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Abstract

Transformers have emerged as a powerful neural network architecture capable of
tackling a wide range of learning tasks. In this work, we provide a theoretical anal-
ysis of their ability to automatically extract structure from data in an unsupervised
setting. In particular, we demonstrate their suitability for clustering when the input
data is generated from a Gaussian mixture model. To this end, we study a simplified
two-head attention layer and define a population risk whose minimization with
unlabeled data drives the head parameters to align with the true mixture centroids.

This phenomenon highlights the ability of attention-based layers to capture underly-
ing distributional structure. We further examine an attention layer with key, query,
and value matrices fixed to the identity, and show that, even without any trainable
parameters, it can perform in-context quantization, revealing the surprising capacity
of transformer-based methods to adapt dynamically to input-specific distributions.

1 Introduction

Attention-based models (Bahdanau et al., 2015)), in particular Transformers (Vaswani et al., |2017)),
have achieved state-of-the-art performance across a wide range of learning tasks. These include
applications in natural language processing (Devlin et al.,|2018];[Bubeck et al.,[2023; Luong et al.,
2015} | Bahdanau et al.l |2016) and computer vision (Dosovitskiy et al., [2020; [Liu et al., 2021}
Ramachandran et al.l 2019). The success of the attention mechanism has been linked to its ability to
capture long-range relationships in input sequences (Bahdanau et al., [2015}; [Vaswani et al.| [2017)).
They do this by computing pairwise dependencies between tokens based on learned projections,
without regard to the tokens’ positions in the sequence.

On the theoretical side, a full understanding of attention-based mechanisms has not yet been developed.
This is due to the complexity of the architectures and the diversity of relevant tasks they manage to
achieve. A promising research direction to bridge this gap involves identifying essential features
from real-world problems and constructing minimal yet representative tasks that retain the essential
difficulty—paired with provable models that solve them using attention-based mechanisms. Notable
recent efforts in this vein include |/Ahn et al.| (2023)); von Oswald et al.| (2023)); |Yang et al.| (2025));
Zhang et al.| (2024)); [L1 et al.| (2024} 2023). However, the existing literature mainly focuses on
supervised learning aspects, and in particular in-context learning (von Oswald et al.,2023; Zhang
et al.,2024; |Garg et al.,|2023; |Li et al., [2023; |Furuya et al.l 2024). The goal of in-context learning is
to predict the output corresponding to a new query, given a prompt consisting of input/output pairs.
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Beyond the standard supervised setting, Transformer models are often (pre)trained in practice with
semi-supervised objectives such as masked language modeling (Phuong and Hutter, |2022). This
raises important questions about their statistical behavior and training dynamics in unsupervised
regimes. In this work, we examine Transformers through the lens of clustering, thereby revealing
the inherent capacity of attention mechanisms to perform unsupervised representation learning. To
the best of our knowledge, the only prior theoretical work that explicitly explores clustering with
Transformers is He et al.| (2025), who demonstrate that attention layers can mimic the EM algorithm
(Lloyd, |1982), albeit assuming known cluster labels during training. In contrast, our analysis focuses
on the fully unsupervised setting and further provides insight into the functional roles of individual
attention heads in the context of model-based clustering.

Contributions. In this paper, we investigate the behavior of attention layers in an unsupervised
learning setting, where input data is drawn from mixture distributions. We focus on a two-component
Gaussian mixture model. Within this classical clustering framework, we introduce a two-headed linear
attention layer designed to capture cluster membership through attention scores, while remaining
analytically and computationally tractable. To assess the quality of the embeddings produced by the
attention mechanism, we define a theoretical risk analogous to the classical quantization error in
unsupervised learning. We analyze the training dynamics of the proposed predictor under projected
gradient descent and prove that, with appropriate initialization, the algorithm can learn the true
latent centroids of the mixture components, despite the non-convexity of the loss landscape and
without access to cluster labels. To relax the initialization requirements in practice, we further
propose a regularization scheme that promotes disentanglement between attention heads. Our
theoretical findings are supported by numerical experiments under varying conditions, including
different initialization regimes, mixture separability levels, and problem dimensionalities. Overall,
we show that attention-based predictors can successfully adapt to mixture models by learning the
underlying centroids through training. We also study their quantization properties, that is, how the
layer summarizes the input distribution. In the oracle regime, where the attention parameters have
converged to the true centroids, the problem can be viewed as an approximate denoising task, in the
sense commonly used in the statistical physics literature, where each input can be interpreted as a
noisy observation of an underlying centroid, and the transformed token corresponds, to some extent,
to its denoised estimate. Finally, we focus on a particular attention layer in which the key, query,
and value parameters are fixed to the identity matrix. Surprisingly, we show that this type of layer,
despite having no trainable parameters, can still perform in-context quantization, meaning it adapts to
the case where the distribution of each input sequence comes with its own mixing parameters. This
further demonstrates the remarkable ability of transformer-based methods to adapt on the fly to the
underlying data distribution, even when no attention parameters are trained.

Organization. Section [2]introduces the problem and outlines the proposed approach. In Section
[Bl we address the general problem with linear attention applied to a two-component Gaussian
mixture model. In Section d] we discuss the quantization properties of attention-based predictor with
oracle parameters. In Section [5] we explore an in-context clustering framework and examine the
quantization capabilities of a simple attention-based layer with no learned parameters. The proofs of
all the theoretical results can be found in the appendices.

2 A starter on attention-based layers and clustering

Data distribution in model-based clustering. In attention-based learning, the key idea is to map a
set of input tokens to a transformed set of output tokens. With this in mind, we consider an input

sequence X € RExd composed of L tokens (X7, ..., X}), each token being a vector of R ie.,
X = (X1,...,X1)". We assume that the tokens are i.i.d. drawn from a simple mixture model: for
1</<L,
1 * 2 1 * 2
X~ SN (g, o7 1a) + SN (w1, 07 1a), Ps)

with balanced components and where the centroids (15, 113) € (ST71)2 (i.e., |pgll2 = |efll2 = D
are assumed to be orthogonal, i.e., such that (1135, u7) = 0. Therefore, for each token, there exists an
associated latent variable, denoted by Zy, corresponding to a Bernoulli random variable of parameter
1/2 and encoding its corresponding cluster.



Attention-based predictors. An attention head made of a self-attention layer can be written as
H**™)(X) = softmax, (XQK X)XV

where the softmax of temperature A > 0 is applied row-wise, no skip connection is considered and
the matrices K,Q,V € R%*P are usually referred to as keys, queries and values. We adopt the
convention that the values are identity matrices; thus, the attention head simply outputs combinations
of the initial tokens weighted by the attention scores. While this simplification is certainly convenient
for facilitating the mathematical analysis that follows, it is also supported by experimental studies
showing comparable performance when the value matrices are removed (He and Hofmann| [2024).
Furthermore, assume that the key and query matrices are equal to the same column matrix p € R4¥1,
we obtain

Hf1(X) = softmax, (XMMTXT) X. ()
With such an architecture, the /-th output vector is therefore given by
L
HSOfU’”(X)Z = ZsoftmaX)\ (XZTHMTXT),CX]“ 2)
k=1

which corresponds to aggregating the X’s when X} and X, are simultaneously aligned with p. This
suggests that attention heads may act as effective learners in a clustering framework.

The softmax nonlinearity used in the attention head (T)) introduces a coupling between tokens, which
undoubtedly complicates the mathematical analysis. To address this difficulty, we propose to look at
a simplified linear attention head, still parameterized by u € R<, and defined for 1 < ¢ < L, as

L

> OX] " X)X 3)
k=1

Hlin,u(X)l _

o

This head uses a linear activation function instead of the traditional softmax found in practical
architectures, and has already received interest in several mathematical studies (see|Zhang et al.|[2024;
von Oswald et al., [2023; [Han et al., 2023}; |Katharopoulos et al., 2020). This model is a particular case
of Gaussian sequence multi-index models (Cuil [2025]), which were already used to study attention
models (Cui et al.,[2024; |Arnaboldi et al.||2025; [Troiani et al.,|2025)), albeit not in a clustering context.

Note that when (i is chosen to be 1§, then for tokens X, and X, whose corresponding latent variables
Zy and Zj, are both equal to O (i.e., the samples belong to the same cluster centered at p), the
vectors X, and X}, are likely to be aligned with p. In this case, we have (X ,T /WTX 8) Xp ~ X
Conversely, if X, and X}, are associated with different latent variables (e.g., Z, = 0 and Z;, = 1),
then (X, pup" X)X, ~ 0. This behavior suggests that when setting y = y, and if X, belongs to
the cluster centered at pfj, the sum Zle (A\X ET " X)X, effectively aggregates the X}, s from the
same cluster, whose expected number is L /2, motivating the renormalizing factor of 2/L. Overall,

Himoss (X)¢ can be seen as producing an empirical mean of the tokens belonging to the same cluster,
serving as an estimator of the corresponding centroid.

Therefore, assuming that the number of clusters in the data is known, it is natural to consider an
attention-based predictor composed of two attention heads, parameterized by 1o and p; € R4,

Tlin,;m,ul (X) _ Hlin,yg (X) + Hlin,,ul (X) (4)

Metric loss. As no label is available, we focus on minimizing the following theoretical loss:
1 &
def 2
£(T) € Z;E[er—ﬂxwz}, §)

where T is an arbitrary attention-based predictor. The distinctive feature of this risk lies in the fact
that, if the predictor were able to return, for each token Xy, its associated centroid /J,Ee , the risk would
exactly correspond to a quantization error, characteristic of a standard clustering task. Note that,
due to the independence of the tokens, we have £(T) = E||X; — T(X)1||3, so we can confine the
following theoretical analysis on the minimization of the predictive error for the first token only.



PGD iterates. In this paper, we focus on the training dynamics of Transformer-based predictors
when minimizing the theoretical risk £. While we acknowledge that, in practice, an empirical version
of this risk is typically used, analyzing the optimization of the theoretical risk is already a non-trivial
task, which offers valuable insights into the behavior observed in practice.

For a given predictor 7™#0:#1 made of two linear attention heads parameterized respectively by 1
and 1, one can reinterpret the objective £ as a function R of the parameters (1, (1), defined by

R(po, 1) = L(THHob1), (©6)

Note that the computation of the risk also depends on the choice of the underlying data distribution.
However, as is common practice in the literature, we do not explicitly indicate the dependence of the
risk on the data distribution. This should not hinder understanding, as the distributional assumptions
and context will always be made clear. As we rely on the theoretical analysis on an expression of this
risk restricted to the sphere, we consider as a gradient strategy, the Projected (Riemaniann) Gradient
Descent (PGD) algorithm (Boumal, [2023). Given an initialization (13, 19) € (S?~1)? and a step size
v > 0, the PGD iterates (uf, 1) € (S?1)? are recursively defined by:

L 16— va — pg(p6) ") Vi R (4G, 117)
Ol = a = e (16) T Vi R (s )2
S p1 = y(a = P () ) Vi R(uG, 1)
15 = (Ta = pF () V)V R(uf, 1) 12
In what follows, we analyze the convergence of these iterates to the oracle centroids, both theoretically
and numerically.

(PGD)

3 Training dynamics: The centroids are learned as attention parameters

In this section, we analyze the training dynamics of an attention layer optimized by minimizing
the risk R through the PGD iterations defined in (PGD)). We focus on the case of clustering data
generated from a Gaussian mixture model, as specified in (P,), where the input tokens are i.i.d.
samples

1 * 1 *
Xy~ 5/\/(#0’021(1) + 51\/(#17021(1)7

for 1 < ¢ < L, where (ug, u}) € (S¥71)2 are orthogonal unit vectors. As a first step toward
a mathematical understanding of Transformer-based layers in clustering settings, we have also
considered the degenerate case 0> = 0, in which the data are drawn from a mixture of Dirac masses.
We perform a detailed analysis of the training dynamics under this simplified setting, which provides
valuable intuition and serves as a foundation for the subsequent study of the non-degenerate mixture
model. For completeness, this preliminary analysis is presented in Appendix [A]

3.1 Theoretical analysis
Preliminary computations. We start by introducing the following quantities:

def def * def * def * def
Ko = (15, o), K1 = (ui pa), Mo = (ua,pg)s mo= (o k7), €= (o, ), (1)
and derive a closed-form expression for the risk w.r.t. this reparameterization. Although the full
expression is somewhat complex (see Appendix [C.T)), the following proposition highlights its key
structural properties, as being a polynomial in these five variables.

Proposition 3.1. Under the Gaussian mixture model (P,), consider the attention-based predictor
Thinskom1 composed of two linear heads parameterized by (j1o, p11) € (S1)2. Then, there exists a
function R< : [—1,1]° = R such that R (o, 1) = R<(ko, k1,M0, M1, &) and

< 4 .4 4 4 2.2 2.2 2.2 2 2
R ("{07"{17770777175) € Span({’%OvUOa K1sM1s RoTlos K171 Ko™l s K17os KoTlo K171,

®)

Hgv 7]83 ﬁ?a 77%7 5077057 "{177157 521 1}) .
We remark that when 7,71, and £ are fixed to 0, most of the monomials vanish, yielding a fully
explicit formula for the risk (see Lemma [C.]in the appendices). Far from being a mere rewrite, this
step provides the algebraic foundation for all the exact calculations and insights that follow.



Optimality conditions. Given the complexity of the theoretical analysis, we focus on a simplified
setting by restricting our study to parameters (1o, 41) lying on a specific manifol(ﬂ

M= {(/u'Oa,ufl) € (Sdil)z : <ﬂfaﬂ0> =0, <,LL6,/L1> =0, <,LL0,/J,1> = 0} 9)

In terms of notation, it is equivalent to assume that 79 = 0,71 = 0, & = 0. Therefore on this manifold,
we adopt the shorthand notation R<(kg, k1) = R<(ko, 51, 0,0, 0).
Lemma 3.2. Under the Gaussian mixture model (P,)), the risk R< restricted to M has the form

R<(ko, 1) = A(kg + K1) + B(k3 + K3) + Crirt + D, (10)
for A, B, C, D non-negatives constants, dependent on o and L, made explicit in Lemma|[C.]]

Proposition 3.3. Consider R<(kg, 1), there exists \*(c, L) > 0 such that the points (£1, 1) are
global minima of R<(ko, k1)

This result demonstrates that, under a suitable condition on the temperature parameter—specifically,
when A = A (o, L)—the points % and 4% are global minimizers of the risk. The explicit
form of \*(o, L) is provided in Proposition in the appendices. Moreover, it is worth noting
that as the variance o2 of the Gaussian components tends to zero, \* (o, L) approaches the value
Ay = L +3 L which coincides with the value previously identified in the degenerate case (Pg). On the

other hand, when o is fixed and L grows large, \*(o, L) tends toward A%, = %, which will
guide us to properly choose A in our numerical experiments.

Convergence analysis. In what follows, we show that the (PGD)) iterates can indeed converge to
global minimizers, provided they are suitably initialized on the manifold M.

Theorem 3.4. Under the Gaussian mixture model (P)), consider the attention-based predictor
Thn:k0:11 composed of two linear heads. Take \ €)0, \* (o, L)], with \* (o, L) defined as in Proposi-
tlon[’)fg] Then there exists 4 > 0 such that for any stepsize 0 < v < 7, and for a generic initialization
(1, 1Y) € M, the iterates (uk, 11%) generated by (PGD)) converge to the centroids (up to a sign), i.e.

(1, ul) — (Fhg, £47)-

Theorem 3.4 underlines the capabilities of linear attention-based predictors in a clustering framework.
With appropriate initialization, the attention heads align with the true underlying centroids even when
trained without access to labels. This result shows that attention layers can uncover and encode the
latent structure of the input distribution in a fully unsupervised setting through their parameters.

3.2 [Experimental verification of the theoretical results

Setting. To better reflect practical algorithmic behavior, we implement Projected Stochastic Gra-
dient Descent (PSGD; see Appendix [F.I)), which serves as an empirical counterpart to the (PGD)
iterates by relying on sample-based estimations.

In what follows, we use the metric referred to as distance to the centroids (up to a sign), given by

i i O — s ¥||2
;Iélsr; se{nfn1r’11}2 ;OHHWU) Sl:uiH ) (11

where S5 is the permutation group of two elements, 1, ;7 denote the true centroids, respectively,
while fig, fi1 are the parameters returned by (PSGD). Note that this distance is invariant under
relabeling and sign flips of the head parameters. More implementation details related to the following
experiments can be found in Appendix [F2]

It is worth noting that the assumption of orthogonality of the centroids on the unit sphere always results
in a constant distance between the centroids, namely || — 5[] = +/2. In this setting, to characterize

2up to relabeling the head parameters, since a priori, juo (resp. p1) does not have to be automatically related
to pg (resp. p).



the separation between the two modes of the mixture, one can introduce a notion of infterference that
depends solely on the variance level of each mode and which is defined as I(¢) = P(X, > g),
where X, ~ N(0,02). Remark that this function is increasing with supremum 0.5. This motivates
the choice of two contrasting scenarios for the numerical experiments: a low-interference regime
with o = 0.3, where 1(0.3) ~ 0.01, and a high-interference regime with o = 1, where I(1) ~ 0.24.
More implementation details of the following numerical experiments can be found in Appendix [F.2]

Results. When initialization is done on the manifold,

the training analysis depicted in Figure[[|demonstrates o 100 :

linear convergence of the head parameters toward the £ = Sigma
centroids (up to a sign) during the first 103 iterations, -2 — |g=03
which is in line with the obtained theoretical results. § c 107 o=1
The error then plateaus at around 10~2 in the low- o] *g_

interference setting (0 = 0.3), and around 10~ ! in the §3107? M
high-interference setting (¢ = 1). This saturation phe- .g

nomenon is attributed to the stochasticity introduced 0 2000 4000 6000 8000 10000
by (PSGD) in place of (PGD)) in the simulations. Iterations

Figure 1: Distance to centroids vs (PSGD)
iterations for the minimization of R (there-
fore without regularization), with an initial-
We consider several generalizations of our theoretical ~iZation on the manifold M. 10 runs, 95%
setting, to give insight on the role of our assumptions. Percentile intervals are plotted.

3.3 Generalizations

Random initialization on the unit sphere (outside of the manifold). When the initialization
is performed outside the manifold, PGD iterates only partially align with the underlying centroids.
A way to handle arbitrary initializations (suggested by our analysis in the degenerate case, see
Appendix [A), is to introduce a regularized risk minimization problem:

mérsld_lRp(M(]v,ul)v with Rp(.u“()mu’l) défR(/u‘Oa,u‘l) +pr(:u‘Oa,u‘l)7 (Pp)
Mo, .

for p > 0 and the regularization term defined by r(uo, 1) = E[(uo, X1)?{p1, X1)?]. The role
of this term is to encourage the orthogonality conditions on puo, tt1, thereby compensating for
initializations that may fall outside the manifold M. Numerical results show that the centroids can be
recovered with an appropriate level of regularization (see Figure [2a). Note that, as the strength of the
regularization increases, it gradually overrides the original objective and impairs the alignment of the
head parameters with the true centroids —an effect that becomes more pronounced at higher noise
levels. In Figure 2b] we fix the regularization strength and observe linear convergence towards the
centroids over the course of 4 x 10 iterations. The error eventually plateaus near 103 for o = 0.3
and near 10~ for ¢ = 1. This shows that the regularization strategy inspired by the analysis of the
simplified Dirac mixture case remains effective in the more realistic setting of Gaussian mixtures. In
this context as well, it enhances the interpretability of the attention parameters by encouraging their
alignment with the unknown components of the underlying mixture.

© S \
S 5 109 Sigma
1= €5 N —— 0=0.3
(0] (O 1
o o Y10 o=1
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0 1 2 3 0 2000 4000 6000 8000 10000
Regularization Iterations

(a) Distance to centroids after 5000 iterations vs regu-(b) Distance to centroids vs (PSGD) iterations for the
larization strength p for the minimization of R”. minimization of R”, with regularization p = 0.2.

Figure 2: Performance of (PSGD)), when initializing on the unit sphere and minimizing the regular-
ized risk (P,). 10 runs, 95% percentile intervals are plotted.



In Appendix [G.1] we present additional experiments in higher-dimensional settings, highlighting the
impact of dimensionality on the training dynamics.

Orthogonality of the clusters. The framework studied in this paper assumes that the centroids of
the clusters are orthogonal. Relaxing this assumption to allow for potential overlap between centroid
directions significantly complicates the theoretical analysis by introducing additional terms. That
said, the analysis in the orthogonal case remains highly informative for the non-orthogonal setting,
particularly in high-dimensional regimes. Indeed, when the true centroids are randomly sampled on
the sphere, they become nearly orthogonal as the dimension d increases. In such cases, learning the
attention heads via the regularized risk minimization [P /| remains meaningful and yields compelling
empirical results (see Appendix [G.2).

Euclidean gradient instead of Riemannian gradient. The use of projected Riemannian gradient
descent is both natural and mathematically justified in our setting, as we are able to compute the risk
function only for parameters constrained to lie on the unit sphere. This constraint, however, is not
a practical limitation: our numerical experiments indicate that standard projected SGD heuristics
exhibit similar behavior to the theoretically grounded Riemannian updates, see Appendix [G.3] We
emphasize that the projection step is essential for the algorithm’s proper functioning.

More clusters. A natural extension is to consider the case of K centroids and attention heads. We
perform an experiment in the case K = 3, which shows recovery of the centroids, see details in
Appendix[G.4] The main difference with the case K = 2 is the regularization term which now writes

T(MOMU’IMU/Q) = Z <MiaX1>2<MjaX1>2
0<i<j<2

to promote pairwise orthogonality between the parameters. This approach should further generalize
to the case of K orthonormal centroids with K < d.

4 Attention-based layers as approximate quantizers

We have seen that attention-based predictors can adapt to mixture models by learning the underlying
centroids through training. In this section, we investigate the quantization properties of an attention-
based predictor whose parameters have converged to the true centroids. To guide our analysis, we
introduce the optimal quantizer T as a statistical benchmark within a standard clustering framework.
This oracle predictor returns the true centroid of each token, that is, for 1 < /¢ < L, T*(X), = /J'*Zg
where Z; is encoding the latent cluster of the token X,. One can immediately note that the risk of the
optimal quantizer is given by

2 2
L(T*) =E[[[X1 = i, |[5] = do*.
Returning to the attention-based predictor 71™#0-#1 with oracle parameters, the first key observation

is that it closely resembles an optimal quantizer: its ¢-th output aligns, on average, with the centroid
of the cluster to which the /-th token belongs, as shown by the next lemma.

Proposition 4.1. Under the Gaussian mixture model , it holds that
E[T"™H041(X) |2y = ¢] = M:%[(L +1) 4+ 2(L+3)0?, for c=1{0,1}.
Therefore, choosing A = m leads to unbiased approximate quantization, i.e.,
BT 10 (X)1| 21 = o] = .

One can next characterize the asymptotic risk and variance of the oracle attention-based predictor.

. . . 5 _ 14402 +40?
Proposition 4.2. Under the Gaussian mixture model ([Pg), fix the temperature N = 355"~ BN e S

Then, the risk of the attention-based predictor T lin, 613 \ith oracle parameters [ and (1] satisfies
lim L(T"#H0H) = o2(d — 2).
L—oo
Moreover, for an arbitrary value of A\, when L — oo, we get
lim Var[T™#001(X)1]Zy = ¢] = 20202 (1 + 20%)2.

L—oo



Strikingly, as the input sequence length L increases, we find that

lin, 1y

i ZR) 2

L—o00 E(T*) d
This result shows that the attention-based predictor asymptotically achieves a lower risk than the
optimal quantizer. This phenomenon can be partly explained by the fact that the comparison
is not entirely fair: the predictors 7%™#:#1 and T* do not belong to the same class of func-
tions. Indeed, the optimal quantizer 7™ is only allowed to return two fixed vectors and relies
on a single input token to predict the associated centroid (albeit with access to the latent label).

On the other hand, the image of attention-based en-
coder TN™:Ho:41 g not discrete, and moreover this
estimator aggregates a growing sequence of random
variables, all drawn from the same mixture. The
aggregation of multiple inputs can be seen as a vari-
ance reduction mechanism, which reduces the risk
(this is also evident in the proof of Propositiond.2]
where the risk is shown to decrease as L increases).
Note that the gap vanishes in a high-dimensional
setting d — 0.

Another insightful comparison between the predic-
tors T"#6:41 and T* is through their conditional
variances Var[T'™#6-#1 (X);|Z; = ¢|. While the
conditional variance of the optimal quantizer is null
by definition, it is positive for the linear attention
layer, and asymptotically independent of d as shown
in Proposition .2] This once again highlights the
fact that these two quantifiers belong to function

PCA Component 2
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@ Transformed tokens
Ho My

-1.0 —0.
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Figure 3: Comparison between inputs and
embeddings (d = 10,0 = 0.3, L = 500,
A= Hﬁ’ 1y = e1o, 4] = —e1, €; is the j-
th vector of the canonical basis of R'%). PCA
fitted on input tokens was used to project both
input and transformed tokens to 2D.

classes of different complexity. These properties are

illustrated in Figure 3} we observe that the attention-

based embeddings are approximate projections of the inputs on the line between the two centroids.
In particular, the variance of the embedded point cloud is lower than the variance of the inputs,
illustrating that (for A independent of d and d large enough),

0 < lim Var[T#0:11 (X), | Z) = o] = 2A\%0%(1 4 20°)? < do? = Var[Xy|Z; = ¢].
—00

S In-context clustering

5.1 Setting

So far, we have considered the traditional setting for model-based clustering, with a mixture of
Gaussian made of two components: each token was assumed to be distributed as follows

1 1
Xe~ SN (g, 0% La) + 5N (01, 0 L)

with fixed centroids ) and p7 of unit-norm and orthogonal. We have shown that despite the non-
convexity of the problem, attention-based predictors including two heads could perform approximate
quantization and discover the underlying centroids encoded in their parameters. Note that for an
input sequence of tokens X = (X;|...|X1)" € REX4 the first output of the type of attention-based
predictor considered in this paper, parameterized by po and p1, can be rewritten as

L
S ONXT popd Xo) X+ MXY papd Xo) Xy
¢

lin, o, p1 (X)l —

SIS

Il
_

AX (popg + pap ) XeXe.

[
SIS
M=

~
[
—



Therefore, when we consider two linear heads parameterized by row vectors for the queries and keys,
and constrain them to be orthogonal, the setup can be interpreted as a single attention head with a
query/key matrix of rank 2. Interestingly, we are able to effectively train this rank-2 query/key head
by leveraging the non-convex optimization of two simple, row-structured heads.

Let us now challenge the clustering setting, by assuming that each input sequence is still drawn
from a 2-component mixture, but with its own centroids, i.e., for each input sequence X; =
(Xi1,..., X)) € REX 4 =1 ..., n, we assume the tokens (X;), to be i.i.d., such that the
£-th token is distributed as

1 1
Xi@|M:07M:1 ~ §N(U;O7 02]11) + QN(/’L;DOEId))
for some random orthogonal centroids pt}; and p}; of unit-norm.

If the prior distribution over the centroids is concentrated along preferred directions, say p5* and
wi*, then the predictor T'm#o:#1 will likely perform well, as the Transformer’s parameters will
tend to align with these directions after training. Conversely, if the centroids are distributed in an
isotropic way, 7" #0-#1 will struggle with in-context clustering due to its limited flexibility, as only
two parameters po and p1 govern the embedding, whereas the centroids vary significantly from one
input sequence to another. To address this issue, a natural idea is to give more degrees of freedom
to the predictor by increasing the number of linear attention heads. Specifically, if we consider d
attention heads whose parameters are constrained to be row vectors (fi¢)e=1....q € (R%)?, each of
unit norm and mutually orthogonal, we obtain the following attention layer: for an input sequence
X=(Xy,...,X)" e REX andfor 1 </ < L,

d L d
TCtX(X)g _ ZHlin,/Lc( 2/\ Z Xé Melbe Xk f/\ Z ( (ZMCMI) Xk)Xk,
c=1 k=1

c=1
N————’
1d

so finally,
T(X) = > X/ X3 X, (12)

Somewhat surprisingly, using d simplified linear heads in parallel, while enforcing orthogonality
among their parameters, ultimately amounts to employing an attention layer with no trainable
parameters. In what follows, we discuss the properties of 7°** in an in-context clustering framework.

More formally, we refer to as the in-context clustering as a setting in which the input consists
of a generic sequence of L tokens X,..., X, sampled from a Gaussian mixture model whose
component means (centroids) are randomly drawn on the unit sphere:

py ~US) and  pi|pg  arbitrarily distributed on STt N (ug)+

X1, 7XL|:LL67NT ~ %N(M&UQIGY) + %N(N{7021d)
Associated with each token X, we still consider a latent variable Z,, corresponding to a Bernoulli
random variable of parameter 1/2 and encoding its corresponding cluster, so that

Xg|,U6, MT? Ly~ N(u’}p UQId)'
5.2 Linear attention layers can perform in-context approximate quantization

We first observe, that similarly to the fixed centroids setting of Section[d] the attention-based encoder
T°** performs an approximate in-context quantization of the input distribution by aggregating se-
quences sampled from a Gaussian mixture. Specifically, as formalized below, this simple architecture
effectively aligns its output with the correct centroid.

Proposition 5.1. For ¢ € {0, 1}, one has

2\

1
E [T°™(X)1|p}, 1, Z1 = ¢] = T (1+ (d+2)o?) + (L —1) (2 + 02)] -
L

Choosing A = 5 1+(d+2)02+(1L71)(%+J2) vields an unbiased embedding, i.e.,

E [TCtX(X)ﬂMI?uSv Zy = C} = /LZ




In what follows, we characterize the risk and variance of the attention-based embedding 7°** defined
in (T2)), when the input sequence contains an infinite number of tokens.

Proposition 5.2. In the asymptotic regime where L — oo, one has that

L—oo

1 3
lim L£(T°%) = (14 0%d) — 2A(1 + 402 + 2do?) + 4)\? (2 <02 + 2) +(d— 2)0’6> .

14402 42do?
4(2(02+4)"+(d-2)0"

Choosing the temperature \ = ) gives

1+ 202 9
< d—2).
1+602+12a4+4d06*0( )

Moreover, the conditional variance of the embedding satisfies when L — oo
Jim Var [T (X)1 |1}, 15, Z1 = ] = 2X%0%(1 + 40” + 2do*).
— 00

lim £(T°*) = o?(d — 2)
L—oo

we obtain an unbiased embedding with a conditional variance of

1+ 402 + 2do*
(14 202)2

. _ 1
Choosing \ = 257

202

As in the fixed centroids setting (Proposition @, we retrieve that for a suitable choice of A, the loss

satisfies
L(Te™) (1 g 1+ 202 < (1 2)
L=oo L(T*) d) 14602+ 120% 4+ 4dob — d/’

lim

This result is all the more surprising given that it
emerges in a more complex setting, yet with a sim-
pler mechanism. Unlike the attention-based pre-
dictor T"m#o-11 which benefits from access to the
true centroids and a trainable architecture, the in-
context encoder T°** achieves a smaller asymptotic
risk without any learned parameters. The ability of
T°** to extract meaningful representations illustrates
the relevance of the key-query-value structure in the
attention mechanism, even stripped of any learnable
parameter and of the softmax nonlinearity.

O Input tokens
o Transformed tokens 5
Hg o My

PCA Component 2

-15 -1.0 -0.5 0.0 0.5
PCA Component 1

It is worth noting that for d > 2, taking A = Hﬁ’ Figure 4: Comparison between inputs and
embeddings (d = 10,0 = 0.3, L = 500,
= H—#az’ pwo = eiw,puy = —e1). PCA

lim Var [T°(X)1|u], p, Z1 = ]
L—oo

_ 21+402+2d04
T T A1 2002

was fitted on the input tokens and was used to
project both input and transformed tokens to
2D.

< o?%d = Var [Xy|u}, 15, Z1 = ).

Therefore, in the regime of infinite input sequences (L — oo) and for the appropriate value of ), the
embedding becomes unbiased and exhibits a variance reduction effect compared to the input data
points, as illustrated in Figure[d] and previously discussed in Section 4}

6 Conclusion

This work offers a mathematically grounded, principled perspective on the unsupervised learning
capabilities of attention mechanisms within mixture models. By combining a classical clustering
framework with simplified yet non-trivial attention architectures, we present theoretical and empirical
evidence showing that, when properly trained, attention layers can effectively recover latent structure
in data. Our analysis provides insight into the training dynamics, quantization behavior, and design
choices, such as attention head regularization.

We further investigate an in-context setting, where attention-based models still perform efficient
approximate quantization, and achieve lower risk than the optimal quantizer. Future directions include
exploring richer attention architectures, closer to that used in practice, which may further challenge
the theoretical analysis.
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A Training dynamics in the degenerate case

In this section, we discuss the training behavior of the Transformer-based predictor 7™:#0:#1 in the
context of clustering, assuming the data are drawn from the degenerate mixture model, where for
1<¢< L,

1 1
Xg ~ 56;1,6 + 56;1,’1*7 (PO)

(the orthogonal centroids pf and w7 still lie on the unit sphere). We emphasize that despite its apparent
simplicity, this study framework is already sufficient to reveal some of the complexity inherent in the
clustering task carried out by a self-attention layer.

A.1 Theoretical analysis

Since training is performed by minimizing the risk R, the first steps of our analysis focus on studying
the critical points and extrema of this risk.

Critical points and minimizers. First, we reparameterize the problem using the quantities

def def def def
Ko = (g, o); K1 = (ulspa), Mo = (i, ), M= (ko, K1) (13)
The scalar products kg and x; measure the alignment of the parameters po and py with the true
centroids uf and u}, respectively, while the scalar products 7 and 7, capture their orthogonality
with the inverted centroids ;17 and pf. The theoretical risk w.r.t. kg, k1,70 and 7; reads as follows.
The proof of this result and the following are given in Appendix

Proposition A.1. Under the degenerate mixture model (P)), considering the attention-based predictor
Tr0:m1 composed of two linear heads parameterized by o and i1, the theoretical risk R can be
re-expressed as a function R< : R* — R such that R (o, 1) = R<(ko, k1,M0,M1), where

L+1 L+3

L 2L

L

R (Ko, K1,m0,M1) =1 — A (K + K7 + 05 +n7) + A2 ([55 + m3)* + [51 + mi)%)

+)\2 (Hoﬁl + Iﬁ:ﬂ’]o)z.

(14)

In addition, if (po, pt1) € (ST=1)2 are prescribed to the unit sphere, then dom(R<) = [—1,1]%.

Remark A.2. After a direct computation, we note that the critical points of the risk R correspond to
those of its reparameterized version, R<, i.e.,

(po, 1) € crit(R) <= (Ko, k1,M0,M1) € crit(R*).

Proposition A.3 (Characterization of global minima). Consider R< : R* — R defined as in

Propositionwith Ay = %—j;:l,’, then a point (Ko, k1,10, 1) belongs to argmin(R <) if and only if

/@(2) + 77(2) =1, /@% + 77% =1, and Kom + Krino =0. (15)
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While the characterization can be made for any value of A, choosing A\j = f—ié simplifies the system
by setting the first two conditions equal to 1. Moreover, this specific value provides a critical upper
bound on the temperature parameter that guarantees recovery of the underlying centroids via risk

minimization, as highlighted in the theorem below, and discussed in Remark [B.2]in the appendices.

The proof of this result in Appendix [B]also characterizes all critical points, beyond global minima.

Convergence analysis. From the characterization of the minima of R given in Proposition|A.3] we
observe that the points (kq, /1,70, 71) that saturate the first two equations (i.e., satisfy k2 = k7 = 1
and n¢ = n? = 0) correspond to global minimizers of the risk that also recover the centroids (up to
a sign). However, in general, other global minimizers may exist that do not exhibit this saturation
behavior and are therefore disconnected from centroid recovery. In the next result, we show that under
appropriate initialization conditions, the algorithm converges to the desired global minimum,
which aligns with the clustering objective. To this end, we introduce the following manifold

M = {(po, 1) € (S™™1)% : (i}, po) = 0, (1§, 1) = 0O} (16)

Theorem A.4. Under the Dirac mixture model , consider the attention-based predictor T'™:+0:#1

composed of two linear heads. Take )\ €]0, f—ig] Then there exists 4 > 0 such that for any stepsize

0 < v < 79, and for a generic initialization (ud, 1) € M, the sequence of iterates (uk, %),
generated by (PGD), converges to the centroids (up to a sign), i.e.,
(16, 11) —— (45, £u7).

k—o0

Proof. This is a direct consequence of Theorem 3.4 with o = 0. O

This result demonstrates that, despite the non-convexity of the objective function, the key and query
row matrices of a linear attention layer trained via align with the centroids of the underlying
Dirac mixture. Although the setting is simplified, it already highlights the representational role of key
and query matrices in attention-based learning, and serves as a foundation for addressing the more
general case of Gaussian mixtures.

Note that the convergence is up to a sign, a consequence of the symmetry inherent in H'™#,
Nonetheless, this sign ambiguity does not affect the output of the attention layer. To resolve this
ambiguity and identify the true centroids, one could compare likelihoods or perform a hard assignment
step, selecting the centroid that minimizes the total distance to all points within its assigned cluster.
Besides, by generic initialization, we mean that the set of initializations (u3, u9) € M for which

(PGD) fails to recover the centroids is of Lebesgue measure zero with respect to M.

Initialization on the manifold M relies on prior knowledge of the centroids, which may be impractical.
While a theoretical analysis under generic initialization on the unit sphere would be of interest, it
remains analytically intractable due to the complexity of the resulting dynamical system derived from
(PGD). In the following, however, we present numerical experiments incorporating a regularization
term that proves effective in solving the problem without initialization constraints.

A.2 Numerical experiments

In this section, we study the empirical convergence of the (PGD) iterates when the data follows the
degenerate mixture model (Pg).

Results. Figureclearly illustrates that when initialized on the manifold M, the (PSGD) iterates,
over the objective function R, converge to the centroids, as established in Theorem

The situation differs outside the manifold, where numerical evidence shows that the Transformer
parameters only partially align with the true centroids as shown in Figure [5b] In fact, we observe
empirically that each parameter learns a mixture of both centroids. This indicates that the (PSGD)
iterates may converge to optima that do not coincide with the underlying centroids. To mitigate this
and better guide the learning process, we propose using a specific form of regularization:

(o, f11) d:efEKHo,X1>2<M1,X1>2}- 7)
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Figure 5: Distance to centroids vs (PSGD) iterations for the minimization of R, with data drawn
from the degenerate case (Pg). 10 runs, 95% percentile intervals are plotted.

Therefore, we train the attention-based predictor H'"™:#0-#1 now by minimizing the regularized risk

min R (uo, 1) with (Pp)

def
Rp(,an ,ul) = R(MO? :Ufl) + pr(:an :Ufl)a
10,1 €SE—1

where p > 0 denotes the strength of the regularization. It can be rigorously shown that as p approaches
0, the minimizers of R” converge to those of R, exhibiting the saturation phenomenon, desirable to
bolster the interpretability of the attention heads. We refer to Appendix [B.3]for more details.
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(a) Distance to centroids vs. regularization strength  (b) Distance to centroids vs iterations (p = 0.1).

Figure 6: Convergence analysis of the (PSGD)) iterates for the minimization of the regularized risk
R?, under the degenerate mixture case (Pg)). 10 runs, 95% percentile intervals are plotted.

In Figure we observe that a relatively small regularization parameter (of the order of 10~1)
is sufficient to achieve centroid alignment, with numerical error below 10~!4. In Figure we
fix the regularization parameter and observe that over the course of 10* iterations, the attention
head parameters exhibit linear convergence towards the true centroids. This numerical experiment
highlights the effectiveness of this form of regularization in enhancing the interpretability of attention
heads—by promoting their disentanglement—in the context of mixture models.

B Proofs of Section[A] (degenerate case)

In this section, we present the postponed proofs that support and elaborate on the arguments developed
in the main text. We begin by characterizing the critical points of the Dirac mixture risk, then proceed
to a discussion on the effects of a regularization term in the Dirac setting. Finally, we outline the
proofs of Theorems [A.4]and [3.4] which constitute the main theoretical results of our work.

B.1 Proof of Proposition [A.T| (expression of the risk in the degenerate case)

To facilitate the analysis that follows, we introduce the notation ey (1) EAX T upt Xy, for1 <k <
L, which allows us to write

9 L 2
R0, ) = E | [ X3 = 3 3 (eutio) + extrn)) i
k=1
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In what follows, we give an expression of the risk of an attention-based predictor, in the case where
the data is distributed according to the Dirac mixture model (Pg). Then, the risk of an attention-based
predictor T"™:#0:#1 can be written as

R(Mm M1

HX1 2 i(ek(ﬂo) + €k(,ul))XkHj

k:l

L
4
=E[IX:1%] = £ > _E[{X1, (ex(po) + ex(m1)) Xi)]
k=1

L

5B ||| (erlo) + et x|
k=1

~

L
= 1= 7 D B[ ealio) + en()) X)) + 75 3Bl ewlp) + ) Xl

S Ellenuo) + enlu)es (o) + s (1)) (X, X;)]

1<k<j<L

= 1 2 El(ea(o) + 1 (1)1 X1 + 75 E [lex (o) + ea(m)) Xl

(10) & r10)

_|_

+ 25 S El(en(uo) + ex () en (o) + enun)) (X1, X))
k=2

(1110

L L
— 2 S B[, (enlpo) + enua) Xi)] + 75 D E [Ien(po) + enun)) Kol
k=2 k=2

def def

=105 =109
8

Iz > El(en(po) + ex(m))(ej (o) + € (1)) (X, X;)] -
1<k<j<L

+

e
We compute (I) by conditioning on Z7, Zy,,
E[(ex(mo) + ex(n1)) (X1, Xi)] = E[E[(er(p0) + ex(p1)) (X1, X)|Z1, Zy]]
= AE[((1,» o) (W, o) + (W, ba) (g, 1))z, s 1)
Ko + K3 + g + 07
1 .
This leads to (1) = AL (k2 + k3 + 13 + ).

=A

Similarly for (1), conditioning on Z7, Zj,
E [[|(ex (1) + ex(u)) X 1] = E [E[l|(ex (o) + ex(p1)) Xil*| 21, Z4]]
= NE[l ({7, o) (17, » o) + (1, 1) (g, s 1)), |I°)

—\2 [ + nd]? + [5% + i) . (Kom + K1mo)?
4 2 ’

Which gives (I7) = A2 L51([3 + n2]? + [K3 + ni]?) + A2 252 Q(L ) (kom + K11m0)2.

Finally, to compute (II7), note that
B [(ex(10) + ex(p1))(e; (ko) + € (1)) (X, X;)]
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= E[E[(ex(10) + ex(p1))(e; (o) + e (u1))(Xn, Xj)| 21, Zi, Zj])
= NE[((1%,, 1) (W » 110) + (1, s 1) (s 1)) (0, o) (i, s o) + (s ) (1, i)
(g bz,

(k5 + m5)* + [K3 + ni]? a2 (Kom + K170)?

= )2
8 4 ’

leading to (I11) = AQ(L*;)L#[[F% +m8)?% + [k2 + n?)% + 2(kom + K1m0)?).-

In a similar fashion, we get that
(Io) = (Ko + K1 + 15 +117),
(ITo) = [k +mp)? + [wi + 7],
(I11o) = [k + np)? + w5 + nil>.

Putting everything together, we obtain that the risk can be written in terms of xg, <1, 1o, 71, 1.€.,
R(Mo, ,Ul) =R< (’{’07 K1, 7o, 7]1)’ where:

RSx4 ] (a4
w0 | g+ M 2t B (g ad + 1ed )
+ A2 [(L — 11)/(2L —2) + Q(LLQ 1)} (Kom + K170)°
= 1 AT o+ ) XD (R [+ o))
+)\2L£1(H0771 + K1mo)?.

B.2  Proof of Proposition [A.3](critical points of the risk in the degenerate case)

Proposition B.1. Consider R< : R* — R defined as in Propositionwith A=) = é—ié then
we characterize its critical points by

1. The point (0,0,0,0) is a local maximum.

2. The points (rq,0,n0,0), where k3 + n3 = 1, and (0, k1,0,m1), where kK3 +n} = 1, are
strict saddle points.

L+3

3. The points (ko, K1, K1, ko) and (Ko, k1, —K1, —Ko), where K% + K3 = S(iiT) are strict
saddle points.
4. (Ko, K1,M0,M1) belongs to argmin(R <) if and only if:
Ko+ =1,
kit =1 (18)
ko + K1mo = 0.

Proof. Let us define (o = (ko,70), (1 = (11, k1), then there exists a function R<< : R? x R? — R,

such that R<(ko, k1,70, ) = R<<({p, (1), in fact, let us define A = &Zﬁ; ,B= 2%('21);) ,C =
(L+1)*(L—1)

LT then with the value of A\ defined in the proposition, we obtain

RES(Co,¢1) = 1= A(lIGol* + lI6elI*) + BlIGolI* + lIGlI*) + Cdo, 1),

To analyze its critical points, we take the partial derivatives,

VCUR<<(CO7 gl) = _2AC0 + 4BHC0||2<0 + 2O<<Oa <1>C17
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Ve R<(Co,C1) = —2A¢ + 4B G 1% ¢+ 2C(Co, C1)o-

And also, we compute its Hessian, we define

40,40R<<(CO, G1) = —2AL +4B(2¢¢, + [|¢ol* ) +2CG¢
Ve,.a R<(Co, 1) = 2C(¢o¢] + (g Gila),
VE R (60, ¢1) = 2C(¢Gi¢g + G i),
Va o R (G0, G1) = =2AL +4B2G ¢ + |61 12) +2CG0¢
Then the Hessian will be defined by

ViR, ¢1)  VE o R<(Cos 1)
2 << _ 0:¢0 ) 0,61 ’ 19
VIR 60,0 = (02 R () VIR ) 19)
To find the critical points, we solve the following system of equations:
—2A¢ + 4B||¢o 1?0 + 2C{Co, ()61 =0 20)

—2A¢; +4B||G %G+ 2C (o, €Yo = 0.

(0,0) is a local maximum. We see that a trivial solution to this system is (o, ¢1) = (0,0), and
replacing into the Hessian matrix, we see directly that this point is a local maximum.

(0,¢1), (Co, 0) are strict saddle points. We check the case when {; = 0,3 # 0, then we need to
solve

—2A¢ +4B[GPG = 0.
Since (1 # 0, this forces —2A + 4B||(1]|? = 0. Replacing (0, ¢;) into the Hessian matrix gives us

(=241, + 204 0
v2R<<(0,<1)—( B 8BC1§1T>'

And eig(V2R<<(0,(;)) = eig(—2AI + 2C(1(]) Ueig(8B(1¢] ), where eig is the set of eigen-
values of a matrix. We have that

eig(—24L, + 2CG1( ) = {—24,2(C — A)},
eig(8BG1¢) ) = {0,8B|¢1[I*}

where we have used that 8B = 4A4. We also note that C — A < 0, then we conclude there are 2
negative eigenvalues and 1 positive eigenvalue, concluding that these points are strict saddle points,
due to symmetry we conclude the same for the points of the form ((o, 0) for [|{p]|? = 1.

Non-trivial critical points. We will first show that the critical points that are of the form (¢o, (1)
for ¢y # 0,1 # 0 necessarily satisfy ||o|| = ||¢1]] # 0, multiplying the first equation of (20) by ¢,
and the second by (1, then subtracting both resulting expressions we obtain 4B(||¢1[|* — [[¢o]|*) =
2A(/I¢1 11 = 1I<ol[?). and then

(1Gol* = G ) (=1 + liGoll* + lI¢1]*) =

thus either ||(o|| = ||¢1]| and we get the first claim, or ||(o]|? + ||¢1||* = 1, in this second case we
divide in two subcases:

* Let us assume that ((y, (1) = 0, then multiplying the first equation of by (o and the
second equation by (1, we get that [|(o||* = [|¢1/|* = 1, which is a contradiction since we
are in the case where ||(o||? + ||¢1||* =
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* Therefore (Cp, (1) # 0, we multiply the first equation of (Z0) by (; and second by (o, after
dividing by 2((o, (1) we get that
—A+ Aol + C{Co,¢1) =0
—A+ AGIP + C (G, Gr) = 0.

Substracting both equations we get that ||(p|| = [|(1]|-

So we get that necessarily ||(o|| = ||¢1]] = 7 > 0. Then the equation (20) becomes

A(r? = 1)¢o + C(Co, &1)G = 0,

) (21)
A(r® = 1)¢1 + C(Co, €1)Co = 0.

(Co, £(p) are strict saddle points. 1In the case where (o = +(3, by ZI) we get that when {y = (3,
then

A(rg = 1)¢o + Cré¢o = 0,

A L+3
ArC ~ 2L+

A(r? —1)¢o + Cri¢o = 0,

and ||(ol| = 70, with 72 = Besides when ¢y = —(3, then

and ||(o]] = 71, with r} = Af;C = LE3. Replacing this point on the Hessian matrix
V2R=<(Co, £€o),
VIR (. Co) = 2A4(rg — 1) Iz + 2(24 + C) ¢y 2C(rg 12 + Co¢y )
0250 20(r3 s + Co¢qg ) 2A(r3 — 1)1+ 2(2A+ C)Go(g )
VIR o) — (A0 DR 224+ CIGG]  2C(3D + (o)
o —20(ri L2 + GoGg ) 2A(rf = DI +2(24+ C)GoGg )

We can write the Hessians in block form with 2 x 2 diagonal blocks
My = 2A(r% — 1)1 + 224 + C) (ol

and off-diagonal blocks
My =20(r* I + (ol ).

Considering vectors of the form (z, =z), z € R?, this reduces the eigenvalue problem to the 2 x 2
matrices Mo + M. Substituting rZ = A/(A + C) orr? = A/(A — C) shows that each matrix has
one Xositive eigenvalue along ¢, (equal to 4A4) and one negative eigenvalue orthogonal to (y (equal to
—M) so both Hessians are indefinite

AxC) .

Characterization of global minima. If {;, # +¢; and ||(o]| = ||¢1]| = 7 > 0, then both vectors are
linearly independent, thus the first equation of (2T is only possible when % = 1 and ((p, (1) = 0, in
which case we have to analyze the points ((o, (1) such that (Cp, (1) = 0 and [|(o||* = [|G1]|* = 1, we
replace these points on the Hessian matrix and this gives us

_(4AGC] + 200 20¢o¢TT
V2R<<(Co,<1)—< Ozocglgg 151 4A€1<1T+021040<0T).

A direct computation of the eigenvalues with eigenvectors ((1, (o) and (¢1, —(o) gives us that all
the eigenvalues are positive in this case, since R<< is coercive, these points are in fact global
minima. O

Remark B.2. Note that the specific characterization of the global minima of R< was valid only

for X = X5 = i—ié However, when restricting the analysis to the manifold M and considering

A €]0, f—:},’ [, the global minima lie outside the domain [—1,1)2. As a result, due to the structure
of the update rule in (PGD)), the extreme points (+1,41) of [—1,1]? become fixed points of the

algorithm and serve as global minimizers of R<.
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B.3 Discussion on regularization

In order to solve the clustering problem in the degenerate case, we train the attention-based predictor
H'im:#o:11 now by minimizing the regularized risk

min R (po, ) with R (o, 1) = R(pos 1) + pr(po, 1), (P,)
10,1 ESEL

where 7 (f10, 1) = E[{po, X1)%(p1, X1)?], and p > 0 denotes the strength of the regularization.

It is direct to check that there exists 7< : R* — R, such that r(ug, p11) = 7= (Ko, k1,70, N1 ) according
to the notation defined in (I3), and = (ko, k1,70, M) = % (k3ng + K3in}). We define the following
optimization problem
min R<(“07“177707771)+PT<(“Oa“1a7707771)7 (75/)<
Ko,k1,m0,m €[—1,1]
where R < is defined in Proposition Since R< and r< are coercive, we apply |Attouch! (1996,

Theorem 2.1) to conclude that if u, € -1, 1}4 is a solution of 1} then every limit point 4 of u,,
when p — 0, satisfies that:

r<(a) <r<(v), foreveryv € argminR<,
@ € argmin R<.

Due to the geometry of 7= and the characterization of argmin R< we got in Proposition [15} we
obtain that if & = (Ko, K1, 70, 71 ), then

22 22 A2 n2
S S B SR 22)
5 =1,17 =1,k =0,k = 0.

Then the optimal solution for the regularized problem when p — 0 achieves a saturation effect,
corresponding to global minimizers that recover the centroids. However, due to the non-convex
nature of the problem, it is not guaranteed a priori that PGD on will converge to the desired
solution. A possible direction of analysis is to study the dynamics of PGD in the limit where p — 0.
We know from Proposition [B.T]that the only global minimizers of the unregularized problem lie on a
manifold, so we expect that PGD converges to this manifold, before evolving on the manifold due to
the regularization term, to converge to the minimizers given by (22)). Technically, this dynamics could
be studied by using two-timescale tools, e.g. similar to Marion and Berthier| (2023) and references
therein. We leave this analysis for future work.

C Proofs of Section [3| (Gaussian mixture model)
C.1 Proof of Proposition 3.1] (expression of the risk in the non-degenerate case).

Recall the notation ey, (1) LAX 1T ,u,uTX L, for 1 < k < L, which allows us to write

R(/’(‘07 /’('1

L
2
= [ 2 Yt + sl

Under the Gaussian mixture model, we are going to show that the risk
R(po, ) = E [|| Xy — (H" + H")(X)1][3]

admits a closed-form representation in terms of elementary functions. It holds that

L
Rlpo, ) = HXI iZ(ek(Noﬂ-ek(ul))XkHj
k=
L
SE[IX007) — 7 SE[(Xn, (exli0) + ex () X))
k=1
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4
+ 5E

H i(ek(ﬂo) + ek(,Uzl))XkHZ‘| )

L

4 S E[(X1, (ex(po) + en(m1) X))

— 2y _
= (1+4do”) 7
k=1

L
. % > Elll(ex0) + ex(p1) Xxll?]
k=1

b S Eflenli) + enim))(es (i) + €5 (1) (X X,)]

1<k<j<L

= (1+do?) ~ FE[(e1 (o) + ex(u) |11 12+ 75 [ea(rio) + 1 () X

¢ 1) & 11)

L
S B[ (0) + ) i) + enn)) (X1, X,)]

k=2

& r110)

L L
— 1 S B (enliw) + en() X + 75 B [l(enri0) + en(rn)) Xul?
k=2 k=2

det(II)

+ % Z E[(ex(po) + ex(11)) (e (1) + €5 (11)){( Xk, X;)]

1<k<j<L

10975
= (1+do®) — (Io) + (I1o) + (I111o) — (I) + (II) + (I11).
We now proceed to compute each of the six terms. To compute (Ip), we can use Lemma[E.2] since
E[((X1, 10)? + (X1, 111)*) | X1 |

(E[X1, 10)?[1X1]1%| 21 = 0] + E[((X1, po)* [ X1 [*| 21 = 1])

(ELX1, )| X [P 20 = 0] + E[(X1, pn)? | X1 [ 21 = 1])

+
N =N - o) =

[(n% + 05+ 81+ 7)1+ 0% (d+4)) + 202 (1 4 0?(d + 2)) (|| ol* + (| ]*)]
Then, (Io) = 2 [(K& + ¢ + 63 +n?) (1 + 02(d+4)) 4+ 202 (1 + 0*(d + 2)) (|| o|* + [ ]*)]-

To compute (11), by defining po (0, p11, p¢*) as in Lemmal[E.3] we get
E[((X1, 10)? + (X1, 11)%)* 1 X1 [I7]

1
§E[(<X1,u0> + 2(X1, p0)* (X1, p)? + (X1, ) D)1 X012 21 = 0]
1
§E[(<X17uo> + 2( X1, p0)* (X1, ) + (X1, p) DX 1?1 21 = 1]
1

= 5(]00(#0,#0,#0) + 2po (o, ps f15) + Polpas i1, 1))
1

+ 5 (po(pos pos 17) + 2po(po i1 17) + polpn, s 17))-

Then,
4)\2 2\2 2

(I1o) = = E[((X1, po)® + (X1, 11)?)? | X1 |1%]

L?

21



2A2 * * *
= 73 (Po(ko; o, g + 2po(ko, s, 1) +po (ks b, 15))
)\2 * * *
+ 73 Po(ko, Ho, k1) + 2po(po, pua, i) + polpn, pa, i) -
To compute (111), by defining p1 (po, p1, p, 5 f17,) as in Lemma we get
E[((X1, p0)? + (X1, 1)) (X1, po) (X2, po) + (X1, 1) (X2, 1)) (X1, X))
1
=1 > Mz, ),
(z1,22)€{0,1}2
where

T1(z1,22) = E[((X1, po)? + (X1, 1)) (X1, p0) (X2, o) + (X1, p1) (X2, pa))
(X1, X9)|Z) = 21, Zp = z).

And then
1
1 Z T1(z21, 22)

(ZI7Z2)€{0»1}2

(p1 (10, pos 11, 115) + P10, 1, 155 116) + P1(pes fo, 165 1) + Pr(pas ps 115, 145))
+ —(p1(po, to, 17, o) + P1 (o, p1, 175 15) + P1(pas pro, 17, o) + pr(pen, g1, 13, 145))

(p1 (10, pros 15 127) + P1 (ko a1, 155 107) + D1 (pas o, 15, 147) + D1 (1, g5 g, 147))

+
e Bl R B Y [

+ z(pl(,UOa os 17> 1) A p1(koy gy 17, 1) + p1 (e, pos 155 17) + p1(pas gy (55 127))-

Consequently,
L—-1
(I11o) = 8)\2(Liz)E[(<X1,M0>2 + (X1, 1)) (X1, o) (X, pro) + (X1, 1) (X2, 1)) (X1, Xo)]
L—-1
= 2)\2(L72) Z T1i(21,22).
(Z1722)€{071}2
To compute (I), we can use Lemma|E.5|to obtain:
E[((X1, to) (X2, po) + (X1, p1) (X2, p1) ) (X1, X2)]

1E[(<X17#0><Xz’ﬂo> + (X1, 1) (X2, 1) (X1, X2)[Z1 = 0, Z5 = 0]

4
+ EE[(<X1’“0><X27#0> (X1 ) (X, 1) (X1, Xo) | Z1 = 0, Zy = 1]
+ iE[((Xl,uo><X2,uo> (X1, ) (X, 1)) (X1, Xo)| 2y = 1, Zo = 0]
LRI, 1)Ko, ) + (X1, )Xo ) (X, X} 4 = 1,2 = 1]
- +4402 (ko +mp + k1 + 1) + o (ol + [l [*)-

Thus, (1) = MZH(6F + 03 + k1 +07) (1 + 40°) + 40 ([pol® + [l )] -

To compute (1), by defining pa(po, pi1, 1%, , z,) as in Lemma we obtain:
E[((X1, o) (X2, pto) + (X1, 1 )(Xa, p1))?(| X2 ||]

Z To(z1, 22),

(21,22)€{0,1}?

=~ =
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where
To(z1,22) = E[((X1, o) (X2, po) + (X1, 1) (Xo, 1)) || X2||?|Z1 = 21, Zo = 23]
And then

1
1 > Moz, )

(21,22)€{0,1}2

(P20, 105 115, 15) + 202 (1o, o5 11, 16) + D2 (a1, i1, 105 145))

+ —(p2(o, o, 155 147) =+ 2p2 (o, pas g, 17) + P2 (s fo1, 155 147))

_|_

(p2 (0, pos 1475 18) + 202 (1o, po1, 5, 13) + P21y 15 175 1))

[ e = B B S Y

_|_

(P20, pos 15, 17) + 2p2(pto, pas 1y, 15) + p2(pen, pa, 15, 1))

So we obtain,

4N3(L—1)
L2
= 7)\ (IL/Z_ 1) Z Tg(zl,ZQ).

(21,22)€{0,1}2

(1) = E[((X1, o) (X2, po) + (X1, 1) ( Xz, p1))* [ X2 ||

Finally, to compute (I11), by defining p3(t0, p1, (17, , iy, s Hz,) @S in Lemma we get
E[((X1, po) (X2, po) + (X1, p1) (Xa, 1)) (X1, po) (X3, o) + (X1, 1) (Xa, 1)) (Xo, X3)]
1
=3 > T3(21, 22, 23),

(21,22,23)€{0,1}3

where
T3 (21, 22, 23) = B[((X1, po) (X2, po) + (X1, 1) (X2, 1))

~(( X1, po) (X3, o) + (X1, 1) (X35, 1))
(X2, X3) | Z1 = 21,20 = 20, Z5 = 23]

Observing that

Z T3(z1, 20, 23) = Z 3Ly Hio, 112, 1y He )
(z1,22,23)€{0,1}3 (a,b,c,d,e)€{0,1}5
we get

SX2(L — 1)(L — 2)

1
212 8 .
(21,22,23)€{0,1}3

(II1) = Ts5(z1, 22, 23)

M(L—-1)(L -2
B ( 2L)2( ) Z pS(NaaMb“U:ng,Mz).
(a,b,c,d,e)e{0,1}5

Finally, putting everything together, recalling the notation introduced in (7), and inspecting the
formulas given by Lemmas from [E.2]to[E-7] allows to conclude.

C.2 Proof of Lemma 3.2] (expression of the risk on the manifold, non-degenerate case)

We provide in Lemma|[C.1]a more precise version of Lemma 3.2} with explicit constants.
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Lemma C.1. Define c1(n) = 1+ no? and ca(n) = 1+ o?(d + n), then the risk R<(ko, r1)
restricted to M has the form

R<(ko, 1) = A(kp + K1) + B(k3 + K3) + Crirt + D,

where
A= 2L—>\2262(8) + %61(5) + w@(‘l) + ML 722)2@ =2 ci(4).
B = —%02(4) + %2;262(6) + %61(6) - %Cl(‘l)
N %@(3) n No?(L ;21)(L — 2)01(6).
2 2
a2 e 3222204@(4) N %

8L —1)  8)\204(L—1) 8\205(L — 1)(L — 2)
_ I + L2 62(2) -+ L2 .

Proof of Lemma|[C.1} Using the decomposition obtained in the proof of Proposition[3.1] after simple
algebraic manipulation we get that on this manifold:

o (Io) = 2K+ k(1 +0*(d+4) +402(1 + 0*(d +2))).

o (IIy) = 25 [(kE4+rH (1+02(d+8)) +802 (k2 +K2) (1402(d+6)) + 160 (1+02(d+4))].
o (IT1o) = 222 LD (k4 k1) (1 + 502) + 402 (k3 + £3)(1 + 602) + 20°K3K3 + 3209).
o (I) = A2 (kg + £1)(1 + 40?) + 80,

o (11) = NESU (k8 + k1 (1 + 02(d + 4)) + 402(k2 + £2)(1 + 02(d + 3)) + 80*(1 +
o2(d +2))].

o (I11) = N2 EZDEZD (d 4 k) (1 + 402) 4 202(K2 + £3)(1 + 602) + 160°].
We conclude by noting that the risk restricted to this manifold is

R<(ko, k1) = (1 +do?) — (Io) + (I1p) + (I11o) — (I) + (IT) + (III),

and properly factorizing the terms. O

C.3 Proof of Proposition 3.3 (global minima of the risk, non-degenerate case).

In what follows we provide an extended version of Proposition [3.3] with explicit constant, together
with its proof.

Proposition C.2. Let us define

c3(0, L) £ 160%¢o(6) + 802 (L — 1)¢1(6) + 402 (L — 1)e2(3) + 02(L — 1) (L — 2)¢1 (6) + 4c,(8)
+4(L = 1)er(5) +2(L — Dea(4) + (L — 1)(L — 2)c1(4) + 40*(L — 1),

and consider R<(ky, 1) with the following \:

2Lco(4) + L(L — 1)1 (4)
cs(o, L)

Then the points (+1, 1) are global minimum of R<(ko, 1)

Remark C.3. In the case where o = 0, we get \*(0, L) = X} = i—ié

X(o,L) =
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Proof. Tmposing first order conditions on R<(kg, 1) from Lemma we obtain an explicit form
of its critical points. From this expression, we note that the global minimum are the points (£1, +1)
if and only if 44 + 2B + 2C = 0. The function A — 2A(X\) + B(\) + C(\) is a quadratic which is
negative for 0 < A < A\*(o, L), and vanishes at A = \* (o, L). O

C.4 Proof of Theorem 3.4

The proof of this result is built upon a series of intermediate results that progressively lead to the
desired conclusion.

Lemma C.4. At a point (Ko, k1,10, 71,§) such that ng = my = & = 0, we have 0, R< = 0,, R~ =
JeR< = 0.

Proof. According to Proposition 3.1} we can directly obtain that

R= (Ko, £1,70, 11, §) = R= (Ko, K1, =10, =11, =§).
Taking the partial derivative in 779, we get
Ao R (K0, K1, 10,11, &) = — 0y R= (K0, K1, =10, =11, —§)-
At a point such that g = 7, = £ = 0, this gives 9, R<(ko, £1,0,0,0) = —0,, R<(ko, k1,0, 0,0),
therefore 0,,, R < (ko, k1,0, 0,0) = 0, the proof for 9,, R<,9¢ R~ is analogous. O

Lemma C.5. The manifold M is invariant under (PGD)) dynamics, this is if (uk, u¥) € M, then
(uo ™) e M.

Proof. We apply the chain rule and Lemma[C.4Jto get:
ViR = Oy R + 0y REpE + 0eR<p1y = 0oy R 118, (23)

ViR = 0 RSpY + 0pg RS + O R puo = 0, RS 13 (24)
We then follow the same ideas as in[Marion et al.| (2024, Lemma 4), where our Lemma [C.4] takes the
role of Marion et al.[ (2024, Lemma 14).
More concretely, let us consider co = ||uf — v(Iqa — pl(p§) ")V, R(uE, u¥)|2, and

= ||u¥ — v(La — p§ (1) ")V, R(uf, 1¥) |2, then recalling (PGD) updates, we have that if
(ug, u7) € M, then

)T = () Tl — () T (La — pf () T) 0 R<(KE, 65 11

(lu’l = 07
Co
()T b+ = () "t = (p6) " (Lo = i (1) )Ows R (6, k1)1T _
0 1 o ’
And
(uk+1)Tuk+1
(Nl) ,uo
CoC1
V(0 R (K6, K1) (g — gt (1) D) "6 — (0o R (56, 64)) ((La — pag () D) T
CpoC1
2 7? (0o R (1565, £5)) (O, R (65, 155)) (e — pfs (165) ")) (Ta — p () "pi 0
CoC1 ’
where the last term is zero since
(g = 6 () ")) T (Ta — i () Dt = 0.
Then 5+, 1iE+1) € M. O
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Lemma C.6. When initialized on the manifold M, the iterations generated by (PGD) can be
reformulated as follows:

(kT mYHY) = (g, K1), (25)
where o : [—1,1]2 — [—1,1]? is given by

ko — V(0o R (Ko, k1)) (1 — K3) K1 — (0, R< (Ko, k1)) (1 — K2) )
V14720, R (0, 51))2(1 = £3) /14720, R< (0, 51))2(1 = 57) )~

and R<(ko, K1) o R<(ko, k1,0,0,0) as in Lemma

80(/‘60,/‘61) = <

Proof. By definition of the iterates and (23)),(24), we have
kg — V0o R (o, k1) (118) " (1a — pi (g) "))
V14 72( R (0, 51))2[[(1a — o (1) D13
i = 10, R (ks k) (1 — (5)%)
V1 + 720, R= k0, 51) (1 — (55)?)
k4+1 _ k+1)T *x _ RY =705, R (ko, k1) (1) T (T — le(/‘lg

k+1 _ ( k+1)T

Ko = Ko o =

_ Dui)
V149200, R (w0, 1)) [[(La — pf (1) D)t 113
KY — Y0, R (0, 1) (1 — (K)?)

T V15920, R (ro, i) (1 — (#)7)

ki = (py 1

O

In the following propositions, we consider R< : [~1,1]> — R, defined as in Lemma with
X €]0,\* (0, L)], where \* (o, L) is defined in Proposition [C.2}

Proposition C.7. Let .(,ug, 1) € M, consider [@23) with initial conditions K = <,u8, uy), k9 =
(uY, ut). Then there exists 5 > 0 such that for every 0 < v < 7, the risk R< is decreasing along the
iterates of ([23). Besides, the distance between successive iterates tends to zero, and, if (K, k}) is an
accumulation point of the sequence of iterates (K&, k¥ )ren, then

(1= (K5)*) O R (K, k1) = 0, (1 — (K])*)0e, R< (K, K1) = 0. (26)

Proof. The proof is identical to that of Marion et al.| (2024} Proposition 8) and is therefore omitted.
O

Proposition C.8. The points (o, k1) € [—1,1]? satisfying 26) belong to the set
¢ £ {(£1,£1), (0,%1), (£1,0),(0,0)}.

Proof. We recall that by Lemma|C.1} the risk R< restricted to the manifold M, has the following
form
R<(ko, k1) = A(kg + K1) + B(kg + K7) + Crkarki + D.
Then
Oro R~ (Ko, k1) = 4AK] + 2Bk + 2CkoK7,
Oy R (Ko, k1) = 4AKS + 2Bk + 20k 2.
And we can rewrite equations (26) as
ro(1 — K2)[24K% 4+ B + Ck?] = 0,
k1(1 — K3)[24KT + B+ COrl] = 0,

Since each equation is a product of 3 terms, the general solution to this system occurs when at least in
each equation is zero. By considering only the first two terms in each equation, we obtain the solution
set {(£1,£1),(0,41), (£1,0), (0,0)}. Now we consider the case when 2A4x2 + B + Ck? = 0, this
implies that:
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e If Ky = 0, then kK3 = —%.

. 2 — 2 _ _B+C
If 7 = 1, then k§ = —F5=.

o If 2Ak% + B + Ck2= 0, then 2Ax% + Cr? = 2Ak3 + Ck?2, thus (2A — C)(k3 — K3) = 0.
By inspection, C' < 24, hence we get 3 = 7 and kg = — 55
We note the following relation
_B+C - B - B '
2A 2A+C 2A
Further remark by inspecting the proof of Proposition|C.2]that for A €]0, \*(o, L)], we have

{<_ B+C .
- 24
Thus the only possible solution when 2AxZ + B + Ck? = 0is k7 = 1 and k% = —% = 1 Putting

everything together, the solution set is precisely

{(£1,+1),(0,£1), (£1,0),(0,0)}.

Proposition C.9. The fixed points of the dynamic can be classified as follows:
1. The points (Ko, k1) = (1, +1) are global minima of R< on [—1,1]2.
2. The points (ko, 1) = (0, £1) and (£1,0) are strict saddle points of R< on [—1,1]%.
3. The point (kg, k1) = (0,0) is a global maxima of R< on [—1,1]2.
Proof. Since R< is smooth, its extrema on the square [—1, 1]? occur either at critical points, where

the gradient vanishes, or on the boundary. For the chosen range A €]0, A\* (o, L)], the only interior
critical point is (0, 0), which corresponds to a local maximum. Indeed, the Hessian of R< at (0, 0) is

pe (2B 0
VR(O,O)_<0 2B>.

We easily check that both eigenvalues are 2B, which is negative since B < 0, therefore concluding
that (0, 0) is a maximum. The rest of the extrema of R< must lie on the boundary of the square, we
observe that

R< (:l:la :I:l) < R<(.’I3, y): (.13, y) € a([_L 1]2) \ {(:I:lv il)}

Thus concluding that (£1, +-1) are minimizers. Finally, we observe that
R<(k,£1) < R<(0,+1) < R<(0,7m), &,n €] —1,1].
Analogously, we see that
R<(£1,k) < R<(£1,0) < R<(n,0), &,n€]—1,1[.

This shows that (0, £1) and (£1, 0) are strict saddle points, concluding with the proof. We note that
when A = \*(o, L), Proposition implies that the critical points coincide with the minimizers
already identified.

O

Proposition C.10. Consider the context of Proposition|C.7] then there exists 5 > 0 such that for any
stepsize 0 < < 7, the iterates (k§, k})ren generated by (25)) converge to an element of €.

Proof. By Proposition the distance between successive iterates (kX x¥)ren, then the set of
accumulation points of the sequence is connected (Lange, 2013} Proposition 12.4.1). Since we have a
finite number of accumulation points by Proposition the sequence has a unique accumulation
point. Besides, the sequence belongs to the compact set [—1,1]2, then it converges and its limit is
one of the nine fixed points. O
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Proposition C.11. Consider the context of Proposition then there exists 7y > 0 such that for
any stepsize 0 < v < 7, the set of initializations such that the iterates (k¥ k¥)ren generated by
(23) converge to (0,41), (£1,0) or (0,0) has Lebesgue measure zero (with respect to the Lebesgue
measure on the manifold M).

Proof. The point (0,0) is a maxima of the risk R< on [—1, 1]? and the value of the risk decreases
along the iterates of (PGD)) by Proposition[C.7] We follow the ideas presented in the proof of [Marion
et al | (2024, Proposition 12), we can conclude that ¢ is differentiable on [—1, 1]?, and that its Jacobian
is not degenerate, besides ¢ is a local diffeomorphism around (0, +1) and (il 0), whose Jacobian
matrix in each point has one eigenvalue in [0, 1] and one eigenvalue in |1, oo[. The result follows
from the Center-Stable Manifold Theorem (Shub), (1987, Theorem III1.7), we refer to|[Marion et al.
(2024| Proposition 13) for a detailed and analogous proof. O

D Proofs of Section 4

D.1 Proof of Proposition

We provide hereafter the proof of Proposition 4.1} which proof follows.

Proposition D.1. Consider (X;)1<i<y, i.i.d. drawn from ([P,). Consider also Z; € {0, 1} the latent
variable of Xy, i.e. X¢|Zy ~ N (1%, o2ly), and

L
Z (er(ng) + er(p1)) Xk,
k=1

Tlin;H67H1

h\w

where ex (1) = N X1, ) (X, p1). Then
. A
BT (R, 21 = o = i (L +1) + 2L+ 807, e = (0,1,
R A
Bl ()] = BT 1) 1a(0 1 3)0%),

Moreover, when \ = ( then the encoding is unbiased, this is

L
L+1)+2(L+3)02’

E[Tlin,#a,,u; (X)1|Z1 — c] = qu, c = {0; 1}

Proof. We decompose the following term as follows,

L
Z (X1, o) ( Xy 0) X = (X1, p1g) 2Xl +Z (X1, 15 ) ( Xy 16) Xk
k=1 k=2

Due to the independence of the variables,

B[ (2),] = 2 B0 + (X1, 1)) ]

+ (L = DE[((X1, uo) (Xa, uy) + (X1, u7) (Xo, p7) X2]).
On the one hand we have
X1|Zy =y, +e, e~ N(0,0°1y),
(X1, 16)%120 = (W, 16)% + 2(1,, 15) (&5 15) + (€, 15)°,
(X0, 1) X112y = (i, 1) 1%, + (s 16) € + 200, w6 (€, o) 1%,
+2(u,, w5 (e o) + (&, 15) 1y, + (&, 1p) e,
E(X1, 15)°X1 | Z1] = (1, 16) 2 1%, + Bl s 1) €] + BI2(u%, 1) (e, 1) 147,
0 0
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+ E[2(uy,, u) (e, m)el + Elle, ut) i, | + El(e, u5) el
0

202 (uYy, 1) HE otuy,

= (1) Wy, + 0 (1, + 2(uy, , mohus)-

On the other hand,
Xi|Zi = py, +ei, i~ N(O, o?1y), €1 Il e,

B[( X1, uo) (X2, 15) Xo | Z1, Zo] = E[( X1, p5) | Z1] E[(X2, ug) Xz | Zo]
= (17, 10) Bl((1z,, 15) + (€2, 15)) (17, + €2)]
W W3V, + (W5, 1) Eles] + Ellen, 1)y, | +0%05 )

0

= (1%, 1o ((
= (1, 1o ( Wy B Wy, + 0 No)
Therefore,
in,pr,pwt 2) * * * * * *
E[T"™ #6041 (X)1| Z1, Zs] = f[(<uzl,uo>2 + (g 1), + 20717,
+ 207 (i, oYt + (1, > 1))
+ (L = D)y 16) Wz 10) + (B0 1) Wy 1)) 1z,

+ (L = D)o (g, o)t + (i, 3)mt)].

And then,
E[T""0:41 (X),] Z1]
2A * * *
T 16)* + (g 1) )i, + 20° g, + 207 (i, )16 + (17,0 11 0047)

2= 1) (54 0%) o + (i)

Which let us conclude that for ¢ € {0, 1},
lin, pud, p} A 2
E[T" oM (X)1]Z = ¢] = T((L +1)+2(L+3)07),

]E[Tlin,us,uf (X)l] — W«L + 1) -+ 2(L =+ 3)0’2).
O]

Proposition D.2. Consider (X;)1<¢<y, i.i.d. drawn from (Pg). Consider also Z; € {0, 1} the latent
variable of Xy, i.e. X¢|Zy ~ N (1%, o2ly), and

L
Z (ex(pg) + ex(p1)) Xk,
k=1

h\w

Tlin;NSMM

where ex (1) = MX1, p) (X, p1). Then for ¢ € {0,1},

E[|[ 745445 (X)1 % 21 = ]
_4x? 4 6
=77 [1+0%(d+16) 4+ 8c*(d +7) + 805 (d + 4)]
(L-1) 2 1 6
[3+ 0°(d+ 28) + 40 (d + 16) + 40°(d + 10)]

L—1)(L—2
%[1 + 602 + 120* + 809].
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And
Var[T#6:11(X)1| 2y = ]
_w

=05
+2)2

[1+02(d+16) + 80*(d + 7) + 8°(d + 4)]

(LL;QDB +02(d + 28) + 40* (d + 16) + 40°(d + 10)]
(L-1)(L-2)

2
+A 2

[1+ 607 + 120 + 809
)\2
- ﬁ[(L +1) +2(L + 3)0%)%.

When \ = m, the encoding is unbiased, with variance

Var [T #0141 (X), | Zy = (]
AR ;(L I [1+0%(d+16) 4+ 80 (d + 7) + 805 (d + 4)]
2(L —1)
T L 20L + 307
(L-1)(L—-2)
[(L+1)+2(L+3)0?]

3+ 02(d+28) + 40 (d + 16) + 40°(d + 10)]

S[1+60% + 120" +80°] — 1.

Besides, when L — oo we get that,
e 1
Var[T"™#6#1 (X),| Zy = ] ~ 20%, A~ ———.
T (X1 2y = ] ~ 207, A~
In general, if )\ is not fixed and L — oo, we get
Var[Ti#0:41 (X), | Z) = ¢] ~ 2)\20%(1 + 202)2.

Remark D.3. We recall that

Var[X; | Z; = ] = o%d.
Notably, by selecting ) to ensure an unbiased encoding, the variance becomes independent of the

dimension d and equals 20?. This shows a variance reduction effect whenever the dimension d is
bigger than 2. More generally, A can be chosen independently of d such that

22%(1 4 20%)? < d.

In this regime, the encoding also asymptotically reduces the variance of X1, conditioned on its cluster
assignment, as the number of components L — oo.

Proof. We note that the needed computations were already stated in the proof of Proposition [3.1] we
follow as in the proof of Lemma@ without loss of generality, we assume Z; = 0, then we get that
for po, 1 € M:
E[|| 7o (X)4][*) 21 = 0]
Ay 2 2.2 2 4 2
= —[ko(1+0°(d+8)) + 80°kg(1 + o*(d + 6)) + 8*(1 + 0 (d + 4))]

L2
L-1
2
AN

+ox? (LL; D 1kd(1 4 0%(d + 4) + 402k3(1 + 0*(d + 3)) + do* (1 + 0%(d +2))]

(L—-1)(L—-2)
1.2
Recalling that kg = (o, 115), k1 = (u1, 1F), in order to compute E[|| 71 #0#1 (X)1 ||2|Z; = 0], we

just need to replace k¢ and k1 by 1 in the previous expression, as follows

E[|| 74645 (X)1 )% 21 = 0]

[kg(1 +502) + 402K3(1 + 602) + 0?Kk3KT + 1609]

+ A2 [ko(1 4 40?) + 20%Kk2(1 4 602) + 80°].
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4N
=4
+ 422

[1+0%(d+8) +80%(1 + 02(d+6)) + 80*(1 + 0(d + 4))]

(L-1)
L2

roeld % S04 024 )+ AP0 0%(d 4 8) 440 (1 4 o2 (d 4 2)

el 12(2L—2)

[1+ 502 +402%(1 4 602) + 0% + 160°]

[1+ 407 + 20%(1 + 602) + 80°]

4N
-5
Lol i (34 02(d+28) + 404 (d + 16) + 40%(d + 10)]

e (L - 1I)I(QL—2)

[1+0%(d+16) + 8% (d + 7) + 80°(d + 4)]

[1+ 602 + 120" + 809].

The expression of the variance comes from subtracting to this term the square of the conditional
expectation given in Proposition[d.I} The asymptotic expressions are then straightforward to derive.

O
D.2  Proof of Proposition[d.2]

Proof. Assume that the tokens are i.i.d., such that for any ¢, Xy ~ TN (uf, 0214) + SN (uf, 0%1,).
The risk of the oracle predictor 7"™#0-#1 can be decomposed as follows

L(TIHEIE) = (14 do®) — (Io) + (Io) + (I1To) = (1) + (1) + (I1T), ~ @7)
where, from the proof of Lemma|[C.I} by taking o = k1 = 1,

. () = % [(1+0%(d+4)) +20°(1 + 0°(d +2))].

s (IIp) = [ + 02(d + 16) + 804 (d + 7) + 805(d + 4))].

. (1110)—4A2L 21+ 1002 + 240 + 1609].

o (I) = 205221 + 40? + 401].

. (II) = 2>\2(L 1+ 02(d+ 8) + 404 (d + 7) + 405(d + 2)].

o (I117) = X222 4 662 1204 + 809).
When L tends to oo, only the first term together with (I) and (II1) contribute. Therefore, we obtain
that
L(T™H0RT)  ~ (14 do?) — M2 + 802 4 801 + N2[1 + 602 + 120™ + 809].

L—oo

. 2 4 . . . . . . .
Choosing A = % (its value being independent of L) minimizes the equivalent bound

obtained above. With such a choice, the equivalent becomes

(14402 4 40)?

LTy~ (14 do?)

Looo 14602+ 1201 + 806
1+202)4

~ (1+do? _(7

150 1 H47) = gmya

~ (1+4do%) —1- 20>

L—oo

2
~ d—2).
L~>ooa-( )
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Remark D.4. In the case of the degenerate case (o = 0), similar computations lead to

AN N2 -1 L-1 L-1 (L —1)(L—2)
gty — 1 = 2 A el o) 2\ A
( )= L + L? + L2 L + L2 * L2
L+1 5 (L+3)
=1-22——+ X
L + L
Optimizing this quantity w.r.t. X leads to choose A = f—ié plugging this value for X\ gives
e L+1)?
L(THmR0HT) =1 — 7( .
( ) L(L+3)

In the degenerate case, we observe that as the sequence length tends to infinity, the risk of the
attention-based predictor with oracle parameters converges to zero, matching that of the optimal
quantizer.

E Technical results

This section gathers a series of technical results about Gaussian random variables, used to derive
expression of the risk in the rest of the document.

Lemma E.1. (Isserlis,|1918). Consider G ~ N(0,0%14) and puq, iy, ptc € R?, then

1. E[|G|?] = o2d.

2. E[(pa, G)] =

3. E({pa, G)G) = 02

4. E[(pta, G) (o, >] o (Has tib)-

5. El{pa, GY* (i, G)?) = o ([l pall Ml polI* + 2{ptas p1)?)-

6. E[{tta, G) (1o, G)*(pie, G)] = o (|| o> (s pc) + 2{ttar bn) (o, fc))-
7. E[{pta, G){u, OIGI1?] = 0*(d + 2)(ta, f11)-

8. E[{pta, G)* (1, GY?GI?] = 0%(d + 4) (| all* |16 ]1* + 2{ptas 10)).

Lemma E.2. Consider X ~ N (u*,021;) where ||p*|| = 1 and jiq € R, then

E(X, 1a) | X 7] = (0, 1a) (1 + 0% (d + 4)) + 0% || a|* (1 + 0% (d + 2)).
Proof. We decompose X as follows,
X =pu* +e, e~ N(0,0%1,),
. 2
(X, ) [1XN17 = (" pa) + (e 1a)) ™ (L 4+ 2(e, 1%) + [le]l?)

EUX, pa)? (1 XI1P] = (1, pa)® + (0%, pa) *Ellell® 4+ 400", pa) El(e, pa) (€, 1*)]
+ El(e, ta)?] + E[(g, pa)?[l€]I*],
Then, by Lemma[E.T] one obtains

EIX, )2 [ X[17] = (0t ) (14 02(d + ) + 0221 + 02(d + 2)).

Lemma E.3. Let X ~ N (u*,0%1,), where ||p*|| = 1 and pa, p1y € RY, then

xy def
Po(ttas iy 1) = E((X, pa) (X, 1)? [ X )1?)
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can be expressed as

Polfas i, 1) = (1" pa) (1", 1)
+0? ({0, o) mall® + 4™, pa) (", 1) (s i) + (1% a) [l 1)
+ 02 (d + 8)(u, pa) (1", )
+ 0 (|l Ml ol® + 2{ptas 1) + (d + 6) (| all® (15 16)? + sl * (s 1a)?))
+ 40 (d+ 6) (1", pra) (15 1) (s i) + 0% (d + 4) (| al * 61> + 2(ptar 16)?)-

Proof. Write X = p* + ¢ with ¢ ~ NV(0,021;). Then

(X, 1a) (X, )21 X2 = (0% ta) + (85 12a)) (% 1) + (8, 1)) (1 + 2, 1*) + [|e]|?)-

Expand the product and drop all odd-moment terms of ¢ (their expectation is 0). The surviving types
of expectations are of the form of Lemma[E.T} collecting all nonzero contributions after expansion
and simplifying gives the stated formula for pg(pa, i, 14*). O

The proofs of Lemmas [E-4HE.7| follow the same approach as the proof of Lemma[E3} we rewrite
X | Z; as Wz, + €i, where (¢4); are i.i.d. random variables with &; ~ N'(0,0%1;). We then expand
the product, discard odd-moment terms, and apply Lemma|E.T|to obtain the desired results.

Lemma Ed4. Let Zy and Z5 € {0,1} be fixed. Consider two independent R —valued random
variables X1 and X, such that

Xi|Z; ~ N (1, 0%14), foreachi = {1,2},

will = ||pxll = 1) are orthogonal. For pug, i, pie € R, define

* def
P10 (Has o, 1, 11e) = E[(X1, pa)* (X1, o) (X1, )| Z1].
This quantity satisfies

where the unit vectors [y, 11y (i.e.,

P1.0(tas i, 1, 1) = (W s a) > (1, s 1) (1, )
+ 0% [[lall* (s, s o) (W, e) + 20, s 1a) ({1, s i) (s 16} + (i, s 116) (as fic))]
+0” (s pa) (n, o)
o (lall® (s pe) + 2{ttas 116) (as 1))

Moreover, we define
* def
pl(/—’/aaubnu}p/J/Zz) = E[<X17Ma>2<X1aub> <X27/f"b><X1aX2>|Z1a Z2]a
which satisfies

P1(Lay 1 15,5 185,) = (B k) P10 (Las by 15, 5 15,) 4 02D1,0(Hay b, 11, 5 1)

Lemma E.5. Let Z1, Zo € {0, 1} be fixed. Consider two independent R —valued random variables
X, and X, such that

Xi|Z; ~ N(uy,,0%14), foreachi={1,2},

where the unit vectors i}, i (i.e., ||| = ||zl = 1) are orthogonal. For jia, wy € R?, we get that

E[((X1, pa) (X2 pa) + (X1, o) (X2, o)) (X1, X2)|Z1, Z5]
= (s ) (s ) (W, s ta) + (s 110) Wy s 110))
+ 0% ((tas 1177,)? + (ttas 105,)° + (o 18,)° + (1, 187,)°)
+ 0 (Jlial® + [l1011?)
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Lemma E.6. Let 71, Z5 € {0, 1} be fixed. Consider two independent R¢—valued random variables
X1 and X, such that

Xi|Zi ~ N(py,,0%14), foreachi = {1,2},

pill = lpsll = 1) are orthogonal. For jia, iy, € RY, define also:

E[(X1, pta) (X1, po) | Z1]
E[( X2, pa)(Xa, o) | X2?| Z2].

where the unit vectors u}, 11, (i.e.,

o

ef

pQ,O(/J/av Hbs M}l)

%

ef

2,1 (Has Mo, M}Q)

These quantities satisfy

p2,0(Has i, 113,) = (15, a) (115, k) + 0 (las o),
2,1 (Has i, 11,) = (5, s ta) (1, o) + 02 ((d 4+ 4) (W, s ta) {1y s 1) + (Has 115))
+ 0 (d + 2) s piv)-

Moreover, we define

* * ef
P2 (itas oy 1, 1) = BUX 1 1) (X2, 1a) (X0, o) (X, 1) | X2 17| 21, Za)

which satisfies

P2(Has by 1y, 5 Wzy) = D2,0(Bas by 1z, )P2,1 (Has by 117,)-

Lemma E.7. Let 7, Z5,Z3 € {0,1} be fixed. Consider three independent R¢—valued random
variables X1, X2, X3, where

Xi|Z; ~ N (uy,,0%14), foreachi={1,2,3},
pill = |zl = 1) are orthogonal. For g,y € RY, define also:

E[<X17 [La><X1, /LbHZl]v
E[(X2, pa) (X3, p) (X2, X3)| Z2, Z3].

such that [, , iy unit vectors (i.e.,

o

ef

p3,0(ﬂaa Mo, ﬂ%l)

o

ef

3,1 (Has s 1,y 1V,

These quantities satisfy

3.0 (ar s 17,) = (17, 5 ta) (g, o) + 02 thas i),
3,1 (Has by gy 1zy) = (g5 Ha) (B s ) (B s )
+ 02 (W ta) (1 i) + (W ta) (W, > 110))
+ U4<,Uav Nb>'

Moreover, we define

D3 (flas 116 15, s 15 s 1) = BUX 0, o) (X o) (X1, o) (X, o) (Xo, X3)| 21, Za, Zs),

which satisfies
P3(Has by o, s Wy s 1s,) = D3,0(Has s Wz, )P3.1 (Has oy 15 17, )-
F Experimental details

This section provides algorithmic details, choices of parameters, and settings used for the plots
displayed in Sections [A]and 3]

F.1 Projected Stochastic Gradient Descent

We formally define the method Projected Stochastic Gradient Descent (PSGD), which we run for our
numerical experiments.
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PSGD iterates for linear attention heads. Given the objective function R” : (S¥~1)2 — R
defined in (P,), we define A : (S%1)? x RE*4 as

L
2 2
B0, 1, ) = || X0 = 2 SN (nond + el ) Xed X |+ o, X1)2 g, X0)2, 28)
k=1

where X is the 7—th row of the matrix X. Consequently we can write

Rp(:u(h Ml) = EXND[h’(/“L(% M1, X)]v
where D is the distribution over RL*¢ where each row is i.i.d. according to

1 1
5/\/(#6, o?1g) + 5/\/(#’{’ o?14).

Then, given and an initialization (13, u9) € (S?71)2, a stepsize ~, we define (uf, u¥) € (S¥1)2
recursively by:

Vo b, 15, £F),

1 M
g]f = M ; V;n h(ulgv Ullca Szk)a (PSGD)
it 16— (Ta — pg (i) b
b — e = p§ () Db ll2”
it 0 —ya — pf(pf) "ot
ek = e = g ) gkl
\())vfh;)re M is called the batch size, and for each k£ € N, ({f)i:{LM My are M independents samples

PSGD iterates for softmax attention heads. Given the objective function R%°f:ro ; (§4-1)2 x
R? — R defined in (P,,), for simplicity, we note that for an appropriate hg, we can write

RSOft,pO (MO7 M1, 1[)7 )‘) = ]EXND[h/O(/J'Ov M1, ¢7 >\7 X)]a
where D is the distribution over RY*¢ where each row is i.i.d. according to

1 1

5./\/(/16, U2Id) + §N(MT7 UQId)‘
Then, given and an initialization (u3, 1) € (S471)2, (¥, \9) = (2,3), a stepsize 7, we define
(uh, %) € (ST=1)% and (y*, A\F) € R? recursively by:

M
1
95 M Z v#oho(ﬂgvﬂllcvwk’ )‘k’gf)’

@
Il
—

1
k _
91 M

NE

Vi ho(pb, 1, 0%, NP, €F),
=1
R (g — p () ") g
0 - )
[k — y(La — pb (W) T)gkll2
L it =y (Ig — pk () ") gk
1 - 9
l|ph — v (Ig — ek (1) T) gkl
1 M
k k k k k k ¢k
Pt =y —vﬂz‘;vwho(uo,ul,w ARED),

ESIRS
Il

(PSGDsoft)

M
. . 1 v : '
AL — 2k fyM Z V,\ho(ﬂlga ,U]f7 or, Akff)’

i=1

where M is called the batch size, and for each k£ € N, (Sf)i:{lv_,’ vy are M independents samples
of D.
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Remark F.1. Gradient computations in the numerical experiments were carried out using JAX
(Bradbury et al.| | 2018)).

F.2 Experimental details

In the following, we provide the experimental setup corresponding to Sections [A]and 3]

We use input sequences of length L = 30 of 5-dimensional tokens (d = 5), and define the true
centroids as uf = (0,0,0,0,1) and u7 = (—1,0,0,0,0). We recall that the metric used to quantify
the distance to the centroids (up to a sign) is defined in (TT).

Experimental details of Section[A] Regarding the experiment on the manifold, i.e., Figure [5a]
we perform 10* (PSGD) iterations without regularization (p = 0) with a learning rate of v = 0.01,
A = 0.6, batch size M = 256. The experiment is repeated across 10 independent runs, each
initialized randomly on the manifold M.

For the rest of the experiments of this section, we adopt the same setup as before, with the exception
that each run is randomly initialized on the unit sphere. In Figure [5b, we perform 10* iterations to
observe that without adding a regularization term, we only get partial alignment of the Transformer
parameters towards the true centroids.

Then, in Figure[6a we perform 5 x 10? iterations of (PSGD) to minimize the regularized risk R* for
15 values of the regularization strength p, linearly spaced in [0, 0.3]. Finally, in Figurewe choose
p = 0.1 and perform 10* (PSGD) iterations.

Experimental details of Section[3] Regarding the experiment on the manifold, i.e., Figure[I] we
run the algorithm for 10* iterations without regularization (p = 0), with a learning rate of v = 0.01,
batch size M = 256, and choosing A = 0.6 for 0 = 0.3, and A = 0.2 for ¢ = 1. The experiment is
repeated across 10 independent runs, each initialized randomly on the manifold M.

For the rest of the experiments of this section, we adopt the same setup as before, with the exception

that each run is randomly initialized on the unit sphere. In Figurewe perform 5 x 10 iterations of
to minimize the regularized risk R” for 30 values of the regularization strength p, linearly

spaced in [0, 3]. Finally, in Figurewe choose p = 0.2 and perform 104 (PSGD) iterations.

Remark F.2. All experiments in Section[A|and[3|can be run on a standard laptop. Most complete
within a few minutes, with the exception of those in Figures[6d)and[2a} which require approximately
20 minutes and up to an hour, respectively, due to repeated problem-solving across a grid of
regularization strengths.

G Additional numerical experiments

In what follows, we first present numerical experiments in dimension 100. We then vary the
dimension from 4 to 200. Results are shown only for the linear approach, as the softmax variant
exhibits numerical instability in higher dimensions.

G.1 Influence of the dimension

Experiments in R'°°, We use input sequences of length L = 30 in R!%°, where we define two
centroids: u§ = (0,...,0,1) and py = (—1,0,...,0). The model is trained using (PSGD) with an
——— ——
99 times 99 times
online batch sampling strategy, with a batch size of 256, and a learning rate of 0.01. Due to the big
dimensionality of the problem, we modify the concept introduced as distance to the centroid up to
a sign by the concept of minimal root mean squared error, which is nothing but the distance to the
centroid (up to a sign) divided by the square root of the dimension, i.e.,

1
1
Minimal RMSE = — mi i E ey — Sipt]|2,
inima ﬂ%gsegﬁl}l}g 2 | fir iy — sipe ||
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Figure 7: Minimal RMSE vs Iterations, Initialization on the manifold in dimension 100.
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Figure 8: Minimal RMSE vs Iterations in dimension 100, Regularization p = 0.1 foro = 0, p = 0.2
for o > 0, Initialization on the unit sphere.

where S5 is the symmetric group of order 2, uifj, 7 are the true centroids, and fig, fi; are the returned
parameters from (PSGD)). In Figures we can observe the behavior of the RMSE over the
iterations for different levels of noise 0. We remark that in Figure[7| we initialize on the manifold
M, and there is no regularization term (i.e. p = 0), in Figure [8| we initialize randomly over the unit
sphere and we set p = 0.2. In both experiments we set A = 0.6 for the case 0 = 0 and ¢ = 0.3, and
A = 0.2 for the case 0 = 1.

In each experiment, the RMSE is of the order 10~2, which can be interpreted as, on average per
coordinate, the estimators jio, /i1 are missing the true parameters 1), 11 by 1072, suggesting a high
level of accuracy in the estimation procedure.

Making d vary. We repeat the same experiment as before, just varying the dimension of the problem,

the two centroids in R? are defined by ugy = (0,...,0,1) and 7 = (—1,0,...,0). For d ranging
—— N——
d-1 times d-1 times

between 4 and 200, we show in Figures@and@} on the x-axis the dimension of the problem and on
the y-axis the minimal RMSE after 5000 iterations. We remark that in Figures[0b|and[9c] the y-axis
displays only a single line due to the logarithmic scale; this may appear misleading, but it simply
indicates that the next power of 10 is much larger and is not captured on the plot.

Regardless of the initialization regime, in the noiseless case (¢ = 0) the minimal RMSE decreases as
the problem dimension d grows. By contrast, for any strictly positive noise level, the minimal RMSE
increases slowly with d— for ¢ = 0.3 it remains of order 103, and for o = 1 of order 10~2. This
reflects the growing difficulty of the problem as both dimensionality and noise increase. We recall
that the minimal RMSE can be interpreted as the average discrepancy per coordinate between the
estimated parameters and the true centroids, suggesting a high level of accuracy in each experiment.
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Figure 9: Minimal RMSE vs Dimensionality, Initialization on the manifold M.
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Figure 11: Minimal RMSE vs Iterations in dimension 50, Random initialization on the unit sphere of
the centroids and of initial guesses, Regularization p = 0.2, 10 runs, 95% percentile intervals are
plotted.

Regarding running times, the experiments run in Figures [7]and 8] take approximately two hours on a
standard laptop, while that of Figures [0]and [I0] may require up to 12 hours, to cover the dimension
grid.

G.2 Relaxing the orthogonality assumption

We replicate the experiments and parameter-selection procedure from Section @1 but this time
initializing the centroids and the initial points uniformly at random on the sphere S?~! in each run.
Figure [[T]illustrates the algorithm’s convergence behavior over 10000 iterations in the case d = 50.
In contrast, Figure [I2] shows the minimal RMSE of (PSGD) after 5000 iterations for dimensions d
ranging from 4 to 100.

We observed the expected behavior: as the dimension increases, randomly initializing centroids on the
sphere makes them more likely to be orthogonal, and thus training via the regularized theoretical risk
yields better results at higher dimensions. This effect is stronger at lower noise levels and becomes
noticeably clearer beyond 40 dimensions.

Regarding running times, the experiments run in Figure [TT|take approximately one hour on a standard
laptop, while those of Figure[I2]may require up to 7 hours, to cover the dimension grid.
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=
o
1072
0 20 40 60 80 100
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Figure 12: Minimal RMSE vs Dimensionality, Random initialization on the unit sphere of the
centroids and of initial guesses, Regularization p = 0.2, 10 runs, 95% percentile intervals are plotted.
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G.3 Euclidean Projected SGD

Based on Section and the algorithm (PSGD)) presented there, we define the projected Euclidean
SGD as the following update rule, with initialization (13, 1) € (S?~1)2, and stepsize ~:

M

1
gg = M Zvl—éoh(lu‘lgnu”fvfzk%
i=1
M
1
gf = M vah(ﬂgaﬂlfaff),
i=1 (PSGD — Euclidean)
o =96
0 - )
116 — 95 12
e py =gt
1 - )
[1f =gtz
where h is defined in (28).

Our empirical analysis reveals that it is a viable and simpler alternative to the theoretically grounded
Riemannian gradient. This section provides the numerical evidence supporting this choice. To
compare the performance of Euclidean SGD against the Riemannian SGD (both projected on the unit
sphere), we repeated the experiments outlined in Section 3] The results are presented in Figure T3]
This empirical equivalence confirms that the simple projection of the Euclidean gradient serves as an
effective and computationally simpler proxy for the true Riemannian gradient.
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(a) Distance to centroids vs Projected SGD iterations (b) Distance to centroids vs Projected SGD iterations
for the minimization of R, initialization on the mani- for the minimization of R, initialization on the unit
fold. sphere, with regularization p = 0.2.

Figure 13: Performance of Projected SGD. 10 runs, 95% percentile intervals are plotted.

G.4 Extension to Gaussian mixture model with 3 components

We propose an extension of our work to the case of three orthonormal centroids. We believe that
the approach described below would further generalize to the case of K orthonormal centroids with
K < d. Specifically, we assume that the tokens are i.i.d. drawn from the mixture model

1 1 1
Xf ~ gN(.uSa O—QId) + g./\/(,u’f, gzld) + gN(,LL;, JZId)v (Pﬂ)

where pug, 17, p5 are orthonormal vectors. It is natural to consider an attention-based predictor
composed of three attention heads, parameterized by fig, i1, 12 € R,
Tl 105 p1 52 (X) — Flinko (X) 4 Flinpa (X) + Flinpe2 (X) (29)

The associated risk is R (0, pt1, p12) = E[|| X1 — T Ho-H142 (X)) ||3]. There are two natural gener-
alizations of the regularization term to this case:

r (1o, pa, pi2) = Z (pi» X1)* (pg, X1)%,
0<i<j<2
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2

T(Q) (MO7M1?M2) = H(Mh X1>2-
=0

The first one promotes pairwise orthogonality while the second one promotes mutual orthogonality.

We use input sequences of length L = 30 in RS, where we define the three centroids puf =
(1,0,0,0,0,0), ¥ = (0,0,0,1,0,0), 45 = (0,0,0,0,0,1). The model is trained with an online
batch sampling strategy (similar to[PSGD] changing the data distribution and the regularization term),
with a batch size of 256, and a learning rate of 0.01. We take A = 0.6 for 0 = 0.3, and A = 0.2
for o0 = 1. Since any parameter could learn any centroid up to a sign, we introduce the following
distance to the centroid (up to a sign):

2
; ; N e *||2
B iy | 2 Mo = s

where S3 is the symmetric group of order 3 and jig, fi1, fio are the parameters returned by the
algorithm. We present the results in Figure We observe that the regularization (1) outperforms
r(2), since it explicitly includes all pairwise terms to enforce orthogonality. However, we note that
the number of regularization terms grows quadratically with the number of centroids.

Regarding running times, the experiments run in Figure [14| take approximately 15 minutes on a
standard laptop.

H Softmax attention layers and clustering

In this section, we assess the abilities of attention-based predictors involving a softmax activation in a
clustering context.

H.1 Problem setting

An attention-based learner with softmax activation. We recall that an attention head made of a
self-attention layer can be written as follows:

H*™(X) = softmax, (XQK X)XV

where the softmax of temperature A\ > 0 is applied row-wise, and the matrices K,Q,V € R**P
are usually referred to as keys, queries and values. As in Section[2] we assume that the values are
taken as identity, meaning that the attention head simply outputs combinations of the initial tokens
weighted by attention scores. Furthermore, we assume that the key and query matrices are equal to
the same row matrix 17 € R'*9, we obtain

H*°f1(X) = softmaxy (Xpp ' X)X (30)
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With such an architecture, the /-th output vector is therefore given by

L
Hsofb\,/t(x)e — ZsoftmaX)\ (XET/’LMTXT)k Xk, 31
k=1

which corresponds to aggregating the X’s when X} and X are simultaneously aligned with p. This
head should be a good candidate to estimate a centroid of a mixture model. In the case where the
mixture involves two components, one could train two attention heads:

(fio, f11) € argmin,, , csa 1R (pg, p1), (32)

where

Rsoft('uo"ul) I [HX — (HSoft,\,Mo + HSOft)\’M)(X)Hi‘}

(33)

= =

: lZ X — (oot s )|
=1

Remark H.1 (The attention heads are biased). As the tokens (X), are independent, we have that
RN (o, pn ) = E[[| X1 — (H*Mro 4 F¥ofm) (X)), [[3).

We note that H**'*(X); = softmaxy((X1, u)v)X, where the vector v is L-dimensional with
components vy = (Xp, u). In the idealized case where 02 = 0, then each token X, is sampled
according to a mixture of Dirac masses given by %6 uy %(5 w3~ Therefore, if we evaluate H softr 1 (X)),
on i = 55, we observe the following:

* Conditionally to X1 = u3, then

* 1 1
HoMm0 (X)) = (—,...,— | X
0= (707
This implies that even in a completely misaligned set-up (i.e., it = ug, X1 = pj), the
proposed attention head will return, as the transformation of the first token X1, the empirical
mean of the sequence tokens. This highlight the bias introduced by such an attention head,
which should be handled through the use of centering techniques.

* Conditionally to X1 = g, then

. A ps + 1y
softx,ug X)1 = soft X &~ eXP( 0 1
H (X); = softmaxy (v) Tep() £1

This suggests that in the perfectly aligned case (i.e., u = u§, X1 = uj), selecting a
sufficiently large softmax temperature A\ will cause the model to assign negligible weight to
the misaligned components —a desirable property.

Debiasing and disentangling heads. To handle the bias introduced by the attention heads, discussed
in Remark [H.I] we propose to consider centered heads instead, leading to the following modified
version of the risk

L 2

1
RSOft(NOa:u‘la /\71/)) = ZE Z

(=1

Xf _ (Hsoft,\,p,g + HSOftA“ul)(X>g (34)

+
SIS
M=

s

2

Considering such a risk is equivalent to using heads where a term proportional to % Zézl Xy, is
substracted. This type of head is known as shaped attention (Noci et al.|[2023;|He and Hofmann, 2024)).
For instance, initializing 1» = 2 debiases both attention heads independently, without considering
their interaction. Using heads with oracle parameters, one would expect that a single head provides
all the necessary information, making it sufficient to debias only that head (i.e. ¢ = 1). In that case,
one should obtain:

R&M (g, wk, A, 1) ~ min R%™, (35)
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However, when using non-oracle parameters jo and p; within the debiased heads, the risk function
may admit global minima where the heads align with zero, one, or both centroids, which is undesirable
for the clustering purpose. Therefore, we must enforce a constraint ensuring that each head aligns
with exactly one centroid. To achieve this, we introduce the regularization term:

def

= E[((p0, X1) = 1)*((p1, X1) = 1)%] + (uo, ),

leading to the following regularized optimization problem

To(um Ml)

min  R¥P0 (g, gy, A, 0) E R (o, 111, A ¥0) + poro o, i), (P,,)
o,y €SA—1 Po

where pg > 0.

H.2 Numerical experiments

We run Projected Stochastic Gradient Descent (see Appendix to learn the centroids g and p7 as
well as the weights ¢ and .

In this experiment, we use input sequences of length L = 30 of 5-dimensional tokens (d = 5), drawn
from a 2-component Gaussian mixture of centroids pg = (0,0,0,0,1) and pu} = (—1,0,0,0,0). The
variance of each component is either set to ¢ = 0.3 (low interference) or to o = 1 (high interference).

The model based on two softmax attention heads parameterized by py and p; is trained using
(PSGDgot:) with an online batch sampling strategy, with a batch size of 256, a learning rate of
~v = 0.01, and running for a total of 3000 iterations. Additionally, we initialize with A set to 3 and a
centering value v of 2. Here we use the metric distance to the centroids, given by

\/min {diSt1, diStg}, (36)
where ) )
dists = [|io — p51° + ([ — g7l

dista = ||fio — i [I* + | fix — 5|1,

and pf, 17 denote the true centroids, respectively, while fig, fi; are the parameters returned by
(PSGDsop]). We remark that this distance is finer than the one defined in[TT] as it does not disregard
sign flips. The results are visualized in Figure[T5a we observe that a regularization term substantially
improves the accuracy of the recovered solutions. However, as the strength of the regularization in-
creases, it gradually overrides the original objective and impairs the alignment of the head parameters
with the true centroids —an effect that becomes more pronounced at higher noise level, an effect also
noticed in Section 3l
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o o i
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[ c
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(a) Distance to the centroids after 5000 PSGD itera-(b) Distance to centroids vs PSGD iterations for the
tions vs regularization strength p for the minimization minimization of R°°***°  with an initialization on the
of R*°fP0  with an initialization on the unit sphere, unit sphere and regularization po = 0.5, with data
with data drawn from the non-degenerate case (Po)).drawn from the non-degenerate case (P5). 10 runs,
10 runs, 95% percentile intervals are plotted 95% percentile intervals are plotted.

Figure 15: Performance of (PSGDgo)), with data drawn from the the non-degenerate case (P)). 10
runs, 95% percentile intervals are plotted.

In Figure [15b] we set the regularization parameter pg to 0.5, and run[PSGD,|for 10* iterations.
We observe that the model yields accurate solutions under low interference (¢ = 0.3); however,
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as the interference increases (o = 1), the ability of the softmax attention heads to align with the
underlying centroids is progressively impaired. A similar loss in alignment accuracy is observed as
the dimensionality increases.

The experiments in Figure[I5b|run in a few minutes on a standard laptop, whereas those in Figure
may take up to two hours to cover the grid in the regularization hyperparameter.

I Proofs of Section 3

Proof of Proposition[5.1} For ¢ € {0,1}, one has

2\
E [L > (X1, Xo) Xe|ui, i, 21 = ¢

{=1

2\ AL —1 -
= P 2= o+ 2TV B0 X)X | s, 2 = o
2)\ . %
= 2 (BUXIPX0 | i, 21 = o] +(E = 1D EXs, Xa) Xa | 47,15, 21 = o])
(1+(d+2)02) (3+02)u
2\

— 2@+ @-n (5+0) Ju

Where we have computed the conditional expectations by expanding each term using X; = u7. +¢;
with independent Gaussian errors €;, discarding odd-moment terms, and applying Isserlis’ theorem
(Isserlis, |1918)).

We remark that choosing A = % 1+(d+2)02+(1L_1)(l+02) we get that the encoding is unbiased.
And
2
2 4N 1 5\
E LZ<X1,X5>XZM17M07Z1—C =TIz 1+ (d+2)0” + (L —1) 5t :
=1
Besides,
2\ - * * A 2 1 2 * *
E T;O(MXAX@ g | =7 1+ (@ +2)0* + (L=1) (5 +0% )| (15 + pi)
Also,
2
L 272 ) 1L\
Z X, Xo)Xeluismg | || = Z5 1+ @d+20” +(L-1) (5 +0
/=1
On the other hand,

2 2

* * 4A * *
Ml?:anZl =cC| = ?EH|X1H6|N1MLL0721 = C]

o\ L
fz X1, X)X
—1

1222 9+ x
+ 5 (L = DE[[(X1, X2) XoI%|1, 15, 21 = ]
8A2 (L — 1)(L — 2 X
* ﬁ( )2( )EKXl’X2><X17X3><X27X3>|M17M6,Z1 =d.

Recalling the expressions stated at the beginning of the proof of Proposition for moments of
Gaussian r.v. , we conclude that

2\
o Z<X17XZ>XK
=1

2

E 15 o, Z1 = ¢
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(1 +3(d+4)0? + 3(d + 2)(d + 4)o* + d(d + 2)(d + 4)5°)

12)2 1 (d+8
+ 5 (L—1) <2 + %02 +3(d +2)o* +d(d + 2)06)

) B _ 3
YA S

And

/Jl,,UmZ1 =cC

2\ &
ar | =) (X1, X0) X,
=1

2 2

His 1oy Z1 = ¢

L
Z%m&
=1

1y o, Z1 = ¢

9y L
fz X1, Xo) Xo

o (143(d+4)0* +3(d+ 2)(d + 4)o* + d(d + 2)(d + 4)0°)

12)2 1
+ A (L—1)<2+(d;8)02+3(d+2)a4+d(d+2)06>

3
PEEHER () o)

42‘22 [1+(d+2) (L1)<;+02>r.

When L — oo,
L
Z&&m

3 2
1
~ 4N <2 o? + 2> +(d— 2)06> —4)? <02 + ;)

= 2\202(1 + 40® + 2do?).

Var /’L17:U/O7Z1—C

Choosing the A = Hﬁ’ we have an unbiased encoding with variance

952 1+ 402 4 2do*

(14 202)2
Proof of Proposition[3.2] We have
2 2
W1L<&Mwww4

L
* 4 A *
= E [||X1[[ 17, 1] = —BIIXa 113, 1] — fz (X1, X0)? |11, 1o
=2

L

4)2 61« a1 AN? 2 %
+ 7 Bt ) + 5 D EIX 0, Xo) Xl ]
(=2

8A2 & 82 ..
+ E[HX1<X17X5>H ||:u'17M0] Li Z E[<X17Xf><X17Xk><X€7Xk>|/J'17MO]‘

L2 2
=2 2<b<k<L
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Furthermore we have the following,
E[|X1]?|p, 15] = 1+ 0%d,
E [(X1, Xo)?|u1, 5] = % + 202 + do?,
1 d+8 ,

E[|[(X1, X2) Xa? |11, 1] = 5+ —5—o" +3(d+ 2)0" +d(d + 2)°,

EIX1[* 6}, 1] =1+ 2(d + 2)0® + d(d + 2)o*,
E[| X1 [|®|e, 18] = 1+ 3(d + 4)02 + 3(d + 2)(d + 4)o* + d(d + 2)(d + 4)0®,

* * 2 1 ° 6
BI(X Xa) (X0, o) (X Xabli ] =2 (0% + 1)+ (a =21

These identities follow by writing
Xilpf=pl +ei, & ~N(0,0°1,) iid,

and expanding the expressions in terms of x7 and ;. The expectations then reduce to Gaussian
moments, which can be evaluated systematically using Isserlis’ theorem (Isserlis, |1918)). Since this
involves only straightforward but lengthy computations, we omit the details here.

Since no expression depends on puf, pf, we have

B L L
2 2 2 2
E HX1 - = (Xl,X@XZH —E [HXl -= Z(Xl,X@XgH %%] .
i Z =1
And
2\ & 2
D U X - L;<X1,XE>XZH ]
2 A 2 4 4\ 1 2 4
=1+ 02— Z(1+2(d+2)0% + d(d+2)0*) - Z(L—=1) (5+20° +do

+ ﬁ(1 +3(d+4)0? +3(d +2)(d + 4)o* + d(d + 2)(d + 4)c°)

1222 1 d
+ —=—(L-1) ( T (3d + 6)o* + d(d + 2)06)

1.2 2 2
) B _ 3
PR () )

When L — oo, we obtain

L 2
E lHX1 -= Z(Xl,X4>XgH 1 —(1+ 02d) — 2\(1 + 402 + 2do?)

(=1
1 3
+4)\2 (2 <02 + 2) +(d— 2)06> .

2 4
14+40°+2do to get

4(2(02+1) +(d-2)09)

And we can choose \ =

(14 40?% + 2do?)?
4(2(02+4)" +(d-2)0°)
1+ 202
1+ 602+ 120 + 4do®

e |- 2 SSonxox |~ -

=1

=0%(d—2)

< o?(d—2).
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NeurlIPS Paper Checklist

1. Claims

Question: Do the main claims made in the abstract and introduction accurately reflect the
paper’s contributions and scope?

Answer: [Yes]

Justification: Our main claim is stated in the abstract, and fully studied in Section E],
particularly Theorem |3.4]

Guidelines:

* The answer NA means that the abstract and introduction do not include the claims
made in the paper.

* The abstract and/or introduction should clearly state the claims made, including the
contributions made in the paper and important assumptions and limitations. A No or
NA answer to this question will not be perceived well by the reviewers.

* The claims made should match theoretical and experimental results, and reflect how
much the results can be expected to generalize to other settings.

* It is fine to include aspirational goals as motivation as long as it is clear that these goals
are not attained by the paper.

2. Limitations
Question: Does the paper discuss the limitations of the work performed by the authors?
Answer: [Yes]

Justification: The authors are transparent about the simplified nature of the architectures
and mathematical models they study, and consistently highlight these choices as part of the
scope and limitations of their work.

Guidelines:

* The answer NA means that the paper has no limitation while the answer No means that
the paper has limitations, but those are not discussed in the paper.

* The authors are encouraged to create a separate "Limitations" section in their paper.

* The paper should point out any strong assumptions and how robust the results are to
violations of these assumptions (e.g., independence assumptions, noiseless settings,
model well-specification, asymptotic approximations only holding locally). The authors
should reflect on how these assumptions might be violated in practice and what the
implications would be.

¢ The authors should reflect on the scope of the claims made, e.g., if the approach was
only tested on a few datasets or with a few runs. In general, empirical results often
depend on implicit assumptions, which should be articulated.

* The authors should reflect on the factors that influence the performance of the approach.
For example, a facial recognition algorithm may perform poorly when image resolution
is low or images are taken in low lighting. Or a speech-to-text system might not be
used reliably to provide closed captions for online lectures because it fails to handle
technical jargon.

* The authors should discuss the computational efficiency of the proposed algorithms
and how they scale with dataset size.

* If applicable, the authors should discuss possible limitations of their approach to
address problems of privacy and fairness.

* While the authors might fear that complete honesty about limitations might be used by
reviewers as grounds for rejection, a worse outcome might be that reviewers discover
limitations that aren’t acknowledged in the paper. The authors should use their best
judgment and recognize that individual actions in favor of transparency play an impor-
tant role in developing norms that preserve the integrity of the community. Reviewers
will be specifically instructed to not penalize honesty concerning limitations.

3. Theory assumptions and proofs

Question: For each theoretical result, does the paper provide the full set of assumptions and
a complete (and correct) proof?
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Answer: [Yes]

Justification: All theoretical assumptions are explicitly stated. Complete proofs are provided
in Appendix |B|and |C] with supporting technical results in Appendix

Guidelines:

* The answer NA means that the paper does not include theoretical results.

 All the theorems, formulas, and proofs in the paper should be numbered and cross-
referenced.

* All assumptions should be clearly stated or referenced in the statement of any theorems.

* The proofs can either appear in the main paper or the supplemental material, but if
they appear in the supplemental material, the authors are encouraged to provide a short
proof sketch to provide intuition.

¢ Inversely, any informal proof provided in the core of the paper should be complemented
by formal proofs provided in appendix or supplemental material.

* Theorems and Lemmas that the proof relies upon should be properly referenced.

. Experimental result reproducibility

Question: Does the paper fully disclose all the information needed to reproduce the main ex-
perimental results of the paper to the extent that it affects the main claims and/or conclusions
of the paper (regardless of whether the code and data are provided or not)?

Answer: [Yes]

Justification: The main algorithm used for our numerical experiments is defined in Section
[FI] Detailed descriptions of the experimental setups are provided in Sections 3.2
Appendix [G] and[H.2] This information enables others to replicate our experiments without
the need for code.

Guidelines:

* The answer NA means that the paper does not include experiments.
* If the paper includes experiments, a No answer to this question will not be perceived
well by the reviewers: Making the paper reproducible is important, regardless of
whether the code and data are provided or not.
If the contribution is a dataset and/or model, the authors should describe the steps taken
to make their results reproducible or verifiable.
Depending on the contribution, reproducibility can be accomplished in various ways.
For example, if the contribution is a novel architecture, describing the architecture fully
might suffice, or if the contribution is a specific model and empirical evaluation, it may
be necessary to either make it possible for others to replicate the model with the same
dataset, or provide access to the model. In general. releasing code and data is often
one good way to accomplish this, but reproducibility can also be provided via detailed
instructions for how to replicate the results, access to a hosted model (e.g., in the case
of a large language model), releasing of a model checkpoint, or other means that are
appropriate to the research performed.

While NeurIPS does not require releasing code, the conference does require all submis-

sions to provide some reasonable avenue for reproducibility, which may depend on the

nature of the contribution. For example

(a) If the contribution is primarily a new algorithm, the paper should make it clear how
to reproduce that algorithm.

(b) If the contribution is primarily a new model architecture, the paper should describe
the architecture clearly and fully.

(c) If the contribution is a new model (e.g., a large language model), then there should
either be a way to access this model for reproducing the results or a way to reproduce
the model (e.g., with an open-source dataset or instructions for how to construct
the dataset).

(d) We recognize that reproducibility may be tricky in some cases, in which case
authors are welcome to describe the particular way they provide for reproducibility.
In the case of closed-source models, it may be that access to the model is limited in
some way (e.g., to registered users), but it should be possible for other researchers
to have some path to reproducing or verifying the results.
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5. Open access to data and code

Question: Does the paper provide open access to the data and code, with sufficient instruc-
tions to faithfully reproduce the main experimental results, as described in supplemental
material?

Answer: [Yes]

Justification: Our primary contribution is theoretical, focusing on the analysis of a projected
gradient descent algorithm. The experimental results serve to illustrate these theoretical
findings. The data used are synthetic mixtures of Gaussian, and the algorithm is a standard
projected gradient descent on the unit sphere, both of which are straightforward to implement.
The code can be found in the supplementary materials.

Guidelines:

» The answer NA means that paper does not include experiments requiring code.

* Please see the NeurIPS code and data submission guidelines (https://nips.cc/
public/guides/CodeSubmissionPolicy) for more details.

* While we encourage the release of code and data, we understand that this might not be
possible, so “No” is an acceptable answer. Papers cannot be rejected simply for not
including code, unless this is central to the contribution (e.g., for a new open-source
benchmark).

* The instructions should contain the exact command and environment needed to run to
reproduce the results. See the NeurIPS code and data submission guidelines (https:
//nips.cc/public/guides/CodeSubmissionPolicy) for more details.

* The authors should provide instructions on data access and preparation, including how
to access the raw data, preprocessed data, intermediate data, and generated data, etc.

* The authors should provide scripts to reproduce all experimental results for the new
proposed method and baselines. If only a subset of experiments are reproducible, they
should state which ones are omitted from the script and why.

* At submission time, to preserve anonymity, the authors should release anonymized
versions (if applicable).

* Providing as much information as possible in supplemental material (appended to the
paper) is recommended, but including URLSs to data and code is permitted.
6. Experimental setting/details

Question: Does the paper specify all the training and test details (e.g., data splits, hyper-
parameters, how they were chosen, type of optimizer, etc.) necessary to understand the
results?

Answer: [Yes]

Justification: Detailed accounts of the experimental configurations are presented in Sections
[A.2}B.2[G and[H2

Guidelines:

* The answer NA means that the paper does not include experiments.

* The experimental setting should be presented in the core of the paper to a level of detail
that is necessary to appreciate the results and make sense of them.

* The full details can be provided either with the code, in appendix, or as supplemental
material.

7. Experiment statistical significance

Question: Does the paper report error bars suitably and correctly defined or other appropriate
information about the statistical significance of the experiments?

Answer: [Yes]

Justification: To assess the statistical significance of our experimental results, we conducted
10 independent runs for each experiment. The outcomes are visualized using Seaborn’s
lineplot function, which displays the mean performance along with error bands representing
variability across runs.

Guidelines:
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8.

10.

* The answer NA means that the paper does not include experiments.

* The authors should answer "Yes" if the results are accompanied by error bars, confi-
dence intervals, or statistical significance tests, at least for the experiments that support
the main claims of the paper.

* The factors of variability that the error bars are capturing should be clearly stated (for
example, train/test split, initialization, random drawing of some parameter, or overall
run with given experimental conditions).

* The method for calculating the error bars should be explained (closed form formula,
call to a library function, bootstrap, etc.)

* The assumptions made should be given (e.g., Normally distributed errors).

¢ It should be clear whether the error bar is the standard deviation or the standard error
of the mean.

It is OK to report 1-sigma error bars, but one should state it. The authors should
preferably report a 2-sigma error bar than state that they have a 96% CI, if the hypothesis
of Normality of errors is not verified.

¢ For asymmetric distributions, the authors should be careful not to show in tables or
figures symmetric error bars that would yield results that are out of range (e.g. negative
error rates).

* If error bars are reported in tables or plots, The authors should explain in the text how
they were calculated and reference the corresponding figures or tables in the text.

Experiments compute resources

Question: For each experiment, does the paper provide sufficient information on the com-
puter resources (type of compute workers, memory, time of execution) needed to reproduce
the experiments?

Answer: [Yes]

Justification: All experiments were conducted on a standard laptop. Specific details regarding
the computational resources, such as execution times, are provided at the end of each
numerical experimental section.

Guidelines:

» The answer NA means that the paper does not include experiments.

* The paper should indicate the type of compute workers CPU or GPU, internal cluster,
or cloud provider, including relevant memory and storage.

* The paper should provide the amount of compute required for each of the individual
experimental runs as well as estimate the total compute.

* The paper should disclose whether the full research project required more compute
than the experiments reported in the paper (e.g., preliminary or failed experiments that
didn’t make it into the paper).

. Code of ethics

Question: Does the research conducted in the paper conform, in every respect, with the
NeurIPS Code of Ethics https://neurips.cc/public/EthicsGuidelines?

Answer: [Yes]

Justification: We have read and understood the code of ethics; and have committed to
conform.

Guidelines:

¢ The answer NA means that the authors have not reviewed the NeurIPS Code of Ethics.

* If the authors answer No, they should explain the special circumstances that require a
deviation from the Code of Ethics.

* The authors should make sure to preserve anonymity (e.g., if there is a special consid-
eration due to laws or regulations in their jurisdiction).

Broader impacts

Question: Does the paper discuss both potential positive societal impacts and negative
societal impacts of the work performed?
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12.

Answer: [NA]

Justification: This work is primarily theoretical and employs simplified, synthetic dis-
tributions. It does not have direct societal implications beyond contributing to a deeper
understanding of certain aspects of attention-based mechanisms.

Guidelines:

* The answer NA means that there is no societal impact of the work performed.

* If the authors answer NA or No, they should explain why their work has no societal
impact or why the paper does not address societal impact.

» Examples of negative societal impacts include potential malicious or unintended uses
(e.g., disinformation, generating fake profiles, surveillance), fairness considerations
(e.g., deployment of technologies that could make decisions that unfairly impact specific
groups), privacy considerations, and security considerations.

* The conference expects that many papers will be foundational research and not tied
to particular applications, let alone deployments. However, if there is a direct path to
any negative applications, the authors should point it out. For example, it is legitimate
to point out that an improvement in the quality of generative models could be used to
generate deepfakes for disinformation. On the other hand, it is not needed to point out
that a generic algorithm for optimizing neural networks could enable people to train
models that generate Deepfakes faster.

* The authors should consider possible harms that could arise when the technology is
being used as intended and functioning correctly, harms that could arise when the
technology is being used as intended but gives incorrect results, and harms following
from (intentional or unintentional) misuse of the technology.

* If there are negative societal impacts, the authors could also discuss possible mitigation
strategies (e.g., gated release of models, providing defenses in addition to attacks,
mechanisms for monitoring misuse, mechanisms to monitor how a system learns from
feedback over time, improving the efficiency and accessibility of ML).

Safeguards

Question: Does the paper describe safeguards that have been put in place for responsible
release of data or models that have a high risk for misuse (e.g., pretrained language models,
image generators, or scraped datasets)?

Answer: [NA]

Justification: This paper is mainly theoretical and does not involve the release of any models
or datasets that could pose a risk of misuse.

Guidelines:

* The answer NA means that the paper poses no such risks.

* Released models that have a high risk for misuse or dual-use should be released with
necessary safeguards to allow for controlled use of the model, for example by requiring
that users adhere to usage guidelines or restrictions to access the model or implementing
safety filters.

 Datasets that have been scraped from the Internet could pose safety risks. The authors
should describe how they avoided releasing unsafe images.

* We recognize that providing effective safeguards is challenging, and many papers do
not require this, but we encourage authors to take this into account and make a best
faith effort.

Licenses for existing assets

Question: Are the creators or original owners of assets (e.g., code, data, models), used in
the paper, properly credited and are the license and terms of use explicitly mentioned and
properly respected?

Answer: [Yes]

Justification: Our code is self-contained and does not include any source code or binary files
from external libraries. Therefore, there are no concerns regarding permissions or licensing.
We did cite open-sourced libraries used in our paper, such as JAX.
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13.

14.

15.

Guidelines:

» The answer NA means that the paper does not use existing assets.
* The authors should cite the original paper that produced the code package or dataset.

* The authors should state which version of the asset is used and, if possible, include a
URL.

* The name of the license (e.g., CC-BY 4.0) should be included for each asset.

* For scraped data from a particular source (e.g., website), the copyright and terms of
service of that source should be provided.

 If assets are released, the license, copyright information, and terms of use in the
package should be provided. For popular datasets, paperswithcode.com/datasets
has curated licenses for some datasets. Their licensing guide can help determine the
license of a dataset.

* For existing datasets that are re-packaged, both the original license and the license of
the derived asset (if it has changed) should be provided.

« If this information is not available online, the authors are encouraged to reach out to
the asset’s creators.

New assets

Question: Are new assets introduced in the paper well documented and is the documentation
provided alongside the assets?

Answer: [NA]

Justification: This paper does not introduce or release any new assets. The numerical
experiments conducted serve solely to support the theoretical results and are not central to
the paper’s contribution.

Guidelines:

* The answer NA means that the paper does not release new assets.

* Researchers should communicate the details of the dataset/code/model as part of their
submissions via structured templates. This includes details about training, license,
limitations, etc.

* The paper should discuss whether and how consent was obtained from people whose
asset is used.

* At submission time, remember to anonymize your assets (if applicable). You can either
create an anonymized URL or include an anonymized zip file.

Crowdsourcing and research with human subjects

Question: For crowdsourcing experiments and research with human subjects, does the paper
include the full text of instructions given to participants and screenshots, if applicable, as
well as details about compensation (if any)?

Answer: [NA]
Justification: This work does not involve crowdsourcing nor research with human subjects.
Guidelines:

* The answer NA means that the paper does not involve crowdsourcing nor research with
human subjects.

* Including this information in the supplemental material is fine, but if the main contribu-
tion of the paper involves human subjects, then as much detail as possible should be
included in the main paper.

* According to the NeurIPS Code of Ethics, workers involved in data collection, curation,
or other labor should be paid at least the minimum wage in the country of the data
collector.

Institutional review board (IRB) approvals or equivalent for research with human
subjects

Question: Does the paper describe potential risks incurred by study participants, whether
such risks were disclosed to the subjects, and whether Institutional Review Board (IRB)
approvals (or an equivalent approval/review based on the requirements of your country or
institution) were obtained?
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Answer: [NA]
Justification: This work does not involve crowdsourcing nor research with human subjects.
Guidelines:
* The answer NA means that the paper does not involve crowdsourcing nor research with
human subjects.

* Depending on the country in which research is conducted, IRB approval (or equivalent)
may be required for any human subjects research. If you obtained IRB approval, you
should clearly state this in the paper.

* We recognize that the procedures for this may vary significantly between institutions
and locations, and we expect authors to adhere to the NeurIPS Code of Ethics and the
guidelines for their institution.

* For initial submissions, do not include any information that would break anonymity (if
applicable), such as the institution conducting the review.

16. Declaration of LLM usage

Question: Does the paper describe the usage of LLMs if it is an important, original, or
non-standard component of the core methods in this research? Note that if the LLM is used
only for writing, editing, or formatting purposes and does not impact the core methodology,
scientific rigorousness, or originality of the research, declaration is not required.

Answer: [NA]

Justification: We did not employ any large language models (LLMs) during any stage of the
research process.

Guidelines:

* The answer NA means that the core method development in this research does not
involve LLMs as any important, original, or non-standard components.

* Please refer to our LLM policy (https://neurips.cc/Conferences/2025/LLM)
for what should or should not be described.
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