Autonomous Vehicles for Ride-Hailing

Authors’ names are blinded for peer review

September 10, 2021

Abstract

Problem definition: We consider a setting in which a ride-hailing platform operates a mixed
fleet of conventional vehicles (CVs) and autonomous vehicles (AVs) over locations distributed
spatially. The CVs are operated by human drivers who make independent decisions about
whether to work for the platform and where to position themselves when they become idle. The
AVs are under the control of the platform. The platform decides on the wage it pays the drivers,
the size of the AV fleet and how AVs are positioned spatially when they are idle. The platform can
also make decisions on how much demand to accept for each pair of origins and destinations and
whether to prioritize AVs or CVs in assigning vehicles to customer requests. Methodology: We
use a fluid model to characterize the optimal decisions of the platform in equilibrium and contrast
those with the optimal decisions in the absence of AVs. We study outcomes in equilibrium in
terms of platform profit, customer service level, driver welfare, and driver productivity. Results:
Among our findings, we show that the platform, whenever possible, would deploy the AVs in
such a way as to reduce repositioning by CVs from the low demand location to the high demand
location (inducing such repositioning by drivers is costly for the platform). The presence of AVs
can also eliminate driver incentives that would otherwise force the platform to reject demand
from the low demand location to force drivers to relocate to the high demand location. Even
though demand is no longer exclusively fulfilled by CVs, we show that the income of drivers
may not necessarily be harmed, and that drivers may not necessarily experience more idleness or
empty travel. Moreover, we find that drivers can be strictly better off if the platform prioritizes
AVs in assigning customer requests to vehicles. Managerial implications: Our results uncover
important ways the introduction of AVs affects the operation of a ride-hailing platform and
highlight the nuanced impact of AVs on human drivers and customers. Our results are potentially
useful to policy makers in deciding on regulatory interventions that can induce more socially
desirable outcomes with the introduction of AVs.

Keywords: autonomous vehicles, ride-hailing, equilibrium fluid model, driver welfare, vehicle
repositioning, admission control, assignment priorities



1 Introduction

Autonomous vehicle (AV) technology is an exciting new technology, though not fully mature yet,
that some have argued will transform the transportation landscape. How this transformation will
take place and how it would affect various stakeholders (riders, drivers, and service providers)
continues to be a subject of vigorous debate (Iyer and Alton|(2019)) and Lalley (2017)). A potentially
important application of AV technology is ride hailing (the provisioning of transportation services
on-demand). The ride hailing industry, which currently relies mostly on independent drivers using
conventional vehicles (CVs), has shown a particular interest in AV technology, with several of the
leading platforms, such as Uber, Lyft, and Didi, making substantial investments in the research and
development of AV technology (Uber| (2019)), Lyft| (2021) and |Didi| (2021])). Under most scenarios,
it is envisioned that the introduction of AVs will however be gradual and that ride hailing platforms
are likely to operate initially with a mixed fleet of both AVs and CVs, with the latter owned and

operated by human drivers (Iyer and Alton| (2019)).

In this paper, we examine how the deployment of AVs, as part of a mixed fleet of AVs and
CVs, impacts the operational decisions of a ride hailing platform, including how it manages the
spatial mismatch between supply and demand through wvehicle repositioning, demand curtailment
through admission control, the matching of supply and demand through the assignment of vehicles
to customers, and supply dimensioning through the sizing of the fleet of AVs and the level of wages
paid to humans driving the CVs. We also examine how these decisions impact human drivers and

riders.

We consider a setting where a ride-hailing platform operates a mixed fleet of AVs and CVs. The
platform seeks to fulfill transportation requests from customers, who arrive continuously over time,
so as to maximize profit. The platform operates over a network consisting of multiple locations.
The rate at which customers arrive varies depending on the origin and destination of the requested
trips. Customer requests that cannot be immediately matched with a vehicle are considered lost.
The platform charges customers a price per unit of travel time. The CVs are driven by independent
drivers, who are heterogeneous in their opportunity cost. The platform pays drivers a fixed wage per
unit time of service (drivers are paid only when transporting a customer). Drivers decide whether

or not to work for the platform depending on the expected earnings from working on the platform



and their outside options. The platform incurs a fixed cost for purchasing AVs. AVs and CVs incur
a variable cost per unit time of travel per vehicle. We assume that the platform pays for the AV

travel cost and drivers pay for the CV travel cost.

Upon completing a trip transporting a customer, vehicles can either stay at the location where
the trip terminated or reposition (drive empty) to another location. The repositioning of AVs is
under the control of the platform while the repositioning of CVs is in the hands of the drivers
who act strategically and reposition to the location that maximizes their expected earnings. The
platform has other levers. It can curtail demand associated with a particular pair of origins and
destinations (e.g., by rejecting a fraction of this demand). When a customer request arises, it can
also decide on whether to prioritize AVs or CVs in assigning the request to a vehicle. Finally, the

platform also decides on how many AVs to acquire and how much to pay the drivers.

From the perspective of the platform, autonomous vehicles and human drivers differ in two
critical characteristics: cost structure and controllability. There is a fixed cost associated with
AVs incurred regardless of how AVs are deployed during operation. There is only a variable cost
associated with CVs in the form of payments to drivers when they have a customer on-board. AVs
incur a variable cost when traveling independently of whether or not a customer is onboard. For a
profit maximizing platform, we expect the variable cost associated with the AVs to be lower than
that of CVs (otherwise, it would be more profitable for the platform to rely solely on CVs). AVs
are under the control of the platform. Once acquired they are always available to the platform.
The platform can dictate where the AVs position themselves once they complete a trip, giving the

platform more latitude in its effort to most profitably match supply with demand.

To study such a setting, we adopt a fluid model based on the one recently introduced by [Aféche
et al.| (2018]). |Afeche et al. (2018) consider a setting with two locations where the vehicles are all
conventional and operated by human drivers. They primarily focus on admission control in situations
where demand is unbalanced, with one high demand location and one low demand location, and
where drivers act strategically in deciding where to reposition upon completing a trip. We extend
the model in |Aféche et al.| (2018) in several important ways. We consider a setting with a mix of
CVs and AVs with the repositioning of AVs under the control of the platform. We allow for the wage

paid to drivers to be a decision made by the platform. We consider a broader range of decisions the



platform can make, including how AVs should be repositioned, how to assign vehicles to incoming

requests (vehicle assignment priorities) and how large the AV fleet size should be.

The following is a summary of our main findings (unless stated otherwise, the results hold under

the platform’s optimal policy).

e When the platform does not differentiate between AVs and CVs in assigning demand requests
to vehicles, for a fixed supply of AVs and CVs, both AVs and CVs only reposition from the
low demand location to the high demand location. The platform repositions AVs to minimize
the repositioning of CVs. In particular, if the supply of AVs is sufficiently large, the platform
repositions enough AVs from the low demand location to the high demand location to ensure
that CVs have no incentive to reposition. Otherwise, the platform repositions AVs from the
low demand location to the high demand location with probability 1 to minimize the CVs’

likelihood of repositioning.

e When the supply of AVs and CVs are endogenously determined (the platform decides on the
number of AVs and the wages paid to drivers), whether CVs reposition or not depends on
the size of the driver pool and the purchase cost of AVs. If the driver pool size is sufficiently
small (or equivalently the purchase cost of AVs is sufficiently low), CVs do not reposition.

Otherwise, CVs reposition (along with the AVs, if any) with a positive probability.

o If the AV purchase cost is low, it can be beneficial for the platform to reject some of the
demand for trips from the high demand location to the low demand location. The reverse is
true when the AV purchase cost is high (i.e., it can be beneficial to reject demand for trips
from the low demand location to the high demand location). In both cases, the platform seeks
to balance the flows in the network, achievable either by curtailing the demand at the high

demand location or through vehicle repositioning.

e [t is optimal for the platform to prioritize AVs in assigning vehicles to customer requests.
When the platform does, drivers are left fulfilling the demand that cannot be fulfilled by the
AVs. From the perspective of the drivers this amounts to demand curtailment. The platform
can use this form of demand curtailment to incentivize the drivers to reposition away from the

low demand location to the high demand location. The fact that the platform prioritizes AVs



does not necessarily harm drivers (relative to a policy where the platform does not prioritize

AVs).

e If the platform does not differentiate between AVs and CVs when assigning vehicles to cus-
tomers, the introduction of AVs does not necessarily harm drivers. This is because the intro-
duction of AVs provides the platform with another means to serve otherwise unfulfilled demand
due to demand imbalance. If the AV purchase cost is moderate, the platform uses AVs not to
have them compete with CVs but as a complement. AVs can also be used strategically (e.g.,
by prioritizing AVs) to induce drivers to choose repositioning decisions that improve overall
driver welfare. In both cases, the introduction of AVs may result in a reduction in idleness

and empty travel for the CVs, making them more productive.

These findings suggest that there is nuance to how the introduction of AVs may impact the
operation of a ride hailing service and how this will in turn impact the welfare of human drivers.
Some of this nuance may carry over to other areas where automation is introduced. In particular,
the results of this paper suggest that automation, when it is partial, can lead to improvements in

the productivity or welfare of the humans involved.

The rest of the paper is organized as follows. In Section 2, we provide a review of related
literature. In Section 3, we describe our model. In Section 4, we consider the case with a fixed
supply of AVs and CVs. In Section 5, we treat the case where the supply of AVs and CVs is
endogenized. In section 6, we study admission control. In Section 7, we study systems under
different vehicle assignment priority policies. In Section 8, we offer concluding comments. Proofs

for all the results, unless otherwise stated, are included in the Appendix.

2 Literature Review

This work contributes to the growing body of literature that studies spatial networks in which
resources move from one location to another in the process of servicing demand that is also spatially
distributed. Of particular relevance is literature that is motivated by applications in on-demand
transportation services, including ride hailing and vehicle sharing (e.g., bike sharing); see Benjaafar

and Hu (2020), Hu (2021), and [Freund et al. (2019) for recent reviews. Our work is related to



streams within this literature that focus on the operational control of these networks, where control
levers include the assignment of resources with customers, the spatial repositioning of resources so
as to better match supply with demand, and the shaping of demand, indirectly through pricing or
directly through admission control. Some of this literature, particularly, as it relates to ride hailing
accounts for the fact that the control of resources is distributed and in the hands of individuals who

are strategic in their decision making.

Below we briefly review papers that are most salient to our work. We focus on papers that take,
as we do, a queueing network (and its associated fluid model approximation) perspective. We refer

the reader to |Aféche et al.| (2018) for a more comprehensive discussion of the literature.

Repositioning. Braverman et al| (2019) consider a vehicle sharing network where a platform
controls the repositioning of all vehicles (this is akin to a system with only AVs in our setting).
Using a fluid approximation, they show that the vehicle repositioning problem can be formulated
as a linear program which can then be solved efficiently. Moreover, they prove that the optimal
solution to this linear program specifies a repositioning strategy that is asymptotically optimal
(namely, converges to the optimal solution for the non-fluid problem when the demand and number
of vehicles are allowed to go to infinity). |Aféche et al.| (2018) consider a fluid model of a two-location,
four-route network with strategic drivers. Strategic drivers are not controlled by the platform and
make their own repositioning decisions to maximize their earnings (this corresponds to a system with
only CVs in our setting). The platform maximizes profit by deciding on how much demand to accept
from each location (i.e., the platform has control over admission). They characterize, in equilibrium,
both the platform’s optimal admission control and the drivers’ optimal repositioning. In particular,
they show that, under some conditions, it is optimal for the platform to reject demand in the low
demand location in order to incentivize drivers to reposition to the high demand location. [Hosseini
et al.| (2021) design a state-dependent vehicle repositioning policy based on structural properties
of a fluid-based model. They provide numerical evidence showing that this state-dependent policy
can outperform static policies. Benjaafar et al.| (2021b) consider a repositioning problem where the
objective is to minimize repositioning costs. They do so under a demand balance assumption and

using an approximation for vehicle availability at each location.

There is extensive literature that deals with vehicle repositioning in non-queueing contexts,



including problems with a single period or under multiple discrete periods and without strategic
drivers; see for example, [Benjaafar et al.| (2021c)), Akturk et al. (2021)), He et al.| (2020), and [Zhao

et al.| (2020). A comprehensive review of this literature can be found in |Benjaafar et al| (2021c).

Pricing. [Waserhole and Jost| (2016) and |Banerjee et al.| (2021) consider the optimal pricing problem
in the context of a vehicle sharing system (modeled as a queueing network) with no repositioning.
They study the asymptotic regime when the number of vehicles goes to infinity. They show that the
resulting static pricing policy provides, under varying assumptions, guaranteed bounds for the finite
system. [Balseiro et al.| (2021]) consider a network with a hub-and-spoke structure. They develop a
dynamic pricing policy and a performance bound based on a Lagrangian relaxation. [Bimpikis et al.
(2019)) consider a ride-sharing network with strategic drivers. They characterize optimal prices and
optimal wages. |Courcoubetis and Dimakis| (2019)) show that a state-dependent policy that pays
drivers in proportion to the number of passengers waiting to be picked up at a location maximizes
throughput. |Chen et al. (2020)) study a vehicle sharing network using a discrete time framework.
They propose several pricing heuristics which they show to be asymptotically optimal in the setting
where the number of vehicles and customers are both large. [Ma et al.| (2020]) consider a deterministic
setting for a ride sharing network and propose a spatial-temporal mechanism for prices and wages
with desirable properties; see also Besbes et al.| (2021b)). Besbes et al.| (2021c|) study a single location
problem and show that a static pricing policy achieves nearly 80% of the performance (along several

metrics) of an optimal policy.

Admission control and matching. |[Ozkan and Ward (2020) study the problem of matching
customer requests with nearby drivers in the context of a ride hailing network. They use a fluid
model approximation and show that a static matching is asymptotically optimal under heavy traf-
fic. Banerjee et al| (2020) consider a similar problem. They develop a family of state-dependent
policies whose performance they show to improve exponentially as the number of vehicles scales
to infinity. Kanoria and Qian (2020) study network control, using levers that include admission
control, dispatching, and pricing. They develop a class of control policies that are nearly optimal

under certain conditions for the discrete time version of the problem they consider.

Dimensioning. |George and Xia, (2011) develop exact and approximate solution algorithms to de-

termine the optimal fleet size in a vehicle sharing network where the objective is to maximize system



profit. (George et al. (2012) derive the exact-order asymptotic growth rate of system throughput
as the number of vehicles increases. [Benjaafar et al. (2021c|) develop an approximation for the
number of vehicles in a vehicle sharing network needed to guarantee a specified service level (the
fraction of demand fulfilled) at each location. They show that this approximation is optimal under
various asymptotic regimes. |Besbes et al.| (2021a) study the problem of optimal service capacity
for a ride-hailing system modeled as a single multi-server queue with a state-dependent service rate
that account for pick up and travel times. For systems with strategic drivers where the vehicles are
under the control of human drivers, service capacity is determined indirectly via the mechanism of
the wage paid to drivers; see for example Taylor| (2018)), Benjaafar et al.| (2021a) and Hu and Zhou
(2020)).

Finally, there is emerging literature that considers explicitly the role of AVs in ride sharing
systems. Examples include [Siddiq and Taylor| (2021)), [Lian and Van Ryzin| (2020), [Baron et al.
(2021) and Noh et al. (2021)). This literature for the most part does not account for the spatial
aspect of ride sharing. Our work is more broadly related to literature that examines the impact of
automation. Much of that literature is focused on studying the extent to which automation will
replace drivers; see for example Dixon et al.| (2021), |Acemoglu and Restrepo (2020)), Graetz and

Michaels| (2018)) and Frey and Osborne, (2017).

3 The Basic Model

In this section, we provide a formal description of the model. Consider a platform that operates a
mixed fleet of AVs and CVs and let M and N denote the amount of AVs and CVs respectively. The
platform charges customers a price p per unit of travel time. That is, a customer pays amount pt;;
for a trip from location 7 to location j where ¢;; is the duration of the trip from location i to location
j. Customers generate demand for trips from location 4 to location j. If a customer arrives at a
location and there are no empty vehicles available at that location, the customer leaves the system
and the platform does not earn any revenue. The platform pays drivers a wage w per unit of time
the driver spends transporting a customer. Therefore, a driver earns wt;; from serving demand that

originates at location ¢ ends at location j.

We adopt the fluid model introduced by |Aféche et al.| (2018) of a stylized network consisting of



two locations (indexed by 1,2) and four routes (two within-location routes and two cross-location
routes). A within-location route represents trips within a location. A cross-location route represents
a trip from one location to another. We allow t12 # to1 to account, for example, for different road
conditions of routes in opposite directions. Travel times are constant and exogenous. In particular,
t;; is independent of the decisions made by the platform. Though simple, this network captures
many of the essential features of more complex settings, including imbalances in customer demand
and vehicle supply across locations, strategic behavior on the part of the drivers, and multiple types
of operational decisions on the part of the platform (see |Aféche et al.| (2018)) for further discussion

and motivation).

Upon completing service (a trip transporting a customer), vehicles can either stay at the location
where the service terminated or drive empty to the other location. We denote by qu and qu the
volume of AVs and CVs respectively queueing at location ¢ and we let ¢; = q,‘;4 + qic denote the
sum of the two. When customers arrive, the platform selects vehicles among available AVs and CVs
according to a specified priority policy to serve customers. Let WiA and Wic denote the steady-
state delay experienced by AVs and CVs waiting to be matched with customers at location i. Let
“(

n 7]10, 7720 ) denote the drivers’ repositioning strategy, where nic is the probability that a CV drives

empty to location j after completing a service that ended at location i, where i # j € {1,2}.

We assume that drivers of CVs make their own decisions regarding repositioning in order to
maximize their earnings. Following Aféche et al.| (2018), we focus on the case where drivers adopt
symmetric strategies. Therefore, we call n¢ = (7710, 7720 ) a CV equilibrium repositioning strategy if it is
the best response for every driver. We define the CV equilibrium repositioning strategy rigorously in
subsequent sections under each of the vehicle assignment priority policies considered. For the AVs,
we define n(n{',n3') similarly. The platform owns the AVs and controls the AVs’ repositioning
strategy n?. Let 1/{4 and I/Z-C denote the repositioning rates of AVs and CVs, respectively, from

locations ¢ to the other location.

AVs and CVs incur operational costs when they are traveling (for example, fuel costs and driving
efforts). We use ¢, and ¢, to refer to the travel cost per unit time for AVs and CVs respectively.
Because AVs are unmanned, we assume that ¢, < c¢.. This assumption is consistent with treatment

elsewhere in the literature (see for example Baron et al. (2021)). We assume that drivers pay for



the CV travel cost while the platform pays for the AV travel cost.

We consider a continuum of drivers with mass L, who are heterogeneous in their opportunity
costs with a uniform distribution over [0, W], where w is the maximal opportunity cost for drivers.
Note that because w < p, drivers with opportunity costs greater than p — c. never work for the
platform. Therefore, we assume that w = p — ¢.. A driver works for the platform only if her
expected earning in equilibrium exceeds her opportunity cost. The platform procures AVs at a fixed
cost. Let I denote the AV purchase cost amortized over the AV’s expected lifetime. We assume

that I + ¢, < p (otherwise, the platform dose not procure any AVs).

The platform has several levers at its disposal. First, the platform determines the AV repo-
sitioning strategy, which has an effect on the CV’s repositioining decisions. Second, the platform
determines the amount of AVs to purchase and the wage it pays to drivers. Third, the platform
employs admission control under which the platform can reject some demand. Lastly, the platform
can decide on the priority policy in assigning customer requests to vehicles (e.g., prioritize AVs or
CVs). We assume that drivers have (or can infer) full information, including the decisions made by
the platform, when making their own decisions about whether to work for the platform and how to

reposition.

Let A;; denote the potential demand rate from location 4 to location j for i, j € {1,2}. Without
loss of generality, we assume A1s < Ag; and thus we call location 1 the low demand location and
location 2 the high demand location (note that when A3 = Aoy, no repositioning is needed). To
avoid trivial cases, we assume that Kl-j > 0. Let Aj; be the accepted demand arrival rate (not
necessarily served) through admission control and let S;; = Aj;t;;. An accepted demand request
is lost if there is no available vehicle at location ¢ upon arrival. We use \;; to denote the effective
demand rate from location 7 to location j (i.e., the rate of fulfilled demand that originates at location
i and ends at location j). Let )\f} and )\% denote the demand rate from location ¢ to location j
fulfilled by AVs and CVs respectively, and we have \;; = )\f}—i—/\icj. Let sg‘} and s;; denote, respectively
the volume of AVs and CVs in service from location i to location j. By Little’s law, siA} = )\f}tij
and sg = /\gtij. Let s;; = sf} + sg refer to the total volume of vehicles in service from location ¢

to location j. Denote by rf} and TS the volume of AVs and CVs repositioning from location 4 to

A

location j. By Little’s law, r;

= V{?ti]’ and 7‘5 = I/gtij. Let r;; = r{} + 7‘5 Let s denote the pair
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of the system. In the rest of the paper, we use (s, r,q) to describe the system.

Let a; = 22 for 7 = 1,2 denote the fraction of accepted demand that is fulfilled. Let F; =
for j = 1,2 denote the fraction of demand that is fulfilled by AVs at location 4. In steady-state, n?,

n%, and (s, r,q) must satisfy the following steady state fluid model equations.

Sz'j

Azgaz = T, 1,7 = 1,2, (1)
A
By 2 g 2)
k=12 ki
l] C’ Skz . .
= (1-F), i#j=12 3)
ty k;z;z ki
A s
(A11+Az2)azE— 74‘(1—7’]2 ) Z JFk, (4)
tﬂ k=1,2 tkl
rﬁ C Ski . .
(Ain + Aig)ai(1 — Fy) = 7+(1—m ) Z ; —(1—-F), i#j=1,2. (5)
7 k=12 ki
Z 5ijFi+(Ti42+T2A1)+(qfl+q2A):M, and (7)
i,j=1,2
> sig(L=F) + (i +75) + (af +45) = N. (8)
i,j=1,2

Equation is a result of Little’s law. Equation and equation (3) are the repositioning flow
balance equations for AVs and CVs respectively, i.e., v/ = nA(AL + 2\) and v& = nP(\§, + AS).
Equation and equation (b)) state that the rates of outflow and inflow at location ¢ must be equal
for both AVs and CVs. Equation @ guarantees that the accepted demand originating at location ¢
can only be lost if there are no vehicles queueing at location i. Equation and equation state
that the amount of AVs and CVs in service, being repositioned, and queueing must be equal to the
fleet size of AVs and CVs respectively. Additional equations will be discussed in subsequent sections

accounting for the vehicle assignment priority policy that is in effect.
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The goal of the platform is to maximize its profit, which is given by

II=(p—w) Z s%+(p—ca) Z sf} — ca(rih +15y) — IM.
ij=1,2 ij=1,2

4 Systems with Exogenous Supply of AVs and CVs

In this section, we consider the case where the supply of AVs and CVs are exogenous (we endogenize
both in Section . Recall that M and N denote the amount of AVs and CVs respectively. In this
section, we assume that M > 0 and N > 0. We limit our treatment to the case where demand is
always fulfilled whenever there are available vehicles (i.e., the platform does not exercise admission
control) and to where the platform does not differentiate between AVs and CVs in making vehicle
assignments (i.e., the assignment priority policy is random). In Section 6, we study admission
control and, in Section 7, we investigate assignment policies that prioritize AVs or CVs.

Given the above assumptions, by Little’s law, the expected delay experienced by AVs and CVs

queuing at location ¢ is given by WZ»A =W¢ = A“(_]ﬁ i Additionally, in steady state, the amount

2

of AVs and CVs in service from each location must be proportional to the amount of AVs and CVs

queued at that location. That is, for i,j € {1,2},

s$=0 ifgf=0

s;="0 if g =0 (9)
A A
Z% = Z%, otherwise.

Because the platform dose not exercise admission control, we have

Aij = Kij for i,j5 € {1, 2} (10)

The platform decides on the AV repositioning strategy n to maximize its profit taking into
account the repositioining decisions of the drivers. Note that, in this section, we assume that

tijce < tji(w—c.), where i # j € {1,2}, to ensure that drivers can make a profit from repositioning.

12



The platform’s problem can now be stated as follows:

A C A A A
r%%}( II(n*) = (p—w) Z 5i T (p—ca) Z Sij — ca(riz +131), (11)
ij=1,2 ij=1,2

subject to f and n¢ = (17?, 7720 ) is a CV equilibrium repositioning strategy.
In the rest of this section, we first solve for the optimal AV repositioning strategy as well as the

corresponding outcomes (Section . We then study how the supply of AVs and CVs affect the
platform profit and the driver welfare (Section .

4.1 The Optimal AV Repositioning Strategy

We first show in Lemma 1] that for any AV repositioning strategy n? = (nlA,né), there exists a

unique CV equilibrium repositioning strategy.

Lemma 1. Given any AV repositioning strategy n* = (ni*,n3)), there exists a unique CV equilibrium

repositioning strateqy such that f@ hold.

This result tells us that, given any AV repositioning strategy, the CV equilibrium repositioning
strategy is well-defined (existence and uniqueness). Therefore, we let n%(n4) = (n¥(n?),nS (n?))
denote the CV equilibrium strategy as a function of 7*. Theorem [1| describes the existence and

uniqueness of the optimal AV repositioning strategy and its properties. Recall that we assume

Ajp < Ay

Theorem 1. Given (M, N,w), there exists a unique optimal AV repositioning strategy n** which

satisfies the following properties:
(i) n5* =0 and n§ (n**) = 0;

(ii) n** € argmin{n{ (n)}.
T]A

Theorem [I] states that both AVs and CVs only reposition from location 1 to location 2. More
importantly, Theorem [I] indicates that the platform repositions AVs to minimize the repositioning
of CVs. In particular, if the supply of AVs is sufficiently large, the platform repositions enough

AVs from location 1 to location 2 to ensure that drivers have no incentive to reposition. Otherwise,
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the platform repositions AVs from location 1 to location 2 with probability 1 to minimize the CVs’

likelihood of repositioining.

The intuition behind Theorem [ is as follows. Whenever CVs are repositioning and some AVs
are queueing at location 1, the platform can reposition more AVs from location 1 to location 2
without changing the total demand fulfilled (CVs respond to the platform’s change in strategy by
reducing their repositioning). The platform increases in this way the amount of demand fulfilled by
AVs. Because the platform makes a higher profit from demand fulfilled by AVs than that fulfilled
by CVs, the platform benefits from increasing the repositioning of AVs until CVs do not reposition
(the platform might further increase the repositioning of AVs depending on the parameters) or AVs

reposition from location 1 to location 2 with probability 1.

The result in Theorem [I| describes a new mechanisms for the platform to increase its profit
through the repositioning of AVs. A ride-hailing platform such as Uber and Lyft is typically con-
cerned about the misaligned incentives with their drivers, who may make repositioning decisions
that harm the platform profit. The introduction of AVs eliminates the platform’s need to directly

incentivize drivers to reposition.

4.2 Platform Profit and Driver Welfare

In this section, we examine how platform profit and driver welfare are affected by the supply of AVs
and CVs. In particular, we address the question of whether drivers are helped or harmed by an
increase in the supply of AVs and whether an increase in the supply of drivers is always beneficial

C
—CeT .
“ L2 denote average driver welfare.

to the platform. Let 7 =

(w=ce) D2 =1, Sg’
N

Proposition 1. Platform profit increases in M and is non-monotone in N. Average driver welfare

(weakly) decreases in M and N.

Proposition [T] indicates that the platform is always better off having more AVs but may be worse
off having more drivers. Moreover, average driver welfare does not increase in the supply of either
AVs or CVs but may not necessarily decrease. In the Appendix, we specify the ranges for parameter
values under which the different outcomes described in Proposition 1] apply (see Remark . (A

discussion of intuition behind these results, along with numerical illustration, is provided below.)
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In Figure (a), we provide numerical results that illustrate how drivers are affected by the
increase of AV supply. If (1) total service capacity (i.e., M + N) is sufficiently large such that
the demand at both locations is fully fulfilled or (2) the service supply is moderate such that the
demand at location 1 (the low demand location) is fully fulfilled but the platform has no incentive
to reposition AVs, i.e., n{! = 0 (as shown in the white triangle shape region in Figure (a)), an
increase in the supply of AVs intensifies the competition between AVs and CVs for demand at the
low demand location and thus hurts drivers. Average driver welfare is not affected by the increase of
AV supply if (1) the service supply is low such that the demand at neither location is fully fulfilled,
or (2) the service supply is moderate such that the demand at location 1 is fully fulfilled and the
platform has an incentive to reposition AVs, i.e., n{‘ > (0. In the later case, by virtue Theorem
when the supply of AVs increases, the platform adjusts the AV repositioning strategy so that more
AVs are repositioning from location 1 to location 2 to serve demand at location 2. In these two
cases, an increase in the supply of AVs does not intensify the competition between AVs and CVs.

Instead, the platform uses the extra AVs to fulfill otherwise unfulfilled demand.

In Figure (b), the platform is always hurt by an increase in the supply of CVs if demand in
both locations has already been fully served. In this case, an increase in the supply of CVs increases
the fraction of demand served by CVs and thus lowers the platform profit. The platform may also
be hurt when the supply of AVs and CVs are insufficient to fulfill all the demand. If the service
supply is moderate such that the demand in location 2 is not fully fulfilled and the platform has an
incentive to reposition AVs, an increase in driver supply potentially brings in two effects. On the one
hand, the demand fulfilled by CVs increases and the total service level increases. On the other hand,
by virtue of Theorem [I] in order to minimize CVs’ repositioning, the platform repositions more AVs
from location 1 to 2, which results in an increase in repositioning costs. Therefore, the platform
serves more demand and generates more revenue, but pays more AV repositioning costs and more
wages to drivers. When the AV repositioning cost and the wage paid to drivers is relatively high

and the price is relatively low, the platform is hurt by an increase in the driver supply.
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Figure 1: Impact of increasing the supply of AVs and CVs on average driver welfare and the
platform profit. Model parameters: Aj; =5, Ao = 10, Agy = 25, Aoy =5, t;; =1 for i, j € {1,2},
p=1 w=0.9 c=0.2and ¢, =0.1.

5 Systems with Endogenous Supply of AVs and CVs

In this section, we endogenize the supply of AVs and CVs, allowing the platform to choose the
amount of AVs to purchase and the wage it pays to drivers (in addition to the repositioning of AVs).
The amount of supply the platform can induce is determined by the wage the platform pays. In
particular, supply consists of drivers whose opportunity cost is less than their expected earnings net
of costs incurred (i.e., average driver welfare 7). Because the fraction of drivers whose opportunity

cost is smaller than average driver welfare is %, the amount of driver supply in equilibrium satisfies

N = (12)

gl | =
h

In Lemma [2] we establish the existence and uniqueness of the driver supply given the supply of

AVs M, the wage paid to drivers w, and the repositioning strategy for the AVs 1.

Lemma 2. Given (M, w, nA), where w > ¢, there is a unique solution to (12)).
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The platform’s problem can then be stated as follows:

max (M, w,n) = (p — w) Z sg + (p— ¢a) Z siA} —co(rfy +19) — I x M, (13)
(M,w,n) ij=1,2 ij=1,2
subject to 7, and n¢ = (n?, n2c) is a CV equilibrium repositioning strategy. Theorem

establishes the existence of the optimal strategy of the platform.

Theorem 2. There exists an optimal strategy (M*,w*,n"*) for the plathTmE Moreover, the cor-

responding capacity allocation (s,r,q) satisfies the following properties:
(7') qo2 = 07'

(i) either ¢ = 0 and n{ =0 or q1 = ¢}, n¥ € (0,1) and n{* = 1, where ¢} is specified in .

Theorem [2] states that when the supply of AVs and CVs is endogenized, the equilibrium outcome
satisfies two properties. First, no vehicles queue up at location 2. Second, the equilibrium outcome
falls into one of the following two scenarios: either (i) no vehicles queue up at location 1 and CVs
do not reposition or (2) CVs reposition from location 1 to location 2 with a positive probability
and AVs (if any) reposition from location 1 to location 2 with probability 1. As we discuss in the
Appendix, in which scenario the equilibrium falls depends on the AV purchase cost I and the driver
pool size L. The second property is consistent with Theorem [I] and it implies that the platform

has no incentive to let AVs compete with CVs for customers at the low demand location.

Details about the characterization of the optimal strategy can be found in Appendix Here
we summarize key aspects considered by the platform. First, note that the platform profit function
can be decomposed into profit earned from AVs and profit earned from CVs. Second, observe that
it is never optimal for the platform to procure excess supply of AVs and let them queue up. Hence,
the platform only needs to consider two cases associated with the profit from AVs: (i) when AVs
do not reposition and serve customers all the time and (ii) when AVs reposition from location 1 to

location 2 with probability 1 and there is no queue at location 2.

The part of the profit function associated with CVs is more complicated because (i) CVs only

reposition when g1 > ¢j, and (ii) ¢f depends on the wage paid to drivers. Therefore, we need to

In most cases, there exists a unique optimal strategy for the platform. In some boundary cases, the platform
may have two different optimal strategies. See Appendix @ for more details.
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analyze the profit function in two scenarios: (a) CVs do not reposition or queue up and (b) CVs
reposition with a positive probability. Note that in order for drivers to reposition, there must be
enough drivers queueing at location 1. Because the wage paid to drivers increases in the amount of
drivers recruited, the platform only lets CVs reposition if the driver pool size is sufficiently large.
We show in Appendix that the profit function in each scenario has some desirable properties

(i.e., concavity or unimodality), allowing us to characterize the platform’s optimal strategy.

Depending on the driver pool size and the AV purchase cost, different types of equilibria arise.
We group these into the following types. Details about when these different types of equilibra arise

can be found in the Appendix; see Remark

e In type I and type II equilibra, the platform operates with only AVs. In type I equilibra, AVs
serve all the demand at location 1 but do not reposition. In type II equilibra, AVs serve all

the demand at location 1 and location 2 and reposition with a positive probability.

e In type III, type IV and type V equilibra, the platform operates with both AVs and CVs.
In type III equilibra, AVs and CVs serve all the demand at location 1 but do not reposition.
In type IV equilibra, AVs and CVs serve all the demand at location 1 and location 2. AVs
reposition with a positive probability but CVs do not reposition. In type V equilibra, AVs
and CVs serve all the demand at location 1 and location 2. CVs reposition with a positive

probability and AVs reposition with probability 1.

e In type VI and type VII equilibra, the platform operates with only CVs. In type VI equilibra,
CVs do not reposition and serve all the demand at location 1 while in type VII equilibra, CVs

reposition with a positive probability.
In Proposition [2 we examine the impact of the AV purchase cost and the driver pool size on
the optimal strategy of the platform.

Proposition 2. The optimal amount of AVs M* (weakly) decreases in I and L. The optimal wage

w* (weakly) increases in I and is non-monotone in L.

As expected, the platform procures more AVs as the AV purchase cost or the driver pool size

decreases. The optimal wage increases in the AV purchase cost because the platform is better off
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recruiting more drivers if the AV purchase cost increases. Lastly, the optimal wage is non-monotone
in the driver pool size. This is because the average driver welfare depends on whether CVs are
repositioning or not. When CVs are repositioning with a positive probability, drivers spend a
fraction of their time queueing and repositioning. Therefore, the platform needs to pay a higher
wage to compensate drivers for repositioning and for not being able to serve customers all the time.
We can show that, given the AV purchase cost I, there exists a threshold (see Lemma in the
Appendix) on the driver pool size such that when the driver pool size is smaller than the threshold,
the platform does not let CVs reposition. Otherwise, the platform recruits enough drivers and lets

them reposition which results in a jump in the optimal wage as a function of the driver pool size.

Comparing Systems with and without AVs. We conclude this section by comparing systems
with and without AVs. In the system without AVs, the problem reduces to deciding on the optimal
wage w* paid to drivers so as to maximize the platform profit. The platform solves the following

optimization problem:

()

max (p— w) Si»
w

i,j=1,2

subject to , , , @, , and with M =0, F, = 0 for k = 1,2 and 1 is a CV

equilibrium repositioning strategy.
A similar system with only CVs is considered by |Aféche et al| (2018). We complement their

work here by allowing the platform to decide on the wage paid to drivers. Theorem [3| establishes

the existence of the platform’s optimal strategy for the system without AVs.

Theorem 3. In the system without AVs, there exists an optimal strategy w* for the platformﬂ

We define the driver productivity as the fraction of CVs in service (i.e., . We compare

c
Zi,j:l,2 Sij )
N

the platform profit, service level, average driver welfare and the driver productivity between systems

with and without AVs in following Propositions.

Proposition 3. Compared to the system without AVs, the platform profit and service level (weakly)
increase, the average driver welfare (weakly) decreases, and the driver productivity either increases

or decreases. Moreover, it is possible for a system without AVs to be Pareto-improving.

ZSimilar to the result in Theorem there exists a unique optimal strategy for the platform in most cases. In some
boundary cases, the platform may have two different optimal strategies.
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Proposition |3 states that the introduction of AVs always (weakly) benefits the platform and
customers because the platform can use the AVs to serve more demand. Moreover, the introduction
of AVs may not necessarily harm drivers and a Pareto-improving outcome can be achieved. To
achieve a Pareto-improving outcome, the driver pool size and the AV purchase cost need to be
moderate (the parameter range is specified in in Appendix because (i) if the driver pool
size or the AV purchase cost is too small, the platform has an incentive to replace some CVs with
AVs after the introduction of AVs; (ii) if the driver pool size or the AV purchase cost is too large,
systems with and without AVs would result in the same outcome. To be more specific, when the
driver pool size and the AV purchase cost are moderate (within the parameter range specified in
(73), the platform relies only on CVs to serve all the demand at location 1 (CVs do not queue up
or reposition) in the system without AVs. In the system with AVs, because the AV purchase cost
is moderate, the platform has no incentive to replace some CVs with AVs to serve customers at
location 1. Instead, the platform repositions AVs with probability 1 to serve otherwise unfulfilled
demand due to the imbalanced demand. In other words, when the driver pool size and the AV
purchase cost are moderate, the platform uses AVs to complement CVs. Therefore, the introduction

of AVs benefits the platform and the customer but does not harm drivers.

With the introduction of AVs, the platform replaces some CVs with AVs. Per the result in
Theorem (1, the platform either lets CVs serve customers all the time, or lets AVs reposition with
probability 1. In the first case, the introduction of AVs weakly increases driver productivity. In
the second case, the introduction of AVs reduces the amount of demand served by CVs in the high
demand location and thus decreases driver productivity. Because drivers experience idle time or
empty travel while not serving consumers, Proposition [3] also implies that the introduction of AVs

either increases or decreases the idleness and empty travel experienced by drivers.

6 Admission Control

In this section, we extend our analysis to the case where the platform is allowed to exercise admission
control. Admission control enables the platform to strategically reduce some of the demand based

on its origin and destination. That is, the platform decides on the demand rate A;; originating at
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location ¢ and ending at location j such that
Ay <Ay ford,j={1,2}. (14)

In settings where demand is sensitive to price, this can be viewed as the platform choosing prices

that are origin- and destination-dependent.

The platform now decides on the supply of AVs, the wage paid to drivers, the AV repositioning
strategy, and the demand rate associated with each origin and destination. Therefore, the platform’s

problem can be stated as follows:

max (M, w,n? Ayy) = (p — w) Z s,-Cj + (p—ca) Z s,‘;} —co(riy +19) —I- M, (15)
(M7w’77A1AiJ') 1,7=1,2 1,j=1,2

subject to f@, , and 7¢ is a CV equilibrium repositioning strategy.

Due to the complexity of the problem, we can only solve problem when the AV purchase
cost is below a well specified threshold, namely, I < %(p — Cc) + ¢c — ¢q, where Cy is defined in
in Appendix @ In this case, because the AV purchase cost is relatively low compared to the
cost of CVs, the platform has no incentive to reposition CVs and relies on AVs (if any) to reposition.
Nevertheless, this case is useful in illustrating how the presence of AVs modifies admission control

decisions and in contrasting our results to those obtained by Afeche et al. (2018) for a system with

only CVs.

Theorem 4. If I < %(p — C¢) + Cc — Cq, there exists a unique optimal strategy for the platform.

t12
ta1

2 and is destined to location 1 until Aoy = Ao = Aqo; otherwise, it is optimal for the platform not

Moreover, if I > % —Ce, it is optimal for the platform to reject demand that originates in location

to reject any type of demand.

Afeche et al. (2018)) study admission control for a similar system to the one we consider here but
with only CVs and with wages being fixed. They show that, under some conditions, it is optimal
for the platform to reject demand origination from the low demand location and destined to the
high demand location. This is because by doing so the platform can incentivize drivers to reposition
more and, as a consequence, more demand at the high demand location can be fulfilled. (Note that

the strategy of rejecting demand originating at the low demand location and ending in the high
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demand location exacerbates the imbalance in the system. Nevertheless, it turns out that, within a

certain parameter range, such imbalance is profitable.)

To what extent the result in |Aféche et al| (2018) holds in our case depends on the AV purchase

cost. From Theorem [4] when the AV purchase cost is low, i.e., I < %(p— ¢e) + cc — ¢q, the platform

never benefits from rejecting demand at the low demand location. Moreover, when the AV purchase

cost is not too low, i.e., —cg <1< %(p — Cc) + ¢c — ¢q, 1t is optimal for the platform to

p
t12

t21
reject demand for trips from the high demand location to the low demand location. The reason is

as follows. Rejecting demand for trips from location 2 to location 1 increases the demand which
can be fulfilled without repositioning. This is because by rejecting some demand for trips from
location 2 to location 1, vehicles that just completed service at location 2 are more likely to serve
within-location demand (for trips from location 2 to itself) than cross-location demand (for trips
from location 2 to location 1). Therefore, more demand at location 2 can be served by rejecting
some demand from location 2 destined to location 1.

In the Appendix, we show that, when the AV purchase cost is such that ap — ¢, < I < %(p —

Ce) + ¢cc — ¢q , where a is defined in and a > the platform does not reposition AVs

_1
t12 9
t21

(neither do CVs, by virtue of Theorem ) In this case, by rejecting demand for trips from location
2 to location 1, the platform can procure more AVs to serve more demand without repositioning
and realize more profit until the system is balanced, i.e., A1 = As;. When the AV purchase cost
is low such that I < ap — ¢, the platform is willing to reposition AVs to serve otherwise unfulfilled
demand due to demand imbalance. In this case, the platform faces the trade-off between serving

more demand and lowering the repositioning and purchasing cost. Therefore, if the AV purchase

p
t12
t21

demand. Otherwise, it is optimal for the platform to reject demand for trips from location 2 to

cost is even lower such that I < — Cg, the platform has no incentive to reject any type of

location 1 until the system is balanced.

When the AV purchase cost is high, i.e., T > %(p — ¢¢) + ¢c — ¢q, We observe from numerical
experiments that it is possible for the platform to benefit from rejecting demand at the low demand
location (as shown in Figure 2| the platform profit can decrease in Aj2), a result consistent with

Afeche et al.| (2018).

To summarize, when the AV purchase cost is low, the platform relies on AVs for serving cus-
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tomers. If the AV purchase cost is not excessively low, the platform has an incentive to achieve flow
balancing through the curtailing of demand at the high demand location. When the AV purchase
cost is high, the platform relies on CVs for serving customers. To incentivize the drivers to reposition
away from the low demand location to the high demand location so as to serve more customers, it

curtails the demand at the low demand location.

7 The Impact of Vehicle Assignment Priorities Policies

We have so far assumed that the platform does not differentiate between AVs and CVs when assigning
vehicles to customer requests. In this section, we examine the impact of assignment policies that
prioritize either AVs or CVs. One of our goals is to examine the extent to which such priority policies
improve outcomes for the platform, the drivers, or both. For simplicity, we limit our discussion to

the case where the platform does not exercise admission control.

7.1 The CV-Prioritized Policy

Under a CV-prioritized policy, CVs are given higher priority when assigning a vehicle to a customer.

That is, if there are both AVs and CVs in the queue at a location, CVs are given priority in serving
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demand at that location. From the driver’s perspective, the system under such a policy is identical

to one without AVs. If, in steady state, qu > 0, the expected delay experienced by AVs and CVs

A

C
is given by WA = 400 and W¢ = /\“qi)\m, respectively. Otherwise, W/ = TS )qu( A

and
WC = 0. Therefore, the demand at location i is assigned to AVs only if there are no CVs in the

1

queue at location . That is

(s +s3)q¢ =0, for ie{1,2}. (16)

The platform’s problem can be stated as follows:
max (M, w, 4
Jhax, ( n?)

subject to —, , , , 77C is a CV equilibrium repositioning strategy, and

(M, w,n?) is given in (13).

Theorem [p| characterizes the platform’s optimal strategy.

Theorem 5. Under the CV-prioritized policy, the optimal strategy for the platform and the corre-

sponding outcomes are identical to those under the random priority policy.

Theorem ] indicates, perhaps surprisingly, that the optimal strategy and corresponding outcomes
under the CV-prioritized policy are identical to those under the random priority policy obtained
in Section [o} This is because, in accordance with Theorem [2, whenever CVs queue at location 1,
the platform repositions AVs (if any) with probability 1 to meet otherwise unmet demand by CVs
at location 2. In other words, under the random priority policy, the platform does not use AVs
to compete with CVs for demand in the low-demand location, but rather repositions AVs to fulfill

demand in the high-demand location, making the two policies equivalent in terms of outcomes.

7.2 The AV-Prioritized Policy

Under this policy, AVs are given higher priority when assigning a vehicle to a customer. That
is, if there are both AVs and CVs in the queue at a location, AVs are given priority in serving
demand at that location. From the driver’s perspective, the system is equivalent to one in which

the demand fulfilled by AVs is removed. If, in steady state, qZA > 0, the expected delay experienced
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A
by AVs and CVs is given by WZA = A“qi v and Wic = 400 respectively. Otherwise, WA = 0 and

7

c_ af o . ,
W = R+ (A ) Therefore, the demand from location i is assigned to CVs only if no AVs

are queued at location . That is
(sG +s5)gt =0 for ie{1,2}. (17)
The platform’s problem in this case can be stated as follows:
max (M, w, nA)

Mw,n4

subject to 7, , , (117), nC is a CV equilibrium repositioning strategy, and

(M, w,n?) is given in (T3).

For simplicity, we consider in what follows the case where there is no travel cost for AVs and
CVs (ie. ¢c. = ¢, = 0). E| Note that the results we obtain (Theorem |§| and Proposition {4) still
hold if we relaxed the assumption of no travel cost. However, due to the intractability of the profit
function (e.g., lack of properties such as concavity or unimodality), we are not able to characterize

the optimal strategy for the platform.

Theorem 6. Under the AV-prioritized policy, there exists an optimal strategy for the platformﬁ

Moreover, the corresponding capacity allocation (s,r,q) satisfies the following properties:

(1) g2 = 0;

(ii) either nf =0 or 7710 Vag =1, where ay is the fraction of demand that is fulfilled at location

Theorem [0] shows that, under the AV-prioritized policy, vehicles do not queue up at the high
demand location. Additionally, if CVs reposition, either they do so with probability 1 or the demand
at location 2 is fully satisfied. This means that whenever the demand at location 2 (the high demand

location) is not fully met and some CVs are repositioning, the platform has an incentive to encourage

3When ¢, = ¢, = 0, all of our results in the previous sections continue to hold without loss of optimality (i.e.
there could exist other optimal strategies for the platform, but the platform profit, service level, and average driver
welfare are the same).

4Within some parameter range, the platform has two different optimal strategies. Otherwise, the optimal strategy
is unique. See Appendix @ for more details.
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CVs to reposition more from the low demand location to the high demand location.

Details on the characterization of the optimal strategy can be found in Appendix The key
takeaway is that by prioritizing AVs, the platform can indirectly reduce demand that can be fulfilled
by CVs in the low demand location to incentivize drivers to reposition to the high demand location.
The threshold for the queue length at location 1 above which CVs are willing to reposition (i.e.,
d7) decreases as the demand fulfilled by AVs at location 1 increases. In the extreme case where
all demand at location 1 is fulfilled by AVs, CVs reposition with probability 1 from location 1 to

location 2.

As a result, in comparison to the equilibria under the CV-prioritized policy the AV-prioritized
policy produces different equilibria types. To begin, recall from Section [5] that whenever CVs
reposition, AVs (if any) reposition with probability 1. Under the AV-prioritized policy, we no longer

have type V equilibria. Instead, we have two additional types of equilibria.

e Type VIII equilibria: the platform operates with both AVs and CVs, AVs reposition with a

positive probability, and CVs reposition with probability 1.

e Type IX equilibria: the platform operates with both AVs and CVs, AVs do not reposition, and
CVs reposition with a positive probability such that all the demand at location 1 and location

2 is fulfilled.

Furthermore, under the AV-prioritized policy, type VII equilibria encompasses only the case in which
all demand at locations 1 and 2 is satisfied by CVs; otherwise, the platform can always increase its
profit by purchasing additional AVs (which do not reposition) in order to force the CVs to reposition

and fulfill more demand.

We conclude this section by examining the impact of introducing AVs on platform profit, cus-
tomer service level, driver welfare, and driver productivity when the the vehicle assignment policy

prioritizes AVs. The results are summarized in the following proposition.

Proposition 4. Relative to a system without AVs, a system with AVs (weakly) increases platform
profit and customer service level and either increases or decreases average driver welfare and driver

productivity.
Proposition 4| indicates that the introduction of AVs (when the vehicle assignment policy pri-
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R i DS | v pnd o
platform profit (weakly) increases (weakly) increases
Driver welfare (weakly) decreases either increases or decreases

Driver productivity either increases or decreases either increases or decreases
Service level (weakly) increases (weakly) increases

Table 1: Impact of introducing AVs on platform profit, driver welfare, driver’s productivity and
service level under various vehicle priority policy.

oritizes AVs) always benefits the platform and customers. Drivers can be more or less productive
depending on the parameter values. Perhaps surprisingly, the result indicates that the AV-prioritized
policy may not always be harmful to drivers and driver welfare may in fact improve as a result of the
platform favoring AVs. Under the AV-prioritized policy, the platform can decide on the amount of
demand that can be fulfilled by CVs at each location. Therefore, the platform has more control over
the repositioning of CVs. Within a certain range of parameter values, the platform’s interest (recruit
more drivers and push them to reposition) is aligned with the interest of drivers as a whole (though
not necessarily aligned with that of each individual driver). To be specific, drivers are better off
when the driver pool size is moderate and the AV purchase cost is relatively high compared to the
cost of CVs (as shown in Figure [3(a)). In this case, in the system without AVs, it is too expensive
for the platform to incentivize CVs to reposition (because the driver pool size is moderate). After
the introduction of AVs, the platform is able to push CVs to reposition with a much lower cost.
Moreover, the platform is willing to rely more on CVs to serve customers because the AV purchase

cost is relatively high.

In table 1, we summarize the impact of the introduction of AVs on various outcomes (compared

with a system without AVs) under the AV- and CV-prioritized policies.

7.3 AV-Prioritized Policy versus CV-Prioritized policy

In this section, we compare outcomes, with regard to platform profit, customer service level, driver

welfare, and driver productivity under the AV- and CV-prioritized policies (assuming ¢, = ¢, = 0).
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Figure 3: Impact of vehicle priority policy on driver welfare. Model parameters: A1; = 5,
A12 == 10, A21 == 25, A22 == 5, tij =1 for i,j € {1,2}, p= 1, Ce = 0 and Cq — 0.

The results are summarized in the following proposition.

Proposition 5. The AV-prioritized policy, relative to the CV-prioritized policy, (weakly) increases
platform profit and customer service level, either increases or decreases average driver welfare, and

(weakly) decreases driver productivity.

Proposition [5| indicates that it is optimal for the platform to prioritize AVs when assigning
vehicles to customers. Additionally, the AV-prioritized policy benefits customers with higher service
levels. Similarly to Proposition [d] we also observe that the AV-prioritized policy may not always be
harmful to drivers and driver welfare may in fact improve as a result of the platform’s preference
for AVs. This can happen when the labor pool size is moderate and AV purchase cost is relatively
high (as shown in Figure b)) The underlying explanation for these results are similarly to that

of Proposition [4

8 Concluding Comments

In this paper, we examined how the introduction of AVs may affect the decisions of a ride-hailing

platform that chooses to operate with a mix of AVs and CVs, including decisions regarding capacity,
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spatial positioning of vehicles, admission control, and vehicle assignment policies. An important
takeaway is that the introduction of AVs can significantly alter how the platform incentivizes human
drivers and manages customer demand. In contrast to systems without AVs where the platform
incentivizes drivers to reposition from the low demand location to the high demand location, we show
that the platform may deploy AVs so as to reduce the need for the CVs to reposition. Consequently,
the platform may no longer have an incentive to reject demand for trips from the low demand

location to high demand location.

Another important takeaway is that the introduction of AVs may not necessarily be harmful
to human drivers. A platform may deploy AVs to complement CVs (e.g., fulfill demand that may
otherwise go unfulfilled or to avoid repositioning). Perhaps surprisingly, prioritizing AVs in fulfilling
demand can be, under some conditions, beneficial to both the platform and the drivers (with more

drivers deployed to fulfill more customers at the high demand location).

However, perhaps the most important takeaway is that the impact of AVs can be nuanced and
crucially depends on both the fixed and variable costs of AVs and CVs. Even when the cost of AVs
is relatively high (what is most likely to be the case in the short run), the deployment of AVs can
be beneficial to both the platforms and the human drivers by creating operational efficiencies and
expanding the demand that can be fulfilled. Moreover, the dependency of outcomes on the cost
structures of AVs and CVs opens the door for possible regulatory interventions that can induce more
socially desirable outcomes (e.g., a regulator may affect these costs via subsidies, taxes or the use
of direct limits on the mix of AVs and CVs deployed). Finally, the results in this paper may also be

useful in considering other applications where a mix of automation and humans are used.

This paper considers a rather stylized model of a spatial network, focusing on the dynamics of
demand fulfillment and vehicle flows in a service region with pronounced differences between low
demand and high demand zones. Although we expect the analysis to be considerably less tractable,
a future research direction is to consider more general networks with multiple locations and varying
distributions of demand across these locations (a hub and spoke network could be a first step toward
to a more general treatment). It would also be useful to consider a mix of AVs and CVs in other
contexts such as those of car sharing (services where customers drive themselves upon accessing a

vehicle). In this case, AVs can be used to mitigate the need to manually reposition vehicles.
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Appendix

A Preamble

For ease of analysis, we reformulate the problem solved by the platform as a capacity allocation
problem for each of the settings we considered. Following |Aféche et al. (2018), we introduce the
notion of driver-incentive compatible capacity allocation. When a capacity allocation (s,r,q) is

driver-incentive compatible, no driver has an incentive to deviate from her strategy.

The overall Appendix is organized as follows. In Appendix [B] we characterize the set of driver-
incentive compatible capacity allocations. In Appendix [C] we analyze the subgame and show that
given any (M, N,n4), there exists a unique driver-incentive compatible capacity allocation and the
corresponding CV equilibrium repositioning strategy (Lemma . Appendix @ provides proofs for
systems with fixed supply of AVs and CVs (Theorem (1| and Proposition . Appendix [Ef provides
proofs for systems where the supply of AVs and CVs are endogenized (Lemma Theorem , Theorem
, Proposition [2|and Proposition . Appendix provides proofs for systems with admission control
(Theorem . Appendix |G| provides proofs for systems under the CV-prioritized policy and the AV-
prioritized policy (Theorem , Theorem |§|, Proposition |4/ and Proposition .

We introduce additional notation that will be useful in various parts of the Appendix. Let
A =ANji + Ao, Py = Aﬁ, and recall that S;; = Ajjt;; = AjPyjt;; for i,j € {1,2}. Let ¢ = qf‘ + q§4
and ¢¢ = qlC + q2C . For convenience, we use the shorthand DICCA to refer to the driver incentive
compatible capacity allocation. For simplicity, under the setting where the platform does not

exercise admission control (all the proofs except that for Theorem , we use A;; to represent Kij.

For the convenience of the reader, we summarize important notation in Table
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Meaning

Amount of AVs

Amount of CVs

Travel time from location 4 to location j

Potential demand rate for trips from location ¢ to location j
Accepted demand rate for trips from location ¢ to location j
Accepted demand rate at location 7, i.e., A; = Aj1 + Ajo
Realized demand rate for trips from location 4 to location j
Rate of demand for trips from location i to location j served by AVs
Rate of demand for trips from location ¢ to location j served by CVs
Accepted amount of demand from location ¢ to location j, i.e., S;; = Ayjt;;
Realized amount of demand from location ¢ to location j
Amount of AVs in service from location i to location j

Amount of CVs in service from location i to location j

AV repositioning rate from location ¢

CV repositioning rate from location ¢

Amount of vehicles in repositioning from location 4 to location j
Amount of AVs in repositioning from location ¢ to location j
Amount of CVs in repositioning from location i to location j
Amount of vehicles waiting at location ¢

Amount of AVs waiting at location i

Amount of CVs waiting at location ¢

Expected waiting time at location ¢ for AVs

Expected waiting time at location ¢ for CVs

Expected waiting time at location ¢ for CVs

AV repositioning probability from location 4

CV repositioning probability from location ¢

Price to charge customers per unit time of service

Wage to pay workers per unit time of service

Travel cost (per unit time) for AVs

Travel cost (per unit time) for CVs

AV purchase cost

Driver pool size

The maximal driver opportunity cost (W = p — ¢)

Service Level (fraction of accepted demand fulfilled) at location i, i.e., a; = iz
A
Fraction of demand fulfulled by AVs at location i, i.e., F; = z%

Fraction of demand generated at location ¢ which is destined to location j, i.e., P;; = %

Imbalanced amount of demand, i.e., R;pp = g—fS’gl — S19
Minimum amount of vehicles needed to cover all the repositioning of R,
Minimum amount of vehicles needed to serve all the demand at location 1
Total amount of accepted demand, i.e., S = Zm:l’z Sij

Productivity for vehicles which reposition from location 1 to location 2 with probability 1

Table 2: Table of Important Notation.
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B Characterization of DICCA

In this section, we characterize the set of DICCA. In Appendix[B.I] we characterize the best response
of a single driver given (s,r,q). We then obtain the set of DICCA in Appendix

B.1 The Best Strategy of a Single Driver

Recall that drivers serving customers earn w — ¢, per unit time and incur a cost ¢, per unit time
when repositioning. Therefore, the earnings of a driver depend on the fraction of time she spends
serving customers, repositioning, and queueing. For any driver, given her strategy n = (11,72) and
the system capacity allocation (s,r,q), her expected earning 7(n, s,r, q) can be obtained using the
Renewal Reward Theorem (Ross| (1996])). Without loss of generality, we define the renewal cycle as

the time between completing consecutive service at location 1. Then

(UJ - CC)TS(T]7 s, T, Q) - CCTT(nv s, T, Q)
T(ﬂ; S, T, Q)

w(n,s,m,q) = , (18)

where T'(n,s,r,q) is the expected time of a renewal cycle, T%(n, s,r,q) and T"(n,s,r,q) are the
expected time the driver spends on serving customers and repositioning in each renewal cycle.

Let z; denote the expected time the driver experiences between starting repositioning from
location 2 to location 1 and completing a service at location 1. Let xo denote the expected time
the driver experiences between starting queueing at location 2 and completing a service at location
1. Recall that we use Wic to denote the steady-state delay experienced by a driver waiting to be

matched with customers at location i. Then, T'(n, s,r,q), 1 and xy satisfy

T(n,s,7,q) = (1—m)[W{ + Putiy + Pia(ti2 + mewy + (1 — m0)22)| + 1 [t12 + 22,
x1 = tor + WE + Pty + Piaftia + mxy + (1 — m2)zs), and

x9 = W5 + Patar + Paaltos + maa1 + (1 — n2)za).

Let x§ and 2] denote the expected time the driver spends on serving customers and repositioning
between starting repositioning from location 2 to location 1 and completing a service at location

1 respectively. Let x5 and zf denote the expected time the driver spends on serving customers
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and repositioning between starting queueing at location 2 and completing a service at location 1

respectively. Then, T%(n, s, r,q), x§ and x§ satisfy

T%(n,s,7,q) = (1 — m) [Puti1 + Pia(tiz + moxf + (1 — mo)z3)] + mas,
z} = Pty + Pia[tiz + moxf 4+ (1 — m2)25], and

x5 = Partor + Pag[tas + mexi + (1 — n2)as].
Similarly, T7(n, s,r,q), ] and x% satisfy

T"(n,s,7,q) = (1 — ) Pra(nea] + (1 — m2)ahy) + m [trz + @3],
af = to1 + Pra[noa] + (1 —n2)a5], and

xh = Pag[moaf + (1 — m)ah].

Because we assume that A;; > 0 for ¢,5 € {1,2}, the systems of equations characterized above
admit unique solutions for T'(n, s,r,q), T*°(n, s,r,q) and T"(n, s, r,q).

Taking partial derivatives with respect to 7(n, s, 7, q) (which is given in ), we can obtain that
aﬁ 1957y A ? aﬁ 1997y A ?
W = [=14n2(P12 — Pa2) + Poy] ?13(:]711)7272) and (352" 9 — [~1 411 (Pay — Pr1) + Py %7

where —1 +m2(Pr2 — Pa2) + Pa2 <0, =1+ m1(Po1 — P11) + P11 <0,

Ay (m1,m2)
= c[ —Piitii Wy + Paotaos W +Pator Wi + Part1oW{ | + ce[na(Paotoy W + Paot1oW{ — Pratoi W5~ — Prat12W5')]

al

+ w [Py Piatartia + PioPyit}y + PriPortiitiz + PayPiotostia] + w[P12t12WQC + Pt W5 — Portoy W — P22t22W10}
by

+w [772(—P22P12t22t21 + Py Piatiater + Pao Priti1tar — P21P12t§1)]

+ w[nz(—PaaPiatastia + Paa Piotyy + Paa Piitiitis — Por Pratartys)], (19)
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Anz (n1,m2)

= e[ —PastoosW{ + Pyt Wy +Piat1oW5 + Piotsy W' | + c[m (Prit1aWs + Piitar Wy — PortioW{ — Parto W{')]

az

+ w[P1aPortiator + PraPaith + PasPiotastar + PiiPartintor] +w| Partay WY + Paotoos W — Prot1oWy' — Prit Wy |

b

+ w[m (=Pr1 Partiitia + Pii Portartis + Piy Pastostio — P12P21t?2)]

+w [771(*P11P21f11t21 + P11P21t§1 + P11 Pagtooto) — P12P21t12t21)], (20)

and By, By, are some non-zero constants. Because 7 is defined on a compact set and 7(n, s, r, q)

is a continuous function in 7, the maximum can be attained by the Extreme Value Theorem.

By some algebra, we can obtain that A,, (0,0)+ A,,(0,0) > 0. Therefore, there exists i € {1,2}
such that A,,(0,0) > 0. Without loss of generality, we assume A,, (0,0) > 0 and thus g—%Jr(O, 0) <0,
where we use a subscript + to denote the right-hand derivative because (0,0) is a boundary point.
For simplicity, we omit the subscript 4+ in the rest of the proof. We then show that any optimal

strategy n* = (nj,n5) for the driver must satisfy that n3 = 0. We first notice that %(O,ng) =

Oom

oy (0,0) as gT” is independent of n;. Therefore, m(0,72) < 7(0,0) for n2 € (0,1]. Suppose there

exists 71 € (0,1) and 72 € (0,1) such that 7(7;,72) achieves the maximum. Then we must have
g—%(ﬁl, n2) = 0. It follows that 7(0,72) = 7(71, 712), and thus (71, 72) cannot be the maximum. We
then notice that A, (1,1)+ A4,,(1,1) > 0. Therefore, there exists i € {1,2} such that g—;ri(l, 1) <0,
which implies that 7 = (1, 1) is dominated by either (1,0) or (0,1). Moreover, because neither (0, 1)
nor (1,1) is optimal, (71,1) cannot be optimal for any n; € (0,1) because (1, 1) is monotone in
m (as g—;]: does not depend on 7;). It remains to show that (1,73) cannot be an optimal point for
any 72 € (0,1). Similarly, because 7(1,7;) is monotone in 72, (1,72) is weakly dominated by either
(1,0) or (1,1), and thus it cannot be an optimal point. Therefore, we have shown that any optimal
strategy n* must satisfy that 5 = 0.

We define a; and b; for ¢ = 1,2 as shown in —. We can obtain that A, (0,0) = cca1 +

wby + CTy and A,,(0,0) = ccaz + wby + CTs, where CT; > 0 denotes the summation of all the
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terms in A,,(0,0) other than c.a; + wb;. Define the functions

g1(s,7,q) = (w — c¢)(s22q1 — S11q2) + w(s21q1 — s12¢2) and (21)

g2(8,7,q) = (w — c¢) (51192 — S22q1) + w(s12q2 — 521¢1)- (22)

Because c.(a1 + a2) + w(by + b2) = 0, we have either c.a; + wby > 0, which is equivalent to
g1(8,7,q) <0, or ccag + wby > 0 which is equivalent to ga(s,r,q) < 0. Without loss of generality,
we assume that ccas + wby > 0. Then we must have 4,,(0,0) > 0, which implies that any optimal
strategy for the driver must satisfy that 3 = 0. Moreover, because A, (0,0) < 0 implies that
g—;(m,O) > 0, we have (i) n{ =0 if A,,(0,0) > 0, (ii) n} € [0, 1] if A;,(0,0) =0, and (iii) n} = 1 if
A;,(0,0) < 0, where

w(Piat12 + Prit11) — ccPiitin o
A1 + Moo

Ay (0,0) = w[Piatia(Portar + Pastaz) + Portia(Pratia + Priitin)] +

n Ce(Paatog + Portor + Paitia) — w(Paitar + Paatas)
A1+ A2

qi-

By simplifying the above expression of A, (0,0), we can obtain Lemma below, which char-

acterizes the best response of a single driver given the capacity allocation of the whose system

(s,7,q).

Lemma B.1. Given any capacity allocation (s,r,q) of the network, if g;(s,r,q) > 0, where i # j €

{1,2}, the optimal repositioning strategy n* = (ni,n3) for a driver satisfies
o 7" =1(0,0) if s <q + kg
e n; =0 andn; € [0,1] if ¢; = ¢f + k}q;; and

° 77;.‘ =0 and ] =1 otherwise;

where
tij
. sig(sjitsgg) + s (si + sij) . (sij + 5ii) — 54
4; = ce tijy’ and ki = ce tijy" (23)
(sji + 845) = & (855 + 850 + sii..) (sji + 845) = & (855 + 850 + 8ig..)

Lemma is an analogue to Lemma 1 and Proposition 2 in |Aféche et al.| (2018]). This result
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tells us that a driver’s optimal repositioning strategy only depends on the capacity allocation of the

system.

B.2 The Set of DICCA

Because we focus on the case where drivers adopt symmetric repositioning strategies, by Lemma

[BI] we can obtain the set of DICCA per Proposition [B-1] below.

Proposition B.1. The capacity allocation (s,r,q) is driver-incentive compatible if

(s,m,q) € D = Dy U Do,

where
e C_
<q +kig Zf?“ij—()
% c C
Di = (S,T,Q)ZOZQZ'(S,T,(])ZO,T’]C;IO,QZ' :qz*—i-k;‘q] Zf%e(o,%‘i‘%) )
> g* k* - O C_O d Tg‘_sjci
> q; TR qj Zfsii_sij_ and = = %,

g1(s,7,q) and g2(s,r,q) are given in R1)-[22), and ¢}, k} are given in ([23).

C Subgame Analysis

In this section, we conduct subgame analysis. In Appendix [C-1] we investigate the capacity alloca-

tion of the system given ', n”, M > 0 and N > 0 (the result is summarized in Lemma below).

In Appendix we prove Lemma

Lemma C.1. Given n, n¢, M > 0, N > 0, f@ admit a unique solution for (s,r,q) if the

parameters do not fall in a set E defined in Definition . Otherwise, —@ admit a unique solution

for (s,r), while g1 and g2 can be any non-negative numbers such that 1 +qo = M+N — > s;5—
i,j=1,2

> rij. Moreover, (s,r), g and ¢© are continuous in n?, n©, M and N.
i£j=1,2
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C.1 Proof of Lemma

We first introduce additional notation. Let

P Ao Poy(1 = ') + Ay Paong! nd v — AoPor(1 = nf) + Ao Poon§ "

Ay — Ay P (1 —nft) = Ay Prang' Ay = AP (1 —nf) — Ay Pion§
Let X; and Y; denote the i-th element of X and Y respectively for i € {1, 2}.
Definition 1. Define

M N
E = A7 C7AiA7tZ~,M,N X1 =X, Y1 =Y5)N X +
t Y )1 S 2) (Zk:LQAka ! Zk:LszYk

Y1 > 1)},

where Ay and By are defined in and .

We first consider the case where (a) X1, Xo, Y], Ys are all positive, and (b) X; # Xo or Y7 # Y.
By 7, for i € {1,2} and j # i, we have

AiaiFy =t Y ApPejapFy + (1 =) Y ApPriapFy and (25)
k=12 k=1,2
Aiai(1=F) =1§ > MPjar(1 = F) + (L =) Y ApPriar(l — Fy). (26)
k=12 k=12

Let D = diag(A1, A2), which is a diagonal matrix with A; and Ag as its diagonal entries. Let (aF") be
a 2-by-1 matrix with (aF); = a;F;. Let (a(1— F)) be a 2-by-1 matrix with (a(1 —F)); = a;(1 — F;).
Let

A 5 P2+ (1 =i Pi1, m4 Pas + (1 — n) Py
B4 = and

0 P+ (1= 3" Pra, i Par + (1 —13') Py

B nS Pio+ (1 =0 )Py, 1§ P+ (1—nf)Py

_nlcpn + (1 =n§) P2, nfPor+ (1—n5)Pa
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Then f can be rewritten in the following matrix form:

(I — BYD(aF) =0 and (27)

(I — BY)D(a(1 - F)) =0, (28)

where [ is a 2-by-2 identity matrix. By some algebra, we obtain that admits a unique solution

to (aF') up to some scale 7, and admits a unique solution to (a(1 — F')) up to some scale (.
That is,

(aF) =~vX and (a(l—-F))=/Y,

where X and Y are given by .

It remains to solve v, ¢, ¢/* and ¢ for i € {1,2}. By the definition of F; and a; (recall that a;

denotes the fraction of accepted demand fulfilled at location 7), we require
v>0, (>0 and vX;+C¢Y; =a; <1 fori=1,2. (29)
By f, we have

Z AiPijtijaiFy + nittia Z AiPiia;F; + n3'ta Z A Pisa; F; + Z g = M and

ij=1,2 i=1,2 i=1,2 i=1,2
Y APjtijai(l— F) +n{ti Y AiPaai(1—F) +n5tar Y AiPpas(1—F)+ Y qf =N.
ij=1,2 i=1,2 i=1,2 i=1,2
Let

-A1P11t11 + Ay Piotys + n{* A1 Pyytys + AA1P12t21_
A= g " and (30)
| Ao Portor + Ao Paston + n{ Ao Pyrtia + U§A2P22t21_

A1 Pt + Ay Piotio + 0 A1 Pritig + 0§ Ay Prato

| Ao Paitar + AgPastos +nf A Partas + 15 Mg Paotor |

Let A; and B; denote the i-th element of A and B respectively for ¢ € {1,2}. Then f can be
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rewritten as:

v Z AiX; + Z ¢ =M, and (32)
i—1,2 =12

¢ BYi+ Y ¢f =N. (33)
i=1,2 i=1,2

There are three types of capacity allocation depending on the queue length at each location.
Type A: g1 = g2 = 0. Type B: ¢; > 0 and g; = 0 for 7 # j. Type C: ¢; > 0 and g2 > 0. Therefore, we

consider the following cases (parameter ranges) which lead to different types of capacity allocations.

Case (i): Zk:lfAka Xi+ Zk:ﬁBkYkYi <1, for i = 1,2. By (32)—(B3), we can see that %

and =~ are upper bounds for v and ¢ respectively. In this case, we can obtain that
Zk:l,z BkYk

M N

= ———, (==———, ¢1=0, and ¢ =0.
! Zz‘:LQAiXi ¢ Zi:l,Q B;Y; ' 2

Otherwise, any solution to f must satisfy g1 > 0 or go > 0, which contradicts @

Y; > 1 and

Y; <1, where i # j.

s M N M N
ih): X My N
Case (il): =" Xi+ s v S AN T S B

In this case, we shall show that the demand at location i is fully fulfilled (i.e., a; = 1), while
the demand at location j may not be fully served, ie., a; < 1. By @D and 7, we have
the following two sets of constraints (if ¢ = 1, we consider f and we consider f

otherwise):

yX1+ Y =1, (34)

M =) 15 A Xk _ N—=CXicio BkYk; (35)
v X1 8%

¥Xo+ (Yo =1, (36)

M =73 1 Ae X _ N—=CXicio BkYk' (37)
¥ X2 (Y

In Lemma we show that f admit a unique solution of (v, () which satisfies . A
similar result can be obtained for 7, which we omit here for simplicity.

Lemma C.2. If X1, Xs, Y1, Y5 are all positive and Zk:lfAkaXl + Zk:ﬁBkYle > 1, f
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admit a unique solution of (vy,() such that v < T AKX ¢ < SoL BT and 1s satisfied.

Moreover, the solution is continuous in n*, n°, M and N.

Proof of Lemma|[C.2 Notice that A- X =37, , Ax Xy and B-Y = 7, 5 ByY, where .7
represents the dot product between vectors. If %A - X £#YB-Y, f admit two sets of
solutions (¢,v) and (¢’,~'), where

—(NY1+B-Y+MY1—§—11A-X)+\/(NY1+B-Y+MY1—%A-X)2+4N(§A-X—Y13-Y)

g: v2 )

20%A X -ViB Y)
1 Y

PY_Z_CZ’

/7—(NY1+B-Y+MY1—)Y(—11A~X)—\/(NY1+B~Y+MY1—%A~X)2+4N(%A~X—Y13~Y)
2(XLA-X ~YiB-Y) ’

1

=% CX1-

By some algebra, we can show that v < ZizlfAiXi7 ¢ < Zi:i\; By and (v, ) satisfies . We
2
then check (v/,¢’). If %A X —Y1B-Y >0, then ¢/ <0, which contradicts to (29)). Otherwise, we

have

Y, v2
(NY1+B-Y+MY1—YIA-X)2+4N(X—1A-X—Y1B-Y)
1 1

Y; Vi Y;
2(MY1+NY1)2+(B-Y—YIA-X)2+2MY1(B~Y—flA-X)—Q(M—kN)Yl(B-Y——IA-X)
1 1 1

Y;
Z(NYl—B-YJrMYlJrYl/LX)z.
1

(NYI+BY4+MY1— YL AX )= [(NYI—BY+MY: + 2L A.X)2
It follows that ¢’ > (NY1+BY+MY1 - =) )\/( 1 +MYi+5+A-X)

7 . NY; + MY, >B-Y —
2(F£AX-11BY)

}(/—IIA - X, we have ¢’ > M which contradicts . Otherwise, we can obtain that
2 AX-11BY)
¢ > Y%v which also contradicts . Therefore, f admit a unique solution which satisfies
[29).
If ;%A -X=Y1B-'Y, f admit a unique solution such that

N M

e ——— d e ——
CEyvorey M xareNy

which satisfies ([29).
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It remains to show that the solution is continuous in nA, n®, M and N. It suffices to check

those points satlsfylng A X =Y1B-Y, which are indeed continuous by checking the limits. [J

By (32)-(33) and Lemma |C.2 we can obtain that if . Aka X1+ S BkYk Yi > 1, (7,¢)
is the unique solution to f which satisfies , @ =M — VZi:mAiXi» @ =0,q¢ =
N — <2i=1,2 B;Y; and qQC = 0. Otherwise, (v, () is the unique solution to f which satisfies
, qfl =0, qé4 =M — 721:1,2 Ai Xi, qf =0 and ‘JQC =N — CZi:l,z B;Y;.

Case (iii): Zkﬂ]\z/[Aka X+ Zk " B . Yi > 1fori=1,2. Let (71,¢1) be the solution to B9)-@B5)
and (72, (2) the solution to (36)-(37). We first show that (v1,¢1) and (y2,¢2) do not satisfy the

following constraints:

X1+ GY =1, (38)
1X2 4+ (Y2 <1, (39)
12 X2 + GYe =1, (40)
Y2 X1 + (Y < 1. (41)

By doing so, we exclude the possibility that f@ adopt multiple solutions of (s,r,q). Recall that
we assume X7 # Xo or Y7 # Y. Without loss of generality, suppose X7 # Xo. We first consider
the case where )51 = &. Without loss of generality, suppose X1 > Xo, which implies that Y7 > Y5.
Then . ) lead to a contradiction. We then consider the case where X1 # 7 X2 Without loss
of generality, we assume £+ > 2 Let (| = % By (39 @, we have {; > (;. Therefore, by

7, the following constraints must be satisfied:

NnXe+ (Yo =1, (42)
12 X2+ (Ye =1, (43)
X1+ GY: > 1, (44)
12 X1+ Y1 < 1. (45)

By *; either 71 > 72 or (1 > (2. By 7, we have (y; —72)X2 = (G2 — (1)Y2. By
([@E)-[@E5), we have (y1 —72) X1 > (¢ — 1)Ya. It follows that (G2 — (1) 5+ < (G2 — (1) 32- If (1 > (o,
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X X ~ ~ X X =
we have SRR which contradicts to w >3 T herefore, we must have v1 > 72 and (4 < (s,

and thus (o > (3. However, (o > (1 and 1 > = contradict to and . Because f
cannot be satisfied simultaneously, we consider the following two sub-cases.

Case (iii.i): mXo + (1Ya < 1 or 12X1 + (Y1 < 1, but not both (this implies that f
do not admit non-negative solutions). Without loss of generality, assume 3 X9 + (1Y2 < 1 and
v2X1 4+ (2Y1 > 1. Then, (y1,¢1) is the desired solution as 79X + (oY1 > 1 contradicts to (29)).
Moreover, ¢f* = M —; Zi:m AiXi g3 =0,¢f =N—-¢ Zi:1,2 B;Y; and ¢§ = 0. A similar result

can be obtained if 9 X7 + (Y7 < 1.

([29). Moreover, v1 X5 + (1Y2 > 1 and y2X; + (Y7 > 1 imply that ){,—11 #* )1(,—22 Therefore, (v, () must

be the unique solution to

vX14+¢Y1 =1 and (46)

Xy + (Yo = 1. (47)

In this case, ¢4 = ¢ + ¢5' = M — 'yzk:m ApXp and ¢ = ¢f +¢§ = N — <Zk:1,2 ByYy. Then,

it remains to show that @D holds. That is, there exist a, 8 € [0, 1] such that

agh _ Bg¢ L (=a)g?  (1-5)¢C (48)

X1 (Y X2 Yy

. . C /A _ Y- X Ay C_ X Y- .
Note that implies that o = Cgﬁ /;]le Cifé 77 <, and g = 73(1//(](% jv )2(2 § <§,2. Therefore, it suffices to

show that

gt X1 X

— € (mln _— 7X1 fYXQ
q“ Y17 (Y

RARAL (49)

}, max

Without loss of generality, assume )}5—11 > %2 Let (y1,¢1) be the solution to f. Then we
have 1 X1+ (Y1 =1, vX1+ Y1 =1, nXo+ (1Ys > 1 and v X2 + (Yo = 1. It follows that

(Mm=7X1+ (@ =OY1=0 and (y1 —7)X2+ (¢1 = ()¥2 > 0. (50)
When 2+ > %, for to hold, we must have v; < v and (; > (. Let (7y2,(2) be the solution to

Yy
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7. Similarly, we have 79 >~ and (3 < (. Combined with and , we have

vX2 < M =73 10 AeXy ﬁ < X1

CYQ o N_Czk:LQ Bka B qC o CYI ’

which implies .

We then consider the case where (a) X7, Xo, Y], Y2 are not all positive, and (b) X; # X5 or Y7 # Ya.

Without loss of generality, we investigate the following three cases.

Case (i): X; = 0 and X»5,Y7,Ys > 0. We consider the following possibilities. Case (i.i) If

< _ _ M _ N
S 12AkaX +Zk 12BYkY 1, for i = 1,2, we can obtain that v = Z,-zl,gAiXi’g S LB

g1 = 0 and ¢ = 0. Case (i.ii) If 7Zk:1,2AkaX1 + 7216:1‘2316},}61/1 > 1 and 72;9:1,21‘11@)@)(2 +

ﬁifg < 1, we can obtain that v = %, ¢ = Yil, qf‘ = q§4 = qQC = 0 and

af = N = (Y1 BiYi. Case (iif) If 52 Xo + N ¥h > 1and 2 X 4

miﬁ < 1, we can obtain thatv—vg,c—@, q1 —q1 = 0, q2 =M-—-v>,_ 12AX

and ¢§ = N — ¢y 2 BiY;, where (72, C2) is the unique solution to . Case (i.iv) If

S 12AkaXZ—i- SiTis BkYkY >1fori=1,2, 1Xo+ (1Ys < 1 and X1 + (Y1 > 1, we can

obtain that v = %, (= Y%? i =q¢ =q¢¥ =0and ¢ =N — (> ic12 BiYi. Case (iv) If

ZkzlfAka X+ S NBkYk,Y; >1fori=1,2, 1 Xo+GYs > 1 and v9X1+ (Y1 < 1, we can obtain
that v =79, ( = (o, ¢ = ¢ =0, ¢4 = M — YD im0 AiXi and ¢ =N — (2 im12 BiYi, where
(72, ¢2) is the unique solution to f. Case (i.vi) If y1 Xo+(1Y2 > 1 and 12 X1+(Y7 > 1, we can
obtain that (7, ¢) is the unique solution to (46)—(47). Moreover, @ =0,¢) =M —~ > im0 AiXi,
g5 = q§4§§2 and ¢f = N — (D im12 BiYi— a5

Case (ii): X; = Yo = 0 and Xo,Y; > 0. In this case, n{' = 1, 5! = 0, n{ = 0 and 1§ = 1.

We can obtain that s = So; A A —SuM A Sog A AN —SM O g O =
21 S21+S22+521 gf 1 o2 521+S22+S21gf » 521 o2 ’
S21 722
_ S12N c _ SuN A _ A _ t1a A 21
st = SiaA s = ST s =054 =0, rd = Sy A2
2 S12+S511+S512 tf; oL S12+511+S512 2; 112 o 112 t21 So1+S92+521 o2 ?

C

r$, =0, r§] = Sipt2 2 i =0, ¢ =0, ¢ =0V (N — S+ Sz + S122)
’ ’ ti2/)

f12 7 81148104512 2L
g3 =0V (M — Sy + Syp + S 112) and ¢§ = 0.

Case (iii): X; = Y1 = 0 and X»5,Y2 > 0. In this case, 7714 =1, 175‘ = 0, 7710 = 1 and 7720 =

So1 M A — M 522 A Sao M SC
S21+S22+521 ??7 522 M+N 521+S22+S21%’ 21

N So1 A Sa1 N cC _ N Sao N C C _ A _ A _
— 2 S5 = Sag A 57y = 871 = siy = 817 = 0, ri5 =
MAN22L 7 g, 4 Saat- S0 t12 o2 M+N S21+S22+521 t12 P o2 H 12 1 12

0. We can obtain that sy = MLJFNSgl A

46



t12 t12
LSthlJ M Cc _ N S S21 t21N

t21 A 5'21+522+S21t12’ "2 T 4N ta1 W’
7 =0V 5 (M + N — Sy; + S + S2172) and @ =0V M{VFN(M—FN— Sa1 4 Saz + S21712).

c _ A _ A_ C _
5 =15 =0,¢0 =4q7 =0,

X Y <

M + N
Zk:l,QAka 1 Zk:lygBkYk L=
1, we can obtain that v = W’ ¢ = S BV NB-Y-’ ¢1 = 0 and g2 = 0. Case (ii): If
i=1,2 PiYi

Lastly, we consider the case where X; = X5 and Y; = Y5. Case (i): If

S 2Aka X1+ S BkYk Y: > 1, (7,¢) is the unique solution to (34)-(35). Moreover, ¢ and g2

can be any non- negatlve numbers such that g1 +¢2 = M +N -3, (s +s; ) (ris +rg +r5%+r8).

It remains to show that (s,7), ¢* and ¢© are continuous in 7, n®, M and N. Because ¢ =
M—=3 sf} —(ri +7r4h), ¢“ = N — D sg- — (1, +rS§}) and (s,r) are determined by v and (,
it suffices to check if v and ¢ are continuous in n?, n°, M and N. Through the derivation of ~
and (, the continuity follows directly after carefully checking all the boundary cases (we omit the

calculation here).

C.2 Proof of Lemma 1

Without loss of generality, we consider the case such that when 7710 = 7720 = 0, the corresponding ¢;
and g2 satisfy: g2 < g3 + k3q1 (CVs do not have incentives to reposition from location 2 to location
1). We first consider the setting where X7 # X5. In this case, by Lemma (s,r,q) are uniquely
determined by n, n°, M and N. Moreover, through the derivation of q{‘, qé“, qlo and qQC in the
proof of Lemma we can obtain that qf‘, q?, qlc and qg are continuous in n?, n©, M and N.
By Lemma and Proposition it suffices to show that ¢; (weakly) decreases in 77{J and ¢o
(weakly) increases in nlc given 7720 = 0. We consider three types of capacity allocation (type A:
¢1 = ¢2 = 0, the demand at location 1 and location 2 is not fully served; type B: ¢; > 0, ¢; = 0,
the demand at location j is not fully served for ¢ # j; type C: g1 > 0 and g2 > 0) and show that ¢;
(weakly) decreases in n{ and ¢o (weakly) increases in n{ in each type. We omit the proofs for the

boundary cases as they follow naturally.
In type A capacity allocation, ¢; = g2 = 0 and thus the desired result follows immediately

In type B capacity allocation, without loss of generality, assume (v, () = (71, (1), where (71, (1)
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is the unique solution to f. In this case, g1 > 0 and ¢ = 0. By 7, we have

A-X Y,
+((=2A-X—B-Y).
X1

= +¢'=M+N-~vA- X —(B-Y=M+N — i
1

Because A and X are independent of 7710, it remains to show that

Y _ 1 L. 1y L4 xe L x_1p.
U A X=BY)=-(Nt =BV + M~ -4 X)+\/(N+Y1B Y M= A X)PHAN( A X = 2B Y)

decreases in 7710. Let z = Y%B Y — X%A - X. We can obtain that g% = A Piit12 > 0, gTBlg =

AoPoit12 > 0, g%é = —AyPy; < 0 and (‘;}% = A1P11 > 0, which implies that x increases in

n{. Let f(z) = —(M + N + ) + /(M + N +2)2—4Nz. Tt suffices to show that f'(r) =

(M+N+2)244N?—4N(M+N+z)
(M+N+z)2—4Nz

(M+N+z)—2N
(M+N+z)2—4Nzx

In type C capacity allocation, (v, () is the solution to 7. We have

-1+ < 0, which is true as < 1.

By (32)-(33)) and (48)), we have
Y, — ¢Pv X Yy — 99X,
and Fy =

o= .
g (Y — 32Y1)C 0C (R X1 — Xa)y

Therefore, we can obtain that

o 4 X2 o
-l T X - X!
_ X1 c Y1 A
X - Twent

and

o = Fig* + Foq© =

@=01-F)¢"+ (1 - F)"

We then consider two cases. Case (i), X7 > Xo. In this case, we must have Yo > Y;. Because

% and % decrease in ¥, it suffices to show that ¢ = M — yA - X decreases in 1{, and

¢ = N — (B -Y increases in 7710. Note that we have

0 1 Y- Y]
v 2Y1(X1 _ X2> 1

B + —=Y5(X9 — X7)|. 51
onf’ (X1Y2—X2Y1)2[an16‘ onC 2(Xo 1)) (51)
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When X; > X5 and Y5 > Y7, we have Oy > 0 and thus qA decreases in 7710. Moreover, because

ong
B-Y
Ov,-v; _ (MoPartar + Ao Pootan) A1 Ao Poy + AFPuit11 As Py + AZ P t1o Ay <0
onf [A1 — A1 P11 — APy + (A1 Pry + Aa Py )nf)2 -
aBT;Y APyt A2 Py

= - S 07
87710 (A — AP+ A1P117710)2

and (B Y = XQ(YQ—%):(XXQPXQ)YQB Y, by Remark we have (B -Y decreases in n; and thus ¢¢

increases in n{’.

Remark 1. Let F(x) = %, Fi(z) = % and Fy(z) = f;(i)-

o If F{(x) <0 and Fj(z) <0, then F'(z) <0.

e If F{(z) >0 and Fi(z) > 0, then F'(z) > 0.

Case (ii), X1 < Xy, which implies Y5 < Y. In this case, it suffices to show that qA increases nf

and ¢¢ decreases in 7710. By , a%c < 0 and it follows that ¢” increases in 7710. Because we have

ay?jgfg _ (AaPoitor + Ao Pootaa) Ay Aa Py + A2Pyit11 Ao Py + N3Pt >0
on¢ [A1 — A1 Piy — Ao Poy + (A1 Pry + Ao Poy)n$)2 7
BY
05+ _ A3PZt19A1 + (Ao Portor + Ao Paotos)A1AgPoy >0
oy [Ag P (1 — 7)) 7
and (B-Y = Xl(Y1—;2(§-‘:€(X}2— XV by Remark (B -Y increases in 7710 and thus ¢© decreases in

0y

We then consider the setting where X; = X5. The proof is similar to that of the first setting,
except the possibility that (nA,nC,Aij,tij,M ,N) € E, where E is defined in Definition . If
(nA,nC,Aij,tij,M, N) € E for some n{" € [0,1], we consider the following two cases. Case (i):
M+ N — Zm-(sf; + sg) — (ri 41y + 15 +r8) > ¢f ((s,7) is obtained under 7{"). In this case,
because ¢; and g2 can be any non-negative numbers splitting M + N — Zi,j=1,2(3iAj + sg) — (i +
rfll + 7’1% + 7‘201), we can choose ¢ and g3 such that the corresponding capacity allocation is driver-
incentive compatible and the choice is unique. Moreover, any other strategy nf #+ 77? " cannot lead
to a DICCA because of the following reasons. (1) If ¢ # 1", we must have Y; # Y. Therefore
and do not have a solution which implies that ¢ = 0 or g2 = 0. (2) If n{ < n{", by
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the monotonicity of ¢; and ¢ in terms of 7]10, we must have g > ¢ which is not driver-incentive
compatible. (3) If 7710 > 77?*, we have Y7 < Ys. Therefore, vX1 + (Y1 = a1 < a2 = vXo + (Y5,
which implies that g1 = 0. Therefore the capacity allocation cannot be driver-incentive compatible.
Case (ii): M + N — Zi,j:m(sf} + Sg) —(r{y +rgh + 75 +r8) < ¢f. In this case, if n{ = 0 leads to
q1 < q] + kjq2, the corresponding capacity allocation is driver-incentive compatible. Otherwise, we
can find a unique mC < 7710* such that ¢; = ¢}, which makes the corresponding capacity allocation

driver-incentive compatible.

D Proofs for Systems with Fixed Supply of AVs and CVs

By proposition the optimization problem stated in ((11)) can be reformulated as the following
capacity allocation problem:

max II(n?)
nA

subject to (I)-(10) and (s,r,q) € D. (52)

D.1 Proof of Theorem [

We prove Theorem |1| in three steps. In step (i), we show that any AV repositioning strategy nA
that makes AVs and CVs reposition in opposite directions is sub-optimal (Lemma . Therefore,
we can focus on the case where vehicles (both AVs and CVs) reposition in the same direction. In
step (ii), we prove a monotonicity result for the platform profit with respect to n{!, which implies
that the platform has an incentive to reposition AVs to minimize the repositioning of CVs. In step

(iii), we obtain the optimal AV repositioning strategy and characterize the corresponding DICCA.

We first note that when (s, r, q) satisfies f@, qj and k] defined in can be rewritten as

g = Ay Pratio(Portar + Paotoo) + Ay Portia(Pritin + Pioti2)
(Partor + Paotos) — 2 (Pagto + Partor + Poaiti2)
Aotio + Aqityn — SA1tn
(A21tor + Agoton) — S2(Anatan + Aoitar + Aoitia)’

and (53)

K = (54)
; _ _ Cc_ C C
Let II(s, r, q) be the platform profit as shown in and (s, 7, q) = (w—ce) Y25 j=1.9 Sij—Ce(TTo+751)
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be the total driver welfare under (s,r,q).

D.1.1 Proof of Theorem [1| Step (i)

Lemma D.1. 5 is sub-optimal if it results in a capacity allocation such that r1o > 0 and ro; > 0.

Proof of Lemma [D.1] By (2)—(5)), we have

A A
S S T T

12 21 21 12 , and (55)
tig  tor  tor  ti2

5 i 56
tig tar tar ti2
We first show that any n? with 7714 > 0 and 77§4 > 0 can not be optimal. Without loss of generality,

assume ris > réy By we can adjust the the amount of AVs in repositioning (rA rA) to
t12 21" ’ 12> 721

~A =A . ~A __ ~A _ A t12,..A : A t12,..A
(7{3,751) such that 75} = 0 and 775 = r{; — 2r3;. By doing so, we take out 3} + {213, amount

of AVs from the system and constraints in still hold. Moreover, the values of sf‘j, sg-, rg , qlA
and qu for 4,5 € {1,2} remain the same, which implies that the platform profit remains the same.
We can add 7’511 + %7341 amount of AVs back to the system and optimize the platform profit over

771A given 7754 = (0. By Proposition (1} our adjustment improves the platform profit and the desired

result follows.

We then show that for any AV repositioning strategy n?, if 77{4 > 0 and its corresponding CV
equilibrium repositioning strategy 77]-0 > 0 for i # j € {1,2}, n cannot be optimal. Similar to the
proof of Lemma 1| we consider three types of capacity allocation (type A: g1 = g2 = 0, the demand
at location 1 and location 2 is not fully served; type B: ¢; > 0, ¢; = 0, the demand at location j
is not fully served for i # j; type C: g1 > 0 and g2 > 0). The boundary cases can be proved with
similar arguments and thus we omit the details. By Proposition CVs only reposition under

type B and type C capacity allocation.

Type B capacity allocation. Without loss of generality, we consider the case where 7"541 >0
and 7“102 > 0. By Proposition we have ¢; > ¢] and g2 = 0. Therefore, we consider two cases:
(1) @1 > ¢ and (ii) ¢1 = qj.

Case (i): ¢1 > ¢j. By Proposition n¢ =1, and thus s§; = 5§, = ¢ = 0. By f and

o1



7, we have

N ta1 Pootoy
?”C SC _ t12 SC _ Poiti2
12 = to1 | DPaatas’ 21 7 ta1 | DPaatas’ 22 7 ta1 | Paotos’
L+ t12 + Poitio L+ t12 + Portio L+ t12 + Porty2

A A _ tn A oA _ Paato Pyotas 4 A Z A A
S11 — Sll, S19 = 512, So91 = 7512 o1 S 512 — =T and q1 = M — Sij —T91-

22 =
Poytyo Poytoy =
1,7=1,2

Let (8,7,q) be the corresponding DICCA if we decrease 7“5‘1 by 6 > 0 where 4 is sufficiently small

~ : P
such that ¢ > ¢f, and thus Szy = sg- for i € {1,2}, >, 15 sé = D ij=125 441+ Pjﬁ;?)é

Therefore,

S Psotas
H(87T7q) - H(S,T, Q) = [p + (p - Ca) P21t21]5 > Oa

which implies that n? is not optimal.

Recall that we use F; to denote the fraction of demand served by AVs at location 1. By f
and 7, we have

Pootog A
M + Portar | 21

Si1 4 S12(1+ 2L + %ﬁfi) +qi

t12

=

A A A t21 A Postoo Postos 4
s =FiS1, siy=FSn, ¢ =Fq, s = F1 512 i, sah = 12 — 21
Pty Poitay

N — (1= F))[S11 + Sip(1+ 2L  F222) Q1] c

C t C
2= 14ty P22t2122 ;s =1 —F)Sn, s = (1 - F1)S,
t12 Paitio
to1 Pyotos %
s51 = = [(1— F1)Si2 +1$), s5 = [(1—F)S12+ 75 and ¢f = (1 - F)g
tio P1t19

Let (8,7,q) be the corresponding DICCA if we decrease 7°§41 by 0 > 0 where ¢ is sufficiently small
such that ¢ = ¢j. By Lemma a driver is indifferent among all the repositioning strategy
n* = (nf,0) with nf € [0, 1] under both (s, r,¢) and (8,7, §). Without loss of generality, we consider
the case where n* = (0,0). Because §1 = ¢1 and ¢2 = g2 = 0, we have w(n*,s,r,q) = 7(n*,5,7,q). It

follows that 7 (s,,q) = 7(5,7,¢), which implies that ), =1 2(58

_5%) = S (7%, —r$,). Therefore,

we can obtain that

(s, 7,q) — (s, 7,q)

Poot Lt Pyst .
(e [P TSRO PR Pt ) 5o (powee Ry
- a a

S11 + S12(1 + Z; + g;fﬁ;) +a Poitoy w—ce 14+ 2; + %?23
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where the inequality is due to our assumption that ¢;jc. < tj;(w —c.). Therefore, n? is not optimal.

Type C capacity allocation. Without loss of generality, we consider the case where r2A1 >0

and 7§, > 0. By Proposition we consider two cases: (i) ¢1 > ¢f + kg2 and (i) ¢1 = ¢f + k{qo.

Case (i): ¢1 > ¢} + kfqa. By Proposition [B.1} #{ =1, and thus s§; = s, = ¢f = 0. Recall that
we use Fy to denote the fraction of demand served by AVs at location 2. By f@ and 7,

we have

A
Siator 13

P, = — b, st =51, sip =Sz, sh = FaSu, shy = FaSm,
Sa1ti2 S21
NF, t12

g = 1-F _F2(1+E)S21—F2522, a' =M - Z S =T — 05

i,j=1,2

t t
s§ = (1= F)Sy, s%=(1—F)Sn, 5= isgl and ¢§ =N —(1—F)(1+ ﬁ)s21 — (1= F»)S%.

Let (§,7,q) be the corresponding DICCA if we decrease 7“541 by 6 > 0 where 4 is sufficiently small
such that g1 > ¢} + k{G2. By Proposition under both (s,r,q) and (8,7, ), CVs reposition from
location 1 to location 2 with probability 1. It follows that 5’141 = 5’141, 5{‘2 = 5’142, 5‘241 = sgll + 4,

54 = soh + S 25, 5§, = 54, 35, = 5%, 35, = 5§, — d and 35, = s, — 522(5 We can obtain that

S S
11(3, 5,4) — I(s,7,q) = (p — ca)(1 + 222)6 — (p — w)(1 + 222)6 + ca6 > 0.
Sa1 Sa1

Therefore, n” is not optimal.

Case (ii): ¢1 = ¢f + k2. By . @ and (| . ., we have

t
ey = t12 (So1 +73y) — Sho,
21
_ g . ki (M +N =32,y 5 S — i —15)) _ (M+N =3, 58— —rgh —qf)
q1 ]_—f—]f)lk 1+I€* , g2 ].—‘r-kik )
rfltl
. M —rgh + g+ 2 (S + Sop + 1) P M —rh — 72(S11 + Si2 + q1)
(S11+Si2 +q1) + §;§§f; (S21 4 S22+ q2)’ %(511 + 512+ q1) + (So1 + S22 4+ @2)

s =1 - F)Su, s%=(0—F)Si2, s =1—F)S, 55 =(1—F)Ss, ¢ =(01-F)a, ¢ =(1—F)g,

sy = F1S11, sty = FiS12, s5, = F2Sa1, shy = FaSo, ¢i' = Fiqn and ¢4 = Fago.

Let (3,7,q) be the corresponding DICCA if we decrease 7“5‘1 by 4 > 0 where § is sufficiently

small such that ¢ > ¢1, 2 > ¢2 and @1 = ¢f + k{¢2. By Lemma a driver is indifferent
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among all the reposition strategies n* = (nf,0) with n; € [0,1] under both (s,7,¢q) and (5,7, q).
Without loss of generality, we consider the case where n* = (0,0). Because ¢; > ¢1 and G2 > ¢o,
7(n*,5,7,q) < 7(n*, s,r,q). It follows that 7(s,7,q) = (w — ¢) Ei,j=172 Eg — ¢ < m(s,r,q) =

C

(W—cc) D jm12 sg- — c.r$y. Because 7§, < 7§}, we must have A = dij—12(85 — sg) < 0. Because

5ij = sij, it follows that Zi’j:m(g;} — 5;‘]‘) = —A >0 and thus

T(5,7,¢)-T(s,r,q) = (p—ca) Y (f—s;)—(p—w) > (s5-55)+cab = —(p—ca) A+ (p—w)Atced > 0.
i,j=1,2 i,j=1,2

Therefore, n” is not optimal. O

D.1.2 Proof of Theorem [1| Step (ii)

By Lemma it suffices to focus on scenarios where AVs and CVs reposition (if at all) in the same
direction. Because we assume that A5 < As1, by Proposition AVs and CVs cannot reposition
from location 2 to location 1 under any DICCA. Similar to the proof of Lemmall] we consider three
types of capacity allocation, namely type A: ¢; = g2 = 0, the demand at location 1 and location 2
is not fully served; type B: ¢1 > 0, g2 = 0, the demand at location 2 is not fully served (we omit the
case where ga > 0 and ¢; = 0 because this case cannot be optimal for the platform); type C: ¢1 > 0
and go > 0. We show that under type A capacity allocation, the platform profit decreases in nf;
under type B capacity allocation, the platform profit increases in n{* if ¢ > max(0, min(gy, ¢})) or
7710 > 0, where ¢; is given in , and decreases in 7714 otherwise; under type C capacity allocation,
the platform profit increases in ni' if n{’ > 0, and decreases in 7' otherwise. Because the platform
can be better off by increasing the repositioning of AVs if 7710 > 0, the optimal strategy for the
platform minimizes the repositioning of CVs.

Type A capacity allocation. In this case, we have ¢ = qgo = 0. By Proposition 7710 = 0.
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By f@ and 7, we can obtain that

P11t _ to1 Paotas ). A _ ta1 Paatazy,.A to1 Pi1t11 ,.A
SA _ Piati2 [M (1 + t12 + Paitya )7“12] SA _ M (1 + ti2 + Poity2 )T12 SA _ t12 (M + Pioti1o 7“12)
1 = t Piit Paot )’ 212 — t Pt Pogtoy ' 021 — t Piit Paotas
14tz 1111 22t22 14t 1111 22122 14 t2r 1111 2222
+ t12 + Pioti2 Poity2 + t12 + Pioti2 Paiti2 + t12 + Pioty2 + Parti2
Paotos Piit11 . A Piit1
SA __ Paityo (M + Pioti12 7“12) SC _ PlztlzN SC _ N
22 — t Piit Doty ? ©11 — t Pyt Pogtoy ? °12 — t Piit Pootos
14 t21 11t11 22t22 14+ t21 1111 22t20 14 t21 1111 22t22
+ t12 + Piaty2 + Poiti2 + t12 + Pyaty2 + Payty2 + t12 + Pioti2 + Paiti2
t21 Pootyy
SC _ t12N and SC _ Paiti2
21 14+ to1 + Piitin + Pyotos 22 1+ t21 + Piit1 + Pootos *
t12 Piati2 Poiti2 t12 Pyaty2 Payty2

Let (3,7,q) be the corresponding DICCA if we decrease 7{5 by & > 0 where § is sufficiently small

such that ¢; = 0 and ¢go = 0. We have

(5, 7,¢) — (s,rq) = (p—ca) > (55— s5) — D> (s5 = 55) + calfh — rih)
i,j=1,2 i,j=1,2

to1 Pootoo\( Prit11 _ Pritigtor Postoo
- (1 + t12 + P21t12)(P12t12 + 1) Pioti12 (tu P21t12)5 +6>0
1+ to1 + P11ty Pootos :
ti2 Piatia Pyt

By some algebra, we can show that nfl increases in 1"142. Therefore, the platform profit decreases in
U

Type B capacity allocation. Assume 7714 € (0,1). We consider the following cases.

Case (i): g1 > ¢qi. By Proposition we have 7)10 = 1, and thus 5?1 = 5102 = qlc = 0. By
f and 7, we can obtain that

ta1 Pootloy
Tl% _ N 8102 _ t12N ng _ Pt
to1 Pootos )y’ to1 Poatog )’ to1 Pootog
(1 + t12 + P21t12) (1 + t12 + P21t12) (1 + t12 + P21t12)
A A At A Psotas A A A
811 == S]_]_, 312 == SlQ, S 1 == 5(812 + T12), S22 == P21t 5 (S]_Z + T12) a,nd ql == M - Z 512 —T

Let (3,7,G) be the corresponding DICCA if we increases r{, by > 0 where ¢ is sufficiently small

~ : C ~A A A A ZA A ZA A t
such that ¢; > ¢j. We can obtain that Sij = Sij, Ty = Ty +0, 8] = 81}, 815 = Siy, 591 = SH + %5,
and 34, = s5h + 2221225 Because p > w, tijce < tji(w — ¢.) and ¢, < ¢,, we have
22 22 T Port12¢- p ) LigCe i c c > Ca,

o ti12  Paotos
H(S7 r, Q) - H(87 r, q) = p(i +

6 — cqd > 0.
ta1 P217512)

By some algebra, we can show that n{' increases in r¢,. Therefore, the platform profit increases in

.
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Case (ii): q1 = ¢ and 7§, > 0. By f and 7, we have
P A

MO R
S+ Sia(1+ 2 + 522) + g

t12

t21 Proton .
st = F1S11, sty = FiS1, 59 = (FlSu +rd), sih = Portis (F1S12 +11h), q' = Fug,
c N_(l_Fl)[Sll‘l‘SlZ(l‘FE; + ) +a] o 1 g
"2 = 1+ to1 4 Paatas y 41 _( - 1)(]17
t12 Pait1o
2 Paatoo
st = (1= F)Su, sfh = (1-F1)S12, s5 = t1; [(1— F1)Sia +755] and s§ = Poitis [(1 = F1)Sis + 3.

Let (8,7, G) be the corresponding DICCA if we increase rf‘2 by § > 0 where J is sufficiently small such
that g1 = g7, D2, ;2198 = D j=1.2 Sijs 7y =il +6 and 7§ = rl, — 4. By Lemma a driver is
indifferent among all the repositioning strategies n* = (97, 0) with n} € [0, 1] under both (s, r,¢) and
(8,7,q). Without loss of generality, we consider the case where n* = (0,0). Because ¢1 = ¢1 = ¢ and
g2 = G2 = 0, the expected earnings for the driver remains the same, i.e., T(n*, s, 7, q) = T(n*, s,7,q).

It follows that m(s,7,¢) = (w —cc) D2, ;12 s% —cr$y = 7(5,7,4) = (w — c) dij—12 55 — 75,

We can then obtain that >, ;_, 2(8% - 55) =D i1 2(~A 1’3) w0 It follows that
(3, 7,q) —T(s,r,q) =p Y (3 —(p—w) Y (5= 55) — ad = (W = ca)d > 0.
4,j=1,2 i,j=1,2 ¢

By some algebra, we can show that nfl increases in 7"{12. Therefore, the platform profit increases in
U

Case (ili): ¢1 < ¢f and r% = 0. By , we have 5% = (1 — F1)S11, s% = (1 — F1)S12,

5§ = (1 — )82, 55, = gfifg( — F1)S12 and ¢f = (1 — Fy)q1. By (), we have

tor | Paotoo N
1— F)[S11 + S12(1 + — + +q|=N = FF=1- .
( )l (1 t12 &m? ] Sn+&ﬂyﬁg+gﬁp+m

By 7, we have s91 = %(512 + r12) and S99 = Pﬁfg (S12 + r12) Then by 7, we have

P
A M+ N — Sy — Sip(1+ 2 +P§j§j§)—q1’

t Poot
1+21+ 1722022

t12 Poitio
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We then formulate the platform profit as a function of g;:

(1) = (p — ca) Z s§3+(p—w) Z Sg_carﬁ

ij=1,2 ij=1,2
N to1  Pootos
=11 - J(w —ca) + (p—w)|[S11 + S12(1 + — +
I Si1+ S12(1+ ,% + %) +q1 ( o) + 2 ( ti2  Portio
P22t22 M + N — Sll - 512(1 + % + f’;?i?;) —q1

to1
+ (P —¢ca)(— +
(p a)(t12 Pitio

) = Cd]

1+ ta1 + Pootog

t12 Pty

We can obtain that II(g;) is a concave function, and II'(¢;) = 0, where

.| (w—=ca)N[S11 + S12(1 + L D)) (] 4 g Data) 1Sy 4G (1 2L Paotoo 57
= tor | Paotoo [S11+S12(1+ =+ )l (57)
(p—ca) (P2 + F272) — ca tiz  Pati2

By some algebra, we can show that 7714 increases in 7“142. Therefore, the platform profit increases in

nid if ¢ > max(0, min(qi, ¢})), and decreases in 7{' otherwise.

Type C capacity allocation. Assume 7714 € (0,1). We consider the following cases.

Case (i): ¢1 > qf + kjq2. By Proposition n¢ =1, and thus s§; = 5§ = ¢¢ = 0. By f@
and 7, we have

t1(S12 + b))

= Y st =511, sih =S, s5 = FaSo1, sph = FySa,
BN t12
@ = — Fy(14=)S1 — FaSo, qff =M — Y s —riy — g5,
1-F b1 irj=1,2
t12 t12
Sgl = (1 — FQ)SQl, 8% = (1 — FQ)SQQ, 7"02 = as% and QQC = N — (1 — Fg)(l —|— 5)521 — (1 — FQ)SQQ.

Let (5,7,q) be the corresponding DICCA if we increase 7‘{‘2 by 0 > 0 where § is sufficiently small

such that ¢; > ¢f + kjg2. We can obtain that

(3,7,¢) —(s,r,q) = (p—ca) > (55 —sij) —(p—w) Y (s§—5;) = calFih —rib)
ij=1,2 i,j=1,2

ta1 121522 tar 1215922
e (2 §—(p—w)(2 4 5~ o> 0.
(b )(tlz 12521 Jo—(p )(7512 12521 )

By some algebra, we can show that nfl increases in 7‘{12. Therefore, the platform profit increases in

nit.

o7



Case (ii): q1 = ¢ + k%qo and n{ > 0. By @ @D and . ., we have

t
7“102 #521 Sia2 — 7"142,
21
_ a1 n ki(M + N — Zi,j:1,2 Sij — 7“142 - 7’?2) _ (M+ N — Zw’:l@ Sij — rf‘g — rlcz —q7)
N= 1k 1+ Kkt 2= 1+ Kk} ’
to1r
P M —riy — thSlzi (S21 + S22 + g2) P M+ g2 (511 +q1)

) 2 s
(S11+ S1z + q1) + 2232 (S51 + S22 + ¢2) H2221(S11 + S1a + q1) + (S21 + S22 + ¢2)
s = (1= F1)Si, sih=(1-F)S1, s5 =(1—-F)S, sp=(1-F)Ss, ¢ =1-F)a, ¢ =(1-F)g,

sty = F1S11, sty = FiS12, S3 = FaSo1, sip = FySas, qi* = Fiqi and ¢ = Fago.

Let (§,7,q) be the corresponding DICCA if we increase 7“142 by 4 > 0 where ¢ is sufficiently small
such that r12 = 7"12 + 9, 7"12 = r12 0, 8;j = 85 and ¢; = ¢; for ¢,j7 = 1,2. By Lemma
a driver is indifferent among all repositioning strategies n* = (n7,0) with n* € [0,1] under both
(s,7,q) and (8,7,4). Without loss of generality, we consider the case where the driver adopts
n* = (0,0) under both (s,r,¢) and (5,7, 7). Because ¢; = ¢; for i = 1,2, the expected earnings for
the driver are the same under (s,r,q) and (8,7, q), i.e., 7(n*,s,7,q) = 7(n*,3,7,q). It follows that
m(s,7.q) = (W—ce) D2y o2 sl-cj —cer$y =7(5,7,4) = (w——c.) D12 55 — ¢, which implies that

Zi,j=1,2(§icj —s8) = (i. Then, we have

] w—ce)

—cq0 > 0.

I1(3, 7, §)—1I(s,7, q) = (p—ca) Z (33—sh)—(p—w) Z (s—85)—cad = (w_ca)%

w — Cc)

By some algebra, we can show that 7I1A increases in 7‘142. Therefore, the platform profit increases in
U

Case (iii): ¢1 < ¢} + kig2. By Proposition , we have n{’ = 0. By @, we have s;; = Sj;
for i = 1,2. By 7, we have 7’142 = “—2521 — S12 which is a constant. By , it suffices to

consider G(n?) = (p — w) dij=1250 Ct(p— Ca) Qi =12 w’ which can be rewritten as

G(n™) = (p — ca)[M1(Piit11 + Piat12)y X1 + Aa(Partar + Pagtan)y X

+ (p — w)[A1(Priiti1 + Piat12)CY1 + Aa(Partor + Pagtao)(Ya),

o8



where (7, () is the solution to 1’ We can obtain that v = %, ¢ = % and

A
oY — 99X g5 j = 1,2, Therefore, LG(Z ) — Ay (Priti1 + Piotio)(w — ca)ac)g1 + Ao(Portor +
ony ony ony ony
Pyotos)(w — ca)%ﬁ. Combined with the fact that ¢ = (0,0), we can obtain that

IG(n? w — cq)A2A32
81(77‘74 ) = (§(1Y2 —a)X21Y12)2 [Po1(Py1t11+Piatia)+Pro(Portar+Piati2)][Por (113 Pia)4+n5 Pi1 Pag] (A12—Agy) < 0.
1

Therefore, the platform profit decreases in nf‘.

D.1.3 Proof of Theorem [1| Step (iii)

From the monotonicity result, we can characterize the optimal AV repositioning strategy. We first
introduce additional notation. By 7, in order to fulfill all the demand at location 2, the

amount of vehicles in repositioning R, satisfies % + % = %, which implies that

t12
Rimp = —S21 — Si2.
to1

Let C; denote the minimum amount of vehicles (reposition with probability 1) needed to cover all

the repositioning of R;,,;. Then we have

t Poot t Poot t
C1 = Rimp + —= Rignp + 222 Ry = (1 + = + 2222) (255, — S)y). (58)
t12 Pyt tia  Portia’ tor

Let Cy denote the minimum amount of vehicles (do not reposition) needed to serve all the demand

at location 1. Then we have

t Poot
Co=5S1+(1+ 2,z 22)512- (59)
t1g Portia

Let S = Zm:m Sij. Observe that S + Ry, = C1 + Cz. From Lemma and the monotonicity

result in Step (ii), we can characterize the optimal strategy with respect to the following thresholds.

(1) If M+ N < Cq, the optimal AV repositioning strategy results in a type A capacity allocation,

which is given by r{l, =7, = ¢! = ¢V = ¢5' = ¢ =0,

oA M A PntnsA A t21SA A P22t228A
12 to1 Priti1 Pootos ’ 11 — Piot 12> 21 — 7 21> 22 — Poit 12
1+ i + Pratis + Portis 1212 12 21112

(60)

29



o) = N € =
- to1 Pty Pootoy’ -
1+ t12 + Piaty2 + Portio

Piitin o1 Pootoo
4 sgl:—sgl and s, = ¢

S129 22 = S12-
Piaotio t12 Poitio

(61)

(2) If Co < M + N < S+ qi + Rimp. The optimal AV repositioning strategy results in a type B
capacity allocation and vehicles only queue up at location 1 (if there is any). The optimal strategy
then depends on the value of §;.

(2.1) g1 < 0. In this case, it is optimal for the platform to reposition AVs as much as possible
until g; = 0 or the demand at location 2 is fully served. There are 5 possible outcomes.

(2.1.1) M < C7 and N < (5. In this case, 7714* € (0,1). Moreover, n{ =0, g1 =0, (s,7%,¢%)
is given in and (s4,r4,¢%) is given by

M — (811 — sG) — (1 + t2b 4 Btaz)(g, — 5€)

7‘142 _ t12 Paitio
14+ to1 + Pastoo ’
t12 Poitio
A_g O A _g O A_t21A+A) g sA _ Doate Ay
S11 = P11 — 811, S12 = P12 — S12, S21 = E( 12 T T12) and Sy = Pyt (512 +713).

(2.1.2) M < Cy and Cy < N < Cy + ¢¢. In this case, n{* = 1. Moreover, n{ =0, 0 < ¢ < qf,

and (s,r,q) is given by

sd — M rd = t1—23‘4 s = Poatas sd s = — qA 0 (62)
21— tis | Polyy’ 127 3 7021 0227 pro o2l 211 T 212 = 41 T
L+ to1 + Paitoy 21 21°21

c c o ta o Pato c c
S11 = Sll, S19 = 512, S91 = 7512, S99 = P21t12 512 and q1 = N — Z S’Lj (63)
1,j=1,2

(2.1.3) M < Cy and N > Cy + ¢f. In this case, n{* = 1. Moreover, n{ € [0,1), ¢1 = qf,

(4,74, ¢?) is given in and (s¢,r% ¢%) is given by

ré&, = N =g =G s$ =9 s% =25 80_75271(5 -f—?“c) 50_P22t22(5 +7"C) and g = q]
2= P 1 1, S1p =512, s; = oSz F ), sp = 5 (012 a1 = q1-

t12 Poitio

(2.1.4) M > Cy and M + N < S + Rjpp. In this case, n{'* € (0,1). Moreover, n{ = 0 and

(s,7,q) is the same as that in (2.1.1).
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(2.1.5) M > Cy and M + N > S + Rjp. In this case, n{** € (0,1) and (s,r,q) is given by

M- Cy
TN BTN S e o
to1 Pyatoo
Ti42 = Rimln 51141 = FlSlla 8142 = FlSlZa 51241 = 7(51142 + T1142)7 51242 = ( 1142 + TiAQ)a
t12 Poitio
121 Pyatoo
s =1 —F)S1, s%=(0—F)Sa, s5 = 531027 s5 = Pyt % ¢f =(1—F)g and 7§ =0.

(2.2) 0 < ¢1 < qf. In this case, it is optimal for the platform to reposition AVs as much as

possible until ¢; = ¢; or the demand at location 2 is fully served. There are 6 possible outcomes.

(2.2.1) M + N < Cy + ¢i. In this case, 7{'* = 0 and (s,,q) is given by

M 21 Pootoo
Fl=— =M+N-0Cy, st=FS 4 =Rns d= 2l sl = 4. ¢ =F
1= 97 N qn + 2, S11 1911, S12 19012, S21 tusu’ 529 Poitia S$12, 01 1491,
121 Pyatoo
s% = (1-— F1)S11, s% = (1— F1)Si2, sgl = —5102, 5% = s% and qlc =(1-F)q.
t12 Pyt

(222) M+ N > Cy+ G, M < Cp and N < Cy + ¢;. In this case, n{* € (0,1). Moreover,
@ = q, Thc =0, and (s,r,q) is given by

N A_M+N_02—(j1
Gorar 2T 1y Lam

ti2 Pyt

F=1-

)

A A At a4y o4 Paater 4 a4 4 .
s11 = FiS1, siy = F1512, 51 = 5(312 +7i2), S5 = (si2 +712), @ = Fidu,

to1 Pyotoo .
sl =(1—F1)S11, s5=(1—F)S2, s5 = 53?2’ 55 = D §%, ¢¥ = (1 —F)§ and 75 =0.

(223) M+ N >Co+¢1, M < Cpand Ca+ ¢ < N < Cy+ ¢j. In this case, 77{‘* =1, and

(s,7,q) is the same as that in (2.1.2).

(2.2.4) M+N > Cy+G1, M < Cy and N > Cy+¢}. In this case, n{** = 1. Moreover, n¢ € (0,1),
@1 = ¢}, and (s, 7, ¢q) is the same as that in (2.1.3).

(225) M+ N > Cy+ G, M > Cp and M+ N < S+ Ripmp + 1. In this case, n{'* € (0,1).
Moreover, n¢ = 0, q1 = {1, and (s,7,q) is the same as that in (2.2.2).

(2.2.6) M > Cy and M + N > S + Ryp + G1. In this case, n{'* € (0,1) and (s,r,q) is the same
as that in (2.1.5).

61



(2.3) ¢1 > ¢;. In this case, it is optimal for the platform to reposition AVs as much as possible

until ¢; = ¢f and rg = 0. There are 4 possible outcomes.

(2.3.1) M + N < Ca + ¢f. In this case, 77{‘* = 0. Moreover, 7710 =0 and (s,7,q) is the same as
that in (2.2.1).

(232) M+ N > Cy+qf, M < Cy and N < Cy + ¢}. In this case, n{* € (0,1). Moreover,

nf =0, ¢ = ¢} and (s,7,q) is given by

1 — 41— C n ) T9 = 1 o1 Postos
270 + t12 + Poiti2
t Poot
A A A 21, A A A 22022 . 4 A A
s11 = F1511, s1p = F1512, 91 = 5( 12 +71), 531 = Portrs (s12+712), @1 = Fiqy,
to1 Pyatoo
sii=01—-F)S, sH=01-F)S2, s5= Esgza s5 = P21t125102a ¢f =(1—F)gi and rf; =0.

(2.3.3) M4+N > Cy+qt, M < Cy and N > Cy+¢}. In this case, n{* = 1. Moreover, n{ € (0,1),
q@1 = qi, and (s,r,q) is the same as that in (2.1.3).

(2.34) M + N > Cy+ ¢, M > Cy. In this case, n{** € (0,1). Moreover, n{’ =0, q; = ¢}, and
(s,r,q) is the same as that in (2.3.2).

(3) M+ N > S+ qi + Rimp. In this case, it is optimal for the platform to reposition AVs such

that ¢1 = ¢] + kjg2 which results in a type C capacity allocation. There are 3 possible outcomes.

(3.1) M < Cy. In this case, n{** = 1. Moreover, n{ € (0,1), 1 = ¢} + klgz and (s,7,q) is given

by
0= qi k(M + N —S — Rimp) (D:M—I-N—S—Rimb—qf o M
L+ Ky 1+ kp ’ 1+ Ky 7 So1(14 $2) + S29 + ¢
t12
s$ = 511, s =S, 55 = (1—Fy)Sa1, s5% =(1—Fy)Sa, 15 = ES% —5%, o =q, ¢f =1~ F)g,
t12
5141 = 51142 =0, 5‘511 = F555, s% = F5599, 7“142 = Esfl, qf =0 and q§4 = Fhqo.

k}Sa1+22L s
LT (M — C1). In this case, n{** € (0,1). Moreover,

(3.2)M>C'1andN—C’2§q1+m

Q= q; + kg, 1710 =0 and (s,r,q) is given by

_ 4 Ef(M +N — S — Rimp) q2:M+N—S—R¢mb—QT
1+ k; 1+ k; ’ 1+ ki ’

q1
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N N
i=1- 215 s Fo=1-4mg )
(S11+S12+q¢1) + ﬁ(sm + S22 + q2) ﬁ(sn + S12+q1) + (S21 + S22+ ¢2)

s =01 —F)S1, s5%=(1-F)S, s5=0~-F)Sy, s5=(0-F)S;:, ¢ =0-F)q, ¢ =(1-F)g,

c A A A A A A A
rio =0, 517 = F1S11, sip = IF1S12, 55 = FaSa1, 855 = F3S22, qi = Fiqi, q3 = Faqe and 115 = Rimp.

* t21
kiS21+¢7, 512
o _f2ia
Sp—2Lg
21—, 12

n¢ € (0,1), ¢1 = ¢} + klqe, and (s,7,q) is the same as that in (3.1).

(33) M > Cy and N — Cy > ¢f + (M — Cy). In this case, n{'* = 1. Moreover,

D.2 Proof of Proposition

In the proof of Theorem|I] we characterize the close-form DICCA under the optimal AV repositioning
strategy. From step (iii) in the proof of Theorem [l we observe that the DICCA is continuous in M
and N (all the expressions are continuous in M and N). Therefore, we study the effects of increasing
M and N case by case (as defined in step (iii) in the proof of Theorem [l)) and assume that the
change in M or N is sufficiently small such that it results in the same case (the boundary cases can
be proved with similar arguments and thus we omit the details). Let (s,7,q) denote the DICCA
under the optimal AV repositioning strategy given (M, N). Let (§,7,q) denote the DICCA under
the optimal AV repositioning strategy given (M + 6, N) or (M, N + §), where 0 is sufficiently small
such that the parameters fall in the same case as discussed in Step (iii) in the proof of Theorem
We first study the effect of varing M and then the effect of N. We denote by 7(s,r,q) the average

driver welfare under (s,r,q).

D.2.1 The Effect of AV supply

A
ij

A

In case (1), we have §; > si; and 55 = s&. Therefore, II(5,7,§) > II(s,r,q) and 7(3,7,§) =

ij
(s, q).

In case (2.1.1) and (2.1.4), because CVs do not reposition and §g = 3% for i,j = 1,2, we have

Poot t
_ 14 Po2toay_ . t12

(p—ca)( +P21t21) Caty) §>0

1+ 42 4 Pastos ’

ta1  Paitog

7(8,7,q) = 7(s,7,q). Moreover, we have I1(s,7,q) — II(s,7,q) =

In case (2.1.2) and (2.2.3), because 55 = sl-cj for i,7 = 1,2, we have 7(5,7,q) = 7(s,7,q).
(BBt

; Poot
1402 4 Pootao
ta] | Poiton

Moreover, we have I1(3, 7, §) — (s, r,q) =
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In case (2.1.3), (2.2.4) and (2.3.3), because r{, = 7§, and §i = 5 - for i j 1,2, we have
() (14 22222) -,

t12 21F€;t22

14—t21 T

In case (2.1.5) and (2.2.6), because F > Fy, where F} is the fraction of demand served by AVs at

7(s,r,q) = 7(3,7,q4). Moreover, we have I1(s,7,q) — II(s,7,q) = 5 > 0.

location 1 under (3,7, ¢), we have § s > s - and s < s - for 4,7 = 1,2. Moreover, Because 5;; = s;;
for i,j = 1,2 and 7{}, = r{y = Rimp, it follows that TI(3,7,¢) > (s, 7, q) and 7 (3,7, ) < 7(s, 7, q).

In case (2.2.1) and (2.3.1) because both AVs and CVs do not reposition and Fy > Fy, we have
51‘3 > sé and 3(5 < sg- and §;; = s;; for 4,5 = 1,2. It follows that II(5,7,q) > II(s,r,q) and
(8, 7,q) <7(s, T, q).

In case (2.2.2) and (2.2.5), we have Fy = Fy, 75 > i and 7§, = 7§ = 0. It follows that
(5, 7,0) =TU(s, 7, @) = (p—ca) (7 + F2E2) Py = 72) — calFiy —riy) > 0 and 7(5,7,4) = 7(s,7,q).

In case (2.3.2) and (2.3.4), by the same argument as in case (2.2.2) and (2.2.5), we can obtain
that II(8, 7, ) > II(s,r,q) and (8,7, q) = 7(s,r, q).

In case (3.1) and (3.3), because Fy, > Fy, where I} is the fraction of demand served at location 2
by AVs under (3,7, q), we have II(3, 7, §) — (s, r, q) = (Fy — F2)[(w — ¢a)(S21 4+ S22) — ¢4 t; Sa1] > 0.
Moreover, we have (8,7, q) — (s, r,q) = [(w—c.)(S21 + S22) — 60%521](172 — F) < 0 which implies
that 7(8, 7, q) < 7(s,r,q).

In case (3.2), we have Fy > Fy and Fy > F,, and thus Dij—125i A Dij—12 5t 4 and D128 U
D12 sg Because 71y = 7y = Rimp, 75 = 1% = 0 and D128 = D12 Sij, we have

I1(s,7,q) > I(s,r,q) and 7(5,7,G) < 7(s,T,q).

D.2.2 The Effect of CV Supply

We first notice that ¢; increases in N.

In case (1), because 52 = sf}, 55 > s

C

i fﬁ — 7“142 — O and f% = ’["lcé = 0, we have H(g,f, q) >

II(s,r,q). Because CVs serve customers all the time under both (s,r,¢q) and (3,7,q), we have
(5,7, q) =7(s,1,q).

In case (2.1.1) and (2.1.4), because CVs serve customers all the time under both (5,7, ) and

C
M—Q(S12—s%,)
t Pootog *
14 t21 22129
+t12 Payt12

(3 5 Ay — = t t1 | Pt A _
(s,7,q), we have (5,7, q) = 7(s, 1, q). Let Q = (1472 —|—P1;£ +p222), we have r{y =
ta1 §?2t22 c
~ o~ o~ t t 3
It follows that II(s, 7, q) — I(s,r, q) = (p% —w)Q(85, — s$,). Because 5§, > 5§, we can
t12 - Poityo
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ﬂ_km
obtain that II(3,7,q) > (s, r,q) if p% —w > 0, and I1(5, 7, §) < II(s,r, q) otherwise.
t12  Poiti2

A _ A C _ C A _ A xC _ .C _ 5
In case (2.1.2) and (2.2.3), we have 37} = si}, 85 = 57, Ty = i, 7o = 115 = 0, and 1 > q1,

which implies that II(3, 7, §) = II(s,r, q) and 7(8,7,q) < 7(s,r,q).

In case (2.1.3), (2.2.4) and (2.3.3), because 54 = sf} for i,j = 1,2, 75 = v, and 3

=C
ij ij=1,2 5 =~

Zi,jzl,Q sg-, we have II(8,7,q) > II(s,r,q). By Lemma a driver is indifferent among all the
repositioning strategy n* = (nf,0) with n{* € [0,1]. Without loss of generality, we consider the
case where n* = (0,0). Because §; = ¢1 = ¢}, the expected earning for the driver remains the same.
It follows that 7(s,r,q) = 7(8,7,q).

In case (2.1.5) and (2.2.6), because Fy < Fy, we have I1(3, 7, §)—II(s, 7, q) = (w—cq)(F1—F})Cy <
0. Because 7(s,7,q) = (w — cc)ﬁz’_c1 decreases in N, we conclude that 7(5,7,q) < 7(s,r,q).

In case (2.2.1) and (2.3.1), we have Y, . 5 8ij = > ;i1 9815 = Ca, 71y = ry = 0 and 7f; =

A
i

A

C
i ;

ij

7o = 0. Because §{; < s and s, > S%, we have II(5,7,q) < II(s,7,q). Because CVs do not

reposition under both (s,7,¢) and (8,7,q) and ¢1 > q1, we have 7(5,7,q) < 7(s,r,q).

In case (2.2.2) and (2.2.5), the platform profit can be written as

t Poot
M(s,7,9) = (p — ca) F1Ca + (p = ca) (7= + S )1ty + (p — w)(1 = F1)Ca — carfhy
tia  Paitio
(M + N)[(p— ca) (422 + £22022) — ¢,] (w — ca) N[(p — ca) (B + £2222) — ¢,]Cy
= (p - ca)02 + to1 Pootoo -2 t Paay :
L+ 8 T mars L+ 85+ Patis
(64)
In case (2.2.2), we have N < C5 + §;, which implies that
tor | Paatoo tor | Paotoo
N(p —ca)(-= + ) = ca] < (w—cg)Ca(14+ = + ). (65)

tiz Portio ti2  Portio

In case (2.2.5), Because M > (1, it follows that N < S+ Riypp+ @1 — M < S+ Ripp + ¢1 —

21 | Paotay
—Ca )7+ B )Ca
Cy = Cy + g1, which also implies (65). Then, it follows that anész{;’q) - ClifgiJr%;gg) -

t12  Paitia

(w—ca)[(p—ca) (22 +722722)—ca]Co L _ B
\/ N(H%ﬂ%?ﬁf;) < 0 by . Therefore, I1(3, 7, §) < II(s,r,q). Because 7(s,r,q) =

Wﬂmhm@_ﬁwﬂw¢wﬁﬂﬁ+%$%M%

- t Poot
v Ve (1423 + PR D)

decreases in N, we have (3,7, q) < 7(s,r,q).

M—F1(Ca+q7)
ta1 | Pagtag -
1—"_7512 + Pr21t12

In case (2.3.2) and (2.3.4), ri} can be written as r{, = Therefore, we have
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(3,7, G) — (s, 7, q) = {(w — ca)Ca — [(p — ca) (12t + B222) _ (¢ ] C2H1__V(f3 _ [) Because

ti2 Paiti2 14 t21 Pootos
MTRETET

¢1 > qf and N < Cy + ¢}, we have

t Poot
(w—c)NCo(L+ B+ 32) "

P
(b7 + k) —co

which implies that

(w — ¢g)Ca(1 + ta1 4 P22t22)
- i M (Co - af) > 4} + O

P
0ol 7+ Fii) o

(w—ca)Co (14 (2L 4 £22{22) 5
Therefore, we have 12 -21°12 > 1, which implies I1(§, 7, §) < II(s,r, q) as F, < F7.
[(p—Ca)(%Jriijfif; )—cal(Ca+q7) P ( a) ( 9

Because CVs do not reposition and §; = ¢1 = ¢}, the expected earning for a driver under both (3, 7, §)

and (s, r,q) are the same. It follows that 7(8, 7, q) = 7(s,r,q).

In case (3.1) and (3.3), we have Fy < Fy and II(3, 7, ¢) — II(s,7,q) = [(w — ¢4)(S21 + So2) —
Cag—fsm](ﬁg — F5) < 0. By Lemma a driver is indifferent among all the repositioning strategy
n* = (n{,0) with n* € [0, 1] under both (5,7, ) and (s, r,q). Without loss of generality, we consider
the case where n* = (0,0). Because §; > ¢q1 and G2 > g2, we have 7(3,7,q) < 7(s,r,q).

In case (3.2), because 7y = 715 = Rimp, 75 = 15 = 0, Fy < F, and Fy, < F», we have
(s, 7,q)—(s,r,q) = (w—ca)[(511+512)(15'1 —F1)+(S21 +592) (Fy — F,)] < 0. Because CVs do not
reposition under both (s,r,q) and (5,7,q), g1 > q1 and G > g2, it follows that 7(s, 7, §) < w(s, 7, q).

In Remark 2, We summarize conditions under which driver welfare does not decrease in M and

the platform profit decreases in V.

Remark 2. Driver welfare does not decrease in M in case (1), (2.1.1), (2.1.2), (2.1.3), (2.1.4),

(2.2.2), (2.2.8), (2.2.4), (2.2.5),(2.3.2), (2.5.3) and (2.3.4) specified in Appendiz[D.1.3 The plat-
form profit decreases in N in case (2.1.1) and (2.1.4) if ap < w (a is defined in ), (2.1.5),
(2.2.1), (2.2.2), (2.2.5), (2.2.6), (2.3.1), (2.3.2), (2.3.4), (3.1), (3.2) and (3.83) specified in Ap-

pendiz[D.1.3
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E Proofs for Systems where the supply of AVs and CVs are Endo-

genized

In this section, we prove results for systems where the supply of AVs and CVs are endogenized.
Similar to the proof of Theorem (I} by Proposition we can reformulate the problem faced by

the platform as the following capacity allocation problem:

max II(M,w, A
phax, ( n°)

subject to (1)—(L0)), and (s,7,q) € D.

We note that when w is endogenized, ¢f depends on w. Throughout the remainder of the Appendix,

we use ¢j (w) to indicate the dependence when needed, and use ¢; when no confusion is caused.

We first demonstrate that any strategy resulting a capacity allocation which satisfies one of the
properties listed in Lemma are dominated by other strategies (Lemma implies the properties
of optimal strategies stated in Theorem . Based on Lemma we first characterize the optimal

strategy in a system without AVs in Appendix [E:2] and then in a system with AVs in Appendix [E-3]

Lemma E.1. When the supply of AVs and CVs are endogenized, any strategy of the platform

resulting in the following capacity allocation cannot be optimal:
(i) vehicles queue up at location 2 (the high demand location);
(ii) vehicles queue up at location 1 and CVs do not reposition;

(iii) vehicles queue up at location 1, both AVs and CVs reposition with positive probabilities and

AVs reposition with probability less than 1.

Proof of Lemma [E.1] In case (i), suppose there exists a DICCA (s, r,q) such that g2 > 0. If CVs

do not reposition, there exists a DICCA (8,7, ¢) such that 53 = s{}, 55 = sicj, F{]‘- = r{}, 77% = r% =0

and ¢; = G2 = 0. In this case, the demand served by AVs and CVs remains the same while the
platform incurs a lower cost by recruiting less AVs and drivers. If CVs reposition, by Proposition
we consider two scenarios. (a) g1 = ¢} + kjg2: then there exists a DICCA (3,7, q) such that
A _ A C C =A _

Z’-;‘, fg = rg, g1 = ¢q; and g2 = 0. In this case, the demand served by

AVs and CVs are the same while the platform incurs a lower cost under (3,7, §). (b) ¢f > k} + ¢a:
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by Proposition CVs reposition with probability 1 and ¢; = qf‘. In this case, the platform can

improve its profit by purchasing less AVs to lower the queue length at location 1.

In case (ii), the platform can remove vehicles queueing at location 1 and the resulted capacity
allocation is still driver-incentive compatible. By doing so, the demand fulfilled by AVs and CVs

remains the same and the platform incurs a lower cost.

In case (iii), the platform can be better off from increasing the repositioning of AVs (see the

proof of Theorem . O

E.1 Proof of Lemma [2]

We denote by @(M, N, w, n) the average driver welfare 7 to indicate its dependence on (M, N, w,n*).

From the proof of Lemma Lemma and Theorem [1} we observe that 7(M, N,w,n?) is contin-

uous in N. Because lim 7(M, N,w,n) > 0 and lim 7(M,N,w,n?) = 0, it suffices to show that
N—0 N—o0

(M, N, w,n?) weakly decreases in N given any (M,w,n?) such that w > c.. Let (s,7,q) be the

DICCA given (M, N,w,n*). Let 7 (M, N,w,n) be the right-hand derivative of @(M, N, w,n?)

with respect to N. We investigate all possible cases of the DICCA and show that 7(M, N,w, 77A)

weakly decreases in N in each case.

Case (i) ¢1 = g2 = 0 and the demand at location 1 is not fully served. Because the demand at

location 1 is not fully served and CVs are serving customers all the time, 7, (M, N, w, nA) = 0.

Case (ii.i) q1 € [0, q}), the demand at location 1 is fully served, and the demand at location 2 is
not fully served. Because CVs have no incentive to reposition and ¢; increases in N (see case (ii)
and case (iii.i) in the proof of Lemma , 7 (M, N,w,n?) <0.

Case (ii.ii) g2 € [0,¢3), the demand at location 2 is fully served, and the demand at location 1

is not fully served. By a similar argument to that of Case (ii.i), we have 7, (M, N,w,n") < 0.

Case (iii.i) g1 = ¢f and the demand at location 2 is not fully served. Because the demand at
location 2 is not fully served, the repositioning of CVs increases in N while ¢; does not change.

Therefore, 7, (M, N,w,n4) = 0.

that of Case (iii.i), we have 7, (M, N,w,nA) =0.
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Case (ivi) ¢1 > ¢f and the demand at location 2 is not fully served. CVs reposition with

probability 1 as N increases. Hence, 7, (M, N, w, nt) = 0.

Case (iv.ii) g2 > ¢5 and the demand at location 1 is not fully served. By a similar argument to

that of Case (iv.i), we have 7, (M, N,w,n?) = 0.

Case (v) g1 < ¢f +kjq2, ¢2 < ¢5+k5q1, and the demand at both locations is fully served. CVs do

C.1)). Therefore, 7, (M, N,w,n?) < 0.

Case (vii) ¢1 = ¢ + kjq2, and the demand at both locations is fully served. If CVs reposition,
then both ¢; and g increase in N, which implies that 7, (M, N, w,n) < 0. Otherwise, depending
on the parameters, either both ¢; and ¢o increase in N, or g; decreases in N and ¢» increases in N

and the demand served by CVs remains the same. In all scenarios, 7, (M, N, w, n) < 0.

Case (viii) g2 = ¢ + k3q1, and the demand at both locations is fully served. By a similar

argument to that of Case (vi.i), we have 7, (M, N,w,n?) < 0.

Case (vii.i) ¢1 > qf + k{q2, and the demand at both locations is fully served. CVs reposition

with probability 1, and ¢ increases in N. Therefore, 7, (M, N, w,n) < 0.

Case (vil.il) g2 > ¢ + k3q1, and the demand at both locations is fully served. By a similar

argument to that of Case (vii.i), we have 7, (M, N,w,n?) < 0.

Therefore, we conclude that 7(M, N, w, nA) weakly decreases in N and thus has a unique

solution.

E.2 Proof of Theorem [3

In a system without AVs, the problem faced by the platform can be reformulated as the following

capacity allocation problem:

max = max (p—w) E
MawmnA —

subject to . . . @ .,.and.\mthM—O F,=0for k=1,2 and (C, C,qc) D.

We first characterize the profit function in terms of N in a system without AVs. By Lemma[E.]]
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we consider the following two cases.

Case (1): CVs do not queue or reposition. In this case, drivers serve customers all the time.
Given w, T = w — ¢, and thus can be simplified as N = %. Therefore, w can be written

as a function of N, which we denote by w(N):

wi(N) = N(pL_CC) + ce. (66)

We then use II; (N) to denote the platform profit N(p —wq(N)) as a function of N:

T (N) = [(p ) — 7 (p— oIV

Case (2): CVs reposition from location 1 to location 2 with a positive probability. In case (2),
the demand at location 1 is fully fulfilled and ¢; = ¢ by Proposition Moreover, in steady state,
an amount Cy + a(N — Cy — ¢f) of CVs is serving customers, an amount ¢; of CVs is queueing at
location 1, and an amount (1 —a)(N — Cy — ¢f) of CVs is repositioning from location 1 to location

2, where Cy and ¢j are given in and , and a is defined as

. Poito) + Paoton
Py1ta1 + Pootog + Poitio

(67)

By Lemma when ¢1 = ¢f, a driver is indifferent among all the repositioning strategies
n* = (n},0) with 7 € [0,1]. Without loss of generality, we consider the case where n* = (1,0) and

the expected earning for the driver is

PF, = aw — c. (68)

In this case, can be simplified as N = £EiL  Therefore, w can be written as a function of N,

p—ce ’
which we denote by wa(NV):

wy() = B

[ el (69)

We then use II5(V) to denote the platform profit as a function of N in case (2):
y(N) = [C2 + a(N — Cy — q1)](p — wa(N)).
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In Lemma we show that both II;(N) and II(N) are concave.

Lemma E.2. II;(N) and IIo(N) are concave.

Proof of Lemma [E.Z2 Obviously, II; (V) is concave. Taking the first order derivative for IIa(V)

(for simplicity, we omit the subscript for ws), we have

, B _Gqf ow B B B o ow
Hy(N) = a( 871087N)(p w) — [C2 +a(N — Cy QI)]GW’

8 —Ce . . .
where 5% = P—r¢ > 0, ¢f is given in (53) and

Jq; Ay Piotio(Partar + Pastos) + A1 (Pritin + Piati2) Portia cc
— = — — (Pyot Pyt Poit12). (70
ow [(Parto1 + Paotaa) — 2 (Pagtan + Portor + Poity2)]? w2< b + Povtar + Pavtaa). (70)

Aq* . . . . . .
Observe that % increases in w, ¢] decreases in w, w increases in N and g—}@ is a constant. It follows

that II5(N) decreases in N and thus IIy(NV) is concave. O

In Lemma , we show that if II{(Cs2) < 0, it is not optimal for the platform to let CVs

reposition.

Lemma E.3. IfII(Cs) < 0, any strategy which results in a DICCA such that C'Vs reposition with

a positive probability cannot be optimal.

Proof of Lemma [E.5 We first define a pseudo system under which CVs reposition to keep ¢1 = 0
if the demand at location 1 is fully served. Under the pseudo system, if the demand at location 1
is fully served, Cy + a(N — C3) amount of CVs are serving customers and (1 — a)(N — C2) amount

of CVs are repositioning. In this case, the average driver welfare is CQ(w*cC)Jr]s,N*CQ)PFl and we can

L Co (w—cc)+(N—Cg)PF1

2
w = NT(p_CC)+CcN
p—Ce N

obtain that N = , which implies that w = CotalN=Cy) and a is defined in

N

(67). The platform profit can be written as II(N) = [C2 4+ a(IN — C2)](p — w) and its derivative is

T —Ce Ce —a aNiz —ce
(V) = alp — w) — 2L >+021i%(N_022)+ 2 co)

(71)

When N = Cy, the corresponding wage w = w(Cs) = % + c.. It follows that IT}(Cs) =

71



(p—ce)(1 = 22) = (p — w) — 25%Cy. We can obtain that

(o) = alp— w) — 22 (0 — o) + e (1 —a) + a2(p — o)

L L
1 _
= a(p—w) —ce(l—a) = 7 (p = c)(Ca — aCh) - LCCCQ
<(p—w)-— p;CCCg = I} (Cy).

We then show that IT' (N) decreases in N. Taking the second order derivative, we can obtain

[2%(1) —¢e) + c.](Cy — aCy) + aNTQ(p —ce)
[Ca+a(N = C)?
[2(p— c0)(C2 — aC2) + 28 (p — )][Ca + a(N = Ca)] = (25 (1~ o) + ] (C2 = aCs) +aX - (p— ) ) a
[02 + a(N — 02>]2

I"(N)=—a

_ _%(P— ce)(Co — aCy) + 28 (p — ¢.) “0
C2 +CL(N CQ) ’

Therefore, in the pseudo system, if IT} (C2) < 0, the platform has no incentive to let CVs reposition.
Because the platform makes a higher profit in the pseudo system than that in the original system
under optimal strategies (recall that in the original system, CVs reposition only when ¢; > ¢f), the

desired result follows. O

We then prove a useful inequality in Lemma [E-4]

Lemma E.4. Given any DICCA such that 771 > 0, we have C < a, where the equality holds if
c. = 0.

Proof of Lemma[E-J) Under a DICCA such that r$, > 0, a driver is indifferent between not
repositioning and repositioning with probability 1. That is Cé(wiﬂcc) = aw — ¢¢, which implies the

desired result. O

We define two parameters w, and wp. Recall that ¢ depends on the wage paid to drivers w and
we use ¢j(w) to indicate this dependence. If L > a’; ~=(C2 + ¢i(p)), we let w, denote the unique

solution to (a;li%c)[/ = Co+gi(w). Otherwise, we let w, = p. Similarly, if L > Z=2¢(C1+C2+47 (p)),

we let wy denote the unique solution to (aw c“)L C1 + Ca + ¢f(w). Otherwise, we let wy, = p.
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Lemma E.5. If II}(C2) > 0 and II5(Cy + ¢f(wg)) > 0, there exists a threshold Ly such that
Hl(og) > HQ(N VAN (Cl +CQ+(]T('UJ[)))) if L < Ly and Hl(CQ) < HQ(N VAN (Cl—G—C'Q—I—qT(wb)))

otherwise, where N is the unique solution to ITy(N) = 0.

Proof of Lemma [E.5 It suffices to show that if IT; (Cy) < HQ(N/\(Cl + Ca + g7 (ws))), (rmé(LCQ) <
Ol (NA(C1+Cataf (wy)))
oL .

Recall the definitions of wi(N) and wae(N) in and (69). We first
consider the case where N < (Cy + Cy 4 ¢f(wp)). If I} (Cy) > 0, which implies that L > 2Cs, we

have w;(Cs) = % + ce < P57 + ¢.. Therefore, we can obtain that

O, (Cy)  C2 C: C I, (C
U _ S8 = Pun(C) — ) < Plp - wn(0n) = T,
Because N is the unique solution to IT,(N) = 0, it follows that
aq; - ~ a(p — wy(N ~ La
oy — () + G + (8 — € — gi)a] = "L 22D )
w N b —Cc
By the Envelope Theorem, we have
Oy (N dqt dw - - ow Na - Iy (N
o) _ 9000 () — [Ca+ (N = s — qal o = N2 — wy (7)) > T2V

oL ow dL oL L

where the last inequality follows from Lemma . Therefore, if Iy (]\7 ) > I1;(Cy), we have Olla(N) >

méi(LCZ), which leads to the desired result.

We then consider the case where N > (Cy + Cy + ¢f(wp)). The desired result follows as

Ollx(C2+Ci+q;) _ (Ca+aC1)(Co+Citq})(p—ce) . O1(C2) _ C3
oL = oz > =5 =3P —co) 0

By Lemma [E.2] Lemma and Lemma we can characterize the optimal strategy for the
platform in a system without AVs. From Lemma we know that the optimal strategy either
leads to: (a) CVs do not reposition and the platform recruits min{N, Cy} amount of drivers where
N is the unique solution to IT) (N) = 0; or (b) CVs reposition with a positive probability and the
platform recruits min{ N, C; + C5 + ¢}(w,)} amount of drivers where N is the unique solution to
IT5(N) = 0. If I} (C2) < 0, by Lemmal[E.3] the optimal strategy leads to scenario (a). Otherwise, by
Lemma [E.5] there exists a threshold L; on the driver pool size such that the optimal strategy leads

to scenario (a) if L > Ly and the optimal strategy leads to scenario (b) otherwise. In particular, we
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have the following possible outcomes.

Case (C.i): II}(C3) < 0. By Lemma |[E.3] the optimal strategy for the platform is to recruit N*
amount of drivers, where N* is the unique solution to II}(N) = (p — ¢.)(1 — 2&) = 0. It follows
that N* = 2, w* = M and the corresponding profit is IT* = ITI; (N*) = L(pch).

Case (C.ii): II}(C2) > 0 and ITI5(C2 + ¢f (w,)) < 0. By Lemma the optimal strategy for
the platform is to recruit Cy amount of CVs. It follows that N* = Cy, w* = % + ¢, and the
corresponding profit is IT* = II; (C2) = (p — ¢)(1 — %)Cg.

Case (C.iii): IT}(C2) > 0, TI5(Cs + ¢;(we)) > 0 and I5(Cy + Cy + ¢f(wp)) < 0. By Lemma
- there exists a threshold L; such that (a) if the driver pool size is small than L, N* = Cy,
w* = % +ccand IT* =TI, (Co) = (p—c)(1 — 2)02; (b) otherwise, N* is the unique solution
to ITL(N) = 0, w* = we(N*) and II* = IIa(N*).

Case (C.iv): I} (C3) > 0 and IT5(Cy + C2 + ¢; (wp)) > 0. By Lemmal[E.5| There exists a threshold
L; such that (a) if the driver pool size is smaller than Li, N* = Cy, w* = w1(Cy) = % + ¢
and IT* = TI; (Cs) = (p — cc)(1 — )Cy; (b) otherwise, N* = Cy + Cs + ¢f (wy), w* = wo(N*) and
Il = Iy (Cy + Cs + gf).

E.3 Proof of Theorem [2]

We first introduce additional notation. The profit earned by the platform from one unit supply of

AVs serving customers all the time is
M Gf =p—1—c,.

The profit earned by the platform from one unit supply of AVs which reposition from location 1 to

location 2 with probability 1 (assume the demand at location 2 is not fully served) is
MG4 =ap —cq — 1, (72)

where a is defined in .

We then characterize the platform profit in terms of N (amount of CVs). By Lemma it
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suffices to consider the following cases.

Case (a): both AVs and CVs do not reposition and the demand at location 1 is fully served
(because MG% > 0 by assumption, the platform always fulfill the demand from location 1) and
there is no queue at location 1. The profit earned by the platform from CVs and AVs is II; (V) and
(Co—N)-M G’f‘ respectively, where Cs is defined in . Therefore, the platform profit is

II3(N) = I (N) + (Co — N) - MG4.

Case (b): CVs do not reposition and AVs reposition with a positive probability such that the
demand at location 1 and location 2 are fully served (no queue at both locations). The profit earned
by the platform from CVs and AVs is IT1 (N) and (Cy — N)M G4 4-Cy - MG4' respectively. Therefore,

the platform profit is

[I4(N) = I (N) + (Cy — N)YMG$ + Cy - MG

Case (c): CVs reposition with a positive probability and AVs reposition with probability 1 such
that the demand at location 1 and location 2 are fully served. The profit earned by the platform
from CVs and AVs is TIy(N) and (C; + Cy 4 ¢f — N) - MG4 respectively. Therefore, platform profit
is

II5(N) = I (N) + (C1 + Co + ¢} — N) - MG%.

In Lemma we show that if IT5(Cy) = II);(Cy) < 0, it is not optimal for the platform to let

CVs reposition.

Lemma E.6. If II5(Cy) = II}(C2) < 0, any strategy which results in a DICCA such that CVs

reposition with a positive probability cannot be optimal.

Proof of Lemma [E.6 We consider a pseudo system which has been introduced in the proof of
Lemma [E-3] Under the pseudo system, CVs reposition when all the demand at location 1 is served
to keep ¢1 = 0. Tt suffices to show that TI4(Cy) < 0 implies IT'(Cy) < M G4 where IT'(N) is defined
in (71). Because II5(C2) < 0 is equivalent to #5Cy > I 4 ¢, — w1(C2) and II'(Cy) < MG is

equivalent to a(p — w1 (C2)) — ce(1 —a) — +(p — cc)(Ca — aCs) — B2 Cy < ap — I — ¢4, it suffices to
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show that I + ¢, — w1 (Ca) > I + ¢ — awi(Ca) — co(1—a) — 1 (p—c)(Co — aCs), which is equivalent

to %(p —¢.)Co > w1 (C3) — ¢.. This is true as wi(Cs) = % + ce. O
In Lemma we show that II3(N), II4(N) and II5(/V) have some good properties.

Lemma E.7. II3(N) and I14(N) are concave. IfIIL(N*) > 0, thenII5(N) is unimodal over [N*, c0).

Proof of Lemma [E.7. Obviously, II3(NN) and II4(NV) are concave. Taking derivative of II5(N):

e 87N)([+ca—aw) —[Co 4+ a(N — Cq —91)]8]\7-

II5(N) = (1

Because g% <0, %% increases in w, and g—}\‘} is a positive constant, if IIL(N) > 0, IT(N) < 0, which

implies the desired result. O

Lemma E.8. Assume II)(C3) > 0 and I5(Co + ¢ (w,)) > 0. When I is fized, there ezists a
threshold Lo(I) such that TI4(Cy) > II5(N A (C1 + Co + ¢i(wy))) if L < Lo(I) and I4(Cy) <
I5(N A (Cy + Cy + i (wp))) otherwise, where N is the unique solution to TI5(N) = 0.

When L is fized, there exists a threshold Io(L) such that T14(Cy) > TI5(N A (Cy + Co + ¢f(wp)))
if I < I(L) and I14(Cy) < II5(N A (C1 + Cy + ¢f(wp))) otherwise.

Proof of Lemma [E.8 We notice that I1,(Cy) > II5(Ca+¢f(w,)). Therefore, to obtain the first re-

sult, it suffices to show that when I14(Cs) < II5 (]\7 AN(CL+Ca+qf (wb))>, 8H5(N/\(ClgLCQ+qI(wb))) >

81%7(52). When I is fixed, we first consider the case where N < C} + Cy + ¢f(wp)). We have

8H§(LCQ) = %g(p —Co) = %(wl(C’g) —¢.). Because N is the unique solution to IT5(N) = 0, it follows
that
Oll5(N gt Ow - - o Ow
B (1= T2 o — g () — MO~ [Co + (N — C — g)] S = 0.
By the Envelope Theorem, we have
Al (N) " . Oqt Ow - o OW
~ N
= fa(p — ws(N)) ~ MGH]Y.
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Let Iy be the platform profit if all the demand at location 1 and location 2 is served by AVs. Then
My =Cy- MG + Cy - MG

Let Ay = T4 (Cy) — Iy = Ca(p — w1 (Ca) — MG = Co(I + ¢4 — w1 (Cy)). If I, (Cy) > 0, which
is equivalent to (p —c.)(1 — %) >p—1—cq, we have I 4+ cq > c. + 2(w1(C2) — c.). It follows that
Ay > Cowy(Cy) — o) > Ml

Let Ag = II5(N) =TIy = Co(p—wo(N) — MGP) + (N — Cy — ¢ [a(p— wa(N)) — MG4]. Because
(C2 + g])la(p — w2(N)) = MG3] > (C2 + g)al(p — w2(N)) = MG{] > Ca[(p — wa(N)) — MG{],
where the last inequality follows from Lemma it follows that Ay < Na(p —wa(N)) — MG4] =

All5(N,L)
75(% L.
Therefore, if II4(C2) < H5(J\7 ), we must have A; < Ay which implies that 8H§£N) > 81_%5:02).

The desired result follows.

We then consider the case where N > (C} + Cy + ¢f(wp))). The desired result follows as

Oll5(Co+C1+4q7) (C24aC1)(Co+C1+q7)(p—ce) Ol (Co) _ C3
a2 oIz > 5 = (P —co).

When L is fixed, we prove the desired result by contradiction. Let II4(N, I) and II5(N, I) denote
the values of II4(N) and II5(N) to indicate their dependence on the AV purchase cost I. Let Nj =

N A (C1+4Cy+qt(wy)), where N is the unique solution to %

= 0. Suppose there exist [; < Iy
such that T14(Cy, Is) > II5(Np,, I) and T14(Cy, I) < TI5(Ny,, I1). Because I5(N, I) is unimodal in
N, we must have H5(N12, L) > H5(N]1,Ig). Moreover, we have I14(Cq, I1)—114(Cy, I2) = C1(I2—1)
and II5(Ny,, I1) — II5(Ny,, I) < C1(I, — I1). Tt follows that I14(Cy, I}) = I14(Cy, Ir) + C1 (1o — 1) >
5(Np,, I) + C1(I, — I) > I5(Np,, I1), which leads to a contradiction, and the desired result

follows. O

By Lemma [E.6] Lemma [E.7] and Lemma [E.8 we can characterize the optimal strategy for the
platform in the system with AVs. First, we note that if M G‘24 < 0, the platform has no incentive
to let AVs reposition. In this case, by Lemma if IT15(Cy) < 0, it suffices to investigate II3(N).
Otherwise, we also need to investigate IIy(N). Similarly, if M G? > 0, the platform can make
positive profit by repositioning AVs. In this case, by Lemma if I} (C2) < 0, it suffices to
investigate II4(N). Otherwise, we also need to investigate II5(N). Therefore, we consider the

following cases.
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Case (AC.i): MG4 < 0 and IT5(Cs + ¢} (wy)) < 0. In this case, the platform has no incentive to

let CVs or AVs reposition. It suffices to consider the following subcases.

Case (AC.i.i): II3(0)" < 0. The platform operates with only AVs. The demand at location 1 is
fully served while AVs do not queue or reposition. We have M* = Cs, w* = 0, N* = 0 and the
corresponding profit is IT* = II3(0).

Case (AC.iii): II5(Cy) < 0 < II5(0). It is optimal for the platform to recruit N* amount of
drivers and purchase Cy — N* amount of AVs where N* is the unique solution to II5(N) = 0.
It follows that N* = %, w* = %, M* = Cy — N* and the corresponding profit is
IT* = TI3(N™).

Case (AC.iii): II5(Cy) > 0. It is optimal for the platform to operate with only CVs such that
the demand at location 1 is fully served and CVs do not queue or reposition. Therefore, N* = Cs,

w* = % + ¢e, M* =0 and the corresponding profit is IT* = TI3(C5).

Case (AC.ii): MG4 > 0 and TI5(Cy + ¢} (wa)) < 0. In this case, the platform has an incentive

to let AVs reposition but not CVs. It suffices to consider the following subcases.

Case (AC.i.i): II}(0) < 0. It is optimal for the platform to operate with only AVs such that
all the demand at location 1 and location 2 is fully served. It follows that w* = 0, N* = 0,
M* = C} + Cy and the corresponding profit is II* = I14(0).

Case (AC.iii): II4(C2) < 0 < II4(0). It is optimal for the platform to recruit N* amount
of drivers and purchase Cq + Cy — N* amount of AVs such that all the demand at location 1 and

location 2 is fully served while CVs do not reposition, where N* is the unique solution to IT} (N) = 0.

It follows that N* = %, w* = %, M* = Cy + Cy — N* and the corresponding profit is

IT* = II4(N*).

and purchase Cy amount of AVs such that all the demand at location 1 is served by CVs and
AVs reposition with probability 1. Therefore, N* = Cs, w* = % + ¢., M* = (4 and the
corresponding profit is IT* = II4(Cs).

Case (AC.iii): MG% <0 and IT5(Ca + ¢} (ws)) > 0. In this case, the platform has no incentive

to let AVs reposition, but might let CVs reposition depending on the parameters.
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Case (AC.iii.i): II5(0) < 0. By Lemma the optimal strategy and outcomes are exactly the

same as that in case (AC.i.i).

are the same as that in case (C.iii) (in the proof of Theorem [3).
Case (AC.iiL.iv): II5(Cy) > 0 and II5(Ch + Ca 4 g5 (wp)) > 0. The optimal strategy and outcomes
are the same as that in case (C.iv) (in the proof of Theorem (3]).

Case (AC.iv): MG4 > 0 and TI5(Cy + ¢} (wa)) > 0. In this case, the platform might let AVs

and CVs reposition depending on the parameters. It suffices to consider the following subcases.

Case (AC.iv.i): II(0) < 0. By Lemma the optimal strategy and outcomes are exactly the

same as that in case (AC.ii.i).

Case (AC.iv.ii): II/(Cy) < 0 < IT}(0). By Lemma the optimal strategy and outcomes are

exactly the same as that in case (AC.ii.ii).

Case (AC.iv.iii): II)(Cy) > 0 and II5(C + C2 + ¢ (wp)) < 0. In this case, the optimal strategy
of the platform falls into one of the following scenarios whichever gives a higher profit.

(a) All the demand at location 1 is served by CVs, CVs do not queue or reposition and AVs
reposition with probability 1. That is: N* = Cy, w* = w(Cy) = % + ¢e, M* = Cq and the
corresponding profit is IT* = TI4(N*).

(b) All the demand at locating 1 is served by CVs, CVs reposition with a positive probability and
AVs reposition with probability 1. That is: N* is the unique solution to IIf(N) = 0, w* = wa(Ny),
M* = Cy + Cy + ¢f — N* and the corresponding profit is IT* = II5(N*), where wa(N) is given in
(69)-

By Lemma [E.8] given any I, there exists a threshold Ly(L) such that if L < Ly(I), the optimal
strategy falls into scenario (a) and it falls into scenario (b) otherwise.

Case (AC.iv.iv): II}(C2) > 0 and II5(C + C2 + ¢ (wp)) > 0. In this case, the optimal strategy

of the platform falls into one of the following scenarios whichever gives a higher profit:

(a) All the demand at locating 1 is served by CVs, CVs do not queue or reposition and AVs
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reposition with probability 1. That is: N* = Cy, w* = w1(Cs) = % + ¢ce, M* = C1 and the

corresponding profit IT* = II4(N*).

(b) The platform operates with only CVs to serve all the demand at both locations. That is:

N*=C1 + Cy + ¢} (wp), w* = wp, M* =0, and the corresponding profit is IT* = II5(N*).

By Lemma given any I, there exists a threshold Ly(I) such that if L < Lo(I), the optimal

strategy falls into scenario (a) and it falls into scenario (b) otherwise. O

In Remark [3, we group possible cases of optimal outcomes into 7 types of equilibria introduced

in Section

Remark 3. Case (AC.i.i) and (AC.iii.1) belong to type I equilibra. Case (AC.ii.i) and (AC.vi.i)

L > Ly, (AC.iii.iv) when L > Ly and (AC.i.iv) when L > La(I) belong to type VII equilibra.

E.4 Proof of Proposition

It follows directly from the mathematical expression of the optimal strategy in the proof of Theorem

that w* (weakly) increases in I and (weakly) decreases in L; M* (weakly) decreases in I and L

Lemma [E5] there exists a threshold L; such that if L < Lj, the optimal strategy is given by

N* = Cy, w* = wi(Cs) = % + ¢.. Otherwise, N* is the unique solution to II5(N) = 0 and

w* = wy(N*). When L < Ly, w* decreases in L. When L > Ly, recall that N = Llaw=ce) 7o

pP—Cc
J0qi Ow L(aw — ¢.) ow
F(w,L) =T,(N) =a(l — =2 =) (p —w) — DT Oy — gt .
(w? ) 2( ) CL( dw 8N)(p 'U)) [CQ+CL( P —Ce CQ ql)]aN
We can obtain % through Implicit function theorem given F'(w,L) = 0. Because % < 0 and
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82 *
81321 > 0, we have

OF(w,L) 8% ow gt Ow alL dqi | Ow
ow ~ “wran® W -5, 58 T U T awlaw <0
OF(w,L)  0d¢i ow* o aw-—c 0w Llaw—c) ., 0w
oL~ “awaner? W e an (Gl T gt

a Ce
= — ——2
L(p+ . w),

where the last equality is implied by F(w, L) = 0. Moreover, because F'(w, L) = 0 and

> S12(Portar + Paotaz) + Parti2(S11 + S12) Portio
! Poitor + Paotoo Paitor + Paotas
we have
c aq; Ow o OW
a(p + EC —2w) <a(l- Bui 8—N)(p —w) — (aw —c.) =[(1 —a)Cy — aql]a—N < 0.
Therefore, by Implicit function theorem, g—% = —‘g—}g g—i < 0. It follows that w* decreases in

L. Moreover, because N > Cy where N is the unique solution to I, (N) = 0, we have LhTIE w* =
1

lim wy(Cy) < lim wy(N) = lim w*. Therefore, there is a jump at L; and thus w* is non-monotone
ALy L1Ly LiLy

in L.

In case (AC.iv.iii), by Lemma there exists a threshold Lo(I) such that if L < Lo(I), the

% + c.. Otherwise, N* is the unique

optimal strategy is given by M* = C1, w* = w1 (Cy) =
solution to IIf(N) = 0, w* = wa(N*) and M* = C1 +Cy — N*. When L < Ly(I), M* is a constant,

w* decreases in L and does not depend on I. When L > Ls(I), we first show that w* decreases in

L. Let
0qi Ow L(aw — ¢) ow
_ 1 _ o 1 ¥ . . A\ ) o et
F(w,L) =TI5(N) = (1 B0 8N)(I+Ca aw) — [Cy + ( p— Cy ql)a]aN.
By a similar analysis to that in case (AC.iii.i), we have
OF(w,L) 0%q; Ow 0qi Ow al dq; , Ow
gw ~ awan @ el =g ey TG T T Gwlan <0 and
OF(w,L) 8¢ 9*w aw — ¢, Ow L(aw — ¢.) w1 O%w
oL  Ow 8N3L(I o —aw) —a p—ce ON G2+ P — Ce C2 = ar)al OwoL
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1
= —(I+cq+ cc — 2aw) < 0.

L
By implicit function theorem, we have g—%’ = g—f g—i < 0. Therefore, w* decreases in L. Moreover,
by the same argument as in case (AC.iii.i), lim w* = lim wi(Co) < lim wy(N)= lim w*,
LALa(I) LALa(I) LLL2(I) LLL2(I)

where N is the unique solution to IT5(N) = 0. Therefore, there is a jump at Ly(I) and thus w* is

non-monotone in L.

We then show that M™ decreases in L. Let

F(N,L) = T(N) = (1 — g‘f %)(I +eq - N(pL_ ©) _ )= [Co+ (N = Cs— qﬁd%.
Then we have
aFg]\Q L) _ _gzg(g;},)?(lﬂa - JV(PL—Cf:) —e)—(1- %;‘é)@ﬁ —a(l - Zf %)% <0, and
D) _ 90 Dy, N oy o2 2890, N0 ) 6,y (v — 0y — gy 2
_ %(I+ca - N(pL_ ) et (1- gﬁ;ﬁ)N(pL; ) - g
By the Implicit function theorem, g—JZ = —g—i / g—ff > 0. It follows that M™* decreases in L.

Lastly, because IIf (V) increases in I, we have w* and N* increases in I and thus M* decreases

in 1.

E.5 Proof of Proposition

Because the platform always has the option of using only CVs (i.e., does not purchase any AVs),

the platform profit in the system with AVs is (weakly) higher than that in the system without AVs.

We then show that the average driver welfare is (weakly) lower in the system with AVs. By ,
to compare the average driver welfare, it suffices to compare the amount of drivers recruited by the
platform. The desired result follows immediately by observing that T} (N) > TI5(N) if MG4 < 0,
I} (N) > T, (N) and TI5(N) > I5(N) if MG3 > 0.

Next, we show that the service level is (weakly) higher in the system with AVs. The desired

result follows directly if M G4 > 0 as the service level is 1 in the system with AVs. If MG4 < 0, we
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consider two cases: (a) CVs do not reposition in the system without AVs. In this case, the demand
fulfilled is less than (or equal to) Cs. In the system with AVs, the demand fulfilled is Cs. It follows
that the service level weakly increases in the system with AVs. (b) CVs reposition in the system
without AVs, which implies that IT)(Cy) > 0 and IT,(Cy + ¢} (wg)) > 0 and I1;(Cy) < IIy(N), where
N is the unique solution to Ily(N) = 0. Because IT4(Cy) < I} (Cy), we consider two subcases. (b.1)
IT15(C3) > 0, then it is optimal for the platform to only use CVs which results in the same service
level. (b.2) II5(C2) < 0. By the proof of Lemma we have IT'(Cy) < MG4, where TI(N) is
the profit function for the pseudo system with only CVs and CVs reposition to keep g1 = 0 if the

demand at location 1 is fully fulfilled. Therefore, CVs do not reposition in the pseudo system, which

implies that CVs do not reposition in the system without AVs, and thus this case is not possible.

We then investigate the driver productivity. By the analysis in Appendix in a system
without AVs, we consider two cases. Case (i): CVs neither queue nor reposition and Case (2): CVs
reposition with a positive probability and there are ¢f amount of AVs queue at location 1. In case (i),
because CVs serve customers all the time, the driver productivity is 1. Therefore, the introduction
of AVs (weakly) decreases driver productivity. In case (ii), the amount of drivers recruited by the
platform N¢ = N€ A (Cy + Cy + ¢f(wp)) where N is the unique solution to ITH(N) = 0 and
NC > Cy + qi. According to the analysis in Appendix we consider three possibilities after the
introduction of AVs. Case (ii.1): CVs neither queue nor reposition. In this case, the productivity is
1 and thus the introduction of AVs increases driver productivity. Case (ii.2): CVs reposition with a
positive probability and M G‘24 < 0. In this case, the platform operates with only CVs. Therefore,
the outcomes in systems with and without AVs are the same and thus the driver productivity remains
the same. Case (ii.3): CVs reposition with a positive probability and MGQ4 > 0. In this case, the
amount of drivers recruited by the platform NAC = NAC A (C} + Cy + ¢} (wp)) where N4C is the

unique solution to ITf(N) = 0. When CVs reposition with a positive probability, we can define driver

(N) = CQJ”L(N_]%_‘H @) 45 as a function of N. Taking the first order derivative, we

productivity p
have p'(N) = fzla(l — LN — Cy — a(N — Cy — q})] = g[~a5E J6N — Cy + a(Ca + q})] >
ﬁ[—a% g—]“\’,] > 0, where the first inequality is due to Lemma Because N¢ > NAC we have
p(N) = p(N4C).

Lastly, we specify conditions under which a Pareto-improving outcome can be achieved. In case

(C.ii) and (C.iii) scenario (a) (in the proof Theorem [3|for the system without AVs), all the demand
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proof of Theorem [2| for the system with AVs), all the demand at location 1 is served by CVs and
CVs do not reposition, AVs reposition with probability 1 to fulfill otherwise unfulfilled demand due
to demand imbalance. In these cases, the amount of drivers recruited is C5. In the system with
AVs, the platform purchase C amount of AVs such that all the demand at location 1 and location
2 is served. It follows that the service level increases, the platform makes Cq - M G‘24 more profit in
the system with AVs and the average driver welfare remains the same. Therefore, the parameter

range such that a Pareto-improving outcome can be achieved is given by
(El U Eg) N (Eg U E4), (73)
where

El = {Aij7tij7]7Lapa Cc, Cq | H/1(02) > O’HIZ(Cz + q;(wa)) < 0}7
Ey = {Aij, tij, I, L,p, cc, cq | T (C2) > 0,115(C2 + ¢f (wa)) > 0, L < Ly},
E3 = {Aij)t’ij>-[7L7pa Ce, Ca | MG124 > 07]-—-[%(02) > 07]-—-[{5(02 + qik(wa)) < O} and

E4 = {Aij7tij7jaLap7 Cc, Cq | MG124 Z 07HZ/3(CQ) Z O7Hg(02 + qi(wa)) 2 O7L S LQ(I)}

F Proof of Theorem 4]

By Theorem [2| we can obtain the optimal strategy and the corresponding optimal profit IT* for
the platform given A;; for 7,5 € {1,2}. From the proof of Theorem [2 we can obtain that if
I < 2—?(p — ¢¢) + ¢c — ¢4, the platform’s optimal strategy could lead to four possible types of
equilibra (Type I through Type IV). In order to obtain the optimal admission control strategy, we
analyze IT* with respect to S;; for 4,5 € {1,2}, where S;; = Aj;t;;. We conduct the analysis for

each type of equilibra separately, and consider the case that an infinitesimal change in S;; does not

change the resulted equilibra type (the boundary cases can be analyzed similarly).

First, we recall that Oy = (1 + 2L + 522 )(H2 85 — S15), Oy = Sq1 + (14 2 + 522 )S12 and

t12 t12 to1 fia ' g, A2
121 Loy
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= Sn+52 _ We can obtain that

521+522+521%

801 802 8(1

=0, —=1 =0
0811 T ISn T 9Sh ’
oCcy ta1 Sao 0C, to1 Sao Oa

1 - = 1 5 pry

8512 ( + t12 + SQ t12 )’ 0512 t12 521 t12 0512
15051 522512 n tﬁ 1 005 B S22512 Oa _ 2%522
9591 S%l ;;i t21 ’ 8521 S%l ?2 " 08y (521 + S99 + So1 %)27
801 —1_ 512 802 . 512 and 8& 2? 521
0522 So 1%3 " 052 521“2 85y (So1 + Sgo + ¢ 2 2691)%

Type I equilibra. In this case, the platform profit is IT* = TI3(0) = Cy - MG4'. Tt follows that

o 4 00y
= MG ==,
DSy G DSy

Therefore, in Type I equilibra, the platform can be better off from rejecting demand from location
2 to location 1 and has no incentive to reject other types of demand.
Type II equilibra. In this case, the platform profit is IT* = II4(0) = Cy - MG{l +C - MG?.

It follows that

oIT*

= MG >0
8511 1 >0,
OIT* to1 S22
=p(l—-a)(l+ —+ >0
o5 ~ PO )
oIT*
8S21 (1+;)(I+CG)
oIT* S12 A 512 A da
= MG 1-— MGy + pC > 0.
0522 5’21t12 s So1 i;j ) P985 0522

Therefore, in Type II equilibra, if p — (1 4+ tm)([ + ¢4) < 0 the platform can be better off from

rejecting demand from location 2 to location 1. Otherwise, the platform has no incentive to reject

any type of demand.

Type III equilibra. In this case, the platform profit is IT* = II3(N*) = N*(p — w1 (N*)) +
(Cy— N*)MG{ where N* = % is the unique solution to IT4(N) = 0 and w; (N*) = Icatee,

We can obtain that BH for 1,7 = 1,2 are the same as that in Type I equilibra. Therefore, in Type
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IIT equilibra, the platform can be better off from rejecting demand from location 2 to location 1

and has no incentive to reject other types of demand.

Type IV equilibra (II,(Cy) < 0). The platform profit is IT* = II4(N*) = N*(p — w1 (N*)) +
(Cy — N*)MG{ + Oy - MG4', where N* = % is the unique solution to II}(N) = 0 and
w1 (N*) = % We can obtain that gs% for 4, 7 = 1,2 are the same as that in Type II equilibra.
Therefore, if p — (1 + %)(ca + I) < 0, the platform can be better off from rejecting demand from

location 2 to location 1. Otherwise, the platform has no incentive to reject any type of demand.

Because 2 < 1+ %, we conclude that if p— (1+ %)(ca + 1) < 0, the platform can be better off
from rejecting demand from location 2 to location 1. Moreover, we observe that rejecting demand
from location 2 to location 1 increases Cs, which implies that the condition I < %(p —Ce)+Ce—cq
continues to hold. Therefore, it remains to show that any admission control strategy which results in
other types of equilibria cannot be optimal. For simplicity, we refer to Type I, IL, III, IV (11}, (C2) < 0)
as Type A equilibra, and refer to Type IV (II};(C3) > 0), V, VI, VII equilibria as Type B equilibria.
We first consider the case where M G4 > 0. Without admission control, the equilibra can be either
Type II or Type IV. The first case is trivial because the platform has no incentive to recruit CVs
under any admission control strategy. For the second case, we assume that the platform rejects some
demand which leads to a Type B equilibria. The resulted equilibra can be either Type IV (with
IT)(C2) > 0), V, VI, or VII equilibra. We notice that the platform is never better off from rejecting
demand from location 2 to itself. Because rejecting demand from location 2 to location 1 solely still
leads to a Type A equilibria, it suffices to show that when I < %(p — ¢¢) + ¢ — ¢q, the platform
cannot be better off from rejecting demand at location 1. We consider a pseudo system which has
been introduced in the proof of Lemma It is easy to see when I < %(p — C¢) + Cc — Cq, the
optimal strategy for the platform without admission control is the same as that under the pseudo

system. We then notice that rejecting demand from location 1 never benefits the platform in the

pseudo system, which leads to the desired result.

We then consider the case where M G’24 < 0. Without admission control, the optimal equilibra
can be either Type I or Type III. The first case is trivial because the platform has no incentive
to recruit CVs under any admission control strategy. For the second case, we can apply a similar

argument to the pseudo system which concludes the proof.
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G Proofs for Systems under Different Vehicle Priority Policies

G.1 Proof of Theorem [G

Under the CV-prioritized policy, from the driver’s perspective, the system is identical to that without
AVs. We can reformulate the problem faced by the platform as the following capacity allocation

problem:

max (M, w,n?)
M w4

subject to —, , , and (sc,rc,qc) eD.

In this case, the platform has no reason to allow AVs to queue up anywhere (otherwise, the platform
can be better off by removing the the amount of AVs queued in both locations). Additionally,
pursuant to Proposition , drivers reposition only when qlo > ¢;i. The optimal outcome must fall

in one of the following scenarios:
(a) CVs do not reposition and ¢¢ = 0; or

(b) CVs reposition with a positive probability, ¢ = ¢f and AVs (if any) reposition with proba-

bility 1.
As a result, we can use a similar argument to that used in the proof of Theorem [2] to obtain the

same optimal strategy for the platform.

G.2 Proof of Theorem

Under the AV prioritized policy, from the driver’s perspective, the system is identical to one in which
the demand fulfilled by AVs is removed. Therefore, by Proposition [B:I] the capacity allocation

(s,7,q) is driver-incentive compatible under the AV-prioritized policy if

(SC,TC, qC) cD=DU [)2,
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where

< + kg it =0
~ ~ rC sC sC
D= (s,r,9) 20: gi(s,r,¢%) 2 0,75 = 0,4 § =g + kg if 72 € (0,3 + 72)
~ C C
q¥ * if 0 — C — T _ S
tij
i (Sij = sil(Sji = s58) + (S = si5)] + (Sji = s70) 12 [(Sis — s8) + (Sij — 55)] o
i Ce tij ’
[(Sji = s33) + (S5 — s7)] — S((Si5 — s35) + (Sji — s33) + (Sji — s53) 2]
e (S35 = ) + (i = 511)] = $5(Sis — )
g Ce tz
[(Sji — s53) + (S5 — s35)] = <[(Sj5 — s55) + (Sji — s53) + (Sji — ﬁ)t;]

We can then reformulate the problem faced by the platform as the following capacity allocation

problem:

max (M, w,n?)
M,w,n4

subject to 7, , , and sc, C,qC) D.

Let S’ij for i € {1,2} be the corresponding amount of demand after the demand served by AVs
is removed from the system. We define ¢] and l;:{ with respect to S‘Z-j as counterparts to ¢f and
kT defined in f. For example, when a fraction 1 — 6 of demand at location 1 is served
by AVs and AVs do not reposition, we have S = 6511, Si2 = 6512, So1 = So1 — (1— 9)t21 S12,

Sy = S9o — (1-0) %ﬁ?; Si2, and ¢§ = 0¢;. When all the demand at location 1 and a fraction 1 — 0
of the demand at location 2 is served by AVs, we have S11 = Syp = 0, So1 = 0551, S99 = 0S59 and
g; =0.

Lemma G.1. Under the AV-prioritized policy, any platform strategy which results in the following
capacity allocation cannot be optimal.

(i) Both AVs and CVs reposition from location 1 to location 2, and CVs reposition with a

probability less than 1 (i.e., iy >0, 7{ > 0 and n{ # 1).

(i) CVs reposition from location 1 to location 2 with a positive probability less than 1 and the

demand at location 2 is not fully served (i.e., n° € (0,1) and ay < 1).

88



Proof of Lemma [G.1] In case (i), it suffices to consider the case where all the demand at location
1 and location 2 is served. Otherwise, the platform can be better off by purchasing more AVs to
serve unfulfilled demand at location 2. Suppose a fraction 1 — 6 of demand at location 1 is served
by AVs, then we must have M + N = S + f¢}(w1) where w; = N(Zizcc) + “¢. The platform can
increase its profit by (1) fixing M, (2) decreasing 6 to 6§ — A where A is a sufficiently small positive
number, and (3) recruiting 6¢j(w1) — (6 — A)gi(w2) less drivers where wy is the unique solution
to N — 0qi(w1) + (6 — A)qi(w2) = “2% L. By doing so, the platform can use AVs to serve more
customers and pay less repositioning cost and also pay a lower wage to drivers which improves its

profit.

In case (ii), it suffices to consider the case where M Gg‘ < 0, which implies that AVs do not
reposition. (Otherwise, the platform can be better off by purchasing more AVs to serve unfulfilled
demand at location 2 and such setting has been considered in case (i).) Let 1 — @ be the fraction of
demand fulfilled by AVs at location 1, we have N =3, ., , s% +0q; (w1) where w; = W + .
The platform can increase its profit by (1) decreasing 6 to § — A where A is a sufficiently small
positive number, (2) increasing M to M + ACy, and (3) fixing the wage w; and N. By doing so, the
platform can procure more AVs and use AVs to serve more demand (without repositioning) and also

use CVs to serve more demand (it can be shown by noticing that CVs reposition more and the total

driver welfare remains the same) with the same wage wy which improves the platform profit. O

By Lemma , under the AV-prioritized policy, it suffices to investigate the following cases: (1)
CVs do not reposition; (2) AVs do not reposition, CVs reposition with a positive probability and
all the demand at location 2 is served; and (3) CVs reposition with probability 1. If CVs do not
reposition, the profit function for the platform is given by II3(N) if M G4 < 0 and II4(N) otherwise.
If CVs reposition with a positive probability, we characterize the profit function for the platform in
the following scenarios.

Scenario (a): MG% < 0, all the demand at location 1 is served by AVs and CVs reposition with

probability 1. Given N, the profit function for the platform is

Ig(N) = Co - MG + aN(p — w),
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where w = wy(N) and wy(N) is given in (69).

Scenario (b): M G’24 > 0, all the demand at location 1 is served by AVs, AVs reposition with
a positive probability and CVs reposition with probability 1. Given N, the profit function for the
platform is

II;(N) = Cy - MG + (C1 — N)MG% + aN(p — w),

where w = wy(N) and wy(N) is given in (69).

Scenario (¢): AVs do not reposition and CVs reposition with a positive probability such that all
the demand at location 1 and location 2 is served. In this case, the average driver welfare is given
by PF; (defined in (68)). Let 6 be the fraction of demand served by CVs at location 1, then we

have
P L

N = N = .
0(qi + C2) + C1 —

(74)

The profit for the platform is

IIg(N) = (aCy + 0Co)(p — w) + (1 — 0)Cy - MG,
where w = wy(N) and wy(N) is given in (69).

Lemma G.2. If MG4 < 0, TI(C1) < 0 implies that TIg(C1) < 0; otherwise, 5(C1) < 0 implies
that TI4(Cy) < 0.

Proof of Lemma |[G.2 1I;(Cy) < 0 is equivalent to

2 - tc
ap < ce + M (75)
L
IT7(C) < 0 implies that
2C1(p—cc) e  1+aCi(p—ce)
[+ cy < cog 2P = C) Lo . 76
+¢q < Cc+ T <t T (76)
II5(Ch) < 0 is equivalent to
Co A Gilp—c)
—w) - MG - 2R
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@G +CaCi(p—c) e Cilp—ce) ¢ +CoCi(p—ce)
I+ e S .
ST+c, <wH+ o i3 . + oL + o 17 (77)

Therefore, if MG‘Q4 <0, implies because p > [ 4+ ¢, and a = qfiQCz' If MGQA >0, also
implies . O

Lemma G.3. Ifc. =0, (), II7(N) and IIg(N) are concave.

Proof of Lemma|[G.3 . Obviously, IIg(IV) and II7(N) are concave. If ¢, = 0, we can obtain from

that 6 = Y=C1 where qi is a constant. Therefore, we have

q;+C2>
(V) = — 2 (p— w— MG2) — (aCy + 0C) 2= and
q1 +Co alL
II(N) = 2 i2CQPaLCC <0,
which implies that IIg(/V) is concave. O

By Lemma Lemma [G:2] and Lemma [G.3] we can characterize the optimal strategy for
the platform under the AV-prioritized policy. First, we note the following. When MG% < 0, the
platform has no incentive to let CVs reposition if IT§(0) < 0. Moreover, if II§(C) < 0, by Lemma
[G2] either CVs do not reposition or CVs reposition with probability 1 under the optimal strategy.
Similarly, when M G‘24 > 0, the platform has no incentive to let CVs reposition if II7(0) < 0.
Moreover, if II%(C}) < 0, either CVs do not reposition or CVs reposition with probability 1 under

the optimal strategy.

Therefore, given MG4' < 0, if IT5(0) < 0, it suffices to investigate II3(N). If IT5(Cy) < 0 < IT4(0),
we need to compare the profit function IIg(N) when CVs reposition with probability 1 with the profit
function II3(N) when CVs do not reposition. If ITy(C1) > 0, we need to compare the profit function
IIg(N) when AVs do not reposition and CVs reposition such that the all demand at location 1 and
location 2 is served with the profit function II3(NN) when CVs do not reposition.

Similarly, given M G4 > 0, if TT;(0) < 0, it suffices to investigate TI4(N). If IT4(Cy) < 0 < TI7(0),
we need to compare the profit function II7(N) when CVs reposition with probability 1 with the profit
function I14(N) when CVs do not reposition. If ITZ(C7) > 0, we need to compare the profit function

IIg(N) when AVs do not reposition and CVs reposition such that all the demand at location 1 and
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location 2 is served with the profit II4(/N) when AVs reposition while CVs do not.

We then introduce Lemma [G.4] which provides some comparison results on profit functions.
Lemma G.4. (i) When MG4 < 0 and II5(C1) < 0 < I15(0), we have Ig(%) < Hg(%), where &

is the unique solution to IIx(N) =0 and % is the unique solution to II{(N) = 0.

(i) When MG4 < 0 and TIg(Cy) > 0, we have Hg(%) < H3(%), where % is the unique

solution to IIG(N) = 0 and % is the unique solution to II4(N) = 0.

(iii) When MG4 > 0 and TIL(C1) < 0 < T15(0), we have H7(%) = H4(%), where % is the
unique solution to IIL(N) =0 and IIj(N) = 0.

(iv) When MG4 > 0 and TI4(Cy) > 0, we have Hg(%) < H4(%) where % is the unique
solution to IIg(N) = 0 and % is the unique solution to IT})(N) = 0.

Proof of Lemma[G.J In case (i), we can obtain that Ils(%) — H3(%) = a24Lp — % < 0 as

MG4 < 0.

In case (ii), because II(C1) > 0, we have C; < %. It follows that

alL IL a’I’L  I’L
Hs(Tp ) — Hz(%) =aCy - MG{ + » i
< a’IL  a’I’L I?’L
- 2 4p 4p

IL
< 4—(2a2p —2Va?I?) <0,
P
where the last inequality is due to the Cauchy—Schwarz inequality and M G’Q4 < 0.
In case (iii), the desired result follows directly from the definitions of II7 and Ily.

In case (iv), because II5(C) > 0, we have C; < %. It follows that

IL IL 2727, I2L IL
- = —alC+ S E - L e = (- {cl 1Ly +a>] <0.

I
8 2p 4p 4p 4p

O

Through out the remainder of the proof, we shall frequently refer to cases (labeled by "AC")

discussed in the proof of Theorem [2] Because ¢, = ¢, = 0, we have I15(0) = II}(0) = I > 0. Now
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we can characterize the optimal strategy and its corresponding outcome under the AV-prioritized
policy.
Case (AP.): MG4 < 0 and I5(C1) < 0. In this case, the platform has no incentive to let AVs

reposition. We consider the following subcases.

Case (AP.ii): TI5(0) < 0. It suffices to investigate II3(N). If II5(C) > 0, the optimal strategy
and corresponding outcomes are identical to those in case (AC.i.ii). Otherwise, they are identical
to those in case (AC.i.iii).

Case (AP.iii): II§(Cy) < 0 < I(0). By Lemmal|G.2} CVs either do not reposition or reposition
with probability 1. The optimal strategy falls into one of the following scenarios whichever gives a

higher profit.

(a) The platform recruits % amount of drivers and drivers reposition with probability 1, where
% is the unique solution to II(N) = 0. The platform purchases Cy amount of AVs and AVs do not

queue or reposition. It follows that M = Cy, w = wg(%) and the corresponding profit is HG(%).
(b) CVs do not reposition, and we consider the following possibilities.

(b.1) If II5(Cy) < 0, the strategy and is identical to that in case (AC.iii). That is, N = %,

w = wl(%), M = Cy — % and the corresponding profit is Hg(%). By Lemma because
Hg(%) > TIg(%), the strategy in scenario (b.1) dominates that in scenario (a).

(b.2) If II5(C%) > 0, the strategy is identical to that in case (AC.i.iii). That is N = Cy, M =0,
w = w1(C1) and the corresponding profit is II3(Cs).

Case (AP.i): MG4 >0 and TI5(C;) < 0. In this case, the platform can make positive profit by

repositioning AVs. We consider the following subcases.

Case (AP.i.i): ITI7(0) < 0. It suffices to investigate I14(N). If II)(C2) < 0, the optimal strategy

and outcomes are identical to those in case (AC.ii.ii). Otherwise, they are identical to those in case

Case (AP.ii.ii): II(C1) < 0 < IT4(0). By Lemma|G.2} CVs either do not reposition or reposition
with probability 1. The optimal strategy is determined by which of the following scenarios yields a

higher profit.

(a) The platform recruits % amount of drivers and drivers reposition with probability 1 where
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% is the unique solution to II%(N) = 0. The platform purchases C; + C — 7; amount AVs and

AVs reposition with a positive probability. It follows that M = Cy 4+ Cs — w = 'UJQ(%) and the

2p’
profit is 1'[7(%).
(b) CVs do not reposition, and we consider the following possibilities.
(b.1) If I}, (C2) < 0, the strategy is identical to that in case (AC.ii.ii). That is, N = 125,

w = w1(2—) and the profit is II,(4& ) By Lemma H4(%) = H7(%).

Therefore, strategies in scenario (a) and scenario (b.1) are both optimal.

M =C+Cy — 2p’

w = wl(C’z) and the profit is 114(Cs). By Lemma , I4(Cy) < H4(%) = H7(é£) Where is the

solution to ITj(N) = 0, the strategy in scenario (a) dominates that in scenario (b.2).

Case (AP.ii): MG4 < 0 and T4(Cy) > 0. We consider the following subcases.

Case (AP.iii): IIg(C1 + C2 + ¢f) > 0. By Lemma we can obtain that (Cl+c2+qu)(P—Cc) _
cet+a(l+cq)— % > 0, which implies that II5(C2) = —% —ce+1+c¢q > 0. The
optimal strategy is determined by which of the following scenarios yields a higher profit.

(a) All the demand at location 1 and location 2 is served by CVs. That is: N = C; + C2 + ¢f,

M =0, w=w2(Cy + Ca + ¢f) and the profit is IIg(C; + C2 + ¢7).

(b) The strategy and outcomes are identical to that in case (AC.i.iii).

a positive probability such that all the demand at location 2 is fulfilled or do not reposition. The

optimal strategy is determined by which of the following scenarios yields a higher profit.

(a) The platform recruits al pL amount drivers and drivers reposition with a positive probability,
where % is the unique solution to IIg(N) = 0. The platform purchases (1 — 6)Cy amount of AVs

alL -4

and Avs do not reposition, where 6 = %’T It follows that M = (1 — 0)Cy , the wage paid to

drivers is wg( L) and the profit is Hg(al Ly,
(b) CVs do not reposition, and we consider the following possibilities.
(b.1) If TI3(C2) < 0, the strategy is identical to that in case (AC..ii). That is N = %,

w = wi (& ) M=Cy— 5 and the profit is Hg(IL) By Lemma because II3(1E ) > 1lg (aIL)

the optimal strategy in scenario (b.1) dominates that in scenario (a).
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(b.2) If II3(C3) > 0, the strategy is identical to that in case (AC.i.iii). That is N = Cy, M =0,
w = w1 (C1) and the profit is II3(C?).

scenarios yields a higher profit.

(a) The platform purchases Co amount of AVs and AVs do not queue or reposition. The platform
recruits C7; amount of drivers and drivers reposition with probability 1. It follows that M = Cj,

N = C}, w = wy(C1) and the profit is IIg(C).

(b) If IT5(C%) < 0, the strategy and outcomes are identical to those in case (AC.i.ii). Otherwise,

they are identical to those in case (AC.1.iii).
Case (AP.iv): MG% > 0 and IT5(Cy) > 0. We consider the following subcases.

Case (AP.iv.i): IIg(Cy + C2 + ¢f) > 0. In this case, we have IT}(Cy) > 0. The optimal strategy

is determined by which of the following scenarios yields a higher profit.

(a) The strategy and outcome are identical to those in case (AP.iii.i) scenario (a).

Case (AP.iv.ii): II5(Ch + C2 + ¢f) < 0 <TI5(Ch). In this case, we have II}(0) > 0. The optimal
strategy is determined by which of the following scenarios yields a higher profit.

(a) CVs reposition with a positive probability. The strategy and outcomes are identical to those

allL
A . . . _alL g _ “ap 1 — = alL
in case (AP.iiii) scenario (a). That is, N = 2, 0 = T M = 6Cs, w = wa(9,*) and the

profit is Hg(%).

(b) CVs do not reposition, and we consider the following possibilities.

(b.1) If I} (C2) < 0, the strategy is identical to that in case (AC.ii.ii). That is, N = %,

M = C’H—C’g—%, w = wl(%) and the profit is H4(%). By Lemma, because H4(%) > Hg(%),

the optimal strategy in scenario (b.1) dominates that in scenario (a).

M = Cy, w = w1(C2) and the profit is II4(Cy).

Case (AP.iv.ii): II{(C1) < 0. The optimal strategy is determined by which of the following

scenarios yields a higher profit.
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(b) If IT}(C2) < 0, the strategy and outcomes are identical to that those in case (AC.ii.ii).

G.3 Proof of Proposition

According to the proof of Theorem [2], allowing AVs to queue at any location is not optimal for the
platform under the random priority policy. Therefore, under the AV-prioritized policy, the platform
can still use the optimal strategy under the random priority policy, indicating that the platform

profit is (weakly) higher under the AV-prioritized policy than under the random priority policy.

We then show that the service level is (weakly) higher under the AV-prioritized policy. The
desired result follows directly if M G‘24 > 0 as the service level is 1 under both priority policies. If
M G‘24 < 0, we consider two cases: (a) CVs do not reposition under the random priority policy. In
this case, the desired result also follows naturally. (b) CVs reposition under the random priority
policy, which implies that the platform recruits N A (Cy 4 Cy + ¢ (wp)) amount of drivers, where

N is the unique solution to IT,(N) = 0. Because % < II§(N), the desired result follows.

Next, we investigate the average driver welfare. By , to compare the average driver welfare,
it suffices to compare the amount of drivers recruited by the platform. Let N; be the amount of CVs
under the random priority policy, and No be that under the AV-prioritized policy. If M G‘24 < 0,

the optimal outcome under the random priority policy could fall into the following cases.

Case (i): the platform operates with both AVs and CVs, while AVs and CVs do not reposition.
In this case, we have N7 = %. According to the Proof of Theorem |§|, under the AV-prioritized
policy, the optimal outcome could fall into the following subcases. Case (i.1): AVs and CVs do not
reposition. We have Ny = Nj. Case (i.2): AVs serve Cy, CVs reposition with probability 1, and
I§(C1) > 0. Because No = Oy < % < Ny as MG < 0, where % is the solution to IIj(N) = 0,

we can obtain that Ny < V7.

Case (ii): the platform only operates with CVs and CVs do not reposition. In this case, we
have N1 = C3. Under the AV-prioritized policy, the optimal outcome could fall into the following
subcases. Case (ii.1): The platform only operates with CVs and CVs do not reposition. We have
Ny = N;. Case (ii.2): AVs serve Cy, CVs reposition with probability 1, and II§(Cy) < 0. We can

obtain that Ny = % Moreover, because Ilg(Ng) > II3(N7), we have Co < % and thus N1 < No.
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Case (ii.3): AVs serve Cy, CVs reposition with probability 1, and II§(C1) > 0. Because Ny = Cy,
we must have ITI5(Cs) > 0, which implies that I > 2p02 Moreover, because IIg(C1) > II3(Ny), we
have —CoI + aCip > (Cl C3), which implies that I(Cy — C2) > 2(Cy — Co)(Cy + Cs). Suppose
Cy > (', then we must have I < %(C’l +Cs) < QTPC'Q, which leads to a contradiction. Therefore, we
must have C; > C9 and thus Ny > Nj. Case (ii.4): CVs reposition with a positive probability less
than 1 and all the demand at location 1 and location 2 is served. We have Ny = %. Therefore, if

aIL > (9, we have Ny > Np, and Ny < N;j otherwise.

Case (iii): the platform only operates with CVs and CVs reposition with a positive probability.

In this case, we have Ny = %&£ A (C1 + Co + ¢} (wp)), where % is the unique solution to Ip(N) =0

(because chq = a by Lemma when ¢, = 0). Under the AV-prioritized policy, the optimal
outcome could fall into the following subcases. Case (iii.1): AVs serve C3, CVs reposition with
probability 1, and II§(Cy) < 0. We can obtain that Ny = @ = N;. Case (iii.2): AVs serve Cy, CVs
reposition with probability 1, and II5(Cy) > 0. Because C} < % by Case (iii.1) we can obtain that
Ny < Nj. Case (iii.3): CVs reposition with a positive probability less than 1 and all the demand at
all

S <% L where 4L is the solution to TI5(N) = 0, we

location 1 and location 2 is served. Because BT

have Ny < Nj.

ItM G’24 > 0, the optimal outcome under the random priority policy could fall into the following
cases.

Case (iv): the platform operates with both CVs and AVs, CVs do not reposition and AVs
reposition with a positive probability. In this case, we have N = %. According to the proof
of Theorem [2| under the AV-prioritized policy, the optimal outcome could fall into the following
subcases. Case (iv.1): CVs do not reposition and AVs reposition with a positive probability. We
have N = Nj. Case (iv.2): CVs reposition with probability 1, and IT7(C) < 0. We can obtain that
Ny = % = Ny, where é’—}f is the solution to II%(N) = 0. Case (iv.3): AVs serve Cy, CVs reposition
with probability 1, and II%(C) > 0. Because Cy < %, by Case (iv.2), we can obtain that Ny < Nj.

Case (v): the platform operates with both AVs and CVs, CVs do not reposition, AVs reposition
with probability 1. In this case, we have N1 = C5. Under the AV-prioritized policy, the optimal

outcomes could fall into the following subcases. Case (v.1): CVs do not reposition, AVs reposition

with probability 1. We have Ny = Nj. Case (v.2): AVs reposition with a positive probability,
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CVs reposition with probability 1. We can obtain that Ny = %. Because IT)(C2) > 0, Cy < %
where % is the solution to II}j(N) = 0, we have N1 < Nj. Case (v.3) AVs do not reposition, CVs
reposition with probability 1. We have No = C;. Because II7(C1) > I14(Cy), we have I(Cy — Ca) >
Z(Cy + C3)(C1 — C3). Then, by the same analysis as in case (ii.3), we can obtain that No > Nj.
Case (v.4) CVs reposition with a positive probability less than 1 and AVs do not reposition. We

have Ny = %. Therefore, if % > (9, we have Ny > Np. Otherwise, we have No < Nj.

Case (vi): the platform operates with both CVs and AVs, CVs reposition with a positive probabil-
ity and AVs reposition with probability 1. In this case, we have N} = %. Under the AV-prioritized
policy, the optimal outcome could fall into the following subcases. Case (vi.1): CVs reposition with
a positive probability and AVs reposition with probability 1. We have Ny = Nj. Case (vi.2): CVs
reposition with probability 1, and II%(C;) < 0. We can obtain that Ny = % = N, where %
is the solution to IT;(N) = 0. Case (vi.3): AVs serve Cy, CVs reposition with probability 1, and
IIZ(Cy) > 0. Because C; < %, by Case (vi.2), we can obtain that No < Nj. Case (vi.4): CVs
reposition with a positive probability less than 1 and all the demand at location 1 and location 2 is

all all

served. Because G < %, where Gy 18 the solution to IT{(N) = 0, we have Ny < Nj.

Lastly, we consider the driver productivity. The optimal outcome under the random priority

policy could fall into the following cases.

Case (i) CVs do not reposition. In this case, the driver productivity is 1 and the AV-prioritized

policy must weakly decrease driver productivity.

Case (ii) CVs reposition with a positive probability. In this case, the driver productivity is a

(this is because CQCf i’ by Lemma . By Theorem|§|7 after the priority policy is switched to
1

the AV-prioritized policy, it is optimal for the platform to let CVs reposition (if the platform does

not reposition CVs, this strategy must be dominated by the optimal strategy under the random

priority policy). Because Cgch* = a by Lemma when ¢, = ¢, = 0, we conclude that the driver
1

productivity is still ¢ under the AV-prioritized policy.

G.4 Proof of Proposition

The desired results regarding the platform profit and service level can be obtained by the same

argument in the proof of Proposition
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Next, we investigate the average driver welfare. By , to compare the average driver welfare,
it suffices to compare the amount of drivers recruited by the platform. Let N7 be the amount of
CVs in the system without AVs, and N be that in the system with AVs under the AV-prioritized

policy. The optimal outcome in the system without AVs could fall into the following cases.

Case (i) CVs do not reposition and II}(Cy) < 0. In this case, we have N; = % < Cy. According
to the Proof of Theorem [6] under the AV-prioritized policy, the optimal outcome could fall into the
following subcases. Case (i.1): MG4 < 0, AVs and CVs do not reposition. We have Ny < N;. Case
(i.2): MG% < 0, AVs serve Cy, CVs reposition with probability 1 and IT5(C;) < 0. We can obtain
that Ny = %& < Ny, where % is the solution to II§(N) = 0. Case (i.3): MG4 < 0, AVs serve
(3, CVs reposition with probability 1 and II5(C7) > 0. We can obtain that N = C1 < % < Nj.
Case (i.4): MG’24 < 0, CVs reposition with a positive probability less than 1 and all the demand at
location 1 and location 2 is served. We can obtain that No = % < Ni, where “2—1;0] is the solution
to TI4(N) = 0. Case (i.5): MG4 > 0, CVs do not reposition and AVs reposition with a positive
probability. We have Ny < Nj. Case (i.6): MGQA > 0, CVs reposition with probability 1, and
IT7(C1) < 0. We can obtain that Ny = é—; < N1, where é—; is the solution to II7(N) = 0. Case (i.7):
M Gg‘ > 0, AVs serve Cy, CVs reposition with probability 1, and II%(C7) > 0. We can obtain that
No=C1 < % < Nj. Case (i.8): ]\467‘24 > 0, CVs reposition with a positive probability less than 1

and all the demand at location 1 and location 2 is served. We can obtain that Ny < % < M.

Case (ii) CVs do not reposition and I} (C2) > 0. In this case, we have N7 = C3. According to
the Proof of Theorem [ under the AV-prioritized policy, the optimal outcome could fall into the
following subcases. Case (ii.1): MG4 < 0, CVs do not reposition. We have No < Nj. Case (ii.2):
M Gg‘ < 0, AVs serve Cy, CVs reposition with probability 1 and II5(C7) < 0. We can obtain that
Ny = % Moreover, because Ilg(Ng) > II3(NV1), we have Cy < % and thus N; < N,. Case (ii.3):
MG3 < 0, AVs serve Ca, CVs reposition with probability 1 and TI5(C;) > 0. We can obtain that
Ny = Cy. If C; > Cy, Ny > Nj. Otherwise, Ny < Nj. Case (ii.4): MGé4 < 0, CVs reposition
with a positive probability less than 1 and all the demand at location 1 and location 2 is served.
We can obtain that Ny = %, where az—LpI is the solution to ITg(NN) = 0. Therefore, if % > (s,
we have Ny > Nj, and Ny < N; otherwise. Case (ii.5): MG‘Q4 > 0, CVs do not reposition and AVs
reposition with a positive probability. We have Ny < Nj. Case (ii.6): MG% > 0, CVs reposition

with probability 1, and II7(Cy) < 0. We can obtain that Ny = %, where é’—; is the solution to
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II(N) = 0. Therefore, if % > (Y, we have Ny > Nj, and Ny < Nj otherwise. Case (ii.7):
MG‘Q4 > 0, AVs serve Cy, CVs reposition with probability 1, and II%(C7) > 0. We can obtain that
Ny = (. Therefore, if C1 > Ca, we have Ny > Nj, and Ny < N; otherwise. Case (i.8): Z\JGé4 >0,
CVs reposition with a positive probability less than 1 and all the demand at location 1 and location
2 is served. We can obtain that Ny = “TLPI. Therefore, if % > (9, we have Ny > Ny, and Ny < Ny

otherwise.

Case (iii) CVs reposition with a positive probability. In this case, we have N1 = A (Cy + Ca + ¢ (wy)),

where % is the unique solution to II5(N) = 0 (because CQC_qu = a by Lemma when ¢, = 0).
According to the Proof of Theorem [6] under the AV-prioritized policy, the optimal outcome could
fall into the following subcases. Case (iii.1): M G4 < 0, CVs do not reposition. We have Ny < Nj.
Case (iii.2): MG% < 0, AVs serve Ca, CVs reposition with probability 1 and II5(Cy) < 0. We can
obtain that Ny = % = Ny. Case (iii.3): MG4 < 0, AVs serve Cy, CVs reposition with probability 1
and II§(C1) > 0. We can obtain that No = C < % Therefore, No < N;j. Case (iii.4): MGQA <0,
CVs reposition with a positive probability less than 1 and all the demand at location 1 and loca-
tion 2 is served. We can obtain that Ny = % < %, where “TLPI is the solution to IIg(N) = 0.
Therefore, No < Nj. Case (iii.5): MGQA > 0, CVs do not reposition and AVs reposition with a
positive probability. We have Ny < Nj. Case (iii.6): M G§4 > 0, CVs reposition with probability
1, and ITZ(C7) < 0. We can obtain that Ny = % < 4L where é—; is the solution to II%(N) = 0.
Therefore Ny < Nj. Case (iii.7): M G? > 0, AVs serve Cy, CVs reposition with probability 1, and
ITZ(C1) > 0. Because C; < %, we conclude that Ny < Nj. Case (iii.8): MG‘24 > 0, CVs reposition
with a positive probability less than 1 and all the demand at location 1 and location 2 is served.
We can obtain that Ny = aQ—LpI < % Therefore, we have No < Nj.

Lastly, we consider the driver productivity. The optimal outcome in the system without AVs

could fall into the following cases.

Case (i) CVs do not reposition. In this case, the driver productivity is 1 and the introduction

of AVs must weakly decrease driver productivity.

Case (ii) CVs reposition with a positive probability. In this case, the driver productivity is a

(this is because ijq? = a by Lemma . The introduction of AVs increases driver productivity

if CVs do not reposition in the optimal outcome under the AV-prioritized policy. Otherwise, the
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introduction of AVs does not change driver productivity (this is because Cchq* = a by Lemma .
1
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