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Abstract

We interpret deep neural networks (DNNs) trained on elementary p group multi-
plication, examining how our results reveal some of the nature within major deep
learning hypotheses. Using tools from computational algebra and geometry, we per-
form analyses at multiple levels of abstraction, and fully characterize and describe:
1) the global algorithm DNNs learn on this task—the multidimensional Chinese
remainder theorem; 2) the neural representations, which are 2-torus T2 embedded
in R4 encoding coset structure; 3) the individual neuron activation patterns, which
activate solely group coset structure. Furthermore, we find neurons organize their
activation strengths via the Lee metric. Overall, our work is an exposition toward
understanding how DNNs learn group multiplications.

1 Introduction

As deep neural networks (DNN5s) scale and are deployed in increasingly high-stakes settings, it’s
imperative to develop a concrete understanding of how these models make decisions. Black-box
models are especially dangerous in domains like healthcare [Basu et al., [2025] or self-driving where
Clever Hans-type failures may have catastrophic consequences [Dreyer et al., |2025]. Many argue
that ensuring the safety and reliability of such systems will require insights from a broad range of
scientific disciplines [Longo et al., 2024} |Krueger et al., 2025]]. In particular, Eberle et al.| [2025]]
argue that empirical evidence of DNNs learning algorithms warrants an algorithmic understanding of
what DNNs learn.

Inspired by how exactly solved models influenced the progression of physics [Baxter, [2016], we
draw on the field of group theory to study how DNNs learn elementary p group multiplication. By
uncovering what the solutions learned are, we gain insights into the nature of three empirical hypothe-
ses we believe fundamental to hopes to create generalizable interpretability tools. i) Universality:
DNNGs trained with different settings on similar training distributions will learn solutions that utilize
similar principles [Li et al.,|2015| |Olah et al.,|2020] ii) The Manifold hypothesis: all natural datasets
are distributed on the surface of a low-dimensional manifold; DNNs recover and make use of this
manifold [|Goodfellow et al.,[2016]. iii) Platonic Representation hypothesis: different architecture
DNN s trained on different datasets will converge to a platonic (shared) understanding of the dataset,
reflected by internal distances between similar data aligning across sufficiently overparameterized
architectures [[Huh et al.| [2024].

Contribution 1. We discover that DNNs learn an algorithm that we can fully describe and characterize
at all levels of abstraction. We call this global computation the multidimensional Chinese Remainder
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Theorem (mCRT). This name comes from our identification that all the neural representations learned
correspond to the coset structures in the group.

Contribution 2. Our work, while limited to the study of elementary p and homocyclic groups, offers
insight into the aforementioned hypotheses by deepening our collective understanding of how DNNs
learn group multiplications. Universality: our discovery that neural representations activate on coset
structure aligns with prior work on both Abelian (commutative) group multiplications, being the
cyclic group [McCracken et al.|[2025a]], non-Abelian (non-commutative) group multiplications, being
the permutation [[Stander et al., |2024]] and dihedral group McCracken et al.|[2025b]. Manifolds:
we discover neural representations are the surface of the 2-torus T2, embedded in R*. This is
verified via persistent homology, principal component analyses (PCA) and diffusion maps. Platonic
Representations: we identify that neurons learn the Lee metric (T? geodesic) to order cosets into
level sets of approximately constant activation strength.

2 Related work

Analogous to how exact models in physics [Baxter, 2016]] progressed practical and theoretical
understanding of physical phenomena by allowing for more grounded and holistically complete
studies [McCrackenl 2021]], recent research has looked for datasets providing full understanding of
solutions learned by DNNs. Group multiplication tasks have become standard benchmarks for both
the mechanistic interpretability [Nanda et al., 2023, |Chughtai et al.,2023alb, He et al., 2024} Tao et al.,
2025} Doshi et al., 2023} Stander et al., 2024, McCracken et al.,|2025b] and theoretical deep learning
[[Gromov, 2023, Morwani et al., 2024}, Mohamadi et al., 2023, [McCracken et al., 2025a] communities.
In fact, they’ve given both empiricists and theoreticians a common ground for proving scientific
hypotheses. Notably, group multiplication plays a prominent role in validating the Universality
Hypothesis [Li et al., [2015} |Olah et al., 2020} |(Chughtai et al., [ 2023b, |[Huh et al.} 2024, which posits
that DNNs learning related tasks will converge to similar internal circuits.

On the empirical side, it is the case that the viral phenomenon of grokking was first identified while
training networks on modular addition, which is a group multiplication [Power et al.,[2022]. This
led to Nanda et al.|[2023]]’s work, which provided surprisingly clean algorithmic interpretations
of transformer architectures to explain grokking. Subsequently, an empirical investigation into the
Universality Hypothesis was conducted, generalizing the algorithm from [Nanda et al.| [2023]] by
studying both cyclic and permutation group multiplications [[Chughtai et al., [2023b]]. They claimed
that networks universally learned matrix representations of the group and multiplied them to compute
answers. Later, it was revealed that this was not the case,|Zhong et al.|[2023]] claimed that two entirely
different circuits were being learned by different transformer architectures on modular addition.
Thereafter, |Stander et al.| [2024] showed |Chughtai et al.| [2023b]’s results weren’t reproducible,
finding coset circuits, not/Chughtai et al.| [2023b]]’s claimed algorithm were utilized on DNNs learning
the permutation group. Thus, claims of universality fell apart modular addition had two competing
interpretations and neither aligned with the cosets interpretation on permutation groups.

Recently, both these disparities were resolved. McCracken et al.|[2025a] proved that DNNs trained
on modular addition were universally utilizing approximate coset structure, conjecturing that DNNs
would use such structure to solve all group multiplications. Subsequently, Moisescu-Pareja et al.
[2025] failed to reproduce [Zhong et al.|[2023]]’s claims of two disparate circuits, instead finding their
architectures learned things the same way, thus reopening the Universality Hypothesis.

Meanwhile, the theoretical community made breakthroughs using cyclic group multiplication as
well. (Gromov| [2023]] provided an analytical solution for minimizing cross-entropy loss in networks
with quadratic activations. Lyu et al.|[2023] argued that smoothness was an inductive bias that could
provably induce grokking. This was followed by [Morwani et al.| [2024], who rigorously proved O(n)
features were required in 1-layer networks. Furthermore, Morwani et al.|[2024] argued the reason
sinusoidal frequencies emerged during training was due to the theory that DNNs seek to maximize
the margin between the correct and second largest output logits, utilizing smoothness norms in their
arguments, which was simultaneously, proposed by Mohamadi et al.| [2023]].



3 Background

Elementary p groups occupy a privileged place in the landscape of abelian structures: they extend the
cyclic group—the one-dimensional archetype of abelianness—into higher dimensions while retaining
complete uniformity of order. In that sense, they form the maximally symmetric, or isotropic, abelian
groups. Let Z be the set of all integers. We define Z,, as the additive group resulting from the
quotienting of Z by pZ where p € Z is prime.

In the elementary p group (Z,)", each element is an n-tuple of coordinates taken modulo p. Addition
is performed component-wise, each element being reset to 0 when "achieving" the value of p. For
example, in (Z3)?, adding (2,1) + (2, 2) = (4, 3) yields (1,0) after we apply mod 3 component-wise.
In the group (Z,)", a coset is obtained by taking a subgroup H < (Z,)™ and translating it by some
fixed element g € (Z,)" assuch: g+ H = {g+ h | h € H}. The set of cosets generated from a
subgroup of a group G form a partition of G.

Homocyclic groups. We use “elementary p groups” for (Z,)" with p prime. We call (Z,,)"
homocyclic when m is arbitrary (i.e., not necessarily prime).

Cayley graph structure. We can visualize the group (Z,,)™ as an n-dimensional grid with side
length m, where opposite faces are identified, as seen in Fig. [T|left panel. In the n = 2 case, this grid
can be rolled into a tube by gluing together one pair of identified opposite faces, then this tube can be
turned into a donut by gluing together the remaining pair of identified faces. This results in a 2-torus,
as seen in Fig. right panel. In general, all groups of the form (Z,,)" can be visualized as a discrete
n-torus. Geometrically, cosets appear as parallel affine slices of the n-dimensional discrete torus,
as seen in Fig. right panel. More generally, cosets of (Z,,)™ can be visualized as evenly spaced
hyperplanes wrapping around the torus, tiling it into parallel families of points.

Additive functionals. An additive functional on G = (Z,,)™ is a group homomorphism:
fe:G =L, felz)=(&a) =) &u; (mod m)
i=1

where £ = &1,...,&,, ¢ = (x1,...,2,) € G. Every group homomorphism f : (Z,,)" — Z,, arises
as fe for some &, and the correspondence § — f¢ identifies Hom((Z,,)", Z,,) with (Z,,)". We can
therefore fully describe these linear functionals with the form f, with £ € G.

For a function f : X — Y, the kernel ker f¢ is the set of inputs that map to the identity of ¥ and the
image Im( f¢) is the set of all outputs attained by f. Now, consider an arbitrary £ = (&1,...,&,) € G.
As f¢ can be expressed as a dot product, each output of f¢ is divisible by d = ged (&1, ..., &n, m).
Therefore, Im( f¢) C dZ,,. Moreover, Bézout’s identity Bézout|[1779] (see Appendixfor details)
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Figure 1: Two equivalent geometric interpretations of the Cayley graph of (Z7)?. The left panel
shows the Cayley graph of (Z7)? generated by the unit vectors and embedded in R?. Vertex colorings
correspond to cosets induced by (1,0) € (Z7)2. The right panel shows Cayley graph of (Z7)?
generated by the unit vectors and embedded in R?. The vertex colorings correspond to cosets induced
by (1,0) € (Z1)2.



(mod m), and by scaling we obtain f¢(tui,...,tu,) = td (mod m) for every ¢t € Z. This shows
that every multiple of d in Z,, is attained, so Im( f¢) = dZ,,,. Consequently, ker f¢ forms a subgroup
of (Zy,)™ and the cosets induced by this subgroup are precisely the fibers of fe.

Irreducible representations. A representation of a group is a way of assigning a matrix to each
group element such that multiplying elements in the group corresponds exactly to multiplying their
matrices within a vector space. We call a representation irreducible if there is no proper, smaller
subspace of the vector space that all those matrices leave invariant (i.e., all proper subspaces are
altered by at least one matrix).

Characters. For a finite abelian group, such as (Z,,)", every irreducible representation is one-
dimensional. Let G = (Z,,)". A one-dimensional representation is a homomorphism from G
into the multiplicative group of nonzero complex numbers C*. These one-dimensional irreducible
representations are called characters.

Given an additive functional f of (Z,)™, we obtain a character X¢ by exponentiation, as follows:
Xg(m) = e%fﬁ(z)

As fe(x +y) = fe(z) + fe(y), the character is therefore multiplicative: x¢(z + y) = xe(z)xe(y)-

Therefore, each x. is an irreducible representation of (Z,,)". Moreover, each irreducible represen-
tation of (Z,,)™ can be derived in such a fashion, by which vectors { € (Z,,)"™ have a one-to-one
correspondence with the characters ..

In this way, the “period” of a character is equivalent to the index of its kernel in (Z,,)", and the
oscillatory pattern of the characters is the cyclic repetition of its values across these cosets. For
instance, in Zg = (Zg)", the character y3 has image {—1, 1} of size 2, therefore its kernel has index
2, and 3 partitions Zg into two cosets {0,2,4} and {1, 3,5}. x3 oscillates between —1 and 1 as it
traverses Zg in the path prescribed by its directional frequency vector £ = 3 used to construct the
additive functional and thereby its associated character as seen in Fig. 2]

1

Slopes on the Product Groups. Consider the
product group G X G = (Z,)™ X (Z,)™, with
elements written as (a,b) € G x G. Addi-
tive functionals on G x G can be constructed
from a pair of directional frequency vectors
£,& € (ng)" and a pair of coefficients
a, € (Zm 0,0)}. The functional is .
Ejeﬁﬁid as (4&722;&%&, b) )}: afe, (a)+ Bfe, (b) Figure 2: The mapping from Zg to C* defined by
(mod m), where fe, and fe, are the additive the character 3 of the element 3 € Z¢
functionals.

The pair («, ) specifies the slope of the functional. Each functional l¢, ¢,.4 g partitions G x G into
cosets of its kernel. Geometrically, these cosets are elements of the Cartesian products of two slices of
the n-torus defined by the relation a f¢, (a) + B fe, (b) = ¢ (mod m). Vertical and horizontal slopes
correspond to parallel slices aligned with the coordinate axes, while diagonal slopes correspond to
tilted slices that cut across both coordinates simultaneously.

The slope structure indicates whether a neuron is acting independently on one argument, or detecting
correlations between a and b.

Metrics and Geometry. The group (Z,,)™ carries a natural geometric structure that depends on
the modulus m. This geometry is expressed in terms of distances, graphs, and higher-dimensional
complexes built directly from the group elements.

Hamming metric. When m = 2, each group element is a binary vector « € {0,1}". The natural
metric is the Hamming distance, defined as the number of coordinates in which two vectors differ.
The Cayley graph of (Z3)™ under this metric is the n-dimensional hypercube with a vertex for each
binary vector and edges that connect vectors differing in exactly one coordinate.

Lee metric. When m > 2, each coordinate of the vector £ € (Z,,)" is an element of Z,,. The
natural generalization of the Hamming metric is the Lee metric that measures cyclic distance. For
a,b € Zy,, the Lee distance is: diee(a,b) = min(Ja — b, m — |a — b|). The total Lee distance
between &1, &2 € (Z,,)™ is the sum of Lee distances in each coordinate.



The directional discrete Fourier transform (dDFT). The dDFT probes a neuron’s preactivation
N(a,b) on G x G = (Z,)"™ X (Z,)™ by projecting onto one-dimensional fibers cut out by additive
functionals f¢(z) = (&, x) (mod m¢) (with m¢ = m/ged(&1,...,&,,m)) and their characters
xe(z) = e*mife@)/me  For a slope (a, 3), we form the fiber coordinate t = a(£,,a) + (&, b)
(mod L) (with L = lem(myg,,me,)) and take a 1-D DFT in the basis {¢>™"*/} to read off the
dominant irreducible representation. Directions are taken up to units and, when m is composite,
slopes factor per prime via the Chinese Remainder Theorem (CRT) with energies combined across
components; see Appendix [C] for details.

Betti numbers from algebraic topology are used to distinguish the structure of neural representations
in layers. The k-th Betti number By, counts & dimensional holes: By counts connected components,
By counts loops, B; counts voids enclosed by surfaces. For reference, a disc has Betti numbers
(Bo, B1, B2) = (1,0,0), acircle has (1, 1,0), and a 2-torus has (1,2, 1).

4 Results

Architectures studied. The dataset is all input pairs of two tokens (a € (Zy,)",b € (Z,)"),
with answer c to a + b = ¢. We use 1- and 2-multilayer perceptrons (MLPs) with rectified linear
(ReLU) activations. We use one trainable embedding matrix of size |(Z,,)"| x 128 features. The
embeddings for inputs a, b to the DNN are rows E, and Ej}, which are selected from this matrix
and presented to the first layer by concatenating F, and Ej. All layers have 1024 neurons. The last
layer of the network is a standard linear layer with |(Z,,)™| output logits, and networks are trained
to minimize cross-entropy loss, i.e., place most of their output mass on the correct logit c. We train
with Adam optimizer [Kingma and Bal,[2014]], weight decay (i.e., standard ¢5-regularization), and a
90/10 train/test split. We use the novel methodology of Moisescu-Pareja et al.|[2025] for studying
group multiplications, in order to both directly identify the neuron’s participating in each neural
representation, and visualize and quantify the manifolds corresponding to the neural representations.

Our primary result is that we can give mathematical descriptions for what neurons learn (cosets), for
neural representations (T2) and even the global computational algorithm learned.
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Figure 3: Discrete torus (Cayley graph of (Z3)?). The left subfigure shows the schematic fibers,
while the right subfigure shows the corresponding 3 x 3 heatmap obtained by plotting a neuron’s
a = (a1, az) contribution preactivation matrix. Slopes are (1,0), (1, 1), and (1, 2) respectively.

Neurons activate on cosets. We can decompose the preactivation value of a neuron into two terms,
being the contribution from a, and the contribution from b. We find that neurons in the first layer
activate on level sets, being the cosets induced by an additive functional f¢, (a) and another f, (b).
Remarkably, all neurons in all models trained learn £, = &, meaning one neuron uses the same
projection vector & for both a and b. Thus, it has learned cosets of the same “class” of coset.

We visualize the cosets of (Z3)? to show they match the structure learned in the neural preactivations
in a trained network in Fig. 3|and visualize (Z3)?3 in Fig. 4l Note the contribution to the preactivation
coming from a can be on a different coset than the preactivation term coming from b (Fig.[5). A
theoretical model fitting the neural preactivations follows. We identify that layer-1 neurons utilize the
functional Lee metric, and neurons thereafter use the cross-functional Lee metric.

Functional Lee metric. The Lee metric measures distances along the coordinate axes of (Z,,)".
However, in many situations the geometry of interest is not determined by the standard coordinates,
but rather by an additive functional. Recall that an additive functional is a homomorphism where
& € (Z,,)™ specifies the direction.
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Figure 4: Cayley graph of (Z3)3. Three schematic panels corresponding to neuron preactivations
(left to right) with slopes (1,0, 1), (1,1,1), and (1,2, 1). Colors indicate fiber level sets of z1 + x3
(mod 3), z1 + x2 + 3 (mod 3), and z1 + 222 + x3 (mod 3), respectively.

Neuron 1: (az vs a1)

Neuron 1: (b2 vs b1) Neuron 1: outer sum over a, b

PR (0,2) (1,2) 2 (0,2) (2,2)

o1

. @) | @ R o1y | o -
o1

i (0.0 . (2,0) - o 3,0 | (2,0
03

0 2 1 2

a1 b1
Neuron 13: (az vs a1) Neuron 13: (b2 vs b1)

2 (V3] (2,2) 2 (0,2) (2,2)

®1 (0,1) (1,1) . 00 81 (0,1) (1,1) .
-01
0 (1,0) (2,0) 0 (1,0) (2,0)
-02

0 1 2 0

a b1 b vector

Figure 5: Layer 1 neurons: (Top row) preactivations of neuron 1 from inputs a = (a1, a2) and
b = (b1, b2), concentrating on different cosets, a1 + as = 1 (mod 3) versus b; + bs = 0 (mod 3).
(Bottom row) preactivations of neuron 13 from a and b, activate on the same coset, a; + a2 = 0
(mod 3) and by + by =0 (mod 3). Neuron 1 and 13 are members of the same neural representation.
Both learn to project @ and b onto § = (1, 1), meaning 1(a;)+1(a2) mod 3 and 1(by)+1(b2) mod 3
give the cosets.

This functional partitions the group into cosets of ker f¢. The image Imf; = dZ,,, where d =
ged(&r,...,&n,m), of f¢ is a subgroup of Z,,, and hence has a natural Lee metric. Pulling this
metric back along f¢ defines a distance on (Z,,,)™ that reflects separation along the direction &.

For a,b € (Zy,)™ and & € (Zy,)", the functional Lee distance is: d¢(a,b) := dyee(fe(a), fe(b)).

Geometrically, d¢(a, b) measures how many steps one must move along the direction £ in order to
pass from the coset of a to the coset of b, with wrap-around on the m-cycle. All points in the same
coset of ker f¢ are identified at distance zero, while different cosets are spaced evenly according to
their residues modulo the image of f¢. This coset identification is shown by vertex colors in Fig. El

Cross-functional Lee metric. In the product group G x G = (Z,,)" X (Z,,)", the geometry
may depend on directions frequency vectors in each factor separately. This is captured by the
two-parameter functional 4¢, ¢,. g(a,b).

As before, this functional partitions the product group into cosets of its kernel, which are affine slices
of the discrete 2n-torus. Its image is a subgroup of Z,,, given by

Im(égl,&;a”g) = gcd(m, Otdl, ,Bdg) Zm, dl = ng(fil, . 7€in, m) xS {1, 2}
This subgroup carries a natural Lee metric, which induces a metric on G x G via pullback through
les a0,



For (a,b),(a/,b') € G x G, the cross-functional Lee distance is d, ¢,;0,5((a,b), (a/, b)) =
dice (ley 210,8(a:b), Le, go:0,8(a/, 1))
Geometrically, d¢, ¢,.q,3 measures cyclic distance after projecting (a, b) onto the one-dimensional

subgroup generated jointly by &; and & in the slope ratio (¢, 3). Cosets of ker l¢, ¢,.4,3 collapse to
distance zero, while distinct cosets are spaced evenly along the cycle of size m/ ged(m, ady, 8ds).

In layer 1. The slope («, 3) is (0,1) and (1,0) in this case as the neuron preactivation is independent.
Let¢ € (Zy,)™ and «, 8 € Zy,. Let M := m/ ged(m, ad, Bd), where d = ged (&1, - .., &, m). Let
le.o,p = e e.q.p be an additive functional on the product group G x G = (Z,,)" X (Z,)" For
(a,b) € (Z,)™ X (Zm,)", a simple neuron is a neuron that has the preactivation N (a, b):

N(a, b) = COS(QMTr gg;azlyﬁz()(a, b) =+ ¢a) + COS(% fg;a:()’g:l(a, b) + (]517) (1)

where ¢, ¢ € [0,27). Note: (« = 1,8 = 0) in the a functional and (« = 0,3 = 1) in the b
functional.

In layers after 1. Let £,& € (Z,,)" and «, 8 € Z,,,. Let M := m/ ged(m, ady, Bds), where
d; = ged(&iy - -+ &in, m) for i € {1,2}. For (a,b) € (Z,)™ X (Zm)", a simple neuron is a neuron

that has the preactivation: N(a,b) = cos(%7T le, gr:a.8(a,b) + QS), where ¢ € [0, 27).

We test the Simple neuron model PCO vs PC1
quantitatively by training 100 ran- ::: o I

dom seeds after hyperparameter (323' o7 02 & '.
tuning via grid search for a good | 06 o~
learning rate and weight decay, and os § O o @& .
inspecting the R? of fitting sim- gt .
ple neurons in layers one and two. s s

Training 2 layer multilayer percep- ., o L

trons (MLPs) on (Z5)? achievesa -

layer 1 avg R?: 0.99769 and layer $ 853883853 w0 POCO 0.3

2 avg R%: 0.89509, on (Z7)? Layer
1 avg R?: 0.99703 Layer 2 avg R?:
0.92657, on (Z3)? an R? of 0.999
in both layers and on (Zs)? an av-
erage R? of 0.989 in layer 1 and
0.971 in layer 2. The reason for the
lower R? values in layer 2 is that
we only fit one simple neuron and
due to the fully connected nature of MLPs it’s easy for the neurons in layer 2 to be composed of
linear combinations of any of the irreducible representations found in layer 1.

Figure 6: Layer 2. (left) neurons in layer 2 have activation pat-
terns with correlations between a and b; they understand cosets
in the cross space (Z,)"™ X (Z,,)™ unlike in the preactivation
grid (rightmost) in Fig. [5] A PCA reveals a circle was learned,
confirmed by persistent homology (Betti numbers (1, 1, 0)).
Note, the PCA is colored by the cosets of the answer c—i.e.,
second layer neurons encode ¢’s coset information.

Neural representations. Using the dDFT, we take all neurons in layer 1 that concentrate on the same
direction pair (&, &) and get the preactivation vector of length equal to the dataset | (Z,)" X (Z,)" |
for each neuron and stack these vectors into a M = |# neurons| X |(Z,)" X (Z,)™| matrix. We
perform principal component analyses on these matrices to reduce dimensionality, finding the first
four components explain > 99.5% of the variance. In layer 2, we take all neurons that concentrate on
the same slope and direction pair (u,, up, v, 3), and do PCA.

When training on (Z,,)", with m € {59,62,97} forn = 1; m € {5,6,7,11} for n = 2; and
m € {3,4,5,6} with n = 3, if neurons in a neural representation have learned a coset with at least 3
points in each fiber (coset equivalence class) (e.g. Fig.[I|has 6) then: layer 1 persistent homology will
identify the neural representation has Betti numbers (1, 2, 1) implying it’s homologically equivalent
to T2, layers >1 have (1, 1, 0), implying it’s homologically equivalent to a circle. This can be
qualitatively seen in Figs. [6] [7} showing a circle and torus respectively.

4.1 Global algorithmic strategy: Chinese Remainder Theorem on Homocyclic Groups

The Chinese Remainder Theorem describes how congruences with respect to different moduli interact.
In the finite abelian case, it provides a canonical decomposition of groups into factors. For homocyclic



groups, the CRT admits two complementary formulations: an algebraic formulation in terms of direct
sum decompositions of subgroups, and a geometric formulation in terms of intersecting cosets and
hyperplanes in the cube complex (i.e., the grid-geometric view of the homocyclic group).

Classical CRT. Suppose m has prime factorization DMOvs DM1 vs DIz

m =[], pFi. The Chinese Remainder Theorem says .
that arithmetic modulo m can be broken into simpler 0005 0 ° .
arithmetic, one piece for each pf’ Consider Z,,, as a cir- .
cle with m equally spaced points along its circumference. pM20 9

.
Each divisor pf" marks out a coarser cycle: it partitions oo0s © . .

the m points into cosets of size m/ pfi, evenly spaced s .
around the circle. The CRT says that if you know which 001 - oo
coset x belongs to, for each of these prime-power parti- DM1 0 o pMo

tions of the underlying cyclic group, then you can know 001

exactly which of the m points z is. Egulvalently, 1£ ia Figure 7: Difquiop map of a Layer 1 neu-
system of congruences of the form z = a; (mod p;") ra] representation in (Z7)2, composed of
describes which coset x belongs to on each prime-power  peyrons learning &, = &, = (1, 1), show-
cycle, then CRT guarantees that the intersection of these ing a torus T2,

cosets is a single point in Z,, .

Multidimensional CRT. Now consider the higher-dimensional group (Z,,)", which, as shown in
Fig. [T} can be represented as a n-torus. Just as in the cyclic case, divisors of m create coarser
partitions of this space. Each additive function f¢ of (Z,,)™ partitions the elements of (Z,,)" into
level sets, and ker f¢ defines a subgroup of (Z,,)™. A subgroup of (Z,,)™ carves the torus into cosets,
which, geometrically, are parallel affine slices of the torus, as they consist of all points satisfying
the same linear congruence modulo m. The resulting cosets form a family of slices that are parallel
when projected onto the Cayley graph of (Z,,,)", since they are all defined by the same linear relation
with only the constant term varying. These slices partition the torus into exactly m/d distinct layers,
where d = ged (1, . . ., &,, m). Together, the slices cover all of (Z,,)".

The multidimensional CRT asserts that if we select several such functionals, and the subgroups
defined by their kernels are independent (i.e., their sum is (Z,,)™), then the intersection of cosets,
each chosen from a distinct functional induced level set partition of (Z,,)", consists of exactly one
point. In other words, specifying which parallel affine slice x belongs to in each partition uniquely
determines x modulo m. This is the abstract algorithm utilized by DNNs learning homocyclic groups
(an abstract algorithm is a template, allowing for variations of implementation across random seeds).
DNN s perform exactly this: neurons in the last layer specialize to outputting on the cosets of ¢, which
they compute from being fed the coset membership of a and b on T? from the preceding layer. The
positive and negative interference from different c cosets contributing to the outputs results in argmax
selecting the correct logit c. Analogously, argmax can be thought of as taking a set intersection since
the correct logit ¢, is a member of many different cosets (non-parallel affine slices).

5 Discussion

By using a classical algebraic group as a training task, we’ve provided a toy model where we fully
characterize everything DNNs with non-linear ReLU activations learn. We describe everything
from neuron activations, to identifying all neurons in each neural representation, to the manifolds
learned by DNN:s, to the abstract algorithm instantiated across random seeds (mCRT). We claim our
qualitative and quantitative results—neurons learn coset structures with high R?, and layer-1 neural
representations form tori before becoming circles encoding the cosets of the answer c—provide
sufficient evidence to empirically claim DNNs learn implementations of the mCRT algorithm.

Our results tie into literature: 1) finding cosets critical in DNNs learning homocyclic multiplication
aligns with work conjecturing DNNs will universally use coset structure to learn group multiplications
[McCracken et al.,2025a]; 2) finding that the functional and cross-functional Lee metrics are learned
by neurons to encode activation strengths (cosets near each other w.r.t. the metric have similar
activation strengths) ties into the manifold and Platonic Representation hypotheses by matching
predictions. This is because DNNs recover the natural geodesic metric on the correct manifolds
that describe the task. 3) Our multi-scale analysis allows for the network to be understood at the



neuron, neural representation and global computation levels of abstraction, aligning with calls for
theoreticians to progress an algorithmic understanding of how DNNS learn tasks [Eberle et al., 2025].

Limitations, cautions and future work. Due to studying one task we can’t make broad claims of
generality, but we don’t see this as a limitation as much as a need for future work on other group
multiplications. [Stander et al.|[2024] found errors in highly influential work studying the permutation
group, and suggested that deep, careful interpretability studies are needed instead of broad ones
to ensure such errors aren’t repeated in future literature. Additionally, the finding by Moisescu+
Pareja et al.|[2025]—that multiple prior works incorrectly interpreted DNNs trained on cyclic group
multiplications—motivate rigorous and accurate analyses further. In light of these findings, we claim
that the utilization of methods from computational algebra can aid future work trying to uncover
whether there’s universality in how DNNs learn group multiplications.
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A Glossary of Terms and Notation

Z The set of all integers.

Z,n, The additive group of integers modulo m, i.e. the quotient Z/mZ. Elements are residue classes
{0,1,...,m — 1} with addition taken modulo m.

(Z,)™ The direct product of n copies of Z,,. Elements are n-tuples (x1, . .., x,) with component-
wise addition modulo m. This is called a homocyclic group.

R The set of real numbers.
C The set of complex numbers.
C* The multiplicative group of nonzero complex numbers.

ged The greatest common divisor of a set of integers, i.e. the largest positive integer dividing all of
them.

lem The least common multiple of a set of integers, i.e. the smallest positive integer divisible by all
of them.

Group A set G with a binary operation - such that (i) the operation is associative, (ii) there is an
identity element e € G withe- g =g-e = g forall g € G, and (iii) every g € G has an
inverse g ' withg-g ' =g '-g=e.

Abelian group A group in which the operation is commutative: g - h = h - g forall g, h € G.

Subgroup A subset H C G that is itself a group under the same operation. Written H < G.

1

Normal subgroup A subgroup N < G such that gNg~" = N for all g € G. In abelian groups

every subgroup is normal.

Quotient group G/H The set of cosets {gH : g € G}, with multiplication defined by (¢H)(hH) =
(gh)H.

Coset For H < G and g € G, the set gH = {gh : h € H}. Cosets partition G into disjoint subsets.
Index [G : H] The number of cosets of H in G, equivalently the size of the quotient group G/H.

Homomorphism A function f : G — H between groups such that f(g192) = f(g1)f(g2) for all
gi1,92 € G.

Kernel ker f The set of elements in G mapped to the identity of H under a homomorphism f : G —
H.

Image Im(f) The set of elements in H that are outputs of a homomorphism f : G — H.
Additive functional f; A group homomorphism

fe(z) == (§z2) = Z&lz (mod m),

with & = (&1, ...,&,) € (Z,,)™. Every homomorphism (Z,,)"™ — Zyy, is of this form.

Fiber For a function f : X — Y and y € Y/, the fiber f~(y) is the set of inputs mapping to . For
additive functionals, fibers are cosets of ker fe.

Character x: A one-dimensional irreducible representation of (Z,,)" associated to f:
Xe(@) = exp( 2 fe(@)).

Irreducible representation (irrep) A group representation that admits no nontrivial invariant sub-
space. For finite abelian groups, all irreps are one-dimensional and correspond to characters.

Dual group G The set of all characters of a finite abelian group G, with pointwise multiplication.
For G = (Z,)", the dual group is isomorphic to G itself.

Period of a character The number of cosets of ker x in G; equivalently, the index [G : ker x].

n

Torus T" The topological space R™/Z™, equivalently the product of n circles. Discretely, (Z,,)
can be viewed as an n-dimensional grid with side length m and opposite faces identified, i.e.
a discrete n-torus.
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Hypercube The Cayley graph of (Z2)™, with vertices the binary vectors of length n and edges
between vectors differing in exactly one coordinate.

Cube complex A cell complex formed by gluing together cubes (in various dimensions) along their
faces. The Cayley graph of (Z,,)" naturally forms a cube complex, with m-cycles in each
coordinate direction.

Affine slice A coset of a subgroup defined by a linear congruence. For example, f¢(z) = ¢ (mod m)
defines a slice perpendicular to €.

Hamming metric For m = 2, the distance between two vectors in (Z)™ given by the number of
coordinates where they differ.

Lee metric For m > 2, the cyclic distance on Z,,: diee(a,b) = min(ja —b|],m —|a —b
coordinate-wise to (Z,,)".

), extended

Functional Lee metric The Lee metric on the image of f¢, pulled back to (Z,,)™ by defining
dg(:l), y) = dLee(fE(x)a f&(y))

Slope («, 3) Coefficients specifying how two group elements (a,b) € G x G combine in the
functional ¢, g(a,b) = afe(a) + B fe(b). Vertical/horizontal slopes act on one argument,
diagonal slopes couple both.

Chinese Remainder Theorem (CRT) The statement that if m = [], pfi, then Z,, = [], Zp;_ci, SO
congruences modulo m decompose into simultaneous congruences modulo prime powers.

Multidimensional CRT (mCRT) Generalization to (Z,,)™: specifying cosets with respect to a
family of independent functionals determines a unique element in G.

Bézout’s identity If a1,...,a,,m € Z and d = ged(aq,...,a,,m), then there exist integers
U1, ..., Un,w such that >, u;a; + wm = d.

B Bézout’s Identity and Surjectivity of Additive Functionals

We recall a standard number-theoretic fact that guarantees the surjectivity of additive functionals f
onto their image subgroups.

Letay,...,a,,m € Z and letd = ged(ay, .. ., a,, m). Then there exist integers uy, . . . , Uy, w € Z
such that
wiay + - +upa, +wm = d.

Applying this to the coefficients (1,...,&,) defining an additive functional f¢(z) = >, &5
(mod m) on G = (Z,,)", we obtain integers u, ..., u,,w such that ) . u;§; + wm = d. Hence

fe(ur,...,up) =d (mod m).

By scaling, fe(tuq,...,tu,) = td (mod m) for every ¢ € Z. Thus every multiple of d in Z,, is
attained, so

Im(fe) = dZm.
This shows that the image of an additive functional is exactly the subgroup of Z,, consisting
of multiples of d = ged(&y,...,&., m), justifying the classification of additive functionals in
Section 3.1.

C Directional Discrete Fourier Transform

The directional DFT analyzes a neuron’s preactivation N (a, b) over G X G = (Z, )™ X (Z,)™ by
restricting to one-dimensional fibers cut out by the additive functionals already defined. Fix a pair
of elements &1,& € (Z,,)" and write its canonical representative { with effective modulus m, =
m/ged(&1, ..., &y, m); the associated functional is fe(z) = (£,x) (mod my¢) and its character is
xe(z) = exp(2mi fe(x)/me). For a slope (o, ) € Z2, (axis cases (1,0), (0,1); “cross” cases
otherwise), we collapse the 2D grid along the coset fibers of

t="Le, gr50,8(a,b) == a(&,a) + B (&,b) (mod L),

13



where L = lem(mg, mp) with m,, my the effective moduli of the chosen directions for a and b.
Along this one-dimensional coordinate ¢, we expand N (a, b) in the character basis {e2™"*/L},.cz
the resulting spectrum reveals which irrep frequency dominates that fiber. In the axis marginals
(slopes (1,0) and (0, 1)) this reduces to a 1-D DFT of the a-only or b-only contribution using x¢(a)
or x¢(b); in the cross detector we use both copies and test correlations by varying (o, 8). When
m is composite, directions are taken up fo units and slopes factor per prime (Chinese Remainder
Theorem), with energies combined across components; when m is prime, slopes can be represented
projectively as (1,¢) plus (0, 1).

Operationally (see the code), phase tables cache exp( — 27ic (£, 2)/m,,) to project onto these
characters efficiently, pick peak non-DC frequencies, and bucket neurons by whether the winning a
and b directions.

D Experimental settings

If not specified, the learning rate = weight decay and the batch size is p™, and the networks are trained
much longer than needed to ensure convergence. Most experiments except those specified below
used an 80%, 20% train/test split.

Z%: p=7, n=2, bs=49, nn=512, wd=0.001, epochs=15008, training set size=4704.
Z%: p=5, n=2, bs=25, nn=512, wd=0.005, epochs=25008, training set size=1200.
Zg: p=3, n=3, bs=9, nn=512, wd=0.001, epochs=25008, training set size=2160.

Z%: p=3, n=3, bs=9, nn=512, wd=0.0001, epochs=25008, training set size=2160.
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