points x0,m0 ∈
Rd; Total number of iterations K > 0

2: for each iteration k = 0, 1, . . . ,K do
3: Update xk+1 = xk + lmo(mk), where lmo(mk) := argmin

∥x∥≤ηk

⟨mk, x⟩

4: Sample ξk+1 ∼ D
5: if Variant 1 then
6: Sample bk+1 ∼ U(0, 1)
7: Set x̂k+1 = bk+1xk+1 + (1− bk+1)xk

8: Update mk+1 = (1−αk)
(
mk + βk

1−αk
∇2fξk+1

(x̂k+1)(xk+1 − xk)
)
+αk∇fξk+1

(xk+1)

9: else if Variant 2 then
10: Update mk+1 = (1−αk)

(
mk + βk

1−αk
∇2fξk+1

(xk+1)(xk+1 − xk)
)
+αk∇fξk+1

(xk+1)

11: end if
12: end for
13: Output: xK+1

6 CONVERGENCE THEOREMS

We present the convergence results for LMO-based methods using two variants of second-order
momentum updates. Our results show that these methods achieve the O(1/K1/3) convergence
under relaxed smoothness in the arbitrary norm setting.

Theorem 1 (Variant 1 of Algorithm 1 ). Consider the problem of minimizing f(x) = Eξ∼D [fξ(x)].
Let f be twice differentiable, and let Assumption 1, 2, and 3 hold. Then, the iterates {xk} generated
by Variant 1 of Algorithm 1 with βk = 1− αk and with

αk = α =
1

(K + 1)2/3
, and ηk = η =

η̂

(K + 1)2/3
,

where η̂ = 1
80L1

(
ρ̄

¯
ρ

)−1

, satisfy

min
k∈{0,1,...,K}

E [∥∇f(xk)∥⋆] ≤ 2(f(x0)− finf)

η̂(K + 1)1/3
+

4 ∥e0∥⋆
(K + 1)1/3

+
4ρ̄η̂B̂

(K + 1)1/3

+4ρ̄
1

(K + 1)1/3
σg + L0 exp(L1η̂)

η̂

(K + 1)2/3
,

where B̂ = 3

¯
ρL0(exp(L1η̂) +

√
L1η̂ exp(L1η̂) + 2) + 2σH

¯
θ .

6
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Theorem 2 (Variant 2 of Algorithm 1). Consider the problem of minimizing f(x) = Eξ∼D [fξ(x)].
Let f be twice differentiable, and let Assumptions 1, 2, 3, and 4 hold. Then, the iterates {xk}
generated by Variant 2 of Algorithm 1 with βk = 1− αk and with

αk = α =
1

(K + 1)2/3
, and ηk = η =

η̂

(K + 1)2/3
,

where η̂ = 1
3 min

{
1
L1

, 1√
M1

}
satisfy

min
k∈{0,1,...,K}

E [∥∇f(xk)∥⋆] ≤ 2(f(x0)− finf)

η̂(K + 1)1/3
+

η̂L0 exp(L1η̂)

(K + 1)2/3
+

4 ∥e0∥⋆
(K + 1)1/3

+2

(
M0 +

2M1

3
L0 exp(L1η̂)

)
η̂2

(K + 1)2/3

+4
ρ̄

¯
θ

η̂σH

(K + 1)1/3
+ 4

ρ̄σg

(K + 1)1/3
.

From Theorems 1 and 2, Algorithm 1 achieves the O(1/K1/3) convergence in the expected gradient
norm for minimizing symmetric (L0, L1)-smooth functions with respect to the arbitrary norm. Our
methods match the convergence rates of second-order momentum methods established under L-
smoothness with respect to the Euclidean norm by Salehkaleybar et al. (2022); Tran & Cutkosky
(2022), and do not require large minibatch sizes for computing stochastic gradients. Our results do
not impose restrictive assumptions, such as bounded stochastic gradient norms by Tran & Cutkosky
(2022). Moreover, our methods converge faster than LMO-based optimization methods using Polyak
momentum analyzed by Pethick et al. (2025a;b); Kovalev (2025); Riabinin et al. (2025). Further note
that, Variant 2 of Algorithm 1 assume the symmetric smoothness on the Hessian, which Variant 1
of Algorithm 1 does not. Moreover, although our theoretical results are established for Algorithm 1
with βk = 1−αk, the analysis can be extended to the case of general βk ∈ (0, 1]. In such cases, the
convergence bounds include an additional term depending on the choice of βk.

We can leverage our analysis to establish the convergence of LMO-based methods in equation 3,
which incorporate extrapolated momentum in equation 4, for minimizing relaxed smooth functions
in the arbitrary norm setting (see Appendix E). The resulting convergence matches the O(1/K2/7)
rate obtained by Kovalev (2025, Corollary 5) under traditional smoothness.

7 NUMERICAL EXPERIMENTS

We conduct numerical experiments to investigate the performance of LMO-based methods using
Polyak momentum, extrapolated momentum (Cutkosky & Mehta, 2021), and two second-order mo-
mentum variants (Algorithm 1). Specifically, methods using two second-order momentum variants
with βk = 1− αk are referred to as SOM-V1 and SOM-V2, while those with general βk values are
denoted by β-SOM-V1 and β-SOM-V2. We implemented these algorithms using PyTorch (Paszke
et al., 2019), and benchmarked them for two nonconvex problems that satisfy symmetric (L0, L1)
smoothness: problems of training Multi-Layer Perceptrons (MLPs) and Long Short-Term Memory
(LSTM) networks. We reported our results for logistic regression problems with nonconvex regu-
laization in Appendix F. For all experiments, each element of the initial point x0 ∈ Rd was generated
from the standard normal distribution N (0, 1), the random seed was fixed, and also the learning rate
ηk and the momentum parameter αk were chosen as follows: (1) αk = 1√

k+1
and ηk = η0

(k+1)3/4

for Polyak momentum, (2) αk = 1
(k+1)4/7

and ηk = η0

(k+1)5/7
for extrapolated momentum, and

αk = 1
(k+1)2/3

and ηk = η0

(k+1)2/3
for all second-order momentum variants.

7.1 MLP

We evaluated the algorithms for binary classification tasks using the MLP model with two hid-
den layers over the splice dataset from the libsvm library (Chang & Lin, 2011). The dataset
comprises 1000 training samples and 60 features. We minimize the objective function f(x) =
L(x) + R(x), where L(x) is the binary cross-entropy loss with logits, and R(x) is the nonconvex
Welsch regularizer defined by R(x) = λ

∑d
i=1 x

2
i /(1 + x2

i ) with λ = 0.01.
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From Figure 1, LMO-based methods using second-order momentum outperform those using Polyak
or extrapolated momentum. In particular, Variant 2 of second-order momentum achieves superior
convergence in training loss, compared to other momentum variants. Furthermore, from Figure 2,
the scaling factor βk further enhances the convergence achieved by second-order momentum. In
particular, Variant 2 with the scaling factor βk exhibits the most consistent and strongest convergence
performance in training loss, outperforming Variant 1 with the same scaling factor. Additionally,
Figure 3 shows that increasing the mini-batch size for computing stochastic gradients improves the
convergence performance of LMO-based methods using second-order momentum. Specifically, the
methods using Variant 2 with the scaling factor βk achieve higher solution accuracy with a mini-
batch size of 32 compared to sizes 1 and 16.
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Figure 1: Comparison of training the MLP model on the splice dataset using LMO-based methods
with various momentum updates in the training loss (left) and gradient norm (right).
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Figure 2: Comparison of training the MLP model on the splice dataset using LMO-based methods
with second-order momentum (SOM) variants in the training loss (left) and gradient norm (right).

7.2 LSTM TRAINING

We benchmarked the algorithms for solving a word-level language modeling task using a two-layer
LSTM network. The model consists of an embedding layer with 200 dimensions, followed by two
stacked LSTM layers, each with 200 hidden units. A final linear decoder layer produces logits
over the vocabulary for each input token. The experiments were conducted on the Penn Treebank
(PTB) dataset, a standard dataset for evaluating language models. The dataset is split into training,
validation, and test sets, with approximately 929, 000 tokens in the training set. The vocabulary
is constructed from the unique words in the training data, with a total of 10, 000 tokens, including
an end-of-sentence token <eos>. Tokenization is performed by splitting raw text on whitespace,
converting each word into an index from the vocabulary. The model is trained using sequential

8
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Figure 3: Performance of β-SOM-V2 (Variant 2 of second-order momentum with any βk scaling
factor) when we vary the mini-batch size for training the MLP model on the splice dataset.

batches, employing Truncated Backpropagation Through Time (BPTT) with a sequence length of
35. For training, we used a minibatch size of 20 and the standard Cross-Entropy loss.

From Figure 4, we again observe the superior performance of LMO-based methods using Variant 2
of second-order mometnum and the scaling β factor when we set the Euclidean norm (left) and the
ℓ∞-norm (right) in the LMO update.
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(a) Training loss vs. training batches of LMO-
based methods with respect to the Euclidean norm
∥·∥2. Other momentum variants attain superier per-
formance to Polyak Momentum.
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(b) Training loss vs. training batches of LMO-based
methods with respect to the ℓ∞-norm ∥·∥∞. Variant
2 of second-order momentum and extrapolated mo-
mentum outperforms Polyak momentum.

Figure 4: Comparison of LMO-based methods using momentum variants for the word-level lan-
guage modeling task using the LSTM network on the Penn Treebank (PTB) dataset.

8 CONCLUSION

We have proposed LMO-based methods that incorporate two variants of second-order momentum
for minimizing nonconvex functions under relaxed smoothness conditions in the arbitrary norm set-
ting. The proposed methods achieve the convergence rate of O(1/K1/3) in the expected gradient
norm, improving upon the O(1/K1/4) rate of existing LMO-based methods that use Polyak mo-
mentum. Notably, our theoretical results match the best-known rates for second-order momentum
methods under standard smoothness assumptions in the Euclidean norm setting. Finally, our numer-
ical experiments confirm the advantages of second-order momentum, consistently demonstrating
superior convergence compared to Polyak and extrapolated momentum. Additionally, incorporating
the adaptive scaling factor introduced in MARS, yields further improvements, thus enhancing both
the convergence speed and solution accuracy of the proposed methods.
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A NOTATIONS

For random variables u, v, we use E [u] for the expectation of u, and Ev [u] for the expectation of
u with respect to v. For functions f, g : Rd → R, we use ∇f and ∇2f to denote the gradient
and Hessian of f , respectively. We write f(x) = O(g(x)) to indicate that there exists a constant
C > 0 and a value x0 ∈ R such that f(x) ≤ C · g(x) for all x ≥ x0. For vectors x, y ∈ Rd,
⟨x, y⟩ =

∑d
i=1 xiyi, while ∥x∥, ∥x∥⋆, ∥x∥2, and ∥x∥∞ denote its arbitrary norm, associated dual

norm, Euclidean norm, and ℓ∞-norm, respectively.

B USEFUL LEMMA FROM RELAXED SMOOTHNESS

From Assumptions 3 and 4, we obtain the following lemma that is useful for our analysis.

Lemma 1. Let f satisfy Assumptions 3 and 4. Then, for all x, y ∈ Rd,

∥Zf (x, y)∥⋆ ≤ 1

2
(M0 +M1 ∥∇f(y)∥⋆) ∥x− y∥2

+
1

3
M1(L0 + L1 ∥∇f(y)∥⋆) exp(L1 ∥x− y∥) ∥x− y∥3 ,

where we denote Zf (x, y) := ∇f(x)−∇f(y)−∇2f(y)(x− y).

Proof. Since f is twice differentiable,

Zf (x, y) =

∫ 1

τ=0

∇2f(x+ τ(y − x))(y − x)dτ −∇2f(y)(x− y)

=

∫ 1

τ=0

[∇2f(x+ τ(y − x))(y − x)−∇2f(y)(x− y)]dτ.

Therefore,

∥Zf (x, y)∥⋆ ≤
∫ 1

τ=0

∥∥∇2f(x+ τ(y − x))(y − x)−∇2f(y)(x− y)
∥∥
⋆
dτ.

Next, from Assumption 4,

∥Zf (x, y)∥⋆ ≤
∫ 1

τ=0

(M0 +M1 sup
θ∈[0,1]

∥∇f(θx̂+ (1− θ)y)∥⋆) ∥x̂− y∥ dτ

≤ M0 ∥x− y∥2

2

+M1 ∥x− y∥2
∫ 1

τ=0

τ sup
θ∈[0,1]

∥∇f(θx̂+ (1− θ)y)−∇f(y) +∇f(y)∥⋆)dτ

≤ M0 ∥x− y∥2

2
+M1 ∥x− y∥2

∫ 1

τ=0

τ sup
θ∈[0,1]

∥∇f(θx̂+ (1− θ)y)−∇f(y)∥⋆)dτ

+M1 ∥x− y∥2
∫ 1

τ=0

τ sup
θ∈[0,1]

∥∇f(y)∥⋆ dτ

=
M0 +M1 ∥∇f(y)∥

2
∥x− y∥2

+M1 ∥x− y∥2
∫ 1

τ=0

τ sup
θ∈[0,1]

∥∇f(θx̂+ (1− θ)y)−∇f(y)∥⋆)dτ,

where x̂ = x+ τ(y − x).

Next, from Assumption 3,
∥∇f(θx̂+ (1− θ)y)−∇f(y)∥⋆ ≤ (L0 + L1 ∥∇f(y)∥⋆) exp(τθL1 ∥x− y∥)τθ ∥x− y∥

θ≤1

≤ (L0 + L1 ∥∇f(y)∥⋆) exp(τL1 ∥x− y∥)τ ∥x− y∥ .
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Therefore, by plugging this result into the upper-bound for
∥∥∇f(x)−∇f(y)−∇2f(y)(x− y)

∥∥
⋆
,

we complete the proof.
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C PROOF OF THEOREM 1

We prove Theorem 1 in the following steps.

Step 1) Proving the descent inequality. We follow the proof arguments from Lemma D.1. of
Pethick et al. (2025a). By Assumption 3, and by the fact that xk+1 = xk + lmo(mk),

f(xk+1) ≤ f(xk) + ⟨∇f(xk), lmo(mk)⟩

+
L0 + L1 ∥∇f(xk)∥⋆

2
exp(L1 ∥xk+1 − xk∥) ∥lmo(mk)∥2

= f(xk) + ⟨∇f(xk)−mk, lmo(mk)⟩+ ⟨mk, lmo(mk)⟩

+
L0 + L1 ∥∇f(xk)∥⋆

2
exp(L1 ∥xk+1 − xk∥) ∥lmo(mk)∥2 .

By Cauchy-Schwartz inequality,

f(xk+1) ≤ f(xk) + ∥∇f(xk)−mk∥⋆ ∥lmo(mk)∥+ ⟨mk, lmo(mk)⟩

+
L0 + L1 ∥∇f(xk)∥⋆

2
exp(L1 ∥xk+1 − xk∥) ∥lmo(mk)∥2 .

By the fact that ∥xk+1 − xk∥ = ∥lmo(mk)∥ ≤ ηk,

f(xk+1) ≤ f(xk) + ηk ∥∇f(xk)−mk∥⋆ + ⟨mk, lmo(mk)⟩+
L0 + L1 ∥∇f(xk)∥⋆

2
exp(L1ηk)η

2
k.

Since for all u ∈ X

∥u∥⋆ = max
v:∥v∥≤1

⟨u, v⟩ = max
v:∥v∥≤η

〈
u,

1

η
v

〉
= −

〈
u,

1

η
lmo(u)

〉
,

we obtain

⟨mk, lmo(mk)⟩ = ηk

〈
mk,

1

ηk
lmo(mk)

〉
= −ηk ∥mk∥⋆ .

Therefore,

f(xk+1) ≤ f(xk) + ηk ∥∇f(xk)−mk∥⋆ − ηk ∥mk∥⋆ +
L0 + L1 ∥∇f(xk)∥⋆

2
exp(L1ηk)η

2
k.

By the triangle inequality, i.e. ∥a∥⋆ ≥ ∥b∥⋆ − ∥a− b∥⋆ for a, b ∈ Rd,

f(xk+1) ≤ f(xk) + 2ηk ∥∇f(xk)−mk∥⋆ − ηk ∥∇f(xk)∥⋆ +
L0 + L1 ∥∇f(xk)∥⋆

2
exp(L1ηk)η

2
k.

Finally, by summing the inequality over k = 0, 1, . . . ,K and by re-arranging the terms,
K∑

k=0

ηkφk ∥∇f(xk)∥⋆
(a)
=

K∑
k=0

ηk

(
1− exp(L1ηk)

L1ηk
2

)
∥∇f(xk)∥⋆

≤
K∑

k=0

f(xk)− f(xk+1) + 2

K∑
k=0

ηk ∥∇f(xk)−mk∥⋆ +
L0

2

K∑
k=0

exp(L1ηk)η
2
k

(b)

≤ (f(x0)− finf) + 2

K∑
k=0

ηk ∥∇f(xk)−mk∥⋆ +
L0

2

K∑
k=0

exp(L1ηk)η
2
k

(c)
= ∆+ 2

K∑
k=0

ηk ∥∇f(xk)−mk∥⋆ +
L0

2

K∑
k=0

exp(L1ηk)η
2
k, (8)

where we reach (a) by defining φk := (1− exp(L1ηk)L1ηk/2), (b) by using the fact that
f(x) ≥ finf , and (c) by denoting ∆ := f(x0)− finf .
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Step 2) Bounding the error term. Next, we bound ∥ek+1∥⋆, where ek+1 := ∇f(xk+1)−mk+1.
From the definition of ek,

ek+1 = mk+1 −∇f(xk+1)

(a)
= (1− αk)[mk +∇2fξk(x̂k+1)(xk+1 − xk)−∇f(xk+1)]

+αk[∇fξk(xk+1)−∇f(xk+1)]

(b)
= (1− αk)ek + (1− αk)Wk+1 + αkVk+1, (9)

where we reach (a) by equation 7, and (b) by denoting Wk+1 := ∇2fξk+1
(x̂k+1)(xk+1 − xk) −

(∇f(xk+1)−∇f(xk)) and Vk+1 := ∇fξk+1
(xk+1)−∇f(xk+1).

By recursively applying this inequality,

ek+1 =

k∏
t=0

(1− αt)e0 +

k∑
t=0

 k∏
j=t+1

(1− αj)

 (1− αt)Wt+1 +

k∑
t=0

 k∏
j=t+1

(1− αj)

αtVt+1.

Next, by taking ∥·∥⋆, and by taking the expectation,

E [∥ek+1∥⋆]
(a)

≤ ∥e0∥⋆
k∏

t=0

(1− αt) + E

∥∥∥∥∥∥
k∑

t=0

 k∏
j=t+1

(1− αj)

 (1− αt)Wt+1

∥∥∥∥∥∥
⋆


+E

∥∥∥∥∥∥
k∑

t=0

 k∏
j=t+1

(1− αj)

αtVt+1

∥∥∥∥∥∥
⋆


(b)

≤ ∥e0∥⋆
k∏

t=0

(1− αt) +

√√√√√√E


∥∥∥∥∥∥

k∑
t=0

 k∏
j=t+1

(1− αj)

 (1− αt)Wt+1

∥∥∥∥∥∥
2

⋆



+

√√√√√√E


∥∥∥∥∥∥

k∑
t=0

 k∏
j=t+1

(1− αj)

αtVt+1

∥∥∥∥∥∥
2

⋆


(c)

≤ ∥e0∥⋆
k∏

t=0

(1− αt) + ρ̄

√√√√√√E


∥∥∥∥∥∥

k∑
t=0

 k∏
j=t+1

(1− αj)

 (1− αt)Wt+1

∥∥∥∥∥∥
2

2


︸ ︷︷ ︸

:=①

+ρ̄

√√√√√√E


∥∥∥∥∥∥

k∑
t=0

 k∏
j=t+1

(1− αj)

αtVt+1

∥∥∥∥∥∥
2

2


︸ ︷︷ ︸

:=②

,

where (a) follows from the triangle inequality, (b) results from Jensen’s inequality, and (c) obtains
from equation 2.

To bound E [∥ek+1∥⋆], we must bound ① and ②. First, we bound ②. By Assumption 1, i.e.

Eξ [∇fξ(x)] = ∇f(x) and Eξ

[
∥∇fξ(x)−∇f(x)∥22

]
≤ σ2

g , we can prove that Eξk [Vk] = 0, and

that Eξj [⟨Vj , Vi⟩] =
〈
Eξj [Vj ] , Vi

〉
= 0 for i, j ∈ N and i < j. Therefore,

② =

k∑
t=0

 k∏
j=t+1

(1− αj)
2

α2
tE

[
∥Vt∥22

]
≤ σ2

g

k∑
t=0

 k∏
j=t+1

(1− αj)
2

α2
t .
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Plugging this result into the main inequality yields

E [∥ek+1∥⋆] ≤ ∥e0∥⋆
k∏

t=0

(1− αt) + ρ̄ ① + ρ̄σg

√√√√√ k∑
t=0

 k∏
j=t+1

(1− αj)2

α2
t .

Second, we bound ①. By Assumption 1, i.e. Eξ

[
∇2fξ(x)

]
= ∇2f(x), we can prove that

Eξk,bk [Wk] = Eξk,bk

[
∇2fξk(bkxk + (1− bk)xk−1)(xk − xk−1)− (∇f(xk)−∇f(xk−1))

]
= Eξk

[∫ 1

b=0

∇2fξk(bxk + (1− b)xk−1)(xk − xk−1)− (∇f(xk)−∇f(xk−1))

]
=

∫ 1

b=0

∇2f(bxk + (1− b)xk−1)(xk − xk−1)db− (∇f(xk)−∇f(xk−1))

= 0,

and that Eξj ,bj [⟨Wj ,Wi⟩] =
〈
Eξj ,bj [Wj ] ,Wi

〉
= 0 for i, j ∈ N and i < j. Thus,

E [∥ek+1∥⋆] ≤ ∥e0∥⋆
k∏

t=0

(1− αt) + ρ̄

√√√√√ k∑
t=0

 k∏
j=t+1

(1− αj)2

 (1− αt)2E
[
∥Wt+1∥22

]

+ρ̄σg

√√√√√ k∑
t=0

 k∏
j=t+1

(1− αj)2

α2
t .

Step 3) Bounding E
[
∥Wk+1∥22

]
. Next, we bound E

[
∥Wk+1∥22

]
. By the fact that Wk+1 =

∇2fξk+1
(x̂k+1)(xk+1−xk)− (∇f(xk+1)−∇f(xk)), and that ∥x+ y + z∥22 ≤ 3 ∥x∥22+3 ∥y∥22+

3 ∥z∥22 for x, y, z ∈ Rd,

E
[
∥Wk+1∥22

]
≤ 3E

[
∥∇f(xk+1)−∇f(xk)∥22

]
+ 3E

[∥∥∇2f(x̂k+1)(xk+1 − xk)
∥∥2
2

]
+3E

[∥∥(∇2fξk+1
(x̂k+1)−∇2f(x̂k+1))(xk+1 − xk)

∥∥2
2

]
.

Next, by Assumption 1,

E
[
∥Wk+1∥22

]
≤ 3E

[
∥∇f(xk+1)−∇f(xk)∥22

]
+ 3E

[∥∥∇2f(x̂k+1)(xk+1 − xk)
∥∥2
2

]
+3σ2

HE
[
∥xk+1 − xk∥22

]
(a)

≤ 3

¯
ρ2

E
[
∥∇f(xk+1)−∇f(xk)∥2⋆

]
+

3

¯
ρ2

E
[∥∥∇2f(x̂k+1)(xk+1 − xk)

∥∥2
⋆

]
+
3σ2

H

¯
θ2

E
[
∥xk+1 − xk∥2

]
≤ 3

¯
ρ2

E
[
∥∇f(xk+1)−∇f(xk)∥2⋆

]
+

3

¯
ρ2

E
[∥∥∇2f(x̂k+1)

∥∥2
op ∥xk+1 − xk∥2

]
+
3σ2

H

¯
θ2

E
[
∥xk+1 − xk∥2

]
where in (a) we used equation 2.

Next, by the twice-differentiability of f , from Assumption 3, and from Proposition 3.2. and Theorem
1 of Chen et al. (2023), we can prove, respectively, that

∥∇f(xk+1)−∇f(xk)∥2⋆ ≤ (L0 + L1 ∥∇f(xk)∥⋆)
2 exp(2L1 ∥xk+1 − xk∥) ∥xk+1 − xk∥2 , and∥∥∇2f(x)

∥∥
op := sup

u̸=0

∥∥∇2f(x)u
∥∥
⋆

∥u∥
= L0 + L1 ∥∇f(x)∥⋆ ,
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we obtain

E
[
∥Wk+1∥22

]
≤ 3

¯
ρ2

E
[
(L0 + L1 ∥∇f(xk)∥⋆)

2 exp(2L1 ∥xk+1 − xk∥) ∥xk+1 − xk∥2
]

+
3

¯
ρ2

E
[
(L0 + L1 ∥∇f(x̂k+1)∥⋆)

2 ∥xk+1 − xk∥2
]
+

3σ2
H

¯
θ2

E
[
∥xk+1 − xk∥2

]
.

By the fact that ∥xk+1 − xk∥ ≤ ηk,

E
[
∥Wk+1∥22

]
≤ 3

¯
ρ2

(L0 + L1 ∥∇f(xk)∥⋆)
2 exp(2L1ηk)η

2
k

+
3

¯
ρ2

η2kE
[
(L0 + L1 ∥∇f(x̂k+1)∥⋆)

2
]
+

3σ2
H

¯
θ2

η2k.

Next, since

(L0 + L1 ∥∇f(x̂k+1)∥⋆)
2 ≤ (L0 + L1 ∥∇f(xk)∥⋆ + L1 ∥∇f(x̂k+1)−∇f(xk)∥⋆)

2

≤ 2(L0 + L1 ∥∇f(xk)∥⋆)
2 + 2L2

1 ∥∇f(x̂k+1)−∇f(xk)∥2⋆
≤ 2(L0 + L1 ∥∇f(xk)∥⋆)

2

+2L2
1(L0 + L1 ∥∇f(xk)∥⋆)

2 exp(2L1 ∥x̂k+1 − xk∥) ∥x̂k+1 − xk∥2 ,
we obtain

E
[
∥Wk+1∥22

]
≤ 3

¯
ρ2

(L0 + L1 ∥∇f(xk)∥⋆)
2(exp(2L1ηk) + 2)η2k +

3σ2
H

¯
θ2

η2k

+
6

¯
ρ2

L2
1η

2
k(L0 + L1 ∥∇f(xk)∥⋆)

2E
[
exp(2L1 ∥x̂k+1 − xk∥) ∥x̂k+1 − xk∥2

]
(a)

≤ 3

¯
ρ2

(L0 + L1 ∥∇f(xk)∥⋆)
2(exp(2L1ηk) + 2)η2k +

3σ2
H

¯
θ2

η2k

+
6

¯
ρ2

L2
1η

2
k(L0 + L1 ∥∇f(xk)∥)2E

[
exp(2L1bk ∥xk+1 − xk∥)b2k ∥xk+1 − xk∥2

]
,

where (a) results from the definition of x̂k+1. Next, by the fact that ∥xk+1 − xk∥ ≤ ηk,

E
[
∥Wk+1∥22

]
≤ 3

¯
ρ2

(L0 + L1 ∥∇f(xk)∥⋆)
2(exp(2L1ηk) + 2)η2k

+
6

¯
ρ2

L2
1η

2
k(L0 + L1 ∥∇f(xk)∥)2E

[
exp(2L1bk+1ηk)b

2
k+1η

2
k

]
+

3σ2
H

¯
θ2

η2k

=
3

¯
ρ2

(L0 + L1 ∥∇f(xk)∥⋆)
2(exp(2L1ηk) + 2)η2k

+
6

¯
ρ2

L2
1η

2
k(L0 + L1 ∥∇f(xk)∥)2η2k

∫ 1

0

exp(2L1bηk)b
2db

+
3σ2

H

¯
θ2

η2k.

Since ∫
exp(akz)z

2dz =
1

ak
z2 exp(akz)−

2

ak

∫
z exp(akz)dz,

we obtain
∫ 1

z=0
exp(akz)z

2dz ≤ 1
ak

exp(ak). Therefore,

E
[
∥Wk+1∥22

]
≤ 3

¯
ρ2

(L0 + L1 ∥∇f(xk)∥⋆)
2(exp(2L1ηk) + 2)η2k

+
6

¯
ρ2

L2
1η

2
k(L0 + L1 ∥∇f(xk)∥)2η2k

1

2L1ηk
exp(2L1ηk) +

3σ2
H

¯
θ2

η2k.
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By re-arranging the terms, and by the fact that (a+ b)2 ≤ 2a2 + 2b2 for a, b ∈ R,

E
[
∥Wk+1∥22

]
≤ 3

¯
ρ2

(L0 + L1 ∥∇f(xk)∥⋆)
2 (exp(2L1ηk) + ηkL1 exp(2L1ηk) + 2) η2k

+
3σ2

H

¯
θ2

η2k

≤ 6

¯
ρ2

L2
1 ∥∇f(xk)∥2⋆ (exp(2L1ηk) + ηkL1 exp(2L1ηk) + 2) η2k

+
6

¯
ρ2

L2
0 ((exp(2L1ηk) + ηkL1 exp(2L1ηk) + 2) η2k +

3σ2
H

¯
θ2

η2k.

Step 4) Plugging E
[
∥Wk∥22

]
back into the upper-bound for E [∥ek+1∥⋆]. By plugging

E
[
∥Wk∥22

]
back into the upper-bound for E [∥ek+1∥⋆],

E [∥ek+1∥⋆] ≤ ∥e0∥⋆
k∏

t=0

(1− αt) + ρ̄

√√√√√ k∑
t=0

 k∏
j=t+1

(1− αj)2

 (1− αt)2(At+1 +Bt+1)

+ρ̄σg

√√√√√ k∑
t=0

 k∏
j=t+1

(1− αj)2

α2
t ,

where Ak+1 = 6

¯
ρ2L

2
1(exp(2L1ηk) + ηkL1 exp(2L1ηk) + 2)η2kE

[
∥∇f(xk)∥2⋆

]
and Bk+1 =

6

¯
ρ2L

2
0(exp(2L1ηk) + ηkL1 exp(2L1ηk) + 2)η2k +

3σ2
H

¯
θ2 η2k.

Step 5) Deriving the convergence bound under constant tuning parameters. If ηk = η and
αk = α, then

E [∥ek+1∥⋆] ≤ (1− α)k+1 ∥e0∥⋆ + ρ̄

√√√√ k∑
t=0

(1− α)2(k−t+1)(At+1 +B)

+ρ̄σg

√√√√ k∑
t=0

(1− α)2(k−t)α2

≤ (1− α)k+1 ∥e0∥⋆ + ρ̄

√√√√ k∑
t=0

(1− α)2(k−t+1)At+1 + ρ̄

√√√√ k∑
t=0

(1− α)2(k−t+1)B

+ρ̄σg

√√√√ k∑
t=0

(1− α)2(k−t)α2,

where Ak+1 = cη2 ∥∇f(xk)∥2⋆, B = 6

¯
ρ2L

2
0(exp(2L1η) + L1η exp(2L1η) + 2)η2 +

3σ2
H

¯
θ2 η2, and

c = 6

¯
ρ2L

2
1(exp(2L1η) + L1η exp(2L1η) + 2).

Next, since
k−1∑
t=0

(1− α)2(k−t+1) ≤
∞∑
j=0

((1− α)2)j =
1

1− (1− α)2
=

1

α(2− α)

α∈[0,1]

≤ 1

α
,

and
k−1∑
t=0

(1− α)2(k−t)α2 ≤ α2
∞∑
j=0

((1− α)2)j =
α2

1− (1− α)2
=

α

2− α

α∈[0,1]

≤ α,
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we obtain

E [∥ek+1∥⋆]
(a)

≤ (1− α)k+1 ∥e0∥⋆ + ρ̄

√√√√ k∑
t=0

(1− α)2(k−t)(1− α)2At+1 + ρ̄
η√
α
B̂

+ρ̄
√
ασg

(b)

≤ (1− α)k+1 ∥e0∥⋆ + ρ̄

√√√√ k∑
t=0

(1− α)2(k−t+1)cη2 ∥∇f(xt)∥2⋆ + ρ̄
η√
α
B̂

+ρ̄
√
ασg

≤ (1− α)k ∥e0∥⋆ + ρ̄ĉη

k∑
t=0

(1− α)(k−t+1) ∥∇f(xt)∥⋆ + ρ̄
η√
α
B̂

+ρ̄
√
ασg,

where we reach (a) by denoting ĉ = 3

¯
ρL1(exp(L1η) +

√
L1η exp(L1η) + 2) and B̂ =

3

¯
ρL0(exp(L1η) +

√
L1η exp(L1η) + 2) + 2σH

¯
θ , and (b) by using the condition that α ∈ [0, 1]

and the definition of At+1.

Plugging the above result into the main descent inequality with ηk = η and αk = α and denoting
φ =

(
1− exp(L1η)

L1η
2

)
, we obtain

K∑
k=0

ηφE [∥∇f(xk)∥⋆] ≤ ∆+ 2

K∑
k=0

ηE [∥ek∥⋆] +
L0

2

K∑
k=0

exp(L1η)η
2

≤ ∆+ 2η ∥e0∥⋆
K∑

k=0

(1− α)k +
L0

2
exp(L1η)η

2(K + 1)

+2ρ̄ĉη2
K∑

k=0

k−1∑
t=0

(1− α)(k−t)E [∥∇f(xt)∥⋆]

+2ρ̄
η2√
α
B̂(K + 1) + 2ρ̄η

√
ασg(K + 1).

By the fact that
∑K

k=0(1− α)k ≤
∑∞

k=0(1− α)k = 1
α ,

K∑
k=0

ηφE [∥∇f(xk)∥⋆] ≤ ∆+
2η ∥e0∥⋆

α
+ 2ρ̄ĉη2

K∑
k=0

k−1∑
t=0

(1− α)(k−t)E [∥∇f(xt)∥⋆]

+2ρ̄
η2√
α
B̂(K + 1) + 2ρ̄η

√
ασg(K + 1) +

L0

2
exp(L1η)η

2(K + 1).

Next, since
K∑

k=0

k−1∑
t=0

(1− α)k−tE [∥∇f(xt)∥⋆] ≤
K∑

k=0

k∑
t=0

(1− α)k−tE [∥∇f(xt)∥⋆]

=

K∑
t=0

(

K∑
k=t

(1− α)k−t)E [∥∇f(xt)∥⋆]

≤
K∑
t=0

(

∞∑
k=0

(1− α)k)E [∥∇f(xt)∥⋆]

=
1

α

K∑
k=0

E [∥∇f(xk)∥⋆] ,
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we obtain
K∑

k=0

η(φ− 2ρ̄ĉ
η

α
)E [∥∇f(xk)∥⋆] ≤ ∆+

2η ∥e0∥⋆
α

+ 2ρ̄
η2√
α
B̂(K + 1)

+2ρ̄η
√
ασg(K + 1) +

L0

2
exp(L1η)η

2(K + 1).

Step 6) Choosing tuning parameters. If η ≤ α
80L1

(
ρ̄

¯
ρ

)−1

, then

η

2

K∑
k=0

E [∥∇f(xk)∥⋆] ≤ ∆+
2η ∥e0∥⋆

α
+ 2ρ̄

η2√
α
B̂(K + 1)

+2ρ̄η
√
ασg(K + 1) +

L0

2
exp(L1η)η

2(K + 1).

Therefore,

min
k∈{0,1,...,K}

E [∥∇f(xk)∥⋆] ≤ 1

K + 1

K∑
k=0

E [∥∇f(xk)∥⋆]

≤ 2∆

η(K + 1)
+

4 ∥e0∥⋆
α(K + 1)

+ 4ρ̄
η√
α
B̂

+4ρ̄
√
ασg + L0 exp(L1η)η.

If η = η̂

(K+1)2/3
with η̂ = 1

80L1

(
ρ̄

¯
ρ

)−1

, and α = 1
(K+1)2/3

, then

min
k∈{0,1,...,K}

E [∥∇f(xk)∥⋆] ≤ 2∆

η̂(K + 1)1/3
+

4 ∥e0∥⋆
(K + 1)1/3

+
4ρ̄η̂B̂

(K + 1)1/3

+4ρ̄
1

(K + 1)1/3
σg + L0 exp(L1η̂)

η̂

(K + 1)2/3
.
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D PROOF OF THEOREM 2

We prove the result in the following steps.

Step 1) Proving the descent inequality. By following the proof arguments in Step 1) of Theo-
rem 1 (see equation 8), we have

K∑
k=0

ηkφk ∥∇f(xk)∥⋆ ≤ ∆+ 2

K∑
k=0

ηk ∥∇f(xk)−mk∥⋆ +
L0

2

K∑
k=0

exp(L1ηk)η
2
k,

where φk := (1− exp(L1ηk)L1ηk/2) and ∆ := f(x0)− finf .

Step 2) Bounding the error term. Next, we bound ∥ek∥⋆, where ek := mk −∇f(xk). From the
definition of ek,

ek+1 = mk+1 −∇f(xk+1)

= (1− αk)ek + (1− αk)Zf (xk;xk+1) + (1− αk)ε
H
k+1 + αkε

g
k+1,

where Zf (xk, xk+1) = ∇f(xk)−∇f(xk+1)+∇2f(xk+1)(xk+1−xk), εHk+1 = (∇2fξk+1
(xk+1)−

∇2f(xk+1))(xk+1 − xk) and εgk+1 = ∇fξk+1
(xk+1)−∇f(xk+1).

By recursively applying the above inequality,

ek+1 =

k∏
t=0

(1− αt)e0 +

k∑
t=0

 k∏
j=t+1

(1− αj)

 (1− αt)Zf (xt, xt+1)

+

k∑
t=0

 k∏
j=t+1

(1− αj)

 (1− αt)ε
H
t+1 +

k∑
t=0

 k∏
j=t+1

(1− αj)

αtε
g
t+1.

Therefore,

E [∥ek+1∥⋆] ≤ E

[∥∥∥∥∥
k∏

t=0

(1− αt)e0

∥∥∥∥∥
⋆

]
+ E

∥∥∥∥∥∥
k∑

t=0

 k∏
j=t+1

(1− αj)

 (1− αt))Zf (xt, xt+1)

∥∥∥∥∥∥
⋆


︸ ︷︷ ︸

:=③

+E

∥∥∥∥∥∥
k∑

t=0

 k∏
j=t+1

(1− αj)

 (1− αt))ε
H
t+1

∥∥∥∥∥∥
⋆


︸ ︷︷ ︸

:=④

+E

∥∥∥∥∥∥
k∑

t=0

 k∏
j=t+1

(1− αj)

αtε
g
t+1

∥∥∥∥∥∥
⋆


︸ ︷︷ ︸

:=⑤

.

Next, we bound ⑤ by using Assumption 1 and by following the proof arguments for bounding ① in
Step 2) of the convergence proof for Theorem 1. Then, we have

⑤ ≤ ρ̄E

∥∥∥∥∥∥
k∑

t=0

 k∏
j=t+1

(1− αj)

αtε
g
t+1

∥∥∥∥∥∥
2



≤ ρ̄

√√√√√√E


∥∥∥∥∥∥

k∑
t=0

 k∏
j=t+1

(1− αj)

αtε
g
t+1

∥∥∥∥∥∥
2

2



≤ ρ̄σg

√√√√√ k∑
t=0

 k∏
j=t+1

(1− αj)2

α2
t ,
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Therefore,

E [∥ek+1∥⋆] ≤
k∏

t=0

(1− αt)E [∥e0∥⋆] + ③ + ④ + ρ̄σg

√√√√√ k∑
t=0

 k∏
j=t+1

(1− αj)2

α2
t .

Next, we bound ④.

④ ≤ ρ̄E

∥∥∥∥∥∥
k∑

t=0

 k∏
j=t+1

(1− αj)

 (1− αt))ε
H
t+1

∥∥∥∥∥∥
2



≤ ρ̄

√√√√√√E


∥∥∥∥∥∥

k∑
t=0

 k∏
j=t+1

(1− αj)

 (1− αt))εHt+1

∥∥∥∥∥∥
2

2

.
From the definition of εHt+1 and from Assumption 1,

④ ≤ ρ̄

√√√√√ k∑
t=0

 k∏
j=t+1

(1− αj)2

 (1− αt)2)E
[∥∥εHt+1

∥∥2
2

]

≤ ρ̄

√√√√√ k∑
t=0

 k∏
j=t+1

(1− αj)2

 (1− αt)2)σ2
H ∥xt+1 − xt∥22

≤ ρ̄

¯
θ

√√√√√ k∑
t=0

 k∏
j=t+1

(1− αj)2

 (1− αt)2)σ2
H ∥xt+1 − xt∥2

≤ ρ̄

¯
θ
ησH

√√√√√ k∑
t=0

 k∏
j=t+1

(1− αj)2

 (1− αt)2.

Therefore,

E [∥ek+1∥⋆] ≤
k∏

t=0

(1− αt)E [∥e0∥⋆] +
ρ̄

¯
θ
ησH

√√√√√ k∑
t=0

 k∏
j=t+1

(1− αj)2

 (1− αt)2

+ ③ + ρ̄σg

√√√√√ k∑
t=0

 k∏
j=t+1

(1− αj)2

α2
t .

Next, we bound ③:

③ ≤
k∑

t=0

 k∏
j=t+1

(1− αj)

 (1− αt))E
[
∥Zf (xt, xt+1)∥⋆

]
.

From Lemma 1,

∥Zf (xt, xt+1)∥⋆ ≤ 1

2
(M0 +M1 ∥∇f(xt+1)∥⋆) ∥xt − xt+1∥2

+
1

3
M1(L0 + L1 ∥∇f(xt+1)∥⋆) exp(L1 ∥xt − xt+1∥) ∥xt − xt+1∥3

≤ 1

2
(M0 +M1 ∥∇f(xt+1)∥⋆)η

2
t +

1

3
M1(L0 + L1 ∥∇f(xt+1)∥⋆) exp(L1ηt)η

3
t

=

(
M0

2
+

M1

3
L0 exp(L1ηt)

)
η2t +

(
M1

2
+

M1

3
L1ηt exp(L1ηt)

)
η2t ∥∇f(xt+1)∥⋆ .
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Therefore,

③ ≤
k∑

t=0

 k∏
j=t+1

(1− αj)

 (1− αt))

(
M0

2
+

M1

3
L0 exp(L1ηt)

)
η2t

+

k∑
t=0

 k∏
j=t+1

(1− αj)

 (1− αt))

(
M1

2
+

M1

3
L1ηt exp(L1ηt)

)
η2t ∥∇f(xt+1)∥⋆ .

Plugging ③into the upper-bound for E [∥ek+1∥⋆] yields

E [∥ek+1∥⋆] ≤
k∏

t=0

(1− αt)E [∥e0∥⋆]

+

k∑
t=0

 k∏
j=t+1

(1− αj)

 (1− αt)

(
M0

2
+

M1

3
L0 exp(L1ηt)

)
η2t

+

k∑
t=0

 k∏
j=t+1

(1− αj)

 (1− αt)

(
M1

2
+

M1

3
L1ηt exp(L1ηt)

)
η2t ∥∇f(xt+1)∥⋆

+
ρ̄

¯
θ
ησH

√√√√√ k∑
t=0

 k∏
j=t+1

(1− αj)2

 (1− αt)2 + ρ̄σg

√√√√√ k∑
t=0

 k∏
j=t+1

(1− αj)2

α2
t .

If ηk = η and αk = α, then

E [∥ek+1∥⋆] ≤ (1− α)k+1 ∥e0∥⋆ +
(
M0

2
+

M1L0 exp(L1η)

3

) k∑
t=0

(1− α)k−t+1η2

+

(
M1

2
+

M1L1 exp(L1η)η

3

) k∑
t=0

(1− α)k−t+1η2 ∥∇f(xt+1)∥⋆

+
ρ̄

¯
θ
ησH

√√√√ k∑
t=0

(1− α)2(k−t+1) + ρ̄σg

√√√√ k∑
t=0

(1− α)2(k−t)α2.

Next, since

k−1∑
t=0

(1− α)2(k−t+1) ≤
∞∑
j=0

((1− α)2)j =
1

α(2− α)

α∈[0,1]

≤ 1

α
,

and
k−1∑
t=0

(1− α)2(k−t)α2 ≤ α2
∞∑
j=0

((1− α)2)j =
α2

1− (1− α)2
=

α

2− α

α∈[0,1]

≤ α,

we obtain

E [∥ek+1∥⋆] ≤ (1− α)k+1 ∥e0∥⋆ +
(
M0

2
+

M1

3
L0 exp(L1η)

)
η2

α

+

(
M1

2
+

M1

3
L1η exp(L1η)

) k∑
t=0

(1− α)k−t+1η2 ∥∇f(xt+1)∥⋆

+
ρ̄

¯
θ

η√
α
σH + ρ̄

√
ασg.
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Therefore, recalling φ = η(1− exp(L1η)L1η/2), we have

K∑
k=0

ηφE [∥∇f(xk)∥⋆] ≤ ∆+
L0

2

K∑
k=0

exp(L1η)η
2 + 2η

K∑
k=0

E [∥ek∥⋆]

≤ ∆+
L0

2
exp(L1η)η

2(K + 1) + 2η

K∑
k=0

(1− α)k ∥e0∥⋆

+η

(
M0 +

2M1

3
L0 exp(L1η)

)
η2

α
(K + 1)

+η

(
M1 +

2M1

3
L1η exp(L1η)

) K∑
k=0

k−1∑
t=0

(1− α)k−tη2 ∥∇f(xt+1)∥⋆

+2η

(
ρ̄

¯
θ

η√
α
σH + ρ̄

√
ασg

)
(K + 1),

where ∆ = E [f(x0)− finf ].

Next, since

K∑
k=0

(1− α)k ≤ 1

α
, and

K∑
k=0

k−1∑
t=0

(1− α)k−t ∥∇f(xt+1)∥⋆ ≤ 1

α

K∑
k=0

∥∇f(xk)∥⋆ ,

we obtain

K∑
k=0

ηϑE [∥∇f(xk)∥⋆] ≤ ∆+ (K + 1)
L0

2
exp(L1η)η

2 + 2
η

α
∥e0∥⋆

+η(K + 1)

(
M0 +

2M1

3
L0 exp(L1η)

)
η2

α

+2η

(
ρ̄

¯
θ

η√
α
σH + ρ̄

√
ασg

)
(K + 1),

where ϑ :=
(
1− exp(L1η)L1η/2 − (M1 + 2M1/3 · L1η exp(L1η))

η2

α

)
.

If η ≤ α
3 min

{
1
L1

, 1√
M1

}
, then η ≤ min

{
1

3L1
, 1
3
√
M1

}
and

η

2

K∑
k=0

E [∥∇f(xk)∥⋆] ≤ ∆+ (K + 1)
L0

2
exp(L1η)η

2 + 2
η

α
∥e0∥⋆

+η(K + 1)

(
M0 +

2M1

3
L0 exp(L1η)

)
η2

α

+2η

(
ρ̄

¯
θ

η√
α
σH + ρ̄

√
ασg

)
(K + 1).

Therefore,

1

K + 1

K∑
k=0

E [∥∇f(xk)∥⋆] ≤ 2∆

η(K + 1)
+ L0 exp(L1η)η +

4 ∥e0∥⋆
α(K + 1)

+2

(
M0 +

2M1

3
L0 exp(L1η)

)
η2

α

+4

(
ρ̄

¯
θ

η√
α
σH + ρ̄

√
ασg

)
.
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If η = η̂α with η̂ = min
{

1
5L1

, 1
3
√
M1

}
and α = 1

(K+1)2/3
, then

1

K + 1

K∑
k=0

E [∥∇f(xk)∥⋆] ≤ 2∆

η̂(K + 1)1/3
+

η̂L0 exp(L1η̂)

(K + 1)2/3
+

4 ∥e0∥⋆
(K + 1)1/3

+2

(
M0 +

2M1

3
L0 exp(L1η̂)

)
η̂2

(K + 1)2/3

+4
ρ̄

¯
θ

η̂σH

(K + 1)1/3
+ 4

ρ̄σg

(K + 1)1/3
.

Finally, by the fact that mink∈{0,1,...,K} E [∥∇f(xk)∥⋆] ≤
1

K+1

∑K
k=0 E [∥∇f(xk)∥⋆], we obtain

the final result.
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E LMO-BASED METHODS WITH EXTRAPOLATED MOMENTUM

In this section, we present the convergence of LMO-based methods in equation 3 that leverage
extrapolated momentum in equation 4.

Theorem 3. Consider the problem of minimizing f(x) = Eξ∼D [fξ(x)]. Let f be twice differen-
tiable, and let Assumptions 1, 2, 3, and 4 hold. Then, the iterates {xk} generated by LMO-based
methods in equation 3 that leverage extrapolated momentum in equation 4 with

αk = α =
1

(K + 1)4/7
, and ηk = η =

η̂

(K + 1)5/7
,

where η̂ = min
{

1
3L1

, 1
3
√
M1

}
satisfy

min
k∈{0,1,...,K}

E [∥∇f(xk)∥⋆] ≤ 2(f(x0 − finf)

η̂(K + 1)2/7
+

η̂L0 exp(L1η̂)

(K + 1)5/7
+

4 ∥e0∥⋆
(K + 1)2/7

+ 4
ρ̄σg

(K + 1)2/7

+2

(
M0 +

2M1

3
L0 exp(L1η̂)

)
η̂2

(K + 1)2/7
.

Theorem 3 establishes the O(1/K2/7) convergence of LMO-based methods using extrapolated mo-
mentum under relaxed smoothness with respect to the arbitrary norm, which matches the known rate
obtained by Kovalev (2025, Corollary 5) under traditional smoothness with respect to the arbitrary
norm.

E.1 PROOF OF THEOREM 3

We prove the result in the following steps.

Step 1) Proving the descent inequality. By following the proof arguments in Step 1) of Theo-
rem 1 (see equation 8), we have

K∑
k=0

ηkφk ∥∇f(xk)∥⋆ ≤ ∆+ 2

K∑
k=0

ηk ∥∇f(xk)−mk∥⋆ +
L0

2

K∑
k=0

exp(L1ηk)η
2
k,

where φk := (1− exp(L1ηk)L1ηk/2) and ∆ := f(x0)− finf .

Step 2) Bounding the error term. Next, we bound ∥ek∥⋆, where ek := mk −∇f(xk). From the
definition of ek,

ek+1 = mk+1 −∇f(xk+1)

= (1− αk)ek + αk

(
∇f(yk+1)−∇f(xk+1)−∇2f(xk+1)(yk+1 − xk+1)

)
+(1− αk)

(
∇f(xk)−∇f(xk+1) +

αk

1− αk
∇2f(xk+1)(yk+1 − xk+1)

)
+αk (∇f(xk+1; ξk+1)−∇f(xk+1))

= (1− αk)ek + (1− αk)Zf (xk;xk+1) + αkZf (yk+1, xk+1) + αkε
g
k+1,

where Zf (x, y) = ∇f(x)−∇f(y) +∇2f(y)(x− y) and εgk+1 = ∇f(xk+1; ξk+1)−∇f(xk+1).

By recursively applying the above inequality,

ek+1 =

k∏
t=0

(1− αt)e0 +

k∑
t=0

 k∏
j=t+1

(1− αj)

 (1− αt)Zf (xt, xt+1)

+

k∑
t=0

 k∏
j=t+1

(1− αj)

αtZf (yt+1, xt+1) +

k∑
t=0

 k∏
j=t+1

(1− αj)

αtε
g
t+1.
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Therefore,

E [∥ek+1∥⋆] ≤ E

[∥∥∥∥∥
k∏

t=0

(1− αt)e0

∥∥∥∥∥
⋆

]
+ E

∥∥∥∥∥∥
k∑

t=0

 k∏
j=t+1

(1− αj)

 (1− αt)Zf (xt, xt+1)

∥∥∥∥∥∥
⋆


︸ ︷︷ ︸

:=⑥

+E

∥∥∥∥∥∥
k∑

t=0

 k∏
j=t+1

(1− αj)

αtZf (yt+1, xt+1)

∥∥∥∥∥∥
⋆


︸ ︷︷ ︸

:=⑦

+E

∥∥∥∥∥∥
k∑

t=0

 k∏
j=t+1

(1− αj)

αtε
g
t+1

∥∥∥∥∥∥
⋆


︸ ︷︷ ︸

:=⑧

.

Next, we bound ⑧ by using Assumption 1 and by following the proof arguments for bounding ① in
Step 2) of the convergence proof for Theorem 1. Then, we have

⑤ ≤ ρ̄E

∥∥∥∥∥∥
k∑

t=0

 k∏
j=t+1

(1− αj)

αtε
g
t+1

∥∥∥∥∥∥
2



≤ ρ̄

√√√√√√E


∥∥∥∥∥∥

k∑
t=0

 k∏
j=t+1

(1− αj)

αtε
g
t+1

∥∥∥∥∥∥
2

2



≤ ρ̄σg

√√√√√ k∑
t=0

 k∏
j=t+1

(1− αj)2

α2
t ,

Therefore,

E [∥ek+1∥⋆] ≤
k∏

t=0

(1− αt)E [∥e0∥⋆] + ⑥ + ⑦ + ρ̄σg

√√√√√ k∑
t=0

 k∏
j=t+1

(1− αj)2

α2
t .

Next, we bound ⑥ and ⑦:

⑥ ≤
k∑

t=0

 k∏
j=t+1

(1− αj)

 (1− αt)E
[
∥Zf (xt, xt+1)∥⋆

]
;

⑦ ≤
k∑

t=0

 k∏
j=t+1

(1− αj)

αtE
[
∥Zf (yt+1, xt+1)∥⋆

]
Since (1− αt) + αtθ

2
t = 1−αt

αt
= θt,

∥Zf (xt, xt+1)∥⋆ ≤ 1

2
(M0 +M1 ∥∇f(xt+1)∥⋆) ∥xt − xt+1∥2

+
1

3
M1(L0 + L1 ∥∇f(xt+1)∥⋆) exp(L1 ∥xt − xt+1∥) ∥xt − xt+1∥3

≤ 1

2
(M0 +M1 ∥∇f(xt+1)∥⋆)η

2
t +

1

3
M1(L0 + L1 ∥∇f(xt+1)∥⋆) exp(L1ηt)η

3
t

=

(
M0

2
+

M1

3
L0 exp(L1ηt)

)
η2t

+

(
M1

2
+

M1

3
L1ηt exp(L1ηt)

)
η2t ∥∇f(xt+1)∥⋆ ;
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and

∥Zf (yt+1, xt+1)∥⋆ ≤ 1

2
(M0 +M1 ∥∇f(xt+1)∥⋆) ∥yt+1 − xt+1∥2

+
1

3
M1(L0 + L1 ∥∇f(xt+1)∥⋆) exp(L1 ∥yt+1 − xt+1∥) ∥xt − xt+1∥3

≤ 1

2
(M0 +M1 ∥∇f(xt+1)∥⋆)θ

2
t η

2
t +

1

3
M1(L0 + L1 ∥∇f(xt+1)∥⋆) exp(L1θtηt)θ

3
t η

3
t

=

(
M0

2
+

M1

3
L0 exp(L1θtηt)

)
θ2t η

2
t

+

(
M1

2
+

M1

3
L1θtηt exp(L1θtηt)

)
θ2t η

2
t ∥∇f(xt+1)∥⋆ ,

we obtain

⑥ + ⑦ ≤
k∑

t=0

 k∏
j=t+1

(1− αj)

(
M0

2
+

M1

3
L0 exp

(
L1ηt
αt

))
θtη

2
t

+

k∑
t=0

 k∏
j=t+1

(1− αj)

(
M1

2
+

M1

3
· L1ηt

αt
exp

(
L1ηt
αt

))
θtη

2
t ∥∇f(xt+1)∥⋆ .

Therefore,

E [∥ek+1∥⋆] ≤
k∏

t=0

(1− αt)E [∥e0∥⋆] + ρ̄σg

√√√√√ k∑
t=0

 k∏
j=t+1

(1− αj)2

α2
t

+

k∑
t=0

 k∏
j=t+1

(1− αj)

(
M0

2
+

M1

3
L0 exp

(
L1ηt
αt

))
θtη

2
t

+

k∑
t=0

 k∏
j=t+1

(1− αj)

(
M1

2
+

M1

3

L1ηt
αt

exp

(
L1ηt
αt

))
θtη

2
t ∥∇f(xt+1)∥⋆ .

If ηk = η and αk = α, then

E [∥ek+1∥⋆] ≤ (1− α)k+1 ∥e0∥⋆ +
(
M0

2
+

M1

3
L0 exp

(
L1η

α

)) k∑
t=0

(1− α)k−tθη2

+

(
M1

2
+

M1

3

L1η

α
exp

(
L1η

α

)) k∑
t=0

(1− α)k−tθη2 ∥∇f(xt+1)∥⋆

+ρ̄σg

√√√√ k∑
t=0

(1− α)2(k−t)α2.

Next, since

k−1∑
t=0

(1− α)k−t ≤
∞∑
j=0

(1− α)j =
1

α
,

and
k−1∑
t=0

(1− α)2(k−t)α2 ≤ α2
∞∑
j=0

((1− α)2)j =
α2

1− (1− α)2
=

α

2− α

α∈[0,1]

≤ α,
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we obtain

E [∥ek+1∥⋆] ≤ (1− α)k+1 ∥e0∥⋆ +
(
M0

2
+

M1

3
L0 exp

(
L1η

α

))
η2

α2
+ ρ̄

√
ασg

+

(
M1

2
+

M1

3

L1η

α
exp

(
L1η

α

)) k∑
t=0

(1− α)k−tθη2 ∥∇f(xt+1)∥⋆ .

Therefore, recalling φ = η(1− exp(L1η)L1η/2), we have

K∑
k=0

ηφE [∥∇f(xk)∥⋆] ≤ ∆+
L0

2

K∑
k=0

exp(L1η)η
2 + 2η

K∑
k=0

E [∥ek∥⋆]

≤ ∆+
L0

2
exp(L1η)η

2(K + 1) + 2η

K∑
k=0

(1− α)k ∥e0∥⋆

+η

(
M0 +

2M1

3
L0 exp

(
L1η

α

))
η2

α2
(K + 1)

+η

(
M1 +

2M1

3

L1η

α
exp

(
L1η

α

)) K∑
k=0

k−1∑
t=0

(1− α)k−tθη2 ∥∇f(xt+1)∥⋆

+2ηρ̄
√
ασg(K + 1),

where ∆0 = E [f(x0)− finf ].

Next, since

K∑
k=0

(1− α)k ≤ 1

α
, and

K∑
k=0

k−1∑
t=0

(1− α)k−t ∥∇f(xt+1)∥⋆ ≤ 1

α

K∑
k=0

∥∇f(xk)∥⋆ ,

we obtain

K∑
k=0

ηϑE [∥∇f(xk)∥⋆] ≤ ∆+
L0η

2

2
exp(L1η)(K + 1) + 2

η

α
∥e0∥⋆

+

(
M0 +

2M1

3
L0 exp

(
L1η

α

))
η3

α2
(K + 1)

+ρ̄
√
ασg(K + 1),

where ϑ :=
(
1− exp(L1η)

L1η
2 −

(
M1 +

2M1

3 · L1η
α exp

(
L1η
α

))
η2

α2

)
.

If η ≤ min
{

1
3L1

, 1
3
√
M1

}
α, then η ≤ min

{
1

3L1
, 1
3
√
M1

}
and

η

2

K∑
k=0

E [∥∇f(xk)∥⋆] ≤ ∆+ (K + 1)
L0

2
exp(L1η)η

2 + 2
η

α
∥e0∥⋆ + 2ηρ̄

√
ασg(K + 1)

+

(
M0 +

2M1

3
L0 exp

(
L1η

α

))
η3

α2
(K + 1).

Therefore,

1

K + 1

K∑
k=0

E [∥∇f(xk)∥⋆] ≤ 2∆

η(K + 1)
+ L0 exp(L1η)η +

4 ∥e0∥⋆
α(K + 1)

+ 4ρ̄
√
ασg

+2

(
M0 +

2M1

3
L0 exp

(
L1η

α

))
η2

α2
.
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If η = η̂

(K+1)5/7
with η̂ = min

{
1

3L1
, 1
3
√
M1

}
and α = 1

(K+1)4/7
, then

1

K + 1

K∑
k=0

E [∥∇f(xk)∥⋆] ≤ 2∆

η̂(K + 1)2/7
+

η̂L0 exp(L1η̂)

(K + 1)5/7
+

4 ∥e0∥⋆
(K + 1)2/7

+ 4
ρ̄σg

(K + 1)2/7

+2

(
M0 +

2M1

3
L0 exp(L1η̂)

)
η̂2

(K + 1)2/7
.

Finally, by the fact that mink∈{0,1,...,K} E [∥∇f(xk)∥⋆] ≤
1

K+1

∑K
k=0 E [∥∇f(xk)∥⋆], we obtain

the final result.
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F EXPERIMENTS

To ensure a fair and reproducible comparison, the initialization and hyperparameter schedules were
standardized across all experiments.

F.1 INITIALIZATION

For each experiment, a single initial parameter vector, x0, was generated by drawing from a normal
(Gaussian) distribution, x0 ∼ N (0, 1). The random seed was fixed to ensure that this exact same
starting point was used for every algorithm evaluated in that experiment. This "far start" initialization
is designed to test the robustness and convergence capabilities of the optimizers from a non-trivial
region of the parameter space.

F.2 STEPSIZE AND MOMENTUM SCHEDULES

The learning rate ηk and the momentum parameter αk are decayed at each iteration k. The schedules
are chosen based on the theoretical underpinnings of each class of algorithm. Let η0 be a pre-defined
initial learning rate.

• For Polyak Momentum: This first-order method uses its standard theoretically-backed
schedule:

αk =
1√
k + 1

, ηk =
η0

(k + 1)3/4
.

• For Extrapolated Momentum: This method uses a distinct schedule designed for its up-
date rule:

αk =
1

(k + 1)4/7
, ηk =

η0
(k + 1)5/7

.

• For all Second-Order Momentum Variants (SOM-V1, SOM-V2, β-SOM-V1, and β-
SOM-V2): These methods share a common schedule for their primary learning rate and
momentum parameters:

αk =
1

(k + 1)2/3
, ηk =

η0
(k + 1)2/3

.

These schedules ensure that the step sizes and momentum contributions diminish over time, a nec-
essary condition for convergence in stochastic optimization.

F.3 NONCONVEX LOGISTIC REGRESSION

We evaluate the performance of several stochastic optimization algorithms on a composite non-
convex problem. The objective is to benchmark their convergence speed and stability on a logistic
regression task augmented with a non-convex regularizer.

The model is a standard logistic regression classifier. The experiment is conducted on the splice
dataset from the libsvm library, which contains 1000 training samples and 60 features.

The optimization objective is to minimize a composite function f(x), defined as:

min
x∈Rd

f(x) = L(x) +R(x)

where x ∈ R60 is the vector of model parameters. The loss term L(x) is the standard mean logistic
loss:

L(x) = 1

N

N∑
i=1

log(1 + exp(−yia
T
i x))

The regularization term R(x) is the non-convex Welsch regularizer, defined as:

R(x) = λ

d∑
j=1

x2
j

1 + x2
j
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The regularization hyperparameter λ is set to 0.01.

Figure 5 displays the convergence behavior of the three algorithms over 20000 iterations. The train-
ing loss plot shows that the second-order methods containing Hessian information (Variant 1, Vari-
ant 2) outperform the first-order Polyak Momentum. Among these, Variant 2 achieves the fastest
convergence and reaches the lowest final loss value.

The gradient norm plot corroborates these findings. While all methods exhibit stochastic oscilla-
tions, the overall trend for the second-order methods is a more rapid and consistent decrease in the
gradient norm. The Polyak Momentum method converges to a region with a substantially higher
gradient norm, indicating a less optimal solution.
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Figure 5: Main algorithm comparison for logistic regression. Training loss vs. iterations. Gradient
norm vs. iterations.

F.4 MULTI-LAYER PERCEPTRON

We investigate the performance of several stochastic optimization algorithms on a non-convex binary
classification problem. Our goal is to compare their convergence properties.

The model is a Multi-Layer Perceptron (MLP) with two hidden layers, implemented in PyTorch.
The experiment is conducted on the splice dataset, obtained from the libsvm library. It consists
of 1000 training samples, each with 60 features.

The optimization objective is to minimize a composite function f(x), which includes a standard loss
term and a non-convex regularizer:

min
x∈Rd

f(x) = L(x) +R(x)

where x represents the flattened vector of all model parameters.

The loss term, L(x), is the mean Binary Cross-Entropy with Logits loss, calculated over the entire
training dataset.

The regularization term, R(x), is the non-convex Welsch regularizer, chosen to create a more chal-
lenging optimization landscape. It is defined as:

R(x) = λ

d∑
i=1

x2
i

1 + x2
i

where λ is the regularization hyperparameter, set to 0.01.

We set the theoretical learning rates for the algorithms considered.

The results are presented in two separate comparisons. Figure 6 compares four momentum-based
algorithms. Among these, SOM-V2 achieves the lowest final training loss. Extrapolated Momentum
and SOM-V1 perform similarly, while Polyak Momentum converges to a slightly higher loss. The
gradient norm plot for this group shows that all methods successfully reduce the gradient’s magni-
tude, though their convergence paths exhibit the high variance characteristic of stochastic methods.
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Figure 6: Comparison of momentum-based methods. Left: Training loss vs. iterations. Right:
Gradient norm vs. iterations.

Figure 7 compares the standard second-order momentum methods (SOM-V1 and SOM-V2) with
their β-HVP counterparts. The results clearly show the benefit of the additional Hessian term, as
both β-SOM-V1 and β-SOM-V2 outperform their respective base variants. β-SOM-V2 demon-
strates the strongest overall performance, converging to the lowest training loss of all tested algo-
rithms. The gradient norm plot also suggests that the β-SOM methods, particularly β-SOM-V2,
offer a more consistent decrease in gradient magnitude compared to the standard SOM-V1 and
SOM-V2 methods.
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Figure 7: Comparison of HVP-based methods. Left: Training loss vs. iterations. Right: Gradient
norm vs. iterations.

F.5 RECURRENT NEURAL NETWORK TRAINING

The model is a two-layer LSTM network designed for word-level language modeling. The architec-
ture consists of an embedding layer (200 dimensions), a two-layer LSTM core with hidden units of
size 200, and a final linear decoder layer to produce logits over the vocabulary.

The experiments are conducted on the Penn Treebank (PTB) dataset, a standard and widely-used
benchmark for evaluating language models.

Key statistics and preprocessing steps are as follows:

• Corpus Size: The dataset is split into training, validation, and testing sets. The training
portion, used in our experiment, contains approximately 929, 000 tokens.

• Vocabulary: A dictionary is constructed from the unique words present in the training
data. An end-of-sentence token, <eos>, is added to each sentence, resulting in a total
vocabulary size of 10, 000 unique tokens.
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• Tokenization: The raw text is tokenized by splitting on whitespace, and each word is
converted into its corresponding integer index from the vocabulary.

• Batching: For training, the entire sequence of token IDs is reshaped into a fixed number
of parallel streams (a batch size of 20 in our case). The model is then trained on sequen-
tial chunks of this data using Truncated Backpropagation Through Time (BPTT) with a
sequence length of 35.

The objective is to minimize the standard Cross-Entropy Loss. The parameter update follows the
LMO-based rule:

xk+1 = xk + lmo(mk)

where the Linear Minimization Oracle, lmo(mk), is defined as:

lmo(mk) := argmin
∥v∥≤ηk

⟨mk, v⟩.

We compare six algorithms: Polyak Momentum, SOM-V1, SOM-V2, our proposed β-SOM-V1 and
β-SOM-V2 variants, and Extrapolated Momentum. The hyperparameter schedules for αk and ηk
are set to their theoretical values for each respective algorithm.

F.6 THE CASE WHEN ∥·∥ IS A EUCLIDEAN NORM

For this experiment, we use the Euclidean (ℓ2) norm. The results of the LMO-based training, pre-
sented in Figure 8, reveal a significant divergence in performance between the first-order and more
advanced momentum methods. The simple momentum update rule is less efficient at navigating
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Figure 8: Training loss vs. training batches for the LSTM model using an LMO update with the
Euclidean norm. The plot highlights the stronger performance of the other five methods over Polyak
Momentum.

the loss landscape for this task. In contrast, the other five algorithms, which all incorporate either
second-order (HVP) or extrapolated gradient information, form a tight cluster of high-performing
methods. They converge faster and to a lower loss value than Polyak Momentum. Within this cluster,
SOM-V2 and β-SOM-V2 often achieve a marginally lower loss, suggesting that calculating the cur-
vature information at the current point xk (rather than the interpolated point used by SOM-V1 and
β-SOM-V1) may offer a slight advantage. The strong performance of these five methods indicates
that the LMO update rule is a highly effective stabilization technique when paired with momentum
strategies that utilize more sophisticated directional information.

F.7 THE CASE WHEN ∥·∥ IS ℓ∞-NORM

To further investigate the effect of the update geometry, we conducted a parallel experiment where
the LMO is constrained by the Infinity norm (ℓ∞). The resulting training loss curves are presented
in Figure 9. The most immediate observation is that while all algorithms still successfully guide
the training process toward a lower loss, the convergence path is significantly less stable. The loss
curves for all methods are characterized by high-frequency, large-amplitude oscillations.
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Figure 9: Training loss vs. training batches for the LSTM model using an LMO update with the
Infinity norm. The optimization process is successful but visibly less stable than with the Euclidean
norm.

This instability is an expected consequence of the ℓ∞ LMO. Unlike the smooth, normalized di-
rection vector produced by the ℓ2 norm, the ℓ∞ LMO generates a more aggressive update where
every component of the step vector is pushed to its maximum value. This results in a more chaotic
exploration of the parameter space, leading to the observed volatility in the training loss.

An important consequence of this instability is that the clear performance hierarchy observed in the
Euclidean experiment has vanished. The loss curves for all six algorithms are tightly intertwined,
and no single method demonstrates a consistent advantage. This suggests that the high variance and
non-smooth nature of the ℓ∞ update step dominate the more subtle directional corrections offered
by the second-order and extrapolated momentum terms.

While the final loss values appear comparable to those achieved with the ℓ2 norm, the convergence
path is significantly less stable, making the Euclidean norm the more reliable and predictable choice
for this particular language modeling task.
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