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Abstract

We study the decentralized multi-player
stochastic bandit problem over a continu-
ous, Lipschitz-structured action space where
hard collisions yield zero reward. Our objec-
tive is to design a communication-free pol-
icy that maximizes collective reward, while
separating coordination costs from learn-
ing costs. We propose a modular proto-
col that first solves the multi-agent coor-
dination problem by identifying and seat-
ing players on distinct, high-value regions
via a novel maxima-directed search and
then decouples the problem into N inde-
pendent single-player Lipschitz bandits. In
the consensus regime, we obtain an end-to-
end regret bound whose dominant learning
term is Õ(T (d+1)/(d+2)), matching the single-
player Lipschitz rate; the upfront coordina-
tion cost is horizon-independent at fixed con-
fidence and only polylogarithmic in T in the
expected-regret form. Under an additional
public coverage/scheduling assumption for
the epochic extension, we also obtain a gap-
free Õ(T (d+1)/(d+2)) guarantee. We further
derive a matching lower bound for the domi-
nant learning term and extend the framework
to general distance-threshold collision mod-
els.

1 INTRODUCTION

Many sequential decision-making problems involve
multiple autonomous agents operating in a shared en-
vironment without a central controller (Boursier and
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Perchet, 2024; Landgren et al., 2020). Consider a team
of cognitive radios (Jouini et al., 2012; Liu and Zhao,
2010; Anandkumar et al., 2011) searching for unoccu-
pied, high-quality frequency bands, or a fleet of drones
coordinating to survey distinct, high-value areas. In
these scenarios, agents must learn the value of different
actions from stochastic feedback, a classic exploration-
exploitation dilemma (Lai and Robbins, 1985; Auer
et al., 2002; Slivkins, 2019; Lattimore and Szepesvari,
2017). However, three fundamental challenges arise:
the action space is often continuous (Kleinberg et al.,
2019; Bubeck et al., 2011a; Magureanu et al., 2014),
agents may interfere with each other through hard col-
lisions (Rosenski et al., 2016), and they must act with-
out direct communication.

This paper addresses the confluence of these three
challenges within the framework of multi-player
stochastic bandits. We consider a cooperative setting
where N players share a continuous action domain.
The environment is partitioned into a finite set of re-
gions. If two or more players choose actions in the
same region at the same time, a “hard collision” oc-
curs, and all colliding players receive zero reward and
no information. This models contention for a rival-
rous resource. The reward structure of the continuous
domain is governed by an unknown but smooth func-
tion, which we model as being Lipschitz continuous.
The goal for the collective is to maximize the total
reward over a time horizon T .

Most prior work on multi-player bandits has focused
on settings with discrete, finite action sets (Agarwal
et al., 2025; Rosenski et al., 2016; Wang and Proutiere,
2020). While foundational, these models do not cap-
ture applications where actions are inherently contin-
uous, such as setting a price, tuning a physical pa-
rameter, or choosing a location. The introduction
of a continuous action space, combined with decen-
tralization and collisions, presents a formidable chal-
lenge. A naive discretization of the action space would
be computationally intractable and statistically ineffi-
cient. The Lipschitz structure (Kleinberg et al., 2019;
Magureanu et al., 2014; Chakraborty et al., 2025) is
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Figure 1: The center-vs-maximum pathology in
1D. In cell C1, the reward function µ(x) has a modest
center value µ(xC1) but contains a sharp peak near its
boundary, making its true maximum µ∗(C1) optimal.

key, as it allows for generalization: the reward at one
point provides information about rewards at nearby
points. However, this structure also introduces a new
subtlety: the value at the center of a region can be a
poor proxy for the maximum value achievable within
it, especially if the reward function has sharp peaks
near region boundaries (see Figure 1). An effective
strategy must therefore be sensitive to the maxima of
regions, not just their centers.

Our work provides a principled, end-to-end solution
for this problem. We propose a fully decentralized,
multi-phase algorithm that decouples the problem of
coordination from learning. The core idea is to spend
a coordination budget at the start to solve the multi-
agent allocation problem first: identify a high-value
set of N distinct regions and assign one player to
each. For fixed confidence, this coordination budget is
horizon-independent, and in the expected-regret guar-
antee it contributes only polylogarithmic dependence
on T through the failure budget. Once this seating is
achieved, the problem factorizes into N independent
single-player Lipschitz bandit problems, which can be
solved with near-optimal efficiency for the remaining
duration.

Our contributions establish a first end-to-end solu-
tion for this problem. First, we introduce a modu-
lar, communication-free protocol that decouples co-
ordination from learning. Its core innovation is a
maxima-directed identification phase that performs
a “local peek” inside candidate regions to bracket
true cell suprema, provably avoiding the biases of
simpler center-based rankings. Second, we analyze
the practical decentralized Musical Chairs routine,
where players do not know which target cells are al-
ready occupied, and show that it seats all N play-
ers in O(N) expected time. Third, under a top-N
separation condition ensuring consensus, we obtain
an end-to-end regret bound whose dominant learning

term matches the optimal single-player Lipschitz rate,
namely Õ(T (d+1)/(d+2)). We show that for fixed con-
fidence, the coordination term is horizon-independent,
while in the expected-regret form it contributes only
polylogarithmic dependence on T through the failure
budget. Fourth, in the gap-free setting, we show that
the same single-player rate can be recovered under
a public coverage/scheduling assumption and a near-
optimality-dimension condition. Finally, we prove a
matching lower bound for the dominant learning term,
showing that the T (d+1)/(d+2) dependence cannot be
improved in the regimes covered by our upper bounds,
and we extend the framework to general distance-
threshold collision models. To our knowledge, this is
the first work to provide such guarantees for multi-
player bandits in continuous domains.

2 PRELIMINARIES

We build upon three established areas in sequential
decision-making: the stochastic multi-armed bandit
problem, its extension to continuous arms via the Lip-
schitz assumption, and the multi-player variant with
collisions. We briefly review each to establish notation
and context.

2.1 Stochastic Multi-Armed Bandits

The canonical multi-armed bandit (MAB) problem in-
volves a single player sequentially choosing from a set
of K discrete actions, or “arms”. At each time step t,
the player selects an arm it ∈ {1, . . . , K} and receives
a stochastic reward drawn from an unknown distri-
bution with mean µi. The player’s goal is to maxi-
mize the cumulative expected reward over a horizon
T . Performance is measured by the cumulative regret,
defined as the expected difference between the reward
from always playing the single best arm and the reward
accumulated by the player’s policy:

R(T ) = T · µ∗ −
T∑

t=1
E[µit

],

where µ∗ = maxi∈{1,...,K} µi. Minimizing regret re-
quires balancing the exploration of arms to learn their
mean rewards with the exploitation of the arm that
currently seems best.

2.2 Lipschitz Bandits in Continuous Domains

When the set of actions is a continuous domain, such as
X = [0, 1]d, the problem becomes intractable without
further assumptions, as there are infinitely many arms
to explore. The Lipschitz bandit model introduces
structural smoothness. The unknown mean-reward
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function µ : X → [0, 1] is assumed to be L-Lipschitz
with respect to a norm, typically the Euclidean norm
∥ · ∥2:

|µ(x) − µ(y)| ≤ L∥x − y∥2 for all x, y ∈ X .

This condition ensures that the mean rewards of
nearby points are similar, allowing an algorithm to
generalize from a finite number of samples to the entire
space. This structure makes the problem tractable,
and algorithms for this setting can achieve near-
optimal regret that scales as Õ(T (d+1)/(d+2)), where
the exponent depends on the dimension d of the ac-
tion space.

2.3 Cooperative Multi-Player Bandits and
Collisions

In the multi-player MAB setting, N players simulta-
neously choose from a common set of arms. We focus
on the cooperative goal, where the objective is to max-
imize the sum of rewards across all players. A central
challenge is handling collisions. In the ”hard collision”
model, if two or more players select the same arm (or
region) in the same round, all colliding players receive
zero reward. This creates an incentive for players to
coordinate on distinct, high-value arms.

A simple and effective communication-free protocol for
this coordination task is known as Musical Chairs.
Once a set of N high-quality arms has been iden-
tified, the players must assign themselves to these
arms without conflict. In the Musical Chairs proto-
col, each unassigned player repeatedly samples an arm
uniformly from the target set. If a player lands on an
arm that no one else chose in that round, they ”seat”
there and play that arm for the remainder of the game.
This process continues until all players are seated. A
crucial aspect of our analysis considers the practical
implementation where players do not know which of
the N target arms are already occupied, making their
sampling choices over the full set of N target arms.

3 PROBLEM SETUP AND
BENCHMARKS

We consider a decentralized, cooperative stochastic
bandit problem with N players acting over a shared,
continuous action domain. Our goal is to design
a communication-free policy that allows players to
achieve near-optimal collective reward, where the costs
of coordination are provably independent of the time
horizon T for a fixed confidence.

3.1 Actions, Rewards, and Lipschitz
Structure

The action space for each of the N players is the com-
pact set X = [0, 1]d, endowed with the Euclidean norm
∥ · ∥2. At each round t = 1, 2, . . . , T , every player
j ∈ [N ] chooses an action X

(j)
t ∈ X . The rewards

are governed by an unknown mean-reward function
µ : X → [0, 1] that is assumed to be L-Lipschitz con-
tinuous:

|µ(x) − µ(y)| ≤ L∥x − y∥2 for all x, y ∈ X .

We assume that the players know a common up-
per bound on the Lipschitz constant; for notational
simplicity, we denote this available upper bound by
L. Likewise, the number of players N , the partition
P, and the synchronous round structure are common
knowledge. Note that the assumption of a known Lip-
schitz constant (or a known upper bound) is standard
in much of the Lipschitz bandit literature (Magure-
anu et al., 2014; Bubeck et al., 2011b; Kleinberg et al.,
2019).

When a player’s action does not result in a colli-
sion, they observe a stochastic reward drawn from a
distribution with mean µ(X(j)

t ) and independent 1-
sub-Gaussian noise. The Lipschitz property provides
the essential smoothness structure that makes learning
over a continuous space feasible.

3.2 A Tractable Collision Model for
Continuous Spaces

Defining a meaningful collision model is a primary con-
ceptual hurdle in continuous domains. If a collision
were defined as two players selecting the exact same
point, such an event would occur with zero probabil-
ity, rendering the notion trivial. A practical model
must instead capture the idea that players interfere
when they operate in ”proximate” regions of the ac-
tion space.

As one of the first approaches for this new setting,
we introduce a collision geometry based on a fixed,
discretized partition of the space (see Figure 2(a)). We
assume the action space X is partitioned into a set P =
{C1, . . . , CK} of K = ⌈1/h⌉d disjoint hypercubic cells,
each of side-length h. We assume there are enough
cells to accommodate all players, K ≥ N . A hard
collision occurs for a set of players if, at the same
round, they all choose actions within the same cell
C ∈ P. When a collision occurs in a cell, every player
involved receives a null observation, denoted ⊥, and a
reward of zero.

This partition-based model is a natural and analyz-
able abstraction for many real-world systems where
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Figure 2: Collision Geometries. (a) The partition
model discretizes the action space X into K disjoint
hypercubic cells; collisions occur when multiple play-
ers occupy the same cell. (b) The distance-threshold
model manages interference by seating players within
safe balls Bi of radius σ around r-packing centers zi,
ensuring an inter-agent separation > ρ.

operational zones are discrete by design. For example,
in cognitive radio networks, the spectrum is divided
into discrete channels; in logistics, a city is divided
into service zones for delivery drones; and in cloud
computing, resources may be allocated from discrete
server clusters. In these cases, interference is deter-
mined by co-location within a predefined region, not
just by continuous proximity.

While this partition model provides a clean and prac-
tical foundation, our algorithmic framework is suffi-
ciently general to accommodate other geometries. In
later sections, we will show how our approach extends
to a distance-threshold model, where a collision oc-
curs if any two players’ actions are within a certain
Euclidean distance ρ of each other (see Figure 2(b)).
That model is more suited to applications like mo-
bile robotics or sensor networks where interference is
governed by physical proximity. By first solving the
partition-based problem, we establish the core algo-
rithmic principles in a clear and simple setting.

3.3 Performance Benchmark and Objective

The collision model imposes a fundamental constraint:
at most one player can earn a non-zero reward from
any given cell C in a single round. It is therefore in-
appropriate to compare the system’s performance to
the ideal single-player benchmark of N · supx∈X µ(x),
as this might require all N players to occupy the same
infinitesimally small region. A principled comparator
must respect this feasibility constraint.

We therefore define the benchmark based on the best
possible static assignment of players to N distinct
cells. For each cell C ∈ P, let its optimal value be
its cell-wise supremum, µ∗(C) := supx∈C µ(x). Let
µ∗

(1) ≥ µ∗
(2) ≥ · · · ≥ µ∗

(K) be these values sorted in

nonincreasing order. The optimal collision-feasible re-
ward in a single round is the sum of the top N cell
maxima: OPTcont(P, N) :=

∑N
m=1 µ∗

(m).

The cumulative regret of a decentralized policy π over
a horizon T is the difference between this optimal
benchmark and the expected total reward collected by
all players:

Rcont(T ; π, P, N) := T · OPTcont(P, N)

− Eπ

 T∑
t=1

N∑
j=1

r
(j)
t

 ,
(1)

where r
(j)
t is the realized reward for player j at round

t. Note that the benchmark depends on the partition
P. This is an intentional feature of the model, not
an artifact of the analysis; the partition defines the
physical collision geometry of the environment.

A subtlety in this continuous setting is the difference
between a cell’s center value, µ(xC), and its true max-
imum, µ∗(C). While the Lipschitz property guaran-
tees they are close - |µ∗(C)−µ(xC)| ≤ Lh

√
d/2 - their

relative ordering across cells can be completely differ-
ent. For instance, a cell with a modest center value
might contain a sharp peak near its boundary, making
it more valuable than a cell with a higher center value
that is relatively flat. Any successful algorithm must
therefore be designed to identify cells based on their
maxima, not just their centers.

We use [m] for the set {1, . . . , m}. All of our guaran-
tees are high-probability statements that hold simulta-
neously for all players, cells, and time steps. We man-
age this by defining a total failure probability budget
δsys ∈ (0, 1/4) and allocating portions of it, such as
δI and δII, to different phases of the algorithm. This
ensures the entire system behaves as expected with
probability at least 1 − δsys.

Since this is, to our knowledge, the first work to extend
decentralized multi-player bandits to Lipschitz contin-
uous domains with hard collisions, we focus on the
cleanest foundational setting: decentralized play with
zero-reward collisions and fixed public geometry. Ex-
tensions to richer models are left for future work.

4 OUR APPROACH: A
MULTI-PHASE
DECENTRALIZED PROTOCOL

Before going into technical details, we present a high-
level overview of our strategy. The core idea is to
decouple the multi-agent coordination problem from
the single-agent continuous optimization problem. We
achieve this with a four-phase protocol where the first
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three phases are dedicated to coordination and incur
a total cost that is independent of the time horizon
T up to logarithmic factors coming from the failure
probability.

• PHASE I: COARSE IDENTIFICATION.
For a fixed duration T0, all players explore the
space by sampling cell centers uniformly at ran-
dom. This process is intentionally chaotic and
communication-free. While many samples will re-
sult in collisions, we show that with high prob-
ability, every player obtains a sufficient number
of successful, non-colliding observations from ev-
ery cell to construct coarse but statistically valid
confidence bounds on each cell’s maximum value.
The purpose of this phase is not to be precise,
but to safely prune the vast majority of subopti-
mal cells.

• PHASE II: USING MAXIMA FOR RE-
FINEMENT. Using the candidate cells identi-
fied in Phase I, players perform a localized “peek”
inside each one. They sample from a fine grid of
points within each candidate cell to build high-
resolution confidence bounds that tightly bracket
the true cell maximum µ∗(C). This critical step
corrects for the center-versus-maximum bias and
allows us to identify the top-N cells, even without
a gap between the best and the rest.

• PHASE II 1
2 : DECENTRALIZED SEAT-

ING. Having agreed upon a common set of N
target cells, players must assign themselves to
these cells without conflict. They use the Musical
Chairs protocol, where unseated players repeat-
edly sample from the target set until they land
on a free cell. We analyze the practical version of
this protocol and show that all players are seated
in expected O(N) time.

• PHASE III: WITHIN-CELL OPTIMIZA-
TION. Once each player is uniquely assigned to a
high-quality cell, the multi-agent problem factor-
izes. For the remainder of the horizon, each player
independently runs a single-player Lipschitz ban-
dit algorithm confined to their assigned cell, effi-
ciently optimizing their local reward.

This modular structure allows us to isolate and solve
the challenges of coordination and learning sequen-
tially, leading to a cleaner analysis.

5 PHASE I: COARSE
IDENTIFICATION

The first phase aims to solve a difficult task with a
simple tool: uniform random exploration. The goal is

for every player to obtain a coarse but reliable confi-
dence bracket on each cell’s maximum value, µ∗(C).
The exploration is “collision-censored”-players make
no attempt to avoid each other and instead rely on ran-
domness to provide a sufficient number of non-collision
events to learn from.

5.1 Phase I Protocol

This phase runs for a fixed budget of T0 rounds. In
each round t ∈ [T0], every player j independently sam-
ples a cell C

(j)
t uniformly at random from P and probes

its center x
C

(j)
t

and observes a reward Y
(j)

t if she is the
unique occupant of the cell, or the null symbol ⊥ oth-
erwise.

Let Uj(C, t) be the indicator that player j uniquely
occupies cell C at round t. We track the success count
for each player-cell pair:

oj,C(T0) :=
∑T0

t=1
Uj(C, t). (2)

If Uj(C, t) = 1, the player observes a reward Y
(j)

t ;
otherwise, she receives the null symbol ⊥ . The per-
round success probability pK remains constant. Since
players sample independently, pK is the probability
that player j selects C while all others avoid it:

pK := 1
K

(
1 − 1

K

)N−1
. (3)

From these successful observations, each player com-
putes an empirical mean for each cell’s center, µ̂

(0)
j (C).

This estimate, combined with a concentration radius
r

(0)
j (C) and the geometric bracket from the Lipschitz

property, yields initial lower and upper confidence
bounds on the cell’s true maximum value, µ∗(C).

Formally, the initial confidence brackets for each cell
maximum µ∗(C) are:

LCB(0)
j (C) := µ̂

(0)
j (C) − r

(0)
j (C),

UCB(0)
j (C) := µ̂

(0)
j (C) + r

(0)
j (C) + (Lh

√
d)/2,

(4)

where r
(0)
j (C) is the concentration radius defined with

β0 := log 4NK(T0+1)
δI

:

r
(0)
j (C) :=

√
β0

2 max{1, oj,C(T0)} . (5)

5.2 Phase I Guarantees

Despite the collision-prone nature of the exploration,
standard concentration inequalities show that this sim-
ple protocol is highly effective. The first result estab-
lishes that the number of successes, oj,C(T0), is sharply
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concentrated around its mean for all players and cells
simultaneously. The second shows that the empirical
means are accurate estimates of the true center values.
Lemma 5.1 (Success Counts Under Collisions). For
any η ∈ (0, 1), with probability at least 1 − δI/2, the
success count for every player j ∈ [N ] and every cell
C ∈ P is bounded by (1 ± η)T0pK .
Lemma 5.2 (Anytime Concentration for Center
Means). With probability at least 1 − δI/2, for every
player j ∈ [N ] and every cell C ∈ P, the empirical
mean is close to the true mean: |µ̂(0)

j (C) − µ(xC)| ≤
r

(0)
j (C). This holds for any realized value of the success

count oj,C(T0).

The proofs of these lemmas, which involve standard
applications of Chernoff and Hoeffding bounds with a
union bound over all players and cells, are deferred to
the appendix. By combining these statistical guar-
antees with the geometric bound derived from the
Lipschitz property, we arrive at the main result of
Phase I: with high probability, every player constructs
a valid confidence interval for every cell’s true maxi-
mum value.
Proposition 5.3 (Phase-I Maxima Brackets). With
probability at least 1 − δI , for every player j ∈ [N ]
and every cell C ∈ P, the computed bounds are valid:
LCB(0)

j (C) ≤ µ∗(C) ≤ UCB(0)
j (C).

6 PHASE II: ZOOMING IN ON
CELLS

Phase I provides each player with valid but wide con-
fidence brackets on each cell’s potential. This initial
map is crucial for pruning the search space, but it is
not sharp enough for final decision-making, primarily
due to the center-versus-maximum bias.

The purpose of Phase II is to resolve this ambigu-
ity. Here, players “zoom in” on the most promising
regions identified in Phase I, conducting a localized
exploration - which we call a “local peek” - to refine
their estimates and construct confidence bounds on
the true cell maxima, µ∗(C), down to a pre-specified
target accuracy, ε > 0.

The phase begins with each player independently
forming a smaller “active set” of candidate cells,
Sact

(0)
j . This is a safe elimination step: using their

Phase I brackets, players discard any cell whose most
optimistic outcome (its upper bound) cannot compete
with the most pessimistic outcome (the lower bound)
of the top-N candidate cells. Players may form differ-
ent active sets due to the randomness in their Phase I
observations; our analysis handles this by considering
the maximum active set size, Mact := maxj |Sact

(0)
j |.

Within each of their active cells, players then conduct
the local peek. For a fixed duration T1, they sam-
ple from a fine η-net of probe points laid out inside
each cell. An η-net is a grid of points so dense that
any point in the cell is within a distance η of some
grid point. This strategy allows us to approximate the
supremum of the Lipschitz function over the contin-
uous cell by taking the maximum over a finite set of
points. A probe at one of these points is successful
only if no other player samples any point within the
same cell in that round. While still subject to colli-
sions, this exploration is highly focused on the regions
that matter most.

6.1 Collision-Tolerant Probe Sampling

A key technical challenge is to ensure that, despite
collisions and decentralization, every player gathers
enough information at every probe point. Our analy-
sis shows that a carefully chosen phase duration T1 is
sufficient to guarantee this with high probability.
Lemma 6.1 (Phase-II Probe Coverage). Let qMact,η

be the per-round success probability for a (player, cell,
probe) triple, and let Nprobe be the total number of
probe points across all players’ active sets. Choose in-
tegers

b ≥ 4 log(2Nprobe/δII) and T1 ≥ 2b/qMact,η.

Then, with probability at least 1 − δII/2, every triple
attains at least b non-collision samples.

With a guaranteed budget of at least b successful sam-
ples per probe point, standard concentration inequal-
ities ensure that the empirical mean at each point is
a highly accurate estimate of its true mean. This ac-
curacy at the probe points translates directly into a
tight bound on the cell’s maximum value.
Proposition 6.2 (Refined Maxima Brackets). At the
end of Phase II, by choosing parameters η and b ap-
propriately for a target accuracy ε, each player j con-
structs a new, refined bracket [LCB(1)

j (C), UCB(1)
j (C)]

for each of her active cells. With high probability, this
bracket contains the true maximum µ∗(C) and has a
width of at most ε.

6.2 Selecting the Top-N Cells

With these tight and reliable brackets on the true cell
maxima, players are equipped to make their final selec-
tion. We adopt a deterministic rule to select N cells:
each player selects the N cells corresponding to their
largest lower confidence bounds, LCB(1)

j (C), breaking
any ties with a fixed, public ordering of the cells (e.g.
say lexicographic). This guarantees every player out-
puts a set, S

(j)
ε , of size exactly N .
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Theorem 6.3 (Gap-Free ε-Optimality). With high
probability, the set S

(j)
ε chosen by any player j is ε-

optimal: every cell C ∈ S
(j)
ε satisfies µ∗(C) ≥ µ∗

(N)−ε.

This powerful guarantee holds for any reward function,
irrespective of the gaps between cell values. It ensures
our procedure is robust even when the decision is diffi-
cult. Remarkably, this simple, decentralized rule leads
to a powerful emergent behavior: under a mild sepa-
ration condition on the reward function, it forces all
players to agree on the exact same set of top-N cells,
achieving consensus without any communication.
Definition 6.4 (ε-Uniqueness at the Top-N). A mean
function µ is ε-unique at the top-N if there is a unique
set S† ⊂ P of size N such that minC∈S† µ∗(C) ≥
maxC /∈S† µ∗(C) + 2ε.
Lemma 6.5 (Consensus under ε-Uniqueness). If the
instance is ε-unique and the bracket width is at most
ε, then on our high-probability event, all players select
the exact same set of cells: S

(j)
ε = S† for all j ∈ [N ].

This decentralized agreement is a cornerstone of our
protocol’s success since it allows the final seating phase
to happen.
Example 6.6 (Center-vs-maximum pathology in 1D).
Let d = 1, h = 1

2 , so P = {C1 = [0, 1
2 ], C2 = [ 1

2 , 1]}.
Define a Lipschitz mean µ(x) = x + αϕ(x) with a
narrow bump ϕ of height 1 supported in [ 1

2 − δ, 1
2 ],

with δ ≪ h and α > 0 small so that L is finite.
Then µ(xC1) < µ(xC2) (center ranking favors C2) but
µ∗(C1) > µ∗(C2) (the bump near the boundary makes
C1 optimal). Phase I center estimates therefore mis-
rank the cells, while Phase II’s local peek in C1 iden-
tifies the bump and restores the correct top-N set.

7 PHASE II1
2 : MUSICAL CHAIRS

With a common set of N high-quality target cells in
hand, the players must perform the final coordination
step: assigning themselves to these cells so that each
is occupied by exactly one player. In our analysis,
this common target set arises either from a consen-
sus assumption, or from the public dither mechanism
formalized in Appendix G for the gap-free extension.
This assignment is achieved via the Musical Chairs al-
gorithm (Rosenski et al., 2016). A key strength of our
analysis is that we model the practical, challenging
version of this protocol where players have no side-
channel telling them which cells are already occupied;
they must discover free cells through trial and error.

7.1 The Seating Protocol

The seating phase proceeds in rounds. Initially, all N
players are “unseated.” In each round, every unseated

player samples a cell uniformly at random from the en-
tire N -cell target set. A collision occurs at a cell if it is
chosen by more than one unseated player, or if an un-
seated player chooses a cell that is already occupied by
a seated player. If, however, a single unseated player
chooses a currently unoccupied cell, that player be-
comes “seated” at that cell. They cease to participate
in the sampling process and will occupy that cell for
the remainder of the horizon. The process terminates
when all N players are seated.

7.2 Expected Seating Time and Regret

Let Ut be the number of unseated players at the
start of round t. We define the expected number
of players that become seated per round as ”drift”.
When u players remain unseated, this drift is given
by ∆(u) := E[Ut − Ut+1 | Ut = u] = u2

N (1 − 1
N )u−1.

The quadratic dependence on u means that progress is
rapid when many players are searching for spots. This
positive drift allows us to bound the total expected
time for the dance to conclude.
Theorem 7.1 (Expected Seating Time). The expected
time, TMC , for all N players to become seated is linear
in the number of players: E[TMC ] = O(N).

This result demonstrates that this simple, decentral-
ized procedure is highly efficient and scales gracefully,
far better than a naive O(N log N) coupon-collector
analysis might suggest. The total regret incurred dur-
ing this phase is therefore a fixed cost, dependent on N
but crucially, independent of the total time horizon T .
This confirms that the entire coordination and seating
process can be completed for a small, one-time price
(not dependent on the time horizon).
Corollary 7.2 (Seating-Phase Regret). The expected
cumulative regret from Musical Chairs is bounded by a
horizon-independent constant: E[RMC ] = O(N2).

8 PHASE III: OPTIMIZATION
WITHIN CELLS

With the completion of Phase II, the multi-agent co-
ordination problem is solved. Each player is now the
sole occupant of a distinct cell. For the remainder of
the horizon, T ′ = T − T0 − T1 − TMC , the problem
decouples entirely into N independent, single-player
bandit problems. Collisions are no longer a concern,
and each player’s objective is simply to cultivate the
maximum possible reward from within their own cell.

Each player must now solve a standard Lipschitz ban-
dit problem over their assigned domain Cj . A provably
near-optimal and standard approach for this task is
an epoch-based, discretize-and-explore algorithm like
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Zooming (Kleinberg et al., 2019). In each epoch, they
create a grid of points within their cell, with the grid
resolution becoming finer over time.

The performance of such single-player strategies is
well-established in the bandit literature (Bubeck and
Cesa-Bianchi, 2012; Slivkins, 2019). The regret in-
curred by each player is known to follow the classical
minimax rate for a d-dimensional Lipschitz problem.

Proposition 8.1 (In-Cell Regret). The expected re-
gret for any player j during the Phase III optimiza-
tion within their cell Cj over a duration of T ′ rounds
is bounded by:

E
[
R

(Cj)
in (T ′)

]
≤ cd (Lh) d

d+2 (T ′)
d+1
d+2 + c′

d,

where cd and c′
d are constants that depend only on the

dimension d.

The total regret from Phase III is the sum of these
individual regrets across all N players. This term rep-
resents the primary, horizon-dependent component of
our overall regret bound.

9 END-TO-END REGRET
GUARANTEES

With the components of our multi-phase protocol es-
tablished, we combine them to get end-to-end perfor-
mance guarantees. Our main result is that the sig-
nificant upfront cost of decentralized coordination is
carefully managed to ensure that the long-term perfor-
mance is dictated by the optimal rate of single-agent
learning. We build to this conclusion by first present-
ing a clean result for well-separated problem instances,
and then stating our main guarantee that holds for any
instance.

9.1 Global Regret Under a Reward Gap

Our first result quantifies the performance of the pro-
tocol in an ideal setting where the top-N cells are
clearly better than the rest. This scenario is formalized
by the ε-uniqueness condition (Definition .11), which
assumes a sufficiently large “reward gap” between the
N -th best cell and the (N + 1)-th best cell. When this
gap exists, Phase II is guaranteed to lead to consensus,
where all players identify the exact same set of top-N
cells. This allows for a seamless transition into seating
and optimization.

Theorem 9.1 (Global Regret with Consensus). As-
sume the ε-uniqueness condition holds (i.e., a suffi-
cient reward gap exists). For any horizon T , the ex-

pected total regret is bounded by:

E[Rcont(T )] ≤ N(T0 + T1) + cMCN2︸ ︷︷ ︸
Coordination Cost

+ cdN(Lh) d
d+2 T

d+1
d+2︸ ︷︷ ︸

Learning Cost

+δsysT,
(6)

where cMC and cd are universal constants.

The theorem isolates the architecture of the proto-
col: an upfront coordination term followed by the
standard single-player Lipschitz learning term. When
δsys is treated as a fixed confidence parameter, T0
and T1 are independent of T . If one instead chooses
δsys = δsys(T ) to make the failure contribution δsysT
negligible in expectation, then the Phase I/II radii in-
herit only extra logarithmic dependence on T ; equiva-
lently, the coordination term becomes polylogarithmic
in T rather than strictly horizon-independent. See Ap-
pendix F, Remark (i) for details.

9.2 A Gap-Free Guarantee

The true strength of a decentralized protocol lies in
its ability to perform well without favorable struc-
tural assumptions. A natural and challenging scenario
arises when the reward gap is small or even zero, mak-
ing the top-N cells statistically indistinguishable from
the next best. In this “gap-free” setting, consensus is
no longer guaranteed; different players might identify
slightly different (but still high-quality) sets of target
cells.

Our main result shows that our algorithm is robust to
this challenge. This is achieved by running the pro-
tocol in epochs of doubling length (Tk = 2k), with
the precision εk recalibrated for each epoch. This
standard “doubling trick” (Cesa-Bianchi and Lugosi,
2006) allows the algorithm to control regret from po-
tential sub-optimality without knowing the reward
gaps or the horizon T in advance. Our result relies
on two additional ingredients, namely, public cover-
age/scheduling property together with a benign near-
optimality-dimension condition. We state the result-
ing guarantee here and defer the formal assumptions
and proof to Appendix G.
Corollary 9.2 (Epochic, Gap-Free Global Regret).
By running the multi-phase protocol in epochs, with
precision εk ∝ 2−k/(d+2) for epoch k, the algorithm
achieves, for any L-Lipschitz reward function and any
horizon T , an expected total regret of

E[Rcont(T )] ≤ Õ
(

N(Lh) d
d+2 T

d+1
d+2

)
.

Appendix G also gives a fully gap-free single-shot base-
line that holds without these additional assumptions,
albeit with a weaker horizon exponent.
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The above result demonstrates that by dynamically
adapting the precision of the identification phases, our
algorithm robustly achieves the minimax optimal re-
gret rate without requiring any separation between the
values of good and bad cells. The costs of repeated
coordination in each epoch are controlled and are ul-
timately subsumed by the dominant learning cost.

10 DISTANCE-THRESHOLD
COLLISIONS

Our analysis has centered on a partition-based collision
model, a useful abstraction for systems with predefined
operational zones. This section demonstrates the mod-
ularity of our framework by showing how it naturally
extends to a more physically-motivated model where
collisions are governed by proximity.

In the distance-threshold model, a collision occurs if
any two players’ actions X

(j)
t and X

(j′)
t are within

a distance ρ > 0 of each other. To handle this, we
reduce the problem to our existing framework. We
first discretize the space X into a set of “safe cen-
ters” {z1, . . . , zM } that form an r-packing with r > ρ.
We then associate each center zi with a “safe ball” Bi

of radius σ < (r − ρ)/2. By construction, any two
points chosen from two different safe balls are guar-
anteed to be separated by a distance greater than ρ,
making inter-ball collisions impossible.

Our entire multi-phase protocol (Phase I - III) can
then be applied directly, treating the family of safe
balls {Bi} as if they were the cells of the partition.
Players identify, seat themselves upon, and perform
optimization within these balls. The performance
guarantees translate directly, with regret measured
against the optimal assignment to these safe balls,
OPTpack(r, σ, N).
Theorem 10.1 (Regret in the Distance-Threshold
Model). When applied to a set of safe balls derived
from an r-packing, our protocol’s expected total regret
is bounded by an expression identical in form to that
in Theorem 9.1, with the partition parameters (K, h)
replaced by the packing parameters (M, σ).

11 A MINIMAX LOWER BOUND

Having established upper bounds for the regimes
above, we now record a lower bound on the unavoid-
able horizon dependence. The following result shows
that no decentralized algorithm can improve on the
single-player exponent T (d+1)/(d+2). In particular, it
matches the dominant T -dependence attained by our
upper bound in the consensus regime, showing that
decentralization and collisions do not worsen the core

statistical difficulty of the problem.
Theorem 11.1 (Minimax Lower Bound). For the de-
centralized multi-player bandit problem in a partition-
based collision model, for any decentralized algorithm,
there exists an L-Lipschitz mean-reward function such
that the expected regret is bounded below by:

E[Rcont(T )] ≥ c · N(Lh) d
d+2 T

d+1
d+2 ,

where c is a constant depending only on dimension d.

The proof relies on a standard reduction from the
well-established lower bound for finite-armed bandits
(Lattimore and Szepesvari, 2017; Bubeck and Cesa-
Bianchi, 2012). We construct a challenging reward
function that embeds N independent, hard, finite-
armed bandit problems into N disjoint cells.

12 CONCLUSION

We have introduced and provided the first end-to-end
solution for the cooperative, decentralized multi-player
stochastic bandit problem in continuous domains with
hard collisions. Our central contribution is a modular,
multi-phase protocol that requires no communication
between players. The key insight is to decouple the
problem into a horizon-independent coordination stage
and a horizon-dependent learning stage. A crucial in-
novation is our maxima-directed identification phase,
which performs a localized search to avoid systemic bi-
ases inherent in simpler center-based discretizations.
Our analysis culminates in a near-optimal, gap-free
regret bound of Õ(T (d+1)/(d+2)), which matches the
single-player minimax rate for Lipschitz bandits in the
consensus regime. Our analysis assumes a fixed known
number of synchronous players and a common known
upper bound on the Lipschitz constant. Extending
the framework to unknown smoothness, asynchronous
starts, changing player populations, or delayed feed-
back remains an interesting direction for future work.
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(IRB) approvals if applicable. [Not Appli-
cable]

(c) The estimated hourly wage paid to partici-
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Supplementary Material:
Multi-Agent Lipschitz Bandits

Appendix A: Related Work

Multi-armed bandits (Slivkins, 2019; Lattimore and Szepesvari, 2017) have been studied extensively, which can
be traced back to the foundational contributions of (Thompson, 1933; Lai and Robbins, 1985). This framework
has proven remarkably versatile across a wide range of applications, including clinical trials (Gittins, 1979),
recommendation systems (Li et al., 2010), financial optimization (Brochu et al., 2010), and modern incentivized
learning methods (Frazier et al., 2014; Wang and Huang, 2018; Chakraborty and Chen, 2024; Chakraborty et al.,
2025).

The literature on multi-agent bandits is vast; we highlight the main works introducing collisions, decentralization,
and cooperative settings. In the discrete-arm case, (Rosenski et al., 2016) introduced the Musical Chairs protocol
for decentralized coordination, later improved by (Wang and Proutiere, 2020) with optimal regret guarantees.
Variants with delayed feedback, fairness, or corruption have also been explored (Boursier and Perchet, 2024;
Ghaffari et al., 2024).

Our setting departs by considering a continuum of actions. Single-player Lipschitz bandits have been studied
via discretization, zooming, and hierarchical methods (Magureanu et al., 2014; Bubeck et al., 2011a; Kleinberg
et al., 2019). These works provide minimax rates but do not address multi-agent collisions.

Multi-agent bandits in continuous domains remain underexplored. Existing works often assume stronger structure
(e.g., convexity, linearity) (Bistritz and Bambos, 2020), or allow explicit communication (Landgren et al., 2020).

In contrast, to our knowledge, our work is the first to provide a fully decentralized, communication-free solu-
tion for multi-player Lipschitz bandits with hard collisions, achieving near-optimal regret with only a constant
coordination overhead.

Appendix B: Proofs for Phase I

We collect here the proofs of Lemmas 5.1 and 5.2 and Proposition 5.3. Throughout, probabilities and expectations
are taken with respect to all sources of randomness (players’ exploration, collision process, and reward noise).
We begin by restating the standing assumptions, notation, and two identities that are used repeatedly.

Standing assumptions and notation.

• The action domain is X = [0, 1]d, partitioned into P = {C1, . . . , CK}, where each C ∈ P is a (closed)
axis-aligned hypercube of side length h; the cells have disjoint interiors and cover X . For each C ∈ P, we
denote by xC its geometric center and by

Dh := h
√

d

the Euclidean diameter of any such cell. (Boundary cells may be smaller; using Dh is conservative and
simplifies the presentation.)

• The unknown mean-reward function µ : X → [0, 1] is L-Lipschitz w.r.t. ∥ · ∥2:

|µ(x) − µ(y)| ≤ L∥x − y∥2 ∀x, y ∈ X .

• In Phase I, at each round t ∈ [T0] and for each player j ∈ [N ] independently, a cell C
(j)
t is sampled uniformly

from P; the player probes the cell center x
C

(j)
t

.
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• A collision occurs in cell C at round t if at least two players sample C in that round. If player j is the
unique occupant of C at round t, a noisy reward Y

(j)
t with mean µ(xC) is observed; otherwise a null symbol

⊥ is observed and no reward is recorded.

• We analyze the standard bounded-reward model: whenever a reward is observed, Y
(j)

t ∈ [0, 1] with E[Y (j)
t |

C
(j)
t = C, no collision] = µ(xC). This implies the centered noise is σ-sub-Gaussian with σ ≤ 1

2 .

• Players observe whether a collision occurred (via ⊥). The collision/missingness process depends only on the
independent exploration choices and is independent of the reward noise.

Two basic identities.

(i) Single-round success probability. For a fixed player j and cell C ∈ P, the probability that j samples C
and no other player samples C in the same round is

pK := 1
K

(
1 − 1

K

)N−1
. (7)

Proof. Pr[C(j)
t = C] = 1/K by uniform sampling; for each other player j′ ̸= j, Pr[C(j′)

t ̸= C] = 1 − 1/K
independently; multiply over N − 1 players.

(ii) Center vs. maximum (Lipschitz geometry). For any cell C ∈ P,

µ(xC) ≤ µ∗(C) ≤ µ(xC) + L

2 Dh = µ(xC) + Lh
√

d

2 . (8)

Proof. For any x ∈ C, ∥x − xC∥2 ≤ Dh/2, hence µ(x) ≤ µ(xC) + L∥x − xC∥2 ≤ µ(xC) + L
2 Dh. Taking

supx∈C yields the RHS; the LHS is trivial since µ∗(C) = supx∈C µ(x) ≥ µ(xC).

We write Uj(C, t) := 1{ player j is the unique occupant of cell C at round t }. The success count over Phase I is

oj,C(T0) :=
T0∑

t=1
Uj(C, t).

When oj,C(T0) ≥ 1, the empirical mean at the cell center is

µ̂
(0)
j (C) := 1

oj,C(T0)

T0∑
t=1

Uj(C, t) Y
(j)

t ;

For oj,C(T0) = 0, we define µ̂
(0)
j (C) := 0 (this choice is harmless because µ(xC) ∈ [0, 1] and our confidence radius

below will be ≥ 1 in that case). We recall the Phase I radii from the main text:

r
(0)
j (C) :=

√
β0

2 max{1, oj,C(T0)} , β0 := log4NK(T0 + 1)
δI

, (9)

and

LCB(0)
j (C) := µ̂

(0)
j (C) − r

(0)
j (C), UCB(0)

j (C) := µ̂
(0)
j (C) + r

(0)
j (C) + Lh

√
d

2 . (10)

B.1 Success counts under collisions (Lemma 5.1)

Lemma .1 (Restatement of Lemma 5.1). Fix η ∈ (0, 1). With probability at least 1 − δI/2, simultaneously for
all j ∈ [N ] and C ∈ P,

(1 − η) T0pK ≤ oj,C(T0) ≤ (1 + η) T0pK .
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Proof. Fix j ∈ [N ] and C ∈ P. By the sampling protocol, across rounds t = 1, . . . , T0 the random variables
{C

(j)
t }T0

t=1 are i.i.d., and for each fixed round the choices {C
(j′)
t }N

j′=1 are mutually independent. Therefore, for
this fixed (j, C), the indicators {Uj(C, t)}T0

t=1 are i.i.d. Bernoulli(pK) with pK given by (7). Consequently,

oj,C(T0) =
T0∑

t=1
Uj(C, t) ∼ Bin(T0, pK) .

Let µ := E[oj,C(T0)] = T0pK . The two-sided multiplicative Chernoff bound for binomial variables states that for
any η ∈ (0, 1),

Pr
( ∣∣oj,C(T0) − µ

∣∣ > ηµ
)

≤ 2 exp
(

−η2µ

3

)
= 2 exp

(
−η2T0pK

3

)
.

Applying a union bound over all N players and all K cells yields

Pr
(

∃(j, C) ∈ [N ] × P :
∣∣oj,C(T0) − T0pK

∣∣ > ηT0pK

)
≤ 2NK exp

(
−η2T0pK

3

)
.

Hence, if T0 is chosen to satisfy

2NK exp
(

−η2T0pK

3

)
≤ δI

2 ⇐⇒ T0 ≥ 3
η2pK

log4NK

δI
, (11)

then the claimed event holds with probability at least 1 − δI/2. This is precisely the prerequisite on T0 used
later (see §12).

B.2 Anytime concentration for center means (Lemma 5.2)

Lemma .2 (Restatement of Lemma 5.2). With probability at least 1 − δI/2, simultaneously for all j ∈ [N ] and
C ∈ P,

∣∣µ̂(0)
j (C) − µ(xC)

∣∣ ≤ r
(0)
j (C), r

(0)
j (C) =

√
β0

2 max{1, oj,C(T0)} , β0 = log4NK(T0 + 1)
δI

.

Proof. Fix (j, C) and let n := oj,C(T0). Condition on the sigma-field generated by all exploration choices and
collisions, and on the realized value of n.

Conditional on n, and because the reward noise is independent of the exploration/collision process (see assump-
tions), the n observed rewards associated with (j, C) are i.i.d., lie in [0, 1], and have mean µ(xC). Denote their
average by µ̂

(0)
j (C) (for n = 0 we keep the convention µ̂

(0)
j (C) = 0).

Case n ≥ 1. Hoeffding’s inequality for [0, 1]-bounded i.i.d. variables yields, for any ϵ > 0,

Pr
( ∣∣µ̂(0)

j (C) − µ(xC)
∣∣ > ϵ

∣∣∣ oj,C(T0) = n
)

≤ 2 exp
(
−2nϵ2)

.

Choosing ϵ =
√

β0/(2n) gives

Pr
( ∣∣µ̂(0)

j (C) − µ(xC)
∣∣ >

√
β0/(2n)

∣∣∣ oj,C(T0) = n
)

≤ 2e−β0 . (12)

Case n = 0. Then µ̂
(0)
j (C) = 0 by definition. Since µ(xC) ∈ [0, 1], the event{ ∣∣µ̂(0)

j (C) − µ(xC)
∣∣ >

√
β0/2

}
is impossible whenever

√
β0/2 ≥ 1. With our choice β0 = log 4NK(T0+1)

δI
and global budget δI ≤ δsys < 1/4, we

have
β0 ≥ log4 · 1 · 1 · 2

1/4 = log(32) > 2,
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so indeed
√

β0/2 > 1 and the n = 0 failure probability equals 0.

Let Ej,C be the (unconditional) failure event for this (j, C), namely

Ej,C :=
{ ∣∣µ̂(0)

j (C) − µ(xC)
∣∣ >

√
β0

2 max{1, oj,C(T0)}

}
.

By the law of total probability and the discussion above,

Pr(Ej,C) =
T0∑

n=0
Pr(Ej,C | oj,C(T0) = n) Pr(oj,C(T0) = n) ≤

T0∑
n=1

2e−β0 Pr(oj,C(T0) = n) ≤ 2e−β0 .

Finally, apply a union bound over all players and cells:

Pr(∃(j, C) ∈ [N ] × P : Ej,C) ≤ 2NK e−β0 = 2NK
4NK(T0+1)

δI

= δI

2(T0 + 1) ≤ δI

2 .

Hence, with probability at least 1 − δI/2, the desired deviation bound holds simultaneously for all (j, C), i.e.,
the lemma.

B.3 Phase-I maxima brackets (Proposition 5.3)

Proposition .3 (Restatement of Proposition 5.3). On an event of probability at least 1 − δI , simultaneously for
all j ∈ [N ] and C ∈ P,

LCB(0)
j (C) ≤ µ∗(C) ≤ UCB(0)

j (C),

with LCB(0)
j , UCB(0)

j as in (10).

Proof. By Lemma 5.2, on an event Emeans of probability at least 1 − δI/2, we have for all (j, C)

µ(xC) ∈
[
µ̂

(0)
j (C) − r

(0)
j (C), µ̂

(0)
j (C) + r

(0)
j (C)

]
.

Combining this with (8) gives, for every (j, C),

µ̂
(0)
j (C) − r

(0)
j (C) ≤ µ∗(C) ≤ µ̂

(0)
j (C) + r

(0)
j (C) + L

2 Dh,

which is exactly LCB(0)
j (C) ≤ µ∗(C) ≤ UCB(0)

j (C) by (10). Thus, the validity holds on Emeans.

For later phases we also record the success-count event Ecounts of Lemma 5.1, which holds with probability at
least 1 − δI/2 provided T0 satisfies (11). While Ecounts is not needed for the validity of the intervals, it controls
their width. On the intersection

EI := Emeans ∩ Ecounts,

the bracket validity still holds, and by a union bound

Pr(EI) ≥ 1 − δI

2 − δI

2 = 1 − δI .

This proves the proposition as stated.

B.4 Choice of T0 and bracket precision

We record explicit (mild) lower bounds on the Phase I budget T0 that guarantee both Lemma 5.1 and a desired
bracket accuracy.

Prerequisite for Lemma 5.1. As shown in (11), for any fixed η ∈ (0, 1) it suffices to take

T0 ≥ 3
η2pK

log4NK

δI
. (13)
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Uniform accuracy target. Fix α ∈ (0, 1). On Ecounts we have oj,C(T0) ≥ (1−η)T0pK for all (j, C). Using (9),

r
(0)
j (C) ≤

√
β0

2(1 − η)T0pK
, β0 = log4NK(T0 + 1)

δI
.

Therefore a sufficient condition for r
(0)
j (C) ≤ α uniformly over (j, C) on Ecounts is

T0 ≥ β0

2α2(1 − η) pK
. (14)

A convenient consolidated choice. Since β0 ≥ log 4NK
δI

(as T0 + 1 ≥ 1), the single implicit requirement

T0 ≥ β0

pK
· max

{
1

α2 , 12
}

with β0 = log4NK(T0 + 1)
δI

(15)

implies both (13) (taking η = 1
2 so that 3

η2 = 12) and (14) (since 1
2(1−η) = 1 for η = 1

2 ). The dependence
on T0 inside β0 is benign and monotone; any T0 large enough to satisfy (15) is acceptable. In our subsequent
analysis we only need the validity of the Phase I brackets (which already holds under Lemma 5.2); the accuracy
parameter α can thus be taken moderate.

Appendix C: Proof Details for Phase II

Throughout this appendix we condition on the Phase I clean event EI from Appendix B: (i) all Phase I brackets
are valid for all players and cells; and (ii) the Phase I count concentration holds when invoked. We keep the
Phase II failure budget δII ∈ (0, 1/4) and allocate it explicitly across events.

Standing assumptions and notation (Phase II).

• As in Appendix B, observed rewards lie in [0, 1]. Hence the centered noise is σ-sub-Gaussian with σ ≤ 1
2 ,

and Hoeffding-type concentration bounds apply.

• Collision observability Players observe a collision bit (null symbol ⊥). The missingness process (collisions)
depends only on the independent exploration choices and is independent of the reward noise. We will
condition on counts of successful observations without affecting noise distributions.

• Active sets (safe elimination). For player j, let θ
(0)
j be the N -th order statistic of {LCB(0)

j (C) : C ∈ P},
and define

Sact
(0)
j :=

{
C ∈ P : UCB(0)

j (C) ≥ θ
(0)
j

}
. (16)

We will show that on EI the active set is safe and has size at least N for every player.

• Probe nets. For each cell C, fix an η-net ZC ⊂ C built as an axis-aligned grid of spacing s := η/
√

d in
each coordinate. Then for every x ∈ C there exists z ∈ ZC with ∥x − z∥∞ ≤ s/2 and hence ∥x − z∥2 ≤
(s/2)

√
d = η/2 < η. Its cardinality satisfies

|ZC | ≤
(

2 + h
√

d

η

)d

≤ cd

(
1 + h

η

)d

≤ c′
d

(
1 +

(h

η

)d)
≤ Cd

(h

η

)d

, (17)

where cd := (2 +
√

d)d and Cd := max{cd, 2d} is an absolute constant depending only on d. For simplicity
we use the conservative bound |ZC | ≤ Cd(h/η)d below. Define Pmax := maxC∈P |ZC |, so Pmax ≤ Cd(h/η)d.

• Phase II sampling protocol (fixed for T1 rounds). At each round t = 1, . . . , T1, independently across
rounds and players:

1. Player j samples a cell C
(j)
t uniformly from Sact

(0)
j .
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2. Given C
(j)
t , player j samples a probe Z

(j)
t uniformly from Z

C
(j)
t

and probes Z
(j)
t .

3. A collision in a cell C occurs if at least two players select any probes in the same C at round t. A probe
is successful if no other player selects cell C in that round.

The active sets {Sact
(0)
j } and nets {ZC} are fixed throughout Phase II.

• Counting notation. For a triple (j, C, z) with C ∈ Sact
(0)
j and z ∈ ZC , define the per-round success

indicator
Vj,C,z(t) := 1{ C

(j)
t = C, Z

(j)
t = z, and no other player selects C at round t },

and total successes sj,C,z(T1) :=
∑T1

t=1 Vj,C,z(t). Let

Nprobe :=
N∑

j=1

∑
C∈Sact

(0)
j

|ZC | and Mact := max
j∈[N ]

|Sact
(0)
j |.

C.1. Safe active sets (size and completeness)

Lemma .4 (Active-set safety and size). On EI , for every player j:

1. |Sact
(0)
j | ≥ N ;

2. every true top-N cell belongs to Sact
(0)
j , i.e., if T ⋆ denotes the set of N cells with the largest µ∗(·) values,

then T ⋆ ⊆ Sact
(0)
j .

Proof. On EI , LCB(0)
j (C) ≤ µ∗(C) ≤ UCB(0)

j (C) for every C.

Let µ∗
(1) ≥ · · · ≥ µ∗

(K) be the sorted cell maxima and T ⋆ the set of corresponding cells with ranks 1 to N .

Since each LCB(0)
j (C) ≤ µ∗(C), the N -th LCB order statistic satisfies θ

(0)
j ≤ µ∗

(N).

For any C ∈ T ⋆, we have UCB(0)
j (C) ≥ µ∗(C) ≥ µ∗

(N) ≥ θ
(0)
j , hence C ∈ Sact

(0)
j by (16).

Therefore T ⋆ ⊆ Sact
(0)
j and |Sact

(0)
j | ≥ |T ⋆| = N .

C.2. Coverage: uniform lower bound on per-round probe success

Lemma .5 (Per-round success probability). Under the Phase II protocol and Lemma .4, for every triple (j, C, z)
and every round t,

Pr
[
Vj,C,z(t) = 1

]
≥ qMact,η with qMact,η := 1

Mact Pmax

(
1 − 1

N

)N−1
,

where Pmax := maxC |ZC | ≤ Cd(h/η)d.

Proof. Fix (j, C, z) and t.

Player j picks C with probability 1/|Sact
(0)
j | ≥ 1/Mact and, given C, picks z with probability 1/|ZC | ≥ 1/Pmax.

For each other player k ̸= j, either C /∈ Sact
(0)
k (so Pr(C(k)

t = C) = 0) or C ∈ Sact
(0)
k and then Pr(C(k)

t = C) =
1/|Sact

(0)
k | ≤ 1/N by Lemma .4.

Independence across players implies

Pr
[
no other player selects C

]
≥

(
1 − 1

N

)N−1
.

Multiplying completes the proof.
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Lemma .6 (Phase-II Probe Coverage). Let b ∈ N and T1 ∈ N satisfy

b ≥ 4 log 2 Nprobe
δII

and T1 ≥ 2b

qMact,η
.

Then, with probability at least 1 − δII/2, every triple achieves at least b successes:

min
(j,C,z)

sj,C,z(T1) ≥ b.

Proof. For any fixed triple, {Vj,C,z(t)}T1
t=1 are i.i.d. Bernoulli with success probability qj,C,z := Pr[Vj,C,z(t) =

1] ≥ qMact,η by Lemma .5.

Thus E[sj,C,z(T1)] = T1qj,C,z ≥ 2b.

By the Chernoff lower-tail bound with λ = 1
2 ,

Pr
[
sj,C,z(T1) < b

]
≤ exp

(
−E[sj,C,z(T1)]

8

)
≤ e−b/4.

A union bound over all Nprobe triples gives Pr
(
∃(j, C, z) : sj,C,z(T1) < b

)
≤ Nprobe e−b/4 ≤ δII/2 by the choice

of b.

C.3. Uniform probe accuracy

Lemma .7 (Uniform probe accuracy). Let

β1 := log 4 Nprobe
δII

and r1 :=
√

β1

2b
.

On the event of Lemma .6 (so sj,C,z(T1) ≥ b for all triples), we have

Pr
[

∃(j, C, z) :
∣∣µ̂j(C, z) − µ(z)

∣∣ > r1
]

≤ δII

2 ,

where µ̂j(C, z) is the empirical mean over the sj,C,z(T1) successful observations at (j, C, z). Equivalently, with
probability at least 1 − δII/2,∣∣µ̂j(C, z) − µ(z)

∣∣ ≤ r1 simultaneously for all (j, C, z).

Proof. Fix (j, C, z). Condition on s := sj,C,z(T1) ≥ b and on the exploration/collision sigma-field.

By our assumption on the collisions, the s observed rewards at (j, C, z) are i.i.d. in [0, 1] with mean µ(z). For
any n ≥ b, Hoeffding yields

Pr
(∣∣µ̂j(C, z) − µ(z)

∣∣ >
√

β1/(2n)
∣∣∣ s = n

)
≤ 2e−β1 .

Hence, by the law of total probability restricted to n ≥ b,

Pr
(∣∣µ̂j(C, z) − µ(z)

∣∣ > r1
∣∣ s ≥ b

)
≤ 2e−β1 .

A union bound over the Nprobe triples yields the claim with the chosen β1.

Remark .8 (Anytime variant (not used in parameterization)). If one prefers a radius that adapts to the realized
count, set βany

1 := log 4 Nprobe (T1+1)
δII

and rany(s) :=
√

βany
1 /(2 max{1, s}). Then, by the same Hoeffding+ law-of-

total-probability argument and a union bound over n ∈ {1, . . . , T1},

Pr
(

∃(j, C, z) :
∣∣µ̂j(C, z) − µ(z)

∣∣ > rany(sj,C,z(T1))
)

≤ δII

2 .

We do not use this form below; our fixed-b parameterization already yields the target width with fewer log
factors.
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C.4. Refined maxima brackets

For player j and active cell C ∈ Sact
(0)
j , define

LCB(1)
j (C) := max

z∈ZC

{
µ̂j(C, z) − r1

}
, UCB(1)

j (C) := max
z∈ZC

{
µ̂j(C, z) + r1

}
+ Lη. (18)

Proposition .9 (Refined Maxima Brackets). On the intersection of the events in Lemmas .6 and .7 (probability
at least 1 − δII), simultaneously for all players j and active cells C ∈ Sact

(0)
j ,

LCB(1)
j (C) ≤ µ∗(C) ≤ UCB(1)

j (C) and UCB(1)
j (C) − LCB(1)

j (C) ≤ 2r1 + Lη.

Proof. Work on the event of Lemma .7.

For any z ∈ ZC , µ(z) ∈ [µ̂j(C, z) − r1, µ̂j(C, z) + r1].

Taking maxima over z ∈ ZC gives

max
z∈ZC

µ(z) ∈
[

max
z∈ZC

(
µ̂j(C, z) − r1

)
, max

z∈ZC

(
µ̂j(C, z) + r1

) ]
.

By the η-net property and L-Lipschitzness, µ∗(C) ∈ [ maxz∈ZC
µ(z), maxz∈ZC

µ(z) + Lη ].

Combining yields the validity and the width bound stated.

C.5. Selecting the top-N cells: gap-free ε-optimality and consensus

Recall that each player j selects the N cells with the largest LCB(1)
j (C) (breaking ties by a fixed public ordering),

and denote the selected set by S
(j)
ε .

Theorem .10 (Gap-Free ε-Optimality). Let ε > 0. If Phase II parameters are such that 2r1 + Lη ≤ ε, then
on the intersection of the events in Lemmas .6 and .7 (probability at least 1 − δII), for every player j and every
C ∈ S

(j)
ε ,

µ∗(C) ≥ µ∗
(N) − ε.

Proof. On the event of Proposition .9, for any true top-N cell C⋆ we have LCB(1)
j (C⋆) ≥ µ∗(C⋆) − ε ≥ µ∗

(N) − ε.

Let θ
(1)
j be the N -th order statistic of {LCB(1)

j (C) : C ∈ Sact
(0)
j }; since T ⋆ ⊆ Sact

(0)
j (Lemma .4) and there are

N cells with LCB at least µ∗
(N) − ε, we have θ

(1)
j ≥ µ∗

(N) − ε.

If C ∈ S
(j)
ε , then LCB(1)

j (C) ≥ θ
(1)
j , and validity gives µ∗(C) ≥ LCB(1)

j (C) ≥ µ∗
(N) − ε.

Definition .11 (ε-Uniqueness at the Top-N). A mean function µ is ε-unique at the top-N if there exists a
unique set S† ⊂ P of size N such that

min
C∈S†

µ∗(C) ≥ max
C /∈S†

µ∗(C) + 2ε.

Lemma .12 (Consensus under ε-Uniqueness). Assume ε-uniqueness at the top-N and that all refined brackets
have width at most ε and contain µ∗(C). Then S

(j)
ε = S† for all j ∈ [N ].

Proof. For any Cgood ∈ S† and Cbad /∈ S†,

LCB(1)
j (Cgood) ≥ µ∗(Cgood) − ε ≥ µ∗(Cbad) + ε ≥ LCB(1)

j (Cbad),

using ε-uniqueness and LCB(1)
j (Cbad) ≤ µ∗(Cbad). Thus the N largest LCBs are attained exactly on S† (ties do

not change this inclusion).
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C.6. Parameter choices and complexity bounds

We summarize our parameter choices ensuring width ≤ ε with probability at least 1 − δII .

Cardinalities and probabilities. By (17) and Lemma .4,

Nprobe =
N∑

j=1

∑
C∈Sact

(0)
j

|ZC | ≤ N Mact Pmax ≤ N Mact Cd

(h

η

)d

.

Lemma .5 gives

qMact,η ≥ 1
Mact Pmax

(
1 − 1

N

)N−1
≥ 1

Mact Cd

( η

h

)d
(

1 − 1
N

)N−1
.

Concrete schedule for a target ε > 0. Choose

η = ε

2L
, β1 = log 4 Nprobe

δII
, b ≥ max

{
4 log 2 Nprobe

δII
,

8 β1

ε2

}
,

so that 2r1 + Lη ≤ ε, where r1 =
√

β1/(2b). Then, using Lemma .6 and the bound on qMact,η,

T1 ≥ 2b

qMact,η
≤ 2 b Mact Pmax(

1 − 1
N

)N−1 ≤ 2 b Mact Cd(
1 − 1

N

)N−1

(
h

η

)d

.

With η = ε/(2L) and b = Θ
(
β1/ε2 + log(Nprobe/δII)

)
we obtain

T1 = O

(
Mact (Lh)d

εd+2 ·
[
β1 + log Nprobe

δII

])
, Nprobe ≤ O

(
N Mact (Lh/ε)d

)
.

Thus the Phase II budget T1 is independent of the horizon T and scales (up to polylog factors) as

T1 = Õ
(

Mact (Lh)d ε−(d+2)
)

.

If desired, one may replace Mact by K using Mact ≤ K for a looser but simpler bound.

Failure budget aggregation. By Lemmas .6 and .7, the intersection of the coverage and uniform-accuracy
events holds with probability at least 1 − δII . Proposition .9 and Theorem .10 are stated on this intersection.
Lemma .12 is a deterministic consequence of the refined brackets and ε-uniqueness.

Remarks. (i) The constant Lη in (18) can be tightened to Lη/2 using the η/2 covering radius; we keep Lη
for simplicity and monotonicity with respect to η. (ii) If one prefers an anytime-in-n accuracy with an adaptive
radius, use Remark .8; this modifies β1 to include a log(T1 +1) factor without changing asymptotics in ε. (iii)
The protocol fixes active sets during Phase II; allowing adaptive shrinking would require re-deriving qMact,η or
freezing a lower bound on |Sact

(0)
j | throughout the phase.

Appendix D: Proof Details for Phase II1
2 (Musical Chairs)

We now provide proofs for the Musical Chairs (MC) seating phase.

We know that Phase II concluded such that all players share the same N -cell target set (e.g., because the
ϵ-uniqueness condition holds). The analysis below is conditioned on this event.

There are N target cells and N players. At the start of the phase, all players are unseated. In each round,
every unseated player independently samples a cell uniformly at random from the N -cell target set. If exactly
one unseated player chooses a currently unoccupied cell, that player becomes seated at that cell and remains
seated thereafter. If a cell is chosen by two or more unseated players, or by any unseated player together with
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an already seated player, a collision occurs at that cell and all players who chose it obtain zero reward in that
round (the seated player remains seated).

Let Ut ∈ {0, 1, . . . , N} be the number of unseated players at the start of round t. Then exactly N − Ut cells are
occupied (by seated players) and exactly Ut cells are free. Define the drift at state u by

∆(u) := E[ Ut − Ut+1 | Ut = u ] , (19)

i.e., the expected number of newly seated players in a round when u players are currently unseated.

D.1. Drift formula and basic bounds

Lemma .13 (Exact drift and a uniform lower bound). For every u ∈ {1, . . . , N},

∆(u) = u2

N

(
1 − 1

N

)u−1
≥ u2

e N
. (20)

Proof. When u players are unseated, there are u free cells.

Fix a particular free cell.

The probability that exactly one of the u unseated players chooses this cell equals u · 1
N · (1 − 1

N )u−1: choose
which unseated player (there are u choices), that player picks the cell with probability 1/N , and each of the
remaining u − 1 unseated players avoids it with probability (1 − 1/N), independently.

Each free cell with exactly one chooser yields exactly one newly seated player, and free cells are disjoint, so by
linearity of expectation over the u free cells we obtain

∆(u) = u ·
[
u · 1

N · (1 − 1
N )u−1

]
= u2

N

(
1 − 1

N

)u−1
.

For the lower bound, (1 − 1/N)u−1 ≥ (1 − 1/N)N−1 ≥ e−1 for all N ≥ 1, yielding ∆(u) ≥ u2/(eN).

Lemma .14 (Monotonicity of the drift). The function u 7→ ∆(u) is strictly increasing on {1, 2, . . . , N}.

Proof. For u ∈ {1, . . . , N − 1},

∆(u + 1)
∆(u) = (u + 1)2

u2 ·
(

1 − 1
N

)
=

(
1 + 1

u

)2 (
1 − 1

N

)
.

Since u ≤ N − 1, we have 1 + 1
u ≥ 1 + 1

N−1 > 1 and hence(
1 + 1

u

)2 (
1 − 1

N

)
≥

(
1 + 1

N − 1

)2 (
1 − 1

N

)
= N2

(N − 1)2 · N − 1
N

= N

N − 1 > 1.

Thus ∆(u + 1) > ∆(u).

D.2. Expected seating time

We now prove that the expected number of rounds to seat all players is linear in N .
Theorem .15 (Expected seating time). Let TMC := inf{t ≥ 1 : Ut = 0} be the (a.s. finite) stopping time at
which all players are seated. Then

E[TMC ] ≤
N∑

u=1

1
∆(u) ≤ eπ2

6 N,

and in particular E[TMC ] = O(N).
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Proof. Define the potential

V (u) :=
u∑

v=1

1
∆(v) , u ∈ {0, 1, . . . , N}.

Note that V (0) = 0 and V is finite and nondecreasing.

Let Yt := Ut − Ut+1 ∈ {0, 1, . . . , Ut} denote the number of newly seated players in round t.

Fix t and condition on Ut = u > 0. Using the definition of V ,

V (Ut) − V (Ut+1) = V (u) − V (u − Yt) =
Yt−1∑
k=0

1
∆(u − k) .

By Lemma .14, ∆(·) is increasing, so 1/∆(·) is decreasing.

Therefore
V (Ut) − V (Ut+1) ≥ Yt · 1

∆(u) .

Taking conditional expectations and using the definition of the drift (19),

E[ V (Ut) − V (Ut+1) | Ut = u ] ≥ E[Yt | Ut = u]
∆(u) = ∆(u)

∆(u) = 1.

Taking expectations and summing over t = 0, 1, . . . , TMC − 1, we obtain (by the tower property; no optional-
stopping theorem is required)

E[ V (U0) − V (UTMC
) ] =

∞∑
t=0

E
[

1{t < TMC} ·
(
V (Ut) − V (Ut+1)

) ]
≥

∞∑
t=0

E[ 1{t < TMC} ] = E[TMC ].

Since U0 = N and V (0) = 0, we have E[TMC ] ≤ V (N) =
∑N

u=1
1

∆(u) .

Finally, using Lemma .13, ∆(u) ≥ u2/(eN), hence

N∑
u=1

1
∆(u) ≤ eN

N∑
u=1

1
u2 ≤ eπ2

6 N,

which proves the claim.

D.3. Seating-phase regret

We evaluate the expected regret accumulated during the seating phase, measured against the per-round bench-
mark of obtaining N unit-normalized rewards (one per target cell).
Corollary .16 (Seating-phase regret: a simple bound). Let RMC denote the cumulative regret incurred during
the seating phase. Then

E[RMC ] ≤ N · E[TMC ] ≤ eπ2

6 N2,

so in particular E[RMC ] = O(N2). The bound is independent of the overall horizon T .

Proof. In each round, the per-round benchmark is at most N (one unit per cell), and actual reward is nonnegative.
Therefore the instantaneous regret is at most N .

By Linearity of expectation on the random-time sum,

E[RMC ] = E

[
TMC∑
t=1

regrett

]
≤ E

[
TMC∑
t=1

N

]
= N E[TMC ],

and the claim follows from Theorem .15.
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Remark .17 (Sharper regret bound). The O(N2) bound is conservative. One can show E[RMC ] = O(N log N)
as follows. In a round with u unseated players:

• The expected number of occupied cells that are hit by at least one unseated player is at most (N − u)
(
1 −

(1 − 1/N)u
)

≤ (N − u) · u
N ≤ u, so expected regret contributed by occupied cells is ≤ u (each such

collision zeros that cell’s reward).

• Among the u free cells, the expected number that are not uniquely chosen by exactly one unseated player
is u

[
1 − u · 1

N · (1 − 1
N )u−1]

≤ u, so expected regret from free cells is also ≤ u.

Thus E[regrett | Ut = u] ≤ 2u.

Summing over the seating phase,

E[RMC ] ≤ 2E
[

TMC−1∑
t=0

Ut

]
.

Define the potential G(u) :=
∑u

v=1
v

∆(v) .

By the same drift argument as in Theorem .15, one shows E
[∑

t<TMC
Ut

]
≤ G(N) =

∑N
v=1

v
∆(v) .

Using ∆(v) ≥ v2/(eN) gives
∑N

v=1
v

∆(v) ≤ eN
∑N

v=1
1
v ≤ eN(1 + ln N).

Therefore E[RMC ] = O(N log N). We keep Corollary .16 in the main text for simplicity, as it is horizon-
independent and sufficient for our overall bounds.

Appendix E: Proof of Proposition 8.1 (In-Cell Regret)

We prove the standard minimax rate for a single player optimizing within a fixed cell. Throughout this appendix,
rewards are bounded in [0, 1] (consistent with Appendix B), and µ is L-Lipschitz on the hypercube cell C ⊂ Rd

of side length h in the Euclidean norm.

Reduction to the unit cube. Let ϕ : [0, 1]d → C be the affine bijection ϕ(x′) = x0 + h x′ that maps the unit
cube onto C (for some cell origin x0). Define µ′(x′) := µ(ϕ(x′)) for x′ ∈ [0, 1]d. Then, for any x′, y′ ∈ [0, 1]d,

|µ′(x′) − µ′(y′)| = |µ(ϕ(x′)) − µ(ϕ(y′))| ≤ L ∥ϕ(x′) − ϕ(y′)∥2 = Lh ∥x′ − y′∥2.

Thus µ′ is L′-Lipschitz on [0, 1]d with L′ := Lh.

Known minimax rate on the unit cube. For the d-dimensional Lipschitz bandit on [0, 1]d with Lipschitz
constant L′, there exist algorithms (e.g., the Zooming algorithm (Kleinberg et al., 2019)) whose expected regret
over any horizon T ′ ≥ 1 satisfies

E
[
R[0,1]d(T ′)

]
≤ cd (L′) d

d+2 (T ′)
d+1
d+2 + c′

d, (21)

where cd, c′
d depend only on d. This result is classical; see, e.g., Kleinberg et al. (Kleinberg et al., 2019) or

Slivkins (Slivkins, 2019).

Combining. Applying (21) to µ′ and substituting L′ = Lh gives

E
[
R

(C)
in (T ′)

]
≤ cd (Lh) d

d+2 (T ′)
d+1
d+2 + c′

d,

which is exactly Proposition 8.1.

Remarks. (i) The proof above is intentionally short: it isolates the h-dependence via rescaling and then cites
a standard unit-cube result. If desired, one may instantiate a concrete algorithm (e.g., Zooming) and track
constants; this does not affect the rate or the (Lh)d/(d+2) dependence. (ii) If one prefers finite-armed baselines,
an epochic discretize-and-explore scheme on grids of mesh ≍ (Lh)2/(d+2) 2e/(d+2) per coordinate also yields the
same rate by balancing exploration and discretization errors; we omit these routine details.
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Appendix F: Global Regret Bounds (Theorem 9.1)

We assemble the end-to-end bound and reconcile expectation-level failure terms with the main-text statement.
Throughout, per-round reward is in [0, 1] for each player; thus the per-round system benchmark (sum of the
top-N cell maxima) is at most N .

F.1. Clean event and failure budgeting

Let EI and EII be the Phase I and Phase II success events as defined in Appendices B and C, respectively (valid
brackets and coverage/accuracy). Set

δI = δII = δsys

2N
.

By union bounds across players and cells (already accounted for in Appendices B and C), we have

Pr(EI) ≥ 1 − δsys

2N
, Pr(EII) ≥ 1 − δsys

2N
.

Define the global clean event E := EI ∩ EII for which

Pr(E) ≥ 1 − δsys

N
. (22)

We write Rcont(T ) for the total regret up to time T and decompose its expectation by indicators of E :

E[Rcont(T )] = E
[
Rcont(T ) 1{E}

]
+ E

[
Rcont(T ) 1{Ec}

]
.

Since per-round regret is at most N , we have

E
[
Rcont(T ) 1{Ec}

]
≤ NT Pr(Ec) ≤ δsys T, (23)

which matches the main-text term.

F.2. Identification and seating terms (conditioned on E)

Condition on E . During Phase I and Phase II, each round contributes at most N to regret:

E
[
RI(T0) + RII(T1)

∣∣ E
]

≤ N(T0 + T1). (24)

We assume the ε-uniqueness condition of Definition .11 (main text) in Theorem 9.1, which guarantees that all
players identify the same N cells (Lemma .12 in Appendix C). Musical Chairs (Appendix D) is then run on this
fixed set; its randomness is independent of reward noise used to define E . Therefore,

E
[
RMC(TMC)

∣∣ E
]

= E[RMC(TMC)] ≤ cMC N2, (25)

for an absolute constant cMC (Appendix D).

F.3. In-cell term and end-to-end bound

On E , the Phase III processes are collision-free and decoupled across players. For any player j, Proposition 8.1
gives

E
[
R

(Cj)
in (T (j)

in )
∣∣ E

]
≤ cd (Lh) d

d+2 (T (j)
in )

d+1
d+2 + c′

d ≤ cd (Lh) d
d+2 T

d+1
d+2 + c′

d,

and summing over j ∈ [N ],

N∑
j=1

E
[
R

(Cj)
in (T (j)

in )
∣∣ E

]
≤ cd N (Lh) d

d+2 T
d+1
d+2 + Nc′

d. (26)

Combining (23), (24), (25), and (26) yields

E[Rcont(T )] ≤ N(T0 + T1) + cMCN2 + cd N (Lh) d
d+2 T

d+1
d+2 + Nc′

d + δsysT.
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Absorbing the additive Nc′
d into the (horizon-independent) coordination constant completes the proof of Theo-

rem 9.1.

Remarks. (i) The term N(T0 + T1) + cMCN2 is strictly horizon-independent only when δsys is fixed. If one
instead sets δsys = δsys(T ), e.g. δsys = 1/T or δsys = 1/(NT ), so that the explicit failure contribution is
O(1) in expectation, then the dependence on T enters only through the logarithms in the Phase I/II radii and
therefore changes the bound only by additional polylogarithmic factors. (i) The quantity N(T0 + T1) + cMCN2

is strictly horizon-independent only when δsys is treated as a fixed confidence parameter. If one instead chooses
δsys = δsys(T ) (for example δsys = O(1/T )) so that the failure contribution δsysT is O(1) in expectation, then
the Phase I/II radii acquire additional log T factors, and so do T0 and T1. Thus, in the expected-regret view
the coordination term is best understood as polylogarithmic in T , rather than strictly T -independent. These
logarithmic factors are absorbed into Õ(·). (ii) The proof above uses only consensus (from ε-uniqueness) to run
MC on a fixed target set; no other structural gap is used in Phase III.

Appendix G: Gap-Free Analysis—Consensus, Baselines, Limits, and a Conditional
Epochic Recovery

This section gives a complete treatment of the gap-free regime referenced in Section 9. Our goals are:

1. to formalize a communication-free public dither mechanism that guarantees consensus among players in
Phase II selection and to prove it correct with safe constants;

2. to provide fully general guarantees that hold without extra assumptions on the instance: a single-shot gap-
free bound and a restart lower bound showing that restarting global identification each epoch is too costly
under the Phase II sampling analyzed in Appendices B-D;

3. to state and prove a conditional epochic recovery theorem under an extra assumption compared to Phase II
(a public coverage/scheduling property).

Throughout this appendix, we use the failure budgeting of Appendix F so that the contribution of failure events
to expected regret is at most δsysT .

G.1. Communication-free consensus via a public dither with a guaranteed gap

In the gap-free regime, the refined LCBs {LCB(1)
j (C)}C produced in Phase II can differ slightly across players,

potentially leading to different top-N sets. We enforce consensus without communication by adding a public
deterministic dither (randomness) ξ(C) to the LCBs before ranking cells. Crucially, we ensure a minimum
pairwise gap in ξ so that the dither dominates cross-player LCB fluctuations for every pair of cells.

Internal vs. external precision and probe budget. Fix a target external precision εmain > 0 for the
selection of N cells at the end of Phase II. Internally, Phase II refines brackets to width

εint := εmain

4 ,

i.e., for all cells C and all players j,

UCB(1)
j (C) − LCB(1)

j (C) ≤ εint.

This is achieved in Appendix C by choosing an η-net (probe spacing η) and a per-probe success budget b so that
2r1 + Lη ≤ εint, where r1 =

√
β1/(2b) and β1 is the usual anytime log factor.1

1See Appendix C (coverage lemma and anytime concentration), where we use law-of-total-probability removal of
conditioning and an anytime union bound across the random counts s ≥ b to obtain uniform-in-time concentration at
each probe.
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Public dither with a guaranteed minimum gap. Let {C1, . . . , CK} be the cells in a fixed public order
(e.g., lexicographic). Set

ηdit := 3 εmain

4 , ξ(Cm) := m − 1
K − 1 ηdit, m = 1, . . . , K.

Thus the minimum pairwise dither gap is ∆ξ := ηdit/(K − 1).

We increase the per-probe success budget b by a constant (in T ) factor so that

4r1 ≤ ∆ξ = ηdit

K − 1 . (27)

(Equivalently, we reduce r1 by a constant factor; this changes Phase II constants but not rates in T .) Each
player ranks cells by the public score

Scorej(C) := LCB(1)
j (C) + ξ(C)

and selects the N cells with largest Scores (ties broken lexicographically).
Lemma .18 (Consensus and εmain-optimality with public dither). On the Phase II accuracy event (Appendix C)
with bracket width ≤ εint for all cells, the public dither rule above ensures, with the same high probability:

1. Consensus: All players select the same top-N set Sdit.

2. εmain-optimality: Every C ∈ Sdit satisfies µ∗(C) ≥ µ∗
(N) − εmain.

Proof. (Consensus.) On the Phase II accuracy event, for any cell C and players j, k, | LCB(1)
j (C)−LCB(1)

k (C)| ≤
2r1. Hence for any pair (C, C ′),

sup
j,k

∣∣∣( LCB(1)
j (C) − LCB(1)

j (C ′)
)

−
(

LCB(1)
k (C) − LCB(1)

k (C ′)
)∣∣∣ ≤ 4r1.

By construction |ξ(C) − ξ(C ′)| ≥ ∆ξ ≥ 4r1 for every pair (C, C ′) (eq. (27)). Therefore, the sign of(
LCB(1)

j (C) − LCB(1)
j (C ′)

)
+

(
ξ(C) − ξ(C ′)

)
is the same for all j, i.e., all players induce the same total order by Scorej(·) and select the same top-N set.

( εmain-optimality.) Let θdit be the N -th largest Score. For any true top-N cell C∗, LCB(1)
j (C∗) ≥ µ∗(C∗)−εint ≥

µ∗
(N) − εint and ξ(C∗) ≥ 0; hence θdit ≥ µ∗

(N) − εint. For any selected C,

µ∗(C) ≥ LCB(1)
j (C) ≥ θdit − ξ(C) ≥ µ∗

(N) − (εint + ηdit) = µ∗
(N) − εmain.

Data reuse across epochs. Unless stated otherwise, we assume Phase II reuses all probe data across epochs;
we do not restart identification. Union over Kep = Θ(log T ) epochs adds an extra log Kep into the radii’s β,
which is absorbed by Õ(·).

G.2. A fully general, single-shot gap-free guarantee

We first prove a gap-free guarantee that requires no structural assumptions beyond Lipschitzness. Phase I and
Phase II are run once at precision ε; then we apply Lemma .18 to select a common N -cell set, seat via Musical
Chairs (Appendix D), and run Phase III (Appendix E).
Proposition .19 (Single-shot, gap-free baseline). For any L-Lipschitz mean on [0, 1]d and horizon T , there
exists a choice of ε such that

E[Rcont(T )] = Õ
(

N (K(Lh)d) 1
d+3 T

d+2
d+3

)
= Õ

(
N L

d
d+3 T

d+2
d+3

)
,

using K = ⌈1/h⌉d and Khd ∈ [1, 2d), whence K(Lh)d = Θ(Ld). The Õ(·) hides logarithmic factors in
N, K, 1/δsys.
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Proof. On the clean event (Appendix F), the Phase II time at target width ε satisfies (Appendix C)
T1(ε) = Õ

(
Mact(Lh)d ε−(d+2)),

and in the worst case Mact ≤ K. Each identification round contributes at most N regret, hence RID =
Õ

(
NK(Lh)d ε−(d+2)).

By Lemma .18, Phase III suboptimality is RSub ≤ NεT , while in-cell learning is RLearn = Õ
(
N(Lh) d

d+2 T
d+1
d+2

)
(Appendix E).

Balancing RID and RSub gives ε⋆ ≍ (K(Lh)d/T )1/(d+3) and

RID + RSub = Õ
(

N (K(Lh)d) 1
d+3 T

d+2
d+3

)
.

Since d+2
d+3 > d+1

d+2 for d ≥ 1, this dominates RLearn; adding the O(N2) seating constant and the δsysT failure
contribution yields the claim.

G.3. Why restart-style epochic identification fails

We formalize that restarting Phase II at each epoch (instead of reusing data) incurs linear identification overhead
in worst-case Lipschitz instances.
Proposition .20 (Lower bound for restart-style epochic identification). Suppose that at the start of each epoch k
(of length Tk) the algorithm recomputes Phase II brackets to width εk by running the collision-censored sampling
of Phases I/II afresh, without reusing earlier probe data. Then for worst-case L-Lipschitz instances and any
epoch schedule with

∑
k Tk = T ,

E
[ ∑

k

R
(k)
ID

]
= Ω(NT ).

Proof. By Appendix C (coverage and probe-level anytime bounds), achieving width εk requires

Ω
(
(Lh)d ε

−(d+2)
k

)
rounds (up to logs), since the per-round success probability scales as qMact,η ≍ 1/(MactP (η)) with Mact ≍ K
and P (η) ≍ (Lh/εk)d in the worst case.

Each identification round contributes at most N regret, so R
(k)
ID = Ω

(
N(Lh)d ε

−(d+2)
k

)
.

Balancing NεkTk and N(Lh)d ε
−(d+2)
k yields εk ≍ T

−1/(d+2)
k and ε

−(d+2)
k ≍ Tk, hence

∑
k R

(k)
ID =

Ω
(
N(Lh)d

∑
k Tk

)
= Ω(NT ) (absorbing (Lh)d into the constant if h is fixed).

Remark (data reuse). Proposition .20 targets restart epochic identification. If Phase II aggregates probe
data across epochs (our default), the incremental work per epoch is smaller; however, without further structure
(next section) the cumulative identification overhead remains too large to be dominated by the Phase III learning
term in the worst case.

G.4. Conditional epochic recovery under a public coverage/scheduling property

We now state a proof of the rate in the main text. Given the negative result in the previous subsection, we require
an additional condition (public coverage/scheduling) for Phase II that is orthogonal to the reward statistics and
can be viewed as a systems-level assumption. We want to emphasize that this was not assumed in Appendices B-D
(which used uniform randomization over active cells and probes with collision censorship).
Assumption .21 (Public stratified coverage for Phase II). In any epoch with probe spacing η and per-cell probe
count P (η), there exists a public, communication-free schedule with the following properties:

(a) For each active probe (C, z), there is a publicly known set R(C, z) of rounds with |R(C, z)| = Θ(P (η)) per
P (η)-length block, and in each t ∈ R(C, z) exactly one player samples z in C and no other player samples
any point in C; i.e., the per-round success probability for (C, z) is Ω(1) on its scheduled rounds.

(b) Across the epoch, the schedule assigns O(1) such (C, z) per round per player (constant load), enabling
parallelism without collisions.
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Near-optimality (zooming) dimension. We use the standard instance-complexity notion: there exist d∗ ∈
[0, d] and C > 0 such that Xε := {x : µ∗ − µ(x) ≤ ε} can be covered by at most C ε−d∗ Euclidean balls of radius
Θ(ε/L) (see Kleinberg et al. (Kleinberg et al., 2019)).
Lemma .22 (Active-cell count under d∗). If Xε admits a cover by O(ε−d∗) balls of radius c ε/L with c ε/L ≤ h/4,
then the number of partition cells that intersect Xε satisfies Mact(ε) = O(ε−d∗). For the finitely many coarser ε,
the bound holds up to a constant factor absorbed in Õ(·).

Proof. Each ball of radius c ε/L ≤ h/4 intersects O(1) cells; there are O(ε−d∗) balls.

Proposition .23 (Per-epoch identification under Assumption .21 and d∗). Fix an epoch with target width εk.
Under Assumption .21 and near-optimality dimension d∗, the number of successful probe samples is Õ(ε−(d∗+2)

k );
since the per-probe success probability on scheduled rounds is Ω(1), the number of rounds is also Õ(ε−(d∗+2)

k ) (up
to logarithmic factors).

Proof. By Lemma .22, the number of probes is O(ε−d∗

k ).

Each probe needs b = Θ(ε−2
k ) successful samples to reach noise radius O(εk) by the anytime concentration used

in Appendix C.

Assumption .21(a)–(b) guarantees Ω(1) success probability for each probe on its scheduled rounds and constant
load per round, hence the round budget is Õ(ε−d∗

k · ε−2
k ).

Theorem .24 (Conditional epochic, gap-free recovery). Assume d∗ ≤ d − 1 and Assumption .21. Run epochs of
lengths Tk = 2k with precisions εk ∝ 2−k/(d+2), reuse all data across epochs, and use public dither (Lemma .18).
Then ∑

k

E
[
R

(k)
ID

]
= Õ

(
N T

d∗+2
d+2

)
,

which is dominated by the Phase III learning term Õ
(
N(Lh) d

d+2 T
d+1
d+2

)
when d∗ ≤ d − 1. Consequently, the

main-text epochic gap-free corollary holds under Assumption .21.

Proof. By Proposition .23, per-epoch identification rounds are Õ(ε−(d∗+2)
k ), hence the identification regret is N

times this.

With εk ∝ 2−k/(d+2), summing a geometric series over Kep = Θ(log T ) epochs yields Õ
(
N T

d∗+2
d+2

)
.

Since d∗ ≤ d − 1, we have d∗+2
d+2 ≤ d+1

d+2 , so identification is dominated by Phase III learning (Appendix E).

Add the O(N2) seating constant and the δsysT failure contribution (Appendix F).

Reusing probe data across epochs adds at most a log Kep factor in the radii, absorbed by Õ(·).

Appendix H: Distance-Threshold Collisions via Packing Reduction

This appendix provides a reduction from the distance-threshold collision model to the partition-style analysis
used in the main text. The regret comparator in Theorem 10.1 is the packing-based benchmark OPTpack(r, σ, N);
without additional geometric covering assumptions, we do not claim a uniform comparison to the best ρ-separated
assignment.

H.1. Setup and notation

Fix a collision threshold ρ > 0. Let Z = {z1, . . . , zM } ⊂ X be an r-packing, i.e., ∥zi − zi′∥2 ≥ r for all i ̸= i′,
with some r > ρ. We assume

M = |Z| ≥ N, (28)

which is necessary both for the comparator OPTpack(r, σ, N) =
∑N

m=1 ν∗
(m) and for seating N players on distinct

balls.
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Fix a radius σ with
0 < σ <

r − ρ

2 . (29)

Define the safe balls Bi := {x ∈ X : ∥x − zi∥2 ≤ σ} (balls are implicitly clipped to X ). For a Lipschitz mean µ,
let ν∗

i := supx∈Bi
µ(x) and let ν∗

(1) ≥ · · · ≥ ν∗
(M) be the sorted values. The packing-based one-round benchmark

is

OPTpack(r, σ, N) :=
N∑

m=1
ν∗

(m).

Lemma .25 (Collision safety across safe balls). If σ satisfies (29), then for any i ̸= i′ and any x ∈ Bi, x′ ∈ Bi′ ,
we have ∥x − x′∥2 > ρ. Hence inter-ball collisions are impossible.

Proof. Triangle inequality and r-packing: ∥x − x′∥2 ≥ ∥zi − zi′∥2 − ∥x − zi∥2 − ∥x′ − zi′∥2 ≥ r − 2σ > ρ.

H.2. Reduction to the partition model

We treat the index family {B1, . . . , BM } as a “virtual partition.” The multi-phase protocol (Phases I–III and
II 1

2 ) is run verbatim with the following substitutions:

• Phase I (coarse identification). Each round, a player samples a ball index I ∈ [M ] uniformly and probes
its center zI (or any fixed representative in BI). The per-round success probability for a given (player, ball)
is

pM := 1
M

(
1 − 1

M

)N−1
,

identical to the cell-based pK with K replaced by M . The coarse brackets mirror Appendix B with K 7→ M
and with the ball geometry:

LCB(0)
j (Bi) = µ̂

(0)
j (zi) − r

(0)
j (Bi), UCB(0)

j (Bi) = µ̂
(0)
j (zi) + r

(0)
j (Bi) + L σ,

since µ∗(Bi) ≤ µ(zi) + L maxx∈Bi
∥x − zi∥2 = µ(zi) + Lσ.

• Phase II (local peek). For each active ball Bi, instantiate an internal η-net Zη(Bi); standard volumetric
arguments give |Zη(Bi)| ≤ Cd (σ/η)d. All Phase-II lemmas (coverage, anytime accuracy, refined brackets)
from Appendix C carry through with the replacements K 7→ M , h 7→ σ, Dh 7→ Dσ := 2σ.

• Phase II 1
2 (seating). Musical Chairs is unchanged. By Lemma .25, once one player is seated per ball,

inter-ball collisions cannot occur.

• Phase III (within-ball optimization). With players uniquely assigned to balls, the processes decouple.
Rescaling a ball of radius σ to the unit ball multiplies the Lipschitz constant by σ; by Appendix E, the
in-ball regret over T ′ rounds satisfies

E
[
R

(Bi)
in (T ′)

]
≤ cd (Lσ) d

d+2 (T ′)
d+1
d+2 + c′

d.

H.3. Regret bound (proof of Theorem 10.1)

Combining Phase I/II identification costs, the seating cost (Appendix D), and the sum of in-ball regrets (Ap-
pendix E) exactly as in Appendix F yields

E[Rcont(T )] ≤ N(T0 + T1)︸ ︷︷ ︸
identification

+ cMCN2︸ ︷︷ ︸
seating

+ cd N (Lσ) d
d+2 T

d+1
d+2︸ ︷︷ ︸

learning

+ δsysT,

where T1 = Õ
(
M (Lσ)d ε−(d+2)) (Appendix C.6 with K 7→ M and h 7→ σ). This is identical in form to

Theorem 9.1 after the substitutions (K, h) 7→ (M, σ).
Remark .26 (Comparator choice). We compare to OPTpack(r, σ, N) by design. Uniformly relating the true
ρ-separated optimum to OPTpack(r, σ, N) would require a covering guarantee in addition to packing; without it,
the two comparators need not be close. Even with coverage radius O(r), the model-mismatch term per round
can be Ω(NLr), which is not negligible for fixed r.
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Appendix I: Minimax Lower Bound

We prove Theorem 11.1. The ingredients are: (i) a standard Ω(
√

Kτ) minimax lower bound for finite-armed
stochastic bandits, and (ii) an L-Lipschitz embedding of K ′ = Θ(md) “arms” within each of N distinct cells,
with a cone-shaped spike at one grid point.

I.1. Finite-armed minimax lower bound (cited)

For every K ≥ 2 and τ ≥ K, there exists a universal constant c > 0 such that

inf
Alg

sup
ν

Eν

[
τ∑

t=1
(µ∗ − µ(At))

]
≥ c

√
K τ, (30)

where the supremum is over all product reward distributions with means in [0, 1]. See, e.g., Slivkins (Slivkins,
2019).

I.2. Proof of Theorem 11.1

Partition [0, 1]d into K = ⌈1/h⌉d hypercubes P = {C1, . . . , CK} of side h. Assume

K = ⌈1/h⌉d ≥ N,

and select N distinct cells {Ci1 , . . . , CiN
}. Within each chosen cell Cij

, place a regular grid G of resolution m
per coordinate; neighboring grid points are at Euclidean distance h/m. Let K ′ = (m + 1)d be the number of
grid points in G.

For θ = (θ1, . . . , θN ) with θj ∈ {1, . . . , K ′}, define a Lipschitz mean µθ as follows. In each chosen cell Cij
, let

gj,θj
∈ G be the selected “spike” grid point and set

µθ(x) := max
{

1
2 , 1

2 + ∆ − L ∥x − gj,θj ∥2

}
, x ∈ Cij ,

and set µθ(x) ≡ 1
2 for x in all other cells. Since x 7→ ∥x − g∥2 is 1-Lipschitz and max(·, ·) preserves Lipschitz

constant, we have µθ ∈ L(L). At the spike gj,θj
, the value is 1/2 + ∆; at any other grid point g ̸= gj,θj

, the value
is at most 1/2 + ∆ − L(h/m), hence the spike arm is uniquely optimal.

Let OPTcont(P, N) be the per-round partition benchmark. In our construction, exactly the N chosen cells attain
maximum 1/2 + ∆ and all others have maximum 1/2, so

OPTcont(P, N) =
N∑

j=1

(
1
2 + ∆

)
= N

(
1
2 + ∆

)
.

Consider the product prior over θ in which each θj is independent and uniform over the K ′ grid points in Cij
.

By Yao’s minimax principle, the minimax expected regret is bounded below by the Bayes expected regret under
this prior. Rewards and choices decouple across the N special cells, and the per-round benchmark is additive
across cells; therefore the Bayes expected regret equals the sum of the N per-cell Bayes regrets. Each per-cell
problem is a K ′-armed stochastic bandit with rewards in [0, 1] and horizon T , so by (30) the per-cell Bayes
(hence minimax) regret is Ω(

√
K ′T ). Summing over cells,

Eµθ
[Rcont(T )] ≥ c N

√
K ′T ≍ c N md/2

√
T .

Finally, choose parameters to ensure bounded rewards (take ∆ ≤ 1/6) and to match the worst-case finite-armed
scaling under the L-Lipschitz constraint. Set

∆ = c0
Lh

m
with c0 ∈ (0, 1/2],
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Setting T N Cells T0 T1 Local grid Seeds
1D regret 10,000 3 8 260 700 7 5
2D regret 10,000 3 4 × 4 520 1100 5 × 5 5
Pathology illustration – 2 6 – 9 probes/cell – deterministic

Table 1: Synthetic environments and algorithmic settings. “Local grid” denotes the number of candidate
points per cell used by the within-cell UCB routine in Phase III.

so that the spike height is consistent with the grid spacing and the gap at the nearest other grid point is at least
∆/2. Optimizing the lower bound in m (subject to m ≥ 2 and ∆ ≤ 1/6) yields

m ≍ (Lh) 2
d+2 T

1
d+2 ,

and hence
Eµθ

[Rcont(T )] ≳ N (Lh) d
d+2 T

d+1
d+2 .

Taking the supremum over θ concludes the proof of Theorem 11.1.

Remarks. (i) Disjointness of cells suffices; “non-adjacent” is inessential since collisions are intra-cell only. (ii)
The same construction applies to the distance-threshold model by embedding spikes in N safe balls of a packing
(Appendix H); at most one non-colliding observation per ball per round is possible, and the N -fold lower bound
follows identically.

Appendix J: Experiments

In this section, we empirically validate our theory using simulation results. In particular, we focus on three
questions that mirror the main analytical claims:

1. Does the coordination-first protocol produce substantially smaller regret than a naive decentralized baseline?

2. Are collisions in fact concentrated in the short coordination stage, rather than persisting throughout learn-
ing?

3. Does the local-peek step matter in practice, or could one simply rank cells by their center values?

Experimental setup. We work in the partition-based collision model from Section 3. In each run, the mean
reward is a Lipschitz function on [0, 1]d obtained from a small number of cone-shaped peaks. Observed rewards
are Bernoulli with mean µ(x). Regret is measured against exactly the same benchmark used throughout the
paper, namely the sum of the top-N cell maxima from (1). We consider one-dimensional and two-dimensional
instances, since these are the smallest settings in which both the geometric structure and the collision effects are
easy to visualize.

The full experimental configuration is listed in Table 1. Plots are averaged over 5 random seeds and the shaded
bands in the plots denote 95% confidence intervals across seeds.

Methods compared. Since our paper proposes a new setting, we do not have a clear baseline to compare to.
Thus, we consider the naive method where each player runs an independent single-agent Lipschitz bandit routine
over the entire domain and ignores the presence of the other players except through the collision-censored feedback
as a natural starting point for comparison. Concretely, each player uses the same fixed-grid UCB primitive that
our method uses in its final within-cell stage, but applies it globally rather than after coordination. This makes
the comparison easy to read as the principal difference is not the local learning rule, but the presence or absence
of an explicit coordination stage.

For this empirical study, we pool the successful Phase-I and Phase-II identification samples when forming the
common target set. We do this to keep the experiments focused on the coordination-versus-learning decompo-
sition that is central to the paper, rather than on incidental finite-sample disagreement between players during
identification. The seating stage and the Phase-III local optimization stage are otherwise unchanged.
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Figure 3: Cumulative regret in simple synthetic instances. We compare the proposed protocol against
the independent single-agent baseline in 1D and 2D. Curves are averaged over 5 random seeds and shaded bands
denote 95% confidence intervals. The baseline exhibits near-linear regret because players continue to collide on
the same high-value cells, whereas the proposed protocol incurs a short coordination cost and then grows much
more slowly.

Setting Our protocol Independent baseline Mean seating rounds
1D at T = 10,000 2326.2 26432.4 3.6
2D at T = 10,000 7102.4 25306.4 2.2

Table 2: Final regret summary. Values are mean cumulative regret at the final horizon in Figure 3. The last
column reports the average number of rounds spent in the seating stage by the proposed protocol.

Regret curves. Figure 3 reports cumulative regret in 1D and 2D. The qualitative picture is the same in both
dimensions. The independent baseline repeatedly directs multiple players toward the same attractive cells and
therefore accumulates regret at an essentially linear rate. By contrast, our protocol pays a short upfront price to
identify distinct high-value cells and seat the players on them. Once that coordination cost has been paid, the
learning problem largely decouples across players, and the subsequent regret growth is much slower.

Collision dynamics. The regret curves become easier to interpret once we inspect the collisions directly.
Figure 4 shows the smoothed fraction of colliding players over time, with vertical markers denoting the ends
of Phase I and Phase II. The baseline keeps colliding throughout the run; every player is effectively trying to
solve the same global problem, so there is no mechanism for persistent deconfliction. Our method behaves very
differently. Collisions are concentrated in the short identification and seating stages, after which they nearly
disappear once players occupy distinct cells. This is precisely the operational picture suggested by the theory
where collisions are an upfront coordination cost.

Why the local peek matters. Finally, Figure 5 illustrates the specific geometric issue that motivates Phase
II. The dominant peak lies very close to the boundary between cells C3 and C4. As a result, those two cells have
the largest within-cell maxima, even though their center values are not the largest. In this instance, center-based
ranking prefers C5 and C6 because their centers happen to lie in moderately strong regions, while the true top-N
cells are actually C3 and C4. The local-peek scores correct this mis-ranking by probing within each cell and
therefore recover the correct pair.

Taken together, these experiments support the main qualitative message of the paper. The primary difficulty
in this setting is the need to coordinate players onto different high-value regions without communication. Once
that coordination is handled, the remaining learning problem behaves much more like a collection of ordinary
single-player Lipschitz bandits.

All figures in this appendix can be regenerated from the repository at:
https://github.com/amitrege/aistats multiagent code
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Figure 4: Collision traces in 1D and 2D. Dotted vertical lines mark the ends of Phase I and Phase II. The
proposed protocol localizes collisions to the short upfront coordination stage, while the independent baseline
continues to collide almost all the time.

Appendix K: Parameter Summary

Table 3 collects the main quantities used in Phases I and II and the sufficient choices proved in Appendices B
and C.

Quantity Meaning Sufficient choice / scaling used in the analysis
pK Phase-I per-round success proba-

bility for a fixed (player, cell) pair
pK = 1

K

(
1 − 1

K

)N−1

α Target Phase-I center-estimation
radius

User-chosen coarse accuracy level

T0 Phase-I budget It suffices that (15) holds; equivalently T0 = Õ(p−1
K α−2)

for fixed α and fixed failure budget
η Phase-II probe-net resolution For target final maxima accuracy ε, choose η = ε/(2L)
Pmax Maximum number of probe points

in one active cell
Pmax ≤ Cd(h/η)d

Nprobe Total number of active probe
triples (j, C, z)

Nprobe ≤ NMactPmax

b Required successful samples per
active probe

Choose b ≥ max
{

4 log 2Nprobe
δII

, 8β1
ε2

}
, where β1 =

log 4Nprobe
δII

qMact,η Phase-II per-round success prob-
ability lower bound for a probe
triple

qMact,η ≳ 1
Mact

(
η
h

)d (
1 − 1

N

)N−1

T1 Phase-II budget T1 ≥ 2b/qMact,η, hence T1 = Õ
(
Mact(Lh)dε−(d+2))

δI , δII Phase-wise failure budgets Chosen so that δI +δII ≤ δsys; if δsys depends on T , the
resulting T0, T1 gain only extra logarithmic factors

Table 3: Summary of the main design parameters and sufficient choices. The displayed bounds are sufficient
choices used in the proofs, not optimized minima.
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Figure 5: Boundary-peak pathology. Left: a one-dimensional reward function in which the largest peak lies
near the boundary between C3 and C4; orange markers denote the cell centers. Right: orange bars are center
values, green bars are local-peek scores, and purple bars are true cell maxima. The center values are largest for
C5 and C6, so a center-based ranking would choose those cells. In contrast, the true cell maxima are largest
for C3 and C4, and the local-peek scores recover exactly that ordering. This is the geometric failure mode that
motivates Phase II.


