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Abstract

This paper introduces Adaptive Subquadratic At-1

tention (ASA) with Dynamic Complexity Adjust-2

ment and Information Retrieval, a novel attention3

mechanism that improves computational efficiency4

while preserving model expressiveness by restruc-5

turing the query, key, and value (QKV) represen-6

tations through linear projections and Softmax op-7

erations. ASA reduces attention complexity from8

O(n2d) to O(nd2 + ndm), where m < d, en-9

abling more scalable sequence modeling by avoid-10

ing dense pairwise token interactions. Specifically,11

Q and K - initially in Rn×d - are independently12

projected into a lower-dimensional space Rn×m us-13

ing separate linear transformations, minimizing the14

cost of downstream operations. Softmax is then15

applied independently to the compressed Q and16

K to produce probability-like representations, re-17

taining nonlinear attention behavior while avoid-18

ing the quadratic cost of pairwise similarity. Fi-19

nally, ASA performs a two-stage attention pro-20

cess: the transformed key is first used to summa-21

rize the value matrix into a compact representation,22

which is subsequently weighted by the transformed23

query to produce the final output - enabling efficient24

and structured information retrieval. Unlike stan-25

dard Softmax attention, ASA avoids the quadratic26

computation of pairwise token interactions and de-27

couples Q/K interactions. Compared to linear at-28

tention, ASA preserves richer contextual repre-29

sentations by retaining the nonlinear selectivity of30

Softmax and maintaining probabilistic weighting.31

This structure enables both efficient attention com-32

putation and selective information retrieval, mak-33

ing ASA a compelling trade-off between speed34

and expressiveness. Empirical results show that35

ASA consistently outperforms leading Softmax-36

and linear-based attention mechanisms—including37

Transformer++, Mamba, and GLA—across a range38

of NLP tasks such as machine translation, question39

answering, and text summarization.40

1 Introduction 41

In recent years, Transformer-based architectures have revo- 42

lutionized Natural Language Processing (NLP), driving sig- 43

nificant advancements in tasks such as machine translation, 44

question answering, and text summarization. Central to these 45

models is the attention mechanism, particularly the Softmax- 46

based attention, which enables the model to capture rich con- 47

textual dependencies by computing pairwise interactions be- 48

tween all input tokens. However, this comes at a cost: the 49

computational complexity of the attention mechanism grows 50

quadratically with the input sequence length, i.e., O(n2d), 51

where n is the sequence length and d is the token dimension. 52

For instance, in widely-used models like BERT Devlin et al. 53

[2019] and GPT Series Brown et al. [2020], processing long 54

sequences becomes computationally prohibitive due to this 55

scaling issue. 56

To address this limitation, researchers have proposed lin- 57

ear attention mechanisms such as Linformer Wang et al. 58

[2020], Performer Choromanski et al. [2021], and Mamba Gu 59

and Dao [2024], which reduce the computational complex- 60

ity to O(nd). These approaches approximate the attention 61

computation using techniques such as low-rank factorization, 62

kernel-based projections, or selective state spaces (e.g., S4), 63

thereby enabling efficient processing of longer sequences. 64

While linear attention mechanisms offer substantial computa- 65

tional savings, they often come at the cost of reduced expres- 66

sive capacity—resulting in degraded performance on tasks 67

that require modeling long-range dependencies, nuanced con- 68

textual relationships, or complex linguistic structures Fan et 69

al. [2025]. 70

In addition, hybrid attention mechanisms have emerged to 71

combine the efficiency of linear attention with the expres- 72

siveness of traditional Softmax-based attention. For exam- 73

ple, Longformer Beltagy et al. [2020] introduces a mix of lo- 74

cal windowed attention and global tokens, allowing selective 75

long-range interactions while maintaining linear complexity. 76

Similarly, BigBird Zaheer et al. [2020] constructs a sparse 77

attention pattern through a combination of sliding windows, 78

global tokens, and random connections, which is shown to 79

retain the expressive power of full attention under certain 80

theoretical conditions. Beyond static patterns, some hybrid 81

approaches introduce dynamic adaptability into the attention 82

mechanism itself. For instance, GSA Zhang et al. [2024] 83

blends Transformer and RNN characteristics by building on 84



Gated Linear Attention and introducing bounded-memory85

control. This enables adaptive forgetting and context-aware86

memory access, which helps retain long-term dependencies87

during recurrent inference—effectively preserving expres-88

siveness while maintaining efficiency.89

This paper introduces Adaptive Subquadratic Attention90

(ASA), a novel attention mechanism that bridges the high ex-91

pressiveness of Softmax attention with the computational effi-92

ciency of linear attention. ASA achieves this by applying sep-93

arate linear projections and Softmax operations to the query,94

key, and value components, enabling a two-stage attention95

process that reduces complexity while retaining rich contex-96

tual interactions. This design allows ASA to selectively focus97

on relevant information through structured transformations,98

effectively balancing performance, scalability, and efficiency.99

Our contributions can be summarized as follows:100

1. ASA reduces attention complexity from O(n2d) to101

O(nd2 + ndm) by combining low-dimensional projec-102

tion with a two-stage attention process that avoids ex-103

plicit pairwise query-key interactions.104

2. Despite its reduced complexity, ASA preserves strong105

model expressiveness by leveraging Softmax-based106

weighting over compressed representations. This struc-107

tured design maintains the model’s ability to capture rich108

contextual dependencies and retrieve salient information109

effectively.110

3. Extensive experiments on NLP benchmarks demonstrate111

that ASA consistently outperforms state-of-the-art at-112

tention mechanisms across a range of tasks, including113

machine translation, question answering, and common-114

sense reasoning, particularly excelling in scenarios re-115

quiring high recall and long-range dependency model-116

ing.117

The remainder of this paper is organized as follows. Sec-118

tion 2 details the ASA framework, and Section 3 presents ex-119

perimental results. Finally, Section 4 concludes the paper.120

2 Method121

2.1 Review on Softmax and Linear Attention122

Softmax Attention123

Softmax attention, introduced in the Transformer architec-124

ture Vaswani et al. [2017], computes attention scores based125

on pairwise interactions between tokens. It operates on three126

learnable variables: the query Q ∈ Rn×d, key K ∈ Rn×d,127

and value V ∈ Rn×d, where n represents the sequence length128

and d is the embedding dimension.129

The attention output A ∈ Rn×d is computed as: A =130

softmax
(
QK⊤/

√
d
)
V , where 1/

√
d is a scaling factor in-131

troduced to prevent large dot-product values from dominating132

the Softmax operation, and softmax(·) is the Softmax func-133

tion that ensures the attention scores sum to 1 across the se-134

quence.135

Softmax attention excels at capturing global dependencies136

due to its pairwise computation, making it highly effective137

for tasks like machine translation, text summarization, and138

question answering. However, its computational complex- 139

ity is O(n2d) due to the matrix multiplication QK⊤, which 140

scales quadratically with the sequence length n. This high 141

complexity limits its scalability for very long sequences, as it 142

requires significant memory and computation. 143

Linear Attention 144

Linear attention addresses the computational inefficiency of 145

Softmax attention by reformulating the attention mechanism 146

to scale linearly with sequence length. The key idea is to 147

approximate the dot-product computation using kernel func- 148

tions, reducing the computational complexity from quadratic 149

to linear. 150

The attention output in linear attention is computed as: 151

A = ϕ(Q)
(
ϕ(K)⊤V

)
,

where ϕ(·) is a kernel function and the term ϕ(K)⊤V ∈ 152

Rd×d is precomputed, enabling efficient computation. 153

The computational complexity of linear attention isO(nd), 154

which significantly reduces the memory and computation re- 155

quirements for long sequences. This efficiency makes lin- 156

ear attention well-suited for tasks like document modeling, 157

speech processing, and genomic data analysis. However, the 158

approximation used in linear attention can struggle to model 159

nuanced global dependencies, as the kernel-based reformula- 160

tion sacrifices some of the exact pairwise interactions. This 161

trade-off may impact performance in tasks requiring deep 162

contextual understanding, where precise global relationships 163

are essential. 164

2.2 Adaptive Subquadratic Attention 165

In this section, we describe the Adaptive Subquadratic At- 166

tention (ASA) mechanism. It is motivated by the need to re- 167

tain the expressive power of Softmax attention while avoiding 168

its quadratic complexity. Unlike linear attention, which sacri- 169

fices pairwise expressiveness for speed, ASA maintains non- 170

linear selectivity through a structured and efficient two-stage 171

process. Unlike Softmax-based attention, this design enables 172

ASA to operate with a total complexity of O(nd2 + ndm), 173

significantly lower than the O(n2d) cost of traditional atten- 174

tion mechanisms. 175

ASA consists of the following steps: (1) low-dimensional 176

projection, where the query and key representations are in- 177

dependently projected into a lower-dimensional space Rn×m 178

using learned linear transformations, with m < d; (2) inde- 179

pendent Softmax-based weighting, where the projected query 180

and key are transformed into probability-like representations 181

through row-wise Softmax operations; (3) two-stage atten- 182

tion, where the transformed key is used to summarize the 183

value matrix, and the transformed query then retrieves an in- 184

termediate output based on this summary; and (4) output pro- 185

jection, which integrates the outputs from multiple attention 186

heads into a single representation. This step does not change 187

the output dimension, but ensures it matches the model’s hid- 188

den size. This design enables ASA to operate with a total 189

complexity of O(nd2 + ndm), significantly lower than the 190

O(n2d) cost of traditional attention mechanisms. 191

As shown in Figure 1, ASA follows three steps to reduce 192

computational complexity while maintaining contextual ex- 193

pressiveness. 194
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Figure 1: Overall framework of ASA. Starting from the input X , the model first computes query, key, and value (QKV) representations using
the standard attention framework. To reduce downstreaming computational complexity and extract salient information, ASA applies low-
dimensional linear projections to compress the QK representations. Independent Softmax transformations are then applied to the projected
query and key, allowing the model to retain its ability to capture rich contextual dependencies. The transformed key is used to summarize
the value matrix into a compact representation, which is then selectively weighted by the transformed query to produce the final output. This
final step effectively retrieves the most relevant information, making ASA both efficient and expressive.

Step 1: Low-Dimensional Projection. We first compute195

the standard query, key, and value matrices using learned196

weight parameters:197

Q = xWQ, K = xWK , V = xWV ,

where x ∈ Rn×d is the input sequence, and WQ,WK ,WV ∈198

Rd×d. This results in Q,K, V ∈ Rn×d. The complexity199

of each transformation is O(nd2). To reduce dimensionality,200

we apply learned projection matrices PQ, PK ∈ Rd×m with201

m < d:202

Qproj = QPQ, Kproj = KPK ,

resulting in compressed representations Qproj,Kproj ∈ Rn×m.203

This step incurs a cost of O(ndm).204

Step 2: Independent Softmax-Based Weighting. We205

then apply Softmax transformations independently to the pro-206

jected query and key:207

Q′ = softmax(Qproj), K ′ = softmax(Kproj),

where the Softmax is applied row-wise. The resulting208

Q′,K ′ ∈ Rn×m act as probability-like representations that209

determine attention focus across compressed dimensions.210

The cost of this step isO(nm), which is negligible compared211

to matrix multiplications.212

Step 3: Two-Stage Attention Process. In the first stage,213

we use the transformed key to summarize the value matrix:214

V ′ = K ′⊤V, V ′ ∈ Rm×d,

with a cost of O(ndm). This produces a compact represen-215

tation V ′ that aggregates important value information. In the216

second stage, we compute the output by weighting V ′ with217

the transformed query:218

Ointer = Q′V ′, Ointer ∈ Rn×d,

which also costs O(ndm).219

Step 4: Output Projection. As in standard multi-head220

attention, we apply a final learned projection WO ∈ Rd×d to221

integrate the output:222

O = OinterWO, O ∈ Rn×d,

which brings the attended representation back into the origi-223

nal feature space. This step has a complexity of O(nd2) and224

serves to (i) fuse information across attention heads (in the 225

multi-head setup) and (ii) allow for additional flexibility in 226

transforming the final attended sequence. Note that this out- 227

put projection is a standard component of the Transformer ar- 228

chitecture and is commonly applied after concatenating out- 229

puts from multiple heads. 230

Overall Complexity. Assuming m < d and d ≤ n, the 231

total complexity is: 232

O(nd2) +O(ndm),

which is significantly lower than the standard attention com- 233

plexity of O(n2d). For small values of m, the cost ap- 234

proachesO(nd2), offering substantial computational savings. 235

Algorithm 1 ASA Algorithm

1: Require: Input sequence x ∈ Rn×d, projection
matrices PQ, PK ∈ Rd×m, transformation matrices
WQ,WK ,WV ,WO ∈ Rd×d, and dimensions n, d,m
where m < d.

2: Initialization: Compute query, key, and value: Q =
xWQ, K = xWK , V = xWV .

3: for t = 1 to T do
4: Q′

t ← softmax(QtPQ)
// Update query matrix with projection and softmax

5: K ′
t ← softmax(KtPK)

// Update key matrix with projection and softmax
6: V ′

t ← K ′
tVt

// Compute compact value
7: Ointer,t ← Q′

tV
′
t

// Compute intermediate output
8: Ot ← Ointer,tWO

// Attention Output
9: end for

10: Return OT ∈ Rn×d.

ASA reduces the computational overhead of traditional 236

Softmax attention by compressing query, key representations 237

into a lower-dimensional space using linear projections with 238

dimension m < d. This allows the model to focus on the 239

most informative aspects of each component while avoid- 240



ing dense pairwise token interactions. By applying indepen-241

dent Softmax operations to the projected query and key, ASA242

maintains the nonlinearity necessary for expressive contex-243

tual modeling. The resulting probability-like representations244

are used in a two-stage retrieval process: first summarizing245

the value matrix, then selectively extracting relevant infor-246

mation with the transformed query. This design preserves247

the strengths of Softmax-based attention while reducing the248

overall complexity from O(n2d) to O(nd2 + ndm). The full249

attention computation procedure is detailed in Algorithm 1.250

3 Experiments251

3.1 Experimental Setup252

In our experiments, we assess the effectiveness of ASA within253

the language modeling setting. We compare its performance254

against two categories of models: (i) a strong Transformer255

baseline incorporating state-of-the-art architectural enhance-256

ments, and (ii) recent attention mechanisms optimized for257

linear-time complexity. Owing to limited computational re-258

sources, all baseline results are taken directly from Zhang et259

al. [2024]. Accordingly, we follow their experimental setup,260

including data splits, optimizer configurations, and evaluation261

metrics.262

Baselines263

We benchmark ASA against four reference models: Trans-264

former++ Touvron et al. [2023], RetNet Sun et al. [2023],265

Mamba Gu and Dao [2024], and GLA Zhang et al. [2024].266

Transformer++ is built upon the LLaMA architecture and in-267

corporates Rotary Positional Embeddings Su et al. [2023],268

SWiGLU Shazeer [2020], and RMSNorm Zhang and Sen-269

nrich [2019]. For a fair comparison, we replace RetNet’s270

original feed-forward network (FFN) with SWiGLU. Mamba271

is evaluated using its official publicly available implementa-272

tion. To ensure fairness, we strictly follow the experimental273

protocol reported by Zhang et al. [2024] and include all rele-274

vant baselines without modification.275

Training details276

Following the training protocol of Zhang et al. [2024], we277

train ASA at the model scale of 1.3B parameters. All models278

are trained on the SlimPajama dataset Soboleva et al. [2023],279

tokenized using the Mistral tokenizer Jiang et al. [2023].280

While the full dataset contains 627 billion tokens, we use a281

100 billion subset for our experiments.282

For optimization, we use AdamW Loshchilov and Hutter283

[2019] with a maximum learning rate of 3e-4, and adopt a284

cosine learning rate schedule. The 1.3B model is trained on285

the full 100 billion tokens with a batch size of 2 million to-286

kens. The warmup period is set to 1 billion tokens for the287

1.3B model. In addition, the initial and final learning rates288

are set to 3e-5. We also apply a weight decay of 0.01 during289

training.290

The 1.3B model adopts a standard decoder-only Trans-291

former architecture with 24 layers, a hidden size of 2048,292

and 4 attention heads. Each layer uses the Swish activation293

function and a feedforward network expansion ratio of 4, re-294

sulting in an intermediate MLP size of 8192. We apply layer295

normalization with an ϵ value of 1e-6 across all layers. This296

architecture design balances model expressiveness and train- 297

ing stability, and aligns with recent high-performing models 298

in the literature. 299

Evaluation Metrics 300

We evaluate the models through two tasks: commonsense 301

reasoning tasks and recall-intensive tasks. 302

In addition to reporting perplexity (PPL) on WikiText 303

(Wiki.), we evaluate ASA on a diverse suite of tasks cen- 304

tered on common-sense reasoning and question answering, 305

following the evaluation protocol of Zhang et al. [2024]. 306

The benchmark includes LAMBADA (LMB.) Paperno et al. 307

[2016], PiQA Bisk et al. [2019], HellaSwag (Hella.) Zellers 308

et al. [2019], WinoGrande (Wino.) Sakaguchi et al. [2019], 309

as well as ARC-easy (ARC-e) and ARC-challenge (ARC-c) 310

Clark et al. [2018]. Regarding to common-sense reasoning 311

tasks, our evaluation metrics include: perplexity on Wiki. and 312

LMB.; standard accuracy on LMB., PiQA, Wino., and ARC- 313

e; and accuracy normalized by sequence length for Hella., 314

and ARC-c. For perplexity, the lower the better. For stan- 315

dard accuracy and accuracy normalized by sequence length, 316

the higher the better. 317

Regarding to recall-intensive tasks, We evaluate the zero- 318

shot in-context learning performance on recall-intensive 319

tasks, as used in Zhang et al. [2024]. Specifically, we assess 320

information retrieval on FDA Wu et al. [2021] and SWDE 321

Hao et al. [2011], which are designed to evaluate retrieval 322

from in-context passages scraped from HTML/PDFs. We 323

also evaluate question answering on SQuAD Rajpurkar et al. 324

[2018], NQ Kwiatkowski et al. [2019], TriviaQA Joshi et 325

al. [2017], and Drop Dua et al. [2019], where models must 326

ground their answers in in-context documents. For recall- 327

intensive tasks such as FDA, SWDE, SQuAD, NQ, Trivi- 328

aQA, and DROP, we report accuracy, following the proto- 329

col in Zhang et al. [2024], where exact match or F1 scores 330

are normalized into a unified accuracy metric for consistent 331

cross-task comparison. 332

All evaluations are conducted using the LM Evaluation 333

Harness Gao et al. [2024]. 334

3.2 Evaluation Results on Commonsense 335

Reasoning Tasks 336

The experimental results on common-sense reasoning and 337

question answering tasks are presented in Table 1. ASA con- 338

sistently achieves the best performance across the model scale 339

of 1.3B parameters, demonstrating superior efficiency and 340

reasoning capability. 341

At the 1.3B scale, ASA achieves the lowest perplexity on 342

both Wiki. (12.5) and LMB. (10.4), with a significant mar- 343

gin over the next-best models. In terms of task accuracy, 344

ASA sets a new state-of-the-art among the compared meth- 345

ods, achieving 54.2 on LMB., 78.4 on PIQA, 64.5 on Wino. 346

and 66.2 on ARC-e. Notably, ASA also delivers the highest 347

scores on Hella. (59.4) and ARC-c (35.6), with its average 348

accuracy reaching 59.7%, significantly surpassing all base- 349

lines. These improvements highlight ASA’s strong scalability 350

and ability to model complex long-range dependencies effec- 351

tively. 352



Overall, the results confirm that ASA consistently outper-353

forms both traditional Transformer-based models and recent354

linear attention variants. Its ability to retain Softmax-level ex-355

pressiveness while reducing attention complexity allows it to356

excel across both language modeling and reasoning-intensive357

benchmarks.358

3.3 Evaluation Results on Recall-Intensive Tasks359

The zero-shot in-context learning results on recall-intensive360

tasks are shown in Table 2. ASA achieves the best overall per-361

formance at the 1.3B scale, demonstrating strong retrieval and362

grounding capabilities across a diverse set of benchmarks.363

Specifically, ASA attains the highest scores on both FDA364

(52.6) and SWDE (38.5), outperforming prior models by a365

substantial margin on these HTML/PDF-based information366

retrieval tasks. On question answering benchmarks, ASA367

consistently leads with 49.1 on SQuAD, 36.7 on NQ, 75.2368

on TriviaQA, and 28.8 on Drop, significantly surpassing all369

subquadratic baselines. Its average score reaches 46.8, mark-370

ing a notable improvement over existing linear and structured371

attention methods.372

These results highlight ASA’s ability to combine efficient373

subquadratic attention with high expressiveness, making it374

particularly effective for tasks requiring precise retrieval and375

reasoning over in-context documents.376

3.4 Ablation Studies377

We conduct a small-scale ablation study on the 340M-378

parameter ASA model trained on 7B tokens to investigate the379

impact of two key design components: (i) the use of the Soft-380

max transformation, and (ii) the effect of varying head di-381

mensions. In addition, we benchmark ASA’s computational382

efficiency across a range of sequence lengths, observing sub-383

stantial speedups over FlashAttention-2 at longer contexts.384

Results are summarized in Table 3 and Table 4.385

1) Effect of Softmax Kernels. To examine the necessity of386

using Softmax transformations on both the projected query387

and key, we evaluate ASA variants with either one or no Soft-388

max transformation applied. The results show that removing389

Softmax entirely leads to a substantial drop in performance390

(PPL 25.47), while using only one Softmax transformation391

on Q or K moderately improves results (PPL 20.63 and 17.98392

separately), but still lags behind the default setting. This con-393

firms that applying Softmax independently to both query and394

key projections is critical for maintaining the probabilistic se-395

lectivity and contextual sensitivity that ASA relies on.396

2) Impact of Head Dimension. We vary the number of at-397

tention heads to examine the effect of head dimension on398

performance. ASA uses 8 heads by default. Increasing the399

number of heads to 16—which reduces the dimension per400

head—leads to a rise in perplexity (PPL 15.93), likely due401

to insufficient capacity within each head. Conversely, reduc-402

ing the number of heads to 4 results in a slight improvement403

in performance (PPL 14.32). These results suggest that fewer404

heads with larger dimensions may offer marginal gains in ac-405

curacy. Practical deployment requires a balance between per-406

formance and resource efficiency.407

Model variants Training ppl.

ASA MODEL (8 heads) 15.69
No Softmax 25.47
One Softmax on Q 20.63
One Softmax on K 17.98
Small head dimension (16 heads) 15.93
Large head dimension (4 head) 14.32

Table 3: Ablation study results on the 340M ASA model trained
for 7B tokens. We evaluate the model variants via the average per-
plexity of the last 200 training steps.

3) Efficiency vs. Sequence Length. To empirically evalu- 408

ate the computational efficiency of our proposed ASA mech- 409

anism, we benchmark its forward and forward + backward 410

pass runtimes across varying sequence lengths using Triton 411

implementations. All experiments are conducted on a single 412

A100 80G GPU, using float16 precision, batch size 8, and 413

hidden dimension d = 128. The results, summarized in Ta- 414

ble 4, show that ASA exhibits subquadratic scaling with re- 415

spect to sequence length. 416

Crucially, ASA demonstrates clear runtime advantages 417

over FlashAttention-2 at longer sequences. For instance, at 418

n = 16,384, ASA achieves nearly a 5× speedup in the for- 419

ward + backward pass, and more than a 9× speedup in the 420

forward pass alone. These improvements confirm ASA’s the- 421

oretical complexity reduction ofO(nd2+ndm) and highlight 422

its suitability for long-context modeling. ASA offers substan- 423

tial efficiency gains both during training and inference, with- 424

out compromising model expressiveness. 425

Sequence Length (n) ASA Forward (s) ASA Fwd+Bwd (s) Flash Forward (s) Flash Fwd+Bwd (s)
128 0.000316 0.001135 0.000083 0.000321
256 0.000230 0.001174 0.000094 0.000808
512 0.000363 0.001659 0.000098 0.000857
1024 0.000301 0.001547 0.000157 0.001161
2048 0.000383 0.001992 0.000341 0.001956
4096 0.000538 0.003726 0.001005 0.004814
8192 0.001211 0.006162 0.003625 0.015024

16384 0.001472 0.011251 0.013710 0.054337

Table 4: Runtime (in seconds) of ASA attention and FlashAttention-
2 on different sequence lengths using Triton.

4 Conclusion 426

In this work, we introduced Adaptive Subquadratic Atten- 427

tion (ASA), a novel attention mechanism that achieves a com- 428

pelling trade-off between computational efficiency and ex- 429

pressive power. ASA restructures the traditional attention 430

pipeline into a three-step process: (1) low-dimensional linear 431

projection of QKV representations, (2) independent Softmax- 432

based weighting to preserve selectivity, and (3) a two-stage 433

attention composition that enables efficient and structured in- 434

formation retrieval. This design reduces attention complex- 435

ity to O(nd2 + ndm) while preserving the core strengths 436

of Softmax attention, including probabilistic weighting and 437

contextual sensitivity. Empirical results across a range of 438

NLP benchmarks demonstrate that ASA outperforms both 439

Softmax- and linear-based attention mechanisms, highlight- 440

ing its effectiveness in balancing performance and efficiency. 441

We believe ASA offers a general and practical solution for 442

scaling attention in modern deep learning architectures. 443



Wiki. LMB. LMB. PIQA Hella. Wino. ARC-e ARC-c Avg.
Scale Model ppl ↓ ppl ↓ acc ↑ acc ↑ acc norm ↑ acc ↑ acc ↑ acc norm ↑ ↑
1.3B Params Transformer++ 17.1 15.3 47.0 70.3 49.3 54.9 54.1 27.1 50.5
100B Tokens RetNet 17.3 15.4 44.6 71.7 50.3 51.8 57.4 27.9 50.6

Mamba 17.3 15.4 44.4 71.8 50.3 52.3 57.1 28.2 50.7
GLA 17.6 15.4 46.4 69.9 49.0 54.0 55.4 27.7 50.4
ASA 12.5 10.4 54.2 78.4 59.4 64.5 66.2 35.6 59.7

Table 1: ASA Performance Compared to Transformer++, RetNet, Mamba, and GLA (1.3B Models). All models are trained on the same
subset of the SlimPajama dataset with 100B tokens, using the Mistral tokenizer. Task performance is evaluated in a zero-shot setting. The
final column presents the average performance across all benchmarks, using (normalized) accuracy as the evaluation metric.

Model FDA SWDE SQuAD NQ TriviaQA Drop Avg.

Transformer++ 46.0 29.2 41.0 24.8 58.8 21.3 36.9
Mamba 13.9 25.4 33.2 18.5 53.5 21.7 27.7
GLA 26.7 30.6 34.8 21.5 56.0 19.1 31.4
HGRN2 9.9 23.1 32.0 16.4 55.2 19.1 25.9
ASA 52.6 38.5 49.1 36.7 75.2 28.8 46.8

Table 2: ASA Performance on recall-intensive tasks. We use 1.3B model with 24 layers and a hidden dimension of 2048 and train on 100B
tokens.
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A Appendix627

A.1 Related Work628

Softmax Attention629

Softmax attention has been the cornerstone of modern630

Transformer-based architectures since its introduction in631

the Transformer modelVaswani et al. [2017]. It has rev-632

olutionized Natural Language Processing (NLP) tasks by633

enabling models to capture rich contextual dependencies634

through pairwise interactions between tokens. Models such635

as BERTDevlin et al. [2019], GPT-3Brown et al. [2020], and636

T5Raffel et al. [2020] rely heavily on Softmax attention to637

achieve state-of-the-art performance in tasks like machine638

translation, question answering, and summarization. Despite639

its success, the quadratic computational complexity of Soft-640

max attention (O(n2)) with respect to the sequence length641

limits its scalability for long sequences, making it computa-642

tionally expensive for large-scale NLP tasks [Sieber et al.,643

2024].644

Linear Attention645

To address the computational limitations of Softmax atten-646

tion, researchers have proposed linear attention mechanisms647

that scale linearly with sequence length (O(n)). Exam-648

ples include LinformerWang et al. [2020], which approxi-649

mates the attention matrix using low-rank factorization, Per-650

formerChoromanski et al. [2021], which introduces kernel-651

based projections to approximate Softmax attention effi-652

ciently, and MambaGu and Dao [2024], which is an inno-653

vative linear-time sequence model that ingeniously combines654

Selective State Spaces (S4), short convolutions, and gated655

cross-attention mechanisms. Linear attention mechanisms re-656

duce computational costs and memory usage, making them657

more suitable for processing long sequences. However, these658

methods often struggle to capture global dependencies and659

nuanced contextual relationships, which can affect perfor-660

mance in tasks requiring deep semantic understandingShen661

et al. [2021].662

Hybrid Attention663

Hybrid attention mechanisms aim to combine the strengths664

of Softmax and linear attention to balance expressiveness and665

computational efficiency. Models like LongformerBeltagy et666

al. [2020] and BigBirdZaheer et al. [2020] leverage sparse at-667

tention patterns, with Longformer combining local and global668

attention to handle long sequences, and BigBird employing669

a mix of sliding windows, random connections, and global670

tokens for efficient long-sequence processing. Similarly,671

ETCAinslie et al. [2020] uses sparse attention to process long672

inputs effectively. Beyond these, hybrid mechanisms have673

been integrated more dynamically within attention computa-674

tion. For instance, Gated Slot Attention (GSA)Zhang et al.675

[2024] addresses recall-intensive tasks by enhancing memory676

capacity through a two-layer Gated Linear Attention design677

with adaptive forgetting. Agent AttentionHan et al. [2024]678

introduces additional tokens to aggregate and broadcast in-679

formation, enabling efficient global context modeling with680

fewer tokens while unifying the strengths of Softmax and lin-681

ear attention. Additionally, minimax-01Li et al. [2025] incor-682

porates hybrid mechanisms at a structural level, combining683

lightning attention with Mixture of Experts to scale models to 684

hundreds of billions of parameters, processing contexts up to 685

4 million tokens during inference. While these approaches of- 686

fer impressive advancements, they often rely on task-specific 687

designs or extensive hyperparameter tuning, which can limit 688

their generalizability across diverse applications. 689

B Additional Experimental Details for 340M 690

Model 691

To further assess the effectiveness of our structured attention 692

design, we conduct additional experiments using a 340M- 693

parameter model. All baseline results are taken directly from 694

Yang et al. [2024]. We follow their experimental setup, in- 695

cluding data splits, optimizer configurations, and evaluation 696

metrics. 697

Training is performed using AdamW [Loshchilov and Hut- 698

ter, 2019] with a maximum learning rate of 3 × 10−4 and a 699

cosine decay schedule. The warmup phase lasts for 0.5 bil- 700

lion tokens, and the initial and final learning rates are set to 701

3 × 10−5. A total of 15 billion tokens are used for training 702

with a batch size of 0.5 million tokens. We apply a weight de- 703

cay of 0.01 and gradient clipping with a threshold of 1.0. The 704

340M model adopts a standard decoder-only Transformer ar- 705

chitecture with 24 layers, a hidden size of 1024, and 4 atten- 706

tion heads. Each layer employs the Swish activation function 707

and a feedforward network expansion ratio of 4. Layer nor- 708

malization is applied with ϵ = 10−6. 709

Experimental results on common-sense reasoning and 710

question answering tasks are summarized in Table 5. ASA 711

achieves the lowest perplexity on both Wiki (24.73) and 712

LMB (35.34), outperforming all baselines including Trans- 713

former++, ResNet, Mamba, and GLA. On downstream tasks, 714

ASA also demonstrates strong performance, achieving the 715

highest standard accuracy on LMB (38.5), PIQA (68.6), Wino 716

(58.4), and ARC-e (54.2). It also surpasses all baselines on 717

Hella (40.3) and ARC-c (29.4) in terms of normalized accu- 718

racy. 719

These results further highlight ASA’s ability to provide not 720

only better language modeling perplexity but also improved 721

generalization in reasoning tasks, validating the advantages 722

of its structured attention mechanism. 723



Wiki. LMB. LMB. PIQA Hella. Wino. ARC-e ARC-c Avg.
Scale Model ppl ↓ ppl ↓ acc ↑ acc ↑ acc norm ↑ acc ↑ acc ↑ acc norm ↑ ↑
340M Params Transformer++ 28.39 42.69 31.0 63.3 34.0 50.4 44.5 24.2 41.2
15B Tokens RetNet 32.33 49.19 28.6 63.5 33.5 52.5 44.5 23.4 41.0

Mamba 28.39 39.66 30.6 65.0 35.4 50.1 46.3 23.6 41.8
GLA 28.65 43.35 30.3 64.8 34.5 51.4 45.1 22.7 41.5
ASA 24.73 35.34 38.5 68.6 40.3 58.4 54.2 29.4 48.2

Table 5: ASA Performance Compared to Transformer++, RetNet, Mamba, and GLA. All models are trained on the same subset of the
SlimPajama dataset, utilizing the Mistral tokenizer. The 340M is trained on 15 billion tokens, respectively. Task performance is evaluated in
a zero-shot setting. The final column presents the average performance across all benchmarks, using (normalized) accuracy as the evaluation
metric.
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