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Abstract

In this paper, we present a novel interpretation
of the Weisfeiler-Lehman (WL) distance intro-
duced by (Chen et al., 2022) using concepts from
stochastic processes. The WL distance compares
graphs with node features, has the same discrim-
inative power as the classic Weisfeiler-Lehman
graph isomorphism test and has deep connections
to the Gromov-Wasserstein distance. Our inter-
pretation connects the WL distance to the litera-
ture on distances for stochastic processes, which
also makes the interpretation of the distance more
accessible and intuitive. We further explore the
connections between the WL distance and certain
Message Passing Neural Networks, and discuss
the implications of the WL distance for under-
standing the Lipschitz property and the universal
approximation results for these networks.

1. Introduction

The Weisfeiler-Lehman (WL) test, a classic graph isomor-
phism test (Lehman & Weisfeiler, 1968) which has recently
gained renewed interest as a tool for analyzing Message
Passing Graph Neural Networks (MP-GNNs) (Xu et al.,
2018; Azizian et al., 2020). Recently, Chen et al. (2022)
introduced the Weisfeiler-Lehman (WL) distance between
labeled measure Markov chains (LMMCs). The WL dis-
tance has the same power as the WL test in distinguishing
non-isomorphic graphs and it is more discrimative than a
certain WL based graph kernel (Togninalli et al., 2019).
Moreover, Chen et al. (2022) unveiled interesting connec-
tions between the WL distance and both a certain neural
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network architecture on Markov chains and a variant of the
Gromov-Wasserstein distance (Mémoli, 2011).

Although the WL distance possesses nice theoretical proper-
ties and good empirical performance in graph classification
tasks, the original formulation of the WL distance is com-
plicated and can be hard to decipher. In this work, we
identify a novel characterization of the WL distance using
concepts from stochastic processes. This new character-
ization eventually provides an alternative, more intuitive
reformulation of the WL distance. Via this reformulation,
we further identify connections between the WL distance
and the so-called Causal Optimal Transport (COT), a branch
of the Optimal Transport theory specifically taylored for
comparing stochastic processes (Lassalle, 2018).

Finally, we recall that Chen et al. (2022) introduced a cer-
tain neural network structure, called Markov Chain Neural
Networks (MCNNSs), for Markov chains and utilized the
WL distance to explain theoretical properties of MCNNs. It
was mentioned that MCNNs will reduce to a special type
of MP-GNNs when restricted to Markov chains induced
by graphs. In this work, we proceed further along this line
and explicitly clarify how the WL distance can be used to
understand properties of MP-GNNS. In particular, inspired
by the analysis of (Chen et al., 2022; Chuang & Jegelka,
2022), we establish the Lipschitz property and a universal
approximation result for such MP-GNNs.

Related work. Our work builds on recent developments
in graph similarity measures, particularly the WL distance
introduced by (Chen et al., 2022). Another relevant work
is the Tree Mover’s (TM) distance, introduced in (Chuang
& Jegelka, 2022), which compares labeled graphs using
Wasserstein distance and has similar discriminative power
to the WL distance. However, in contrast to the combina-
torial computation tree structure used in the TM distance
(which currently cannot yet handle weighted graphs), the
WL distance benefits from a more flexible Markov chain
formulation. This formulation enables the WL distance
to compare weighted graphs, potentially handle continu-
ous objects, such as heat kernels on Riemannian manifolds,
and facilitates the development of differentiable distances
for comparing labeled graphs, as demonstrated in (Brugere
et al., 2023). Additionally, Toth et al. (2022) introduced
the hypo-elliptic graph Laplacian and a corresponding diffu-
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sion model that captures the evolution of random walks on
graphs. This approach shares similarities with the WL test
and the WL distance by focusing on entire walk trajectories
instead of individual steps. Exploring the relationship be-
tween these concepts in future research would be intriguing.

2. Preliminaries
2.1. Probability measures and Optimal Transport

Let Z be any metric space. We let P(Z) denotes the space of
all Borel probability measures on Z with finite 1-moment'.
We let P°1(Z) := P(Z) and for each k = 1, ..., we induc-
tively let Pe(F+1)(Z) := P(P°F(Z)).

Given any measurable map f : X — Y and a proba-
bility measure o € P(X), we let fra € P(Y) denote
the pushforward of «, i.e., for any measurable B C Y,

faa(B) == a(f'B).

For any probability measures «, 5 on Z, the (¢1) Wasserstein
distance between them is defined as follows:

dW(a76) = TrEéI(l(E 3)

/ dz(z, 2 )m(dz x d2’).
ZXZ

Here C(«, 3) denotes the set of all couplings between « and
B, i.e., the set of all probability measure 7 € P(Z x Z)
such that marginals of 7 are o and /3, respectively.

A note on notation for probability measures. We will
mostly deal with finite sets in this paper. Given a finite set
X and a € P(X), we let a(z) := a({z}) for any = € X.

An alternative description of the Wasserstein distance.
A random variable X with values in a complete and separa-
ble metric space Z is any measurable map from a probability
space (2,P) to Z. We let law(X) := X 4P denote the law
of X. Now, we define the notion of coupling in terms of
random variables.

Definition 2.1 (Coupling in terms of random variables).
Given two probability measures «, 3 on a complete and sep-
arable metric space Z, we call any pair of random variables
(X,Y): (Q,P) » Z x Z acoupling between « and /3 if
law(X) = awand law(Y") = .

Of course, given a coupling (X,Y), one has that
law((X,Y)) € C(a, 8). Conversely, note that given any
(measure-theoretical) coupling 7 € C(a, ), one can al-
ways find a coupling (X,Y") between « and 3 such that
law ((X,Y)) = .

Now, given two probability measures « and 3 on a metric
space Z, the Wasserstein distance between « and (3 can be

'This is equivalent to saying that for any o € P(Z) and any
zo € Z, one has that [, dz(z, z0)a(dz) < co.

rewritten using the language of random variables as follows:

where the infimum is taken over all couplings (X,Y") be-
tween « and 3.

2.2. Markov chains

Let X be a finite set. We denote by m¥ : X — P(X)
a Markov transition kernel on X. Let ux € P(X) be a
stationary distribution w.r.t. mZ. Then, we call the tuple
X = (X, m, ux) a measure Markov chain (MMC).

Due to the Kolmogorov extension theorem (Kolmogorov &
Bharucha-Reid, 2018) (see also (Durrett, 2019, Theorem
2.1.14)), an equivalent way of describing a measure Markov
chain X := (X, mJ,ux) is to view it as a probability
measure Py on the path space X = X x X x ---,ie.,
XN =dw=(2,)2y: 2, € X} Ifwelet X; : XN = X
denote the projection map to the i-th component for 7 € N,
then Px is required to satisfy that

¢ Px(Xips () = #/|Xi(w) = 2) = m¥(2") for any
z,7’ € X and

o (X0)#Px = px.

As X can be viewed as a random variable on the probability
space (XN IPx) with values in X, the second condition can
be also rewritten as law(Xy) = px.

Now given any metric space Z, consider any map £x : X —
Z. Then, we call the tuple (X, ¢x) a Z-labeled measure
Markov chain ((Z—)LMMO).

2.3. The Weisfeiler-Lehman Distance

In (Chen et al., 2022), a notion of (pseudo-)distance is pro-
posed for labeled measure Markov chains (LMMCs). The
motivation comes from the classical Weisfeiler-Lehman
(WL) graph isomorphism test, which compares two graphs
by iteratively testing whether certain aggregated node-label
summaries of the two input graphs are the same. The
WL distance of (Chen et al., 2022) introduced a measure-
theoretic treatment of the node labels via Markov kernels,
and it essentially “metrized” the WL-test procedure into
a distance measure that is compatible with WL test. We
briefly introduce the concept below; see the original paper
(Chen et al., 2022) for details.

Consider a Z—LMMC (X, £x). We recursively define a
sequence of maps [{y, | : X — P°*(Z) for k € N. First

of all, we let [%) , | := {x. Then,
(D= ([ggex))# m¥: X = PH(Z).

“Here N denotes the set of all non negative integers.
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Finally, we let

S((X,0x)) = ([g';glx))# px € PUHD(Z).

Now, given two Z—LMMCs (X, /x ) and (), {y ) and any
k € N, the Weisfeiler-Lehman distance of depth & is defined
as follows:

Ay, (X, lx), (Y, by)) = dw (Lr((X, Lx)) , Lk
2

3. Reinterpretation of the WL distance

The original definition of the WL distance, while well-suited
for devising a computation algorithm for the distance, is
rather intricate due to its iterative consideration of probabil-
ity measures on spaces P°%(Z) with increasing complex-
ity. However, a better understanding of the concept can
be achieved by using the language of stochastic processes.
In this section, we will elaborate on two approaches: (1)
using the concept of Markovian couplings, a special type
of couplings between Markov chains, and (2) exploring
the connection between the WL distance and the theory of
causal Optimal Transport (Lassalle, 2018; Backhoff et al.,
2017), a variant of OT specialized for comparing stochastic
processes. These interpretations of the WL distance offer
valuable insights for future research in this field.

3.1. Recall of a characterization of the WL distance

We first recall a characterization of the WL distance from
(Chen et al., 2022). Given any two MMCs X and )/, one can
inductively define the notion of k-step coupling between
mg and m) as follows:

A I-step coupling between mX and m} is defined to
be any measurable map

vy i X xY = P(X xY)

such that v{')
yey.

: A measurable map v/¢"s : X x Y — P(X xY') is called
a k-step coupling between mX and mY if there exist

(k—1)

a (k — 1)-step coupling ve s ’ and a 1-step coupling
)

Ve, such that for any x € X and y € Y, one has

k) _ (k—1)
Va,y / Vary'
XxY

Let C® (m&, m} ) denote the collection of all k-step cou-
plings between m X and m) . Furthermore, for any v €
C(ux, py) and any v € C%(mE,mY), denote by

b
(k) e O */ Va(c’?y’ '
XxXY

€ C(my,m)) for any € X and

1/;1;/ (dx’ x dy")

v(dz' x dy').

(V. 6v))) -

It is shown in (Chen et al., 2022) that v{*s ©®7 € C(pux, pty)-
We then let C*® (1 x, p1y) denote the collection of all such
couplings. Then, it turns out the WL distance can be charac-
terized as follows>.

Theorem 3.1 ((Chen et al., 2022, Theorem A.7)). Given
k € N and any two Z-LMMCs (X, lx) and (Y, ly), one
has that

(X bx), (V€ f
(( X) ( Y))'\/(mec(lkI)l(HX’IlY’S

3.2. Markovian couplings and a stochastic process
interpretation of the WL distance

Readers familiar with stochastic processes may recognize
the construction of k-step couplings in the previous section.
In fact, we observe that these couplings can essentially be
derived from the so-called Markovian couplings (which we
will introduce later). Based on this observation, in this sec-
tion, we provide a clean and intuitive interpretation of the
WL distance as a variant of the Wasserstein distance be-
tween distributions of paths by highlighting this connection.

Recall that any measure Markov chain (X, m, ux) can
be equivalently described as a probability measure Px
on the path space X" such that (XO)#IF’X = [LX and
Px(Xi1 = 2/|X; = ) = mX(2') for any z,2’ € X.
In this way, given any two MMCs = (X,m¥, ux)
and ) = (Y,mY, ux), one can consider couplings P €
C(Px,Py) C P(XYN x YN) between their corresponding
path distributions Px and Py, respectively. There is a canon-
ical identification between X x Y™ and (X x Y)N send-
ing ((x;)jen, (y;)jen) to (z;,;)jen. Then, P can be also
considered as a probability measure on (X x Y)V, ie., a
distribution of paths inside the space X X Y. As this dis-
tribution is a coupling between two Markov chains, it is
natural to also impose the Markov property on such cou-
plings. This naturally leads to the following definition of
Markovian couplings which helps to provide an intuitive
characterization of the WL distance. We first introduce
some notation. For any i € N, welet X; : XN x YN — X
sending ((z;) en, (y;);jen) to z; and we similarly define
Y;. Now, we introduce the notion of Markovian couplings.

Definition 3.2 (Markovian couplings). A coupling P €
C(Px,Py) is called a Markovian coupling, if the following
conditions are satisfied:

1. The sequence {(X;,Y;)}ien, regarded as random vari-
ables valued in X x Y on the probability measure space
(XN x YN P, satisfies the Markov property, i.e., for any

In Theorem A.7 of (Chen et al., 2022), it is assumed that
the measures equipped in LMMC:s are stationary with respect to
their corresponding Markov kernels. However, we note that the
statement in Theorem A.7 still holds if we remove the requirement
measures to be stationary.

wdz(Cx(Xo), by (Yo)).
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1 €N, zg,...,z; € X and yg,...,y; € Y, one has that

P((Xi,Yi) = (zi,y){(X;,Y;) = (x5, 9;) }o<j<i—1)

=P((X,Yi) = (i, y:)|(Xiz1,Yi1) = (i1, i1))-

2. Forany: € N,z € X and y € Y, if we construct a
probability measure (V;+1)4,, € P(X x Y) as follows

(Vig1)ay (2 y) =
P((Xit1,Yir1) = (2, y)|(X;, Y3) = (z,9))

Va' € X,y €Y, then (viy1)sy € C(m,m)). ie.,

(Vi+1)e e is a 1-step coupling between m and m} .4

We let Crq(Px, Py ) denote the collection of all Markovian
couplings between Px and Py-.

In short, a Markovian coupling of two Markov chains Px
and Py is a time-inhomogeneous Markov chain on a state
space X x Y that is the product of the state spaces of the
two chains and whose transition kernel at each time step is
a coupling between the transition kernels of the two chains;
see Figure 1 for an illustration.

Remark 3.3 (Initial distribution). Note that coupling P €
C(Px,Py) satisfies that (Xo, Yo)4P € C(ux, 1y ). Hence,
any Markovian coupling also starts with an initial distribu-
tion which is itself a coupling between the initial distribu-
tions of the two Markov chains.

(IS

Figure 1: A Markovian coupling between X and ) is a
Markov chain in the product space X X Y so that its pro-
jections on to X and Y have the same law as X and ),
respectively.

Remark 3.4 (Coupling method). This definition of Marko-
vian coupling is a generalization of a common coupling
technique used for proving convergence of Markov chains
(see for example (Levin & Peres, 2017)). Note that whereas
we define Markovian couplings for two arbitrary Markov
chains, in the context of “coupling technique”, the two
Markov chains involved have the same transition kernels.

*When the event {(X;,Y:) = (z,y)} is null, the conditional
probability is not defined and hence we simply let (V;41)q,y be

the product measure m; ® mz,/ S C(mff, my).

Remark 3.5 (Existence of Markovian couplings). Given tran-
sition kernels (v;+1)e,e for all steps ¢ = 0, . .. and an initial
distribution -, one can always construct a Markovian cou-
pling via the Kolmogorov extension theorem (Kolmogorov
& Bharucha-Reid, 2018).

As promised at the beginning of this section, below we
provide an intuitive explanation of k-step couplings. See
Appendix A.1 for the proof of this result.

Proposition 3.6. For any coupling v € C(ux, py) and
any k-step coupling vls € C* (mX,mY), there exists a
Markovian coupling P € Cpq(Px,Py) such that

law (X, Yz)) = v{ © v and law((Xo,Yp)) = 7.

Conversely, for any Markovian coupling P € Cp(Px, Py ),
v := law((Xo,Y0)) is a coupling between pux and py
and furthermore, there exists k-step coupling v €

C® (m¥,mY) such that law((Xy, Yi)) = vite © 7.

This proposition implies that any k-step coupling, just as
indicated by the name, is the distribution of two coupled
random walks at exactly step k. The direct implication of
this result is that we provide a characterization of the WL
distance of depth £ as follows. We note that the following
theorem is an immediate consequence of Theorem 3.1 and
Proposition 3.6.

Theorem 3.7. For any Z-LMMCs (X, {x) and (Y, Ly ), we
have that

(k) B .
dywr, (X, 0x), (Y, ly)) —Pecﬂ/}&iﬁpy)

In this way, we have interpreted the WL distance of depth k
as a variant of the Wasserstein distance between the distri-
butions of paths corresponding to the input Markov chains.
Here the cost between two paths wx € X Nand wy € YN
is given by dz ({x (Xi(wx), by (Yr(wy))) through the la-
bel functions. Essentially, the WL distance at depth & is
comparing the distribution of the Markov chains at step k;
see Figure 2 for an illustration.

3.2.1. IN TERMS OF THE LANGUAGE OF RANDOM
VARIABLES

A Markov chain can of course be realized on probability
spaces beyond the path space. This flexibility can be use-
ful in situations where some random variables need to be
independent of the Markov chain. We consider this slightly
more generalized setting in this section and reformulate the
definition of Markovian couplings and also Theorem 3.7. It
is worth noting that skipping this section will not impede
understanding of the other parts of the paper.

Note that a common way for describing a measure Markov
chain X = (X, m, ux) is through a sequence of random

Epdz({x(Xk), ly (Y)).
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Clux,wy) = dz(Lx (Xe), by (Yi)

Figure 2: The WL distance of depth £ is almost like
the Wasserstein distance between path distributions where
the cost C'(wyx,wy ) between paths is given by the dis-
tance between labels of the two random walks at step k:
dz ((x (Xi(wx), by (Ye(wy))).

variables {X; :  — X };cn from some probability space
(Q,P) such that law(Xy) = pux and P(X;41 = 2'|X; =
x) = m2 (2') for any x, 2’ € X. Just to distinguish from
our terminology of measure Markov chains X, we call any
such sequence of random variables as a stochastic real-
ization of the MMC X. In this way, the projection maps
{X; : (XN,Px) — X}ien on the path space give a con-
crete example of stochastic realization.

We now generalize the Markovian couplings from Defini-
tion 3.2 to the case of general stochastic realizations in a
way similar to Definition 2.1.

Definition 3.8 (Markovian couplings for stochastic real-
izations). Given MMCs X = (X,m,ux) and Y =
(Y,mY, uy), let {X;};en and {Y;}ien be stochastic real-
izations on the same probability space (€2, P). We call the
sequence of random variables {(X;,Y;) }ien a Markovian
coupling between X and ), if the following properties hold:

1. The sequence of random variables {(X;,Y;)}ien sat-
isfies the Markov property, i.e., for any ¢ € N,
zg,...,x; € X and yg,...,y; € Y, one has that

P((Xi,Yi) = (zi, ) {(X;,Y5) = (2, 9;) }o<j<i—1)

=P((X,Ys) = (25, 4)|(Xiz1, Yic1) = (@im1,¥i-1)).

2. Foranyt € N,z € X and y € Y, if we construct a
probability measure in P(X X Y') as follows

(Vit1)ay (@' y) =
P((Xit1,Yiq1) = (@, 9)(Xi, Vi) = (z,9)),

then (vi11)zy € C(my,my ), ie., (Vis1)e,e is a 1-step
coupling between m and mY .

Note that the above definition is almost identical to the
definition of Markovian couplings between path distribu-
tion (see Definition 3.2). Hence, it is not surprising that

Theorem 3.7 can be rephrased in terms of stochastic realiza-
tions; see also the similarity between Equation (1) and the
corollary below:

Corollary 3.9. For any Z-LMMCs (X, {x) and (), ly),
we have that

dwr, (X, 0x), (Y, by)) = inf

Edy(Cx(X), by (V;
(D, o Bz (Xie), b (Vi)

where the infimum is taken over all possible Markovian
couplings between X and ).

3.3. The Connection with Causal Optimal Transport

Finally, we comment that the Markovian coupling character-
ization formula given in the previous section is deeply con-
nected with the notion of Causal Optimal Transport (COT)
(Lassalle, 2018). We elucidate this point in this section.

Note that COT has already found applications in mathe-
matical finance (Glanzer et al., 2019; Backhoff-Veraguas
et al., 2020) and in machine learning (Xu et al., 2020; Xu
& Acciaio, 2022; Klemmer et al., 2022). As COT lies in
the framework of Optimal Transport, multiple Sinkhorn al-
gorithms have been proposed in the literature (Pichler &
Weinhardt, 2022; Eckstein & Pammer, 2022) for accelerat-
ing computations. The connection between the WL distance
and COT that we study in this section may eventually result
in efficient algorithms for computing/approximating the WL
distance. We leave this for future study. Furthermore, we
believe that this connection can also be useful for extend-
ing the WL distance to the case when input LMMCs have
different labeling space Z’s.

We first review some basics of COT. Given two (finite)
spaces X and Y and an integer k£ € N, consider the product
spaces X* 1 and Y**! (these product spaces are viewed
as spaces of paths in X or Y of length k 4+ 1)°. Leta €
P(Xk*+1) and B € P(YF+1). Now we are ready to define
the notion of (bi)causal coupling between « and /3.

Definition 3.10 ((bi)causal coupling). A coupling measure
m € C(a, B) is said to be causal from « to f if it satisfies

7T((y07 ce 7yl)|($0’ cee 7$k)) = W((y07 cee 7yl)‘($0’ cee 7wl))

forall I € {0,...,k} and (z,...,2%) € X**1. Here,
the notataion 7(-|-) denotes conditional probability. This
implies that, at time [ and given the past (xq, ..., x;) of
X, the distribution of y; does not depend on the future
(:El+1, . ,ch) of X.

Moreover, 7 is said to be bicausal if it is causal both from «
to 3 and from /3 to . The set of bicausal couplings between
a and 8 will be denoted by Cpc(a, 3).

The framework of COT can incorporate the setting of both
discrete and continuous paths of finite or infinite length. In this
paper, we will focus on paths of finite length for simplicity and
clarity of our presentation.
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Now, let ¢ : X*+1 x Yk+1 5 R_ be any cost function.
Then, the bicausal OT problem is formulated as follows:

inf cx,y)m dx x dy).
TEChe(a,fB) ~/X""+1><Y)c+1 ( y) ( y)

Similarly, one can formulate the causal OT (COT) problem
by considering causal couplings. We use the acronym COT
to refer to both causal and bicausal OT problems.

d“(a, B) ==

It turns out that Markovian couplings naturally give rise
to bicausal couplings by restricting paths with infinite
time steps from N to paths with finite time steps. More
precisely, given two MMCs X = (X,mJ,ux) and
Y = (Y,mY, ux), we consider any Markovian coupling
P € Cum(Px,Py) (cf. Definition 3.2). Then, for any
k € N, we let o* = law((Xo,...,Xx)) € P(XFH1)
and let 8% := law((Yp,...,Y%)) € P(Y**!). Recall
that here law((Xo,...,X%)) = (Xo,...,X;)xP and
law((Yp,...,Ys)) is similarly defined. In fact, it is easy

to see that o and B* can be expressed explicitly as follows.
ak((:co,xl, CXg)) = mf}ﬁl(:ck) e mfﬂ (z1)px (o),
B (Yo, y1s---yk)) =my (yx) - -my (y1)y (yo)-

Now, we further let

7% =law((Xo,..., Xi, Yo,...,Y3)) € P(XFHxY*+HL),

Then, we have that
Lemma 3.11. 7% is a bicausal coupling between o and

B*.

Now, we consider the following cost function c*
Y#+1l 5 R, defined by

(({I}O,...,LL']C

and state the following theorem.

Theorem 3.12. For any Z-LMMCs (X, {x) and (), ly),
we have that

D Gan %

)s Wos -5 yx)) = dz(Cx (xr), by (yr)) ()

Ay (X, 0x), (P, by)) = d° (a*, BY).

In order to prove Theorem 3.12, we first note that d°" can
be recursively computed. For each ¢ = 0, ..., k, we define
Vi : X1 x Y+ 5 R recursively as follows:

Vi(zo, -+, Tk, Yo, - - - Y&) := dz({x (zx), by (yx)), and
‘/i_l(l‘o, e ,Ii_hyo, e 7yi—1) =

) inf Eyi ‘/;(X07...,Xi_l,Yo,...,}/i_l)
vieC(ak oo BE iy
where o . (resp. BF ) is the probability mea-

sure on X (resp. Y) defined as the conditional probabil-

ity measure of - (x;) := aF(xy]wo, ..., 2i_1) (resp.
i Wi) = BF(wilo, - - yi—1))C

Then, as a direct consequence of Proposition 5.2 in (Back-
hoff et al., 2017), one has the following equality

( B = o inf / Vo(wo, y0) ¥° (dao x dyp).
€C(px,kty) JX XY
“4)

As we are dealing with Markov chains, it is expected that
Vi(xo,.-.,2i—1,Y0,---,Yi—1) is independent of the past,
i.e., independent of (xo,...,2;—2,%0,-..,Yi—2). In order
to show that this is indeed the case, foreachi =0,...,k—1,
we define W, : X x Y — R in a way similar to how we
defined V;:

Wi(zr, yr) == dz(lx (zx), by (yx)), and

Wi71($if1,yif1) = inf E,: Wz‘(Xi,Yé)

vieC(a, By, )

for each i = 0,...,k — 1 where a , (resp. B’“ ) is
the probability measure on X (resp Y) deﬁned as the
conditional probability measure of _ (z;) 1= o (z;i|z;—1)
(resp. 5% (i) = B*(wilyi-1)-

Lemma 3.13. For all i € {0,...,k — 1} and

(20, Tiy Yo, - -, ¥i) € X x YL we have the fol-

lowing equality:
‘/;‘(3307 <o iy Yo, - 7?/1) = Wi(xhyi)'

Finally, as a direct consequence of Theorem 3.7,

Lemma 3.11, and Lemma 3.13, one can prove Theorem 3.12.

See Appendix A.5 for a complete proof.

Remark 3.14 (Markov chains in the label space). In fact,
one can also transform a Z-LMMC (X, {x ) into a Markov
chain in the label space Z, if we require that £x : X —
Z is injective. In this way, the WL distance can be also
interpreted as solving a COT problem in the label space Z.
See Appendix A.6 for more details.

4. Implications to Message Passing GNNs

In this section, we will provide some results on the use of
the WL distance for studying the universality and the Lip-
schitz property of message passing GNNs. In (Chen et al.,
2022), the authors introduced a neural network framework,

It might happen that the event (Xo,...,X;—1) =
(zo,...,wi—1) is null, then the conditional probability is not de-
fined. In this case, we simply let amo _, be any probability

~~~~~~

measure on X. We adopt the same convention for *. An al-
ternative and more rigorous way of deahng with this is to define
o/;o ,,,, =;_, as the disintegration of a® w.rt. (zo,...,xi—1) (cf.
(Ambrosio et al., 2005, Section 5.3)). However, for 51mp11<:1ty of
presentation, we avoid such a definition.



The Weisfeiler-Lehman Distance: Reinterpretation and Connection with GNNs

named Markov chain neural network (MCNN), on the col-
lection of all LMMCs and established that this framework
is universal w.r.t. the WL distance on this collection. It is
briefly touched upon in (Chen et al., 2022) that a MCNN
will reduce to a standard Message Passing Graph Neural
Network (MP-GNN) when the input LMMCs are induced
from labeled graphs. In this section, we will restrict our-
selves to graph induced LMMCs and study properties of
MP-GNNs via the use of the WL distances. In particular,
we show that a special yet common type of MP-GNNs (1)
has the same power as the WL distance in distinguishing
labeled graphs, (2) is Lipschitz w.r.t. change of input labeled
graphs through the lens of the WL distance and (3) satisfies
the universal approximation property, i.e., any continuous
function defined on a compact space of labeled graphs can
be approximated by such MP-GNNs.

4.1. Graph induced LMMCs

We first introduce some terminology related to graphs.
In this paper, we consider finite edge weighted graph
G = (V,E,w: E — (0,00)) where V denotes the ver-
tex set, I/ denotes the edge set and w denotes the edge
weight function. For each v € V, we define its degree as
deg(v) := >, cy Wy In order to distinguish between
multiple graphs, we sometimes include the graph symbol G
in subscripts when referring to these notions, such as in the
case of Vg or wg. This helps to clarify which graph we are
referring to in cases where multiple graphs are involved.

Now, given a finite edge weighted graph G endowed with a
label function ¢ : V' — Z, one can generate a LMMC as
follows. Given g € (0, 1), we associate to the vertex set V'
a Markov kernel m?’q as follows: forany v € V,

1—
mG = {qdv + Geg(o] v/ eNa(v) Wourdvs - deg(v) > 0;

! Oy, deg(v) = 0.

For each vertex v € V, we introduce the following modified
notion of degree

deg(v) deg(v) > 0;

1 deg(v) = 0. ©)

) - {

Based on deg, we introduce the following probability mea-
Y vev ﬁ%mdv. Then for any
q € (0,1), ug is a stationary distribution w.r.t. the Markov
kernel 7n$"?. Then, we let X, (G) := (V,m$", u¢) and we
say that the LMMC (X, (G), {¢) is induced by the labeled
graph (G, {g).

Finally, we let G(Z) denote the collection of all Z-labeled
graphs and given ¢ > 0, let I, : G(Z) — M¥(Z) denote
the map which sends a Z-labeled graph into a Z-LMMC
via the method described above. Let G,(Z) := I,(G(Z)) C

sure on V: ug =

ME(Z). Then, for any k > 0, d\y;, restricted on G,(Z)
induces a pseudo-distance, which we denote by dg’)q, on

G(Z). We then call d(gqu the (¢-damped) WL distance of
depth k between labeled graphs.

4.2. Message Passing Graph Neural Networks

Given ¢ > 0 we consider the following special type of
k-layer MP-GNNSs.

Message Passing: (" (v) :=
70415 (0) + Geghy wrena(w) Wovr i1 (U (V)
if deg(v) > 0,
i1 (0(v) if deg(v) = 0

Readout:

deg(v)
h((G,L5)) = __deelv)
(G lal)=v (Z; 5 v deg(v)

where @; : R%-1 — R% and 1) : R%+1 — R are MLPs.

Remark 4.1. Any such MP-GNN h : G(Z) — R arises as
the restriction of a Markov Chain Neural Network (MCNN)
H : M*(Z) — R (see (Chen et al., 2022, Section 4)) to
the collection G,(Z). For more details, see Appendix B.1.

i1 (L8 (v))>

We use NN§(R?) to denote the collection of all such MP-
GNNs with £ layers.

Discriminative Power of MP-GNNs In addition to the
Lipschitz property, we also establish that NAV{ (R?) has the
same discriminative power as the WL distance.

Proposition 4.2. Given any (G1,4a, ), (G2,(c,) € G(RY),

1. if dg’)q((Gl,éGl),(Gz,er)) = 0, then for ev-
ery h € NN}(R?) one has that h((G1,4g,)) =
h((G2, lay,))s

2. 0f d(gk’)q((Gl,EGl),(Gg,ﬂ%)) > 0, then there ex-
ists h € NNR(R?) such that h((G1,0q,)) #
h(Ga, €a,)).

Proof. This follows directly from Remark 4.1 and (Chen
et al., 2022, Proposition 4.1). O

In fact, we establish a fact stronger than Proposition 4.2
under a setting similar to (but more flexible than) the one
used in (Xu et al., 2018). Choose any countable subset
Z C RY and any countable subset P C R. Let Gp(Z)
denote the collection of all Z-labeled weighted graphs so
that their edge weights are contained in P.

Now, we will establish that a very restricted set of MP-
GNNe s is sufficient to have the same discriminative power
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as the WL distance and, in this way, we establish a much
stronger result than Proposition 4.2. We let NN¢' (RY)
denote the collection of maps h € NN¥(R?) where ¢; :
Ré-1 — R% satisfies that d; = 1 foreachi =1,...,k+1
(note dy = d). Then, we establish the following main result:

Theorem 4.3. For each k > 0, there exists h €
N./\/Z’l(Rd) such that for any (Gi1,lq,),(Ga2,lq,) €
gP(Z)’ dg,)q((thCﬁ)v (GQ?ng)) > Olﬁ(‘h((GlaeGﬁ)) 7&
h((G2,4c,)).

Notice that whereas in Proposition 4.2 the existence of i
may depend on the choice of labeled graphs, h in Theo-
rem 4.3 is universal for all pairs of labeled graphs. Further-
more, while maps ¢; involved in intermediate layers of i
in Proposition 4.2 could potentially have large dimensions
(d; could be very large), ; can be chosen to have very low
dimension (d; = 1) in Theorem 4.3. In this way, the latter
result is stronger than the previous one.

Remark 4.4. (Xu et al., 2018) established a result similar
to Theorem 4.3: for any £ > 0, there exists a MP-GNN
h which has the same discriminative power as the k-step
WL test when restricted to the set of graphs whose labels
are from a common countable set. We remark that in order
to show the existence of such h, however, the MP-GNN A
they constructed utilizes aggregation functions defined on
a countable set which may not be able to be continuously
extended to a “continuous” domain such as R%. In contrast,
each function involved in constructing b € NNV¢' (R) is a
continuous map between Euclidean spaces.

Lipschitz property of MP-GNNs In addition to the study
of zero sets, one can generalize the results above in a quan-
titative manner. More specifically, we establish that the
specific MP-GNNs defined in this section are Lipschitz w.r.t.
the WL distance. This in particular indicates that MP-GNNs
are stable w.r.t. small perturbations of graphs in the sense
of the WL distance.

Theorem 4.5. Given a k-layer MP-GNN h : G(RY) — R
as described above, assume that @; is C;-Lipschitz for i =
1,...,k + 1 and that o is C-Lipschitz. Then, for any two
labeled graphs (G1,{q,) and (Ga,Lg,), one has that

Ih((G1,4c,)) — M((G2, lg,))]
< C- Hfillcb ' dg,>q((G17€G1)7 (G27£G2)) .

Remark 4.6. We note that the WL distance could potentially
be used to study the Lipschitz property of other types of MP-
GNNs. See Appendix B.4 for such a study of a normalized
version of Graph Isomorphism Network.

Universal approximation Based on the Lipschitz prop-
erty, we finally establish the universal approximation prop-
erty of MP-GNNs. For this purpose, we introduce some
notation. Given any £k € N and any subset £ C

(Q (R%), d(;’)q), we let C(KC, R) denote the set of all contin-

uous functions f : K — R. We further let NNV7 (R?)|x
denote the collection of all functions h|x where h €

NN(RY), ie.,
NMNELRY | := {hlc : h € NNE(RD)}.

Then, we state our main result as follows.

Theorem 4.7 (Universal approximation of k-layer
MP-GNNs). Given ¢ > 0 and any k € N, let

K C (g(Rd),d(g’i)J be any compact subspace. Then,
NN{(RY)|x = C(K,R).

The theorem above follows directly from the universal ap-
proximation result for MCNNSs (Chen et al., 2022, Theorem
4.3); see Appendix B.5 for the proof.

5. Conclusion and Future Directions

In this paper, we further investigate the WL distance, pro-
posed in (Chen et al., 2022), for comparing LMMCs and
establish that the WL distance of depth k can be seen as a
variant of the ¢;-Wasserstein distance comparing distribu-
tions of trajectories from random walks on the label space.
We further identify connections between the WL distance
and causal optimal transport (COT), suggesting potential ap-
plications in computing/approximating COT distances and
extending the WL distance to handle different label spaces.
These avenues offer interesting future research directions.

Given that the WL distance is compatible with the WL-
graph isomorphism test, which has been connected to the
expressiveness of message-passing graph neural networks
(MP-GNNs) (Xu et al., 2018; Azizian et al., 2020), it is
natural to equip the space of graphs with a (pseudo-)metric
structure induced by the WL distance. As already observed
in (Chen et al., 2022) and further detailed in this paper,
MP-GNN can universally approximate continuous functions
defined on the space of graphs w.r.t. the WL distance. In fact,
a more refined result is obtained (Theorem 4.7) which shows
universal approximation result for the family of k-layer MP-
GNNs. Furthermore, similar to the work of (Chuang &
Jegelka, 2022), we show that the WL distance can also be
used to study stability and Lipschitz property of sub-families
of MP-GNNs. We also remark that the WL distance can
serve as a suitable choice of metric for the space of graphs to
study questions such as the generalization power of message
passing GNNs as done in (Chuang & Jegelka, 2022).

Acknowledgement. This work is partially supported by
the NSF through grants IIS-1901360, IIS-2050360, CCF-
1740761, CCF-2112665, CCF-2310412, DMS-1547357,
and by the BSF under grant 2020124.



The Weisfeiler-Lehman Distance: Reinterpretation and Connection with GNNs

References

Ambrosio, L., Gigli, N., and Savaré, G. Gradient flows: in
metric spaces and in the space of probability measures.
Springer Science & Business Media, 2005.

Azizian, W. et al. Expressive power of invariant and equiv-
ariant graph neural networks. In International Conference
on Learning Representations, 2020.

Backhoff, J., Beiglbock, M., Lin, Y., and Zalashko, A.
Causal transport in discrete time and applications. STAM
Journal on Optimization, 27(4):2528-2562, 2017.

Backhoff-Veraguas, J., Bartl, D., Beiglbock, M., and Eder,
M. Adapted Wasserstein distances and stability in mathe-
matical finance. Finance and Stochastics, 24(3):601-632,
2020.

Brugere, T., Wan, Z., and Wang, Y. Distances for
Markov chains, and their differentiation. arXiv preprint
arXiv:2302.08621, 2023.

Burago, D., Burago, Y., and Ivanov, S. A course in met-
ric geometry, volume 33. American Mathematical Soc.,
2001.

Chen, S., Lim, S., Mémoli, F., Wan, Z., and Wang, Y.
Weisfeiler-Lehman meets Gromov-Wasserstein. In Inter-
national Conference on Machine Learning (ICML), pp.
3371-3416. PMLR, 2022.

Chuang, C.-Y. and Jegelka, S. Tree mover’s distance: Bridg-
ing graph metrics and stability of graph neural networks.
arXiv preprint arXiv:2210.01906, 2022.

Durrett, R. Probability: theory and examples, volume 49.
Cambridge university press, 2019.

Eckstein, S. and Pammer, G. Computational meth-
ods for adapted optimal transport. arXiv preprint
arXiv:2203.05005, 2022.

Glanzer, M., Pflug, G. C., and Pichler, A. Incorporating
statistical model error into the calculation of acceptability
prices of contingent claims. Mathematical Programming,
174(1):499-524, 2019.

Klemmer, K., Xu, T., Acciaio, B., and Neill, D. B. SPATE-
GAN: Improved generative modeling of dynamic spatio-
temporal patterns with an autoregressive embedding loss.
In Proceedings of the AAAI Conference on Artificial In-
telligence, volume 36, pp. 4523-4531, 2022.

Kolmogorov, A. N. and Bharucha-Reid, A. T. Founda-
tions of the theory of probability: Second English Edition.
Courier Dover Publications, 2018.

Lassalle, R. Causal transport plans and their Monge—
Kantorovich problems. Stochastic Analysis and Applica-
tions, 36(3):452-484, 2018.

Lehman, A. and Weisfeiler, B. A reduction of a graph
to a canonical form and an algebra arising during this
reduction. Nauchno-Technicheskaya Informatsiya, 2(9):
12-16, 1968.

Levin, D. A. and Peres, Y. Markov chains and mixing times,
volume 107. American Mathematical Soc., 2017.

Mémoli, F. Gromov-Wasserstein distances and the metric
approach to object matching. Foundations of computa-
tional mathematics, 11(4):417-487, 2011.

Pichler, A. and Weinhardt, M. The nested sinkhorn di-
vergence to learn the nested distance. Computational
Management Science, 19(2):269-293, 2022.

Togninalli, M., Ghisu, E., Llinares-L6pez, F., Rieck, B.,
and Borgwardt, K. Wasserstein Weisfeiler-Lehman graph
kernels. Advances in Neural Information Processing
Systems, 32:6439-6449, 2019.

Toth, C., Lee, D., Hacker, C., and Oberhauser, H. Capturing
graphs with hypo-elliptic diffusions. 36th Conference on
Neural Information Processing Systems (NeurlPS 2022),
2022.

Weaver, N. Order completeness in Lipschitz algebras. Jour-
nal of Functional Analysis, 130(1):118-130, 1995.

Xu, K., Hu, W., Leskovec, J., and Jegelka, S. How powerful
are graph neural networks? In International Conference
on Learning Representations, 2018.

Xu, T. and Acciaio, B. Conditional COT-GAN for video
prediction with kernel smoothing. Workshop on Robust-
ness in Sequence Modeling, 36th Conference on Neural
Information Processing Systems, 2022.

Xu, T., Wenliang, L. K., Munn, M., and Acciaio, B. COT-
GAN: Generating sequential data via causal optimal trans-
port. Advances in Neural Information Processing Systems,
33:8798-8809, 2020.



The Weisfeiler-Lehman Distance: Reinterpretation and Connection with GNNs

A. Details from Section 3
A.1. Proof of Proposition 3.6

To facilitate the proof below, we consider the canonical identification ¢ : (X x Y)¥ — XN x Y™ sending (z;, ;) en to
((x)jen, (yj)jen). This is obviously a homeomorphism given the product topology. By slight abuse of notation, we let
X; denote both the projection map X; : XN x YN — X to the i-th component for i € N and also the projection map
X;ot: (X xY)N — X. We adopt a similar convention for Y;.

For any k-step coupling v € C® (ux, pty ), there exist v € C(ux, py) and (v;)e.e € CV(mE,mY) fori =1,....k
such that

’Y(k) = / / (Vk?)wk—layk—l (Vk—l)ﬂckfzhkaz (dwk—l X dyk—l) T (Vl)xo,yo(dxl X dyl)')/(dxo X dyo)-
XxXY XxXY

We further let (V;)e.e := (Vk)e,e forall i > k. Now, by the Kolmogorov extension theorem, there exists Q € P((X x Y)N)
such that

1. (Vi+1)w,y(37/7y/) = Q((Xi*Fl’YviJrl) = (.Z‘/7y/>|(X“Y;) = (may))v for any 37,1'/ € X, yvy/ €Y and anyt =0,....

2. QU(X;,Y;) € B;,0<i<n)= [ ~y(dxoxdyo) - | Wn)zn_1,yn_r(dzy x dy,) forany n € N and any measurable
Bo Bn
B, CX xYfori=0,...,n.

Now, we let P := 14,Q € P(XN x YN). Then, it is straightforward to check that

L. (Vit1)ay(@,y) = P((Xig1,Yiqr) = (@, ¢)(X3, Vi) = (2,y)), forany 2,2’ € X,y,y’ € Y andany i =0, ...

2. P((X;,Y;) € B;i,0<i<n)= [ y(dzoxdyo) - [ (Vn)zn_1,yn_(dTy X dy,) for any n € N and any measurable
Bo n

B, CXxYfori=0,...,n.

In this way, it is easy to check that P € Co(Px, Py ). Finally, we have that
law((Xk, Yk)) = (Xk, Yk)#P

= / T / (Vk)afk—hyk—l (Vk_l)wk—%yk—z(dxk—l X dyk—l) e (Vl)ivmyo (dl‘l X dyl)’y(dxo X dyo)
XxXY XxXY

—~(R)

For the other direction, given a Markovian coupling P € Cx(Px, Py ), we let

(Vit1)ey (@' y') == P((Xig1,Yig1) = (', 9)|(X5,Ys) = (2,9))

forany i € N, 2,2’ € X and y,y’ € Y.” Then, by definition of the Markovian coupling, (;+1)e e is @ 1-step coupling
between m and m} foreachi =0, 1,.... Lety := law((Xo, Yp)) € C(px, ity ). Then, if we let

V;UZ)WO = / U / (Vk)mk—hyk:—l (V’f—l)ﬂik—Zayk—2 (dxk—l X dyk—l) T (Vl)ﬂﬂmyo (dxl X dyl)
XxXY XxXY

for any 2o € X and yo € Y, then {3 € C® (m, m}’) and thus

law ((Xk, Yi)) = (Xi, V)P =10 © 7.

"Recall from Definition 3.2 that when the event {(X;, Yi) = (z,y)} is null, we let (Vi41)a,y := ma @ m, .

10
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A.2. Proof of Theorem 3.7

Fix an arbitrary k-step coupling v® = v{*s ® v € C™ (ux, py). Then, by Proposition 3.6, there exists a Markovian
coupling P € Cpq(Px, Py ) such that

law ((Xk, Yi)) = v* and law((Xo, Yo)) = 7.

This implies that

/ dr(Ux (@), by () (de x dy) = [ da(Ex(@), by (1) (Xe, Yi) wP(d x dy)
XxY XxXY

:/ dz(gx(Xk(wx)),fy(Yk(wy)))P(de X dwy)
XNxYN

> inf / Ay (x (X)), by (Ye(wy))P(dwx x duwy).
PeCm(Px,Py) J xNyyN

Since v is arbitrary, we have that

/ Az (Ux (), by (1) (de x dy)

XxY

> inf / dz(gx(Xk(wx)),gy(Yk(wy)))P(de X d’wy).
PECM(Px,Py) XNxyN

inf
Y eC®) (ux,puy)

Conversely, fix an arbitrary Markovian coupling P € Cxq(Px, Py ). Then, by Proposition 3.6, v* := law((Xj, Y%)) is a
k-step coupling between ux and iy . Therefore,

[ A X)), b (Valoy )R x duy) = [ dzltx (o). by () (da x )
X XY

Z inf dz(lx(x),l ®(dz x dy).
- 'y(k)ec(lkI)l(ﬂX7ﬂy) / Z( X(m) Y(:U))’y ( x y)
XxY

Since P is arbitrary,

3 (k)
7<k>ec<g>1{px,w) / dz(tx(x), by (y)v" (dz x dy)
XXY

< inf / dz(éx(Xk(wX)),Zy(Yk(u}y)))P(d’wX X d’wy).
PeCm(Px,Py) JxNxyN

Finally, by Theorem 3.1, one can conclude that

A (X, 0x), (Y, by)) = inf / dz(lx(z), by (y))v" (dz x dy)
YFeC® (ux,py)
XxXY

= inf / dz(fx(Xk(wx))7fy(yk(’wy)))P(de X dwy).
PeCm(Px ,Py) JxNxyN

A.3. Proof of Lemma 3.11

Note that it is easy to check that ¥ is indeed a coupling measure between o* and 3* from the definition. Hence, we only

11
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need to verify the bicausality of 7. Observe that

Wk((?JO;-~-ayl)|(x07--~733k))
:P(Yozyo,...,Yl :yl|X0:m0,...,Xk:xk)
B IP’(XO:xo,...,Xk::ck,Yozyo,...,Yl :yl)
P(Xo = 20, .., X = 1)
P(Xi41 = Zi41,-- -, Xp = 2| Xo = 20,.. ., Xi =2, Yo = y0,.... Y = y1)
IP’(XH_l =241y, Xk = k| Xo = 20, ..., X§ :xl)
]P’(onxo,...,Xl :xl,Yozyo,...,Yl:yl)
P(Xo = 20,..-, X; = 2)

Moreover, since P is a Markovian coupling, it is easy to check that
P(Xl—i-l :xl-‘rl,'-';Xk :l‘k‘Xo :l‘o,...,Xl le,Yo :yo,...,Yi :yl>
:P(Xk Zl‘k‘Xo :xo,...,Xk_l :xk_l,Yo :yo,...,}/l :yl)
X ]P)(Xk_l = xk_l\Xo = Zo,..- ,Xk_g = Ik_Q,YO = Yo, .- ,ifl = yl)
X P( X = aa | Xo =m0, Xy =2, Yo =yo, .., Y = 1)
=my (wrg1) - -my,  (2x)
:P(Xl+1 :.Z'l+1,...7Xk :xk|X0 :x07...,Xl :.Tl).
Therefore, one can conclude that
P(Xo =wo,.... Xi =2, Y0 =yo,..., Y1 = Y1)
]P)(XO :xo,...,Xl le)
= 7Tk((y07 oy, x).

Fk((yo,-~-7yl)|($07--.,93k)) =

This implies that 7% is causal from o to 5*. In a similar way, one can also prove that ¥ is causal from 3* to o*. This
completes the proof.

A.4. Proof of Lemma 3.13

: : : : k kX k _ gk _ Y
The proof is by (backward) induction. First, observe that oy .. =ay.  =mg,  and By . =0,  =m,

since both of o* and B* are Markovian. The remaining steps are straightforward, so we omit it.

A.5. Proof of Theorem 3.12

First, fix an arbitrary Markovian coupling P € Ca(Px,Py). Then, by Lemma 3.11, we know that 7% :=
law((Xo, ..., Xk, Yo, ..., %)) € P(X**! x Y**1) is a bicausal coupling between o* and 3*. Therefore,

/ dz (Ux (Xik(wx)), by (Yi(wy))) P(dwx X dwy) = / ck(m,y) ﬂk(d:v x dy) > dck(ak,ﬁk).
XNxyN

ch+1 ka+1

Since the Markovian coupling IP is chosen arbitrarily, by Theorem 3.7, we have diy} (X, (x), (Y, ly)) > e’ (ak, Bk).

Now, let us prove the other direction. By Equation (4) and Lemma 3.13, one can choose an optimal coupling v° € C(ux, py)
such that

" (o, p%) = . Wo (2o, y0) ¥ (dao x dyo).
X

Next, for arbitrary (xo,y0) € X X Y, one can choose an optimal coupling Z/;U’yg eC (mfo, ml’;)) such that

Wo(wo,y0) = Wi (21, Y1) Vg o (A1 X dyn ).
XxXY

12
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This implies that u.17. is a 1-step coupling between m and mY . We repeat this process inductively. Then, we have the

following 1-step couplings vg ,,v2,, ..., VL , between mg® and m] such that

LN R W )

Wii(zio1,yi-1) = Wiz, yi) Vi, g, (dzi X dy;)
XXY

forall (x;_1,y;—1) € X x Y. Now, the following equality holds:

" (o, ) = / / dz(x () by (g)) V5 (da x dyi) - v, (dzy % dyn )y (do x dyo)-
XxXY XxY

Also, recall that there exists a Markovian coupling induced by 7° and these 1-step couplings 1/,11,, 1/37., ceey z/fy, by

employing Kolmogorov extension theorem (cf. Remark 3.5). Therefore, again by Theorem 3.7, we have de* (ak, B*) >
divr, ((X,€x), (Y, ly)). This completes the proof.

A.6. The WL distance as COT in the label space Z

In Theorem 3.12 we are considering a special COT problem where the two involved state spaces for stochastic processes are
different. We note that in the literature, most of the time COT is considering stochastic processes on the same state space. In
this section, we then provide an alternative characterization of the WL distance in terms of COT on a same state space under
certain conditions.

Given a Z-LMMC (X, ¢x), if we require that £x : X — Z is injective, then (X, £x) induces a MMC on Z:

£x .
myX =

((x)gmzX, 3Jz € X suchthatlx(z) =2
0, otherwise

We further let i, := ({x)xpx (note, however, p, may not be fully supported on Z).

Now, given any two Z-LMMCs (X, {x) and (), ¢y ) and k € N, if we assume that £x and ¢y are injective, then these two
LMMCs induce two Markov chains on the same state space Z. It is natural to wonder whether one can characterize the
WL distance of depth k via a COT problem on Z. Recall notation o* € P(X**1) and g* € P(Y**+1) from Section 3.3.
We now let o, := ((5) 4ok € P(ZFH1) and B = (45F1)4B% € P(ZF1). Here £5 : XF1 — ZF+1 denotes
the self product of /x, and E’f,“ is similarly defined. Finally, we consider the cost df, : Z*+1 x Zk*1 — R defined by
A5 (205 28), (26, - -+ > 24)) := dz (2, 2, ). Note that d¥ o (£571 x £571) = ¢*, where c* is defined through Equation (3).
Then, we have the following result:

Theorem A.1. For any Z-LMMCs (X, {x ) and (Y, Ly ), if we assume that {x and {y are injective, then we have that
. k
dr, (X, Lx), (Y, by)) = d* (o, B%) -

For the proof of Theorem A.1, we establish the following lemma.

Lemma A.2. (/57 x (571, induces a surjective map from Cye(*, B¥) to Cyo(aky, BE).

Given this lemma, and by the fact that d% o (51 x £571) = ¢, it is easy to check that d°" (¥, B¥) = d?% (o, 8%).
Hence, by emplyoing Theorem 3.12, we conclude our proof of Theorem A.1.

Finally, we provide a proof of Lemma A.2.

Proof of Lemma A.2. Fix an arbitrary 7% € Cp.(a*, B¥). Let wl, := (£57" x £41) 4%, Then, it is easy to check that 7%
is indeed a bicausal coupling between of, and 3%, so we omit the proof.

Next, fix an arbitrary 75 € Cpc(ak, %). Now, let us define a probability measure 7% on X**+1 x Y *1 in the following
way:

T (@0, -5 k)s (Yos - - y)) = mH((Ex (o), - - x (1)), (by (yo), - - Ly (yr))
for all ((xo, ..., 2k), (Yo, ---,yx)) € XFT1 x YEF1, First of all, observe that

71'%((207 coszi)s (20505 2)) =0

13
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if z; ¢ {x(X) forsome i € {0,...,k}orz} ¢ £y (Y) for some j € {0,...,k} since 7% is a coupling measure between
ok and B%. This implies that indeed 7* is a coupling measure between o* and B*. Furthermore, since £y and /y are
injective, it is easy to check that 7% = (¢ x ¢41) 4 7% Finally, note that

(w0 90| (@0, - 7)) = 7 (b (90). -, by ()| (Ex (0). -, Ex (1))
=75 ((y (yo), -, by () (Ux (x0), .., €x (a1))) (.- 7 is bicausal)
= Wk((y()a s 7yl)|($0’ Tt SC[))

foralll € {0,...,k}, (o, ..., ) € Y*, and (20, ..., 75) € X**1. Hence, " is causal from o to 3*. In a similar way
one can also prove that 7* is causal from 3* to a*, too. This completes the proof.

O

B. Details from Section 4

B.1. Details about Markov chain neural networks (MCNNSs)

We first briefly recall the definition of MCNNSs from (Chen et al., 2022).

Given any Lipschitz map ¢ : R* — R/, define the map ¢, : P(R?) — R’ by sending av to [, ¢(z)cr(dx).

One layer of MCNN  We define one layer of MCNN as follows: F,, : ML(R?) — ML(R7) sends (X, fx : X — R) to
(X, 0% : X — RJ) where (% (z) := q,(({x)gmZ ) foreachz € X

Readout layer We define a readout layer for MCNN as follows: we first let S, : MZ(R?) — R7 be defined via
(X, €x) — qu((£x)4px); then we consider any Lipschitz ¢ : R/ — R and call ¢ o S,, : M*(R?) — R a readout layer.

k-layer MCNNs Now, a k-layer MCNN is defined as follows. Given a sequence of MLPs ¢; : R%-1 — R% for
i=1,...,k+1and aMLP ¢ : R%+1 — R, the map of the following form is called a k-layer MCNN:

H:=1oS,, ,oF, o---0F, :ML(Rd)—HR.

k+1

We let NN (R?) denote the collection of all k-layer MCNNs.

MCNNs are MP-GNNs Now, we show how MCNNs reduce to MP-GNNs when restricted to graph induced LMMCs.
Let h : G(R?) — R be a k-layer MP-GNN as defined in Section 4.2. Let ; : R%-1 — R% fori = 1,...,k+ 1 and
1 : R%+1 — R be the maps involved in defining 2. Then, we consider the following k-layer MCNN:

H:=4o08, o--0F, : MERY) = R.
We now carry out calculations for the first layer given a graph induced LMMC as input. Let (G, £¢) € G(R?). Consider

the corresponding LMMC (X, (G), () defined in Section 4.1. Then, by applying H to (X,(G), {z), one has that for any
v € V (without loss of generality, we assume deg(v) > 0),

k+1

—q
egl( ) = qsal((fG)#mG q) =Gy, Q(SgG )+ 57— Z w’U’U,(Seg(’U/)
deg( ) e

1-g¢q
:/Rd 1(v") q55G<v>+deg(v) Y Werbig | (dv”)

v/ €Ng(v)

Z wuv'gpl EG ))

v'€ENg(v)

= L
ap1(la(v)) + d ea(v
Hence the label map (7' : V — R% agrees with the one 0%, obtained via the message passing rule specified in Section 4.2.
In this way, it is straightforward to verify that any MP-GNN defined in Section 4.2 is a restriction of an MCNN to the
collection of graph induced LMMCs G, (R%), i.e.,
h=Hol,. (6)
Here recall that I, : G(R?) — ML(R?) sends a labeled graph to a LMMC and I, has image G,(R?).

14
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Universal approximation property of MCNNs Given any k € N and any subset XC C (g (RY), dg”q) , we let NV (R

denote the collection of restrictions of functions h € NN, (Rd) to KC, i.e.,

NN (R [k := {hlc : h € NNR(RH)}.

The following theorem is a slight variant of (Chen et al., 2022, Theorem 4.3): Notice that di,’;,)L is a pseudo-distance on
ML (R9). Hence in (Chen et al., 2022, Theorem 4.3), all pseudometric spaces are first transformed to metric spaces by
identifying points at 0 distance (cf. (Burago et al., 2001, Proposition 1.1.5)). In the following result, we remove this subtlety
and deal with the pseudo-distance topology directly.

Theorem B.1. For any k € N and any compact subset K C (M*(R?), d\), ), one has that NN ,(R?)|c = C(K,R).

Proof. We let ME(R?) denote the space obtained by identifying points at 0 distance (w.r.t d\y ) in ME(R?). Then, diy).
become a metric on ME (R?). Let @ denote this identification map (also called the quotient map):

Q: (MERY), digy) = (ME(RY),dyy) - 7

Let Ko := Q(K). Then, Kq is compact in ME(R?). Consider the map Q.. : C(Kg,R) — C(K,R) defined by sending fg
to fo o Q. It is easy to check that Q). is an isometric embedding w.r.t. the sup metrics on C(Kg, R) and C(IC, R). It is easy
to check that .. has its isometric inverse (Q.) ™! : C(K,R) — C(Kq, R) defined as follows, which is also an isometric
embedding: for any f € C(K,R), we let fg : Ko — R be defined such that for any equivalence class [(X, {x)] € Kq,
fo([(X,€x)]) == f((X,€x)) (it is obvious that fg does not depend on the choice of the representative (X', £x).). Hence,
Q. gives rise to an isometry from C'(Kg,R) to C'(IC, R).

Now, by (Chen et al., 2022, Theorem 4.3), one has that

Qe NNk (RY)[x) = C(Kq,R).

Since Q. is an isometry, we have that NV (R?) | = C(K, R). O

B.2. Proof of Theorem 4.3

The proof of the theorem is based on the following several lemmas.

Lemma B.2. We let Ps := {Z?:l Di i P1y--.,Pn € P} denote the collection of finite sums of elements in P. Then, for a
fixed q € (0,1), let

d
Q:={1} U L@ : G has edge weights in P, v € V
2 wev deg(v)
1_
U {mq + S(deg(q)) : G has edge weights in P, v € V is such that deg(v) > 0,m € N, s € PS} .
v

Then, Q) is a countable set.

Proof. Note that Pg is still a countable set. Since graphs have edge weights from a countable set P, every deg(v) (and
deg(v)) encountered in the definition above is from a countable set. Hence, () is countable. O

Lemma B.3. Consider the union

Cp(Z) = U ({(lc)gnc} U{(lg)gmSa: ve V}) C P(RY)
(Gtg)egp(2)

Then, Cp(Z) is a countable subset of P(R?).

15
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Proof. Every probability measure o € C'p(Z) can be expressed as

a= Z a(z)d,, where a(z) is a sum of finitely many elements in Q.
z€Z

Then, by the fact that both Z and () are countable (cf. Lemma B.2), we have that Cp(Z) is countable. O

Recall notation from Appendix B.1. Then, we have that

Lemma B.4. Fix any d € N. Then, for any Lipschitz ¢ : R® — R, any countable subset Z C R® and any countable subset
P C R, there exists a countable subset Z' C R such that

Fo(Gp(2)) € Gp(Z') and S,(Gr(2)) € 7. ®)

Proof. Let Z' == q,(Cp(Z)) C R. Since Cp(Z) is countable, Z’ is also countable. It is obvious that Z’ satisfies
Equation (8) which concludes the proof. O

Lemma B.5. For any countable subset C C P(R®), there exists a Lipschitz function ¢ : R* — R such that the restriction
of 4, : P(RY) — R to C is injective.

Proof. Consider the following vector space:
Lipy(R?) := {f : RY — R| f is Lipschitz and f(0) = 0}.

When equipped with the norm || f|| := sup, _, % Lip,(R?) is a Banach space (Weaver, 1995). Consider the
following collection of signed measures D := {a — 8 : «, 3 € C and « # S}. Since C' is countable, D is also countable.
Each p € D gives rise to a linear functional t, : Lipy(R?) — R defined by f — [p. f(x)u(dz). This functional
is well-defined since every probability measure in P(R?) is assumed to have finite 1-moment (see Section 2.1 for this
assumption on P(R?)). Moreover, it is easy to check that 1, is bounded and non-zero. Then, ker(v,,) is nowhere dense
since it is a proper closed subspace of Lip,(R¢). By Baire category theorem, we have that U,ep ker(1),,) # Lip,(R%).
Then, choose an arbitrary ¢ € Lipy(R?)\ U,ep ker(¢,,) and it follows that g, | is injective. O

Proof of Theorem 4.3. We let Zy == Z and C; := Cp(Z,). By Lemma B.5, there exists a Lipschitz map ¢; : R? — R
such that gy, |, is injective. By Lemma B.4, there exists a countable subset Z; C R such that

Fy, (Gp(Z0)) € Gp(Z1).

Let Cy := Cp(Z1). By Lemma B.5 again, there exists a Lipschitz map o2 : R — R such that g, |, is injective. Then,
inductively, for each ¢ = 1,...,k, there exist a countable subset Z, C R and a Lipschitz map ¢; : R — R so that
q,, is injective when restricted to C; := Cp(Z;—1) and F,,(Gp(Z;—1)) C Gp(Z;). Similarly, there exist a countable
subset S C R and a Lipschitz map o541 : R — R such that g, , is injective when restricted to Cy11 = Cp(Z;) and
Serir(Gr(Zk)) C S. We thenlet ) : R — R denote the identity map and let i := 10 S, 0 F,, 0---0F,, : G(R?) — R.

Pick any (G1,4q, ), (G2, {c,) € Gp(Z). We prove that dg’)q((Gl,égl), (Ga,la,)) > 0iff L((G1,4a,)) # h((G2,lay)).

Foreachi =1,..., k, welet
(Gl,f(é’ii)) = Ftpi, O---0 F¢1((G136G1))' ©))

We similarly define (G, (7" ). Then, we prove that for eachi = 1,.. ., k,
Vor € Vi, vz € V€60 (02) = €6, (02) ME LD, ) v (02) = K2, ) (22) (10)
Given Equation (10), it is obvious that

: (#,k) (¢,k)
([E?q(cl),zcl))#NG1 # ([Eic)q(cy,z%))#MGz iff (gawl )# BGy # (652 )# HGs-

16
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Note that (E(Cfl’k))# HGy s (é(é’f))# pG, € Cry1. Since g, ., is injective on C41 and © is injective on S, we have
that (E(C?I’k))#ugl # (ﬂg;k))#ugz iff h((G1,4c,)) # h((Ga,lg,)). Therefore, dg ((G1,fa,), (Ga,la,)) > 0 iff
h((G17€G1)) 7é h((G%EGz))'

To conclude the proof, we prove Equation (10) by induction on ¢ = 1,...,k. When ¢ = 1, since

(UG, #mSH?, (ba,) gmS2 € C, Yoy € Vg, , va € Vg,, by injectivity of g, on Cy, we have that

Vo1 € Vay, v2 € Vo, (lay)gmi = (Lay) pmi2 i gp, (bay)#mih ) = dp, ((Lay) 2 ?).
Equivalent speaking,

Yoy € Vg, v2 € Vi, [g()q(G”,ZGl)(m) = [E;)q(c;z),e%)(w) iff 05 () = 057 (v2).

Now, we assume that Equation (10) holds for some ¢ > 1. For ¢ + 1, since

Ji G, Ji Ga,
(5(51 >)#m b (6(52 ))#mv; 1€ Ciy1, Vo1 € Vg, v2 € Vg,

vy

by injectivity of q,,,, on C; 1, we have that Vv, € Vg,,v2 € Vg,

(.9) G1,q _ (plesd) G2,q ; (.9) G1,q) _ (¢:9) G2,
(eéf’l )# mv11 ‘= (gépz )# mv; ¢ iff QLPHI ((651 )# mv11 q) - q‘n"i+1 ((652 )# mv; q) .
Equivalent speaking,

Yo, € Vg, y €Y, (Z(G“"1>) mUGll’q = (Egz)) va;’q iff E(C“fl""“)(ac) = E(Cf;“)(y).

# #

By the induction assumption, Vv, € Viz,, va € V2 we have that

gglﬂ) (vl) = Eg;) (’1)2) iff [Ezq(cl)-fcl)(vl) = [EQQ(G2)1I{G2)(U2).

This implies that

(06") pma® = (€6,") ymis

v2

; (@) G1,9 _ (& Ga,q

iff ([(Xq(cl),lcl))# my, " = ( (Xq(GQ),zG2)># my,

fF (G — (G+D)

iff [(Xq(c1>,ecl)(v1) - [(Xq(cz),zcz)(UQ)'
Therefore,

(p,i+1) __ pleyitl) : (i+1) — (Gi+1)
e (o) = €6, (vg) iff [wq(Gl),ecl)(”l) = [(Xq<02)v‘4c:2)(02)

and we thus conclude the proof. O

B.3. Proof of Theorem 4.5

We need the following basic fact.

Lemma B.6 ((Chen et al., 2022, Lemma B.4)). For any C-Lipschitz function ¢ : R" — RI, we have that the map
gy : P(RY) = R7 is C-Lipschitz.
Recall notations from Appendix B.1. Given a k-layer MCNN H =10 S, , o F,, o---o F, ,recall from Equation (6)
that h := H o I, gives rise to a MP-GNN. For any (G, {¢) € G(Z), consider its induced LMMC (X, (G), (). Following
notation in Equation (9) we let

(Ry(G),657) 1= Fyy 0+ 0 Fy (X(G), () an

Now, we assume that fori = 1,..., k, ¢; is a C;-Lipschitz MLP for some C; > 0. Then, by Lemma B.6, we have that ¢,
is a C;-Lipschitz map fori = 1,... k.

17
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Then, we prove that
dw ((f(clf{k))# peys (05") , MGz) <TG, Cy - dg), (G €y, (Gas lay)).- (12)
Given Equation (12), by Lemma B.6 again and the fact that ¢ is C-Lipschitz, one has that
h(G1 1)) = h((Gas )] < € ||agu ((65) 4 161 ) = ous ((657) 16 )|
< C- Crpadw ((65) , s (65°) , 1)
< C M Ci - dg) (G, lay), (G, L))

The following proof of Equation (12) is adapted from the proof of (Chen et al., 2022, Equation (19)): it suffices to prove that
for any v; € Vg, and vy € Vg,,

K k
Hggf)(vl) - ggzk)(fvz)n < Hi:lci ) dw (IE?q(Gl)lGl)(vl)’ [E?q(G2)~EGQ)(U2)) :

We prove the above inequality by proving the following inequality inductivelyon j = 1,..., k:
166, (01) = €6, (va)[| < TH_, G - dw([gqml),z@l)(“l)v [Ezv)qwz).e%)(“?)) : (13)

When j = 1, we have that
e (00) = 06" @) | = (g () mE) = i, () mE2)
< Cudw ((la) 4 mS, (ly) 4 m7)

— (1) (1)
= CldW([(xq(Gl),zGI)(vl)v [(xq(c2>.sz2)(U2)) :

We now assume that Equation (13) holds for some 5 > 1. For j + 1, we have that
j+1 ; .
T2 O - dw (1 ) (0 14y (02))
— 1Pt (3) G1,q [ (&) Ga,q
- Hi:l Cl dw (([(jxq(Gl)fcl))# mv11 ’ ([(Z\}q(c2)veG2)># mv22 >

= Vil inf / I, Ci 'dW([Equl),ecl)(Ui)v [qu(G2)‘ZG2)(vé)) Y(dvy x dvy)

Gi1,q Ga.q
EC(m D9m )
v Ay v,

>Cn ot [ D) - @) v x dos)
WeC(mull‘q7mv22’q)
‘/'(;1><VG<2

= Gy ((857) , mG . (85,7, mG)

¥ G, 2J Ga,
> [0 ((067) , m7) = g, ((657) , mE2)

= [l wn) — €5 )]

B.4. More on Lipschitz properties

In Section 4.1, we introduced one way of inducing LMMCs from weighted graphs. Below, we introduce a new method for
doing so and hence establish the Lipschitz property of a new type of MP-GNNs closely related to GINs.

Given any ¢ > 0 and any finite edge weighted graph G = (V, E, w) endowed with a label function g : V — Z, we

generate a LMMC as follows. We associate to the vertex set I a Markov kernel m?’(g) as follows: forany v € V,

1
G,(e) .__
my, =——— | (1 4+¢)d, + E Woyp Oy?
deg(v)+1+¢ ( ) v ENa®)

18
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For each vertex v € V, we let deg®(v) := deg(v) + 1 + . Then, the following probability measure pug, :=

D ovev %&, is a stationary distribution w.r.t. the Markov kernel mg” &) Then, we let Xo(G) =

Now, recall that G(Z) denotes the collection of all Z-labeled graphs. Given e > 0, let I,y : G(Z) — M (Z) denote
the map sending a Z-labeled graph G into a Z-LMMC (X(.\(G), {g). Let Gy (Z) = I(E)( (Z)) € ME(Z). Now, for
any k > 0, d{;, restricted on G (Z) induces a pseudo- dlstance which we denote by d (6), on G(Z). Note the subtle
differences in notation introduced in Section 4.1.

Now, given any € > 0, we consider the following k-layer “normalized” GIN.

. i 1 i i
Message Passing: (' (v) = pii1 T (1+e)le(v) + Z Wyl (V)
v'€ENg(v)
deg” (v K
Readout: G,la)) —E v
(( (l%‘:/ Zv ey deg ( ) G( ))

where ; : R%-1 — R% and ¢ : R% — R are MLPs. Note that the only difference between the above MP-GNN and GIN

1>
is the involvement of normalization terms nd deg’(v) __
Do ev degs (v7)

L al
deg(v)+1+e

Lipschitz property of normalized GINs Now, we establish that the normalized GINs defined above are Lipschitz w.r.t.

Theorem B.7. Given a k-layer normalized GIN h : G(R?) — R as described above, assume that p; is C;-Lipschitz for
i=1,...,k and that 1) is C-Lipschitz. Then, for any two labeled graphs (G1,{¢, ) and (G2, {¢, ), one has that

[M((G1.le,)) = (G2, b))l < €T, Ci - dgh ((Gh, ey, (G, ba,)) -

Proof. The proof is similar to the one for Theorem 4.5.

We first prove that
W((Elél)# Mgl’ (féz)# lust> < Hf:lc d k) ((Gl?EGI) (G27£G2>)' (14)

Given Equation (14) and the fact that ¢ is C-Lipschitz, one has that

(G, 6,)) — h(Garte)) < € || deg—g” I A ®)

veV Yvrey deg"(v veV Lv'EV deg (v')

<can((s), ua,wa) Ma)
<C- Hf 10 d(k) ((G17€G1) (G27£G2))7

where the second inequality follows Lemma B.6 by letting ¢ = idya;, .

To prove Equation (14), it suffices to prove that for any v; € Vg, and vy € V,,

66, (1) = 2, (e) | ST o dw (12 10y (01): K iy (02))
We prove the above inequality by proving the following inequality inductivelyon j = 1,... k:
[ 01) = € 2)]| <TG (180 1100 (00 100 (02)) (15)
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When j = 1, we have that

€6, (v1) — L&, (v2) |
(1+e)la, (1) + Xurene, (o) Worvi fan (V1) (14 €)la, (V2) + 2o eng, (ug) Woavy £Ga (V2)

degg, (v1) degg, (v2)
=0 HQId ( fGl)#mGh(E)> ~ e ((EGz)#mG%(E )H

= OldW ((EGl)#mihh( g (EGQ)#mG%(E ) Cldw( (X(e)(G1)lay )(’U )’ [E;{)(E)(Gﬁ LGy )( )> ’

<Cy

Here Id : R% — R% is the identity map and thus is 1-Lipschitz.
We now assume that Equation (15) holds for some 5 > 1. For j + 1, we have that
j+1 i+1
s @) - 5 o)

(L+e)lg, (v1) + Zu;ezvcl (v1) Wy, b, (V1) (L4 e)lg, (v2) + Zv;ech(uQ) Wayoy b5, (V3)

degg, (v1) degg, (v2)
— Y+l HQId ( 5] )#mgl’(5)> — qid ((gjcb)#mc2 (5)) H

< Cjprdw ((f )#mGl () (EJGQ)#mG2 (s))

< Cjt1

i1 inf Hﬁj vy) — £ , (v H’y dv] x dvj)
~ec (mGL(e) me(s))
1 ’ 2 VGl XVG2

. AN (€] ! ! !

< C]+1 inf Hz 1Ci - dW( (X(oy(G1) L )(111), [(X(E)(Gz),lc )(UQ)) 7<dvl X d'U2)
WEC( G1 (&) mGQ«(E)) 1 2
U2 VGl XVG2

— T+, [G+D (G+1)
- Hi:lcldw< (X(2)(G1):Gy )('U )v [(x(5>(c;2),£G2)(v2) .

This concludes the proof.

B.5. Proof of Theorem 4.7

Recall the map I, : (Q(Rd), dg)q) — (Gq(R?), d{y;,). This map is continuous by the definition of dg“fq. Hence K, := I,(K)
is compact. Then, we define the map J,, : C'(KCy, R) — C(K,R) sending f, to f := f, o I,.
Claim 1. J, : C(K4,R) = C(K,R) is a homeomorphism.

By Theorem B.1, we know that NN, (R?) |, = C(K4, R). Here NN (R?) denotes the collection of k-layer MCNNGs (see
Appendix B.1) and NN, (R?) |, refers to the collection of restrictions of functions in NN, (R?) to K,. By Equation (6),
we have that NNVF (R?) | = Jy (NN (R?)|x, ). Hence, by Claim 1 we have that

NN RN e = Jg NNk (RY)|,) = J4(C(Kq, R)) = C(K, R).

Proof of Claim 1. We show that, in fact, .J; is an isometry w.r.t. the sup metric on C(Ky, R) and C'(C, R). Given continuous
fq4>9q : Kqg — R, one has that

sup | fy((X5(G), €a)) = 94((X4(G), L))
(Xq(G),Lg)eK,
= sup [f((Gilg)) —9((G. La))|

(X4(G),la)eK,

= sup |f((G,lg)) —9((G,La))|-
(G.te)eK
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Hence, J, is an isometric embedding. The inverse (J,) ™! of .J, is identified as follows: for any f € C(K,R), we let
fq : Kq — R be defined such that for any (X,(G),lg) € Kq, fi((X(G),£a)) = f((G,Lg)) (fq is well-defined: if
(A(G1). la,) = (Xg(G2), Lay,), then dg, (G, La, ), (G2, La,)) = 0 and thus f((X;(G1),La,)) = f((X(G2). lcs)).)-
It is easy to check that (.J;) ™! is the inverse of .J, and is also an isometric embedding. This finishes the proof. O
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