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Abstract001

Reinforcement Learning (RL) has become a002
key driver for enhancing the long chain-of-003
thought (CoT) reasoning capabilities of Large004
Language Models (LLMs). However, preva-005
lent methods like GRPO often fail when task006
difficulty exceeds model capacity, leading to007
reward sparsity and inefficient training. While008
prior work attempts to mitigate this using off-009
policy data often induce severe distributional010
mismatches that destabilize policy updates. In011
this work, we identify a core issue underly-012
ing these failures, which we term low training013
affinity, and introduce Affinity, the first quan-014
titative metric for monitoring the compatibil-015
ity between external guidance and the model’s016
intrinsic policy. To address this, we propose017
HINT, an adaptive framework designed to en-018
hance reasoning capabilities while explicitly019
preserving high Affinity. First, instead of re-020
vealing partial answers, HINT supplies Meta-021
Hints, which act as abstract cognitive scaffold-022
ing to guide the model in articulating solutions023
independently. Second, to ensure stability, we024
integrate Affinity-Aware Policy Optimization025
(AAPO), which dynamically modulates the026
learning objective based on the Affinity. Ex-027
tensive experiments across diverse benchmarks028
demonstrate that HINT achieves state-of-the-029
art performance, exhibiting superior stability030
and robust generalization to out-of-distribution031
tasks. Code is available on Github1.032

1 Introduction033

RL methods, particularly GRPO (Shao et al., 2024),034

play a pivotal role in advancing long CoT reason-035

ing (Wei et al., 2022). By avoiding the instability036

and overhead of training a separate value model,037

GRPO leverages group-based reward aggregation038

to deliver stable and efficient learning signals. Such039

RL approaches (Ahmadian et al., 2024; Shao et al.,040

2024; Hu, 2025; Yu et al., 2025) have become041

1https://anonymous.4open.science/r/HINT-9DD9/

Training Stage: Calculate the sum of all integers from 1 to 100.

Answer-Hint: The first pair, 1+100, sums 
to 101, … ,yielding 101×50=5050. 

Meta-Hint: Try writing the series twice, 
once forwards and once backwards. 

S = 1 + … + 100, S = 100 + … + 1. Oh, I 
know! 2S = 101 × 100 = 10100, S = 5050.

The answer is 101.

The answer is 1001. S = 1 + 2 + … + 1000, S = 1000 + 999 
+ … + 1, 2S = 1001 × 1000, S = 500500. 

The answer is 101.

Answer-Hint: Meta-Hint(Ours):

The answer is 5050.

Answer-Hint(Shortcut Learning): Meta-Hint(Robust Generation):
Inference Stage: Calculate the sum of all integers from 1 to 1000.

Figure 1: Comparison of Hint Mechanisms and Their
Impact on Learning. Left: Answer-Hints provide ex-
plicit partial solutions. The model maximizes rewards
by simply completing this pre-defined path, which leads
to Shortcut Learning, characterized by the memoriza-
tion of surface patterns rather than an understanding of
the underlying logic. Right: In contrast, our Meta-Hints
offer high-level cognitive scaffolding, compelling the
model to develop solution path independently and
fostering robust generation.

a key driver of progress in reasoning ability, en- 042

abling models to explore solution paths on veri- 043

fiable problems. Building on these advances, re- 044

cent reasoning models such as DeepSeek-R1 (Guo 045

et al., 2025) and OpenAI-o1 (Jaech et al., 2024) 046

have achieved remarkable performance on com- 047

plex tasks like mathematical problem solving and 048

programming (Jiang et al., 2024). 049

A critical challenge for GRPO, despite its strong 050

empirical performance, is its tendency to gener- 051

ate sample groups consisting entirely of incorrect 052

answers on tasks whose difficulty exceeds policy- 053

model capacity, resulting in reward sparsity (Zhao 054

et al., 2025; Yue et al., 2025). This sparsity ren- 055

ders gradients uninformative and leaves the policy 056

model without effective learning signal, reducing 057

training efficiency and wasting valuable data. 058

Leveraging external, off-policy data is a key 059

method for addressing this issue. This method 060

has been implemented in prior work through two 061

main lines of remedies. (I) Mixed-policy (Yan 062
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et al., 2025; Zhang et al., 2025a; Fu et al., 2025b):063

Mixed-policy involves interleaving RL with SFT in064

a hybrid scheme to stabilize training by leveraging065

off-policy data. (II) Using hints (Li et al., 2025;066

Liu et al., 2025b; Zhang et al., 2025b): To miti-067

gate reward sparsity and ensure continuous train-068

ing updates, another common approach is to lever-069

age prompts derived from the ground truth during070

the rollout phase, guiding the model’s exploration071

along correct trajectories.072

Despite their potential benefits, both of these ap-073

proaches introduce a significant drawback rooted074

in a substantial distributional mismatch. We unify075

these methods under the term Answer-Hints, de-076

fined by their common reliance on ground-truth077

trajectories. Unfortunately, such trajectories di-078

verge significantly from the intrinsic policy of the079

model, resulting in severe gradient instability (Yan080

et al., 2025) and deceptive signals that encourage081

spurious solution paths as illustrated in Figure 2.082

Fundamentally, we characterize this distribu-083

tional disconnect as a critical deficiency in train-084

ing affinity. This condition arises when the over-085

reliance on off-policy sources shifts the data dis-086

tribution too far from the intrinsic policy of the087

model (Fu et al., 2025a), causing excessive vari-088

ance in importance sampling ratios that destabilizes089

optimization. Drawing on the clipping mechanism090

of PPO as a stability indicator (Schulman et al.,091

2017), we introduce the Affinity metric to formally092

quantify this dynamic through the lens of clipping093

frequency and update consistency.094

To leverage off-policy data for enhancing model095

capability while preserving high Affinity, the guid-096

ing principle must be to help the model articu-097

late the solution on its own, rather than being098

directly told the answer. To this end, we pro-099

pose HINT, an adaptive framework that provides100

heuristic Meta-Hints to guide exploration without101

revealing partial answers. Akin to the Socratic102

method, this high-level scaffolding fosters robust103

reasoning skills by prompting the model to nav-104

igate challenges independently. To ensure these105

updates translate into stable improvements, we inte-106

grate Affinity-Aware Policy Optimization (AAPO),107

which dynamically modulates the objective based108

on the compatibility between guidance and the109

model’s intrinsic distribution. Our contributions110

are summarized as follows:111

• We formally define low training affinity as a112

key failure mode when integrating off-policy113

data into on-policy RL frameworks, and pro-114

pose Affinity, a quantitative metric to monitor 115

these dynamics. 116

• We propose the HINT framework, which syn- 117

ergizes Meta-Hints to guide the model in dis- 118

covering effective reasoning paths indepen- 119

dently, and AAPO to ensure training stability. 120

• Extensive experiments demonstrate that HINT 121

consistently outperforms Answer-Hints meth- 122

ods across in-domain and out-of-domain 123

benchmarks, exhibiting superior robustness. 124

2 Related Work 125

2.1 Reinforcement Learning for Large 126

Language Model Reasoning. 127

Recent advances in RL approaches have signif- 128

icantly enhanced the reasoning capabilities of 129

LLMs. Large reasoning Models (LRMs) such 130

as OpenAI-o1 (Jaech et al., 2024), DeepSeek- 131

R1 (Guo et al., 2025), and Kimi-1.5 (Team et al., 132

2025) achieve state-of-the-art performance on 133

complex reasoning tasks (e.g., mathematics, cod- 134

ing, scientific problem solving) by leveraging Re- 135

inforcement Learning from Verifiable Rewards 136

(RLVR) (Liu et al., 2025a; Hu et al., 2025; Cui 137

et al., 2025), where automatically checkable rules 138

provide supervision signals. Compared to earlier 139

methods like SFT or reinforcement learning from 140

human feedback (RLHF), RLVR has shown su- 141

perior generalization and robustness (Chu et al., 142

2025; Snell et al., 2025). Building on this paradigm, 143

subsequent studies have proposed improved opti- 144

mization strategies and structured prompting tech- 145

niques that further strengthen reasoning capabil- 146

ities (Schulman et al., 2017; Wang et al., 2020). 147

Despite this progress, a critical failure mode for ex- 148

isting RL methods is reward sparsity, which occurs 149

when all rollouts in a sample fail. Overcoming this 150

challenge is essential for enhancing the stability 151

and sample efficiency of training. 152

2.2 Improving Rollout Efficiency in RL for 153

LLMs. 154

A well-known challenge in methods such as GRPO 155

is the vanishing gradient issue. This problem oc- 156

curs when all trajectories in a sample group are 157

incorrect, as the group advantage collapses to zero, 158

yielding no gradient for policy updates (Shao et al., 159

2024; Guo et al., 2025). To mitigate this, some 160

works have focused on injecting external, off-policy 161

data to improve training efficiency and stability. 162

This has been explored through two main strate- 163
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gies. Some methods use mixed-policy, replacing a164

portion of on-policy rollouts with complete, high-165

quality trajectories from off-policy datasets (Yan166

et al., 2025; Lin et al., 2025; Xu et al., 2025; Wang167

et al., 2025). Others employ partial supervision,168

providing segments of a ground truth to rescue169

failed rollouts (Li et al., 2025; Liu et al., 2025b;170

Zhang et al., 2025b). While these approaches effec-171

tively improve rollout efficiency, their over-reliance172

on off-policy data can misguide policy updates,173

steering the model toward non-generalizable or spu-174

rious solution paths.175

3 Methods176

3.1 Preliminary177

Following recent work (Yu et al., 2025; Yan et al.,178

2025), we build upon GRPO (Guo et al., 2025)179

and omit the KL penalty term. For each prompt,180

GRPO draws a group of n rollouts and computes a181

group-normalized advantage for every token. Math-182

ematically, GRPO optimizes the behavior of model183

through the following objective function:184

JGRPO(θ) = Eq∼Q,{y(i)}ni=1∼πold(·|q)
1

n

n∑
i=1

1

|y(i)|

|y(i)|∑
t=1

min
[
r
(i)
t (θ)Â

(i)
t , clip(r(i)t (θ), 1± ϵ)Â

(i)
t

]
,

(1)185

where r
(i)
t (θ) =

πθ(y
(i)
t |q,y(i)<t)

πold(y
(i)
t |q,y(i)<t)

is the importance186

sampling ratio between the current policy and the187

behavior policy.188

Let {Ri}ni=1 denote the sequence-level rewards189

assigned to these rollouts. The token-level advan-190

tages Â(i)
t are computed by normalizing each tra-191

jectory’s reward within the group:192

Â
(i)
t =

Ri −mean({Rj}nj=1)

std({Rj}nj=1) + ε
.193

When all rollouts in a group are assigned identi-194

cal rewards, Ri −mean({Rj}nj=1) becomes zero195

for every i, causing every advantage Â
(i)
t to col-196

lapse to zero. Such prompts therefore provide197

no learning signal during training. Conversely,198

prompts that produce non-identical rewards across199

the group yield non-zero advantages and therefore200

generate meaningful gradients.201

3.2 Quantifying the Quality of Exploration202

While strategies like Answer-Hints mitigate spar-203

sity, they often induce the “Illusion of High Re-204

wards”, a phenomenon where training rewards205

60 fewer steps
80 more steps

Figure 2: The Illusion of High Rewards During Training
with the Answer-Hints Method. Left: Training rewards
surge rapidly. Right: Test accuracy on MATH-500
stagnates. This discrepancy indicates that reward signals
alone cannot reliably represent the actual training state.

surge while generalization stagnates (Figure 2). 206

This discrepancy arises because strong external 207

guidance creates distributional mismatches, inflat- 208

ing reward metrics while yielding uninformative or 209

unstable gradients. Consequently, relying solely on 210

rewards is deceptive. To capture the true training 211

dynamics, we must look beyond reward accumu- 212

lation and introduce rigorous metrics that quantify 213

both the effectiveness and stability of policy up- 214

dates. 215

Effective Update Ratio (EUR). EUR quanti- 216

fies how many token-level updates remain un- 217

clipped under the clipped objective. Recall from 218

Eq. (1) that GRPO generates token-level advan- 219

tages Â
(i)
t for each rollout and computes the im- 220

portance sampling ratio r
(i)
t (θ) between the up- 221

dated policy and the behavior policy. We write 222

ℓ
(i)
t (θ) = log r

(i)
t (θ) as the log-importance ratio, 223

which provides a local measure of policy deviation. 224

We define the trust-region set as 225

I =
{
(i, t) : |ℓ(i)t (θ)| ≤ δ

}
, (2) 226

which corresponds exactly to the unclipped updates. 227

Using this notation, EUR is defined as 228

EUR =

∑
(i,t)∈I |Â

(i)
t |∑

i,t |Â
(i)
t |

. (3) 229

In Appendix A.1, we formally show that EUR 230

provides a principled estimate of unclipped gradi- 231

ent contributions and serves as a proxy for control- 232

ling the upper bound of policy divergence. Con- 233

sequently, a high EUR signifies stable and mean- 234

ingful policy improvement, whereas a low EUR 235

warns that the optimizer is effectively stalling due 236

to suppressed gradients. 237

Update Consistency (UC). UC quantifies the 238

variability of the unclipped updates, where 239

larger values indicate greater inconsistency in 240
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Figure 3: The HINT Framework: An Adaptive Two-Stage Rollout Process. HINT operates in two stages. (I)
Standard Rollout: The model first samples trajectories from the original problem. If the rewards are non-sparse,
the process follows the standard GRPO update path. (II) Hint-Augmented Rescue: If rewards are sparse (all
trajectories are incorrect), the HINT mechanism is activated. The model re-rolls out conditioned on a Meta-Hint to
guide exploration toward correct solutions. Crucially, to mitigate the potential instability introduced by external
guidance, these updates are optimized via Affinity-Aware Policy Optimization (AAPO), which dynamically gates
gradients based on update affinity to filter out noise.

their deviation magnitudes. Using the trust-241

region set I defined in Eq. (2), we compute the242

advantage-weighted mean log-ratio as243

µℓ =

∑
(i,t)∈I |Â

(i)
t | ℓ(i)t (θ)∑

(i,t)∈I |Â
(i)
t |

,244

with this quantity in place, UC is defined as245

UC =

√√√√∑
(i,t)∈I |Â

(i)
t |

(
ℓ
(i)
t (θ)− µℓ

)2∑
(i,t)∈I |Â

(i)
t |

. (4)246

In Appendix A.2, we formally demonstrate that247

this metric is closely related to the variance of the248

local KL divergence. Thus, UC provides a princi-249

pled indicator of update stability within the trust250

region, allowing us to distinguish coherent policy251

improvements from noisy, destabilizing steps.252

Affinity. Affinity quantifies the joint quality of253

policy optimization by synthesizing the volume254

of effective updates with the stability of their255

deviation magnitudes. Effective training requires256

balancing the quantity of unclipped updates against257

the variance of their divergence, as neither EUR nor258

UC is sufficient in isolation. Using the trust-region259

threshold δ from Eq. (2) and setting a temperature260

parameter τ = δ/2, we define261

Affinity = EUR · exp
(
− UC

τ

)
. (5)262

This formulation modulates the update volume 263

EUR with an exponential decay based on the con- 264

sistency metric UC. In Appendix A.3, we provide 265

further theoretical derivations for this composite 266

design. Consequently, Affinity serves as a robust 267

scalar indicator that yields a high score only when 268

the optimization is both sufficiently active and sta- 269

ble, effectively filtering out updates that are either 270

negligible in volume or excessively noisy. 271

3.3 HINT: Helping Ineffective Rollouts 272

Navigate Towards Effectiveness 273

Incorporating off-policy data into on-policy RL 274

requires maintaining high Affinity to ensure that ex- 275

ternal guidance translates into stable and effective 276

policy updates. However, prior methods consis- 277

tently suffer from low Affinity, as their reliance 278

on Answer-Hints creates severe distributional mis- 279

matches that destabilize the training process. 280

Formally, we distinguish between Answer-Hints, 281

which directly reveal intermediate steps or so- 282

lutions, and Meta-Hints, which provide abstract 283

strategic scaffolding. Drawing from cognitive psy- 284

chology, research on feedback levels demonstrates 285

that process-oriented guidance promotes deeper 286

understanding and generalization, whereas task- 287

level feedback often leads to superficial depen- 288

dence (Hattie and Timperley, 2007). Despite this 289

theoretical consensus, prior exploration methods in 290

RL predominantly rely on Answer-Hints, thereby 291
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failing to activate the intrinsic problem-solving ca-292

pabilities of the model. To improve Affinity, we293

guide the model toward productive reasoning tra-294

jectories using Meta-Hints.295

To explicitly leverage this improved Affinity for296

stable optimization, simply augmenting the data is297

insufficient; we require an objective that dynami-298

cally adapts to the quality of each update. To this299

end, we propose Affinity-Aware Policy Optimiza-300

tion (AAPO), which re-weights the objective using301

the group-level affinity score αq:302

JAAPO(θ) = Eq

[
sg(αq)

λ · J (q)
GRPO(θ)

]
, (6)303

where J (q)
GRPO(θ) is the standard objective term de-304

fined in Eq. (1). The affinity score αq is derived305

directly from Eq. (5), serving as a unified metric306

that synthesizes both the quantity and consistency307

of effective updates. Crucially, we apply the stop-308

gradient operator sg(·) to ensure that αq functions309

strictly as a scalar coefficient, which prevents the310

model from maximizing the objective by freezing311

parameters to artificially boost stability. The hyper-312

parameter λ ≥ 1 acts as a sensitivity coefficient,313

which suppresses the gradient contribution from un-314

stable updates characterized by low affinity scores315

while preserving high-quality learning signals.316

Formally, as illustrated in Figure 3, the HINT317

framework operates as an adaptive two-stage pro-318

cess that dynamically selects the optimization ob-319

jective based on rollout outcomes. In the first stage,320

for a problem q, the model samples a set of tra-321

jectories {o1, . . . , oG} which are evaluated to ob-322

tain rewards {r1, . . . , rG}. If these rewards are323

non-sparse (i.e., at least one is correct), the data324

is treated as on-policy, and we update the model325

using the standard GRPO objective. Conversely, if326

the initial rewards are sparse, we activate the res-327

cue stage by constructing a hint-augmented query328

qh with a Meta-Hint h to resample a new set of329

trajectories {oh1 , . . . , ohG}. To mitigate the potential330

instability introduced by this external guidance, we331

optimize these regenerated trajectories using the332

JAAPO objective defined in Eq. (6).333

Crucially, while qh guides the rollout, the gradi-334

ent is computed against the original query q, ensur-335

ing the model learns to solve the task independently336

without relying on hints as input features.337

4 Experiments 338

4.1 Setup 339

Experimental Setup. Our experiments are con- 340

ducted using Qwen2.5-7B, Qwen2.5-3B (Team, 341

2024) and LLaMa3.1-8B (Dubey et al., 2024) as 342

backbone models. To ensure a fair and controlled 343

comparison, we constructed a high-quality training 344

set derived from the DAPO-Math-17K dataset (Yu 345

et al., 2025). This process involved using Qwen2.5- 346

72B-Instruct (Team, 2024) to generate four distinct 347

reasoning trajectories for each problem. These out- 348

puts were then validated for correctness with Math 349

Verify2, from which we retained 10k fully correct 350

samples to form our final training data. For base- 351

line methods that require a ground-truth reference 352

solution, we designated the shortest of the four 353

correct trajectories for each problem. 354

Benchmarks. We evaluate the generalization 355

ability of HINT on seven datasets, covering both in- 356

distribution and out-of-distribution scenarios, with- 357

out using any hint during evaluation. For math- 358

ematical reasoning, we adopt AIME243, MATH- 359

500 (Hendrycks et al., 2021), OlympiadBench (He 360

et al., 2024), and Minerva (Lewkowycz et al., 361

2022), which are widely used benchmarks. Since 362

the test sets of AIME24 are relatively small, 363

we report avg@32, while for the other datasets 364

we use pass@1. To assess complex reasoning 365

and out-of-distribution generalization, we further 366

evaluate on ARC-Challenge (Clark et al., 2018), 367

GPQA-Diamond (Rein et al., 2024), and MMLU- 368

Pro (Wang et al., 2024). To demonstrate HINT 369

effectiveness, we conduct systematic experiments 370

across multiple benchmarks. 371

Baselines. We compare HINT against several 372

existing methods, including: (1)GRPO (Guo et al., 373

2025): The vanilla Group Relative Policy Optimiza- 374

tion algorithm. (2)SFT: Standard Supervised Fine- 375

Tuning. (3)LUFFY (Yan et al., 2025): A hybrid 376

approach that combines on-policy and off-policy 377

training, ensuring that each sampled batch contains 378

at least one correct trajectory. (4)BREAD (Zhang 379

et al., 2025b): A binary search–based method that 380

identifies a hint length such that the model’s roll- 381

outs are neither all correct nor all incorrect, and 382

uses this balanced point as the hint for training. 383

Further experimental details can be found in Ap- 384

pendix B for full reproducibility. 385

2https://github.com/huggingface/Math-Verify
3https://huggingface.co/datasets/math-ai/aime24
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Table 1: Main Performance Comparison of HINT against Baselines. HINT demonstrates significant performance
gains on in-distribution datasets, improving the Qwen2.5-7B, Qwen2.5-3B, and LLaMa3.1-8B models by 14.5%,
17.7%, and 9.1% in average accuracy, respectively. Furthermore, the method consistently outperforms baselines
on out-of-distribution data, highlighting its strong generalization capabilities.

Methods In-Distribution Avg Out-of-Distribution Avg
AIME24 Math Olympiad Minerva ARC GPQA MMLU

Qwen2.5-7B
Vanilla 9.8 50.2 34.0 19.5 28.4 85.3 25.6 46.0 52.3
SFT 11.2 72.8 36.2 28.8 37.3 85.1 25.6 46.2 52.3
LUFFY (NIPS’25) 13.4 77.0 38.6 34.2 40.8 86.0 26.8 48.8 53.9
BREAD (ICML’25) 14.0 77.4 38.0 31.0 39.9 88.2 30.2 49.3 55.9
GRPO 13.9 76.8 38.0 31.0 39.9 88.0 29.4 48.0 55.1
GRPO + Meta-Hints 14.4 79.6 40.2 34.0 42.1 88.8 30.4 50.2 56.5
HINT (Ours) 14.6 80.4 42.2 34.4 42.9 89.0 32.8 50.2 57.3

Qwen2.5-3B
Vanilla 2.9 39.8 12.0 9.8 16.1 44.8 11.4 28.8 28.3
SFT 5.3 54.8 20.6 19.6 25.1 46.4 11.0 32.0 29.8
LUFFY (NIPS’25) 5.8 62.2 29.6 22.2 30.0 70.2 15.2 34.2 39.9
BREAD (ICML’25) 6.3 62.0 29.0 24.4 30.4 72.0 18.2 36.3 42.2
GRPO 6.0 60.4 26.0 23.6 29.0 74.4 16.0 36.2 42.2
GRPO + Meta-Hints 6.8 66.4 30.4 25.2 32.2 77.6 18.0 35.0 43.5
HINT (Ours) 7.4 68.8 32.8 26.0 33.8 78.8 20.4 35.5 44.9

LLaMa3.1-8B
Vanilla 0.0 9.4 2.1 3.2 3.7 0.0 0.0 0.0 0.0
SFT 0.2 14.4 4.4 8.4 6.9 52.4 18.3 26.5 32.4
LUFFY (NIPS’25) 0.5 25.2 7.4 14.4 11.9 66.8 25.5 33.3 41.9
BREAD (ICML’25) 0.7 23.0 7.0 16.6 11.8 70.4 27.2 33.9 43.8
GRPO 0.5 23.2 6.3 12.2 10.6 70.0 26.4 33.0 43.1
GRPO + Meta-Hints 0.5 26.8 6.6 14.4 12.1 74.8 28.0 36.4 46.4
HINT (Ours) 1.0 28.0 7.0 15.2 12.8 75.3 30.4 39.0 48.2

4.2 Main results386

Table 1 presents a comprehensive comparison of387

HINT against several mainstream baselines, en-388

compassing two Answer-Hints methods. Over-389

all, HINT demonstrates remarkable effectiveness390

across all model scales, achieving average accu-391

racy improvements of 14.5%, 17.7%, and 9.1% on392

in-distribution datasets for Qwen2.5-7B, Qwen2.5-393

3B, and LLaMa3.1-8B, respectively. Our detailed394

analysis reveals three key findings regarding the395

efficacy of our data strategy, the necessity of our396

optimization objective, and the generalization ca-397

pabilities of our method.398

Meta-Hints foster genuine reasoning over an-399

swer memorization. First, our results demon-400

strate that process-oriented guidance is fundamen-401

tally more effective than answer-centric supervi-402

sion. Across almost all benchmarks, the GRPO +403

Meta-Hints variant consistently outperforms strong404

baselines like LUFFY and BREAD, which rely on405

Answer-Hints. This performance gap indicates that406

unlike Answer-Hints, which risk inducing short-407

cut learning by forcing the model to mimic rigid408

paths, Meta-Hints effectively act as “cognitive scaf- 409

folding.” By constraining the reasoning space 410

rather than dictating the exact solution, they guide 411

the model to discover valid paths independently, 412

thereby converting sparse-reward failures into con- 413

structive training signals that foster genuine reason- 414

ing capabilities. 415

AAPO is essential for maximizing off-policy 416

utility and stability. Second, while Meta-Hints 417

provide high-quality data, the consistent perfor- 418

mance gain from upgrading to the full HINT frame- 419

work confirms the critical necessity of the AAPO 420

objective. HINT consistently outperforms the 421

GRPO + Meta-Hints baseline, exemplified by a no- 422

table increase in the average accuracy of Qwen2.5- 423

7B from 42.1% to 42.9%. This indicates that 424

simply augmenting data introduces inevitable off- 425

policy noise that standard GRPO cannot fully han- 426

dle. AAPO effectively mitigates this by dynami- 427

cally gating gradients based on the affinity score 428

αq, ensuring that the model absorbs the strategic 429

guidance from hints while filtering out unstable 430

updates that could destabilize the policy. 431
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HINT activates generalized reasoning capa-432

bilities beyond mathematical memorization. Fi-433

nally, HINT exhibits robust out-of-distribution434

(OOD) generalization, suggesting that the model435

acquires transferable reasoning skills rather than436

merely overfitting to mathematical patterns. On437

OOD benchmarks such as ARC, GPQA, and438

MMLU, HINT achieves significant gains, most439

notably propelling the LLaMa3.1-8B model from440

a near-zero baseline to a competitive average of441

48.2%, which confirms that our method operates442

on a conceptual level whereby the internalization443

of meta-cognitive strategies, such as problem de-444

composition, allows the model to transfer abstract445

reasoning paradigms to novel and unseen domains.446

4.3 Training Dynamics447

(a) EUR Metric (b) Affinity Metric

Figure 4: Comparative analysis of training dynamics.
(a) HINT maintains a consistently high EUR, preventing
the collapse seen in baselines. (b) Consequently, HINT
achieves significantly higher Affinity.

To investigate the impact of various strategies on448

training stability, we tracked the EUR and Affinity449

metrics throughout the training process. The com-450

parative results are plotted in Figure 4, while the451

analysis of UC is detailed in Appendix C.1.452

HINT prevents the “EUR Collapse” typical453

of off-policy learning. As illustrated in Figure 4a,454

traditional off-policy methods suffer from a severe455

“EUR Collapse”, where the EUR plummets to near456

0.2, indicating excessive clipping and wasted sam-457

ples. In sharp contrast, HINT avoids this failure458

mode. While there is a slight initial adjustment,459

HINT maintains a high steady-state EUR that is460

much closer to GRPO than to other on-policy meth-461

ods using Answer-Hints. This confirms that HINT462

successfully keeps the policy updates within the463

trust region, ensuring high sample efficiency.464

High Affinity validates the effectiveness of465

Meta-Hints. As presented in Figure 4b, HINT466

is the only off-policy method that achieves and467

sustains high Affinity scores. While other meth- 468

ods stagnate at low Affinity levels due to severe 469

distributional mismatches, the Affinity of HINT 470

steadily increases and tracks the GRPO baseline. 471

This empirically validates our core proposition that 472

the alignment between Meta-Hints and the intrinsic 473

distribution of the model facilitates the effective as- 474

similation of external guidance, thereby preventing 475

it from being treated as adversarial interference. 476

4.4 Does hinting truly enhance sample 477

efficiency? 478

(a) Throughput under fixed
time budget

(b) Validity rollout distribu-
tion over a full training epoch

Figure 5: Efficiency analysis. (a) HINT produces a
higher net volume of valid trajectories despite lower
total generation speed. (b) HINT significantly increases
the proportion of effective training data.

HINT significantly enhances both sampling ef- 479

ficiency and the density of effective supervision. 480

To quantify this, we conducted a two-fold analysis 481

evaluating generation speed under a fixed 8-hour 482

budget and global data distribution over a full train- 483

ing epoch. As illustrated in Figure 5a, although 484

the inference overhead of Meta-Hints results in 485

fewer total samples, HINT successfully yields a 486

substantially higher volume of valid samples, de- 487

fined as rollouts containing correct reasoning steps. 488

Specifically, it produces 1,485 more valid samples 489

compared to the baseline, confirming that the com- 490

putational cost of generating hints is outweighed 491

by the gain in exploration success. Furthermore, 492

Figure 5b reveals a distinct contrast in the global 493

data distribution where HINT elevates the validity 494

rate from 44.8% to 63.7%, representing an abso- 495

lute gain of 18.9%. This shift indicates that our 496

method effectively steers the model toward pro- 497

ductive regions of the solution space. By reducing 498

the prevalence of uninformative trajectories, HINT 499

ensures that gradient updates are derived from high- 500

quality data, thereby maximizing the utility of the 501

limited computational budget. 502
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4.5 Does external feedback affect generation503

diversity?504

Table 2: Quantitative analysis of exploration diversity
using average entropy. HINT promotes broader ex-
ploration compared to Answer-Hints. Here, “w/ Off.”
denotes trajectories augmented with guidance, while
“w/o Off.” refers to standard on-policy rollouts.

w/ Off. w/o Off. All

GRPO – 0.143 0.143
LUFFY – 0.174 0.174
BREAD 0.128 0.183 0.162
HINT 0.188 0.198 0.193

HINT fosters broad and diverse exploration505

rather than converging to a narrow set of so-506

lutions. To quantify this, we analyzed the output507

distribution using average entropy as a metric for508

exploration breadth, with results detailed in Ta-509

ble 2. The data reveals a fundamental contrast be-510

tween the methods. Strategies relying on Answer-511

Hints, such as BREAD, exhibit the lowest entropy512

of 0.128 on the off-policy subset. This indicates513

that providing explicit answers acts as a rigid con-514

straint that stifles exploration and forces the model515

to mimic a single fixed path. In contrast, HINT516

maintains a significantly higher entropy of 0.188517

even under guidance, confirming that abstract Meta-518

Hints guide the reasoning process without restrict-519

ing the specific trajectory. Crucially, this benefit520

extends to standard on-policy rollouts where HINT521

achieves the highest entropy of 0.198 among all522

methods. This demonstrates that HINT effectively523

prevents the tendency to overfit to repetitive so-524

lutions often observed in standard RL, enabling525

the model to learn a generalized policy capable of526

diverse reasoning.527

4.6 Does HINT scale with reasoning528

complexity?529

HINT acts as a vital cognitive scaffold that530

specifically enhances performance on complex531

reasoning tasks. To verify this, we stratified the532

performance on the MATH-500 benchmark across533

five difficulty levels as illustrated in Figure 6. On534

simpler tasks classified as Levels 1 and 2, all meth-535

ods exhibit high competency with accuracy rates536

exceeding 92%. BREAD slightly outperforms the537

others in this regime. This suggests that answer-538

level hints are sufficient for recalling basic mathe-539

matical patterns.540

Figure 6: Performance comparison across different diffi-
culty levels on the MATH-500 benchmark. While base-
line methods plateau on hard tasks, HINT demonstrates
widening performance gaps as difficulty increases,
achieving an 8.2% absolute gain on Level 5 problems.

However, a distinct performance divergence 541

emerges as complexity increases. On the most chal- 542

lenging Level 5 problems, both GRPO and BREAD 543

stagnate at an identical accuracy of 58.2%. In con- 544

trast, HINT achieves a robust 66.4% and marks a 545

substantial absolute gain of 8.2%. This indicates 546

that the benefits of Meta-Hints are positively cor- 547

related with task complexity. While the intrinsic 548

policy suffices for simple scenarios, the strategic 549

guidance of Meta-Hints becomes decisive for man- 550

aging exploding search spaces. This breakdown 551

confirms that HINT unlocks the potential of the 552

model to navigate deep reasoning paths that are 553

otherwise inaccessible to standard RL exploration. 554

5 Conclusion 555

We address the fundamental trade-off between ex- 556

ploration efficiency and update stability in RL for 557

reasoning. We revealed that conventional Answer- 558

Hints often induce low Affinity, leading to unstable 559

gradients despite high rewards. Our solution, HINT, 560

resolves this conflict by combining Meta-Hints 561

for high-level conceptual guidance with AAPO, 562

a novel optimization objective that dynamically fil- 563

ters noise based on our proposed affinity metric. 564

Empirical results confirm that HINT significantly 565

outperforms strong baselines, particularly in sce- 566

narios requiring generalization beyond the training 567

distribution. By providing a principled mechanism 568

to leverage off-policy data without compromising 569

stability, our work offers a robust foundation for 570

training the next generation of reasoning models. 571

Future directions include applying HINT to broader 572

domains and exploring its synergy with iterative 573

self-correction mechanisms. 574

8



6 Limitations575

Despite the promising results, our work has sev-576

eral limitations that we plan to address in future577

research. First, due to computational constraints,578

our experimental evaluation is primarily conducted579

on models with parameters ranging from 3B to 8B.580

While HINT demonstrates consistent gains across581

these scales, its efficacy on significantly larger mod-582

els (e.g., 70B or larger) remains to be empirically583

verified. Second, the current implementation of584

HINT focuses exclusively on text-based reasoning585

tasks. We have not yet explored its application to586

multimodal scenarios, such as visual mathemati-587

cal problem solving, where integrating visual cues588

into the meta-hint generation process presents a589

unique challenge. We leave the extension of our590

framework to larger-scale models and multimodal591

domains as directions for future work.592
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Appendix779

A Theoretical Foundations of EUR, UC,780

and Affinity781

A.1 Proofs for EUR782

In this section, we provide the theoretical justifi-783

cation for the two main claims made in the main784

paper regarding the EUR: (I) EUR estimates the785

fraction of unclipped PPO gradient contributions786

(Schulman et al., 2017); (II) EUR serves as a proxy787

for bounding policy divergence in the sense of788

TRPO’s monotonic improvement guarantee (Schul-789

man et al., 2015).790

A.1.1 Preliminaries791

For each token step i, let792

ri =
πθ(ai | si)
πθold(ai | si)

, ℓi = log ri.793

PPO optimizes a clipped surrogate objective (Schul-794

man et al., 2017), defined as795

LCLIP(θ) = Êi

[
min

(
riAi, clip(ri, 1± ε)Ai

)]
, (7)796

and then maximizes LCLIP(θ) with respect to θ.797

Let I = {i : |ri − 1| ≤ ε} denote the set of798

unclipped updates and C the clipped ones. The799

gradient of (7) decomposes as:800

∇θLCLIP = E[∇θ(riAi)1(i ∈ I) ]

+ E[∇θ(r
clip
i Ai)1(i ∈ C) ].

801

As noted in Schulman et al. (2017), gradients802

from clipped terms either vanish or are directionally803

distorted, while terms in I preserve the correct804

policy gradient direction.805

The Effective Update Ratio is defined in the main806

paper as:807

EUR =

∑
i |Ai|1(|ℓi| ≤ δ)∑

i |Ai|
.808

A.1.2 Proof of Claim (i): EUR estimates the809

fraction of unclipped PPO gradient810

contributions811

We demonstrate that EUR provides a principled812

empirical estimate of the proportion of gradient813

contributions arising from unclipped PPO updates.814

Recall that, for token-level PPO, the unclipped sur-815

rogate gradient at position i, denoted as gi, is given816

by:817

gi = ∇θ(riAi)

= Ai ri∇θ log πθ(ai | si),
(8)818

where ri = πθ(ai|si)
πθold (ai|si)

. For updates within the 819

trust region (i.e., i ∈ I with |ℓi| ≤ δ), we have 820

ri = eℓi ≈ 1 given that ℓi is small. Consequently, 821

the gradient magnitude simplifies to: 822

∥gi∥ ≈ |Ai| ∥∇θ log πθ(ai | si)∥. 823

Since ∥∇θ log πθ(ai | si)∥ is locally bounded and 824

relatively stable across nearby policy iterates, vari- 825

ations in ∥gi∥ are dominated by variations in |Ai|. 826

Thus, the total contribution of unclipped updates to 827

the gradient is proportional to: 828

E
[
|Ai|1(i ∈ I)

]
. 829

Similarly, the total gradient magnitude (including 830

both clipped and unclipped updates) is proportional 831

to E[ |Ai| ]. Therefore, the fraction of gradient con- 832

tributions originating from unclipped updates is: 833

EUR ≈
E
[
|Ai|1(i ∈ I)

]
E
[
|Ai|

] . 834

By construction, this matches our definition of 835

EUR, confirming it as an effective estimator for 836

the fraction of gradient contributions unsuppressed 837

by clipping. 838

A.1.3 Proof of Claim (ii): EUR controls policy 839

divergence in the TRPO sense 840

TRPO (Schulman et al., 2015) establishes a mono- 841

tonic improvement lower bound dependent on the 842

KL divergence: 843

η(θ) ≥ Lθold(θ)− C ·Dmax
KL (πθold , πθ), 844

where C is a constant dependent on γ and ϵ. The 845

token-level empirical KL divergence can be approx- 846

imated by the expectation of log-ratios: 847

DKL(πθold∥πθ) ≈ Es,a∼πold

[
|ℓi|

]
. 848

Recall that EUR is the advantage-weighted frac- 849

tion of updates within the trust region (|ℓi| ≤ δ). 850

Let C = {i : |ℓi| > δ} denote the set of clipped 851

updates. The relationship between EUR and the 852

probability mass of C depends on the distribution 853

of advantages. 854

Assumption 1. The expected magnitude of ad- 855

vantages for clipped updates is lower bounded 856

by a factor of the global expected magnitude, i.e., 857

E[|Ai| | i ∈ C] ≥ αE[|Ai|] for some α > 0. 858
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Under this mild assumption, we can relate EUR859

to the probability of clipping P (C):860

1− EUR =

∑
i∈C |Ai|∑
all |Ai|

≈ P (C) · E[|Ai| | C]
E[|Ai|]

≥ αP (C).

861

This implies P (C) ≤ 1−EUR
α . Conversely, the con-862

tribution to the KL divergence from clipped sam-863

ples is lower bounded:864

DKL ≥ P (C) ·min
i∈C

|ℓi|

> P (C) · δ.
865

If EUR is low (close to 0), the advantage mass is866

concentrated in C. Unless the advantages in C are867

negligibly small (which contradicts meaningful ex-868

ploration), a low EUR implies a significant P (C),869

forcing DKL to exceed the trust region boundary870

δ. Therefore, maintaining a high EUR is a neces-871

sary proxy for constraining DKL and preserving872

the validity of the TRPO bound.873

A.1.4 Summary874

Taken together, the results above show that EUR875

simultaneously quantifies the fraction of gradient876

mass preserved by the unclipped PPO surrogate877

and provides a practical handle on the policy di-878

vergence term appearing in TRPO’s monotonic im-879

provement bound. Consequently, a high EUR in-880

dicates that most updates lie within a stable trust-881

region regime where policy gradients remain infor-882

mative, whereas a low EUR reveals that clipped883

updates dominate the optimization process, lead-884

ing to vanishing effective gradients and ineffective885

learning.886

A.2 Proofs for UC887

In this section, we provide the theoretical justifi-888

cation for the UC metric introduced in the main889

paper. We show that UC can be interpreted as (I)890

an advantage-weighted measure of variability in891

local log-importance ratios among unclipped up-892

dates, and (II) a proxy for the variance of the local893

KL divergence, which is closely tied to the stability894

of policy updates.895

A.2.1 Preliminaries896

Recall that for each token step i, we define897

ri =
πθ(ai | si)
πθold(ai | si)

, ℓi = log ri,898

and the trust-region condition |ℓi| ≤ δ identifies 899

the set of unclipped updates: 900

I = { i : |ℓi| ≤ δ }. 901

The token-level advantages are denoted by Ai, 902

and we use the absolute values |Ai| as importance 903

weights on the contribution of each token. 904

Within the set I, we define the advantage- 905

weighted mean log-ratio: 906

µℓ =

∑
i∈I |Ai| ℓi∑
i∈I |Ai|

, 907

and the UC is given by the advantage-weighted 908

standard deviation: 909

UC =

√∑
i∈I |Ai| (ℓi − µℓ)2∑

i∈I |Ai|
. (9) 910

A.2.2 UC as a measure of variability among 911

effective updates 912

As shown in (9), UC is precisely the standard 913

deviation of the log-importance ratios ℓi over the 914

set of effective updates I. A small UC indicates 915

that the ℓi values within I are tightly concentrated 916

around their weighted mean µℓ, implying that the 917

magnitudes of the effective updates are consistent 918

and that the resulting policy changes are approxi- 919

mately uniform across token positions. In contrast, 920

a large UC reflects substantial variability among 921

the ℓi values: some effective updates correspond 922

to very small log-ratios (i.e., conservative steps), 923

while others lie close to the trust-region boundary 924

(i.e., aggressive steps). Such heterogeneity results 925

in uneven and potentially unstable policy updates. 926

Formally, define the normalized weights 927

w̃i =
|Ai|∑
j∈I |Aj |

, i ∈ I. 928

Then (9) can be rewritten as 929

UC2 =
∑
i∈I

w̃i(ℓi − µℓ)
2, 930

which is the weighted variance of ℓi under the em- 931

pirical distribution induced by the advantages |Ai|. 932

Thus UC quantifies how “spread out” the log-ratios 933

are among those updates that are not clipped. 934

A.2.3 Relation between UC and gradient 935

variance 936

We now connect UC to the variance of the policy 937

gradient updates. Consider the gradient contribu- 938

tion magnitude for a single token i within the trust 939
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region (i ∈ I), defined as Xi = Airi ≈ Ai(1+ ℓi).940

The stability of training depends on the variance941

of this update scale. Assuming that the advantage942

Ai and the log-ratio ℓi are uncorrelated within the943

local trust region, we evaluate Var(Xi) using the944

standard variance decomposition approximation:945

Var(gi) ∝ Var
(
Ai(1 + ℓi)

)
≈ Var(Ai) + Var(Aiℓi).

946

The first term, Var(Ai), represents the inherent947

variance of the reward structure (baseline variance),948

which is irreducible by policy constraints. The949

second term captures the variance introduced by950

the policy shift. Applying the product variance951

decomposition to Aiℓi:952

Var(Aiℓi) ≈ E[A2
i ]Var(ℓi)

+ E[ℓi]2Var(Ai).
(10)953

Inside the trust region, ℓi is centered near 0, making954

the term E[ℓi]2 negligible. Thus, the dominant955

component of the induced variance simplifies to:956

Varinduced ≈ E[A2
i ] ·Var(ℓi).957

Recall that UC2 is defined as the advantage-958

weighted variance of ℓi. Although strictly distinct959

from the unweighted Var(ℓi), they are empirically960

aligned. As shown in (10), UC acts as a multi-961

plicative gain on the gradient variance. A high962

UC amplifies the gradient noise proportional to the963

squared advantages E[A2
i ], thereby destabilizing964

the update direction. Consequently, minimizing965

UC is theoretically justified to dampen the variance966

of policy updates specifically arising from diverse967

importance ratios.968

A.2.4 Relation between UC and local KL969

variability970

We next relate UC to the variability in local KL971

divergence. The per-state KL divergence between972

the old and new policy can be expressed as:973

DKL

(
πθold(· | s) ∥ πθ(· | s)

)
= Ea∼πθold

(·|s)
[
log r(a, s)

]
.

974

At the token level, the empirical KL is estimated975

by averaging ℓi over samples from πθold . Thus, the976

variability of ℓi within I directly reflects how much977

the local per-state KL fluctuates around its mean.978

Since the monotonic improvement bound of979

TRPO (Schulman et al., 2015) relies on control-980

ling the KL divergence, large fluctuations in ℓi (i.e.,981

a high UC) suggest that certain states experience 982

near-boundary policy shifts, even if the average 983

KL remains small. This phenomenon effectively 984

weakens the trust-region assumption and may in- 985

duce oscillatory learning dynamics. By contrast, a 986

low UC ensures that per-token KL changes are not 987

only small on average but also uniformly bounded, 988

leading to more reliable surrogate optimization. 989

A.2.5 Summary 990

In summary, UC captures the internal stability of 991

policy updates within the trust region by measuring 992

the advantage-weighted variance of log-importance 993

ratios among unclipped samples. A low UC implies 994

that effective updates move the policy in a coher- 995

ent and conservative manner, whereas a high UC 996

reveals that updates, though nominally “valid,” are 997

heterogeneous and prone to inducing instability. 998

Together with EUR, UC provides a complemen- 999

tary view of both the quantity and the quality of 1000

effective policy updates during training. 1001

A.3 Theoretical Discussion of Affinity 1002

In this section, we provide the theoretical motiva- 1003

tion for combining EUR and UC into the unified 1004

Affinity metric introduced in the main paper. We 1005

demonstrate that Affinity captures the joint require- 1006

ments for effective and stable policy updates in 1007

PPO-style RL and relate its formulation to the prin- 1008

ciples underlying trust-region optimization. 1009

A.3.1 Preliminaries 1010

We briefly recall the definitions of EUR and UC. 1011

Let ℓi = log πθ(ai|si)
πθold

(ai|si) denote the log-importance 1012

ratio at token step i, and let I = {i : |ℓi| ≤ δ} be 1013

the set of unclipped updates. EUR measures the 1014

fraction of effective updates: 1015

EUR =

∑
i |Ai|1(i ∈ I)∑

i |Ai|
. 1016

UC quantifies the internal variability of those up- 1017

dates. Defined formally: 1018

UC =

√∑
i∈I |Ai|(ℓi − µℓ)2∑

i∈I |Ai|
, 1019

µℓ =

∑
i∈I |Ai|ℓi∑
i∈I |Ai|

. 1020

A.3.2 Rationale for combining EUR and UC 1021

As shown in Appendix A.1, EUR provides an un- 1022

biased estimate of the proportion of gradient mass 1023
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preserved by the unclipped PPO surrogate. Hence,1024

a high EUR indicates that most updates meaning-1025

fully contribute to the policy gradient. However,1026

EUR alone cannot ensure stability: if the log-ratios1027

within I vary widely (high UC), many of those1028

“effective” updates may be close to the trust-region1029

boundary, potentially inducing oscillatory policy1030

shifts.1031

Appendix A.2 further demonstrates that UC ap-1032

proximates the variance of token-level policy diver-1033

gence, characterizing the consistency of unclipped1034

gradients. Yet, UC alone is insufficient: a perfectly1035

consistent set of updates (low UC) yields little1036

value if EUR is small, as most gradients would be1037

clipped, resulting in negligible policy movement.1038

Therefore, a high-quality update requires satisfy-1039

ing both conditions simultaneously: a sufficiently1040

large proportion of effective updates (high EUR)1041

and low variability among them (low UC).1042

A.3.3 Affinity as a joint stability-efficiency1043

indicator1044

To encode this joint requirement into a single scalar,1045

we define the Affinity metric:1046

Affinity = EUR · exp
(
−UC

τ

)
, τ =

δ

2
.1047

This multiplicative formulation is motivated by two1048

key factors:1049

Logical conjunction. The product structure en-1050

sures that a failure in either condition (low EUR1051

or high UC) produces a proportionally low Affinity.1052

This captures the fact that effective PPO-style up-1053

dates necessitate the simultaneous satisfaction of1054

both conditions.1055

Exponential penalty on inconsistency. Since UC1056

measures the weighted variance in log-ratios, the1057

term exp(−UC/τ) acts analogously to an inverse1058

smoothness regularizer, sharply penalizing updates1059

near the trust-region boundary. The temperature1060

term τ = δ/2 scales the penalty, ensuring it be-1061

comes substantial when UC approaches the limit1062

of the trust region.1063

A.3.4 Relationship to trust-region1064

optimization1065

Trust-region methods (including TRPO) rely on1066

bounding the KL divergence to guarantee mono-1067

tonic policy improvement. While EUR controls1068

the fraction of updates satisfying the trust-region1069

condition (reflecting the mean KL contribution),1070

UC characterizes the variability of the local KL di- 1071

vergence within that region. Consequently, Affinity 1072

integrates both aspects: high Affinity indicates that 1073

the empirical KL is not only small (ensured by high 1074

EUR) but also stable across updates (ensured by 1075

low UC), aligning with the conditions under which 1076

trust-region guarantees are most effective. 1077

A.3.5 Summary 1078

Affinity synthesizes two complementary perspec- 1079

tives on PPO update quality: (I) the proportion 1080

of effective updates (EUR), and (II) the consis- 1081

tency of those updates (UC). The multiplicative 1082

formulation in (11) captures the synergy required 1083

for reliable policy improvement, providing a prac- 1084

tical scalar diagnostic for monitoring exploration 1085

efficiency and training stability. 1086
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B Experimental Details1087

B.1 Detailed Setup1088

Platform. All of our experiments are conducted on1089

workstations equipped with 8 NVIDIA A100 PCIe1090

GPUs with 80GB memory.1091

Training Data. The training was performed us-1092

ing a carefully selected subset of the DAPO-Math-1093

170K dataset (Yu et al., 2025). As the original1094

dataset lacks ground-truth solutions, we curated1095

our own by first using Qwen2.5-72B-Instruct to1096

generate four reasoning trajectories for each prob-1097

lem. After validating the final answers with Math-1098

verify, we compiled a high-quality training set of1099

30k problems for which all four generated trajecto-1100

ries were correct. For baselines requiring a ground1101

truth, the most token-efficient of these four correct1102

trajectories was designated as the ground truth. For1103

our methods, we pre-generated the required heuris-1104

tic hints for the entire 30k-sample training set using1105

Qwen2.5-72B-Instruct. The prompts used in the1106

above process will be detailed in Section B.2.1107

Important Parameters of HINT. HINT is im-1108

plemented based on the open-source Rl framework1109

lsrl4. The RL algorithm employs the GRPO ad-1110

vantage estimator with no KL penalty (kl_coef is1111

set to 0.0). The clipping parameter ϵ is set to 0.2.1112

For each group, 8 answers are generated, and the1113

training batch size is set to 2. Distributed training1114

utilizes the DeepSpeed library with the AdamW1115

optimizer and a learning rate of 1e-6. The train1116

batch size is set to 8, gen batch size is set to 32,1117

accum steps is set to 64, gen update steps is set1118

to 128, temperature is set to 0.9, max response is1119

set to 4096. Mixed-precision training with BF161120

is enabled. Memory optimization employs ZeRO1121

Stage 2, with optimizer state offloading to CPU.1122

Important Parameters of Other Baselines. For1123

baselines with publicly available code repositories,1124

we utilized their official implementations and the1125

parameters specified in their respective publica-1126

tions. For methods without public code, such as1127

BREAD(Zhang et al., 2025b) and QuestA(Li et al.,1128

2025), we reproduced their results using the lsrl1129

framework, strictly adhering to the experimental1130

parameters detailed in their papers.1131

Reward Setup. For our experiments, we employ1132

a sparse, binary reward function. The reward is1133

determined exclusively by the correctness of the1134

final answer in a model’s generated trajectory. We1135

4https://github.com/lsdefine/lsrl

use the Math-Verify tool for automatic verification, 1136

assigning a reward of +1 for a correct final answer 1137

and 0 for an incorrect one. 1138

B.2 Prompt List 1139

Prompt Template for GRPO

System: You are a helpful AI assistant. A

conversation takes place between the User

and the Assistant. The User asks a question,

and the Assistant solves it. Please help me

solve this question. Wrap only the final

answer in \\boxed{}.

Question: [Question]

User:
1140

Prompt Template for HINT

System: You are a helpful AI assistant. A

conversation takes place between the User

and the Assistant. The User asks a question,

and the Assistant solves it. Please help me

solve this question. Wrap only the final

answer in \\boxed{}.

Hint: Here are some key information pro-

vided to assist you in solving the problem:

[Hint]

Question: [Question]

User:
1141

Prompt Template for Generating hints

System:
* Role and Goal

You are a top-tier problem-solving expert

and a master educator. Your goal is not to

solve the problem, but to distill the single

most critical "Core Insight" or "Aha! Mo-
1142
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ment" required to find the solution.

* Core Task

You will be given a [Question] and its fi-

nal [Answer]. Your sole job is to reverse-

engineer the most likely solution path and

identify the crucial "mental bridge"—the

non-obvious insight, change in perspective,

or core principle—that unlocks the problem.

* Thinking Framework

Analyze the Gap: First, understand the

[Question] and look at the [Answer]. The

core difficulty lies in the conceptual space

between them. What makes bridging this

gap non-trivial? Reconstruct the "Hidden"

Step: Mentally construct the most elegant

solution path. In that path, what is the sin-

gle most pivotal, non-obvious leap of logic

or application of a principle that a student

is most likely to miss? Distill the Insight:

Condense this pivotal leap into an extremely

short, potent, and core-focused sentence.

This sentence is the key that unlocks the

door, not the map of the room.

* Constraints

Absolute Brevity: The insight must be a

single sentence, ideally under 20 words.

No Spoilers: The insight must not reveal

any part of the [Answer] or the specific

numbers used to calculate it. Inspirational,

Not Instructional: It should inspire thought

("heuristic"), not provide a step-by-step

recipe ("algorithmic"). Target the Crux: It

must address the most critical linchpin that

makes the entire solution possible.

* Output Format

Directly output the single, distilled "Core

Insight". Do not include any other explana-

tions, headings, or conversational text.
1143

User:
### Question:

[Question]

### Answer:

[Answer]
1144

Prompt Template for Generating Ground
Truth

System: You are a helpful AI assistant. A

conversation takes place between the User

and the Assistant. The User asks a question,

and the Assistant solves it. Please help me

solve this question. Wrap only the final

answer in \\boxed{}.

Question: [Question]

User:
1145

Prompt Template for Evaluation

System: You are a helpful AI assistant. A

conversation takes place between the User

and the Assistant. The User asks a question,

and the Assistant solves it. Please help me

solve this question. Wrap only the final

answer in \\boxed{}.

Question: [Question]

User:
1146
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C Further Analysis1147

C.1 UC Analysis1148

Figure 7: Analysis of Update Consistency (UC). HINT
exhibits low UC, mirroring the stability of on-policy
GRPO, whereas baselines show significant variance
spikes.

In addition to EUR and Affinity, we analyzed1149

Update Consistency (UC) to evaluate the variance1150

of gradient estimates. As shown in Figure 7, there1151

is a clear contrast in stability between the meth-1152

ods. HINT maintains on-policy-level stability.1153

Baselines like BREAD and LUFFY quickly spike1154

to high UC values with significant variance, re-1155

flecting unstable gradient estimates caused by large1156

importance sampling weights. Remarkably, the1157

UC curve of HINT remains low and stable, al-1158

most overlapping with that of standard GRPO. This1159

demonstrates that despite incorporating external1160

guidance, HINT preserves the low-variance train-1161

ing dynamics characteristic of on-policy learning,1162

thereby guaranteeing convergence stability.1163

C.2 Details of HINT’s Entropy1164

HINT Encourages Sustained Exploration. The1165

entropy of the generation distribution serves as a1166

key indicator of exploration diversity. As illustrated1167

in Figure 8, HINT avoids the rapid entropy collapse1168

observed in GRPO during the early stages of train-1169

ing. Instead, HINT maintains a consistently high1170

level of entropy, indicating that the model actively1171

explores when first introduced to the hints. This pe-1172

riod of high exploration corresponds directly to the1173

“EUR collapse” phase (discussed in Section 4.3),1174

explaining that while the model initially resists the1175

off-policy guidance, it is nevertheless engaged in a1176

productive and diverse search of the solution space.1177

During the middle stages of training, HINT’s en-1178

tropy does not decrease monotonically. It exhibits1179

periodic increases. We attribute this to the model1180

Figure 8: HINT Prevents Entropy Collapse and En-
courages Sustained Exploration. HINT maintains a
high entropy level, especially in the early stages, and sta-
bilizes at a significantly higher value. This demonstrates
that HINT’s heuristic guidance fosters more continuous
and diverse exploration, preventing premature policy
convergence.

encountering novel types of hints and adapting its 1181

exploratory behavior to learn how to utilize them. 1182

Crucially, even after the policy stabilizes in the 1183

later stages, HINT maintains a significantly higher 1184

entropy level than GRPO. This provides strong evi- 1185

dence that HINT’s heuristic guidance successfully 1186

fosters more continuous and diverse exploration, 1187

preventing the policy from prematurely converging 1188

to a deterministic state. 1189

C.3 Details of HINT’s Accuracy 1190

Figure 9: Accuracy of Different Methods. HINT
Achieves Higher Final Accuracy Despite Slower Ini-
tial Convergence.

Our results reveal an interesting trade-off: while 1191

the off-policy guidance from HINT may initially 1192

slow the rate of convergence, it ultimately enables 1193

the model to achieve a higher performance ceiling. 1194

As shown in Figure 9, HINT initially exhibits a 1195

slower rate of accuracy improvement compared to 1196

GRPO. This initial lag is consistent with the early 1197
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training stages where the model shows resistance1198

to the heuristic hints and has not yet learned to1199

leverage them effectively. However, as training1200

progresses, the model begins to adapt and utilize1201

the guidance. This leads to an accelerated learning1202

rate after approximately 100 steps, with HINT’s ac-1203

curacy eventually surpassing GRPO’s and reaching1204

a higher final value. This dynamic suggests that1205

the model requires an adaptation period to master1206

the use of heuristic hints, but once learned, this1207

skill allows it to develop stronger and more robust1208

capabilities.1209

D LLM Usage1210

Large Language Models (LLMs) were used to aid1211

in the writing and polishing of the manuscript.1212

Specifically, we used an LLM to assist in refin-1213

ing the language, improving readability, and ensur-1214

ing clarity in various sections of the paper. The1215

model helped with tasks such as sentence rephras-1216

ing, grammar checking, and enhancing the overall1217

flow of the text.1218

It is important to note that the LLM was not1219

involved in the ideation, research methodology, or1220

experimental design. All research concepts, ideas,1221

and analyses were developed and conducted by the1222

authors. The contributions of the LLM were solely1223

focused on improving the linguistic quality of the1224

paper, with no involvement in the scientific content1225

or data analysis.1226

The authors take full responsibility for the con-1227

tent of the manuscript, including any text generated1228

or polished by the LLM. We have ensured that the1229

LLM-generated text adheres to ethical guidelines1230

and does not contribute to plagiarism or scientific1231

misconduct.1232
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D.1 Case Study1233

Case Study

Question: Let a and b be positive integers such that all but 2009 positive integers are expressible
in the form ma+ nb, where m and n are nonnegative integers. If 1776 is one of the numbers that
is not expressible, find a+ b.

Meta-Hint: How many positive integers cannot be expressed in the form ma+nb with nonnegative
integers m,n?

Before the Hint:
By the two-coin Frobenius result, for coprime
positive integers a, b the number of positive
integers not representable as ma+ nb equals
(a− 1)(b− 1)

2
.

So
(a− 1)(b− 1)

2
= 2009

(a− 1)(b− 1) = 4018

Factor 4018 = 41 · 98. Take a = 42, b = 99.
Hence a+ b = 141.

Answer: 141 $

After the Hint:
By the two-coin Frobenius result, for coprime
positive integers a, b the number of positive
integers not representable as ma+ nb equals
(a− 1)(b− 1)

2
.

So
(a− 1)(b− 1)

2
= 2009

(a− 1)(b− 1) = 4018

Candidates for (a− 1, b− 1): (2, 4019),
(3, 2010), (8, 575), (15, 288), (42, 99),
(50, 83).
Require gcd(a, b) = 1, leaving: (2, 4019),
(8, 575), (50, 83).
Check 1776: representable for first two, not for
(50, 83).
Thus a+ b = 133.

Answer: 133 "
1234
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