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Abstract

Modern neural networks can achieve high ac-
curacy while remaining poorly calibrated, pro-
ducing confidence estimates that do not match
empirical correctness. Yet calibration is often
treated as a post-hoc attribute. We take a different
perspective: we study calibration as a training-
time phenomenon on small vision tasks, and ask
how it co-evolves with loss-landscape geome-
try. We identify a tight coupling between cali-
bration, curvature, and margins during training
of deep networks under multiple gradient-based
methods. Empirically, Expected Calibration Er-
ror (ECE) closely tracks curvature-based sharp-
ness throughout optimization. Mathematically,
we show that both ECE and Gauss—Newton cur-
vature are controlled, up to problem-specific con-
stants, by the same margin-dependent exponential
tail functional along the trajectory. Causal tests
via interventions that target sharpness versus di-
rectional curvature confirm the mechanism, with
directional interventions yielding more reliable
in-sample calibration gains.

1. Introduction

Neural networks are now routinely used in settings where a
model’s stated uncertainty matters as much as its accuracy,
for example, in risk-sensitive domains such as healthcare or
autonomous driving. In these contexts, we would like pre-
dicted probabilities to reflect empirical correctness: among
predictions made with confidence p, approximately a frac-
tion p should be correct. However, modern deep networks
are often miscalibrated, frequently exhibiting overconfi-
dence even when wrong (Guo et al., 2017).

A widely adopted response to overconfidence is post-hoc cal-
ibration: models are trained for accuracy and their predicted
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Figure 1. Training dynamics for Gradient Descent and Stochastic
Gradient Descent across learning rates on CIFAR-10. Expected
Calibration Error closely tracks sharpness throughout train-
ing: both rise as the model enters the edge of stability regime, peak
around the same time, and decay together as training progresses.

probabilities are adjusted afterward. While effective in many
regimes, this framing treats calibration as a post-training
concern, rather than a property that emerges during training.
Recent work, however, suggests that calibration may be
influenced by training dynamics. For example, Sharpness-
Aware Minimization (SAM), which biases optimization to-
ward flatter regions of the loss landscape, has been observed
to generally overconfidence (Tan et al., 2026). Since sharp-
ness is a geometric property shaped along the optimization
trajectory, these results hint at a link between calibration and
loss geometry during training. Yet this connection remains
poorly understood, motivating the question:

How does calibration evolve throughout optimization,
and what aspects of the training govern it?

Importantly, answering this question is non-trivial. Calibra-
tion is defined in terms of the model’s predictive confidence
distribution, whereas most training-time analyses charac-
terize optimization through loss-landscape geometry, using
quantities such as curvature or sharpness to reason about
stability and generalization. Bridging these viewpoints is
challenging, particularly early in training when predictions
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are still rapidly evolving. While several recent studies have
examined relationships between sharpness, flat minima, and
calibration at convergence, the resulting picture is mixed:
curvature proxies do not reliably predict calibration across
architectures, regularization schemes, or optimizers (Mason-
Williams et al., 2024). Crucially, these analyses focus on
converged solutions. By contrast, we study how calibration
and loss geometry co-evolve during training—a perspective
that not only clarifies their relationship but also reveals dy-
namics that can be exploited to improve calibration. After
formalizing a training-time connection between calibration
and loss geometry, we turn to a prescriptive goal:

Can we intervene on the training procedure to reliably
obtain calibrated solutions?

Contributions. We study calibration during optimization
by jointly tracking calibration metrics, such as Expected
Calibration Error (ECE), and curvature-based sharpness
proxies, such as Gauss—Newton (GN) sharpness, along the
training trajectory (Section 3). We conduct this analysis
throughout training rather than only at convergence. We ob-
serve across multiple optimization methods that calibration
error and curvature-based measures exhibit a strong
and consistent temporal correlation throughout train-
ing (Contribution 1). Next, we probe whether the coupling
between calibration and curvature is causal. We compare
optimizers designed to minimize sharpness (i.e., favoring
flatter minima) with methods that instead suppress steep de-
scent directions along the trajectory. Despite both affecting
curvature, we find that directional interventions yield con-
sistently better in-sample calibration than flat-minima
methods (Contribution 2).

We then provide a unifying explanation through the lens of
the margin in Section 4. Intuitively, both confidence and
curvature are shaped by how strongly the model separates
the correct class from its nearest competitor. We formalize
this connection by showing mathematically that a single
margin-based functional controls both calibration error
and Gauss—-Newton sharpness, up to problem-dependent
constants (Contribution 3). This perspective also clarifies
an often-observed phenomenon: training and test calibration
can diverge even when accuracy improves (Carrell et al.,
2022; Wu et al., 2025). Once most examples achieve large
positive margins, a relatively small set of near-boundary or
negative-margin points can dominate the margin functional,
making calibration highly sensitive to how optimization
shapes this tail.

Our margin-based view also yields concrete diagnostics for
optimizer behavior. In particular, we observe that Muon
induces unusually large training margins, leading to
near-zero training ECE, but severe test overconfidence.

2. Related Work

Calibration. A model is calibrated if predicted confi-
dences match empirical correctness frequencies (Niculescu-
Mizil & Caruana, 2005; DeGroot & Fienberg, 1983); we
measure miscalibration via the Expected Calibration Er-
ror (ECE) (Naeini et al., 2015; Guo et al., 2017), whose
formal definition we recall in Appendix B.1. Calibration-
improvement methods divide into post-hoc rescaling (Platt,
2000; Guo et al., 2017) and intrinsic training-time objec-
tives, including entropy regularization (Pereyra et al., 2017),
label smoothing (Miiller et al., 2019), focal loss (Mukhoti
et al., 2020), and differentiable surrogates of calibration
metrics (Kumar et al., 2018; Bohdal et al., 2023). A sep-
arate line links calibration to local margin geometry: low-
robust-margin points are disproportionately miscalibrated,
motivating margin-aware label smoothing (Qin et al., 2021),
and many calibration losses can be unified as logit-distance
penalties (Liu et al., 2022).

Curvature along the trajectory. A complementary liter-
ature treats curvature as a dynamical quantity along train-
ing rather than a static attribute of the converged solution.
Gradient methods generically approach an edge-of-stability
(EoS) regime in which the top Hessian eigenvalue saturates
near 2/7 before often decreasing later in training (Cohen
et al., 2021; 2022; Jastrzebski et al., 2018; Andreyev & Ben-
eventano, 2024); sharpness-aware optimization (SAM) that
biases toward flatter minima has separately been observed
to reduce overconfidence under cross-entropy (Foret et al.,
2021; Zhou et al., 2025; Tan et al., 2026). The sharpness—
calibration relationship is, however, fragile across archi-
tectures and regularizers (Mason-Williams et al., 2024),
pointing to the importance of how curvature directions
are traversed, not only where optimization converges. We
extend this trajectory-level view by jointly tracking cali-
bration and curvature throughout training and contrasting
convergence-to-flatness with explicit suppression of unsta-
ble high-curvature directions; an extended discussion is
provided in Appendix A.

3. The Coupling Between Calibration and
Sharpness

We track sharpness and ECE throughout training to study
how loss landscape geometry relates to calibration. Fol-
lowing Cohen et al. (2021), we train an MLP (2 hidden
layers, 200 units, tanh activation) on CIFAR-10 under cross-
entropy (CE) loss. This small-scale setup enables frequent
computation of GN sharpness, which serves as a proxy for
the top Hessian eigenvalue A,ax. Models are trained using
gradient descent (GD), stochastic gradient descent (SGD),
AdamW (Kingma & Ba, 2015; Loshchilov & Hutter, 2019),
Muon (Jordan et al., 2024), and SAM (Foret et al., 2021).
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We monitor GN sharpness and batch sharpness (Andreyev &
Beneventano, 2024) as proxies for loss-landscape geometry,
alongside ECE, KCE, loss, and accuracy.

3.1. Calibration Temporally Correlates with Sharpness

Figure 1 shows training dynamics for GD and SGD. Across
all CE experiments', training ECE and GN sharpness follow
the same trajectory: both quantities are small at initializa-
tion, increase as training enters an EoS regime, and decrease
again later in training. This holds across optimizers and
learning rates (see Appendix C.1 for per-optimizer trajec-
tories). Similar observations extend to CIFAR-100 (Ap-
pendix C.1). Table 1 quantifies this effect, showing strong
Pearson correlations between ECE and (batch) sharpness
throughout training; KCE closely matches ECE across all
settings, confirming the coupling is not a binning artifact.

Both calibration and sharpness converge to zero once all
training points are correctly classified, so their coupling at
the end of training is expected. What is surprising is the
strong correlation during training, well before convergence,
when the model is far from interpolation and calibration is
nontrivial. To our knowledge, this has not been observed
or explained before. These results suggest that calibration
does not depend on training-metrics at convergence, but
on the trajectory itself: models that stay in lower-sharpness
regions remain better calibrated throughout training, not just
asymptotically. We formalize this connection in Section 4.

3.2. Converging to Flat Minima or Following Flat
Directions?

The strong temporal correlation between sharpness and cal-
ibration established in the previous section raises a causal
question: does calibration improve because optimization
converges to flatter minima, or because training dynamics
suppress movement along high-curvature directions? To
disentangle these mechanisms, we formulate two competing
hypotheses, and empirically find that suppressing directions
of steep descent leads to improved in-sample calibration.

Hypothesis 1 (Flat Minima). Training procedures that bias
optimization toward flat minima lead to lower in-sample
calibration error.

Hypothesis 2 (Directional Flatness). Training procedures
that suppress updates along directions of steep curvature
lead to lower in-sample calibration error, even if the final
solution is not globally flat.

We test Hypothesis 1 using SAM (Zhou et al., 2025), which
explicitly penalizes worst-case loss perturbations within
a local neighborhood, and is known to bias optimization

'We observe a similar temporal correlation on models trained
with mean-squared error (MSE) loss, and defer a detailed discus-
sion to Appendix D.

GD SGD AdamW  Muon SAM

Train ECE .83+.08 .84+.07 .72+.07 .63+.26 .92+.04
KCE .83+.08 .84+.07 .70+.08 .61+.28 .91+.04

Test ECE .96+.02 .97+.01 .15+.15 —.10+.28 .98+.01
KCE .97+.01 .97+.01 .21+.22 —.16+.31 .98+.01

Table 1. Pearson correlation between calibration metrics (ECE and
KCE) and GN sharpness, mean =+ std over 4 learning rates.

toward flatter minima. To test Hypothesis 2, we use optimiz-
ers that directly suppress high-curvature directions during
training. Muon (Jordan et al., 2024) rescales gradient com-
ponents to equalize their magnitudes, effectively clamping
updates along sharp directions while amplifying flatter ones.
BulkSGD (Song et al., 2025) achieves a more extreme inter-
vention by projecting gradients onto the subspace orthogo-
nal to the top Hessian eigenvectors, thereby removing the
steepest descent directions entirely. A more detailed analy-
sis of the optimizers and their benefits in this experimental
setting can be found in Appendix C.2.

Figure 2 (and Figure Al5 in Appendix C.2) show the
training dynamics. Although SAM consistently maintains
lower sharpness than GD and SGD, its calibration trajectory
closely mirrors that of standard training, with a comparable
peak ECE and slower convergence. In contrast, both Muon
and BulkSGD achieve substantially lower peak calibration
error and faster ECE decay, despite exhibiting markedly
different sharpness profiles.

Notably, Muon maintains low calibration error while op-
erating in regimes that are not globally flat, and BulkSGD
improves calibration even in the presence of pronounced
instability. This suggests that calibration is sensitive to how
optimization traverses sharp directions, rather than to the
absolute flatness of the loss landscape. However, BulkSGD
induces oscillatory dynamics and a sharpness divergence
when too many dominant directions are projected out, mak-
ing it impractical as a standalone optimizer. Together, these
results support Hypothesis 2 over Hypothesis 1: suppress-
ing updates along high-curvature directions during training
leads to improved in-sample calibration, whereas conver-
gence to flat minima alone does not.

3.3. Out-of-Sample Behavior

The sharpness—calibration coupling is less consistent out
of sample (Table 1). Across optimizers, test ECE does
not consistently decrease alongside training ECE—in some
cases it worsens as training progresses, even after sharpness
and training calibration improve (Appendix C.1). Muon
is an extreme example: training ECE drops to near zero
while test ECE remains high. This reflects the calibration
generalization gap in overparameterized models (Carrell
et al., 2022; Berta et al., 2025; Wu et al., 2025): a model
that fits training data well can become overconfident on
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Figure 2. Training dynamics for BulkSGD across different learning rates and number of projected-out gradients on CIFAR10.

misclassified test examples, causing test ECE to increase
and decouple from sharpness. In Muon’s case, the near-zero
training ECE is consistent with the large training margins
it induces (Section 4): once these are extreme, the model
becomes overconfident on test examples near the decision
boundary, precisely where the margin functional is most
sensitive.

Together with the findings from Section 3.2, these results
point to an important distinction: on the one hand, direc-
tional interventions yield better in-sample calibration than
flat-minima methods, suggesting that how optimization tra-
verses curvature matters more than where it converges; on
the other hand, in-sample improvements do not automati-
cally transfer to test data, pointing to a fundamental train—
test gap. In the following section, we formalize this train—
test gap and use it to design a training-time intervention that
improves out-of-sample calibration.

4. Curvature and Calibration in the Separable
and Non-separable Regimes

We explain the alignment between calibration error and cur-
vature observed in Section 3 through a common underlying
quantity, the (robust) true logit margin: across training, both
ECE and Gauss—Newton sharpness respond to the evolution
of the same margin-dependent tail functional.

The analysis naturally separates into two regimes. In the
overlap-dominated regime (early training, and test data
whenever accuracy is below 1), a nontrivial fraction of ex-
amples have small or negative true margins, so neither ECE
nor curvature is forced to be small (Rosenfeld & Risteski,
2024). In the interpolating regime, late in training on the
training set, all true margins become strictly positive and the
coupling becomes two-sided: once the margin tail contracts,
both quantities are forced to decrease together.

Together, these results provide a mechanism-level explana-
tion for the observed co-evolution of calibration and cur-
vature during training, and clarify why training and test
calibration can diverge even as accuracy improves.

Setup and Notation. Let (X,Y) ~ 7 with ¥ €
{1,...,K}. Amodel § € R? produces logits zp(z) € R¥
and probabilities pg(z) = softmax(zg(x)). Let g(x) =
arg maxy, 2o () (deterministic tie-break) and confidence
P(z) = maxy, po(z). Define the true (logit) margin

me(x,y) = zg(x)y — max ze(z);,
J#y
and the robust true margin at radius € > 0,

y) = inf me(xz+9,y).

me g\ T
=0( I3lI<e

Let ECE); denote the population 7/sample D binned ECE
computed by binning P(X) into M bins. Let Jy(z) :=
029(7)/00 € RE*d and, for cross-entropy, H,(p) :=
diag(p)—pp " . Define the population Gauss—Newton matrix
and its curvature proxy

Han(0;7) i= Ex[Jo(X) T H.(po(X)) Jo(X)],

/\max = )\max(HGN (07 71')) .

4.1. Regime I: overlap-dominated (non-separable)
behavior

In this subsection all the quantities (ECE, GN matrix, robust
margin, robust margin moment) are considered at a popula-
tion level. See details in Appendix B. Define the robust expo-
nential margin moment Q(60) := E(Xy)wr[e’mfve(x’y)] .

Theorem 4.1 (Overlap regime: robust-margin upper
bounds). For any 6 and any distribution T,

ECEy < (K —1)Q(0).



Too Sharp, Too Sure: When Calibration Follows Curvature

If additionally || Jg(X)|lop < Cj holds m-a.s., then
)\max S 2C% (K - 1) Q(a)
Proof is in Appendix B.4.

Interpretation (two bottlenecks).
two multiplicative controls:

Theorem 4.1 exposes

* a probability bottleneck ()(#), dominated by the tail of
small/negative robust margins,

* a geometry bottleneck C*% (how parameter perturbations
move logits).

In overlap-dominated regimes, a persistent set of small ro-
bust margins can keep Q(#) bounded away from 0, so these
bounds need not certify vanishing calibration error or curva-
ture even if loss continues to decrease.

4.2. Regime II: Interpolating (separable) behavior on
the training set

In this subsection all the quantities (ECE, GN matrix, robust
margin, robust margin moment) are considered at a finite-
sample level. See details in Appendix B. Let v(6; D) :=
ming <;<n Me(x;, y;) and the empirical exponential margin
moment Qp () := 2 37 | emon(@ivi),

Theorem 4.2 (Interpolating regime: two-sided ECE-margin
control and coupling to Apax). Assume v(0;D) > 0 (all
training points correctly classified with strictly positive true
margin). Then

IA

L Qp(#) < ECEy < (K~ 1)Qn(0)

< (K —1)e D),

If additionally max;cy,) || Jo () |op < Cj, then

Amax < 203 (K —1)Qp(f) < 2C3 K(K —1)ECEy,,

equivalently ECEy; > Amax/(QCgK(K —1)).

Proof is in Appendix B.5.

Interpretation. In the interpolating regime, ECE, is
equivalent up to constants to the exponential margin moment
Qp(0), and Ayax is controlled by the same moment (under
bounded Jacobians). This implies that once the training set
is correctly classified, GN sharpness cannot be large without
in-sample ECE also being large. Moreover, in this regime,
empirical binning becomes immaterial: ECEj; reduces to
the mean misconfidence (formalized in Appendix B).

Connection to the observed train/test split. Theo-
rems 4.1-4.2 jointly explain the training-time co-evolution
of ECE and sharpness and their decoupling on held-out

data: the bounds depend on true margins, so test ECE can
worsen even as predicted margins grow. Under a local
label-preserving shift, the empirical robust-margin moment

2,73(9) further provides an actionable training-side certifi-
cate, ECEn;(0; Prest) < (K —1) Q2 () (Proposition B.7
and Corollary B.8; see Appendix B).

5. Conclusion

We studied calibration as a training-time phenomenon rather
than a static property of a converged model, and showed
that calibration and sharpness are tightly coupled along the
optimization trajectory across multiple optimizers. This cou-
pling arises from a shared dependence on margin growth,
explaining both the temporal co-evolution of Expected Cali-
bration Error and curvature during training, as well as the
frequent divergence between train and test calibration in
overlap-dominated regimes.

Building on this perspective, we distinguished between two
competing mechanisms for improving calibration: conver-
gence to flat minima and suppression of updates along high-
curvature directions. Empirically, optimizers that implement
directional control, such as Muon and BulkSGD, yielded
consistently better in-sample calibration than methods tar-
geting flat minima alone, providing causal support for the
margin-tail mechanism.

Limitations. Our study relies on explicit curvature di-
agnostics (Gauss—Newton / Hessian-based measurements),
which are computationally expensive and constrain the scale
of architectures and datasets we can probe. Our theoretical
results identify a margin-tail mediator that upper-bounds
both calibration error and curvature under a Jacobian-control
assumption; we do not claim that these certificates are tight
or that the Jacobian bounds hold uniformly in all deep net-
works. A natural next step is to develop scalable, distribu-
tionally robust proxies for the mediator (for example, low-
rank spectral estimators, mini-batch surrogates, or input-
space stability measurements) and to characterize when they
preserve the qualitative regime predictions we derive.

Our experiments also cover small-scale image classification
only; extending the trajectory-level analysis to language-
model training, where calibration is a central open question,
is a natural follow-up. More broadly, we see the trajec-
tory perspective itself—tracking how calibration, curvature,
and margins co-evolve rather than inspecting them only at
convergence—as a lens applicable to other training-time
phenomena in deep networks.
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A. Further Related Work

A.1. Mitigating Miscalibration: Extended Discussion

Post-hoc calibration. Post-hoc methods learn a mapping from model scores to probabilities on a held-out set. Classical
approaches include Platt scaling and isotonic/binning methods (Platt, 2000; Zadrozny & Elkan, 2002), with temperature
scaling the de facto recipe for deep networks (Guo et al., 2017). More expressive calibrators—such as Dirichlet calibration
and compositional strategies like Mix-n-Match—correct class- or confidence-dependent distortions while preserving
accuracy (Kull et al., 2019; Zhang et al., 2020). Because post-hoc methods do not influence training dynamics, they provide
limited mechanistic insight and can degrade under distribution shift (Ovadia et al., 2019).

Intrinsic methods. Intrinsic methods incorporate calibration objectives directly into training. These include entropy-based
regularization (Pereyra et al., 2017), label smoothing (Miiller et al., 2019), augmentation schemes such as mixup that soften
targets (Thulasidasan et al., 2019), and focal loss—originally introduced for class imbalance—which yields better calibrated
classifiers even before post-hoc scaling (Lin et al., 2017; Mukhoti et al., 2020). Differentiable surrogates of calibration
metrics further enable joint training for accuracy and calibration (Kumar et al., 2018; Bohdal et al., 2023).

High-dimensional perspectives on miscalibration. Recent theoretical work highlights that miscalibration can arise
intrinsically from high-dimensional statistical effects, even in well-specified problems. Li & Sur (2025) analyze confidence
estimates in high-dimensional classification and show that predictive probabilities can systematically deviate from true
correctness likelihoods due to margin concentration and estimation noise, suggesting that miscalibration need not stem
from optimization failures alone. Our perspective is complementary: rather than asymptotic statistical limits, we study the
finite-sample training-time evolution of margins and curvature.

A.2. Robust Margins, Sharpness, and Calibration

Robust margins and calibration. Cross-entropy training pushes predictions toward extreme softmax outputs. On linearly
separable data, gradient descent drives margins to infinity, converging to a max-margin classifier (Soudry et al., 2018). While
large margins aid classification, they also amplify overconfidence: Qin et al. (2021) showed that inputs with small robust
margin are more likely to be miscalibrated, and proposed adaptive label smoothing on such points. Focal loss (Mukhoti et al.,
2020) and label smoothing (Miiller et al., 2019) can likewise curb overconfidence on hard examples. Foret et al. (2021)’s
SAM, which biases optimization toward flatter minima, has been observed to lower calibration error (Zheng et al., 2021;
Mollenhoff & Khan, 2023). These results share a common theme: controlling the growth or fragility of margins tends to
improve calibration. Achieving both robustness and calibration is nevertheless non-trivial—standard adversarial training can
degrade calibration without targeted interventions (Stutz et al., 2020).

Flat minima and margins. Loss-landscape geometry has long been linked to generalization, with flat minima hypothesized
to be preferable to sharp ones (Hochreiter & Schmidhuber, 1997; Keskar et al., 2017). Dinh et al. (2017) complicated
this picture: scaling symmetries in deep networks allow arbitrarily sharp solutions with identical outputs, motivating
scale-invariant sharpness measures (Tsuzuku et al., 2020; Liang et al., 2019). Under such measures, flatter minima correlate
with better generalization in CE-trained models (Jiang et al., 2020; Maddox et al., 2020). A structural correlate is the
classification margin: flat basins of the CE loss align with large training margins (Lengyel et al., 2021; Jiang et al., 2020).
Small-batch SGD, which implicitly enlarges margins (Hoffer et al., 2017), also finds flatter solutions than large-batch
training (Keskar et al., 2017). Adversarially robust models—which have larger input margins—exhibit lower curvature
in weight space (Stutz et al., 2021); conversely, weight-space flatness regularizers such as entropy-SGD (Chaudhari et al.,
2017) improve adversarial robustness as a side effect (Stutz et al., 2021).

Linear vs. non-linear caveats. In linear models trained with cross-entropy, the notion of “flat vs. sharp” is less meaningful:
on separable data the weight norm grows without bound as margins maximize, driving the Hessian to zero while the
classifier becomes arbitrarily confident. Meaningful cross-setting flatness comparisons therefore require correcting for
reparameterization invariances (Dinh et al., 2017; Neyshabur et al., 2017; Tsuzuku et al., 2020). In deep non-linear networks
with such corrections, large margins correspond to flatter minima (Lengyel et al., 2021). This distinction explains why
margin-based analyses (Bartlett et al., 2017; Nagarajan & Kolter, 2019) are often preferred for theoretical guarantees in
linear settings.
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A.3. Positioning Relative to Prior Work

The four literatures above—miscalibration under cross-entropy, sharpness/flatness and optimization stability, margin
maximization via implicit bias, and robustness—calibration connections—together with recent work on calibration benefits
of sharpness-aware optimizers (Tan et al., 2026), provide the backdrop for our contribution.

Our work extends these literatures in three directions:

* Trajectory-level analysis. Most prior work compares final solutions; we track calibration and curvature pathwise across
training and show that they co-evolve, peaking together near the edge of stability and decaying together.

* A shared margin-tail mediator. We prove that a single exponential margin moment and its robust variant simultaneously
upper-bound ECE and Gauss—Newton sharpness, with a two-sided sandwich for ECE in the interpolating regime. The
triangulation ECE <> GN sharpness <> robust margins is, to our knowledge, new.

* Directional vs. flat-minima interventions. We distinguish optimizers that bias toward flat minima (SAM) from those
that suppress steep descent directions along the trajectory (Muon, BulkSGD), and show empirically that the latter yield
more reliable in-sample calibration gains.

B. Proofs for Section 4

B.1. Definitions and basic reductions

Fixed binning. Fix M € N and deterministic bin edges 0 = ag < a1 < - -+ < aps = 1. Define bins I,;, := (ay,—1, )
form=1,..., M.

Population ECE with fixed bins. Let (X,Y) ~ 7 withY € {1,..., K}. For fixed 6, define the predicted label
Y = argmgxze(X)k
(using the deterministic tie-break rule from the main text), and the confidence

P .= mliixpe(X)k =po(X)p

Let B, := {ﬁ € I, }. Define binwise accuracy and confidence by

acc(By,) = {P(Y =Y | Bn), P(Bn)>0

, E[P | Bm], P(Bn) >0,
0, P(B,,) =0,

conf(B,,) := {0, P(B,.) = 0.

The population binned calibration error is
M
ECEp (6;7) Z P(B,,) |acc(By,) — conf(B,,)|.
m=1
Equivalently, with Z := 1{Y = Y} — P,

M
ECE (6;7) = > P(Bn) [E[Z | Byl|.
m=1

Empirical ECE. Given a dataset D = {(z;,y;)}I";, define

~

Y; := arg max zg(x;)r  (same deterministic tie-break), P, = max py (zi)k,

and bins B,,, := {i : 13;‘ €l,}. Let Z; .= 1{)7; =y} — ]3Z Then

)

ECE (6; D) Z ‘im|

1
B 27

i€Bp,

with the convention that the inner average is 0 when |B,,| = 0.

11
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B.2. Core lemmas

Lemma B.1 (ECE is bounded by the mean absolute correctness—confidence gap). (Population). Let Z := 1{? =Y} - P

and let G := o(By, . .., Byy) be the o-algebra generated by the bin events B, := {P € I,,,}. Note that Z € [—1, 1], hence
Z is integrable. Then

ECE (6;7) [yEZ|g |} < E[|Z|].

(Empirical). For any dataset D,

| ISP PN
ECEn(6;D) < EZ|1{Y¢=%}—P1‘|-

=1
Proof. Population. For each bin B,,, with P(B,,) > 0,
E[Z | Bl =P(Y =Y | B) — E[P | By = acc(Bm,) — conf(By,),

and we set E[Z | B,,] := 0 when P(B,,) = 0. Therefore,
M
ECEw (6;7) = 3 P(Bu) [EIZ | Bul| = E[ |E[Z | G]|].
m=1

By Jensen’s inequality for the convex function u +— |u,

E[|EZ|6]|] <E[E]Z]| 4] = E[Z]).

Empirical. For each bin B,,, with |B,,| > 0, let Z; := 1{}7, =y} — P;. Then

| X 4| < 2V

1€Bm, 1€Bm,

|acc(Bm) — conf(B,,

by the triangle inequality. Multiplying by |B,,|/n and summing over m yields the claim. O

Lemma B.2 (Correctness—confidence gap is controlled by the true-class probability). For any (z,y) and 0, where y(z) and
P(z) are defined as above,

11{7(z) =y} — P(z)] < 1-pe(a),.

Proof. Let§ = §j(z) and P :f(@f maxy, pg () = po(x)g. If § = y, then [1{7 = y} — P| = [1 — p,| = 1 — p,.
Ify # y, then |[1{y = y} — P| = P = p; < Zj;ﬁy p; = 1 — p,, since py is one of the nonnegative summands in
Zj;éypj' O

Lemma B.3 (Softmax tail bound: 1 — p,, is exponentially controlled by the true margin). Let p = softmax(z) € AK-L
and fix a label y. Define the true margin m = z, — max;-, z;. Then

Lopy < D¢ < (K=1)e ™ M
J#y
Moreover,
e—m
< 1—-p,. 2)

1+ (K —1e™ —
In particular, if m > 0 then
—e ™ < 1-—p, < (K—-1)e™™. 3)
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Proof. Write
e L T
Yhop e L enma) !

Py o 1—&-2]-7&?!6217211.

Let S := Z#y e*~# > 0. Then 1 —p, = S/(1 4+ S) < S, proving the first inequality in (1). For each j # v,

2j — 2y < MaXppy 2k — 2y = —m, hence e~ % < e ™ and S < (K — 1)e™™, proving the second inequality in (1).
For (2), pick j* € argmax;, z; so that z;» — z,, = —m and hence S > e~"". Therefore
e~ ™ e ™
1—py

= > > ,
145148 1+ (K —1)e ™

where the last step uses S < (K — 1)e™™. If m > Othene ™ < landthus 14+ (K —1)e ™ <1+ (K —-1) = K,
giving (3). O

Lemma B.4 (Cross-entropy logit Hessian top eigenvalue is controlled by 1 — prax). Let p € AR~ and define H,(p) :=
diag(p) —pp". Then

Amasx (HZ(p)) < 2(1 - pmax)7 Pmax ‘= m]?ka'

Proof. We use Gershgorin’s circle theorem for symmetric matrices. Write A := H,(p), so that for each ¢,
Ay = pi(1 = pi), Aij = —pip; (1 #J).
Let R; := 3, [Aij| = 32,4 pipj = pi(1 — p;). Gershgorin implies every eigenvalue A of A lies in at least one interval
X€E€[A; — Ry, Ay + R) =10, 2p;(1 — p;)] for some i.

Hence
Amax(A) < max 2p;(1 — p;).

Now fix k* € arg maxy, py 80 that pg« = pmax. If i = k*, then p;(1 — p;) = Pmax (1 — Pmax) < 1 — Dmax. If i # k*, then
Pi <1 = pmax and p;(1 — p;) < p; < 1 — pmax. Therefore max; p;(1 — p;) < 1 — pmax and consequently

)\max(Hz(p)) S 2(1 - pmax)»

as claimed. O

Lemma B.5 (Robust margin comparisons (trivial upper bound; Lipschitz lower bound)). For all (z,vy),
meg(x,y) <mep(z,y) = e TP < emmeolny), )
If moreover there exists Ly, (x,y) € [0, 00) such that
Ime(x + 0, y) —mo(z,y)| < Ln(z,y) 16| V[0 <e,

then
ma,e(%y) > me(:v,y) _ ELm(x,y) — e~ me(,y) > e~ &Lm(2:y) p—me,6(z,y) 5)

Proof. Trivial robust-vs-clean comparison. By definition of the infimum and because § = 0 is feasible, we have

meo(z,y) = Hlisﬂliame(x +6,y) <my(z,y).

Since the map t — e~t is decreasing, this implies

e—mo(@.y) < e*ms,e(w,y)’
which is (4).

13
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Lipschitz lower bound. Assume the stated local Lipschitz condition at (x,y). Then for any ||J]| < €,
mG(‘T + 6ay) 2 me(x,y) - Lm(.'lf,y) ||6|| 2 mg(x,y) - ELm(.’E, y)

Taking the infimum over all ||§]| < € yields

Me,o(2,y) > me(z,y) — eLm(x,y),
equivalently

me(x,y) < meg(x,y) +eLm(x,y).
Multiply by —1 (which flips the inequality) to get

_me(x7 y) 2 _m5,9<x7 y) - ELm(.’E, y)»

and exponentiate to obtain

e~ mo(T:y) > p—me,0(T,y) e—ELm(Ly),
which is (5). [

Remark B.6 (Label-free GN bound via predicted margin). Because H,(ps(X)) depends only on X, one can avoid the label
Y in the GN bound. Let y(z) € argmaxy, zg(x)) (with the deterministic tie-break rule) and define the predicted margin

mg(x) := 29(%)g(a) — max zp(z); > 0.
i#U(w)
Applying Lemma B.3 with y = y(z) yields
1= prax(®) = 1 = po(2) () < (K — 1) ™0,
Combining with Lemma B.4 gives
Ammax(H:(po(2))) < 2(1 = pinax()) < 2(K — 1)e ™),
cConsequently, under ||Jo(X)|lop < Cy m-a.s.,
Amax(Hon (05 7)) < 202(K — 1) E[e=™(X)].

This can be substantially tighter than bounds routing through Y when the model is confidently incorrect.

B.3. Rigorous restatement of the main theorems

Notation alignment with Section 4. Fix a robust radius £ > 0. To match the main-text notation, we use

Q:m) = E(xyyeale "* ] and lZ molren),

3

When 7 (or D) is clear from context, we may drop it from the notation. For comparison with alternative functionals used in
some intermediate lemmas, note that Q(6; 7) coincides with the quantity previously denoted W9 (6; ), and Qp(6) coincides
with the quantity previously denoted 1(0; D). If a pointwise margin Lipschitz constant L., (-, -) is available, we also define
the (generally looser) population functional

Q+(9;7T) — E(X7y)N7T[€ELm(X7Y) 6—171579()(,5/)]7

and the finite-sample robust moments
1< 1<
S’D(e) — E :6_77l5,9(33i7yi), Q;D(Q) — 7} :e_aLm(x'iayi)6_7”5,9(35'571/'5)_

n “ ’ n-
i=1 =1

The proofs appear in Subsections B.4 and B.5.

Theorem 4.1 (Overlap regime: simultaneous robust-margin upper bounds).
Let 7 be any distribution on X x {1,..., K} and let 6 be any parameter vector.

14
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(i) Calibration upper bound. For the population binned calibration error ECE (6; 7),
ECEy(0;7) < (K —1)E[e™&Y)] < (K —1)Q(6; ).

If L,, is defined, then also ECE/(6;7) < (K — 1) Q1 (6;7), but this is never tighter than the Q(6;7) bound since
Q*(0;m) = Q(6; 7).

(ii) Gauss—Newton curvature (top eigenvalue) upper bound. Assume additionally that the logit Jacobian is uniformly
bounded in operator norm,

||J9(X)Hop < CJ T-a.s.
Then the population Gauss—Newton matrix
Hon(0;7) := E(x vy Jo(X) T H=(po (X)) Jo(X)]

satisfies
Amax(Hen (05 7)) < 2C% (K —1)E[e=™(XY)] < 20% (K - 1) Q(6; 7).

If L, is defined, then also A\pax(Han (05 7)) < 2C2 (K — 1) Q1 (6; ), again a looser bound than the one via Q(6; ).

(iii) What the bound can (and cannot) certify. If along a training trajectory {6, } the robust moment Q(f;; ) fails to
converge to 0, then the bounds in (i)—(ii) do not certify that ECE; (6;; 7) — 0 or Apax(Han(0s; 7)) — 0.

(iv) Remarks (label dependence and trivial clamping).

* Label dependence vs. label-free curvature. A,..(Hgx(6;7)) depends only on the marginal law of X (since
H,(pe(X)) is label-free), whereas the bound above routes through Y via mg(X,Y") (equivalently 1 — pp(X)y). This
is valid but can be loose, especially when the model is confidently wrong. A label-free alternative (via the predicted
margin) is given in Remark B.6.

* Bounds may exceed 1. Since ECE,(0;7) € [0, 1], any upper bound U can be trivially tightened to min{1, U}.

Theorem 4.2 (Interpolating regime: two-sided ECE control and coupling to Amax)-
Assume v(0; D) > 0, i.e. the training set D = {(z;,y;)}" is correctly classified with strictly positive true margin.
(Strictness ensures Y; = y; without tie-breaking subtleties.)

(i) Two-sided control of in-sample ECE by the exponential margin moment.
1 .
7 @p(0) < ECEm(6;D) < (K-1)Qp(6) < (K —1) e~ 7(D),
(As always, one may clamp the upper bound by min{1, -}.)

(ii) In-sample GN curvature bound in terms of the same moment. Assume additionally that ||.Jy(z;)||op < C for all
i=1,...,n. Then

Amax(Han(0; D)) < 205 (K —1)Qp(0) < 205 K(K — 1) ECE N (6; D).

(iii) Consequence: in the interpolating regime, curvature and ECE are forced to co-vary. Under the same assumptions,

)\max(HGN(g; D))
2C2 K(K — 1)

ECEIV[(G; D) Z

Thus, once the training set is correctly classified and Jacobians remain bounded, large GN curvature cannot occur without
large in-sample ECE.

15
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(iv) Robust-margin variant (optional; requires local Lipschitzness at (z;,y;)). Assume moreover that for each i there
exists Ly, (z;,v;) € [0, 00) such that

Imo (i + 0, 4i) = mo(wi, yi)| < Lin (i, y:) [0]] - V[|6]] <e.
Then, with the robust moments Qgp(é)) and Q_ p(¢) defined above,

1

EQ;D(@ < ECEyM(6;D) < (K —1) 8@(9)7

and, under max; || Jg(2;)||op < Cy,

)\max(HGN(07D)) S QCLQI (K - 1) S,D(Q)

(v) Remark (binning irrelevance under perfect accuracy). Under v(0; D) > 0, every nonempty bin has empirical
accuracy 1, so ECEj,(0; D) reduces to the mean misconfidence and becomes independent of the choice of bins.
B.4. Proof of Theorem 4.1

Proof of Theorem 4.1. (i) Calibration bound. By Lemma B.1 (population version),
ECEn (0;7) < E(x.y)or [\1{? —Y) - ﬁy].
By Lemma B.2, R R
1Y =Y} - P[ <1-po(X)y,

hence
ECEn (0;7) < E(x,y)r [1 — po(X)y].

Applying Lemma B.3 with z = z¢9(X) and y = Y yields
1—pg(X)y < (K —1)e meXY) mT-a.s.,
SO
ECEn(0;7) < (K — 1) E(x y)ur [e” ™)),
Finally, by Lemma B.5 (the trivial robust-vs-clean comparison),

e—mg(X,Y) < e—mg,g(X,Y) T-a.s.,

and therefore
ECEp(6;7) < (K — 1) E(x,yyur [ ] = (K — 1) Q(6; ).

If the local Lipschitz condition in Lemma B.5 holds so that Q7 (6; ) is defined, then Q(0;7) < QT (#;m) since
e Lm(X.Y) > 1,

(ii) GN curvature bound. Define the random PSD matrix
A(X) == Jo(X) T H.(ps (X)) Jp(X) = 0.

Then Hon(0;7) = E(x,y)~r [A(X)]. Since Ayax is convex on the PSD cone (equivalently, by the variational characteriza-
tion),
)\max (HGN (91 71-)) = Amax(IE[lLl()()]) S E I:)\max(A(X)):I .

For each realization X,
/\maX(A(X)) < ||J9 (X) ng Amax (Hz (pe (X))) :

Under ||Jo(X)|lop < Cy m-aus.,
)‘maX(A(X)) < 03 )‘maX<Hz(p9(X)))~

16
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By Lemma B .4,
)\max(Hz(pH(X))) < 2(1 - pmax(X))7 pmax(X) = m}?XPG(X)k

Since pmax(X) > pa(X)y, we have 1 — prax(X) < 1 — py(X)y, hence
Amax(Hz (po(X))) < 2(1 — po(X)y) < 2(K — 1)e=™XY) ras,

Therefore,

Amax (Han (05 7)) < 203(K—1)E(x,yyur [ ™) < 203(K—1)E(x y)r [e” ™05 Y] = 203 (K -1) Q(6;

where the last inequality uses Lemma B.5. If the local Lipschitz condition in Lemma B.5 holds, then also Q(; )

Q*(6:m).

7);
<

(iii) Certification statement. Immediate from (i)—(ii): if Q(6y; 7) /4 0 (or likewise QT (6;; ) # 0), then the corresponding

right-hand sides do not converge to 0 and therefore cannot certify ECE;(6;; 7) — 0 nor Apax(Hen(6¢; 7)) — 0.

B.5. Proof of Theorem 4.2

O

Proof of Theorem 4.2. Assume (0; D) > 0, i.e. mg(x;,y;) > 0 for all i. Hence Y, = y; for all ¢ (no tie-breaking occurs).

(i) Two-sided ECE—-moment bounds. Because }71 = y;, every nonempty bin B,, has empirical accuracy acc(B,,) = 1.

Therefore, for each nonempty bin,

|1 — conf(Bp)| = 1 — conf(B,) since conf(B,,) € [0,1].
Hence ’
ECEy(6; D) = f [Bm| (1 — conf(B )) =1- lzn: P
M\Y, o) n m n pa i
Since P maxg, pe(T; )k = Do (acl) ? i, we have P po(x)y,, and thus

ECE (0; D)

n
Z 1_p0 xz y7

Recalling Qp(0) := L 3" | e™4(=1:9), Lemma B.3 implies (since mg(;,y;) > 0 for all i) that

3\'—‘

%e—me(m’m%) <1 _pe(xi)yi < (K _ 1) e—mg(wi,yi)-

Averaging over ¢ and using (6) yields
1
ﬁQD(B) <ECEpN(0;D) < (K —1)Qp(0).

Finally, mg(x;, ;) > ~v(6; D) implies Qp(0) < e~ 7(#D),
(ii) GN curvature bound. For each 4, define H, ; := H,(po(x;)) and J; := Jy(x;). Then

Hex(6;D) ZJTH“J > 0.
i=1

Since Apax 1S convex on the PSD cone,

n

1 < 1
)\max(HGN(e;D)) S ﬁz max(JTHz sz ﬁz ‘J ||op max zz)~
i=1

Under ||J;]|op < C for all 4,

/\max (HGN(@,D < OJ Z)\m'lx z, z

17
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By Lemma B.4, Anax(H- i) < 2(1 — pmax,i)- Since l?, = y;, we have pmax ; = po(Z;)y,. hence by Lemma B.3,
Amax (Hi) < 2(1 = po(a)y,) < 2(K — 1)e”mo@ivi),

Therefore
n

1
Amax (Hon(0;D)) < 2C5(K — 1) - = e ™o @0v) = 2C5(K — 1) Qp(6).
n
i=1
(iii) Coupling to ECE,, (rearranged lower bound). Combining the bound in (ii) with ECE;(6; D) > %QD(Q) from (i)
yields

)\max(HGN (9, D)) ]

Amax (Han(0; D)) < 2C5K (K —1)ECEp(6;D),  equivalently — ECEy(6;D) > 202 K(K — 1)

(iv) Robust-margin variant. Assume that for each (z;,y;) there exists L, (z;,y;) € [0, 00) such that
Ime(2; +6,y:) — mo(xi, yi)| < L (i, ya)ll6]]  V]|d]| <e.

Define the robust moments (as in Appendix E.3)

n n

1 1
0 —— —me,o(2i,Yi) - — —€Lm(zi,yi) p— e ,0(%i,Yi)
ep(0) =~ ;:1 e~ e o Qepl0) = ;:1 e e e’ :
By Lemma B.5,
e~ mo(Tiyi) > o—eLm(Tiyi) o—me,0(Ti yi) and e~ mo(Tiyi) < p—me,0(Tiyi)

Insert these bounds into +Qp(#) < ECE (6;D) < (K — 1)Qp(6) to obtain

@p(0) < ECEy(6:D) < (K = 1)Q2 5 (0).

For A\pax (Han (6; D)), repeat the argument in (ii) and apply e~ (%i:¥i) < ¢="™<.0(zi:9:) in the final step to get
)\max (HGN (97 D)) S 203([( - 1) (E)D(e)

B.6. Connection to the Observed Train/Test Split

Theorems 4.1-4.2 give a mechanism-level account of the dynamics in Section 3. Throughout training, both ECE and
Gauss—Newton sharpness are controlled by the same margin-tail functional; once the training set enters the interpolating
regime, this coupling becomes two-sided. This explains the strong co-evolution of training ECE and sharpness well before
convergence.

The same picture also explains why held-out behavior can decouple. First, the bounds depend on the true margin me(z, y),
not the predicted one: a model can therefore become more confidently wrong on a subset of test points, so predicted margins
increase while test ECE worsens. Second, the sharpness control carries a geometry factor through the Jacobian. Even when
H (p) contracts as predictions become more one-hot, large Jacobian norms can keep curvature proxies large.

Theorem 4.1 bounds ECE on any distribution — including the test distribution — by the robust-margin moment on that same
distribution. As a target for training, this is not directly actionable: bounding test ECE through Theorem 4.1 requires )
computed on test data. The next result closes this gap by replacing the test-side moment with an empirical, training-side one,
under a local label-preserving shift assumption.
Proposition B.7 (Robust margins as a local distributional worst case). Let P, := %Z?:l O(ws,ys) and Q27D(9) =
% Py e~"=0 (i) the robust counterpart of Qp(6). Let TI(P, Pn) denote the set of couplings between P and B, and
define

BY(Pa) 1= { P s 3u € (P, Py) such that p({((w,9), (@' 3/)) sy = ¢/, o = @' <e}) =1},
Then, for every 0,

2,1)(9): sup Ep[e—Me(XY)].
PeBP(P,)

18
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Under local label-preserving shift, the empirical robust margin moment is exactly the worst clean-margin tail over the
corresponding uncertainty set.

Corollary B.8 (Conditional transfer to out-of-sample calibration). If Piegt € BLP(]AJ,L), then

ECE (6; Prest) < (K — 1) Q2 1(6).

B.7. Proof of Proposition B.7

Proof. We prove the two inequalities separately.

Upper bound. Fix P € B®(P,), and let yu € TI(P, P,) be a feasible coupling. For y-a.e. pair ((z,y), (z’,3')), we have
y =1 and || — 2’| < e. Hence

m@(xvy) Z Héﬂlf me(zl + 57 y/) = mE,Q(I/a y/)
<e

Since t — ¢! is decreasing,
oM@ y) < gmmen(a ).

Taking expectation under i,

EP[G*mB(X,Y)] — E“[e*ms(xay)] < Eu[efms,e(X'-,Y')} =Ep [eme,B(X,Y)] — 8,0(9)-

n

Therefore
sup Ep[e_m"(X’Y)] < QgD(Q).
PEBP(P,)

Lower bound. Fix n > 0. By definition of the infimum, for each i € [n] there exists z such that
Hx?_‘TZH Sé‘, mg(ll}?7y7) S mE,@(ziayi)+n-
Define

1 n
Pli= =3 0wt y)-
i=1
Then P € B(P,), and
—-m —meg(z],y; 1 = —me o(xi,y; —
Bpn[e (0] = 23 el 2 e DY et = 71 Q8 p(0)
Taking the supremum over P € B(P,) and then letting 77 | 0 yields

sup Ep[e*mB(X’Y)] > QS’D(Q).
PeBP(P,)

Combining the two inequalities proves the claim. O

B.8. Proof of Corollary B.8

Proof. By the clean-margin part of Theorem 4.1,
ECEn (6; Prest) < (K — 1) Ep,_ [e ™).
If Pest € Bép(f)n), Proposition B.7 implies
Ep..[e7™ ] < Q2 p(6).

Substituting proves the result. O
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C. Additional Sharpness—Calibration Experiments
C.1. Sharpness—Calibration Correlation Analysis

We present detailed training dynamics for each optimizer on CIFAR-10 and CIFAR-100, showing the co-evolution of loss,
accuracy, ECE, margin, and sharpness throughout training. Since computing the full Hessian eigenvalue is expensive, these
experiments use an MLP with a 5K/5K train/validation split. For each dataset, a scatter summary visualizes the temporal

coupling across optimizers in a single view; per-optimizer figures report training (left) and validation (right) metrics across
learning rates.

SGD BulkSGD
@ =250 0200 4 @ n=250
020 4 @ n-2/100 @ n-=2/100
0.20 4 @ n=2150 0.175 4 @ n-2150
@ =220 @ n-2200
0.150
6 0.15 - 8 0.15 4 8
2 2 2 0.125
& 20 2 0.100
E 0.10 1 £ 0107 £
£ £ £ 0075 -
0.05 0.05 0.050
0.025
0.00 0.00 0.000 23
T T T T T T T T T T T T
0 50 100 150 0 20 40 60 80 0 200 400
Amax Batch Sharpness Amax
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@ n-2500 @ n-250
@ n-21000 @ n-2100
0.08 1 @ n=21500 0.08 9 @ n=2150
@ n-212000 @ n-2200
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] ] ]
= = =
g g g
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@ start /‘ma* end

Figure Al. ECE vs. GN sharpness trajectories (CIFAR-10). Each curve traces the joint evolution of ECE and GN sharpness (Amax)
across training steps for one optimizer and learning rate, with a filled circle marking the first training step and a cross () the last; color
encodes learning rate. Trajectories lie near the diagonal, visualizing the temporal coupling between the two quantities.

C.2. Optimizer Details: SAM, Muon, and BulkSGD

There is literature to support the notion that SAM may lead to improved calibration metrics, specifically that SAM act as an
implicit regularizer and therefore prevents overfitting during training (Tan et al., 2026). At every step, SAM solves

min max L(w + ¢€)
w lel[<p

which explicitly penalizes the sharpness of the Hessian and leads to convergence to flatter minima (Zhou et al., 2025). We
train networks using SAM to test the first hypothesis, looking to confirm that flat minima lead to lower calibration error.

To test the second hypothesis, we apply optimizers that explicitly suppress the contribution of eigenvectors associated with
directions of steep descent, through Muon and BulkSGD. Muon rescales the gradient components at each update, so all
directions contribute with comparable magnitude. This means directions of steep descent are clamped, while the flatter
directions are amplified (Jordan et al., 2024). Another method to suppress directions of steepest descent is using BulkSGD,
which at each step projects the gradient to the space orthogonal to the subspace spanned by the top eigenvectors. We try
projecting out the top eigenvector, as well as the top three and five eigenvectors (Song et al., 2025). We note that with

BulkSGD, we entirely omit the directions of steepest descent, while with Muon we still allow small updates to be made in
those directions.
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Loss & Accuracy
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Figure A2. Gradient Descent (GD). Training dynamics (loss, accuracy, ECE, margin, sharpness) across four learning rates on CIFAR-10;

training (left) and validation (right).
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Figure A3. Stochastic Gradient Descent (SGD). Training dynamics (loss, accuracy, ECE, margin, sharpness) across four learning rates

on CIFAR-10; training (left) and validation (right).
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Figure A4. Sharpness-Aware Minimization (SAM). Training dynamics (loss, accuracy, ECE, margin, sharpness) across four learning
rates on CIFAR-10; training (left) and validation (right).
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Figure A5. Muon. Training dynamics (loss, accuracy, ECE, margin, sharpness) across four learning rates on CIFAR-10; training (left) and

validation (right).
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Figure A6. AdamW. Training dynamics (loss, accuracy, ECE, margin, sharpness) across four learning rates on CIFAR-10; training (left)
and validation (right).
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Figure A7. BulkSGD. Training dynamics (loss, accuracy, ECE, margin, sharpness) across four learning rates on CIFAR-10; training (left)
and validation (right).
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Figure A9. Gradient Descent (GD) — CIFAR-100. Training dynamics (loss, accuracy, ECE, margin, sharpness) across learning rates on
CIFAR-100; training (left) and validation (right).
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Figure A10. Stochastic Gradient Descent (SGD) — CIFAR-100. Training dynamics (loss, accuracy, ECE, margin, sharpness) across
learning rates on CIFAR-100; training (left) and validation (right).
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Figure A11. Sharpness-Aware Minimization (SAM) — CIFAR-100. Training dynamics (loss, accuracy, ECE, margin, sharpness) across
learning rates on CIFAR-100; training (left) and validation (right).
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Figure A12. Muon — CIFAR-100. Training dynamics (loss, accuracy, ECE, margin, sharpness) across learning rates on CIFAR-100;
training (left) and validation (right).
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Figure A13. AdamW — CIFAR-100. Training dynamics (loss, accuracy, ECE, margin, sharpness) across learning rates on CIFAR-100;
training (left) and validation (right).
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Figure Al14. BulkSGD — CIFAR-100. Training dynamics (loss, accuracy, ECE, margin, sharpness) across learning rates on CIFAR-100;
training (left) and validation (right).

For BulkSGD, training suffers from high levels of instability depending on the number of dominant eigenvectors that are
projected out. We observe that training loss is still minimized over 100,000 steps, however the trajectory features steep
oscillations. Similarly, sharpness explodes to values in the thousands, which has not been previously observed with other
optimizers. This could be due to the fact that, with the dominant eigenvectors projected out, the gradient continues to remain
in areas of high curvature, without following the directions of steepest descent.

D. Extension to Mean Squared Error
D.1. GD and SGD Experiments

We rerun the experimental setup of Section 3 with mean squared error (MSE) loss in place of cross-entropy, on 5000
CIFAR-10 training samples. Figures A16 and A17 report the training dynamics for gradient descent and stochastic gradient
descent, respectively.

The results show that MSE is extremely miscalibrated, resulting in severely underconfident models as evidenced by the
reliability diagrams. This is a consequence of the fact that MSE is not a proper scoring rule.

For Lysg, treating z¢(x;) as free variables, the unique minimizer for a single example is

% 17 k:y“
=0,k

Thus the loss penalizes pushing zg(x;),, above 1 or the other logits below 0. However, when using the logits in the softmax
before the ECE computation, this finite target pattern leads to underconfidence. In fact, at the optimum, the confidence is

61 e

Plai) = polxiy = 57 F P~ er R 1 S0 fr k=10

Consequently, in regimes where training accuracy is close to 1 but logits are near this finite pattern, the model is systematically
underconfident on the training set (accuracy = 1 vs. confidence ~ 0.23 in the main bin), and the training ECE remains large
instead of decaying towards zero as in the CE case.
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Figure A15. Training dynamics for SAM and Muon across learning rates on CIFAR-10.

D.2. Asymptotics of MSE

For MSE,

2
K
so the logit-level Hessian is constant and does not depend on the predicted probabilities py(x;). Hence, unlike CE, the
Gauss—Newton curvature does not attenuate as the model improves its fit:

HYSE(0) = V2 Lyse(zi,y1) = —Ik,

1 2 1
HMSEGZ— 10THMSEZ(9:—— ZeTle
GN"(9) nz;J() SR0) = - ni;‘”) Ji(0),
so the eigenvalues of HMSE (6) are governed entirely by the Jacobians .J; (#), with no probability-dependent factor diag(p) —
pp | to drive curvature toward zero. Combined with the underconfidence analysis of Appendix D.1, this explains why neither

sharpness nor training ECE collapse under MSE in the interpolation regime, in contrast with the CE case.
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Figure A17. CIFAR-10 | Optimizer: Stochastic Gradient Descent | Loss: Mean Squared Error



