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Abstract

The color refinement algorithm is mainly known as a heuristic method for graph iso-
morphism testing. It has surprising but natural characterizations in terms of, for example,
homomorphism counts from trees and solutions to a system of linear equations. Grebik
and Rocha (2021) have recently shown that color refinement and some of its characteriza-
tions generalize to graphons, a natural notion for the limit of a sequence of graphs. In
particular, they show that these characterizations are still equivalent in the graphon case.
The k-dimensional Weisfeiler-Leman algorithm (k-WL) is a more powerful variant of color
refinement that colors k-tuples instead of single vertices, where the terms 1-WL and color
refinement are often used interchangeably since they compute equivalent colorings. We show
how to adapt the result of Grebik and Rocha to k-WL or, in other words, how k-WL and its
characterizations generalize to graphons. In particular, we obtain characterizations in terms
of homomorphism densities from multigraphs of bounded treewidth and linear equations.
We give a simple example that parallel edges make a difference in the graphon case, which
means that the equivalence between 1-WL and color refinement is lost. We also show how to
define a variant of k-WL that corresponds to homomorphism densities from simple graphs
of bounded treewidth.

1 Introduction

The color refinement algorithm is usually used as an efficient heuristic in graph isomorphism
testing ﬂﬂ] even though it has more applications, e.g., in machine learning. It iteratively colors
the vertices of a (simple) graph, where initially all vertices get the same color. Then, in every
refinement round, two vertices v and w of the same color get assigned different colors if there is
some color ¢ such that v and w have a different number of neighbors of color ¢. If these color
patterns computed for two graphs G and H do not match, G and H are said to be distinguished
by color refinement.

Indistinguishability by color refinement has various characterizations: A result of Dvorak
states two graphs G and H are not distinguished by color refinement if and only if the number of
homomorphisms hom(7T, G) from T to G equals the correspondence number hom(T, H) from T
to H for every tree T' [7], see also [5]. An older result due to Tinhofer [20, [19] states that G and
H are not distinguished by color refinement if and only if they are fractionally isomorphic, i.e.,
there is a doubly stochastic matrix X such that AX = X B, where A and B are the adjacency
matrices of G and H, respectively. A characterization that is more closely related to the color
refinement algorithm itself is given by stable partitions of the vertex set V(G) of a graph G, which
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are partitions where all vertices in the same class have the same number of neighbors in every
other class. The term equitable is also sometimes used for this but may not be confused with
equitable partitions from Szemerédi’s regularity lemma. The partition induced by the colors of
color refinement is the coarsest stable partition, and graphs G and H are fractionally isomorphic
if and only if their coarsest stable partitions have the same parameters, i.e., there is a bijection
between the partitions that preserves the size of every class C' and the numbers of neighbors a
vertex in C' has in some other class D |20]. This, in turn, is equivalent to there being some stable
partitions of G and H with the same parameters [18. We collect all these characterizations
in [Theorem 11 It is worth mentioning that fractional isomorphism can also be seen from the
perspective of logic; it corresponds to equivalence in the logic C2, the 2-variable fragment of
first-order logic with counting quantifiers [13]. This, however, does not play a role in this paper,
which is why we omit it.

Theorem 1 (|20, [19, [18, 17, |5]). Let G, H be graphs with adjacency matrices A, B, respectively.
The following are equivalent:

hom(T, G) = hom(T, H) for every tree T

Color refinement does not distinguish G and H.

The coarsest stable partitions of V(G) and V(H) have the same parameters.

There is a doubly stochastic X such that AX = XB.

There are stable partitions of V(G) and V(H) with the same parameters.

Grs v o=

The k-dimensional Weisfeiler-Leman algorithm (k-WL) is a variant of color refinement that
colors k-tuples of vertices instead of single vertices; here and also throughout the paper, k is an
integer with & > 1. See [4] for an overview of the history of k-WL. Usually, no distinction is
made between 1-WL and color refinement as they, in some sense, compute equivalent colorings.
All of the previously described characterizations of color refinement generalize to k-WL: First
of all, k-WL does not distinguish graphs G and H if and only the number of homomorphisms
hom(F,G) from F to G is equal to the corresponding number hom(F, H) from F to H for every
graph F of treewidth at most & [7, [5]. The concept of fractional isomorphisms via non-negative
solutions to the following system LE (G, H) of linear equations, which has a variable X, for every
set 1 C V(G) x V(H) of size |7| < k. Such a set 7 is called a partial isomorphism if the mapping
it induces is injective and preserves (non-)adjacency. The equivalence of k-WL to precisely this
system of linear equations is from [5], although it is already implicit in earlier work |13, (1, [11].

Z Xeu{(wuw)y = Xr  for every 7 C V(G) x V(H) of size
veEV(G) || <k—1and every w € V(H)
Z Xau{(wuw)y = Xn for every 1 CV(G) x V(H) of size
Lito (G, H): Q wevm) |7| <k —1 and every v € V(G)
Xg=1
X.=0 for every 7 C V(G) x V(H) of size |n| < k
that is not a partial isomorphism

Stable partitions of the vertex set V(G) of a graph G easily generalize to stable partitions of
V(G)k. The coloring computed by k-WL on G induces the coarsest stable partition of V(G)* and
two graphs G and H are not distinguished by k-WL if and only if the coarsest stable partitions
of V(G)* and V(H)* have the same parameters, which again is equivalent to there being some



stable partitions with the same parameters. See, for example, [11], where this is implicitly treated.
Also note that equivalence in the logic C? generalizes to equivalence in C**1, the k + 1-variable
fragment of first-order logic with counting quantifiers [4]. Let us state the generalization of

[Theorem 1l to k-WL as [Theorem 2
Theorem 2 ([7,5]). Let k > 1 and G, H be graphs. The following are equivalent:

hom(F,G) = hom(F, H) for every graph of treewidth at most k.
k-WL does not distinguish G and H.

The coarsest k-stable partitions of V(G)* and V(H)* have the same parameters.

LE+1

(G, H) has a non-negative real solution.
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There are k-stable partitions of V(G)¥ and V(H)* with the same parameters.

Graphons emerged in the theory of graph limits as limit objects of sequences of dense graphs;
see the book of Lovész [16] for a detailed introduction to the theory of graph limits. Formally,
a graphon is a symmetric measurable function W: [0,1] x [0,1] — [0, 1], although it can be
quite useful to consider more general underlying spaces than the unit interval with the Lebesgue
measure. Grebik and Rocha recently generalized [Theorem 1] to graphons [9]. A substantial
part of their work involves showing how to even state the characterizations of color refinement
that are found in [Theorem 1] for graphons. Note that graphs and, more generally, (vertex- and
edge-)weighted graphs can be viewed as graphons by partitioning [0, 1] into one interval for each
vertex, cf. [16, Section 7.1]. This means that [Theorem 1] and also a variant for weighted graphs
can in fact be restored from their result. In this paper, we show how to marry their result with
k-WL to obtain a variant of for graphons. In the remainder of the introduction, we
get more formal with the goal of giving the reader a clear understanding of the results of this
paper without going into details too much. A reader interested in these details can then continue
with the main part of the paper. In we first state and explain the result of Grebik
and Rocha, before we state and discuss our result and the structure of the main part of this
paper in

1.1 Fractional Isomorphism of Graphons

Let us briefly give a formal definition of graphs, homomorphisms, and color refinement. A
(simple) graph is a pair G = (V, E), where V is a set of vertices and E C (‘2/) a set of edges. We
usually write V(G) =V and E(G) := E. A homomorphism from a graph F to a graph G is
a mapping h: V(F) — V(G) such that uv € E(F) implies h(u)h(v) € E(G). The number of
homomorphisms from F to G is denoted by hom(F,G), and ¢(F,G) = hom(F,G)/|V(G)|IV ()
is the homomorphism density of F' in G. Now, let us turn our attention to color refinement. The
initial coloring of the vertices of a graph G is obtained by letting crg o(v) == 1 for every vertex
v € V(G). Then, for every n > 0, let

crgn+1(v) = (crg n(v), {cran(w) | wv € E(G)})

for every v € V(G). Here, {-} is used as the notion for a multiset. We say that color refinement
does not distinguish two graphs G and H if {crg n(v) |v € V(G)} = {crun(v) |v e V(H)} for
every n > 0.

Instead of the unit interval with the Lebesgue measure, we follow Grebik and Rocha, and
throughout the whole paper, let (X, B) denote a standard Borel space and p a Borel probability
measure on X; this has the advantage that we later can consider quotient spaces. We think of
(X, B, 1) as atom free, i.e., that there is no singleton set of positive measure, but do not formally



require it. A kernel is a (B ® B)-measurable map W: X x X — [0,1], A symmetric kernel is
called a graphon. Grebik and Rocha have shown the following generalization of [Theorem 1] to
graphons, whose characterizations we elaborate one by one.

Theorem 3 ([9]). Let U,W: X x X — [0,1] be graphons. The following are equivalent:
t(T,U) =t(T,W) for every tree T.

vy = w.

W/C(W) and U/C(U) are isomorphic.

There is a Markov operator S: L*(X, u) — L*(X,u) such that Tyy 0 S = S o Ty .

There are U- and W -invariant u-relatively complete sub-o-algebras C and D, respectively,
such that Uc and Wp are weakly isomorphic.

SRR

For Characterization 2l the homomorphism density of a graph F in a graphon W: X x X —
[0,1] is

tF,W) = / I Wi z)du® (). (1)
XV e B(R)
Note that this coincides with the previous definition for graphs, i.e., when viewing a graph G as
a graphon Wg we have t(F, G) = t(F, W¢) [16, (7.2)].

Characterization[2 generalizes color refinement to graphons and requires more formal precision
than in the case of graphs. Grebik and Rocha first define the standard Borel space M of iterated
degree measures, which can be seen as the space of colors used by color refinement; Its elements
are sequences « = (ap,aq,q9,...) of colors after 0,1,2,... refinement rounds. Then, for a
graphon W: X x X — [0, 1], they define the measurable function cryy: X — M mapping every
x € X to such a sequence (ag,a1,as,...). Then, the distribution on iterated degree measures
(DIDM) vy defined by vy (A) = p(cry (A)) for every A € B(M), i.e., as the push-forward of p
via cryy, is a probability measure on the space M. Note the similarity between Characterization
and color refinement not distinguishing two graphs: The multisets used in the definition of
color refinement indistinguishability can be seen as maps mapping a color to a natural number
stating how often it occurs in the graph. Intuitively, a DIDM does the same for a set of colors
and a number in [0, 1].

Characterization [ generalizes the coarsest stable partitions of the vertex set V(G) of a
graph G to the minimum W -invariant p-relatively complete sub-o-algebra Cy for a graphon
W: X x X — [0,1]. Let us break down this term bit by bit, starting with u-relatively complete
sub-c-algebras of B. Let L?(X,u) == L?(X, B, i) denote the Hilbert space of all measurable real-
valued functions on X with || f||2 < oo modulo equality pu-almost everywhere. For a sub-c-algebra
C of B, we want to consider the subspace of all C-measurable functions of L?(X,C, ). To make
this statement formally precise, a sub-c-algebra C C B of B is called u-relatively complete if Z € C
for all Z € B, Zy € C with u(ZAZy) = 0. The set of all p-relatively complete sub-o-algebras
of B is denoted by ©(B, ). As an example, the smallest p-relatively complete sub-c-algebra
that includes {@, X} corresponds to the trivial partition of the vertex set of a graph. A kernel
W: X x X —[0,1] defines the kernel operator Ty : L*(X, ) — L?(X, ) by setting

(Tw f) () = /X Wz, ) () du(y)

for every f € L?(X,u) and every x € X. It is a well-defined Hilbert-Schmidt operator|16,
Section 7.5], and if W is a graphon, then Ty is self-adjoint. In general, for an operator



T: L*(X,u) — L*(X,u), aC € O(B,u) is called T-invariant if L*(X,C, u) is T-invariant, i.e.,
T(L*(X,C,pn)) C L*(X,C,u). Then, a C € O(B, ) is called W -invariant if it is Ty -invariant.

Grebik and Rocha show that, for a graphon W: X x X — [0, 1], the minimum W-invariant
p-relatively complete sub-o-algebra Cy, of B can be obtained by iterative applications of Ty
when starting from {&, X}. From this, they define a quotient graphon W/Cy . Formally, for
every C € O(B, ), there is a corresponding quotient space, i.e., a standard Borel space (X/C,C")
with a Borel probability measure p/C on X/C, and W/Cy is defined on the space X/C x X/C.
Then, saying that two such quotient graphons are isomorphic corresponds to saying that two
coarsest stable partitions have the same parameters. As a side note, in their proof, Grebik and
Rocha show that every DIDM v defines a kernel Ml x Ml — [0, 1]. They show that, for a graphon
W: X x X — [0,1] and its DIDM vy, this kernel on M x M is actually isomorphic to W/Cyy .
Intuitively, we can view this as a canonical representation of W on the space of all colors.

Characterization [l is similar to Characterization Bl Just as the coarsest stable partitions
of the vertex sets of two graphs have the same parameters if and only if there are some stable
partitions with the same parameters, the minimum U- and W-invariant u-relatively complete
sub-o-algebras can be replaced by some U- and W-invariant u-relatively complete sub-o-algebras
C. Note that there is a subtle difference in the way Grebik and Rocha phrase Characterization [l
as they use the conditional expectation instead of the quotient spaces: W is defined as the
conditional expectation of W given C x C. Intuitively, W¢ is obtained by averaging over the color
classes of C, while W/C is obtained by averaging over the color classes of C and then identifying
all elements of a color class. Then, the resulting graphons are required to be weakly isomorphic,
where two graphons U, W: X x X — [0,1] are called weakly isomorphic if t(F,U) = t(F,W)
for every simple graph F. This is the usual notion of isomorphism used for graphons, and two
graphons are weakly isomorphic if and only if they have cut distance zero, cf. |16, Section 10.7].

Finally, Characterization d generalizes fractional isomorphisms. For standard Borel spaces
(X, B) and (Y, D) with Borel probability measures u and v on X and Y, respectively, an operator
S: L3(X,pn) — L3(Y,v) is called a Markov operator if Sf > 0 for every f € L?(X,u) with
f >0, S1x = 1y, and S*1y = 1x. Here, 1x and 1y denote the all-one functions on X
and Y, respectively, and S* denotes the Hilbert adjoint of S, which is the unique operator
S*: L2(Y,v) — L?(X, p) satisfying (Sf,g) = (f,S*g) for all f € L*(X,p),g € L*(Y,v). Markov
operators are simply the infinite-dimensional analogue to doubly stochastic matrices. With this
in mind, the connection of Characterization [ to the graph case is obvious.

1.2 Weisfeiler-Leman Indistinguishability of Graphons

Let us first state the definition of k-WL, which is important as there actually are two non-
equivalent definitions to be found in the literature. Following Grohe [10], we refer to these
distinct definitions as k- WL and oblivious k-WL. Both k-WL and oblivious k-WL operate on
k-tuples of vertices, but in terms of expressive power, k-WL is equivalent to oblivious k£ + 1-WL
in the sense that they distinguish the same graphs. Hence, from an efficiency point of view,
k-WL is more interesting as it needs less memory to achieve the same expressive power, but in
our case, oblivious k-WL is more interesting as the connections to other characterizations are
much cleaner, cf. the mismatch between the & in k-WL and the &k 4 1 in the system LETY(G, H)
of linear equations in [Theorem 2 or the k + 1 in the logic C**!. The reason that the k in k-WL
matches the k in “treewidth k” is just that one is subtracted from the bag width in the definition
of treewidth.

Let us start with k-WL. Let G be a graph. The atomic type atps(v) of a tuple v =
(v1,...,v5) € V(G)* of vertices of G is the k x k-matrix A with entries A;; = 2 if v; = vj,
A;; = 1if vv; € E(G), and A;; = 0 otherwise. Then, let wll&o(ﬁ) = atps(v) and, for every



n > 0, define
Wy 1 (0) 1= (Wl 1 (0), f(atpg (), (Wl ia(0lu/i])) ) [ w € V@) (2)

for every v € V(G)*. Here, v[w/j] denotes the k-tuple obtained from ¥ by replacing the jth
component by w; the k-tuple v[w/j] is usually called a j-neighbor of v. We say that k- WL does
not distinguish graphs G and H if {ngn(ﬁ) |v e V(G)Y = {Wlﬂn(ﬁ) | v € V(H)*} for every
n > 0. The colorings computed by 1-WL and color refinement induce the same partition and, in
particular, 1-WL distinguishes two graphs if and only if color refinement does [10, Proposition
V.4]. For oblivious k-WL, we also let owl’é70(17) '= atp (), but then for every n > 0, we define

owlt; 11 (D) = (ow@,,nﬂ(a), (fowlly 41 (Blw/j] | w € V(G))}})je[k]) (3)

for every v € V(G)*. We say that oblivious k-WL does not distinguish graphs G and H if
{{owllé,n(z’)) | v € V(G)F} = {{owllf_lm(ﬁ) | v € V(H)F} for every n > 0. As mentioned before,
k-WL is equivalent to oblivious k+1-WL in the sense that two graphs are distinguished by k-WL
if and only if they are distinguished by oblivious k + 1-WL [10, Corollary V.7]. This equivalence
becomes clearer when diving into the details of this paper: intuitively, given a tree decomposition
of width k, we may dissect it into parts at bags of size k or at bags of size k + 1.

Let us state our main theorem, [Theorem 4l before explaining its characterizations one by
one. As mentioned before, it is based on oblivious k-WL, so there is a mismatch by one when
comparing it to

Theorem 4. Let k> 1 and U W: X x X — [0,1] be graphons. The following are equivalent:

1. t(F\U) = t(F,W) for every multigraph of treewidth at most k — 1.

2. vk =vk,.
3. There is a (permutation-inv.) Markov iso. R: L*(X*/CE,, u®*/Ck,) — L?>(X*/CE, u®* /CF)
such that TF /CF o R = Ro Tk, /Ck..

4. There is a (permutation-inv.) Markov operator S: L?(X*, u®k) — L2(X* u®*) such that
TF oS =S0Tk.

5. There are u®*-relatively complete sub-o-algebras C,D of BO* that are U-invariant and W -
invariant, respectively, and a Markov iso. R: L*(X*/D, u®* /D) — L2(X*/C, u®*/C) such
that 'H‘]fJ/Co R= RO'H"&,/'D.

First, let us examine Characterization [I which uses multigraph homomorphism densities. A
multigraph G = (V, E) is defined like a graph with the exception that F is a multiset of edges
from (‘2/) For a graphon W: X x X — [0, 1], the definition () of the homomorphism density
t(F,W) of F in W also makes sense for a multigraph F. We define the treewidth of a multigraph
analogously to the case of simple graphs, i.e., we do not take the edge multiplicities into account.
Note that, since the class of multigraphs of treewidth & is closed under taking disjoint unions,
we could always assume the graphs in Characterization [Il to be connected. For example, in the
case k = 2, it can also be phrased in terms of trees with parallel edges.

Two graphons U, W are weakly isomorphic, i.e., t(F,U) = t(F, W) for every graph F, if and
only if t(F,U) = t(F,W) for every multigraph F' [16, Corollary 10.36]. When restricting the
treewidth, however, parallel edges do make a difference, cf. These weighted graphs
have the same tree homomorphism densities as the coarsest stable partition of the graph on
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Figure 1: Two fractionally isomorphic weighted graphs that are distinguished by oblivious 2-WL.

the left is the trivial partition, and the graph on the right is obtained by averaging the edge
weights, cf. Characterization [ of [Theorem 31 However, already the multigraph Cs, i.e., two
vertices connected by two parallel edges, distinguishes these weighted graphs, i.e., graphons that
are not distinguished by oblivious 2-WL (in the sense of [Theorem 4)) are also not distinguished
by color refinement (in the sense of [Theorem 3)), but the converse does not hold. Hence, while
the difference between color refinement and 1-WL (corresponding to oblivious 2-WL) usually is
neglected in the case of graphs, it is important to make a distinction in the more general case
of graphons. Another way to phrase this is that color refinement and oblivious 2-WL are two
different notions that coincide on the special case of simple graphs: if F' is a multigraph and G
a simple graph, then ¢(F, G) is unaffected if we merge parallel edges of F into single edges since
they have to be mapped to the same edges of G anyway. That is, just as [Theorem 1| can be
recovered from [Theorem 3} [Theorem 2] can be recovered from [Theorem 4l

Characterization [2] generalizes oblivious k-WL. First, we define the the standard Borel space
MPF, which again can be seen as the space of colors used by oblivious k-WL. Also in this case, its
elements o = (ag, a1, a2, . .. ) are sequences of colors after 0,1, 2, ... refinement rounds. Based on
the definition (B]) of oblivious k-WL for graphs, we define the measurable function i{ﬁV: Xk — MF
mapping an Z € X* to a sequence (o, a1, as,...). In particular, ag corresponds to the “atomic
type” of x, which also further explains why oblivious 2-WL distinguishes the weighted graphs in
For the weighted graph on the right, ag always contains the edge weight of % which is
nowhere to be found in the graph on the left. Hence, already the initial coloring distinguishes
them. To continue, we then use i}, to define the k-WL distribution (k-WLD) vk, as the push-
forward of u®* via i{iv, a probability measure on X* which again corresponds to the multiset of
colors computed by oblivious k-WL.

The operator Ty : L*(X, u) — L?(X, u) of a graphon W: X x X — [0,1] plays an important
role throughout [Theorem 3} although it only becomes really apparent in the characterization via
Markov operators. In [Theorem 4} we replace this single operator by a whole family T%, of oper-
ators on the product space L2(X* u®k) .= L2(X* B®k k). We define a set F* of bi-labeled
graphs that serve as building blocks to construct precisely the graphs of treewidth at most k — 1,
and every such bi-labeled graph F € F* together with a graphon W: X x X — [0, 1] defines the
graphon operator Tr_yw. Then, Tk, = (Tp_w)pcr+ denotes the family of all these operators.
Characterization @ states that there is a Markov operator on the product space L2(X*, u®*) that
“commutes” with all operators in the families 'IF’fJ and 'IF{“/V simultaneously. Moreover, this opera-
tor can be assumed to be permutation-invariant, i.e., reordering the k components of X* yields
the same operator, an assumption that is implicitly made in the system LY of linear equations
as its variables are indexed by sets. Permutation invariance can be left out without changing
the equivalence to the other characterizations, i.e., if there is a (not necessarily permutation-
invariant) Markov operator S satisfying Characterization @ then there also is a permutation
invariant one.

Characterizations [ and [F] generalize (coarsest) stable partitions of V(G)*.

For a graphon



W:X xX — [0,1], a C € O(B®,u®*) is called W-invariant if it is Tf, -invariant, i.e., T-
invariant for every operator T in the family T’&,. In the case kK = 1, this conflicts with the
definition of Grebik and Rocha, but it will always be clear from the context what we mean.
We show that the minimum W-invariant u®*-relatively complete sub-o-algebra Cf, of B®* can
be obtained by iterative applications of the operators in T{“/V. Then, Characterization B] states
that there is a Markov isomorphism from one quotient space to the other that “commutes”
with all operators in the families of quotient operators Tk, /Ck, and Tf/Cf simultaneously;
intuitively, for a C € ©(B®*, u®*) and an operator T' on L?(X, i), its quotient operator 7//C on
L?(X/C,11/C) is defined by going from L?(X/C,u/C) to L?(X, i), applying T, and then going
back to L?(X/C, 11/C). A Markov operator is called a Markov embedding if it is an isometry, and
a Markov isomorphism is a surjective Markov embedding. There is a one-to-one correspondence
between Markov isomorphisms and measure-preserving almost bijections, cf. [9, Theorem E.3],
but for the ease of presentation, we stick to Markov isomorphisms.

Note that, in contrast to[Theorem 3| there are no quotient graphons involved in [Theorem 4]
just quotient operators. The reason for this is that, unlike Ty, the operators in the family
’]I’{ﬁv are not integral operators. For our proof, this also means that we do not have a canonical
representation of a graphon W: X x X — [0, 1] as a graphon M* x M* — [0,1] (or as multiple
such graphons). Instead, we define canonical representations of the operators in T’&, on the space
L*(MF, vE,) by hand.

In[Section 2] the preliminaries, we collect some more definitions and basics we need. [Section 3
introduces bi-labeled graphs and graphon operators, which are the key to our main theorem. In
particular, we define the set F* of bi-labeled graphs from which we are able to construct precisely
the multigraphs of treewidth k. For a graphon W, this set of bi-labeled graphs defines the family
of graphon operators TF;, that takes the place of the usual integral operator Ty . [Section 4l is
the main section of this paper and closely follows Grebik and Rocha [9] in the definition of
all notions in and the proof of [[heorem 4l In [Section 5 we show that it is also possible to
define a variant of k-WL, which we call simple k- WL, that leads to a variant of [Theorem 4]
where the characterization by multigraph homomorphism densities is replaced by simple graph
homomorphism densities. This variant of[Theorem 4] however, is less elegant and has an artificial
touch to it. Most of the proofs are left out as they are mostly analogous to the ones in [Section 41
We draw some conclusions and discuss some open problems in [Section 6l

2 Preliminaries

2.1 Product Spaces

Recall that, throughout the whole paper, (X, B) denotes a standard Borel space, i.e., B is the
Borel g-algebra of a Polish space, and u a Borel probability measure on X. We often consider the
space (X%, B®k 1®F) with the product o-algebra B®* of B and the product measure u®* of 4
for k£ > 1. The product of a countable family of standard Borel spaces is again a standard Borel
space [15, Section 12.B]. Moreover, for a countable family of standard Borel spaces, its product
o-algebra is actually equal to the Borel o-algebra of the product topology of the underlying
Polish spaces as Polish spaces are second countable [15, Section 11.A]. Hence, the product
space (X%, B®%) is again a standard Borel space and B®* is equal to the Borel o-algebra of the
product topology of the Polish space underlying (X, B). For simplicity, we identify the products
X x X x X and (X x X) x X in the usual way. Then, also B B® B = (B® B) ® B and
LR uRp=(pu®p) ®u 2, Section 18]. We treat higher-order products in the same way.

We often use the Tonelli-Fubini theorem, cf. |6, Theorem 4.4.5] and also |2, Theorem 18.3],
which states that, for o-finite measure spaces (X, S, 1) and (Y, 7, v) and a non-negative function



f on X xY that is measurable for S ® T, we have

/ny (1 xv) //fzydv ) dp(z //firydu ) du(y).

In particular, the functions « — [, f(x,y)dv(y) and y — [, f(x,y)du(x) are measurable for
S and T, respectively. If f is not necessarily non-negative but integrable with respect to u x v,
then the same equations hold and the aforementioned functions are measurable on sets X’ and
Y’ with (X \ X’) =0 and v(Y \ Y’) = 0, respectively.

2.2 Markov Operators

In general, for a measure space (X,S,u) and 1 < p < oo, the space LP(X,u) = LP(X,S, )
consists of all measurable real-valued functions on X with || f||, < oo, and LP(X, p) == LP(X, S, u)
is obtained from £P (X, ) by identifying functions that are equal y-almost everywhere. The space
L?(X, i1) plays a special role among these spaces as it is a Hilbert space with the inner product
given by (f,g) = fX fgdu. Besides L?(X, i), the space L>°(X, u) also plays an important role
in this paper. Note that, if u is a probability measure, then we have ||f|l2 < ||f|lcc and, in
particular, the inclusion L>(X, u) C L*(X, p).

Given two normed linear spaces (X, ||-]|) and (Y, ]-]), a function T': X — Y is called a (bounded
linear) operator if it is Lipschitz and linear. If (X, ||-||) = (Y, |]), then we just say that 7" is an
operator on X. The operator norm of T is given by ||T|| = sup{|T(x)| | ||z||< 1} < oo, and
if |T]] < 1, then T is called a contraction. For probability spaces (X,S,u) and (Y, 7T,v) and
an operator T': L?(X, u) — L?(Y,v), we call T an L>-contraction if its restriction to L (X, u)
yields a well-defined contraction L>°(X, u) — L>°(Y,v). To clearly distinguish this from T being
a contraction L?(X, u) — L?(Y,v), we sometimes use the term L2-contraction for this. Observe
that the composition of two contractions yields a contraction, and in particular, the composition
of L?- and L*>°- contractions yields a L?- and a L>-contraction, respectively.

For measure spaces (X,S, u) and (Y, T, v), the Hilbert adjoint of an operator T: L?(X, ) —
L2(Y,v), is the unique operator T*: L?(Y,v) — L*(X,p) satisfying (Sf,g) = (f,S*g) for all
feL*X,u),g € L*Y,v). For standard Borel spaces (X, B) and (Y, D) with Borel probability
measures p and v on X and Y, respectively, an operator S: L?(X, u) — L*(Y,v) is called a
Markov operator if Sf > 0 for every f € L*(X,u) with f > 0, S1x = 1y, and S*1y =
1x. Markov operators are both L?- and L*-contractions |8, Theorem 13.2 b)]. A Markov
operator is called a Markov embedding if it is an isometry. For example, the Koopman operator
T,: L*(X,u) — L*(X,u) of a measure-preserving measurable map ¢: X — X, defined by
T,f == f o for every f € L*(X,u), is a Markov embedding |8, Example 13.1]. A Markov
isomorphism is a surjective Markov embedding. Note that every Markov isomorphism S satisfies
S—1 = S* |§, Corollary 13.14]. Moreover, there is a one-to-one correspondence between Markov
isomorphisms and measure-preserving almost bijections, cf. [9, Theorem E.3]. See [§] for a
thorough treatment of Markov operators. There, the results are stated for complex LP-spaces,
but this usually does not make a difference by the positivity of Markov operators, cf. |8, Lemma
7.5].

2.3 Quotient Spaces

Recall that a sub-c-algebra C C B of B is called p-relatively complete if Z € C for all Z €
B,Zy € C with u(ZAZy) = 0. Note that requiring Z € C for every Z € B with u(Z) =0
instead would yield an equivalent definition. The set of all y-relatively complete sub-c-algebras
of B is denoted by ©(B,u) and clearly includes B itself. For a non-empty ® C O(B,u), we



have (@ == Mo C € O(B,p) [9, Claim 5.4]. Hence, for a set X C B, there is a smallest
p-relatively complete sub-o-algebra including X', which we denote by (X). Note that (C) =
{AAZ | AeC,Z € B with u(Z) =0} for a sub-c-algebra C C B. Given C € O(B, i), we let
L?(X,C,u) C L?(X, i) denote the subset of all functions that are C-measurable. It is a standard
fact that, for C € ©(B, ), the linear hull of {14} 4. is dense in L*(X,C, ).

Claim 5 (Conditional Expectation, [2, Section 34]). Let C € ©(B,pu). Then, L*(X,C,u) is a
closed linear subspace of L*(X, ) and E(— | C): L*(X, u) — L*(X, ) is a self-adjoint operator
such that

1. E(— | C) is the orthogonal projection onto L*(X,C, ),
2. [y fdu= [LE(f|C)du for every A € C and every f € L*(X,p), and
8 [y f-Elg|C)du= [(E(f|C) gdu forall f,g € L*(X, p).

Let k > 1 and consider L?(X* u®*). Every permutation 7: [k] — [k] induces a measure-
preserving measurable map 7: X* — X* by setting 7 (z1,...,21) == (Tr(1)s- - Tr(ry) for all
r1,...,75 € X, which allows us to consider its Koopman operator T, on L?(X*, u®k). Clearly,
the adjoint of Ty is given by T,-1. We call a C € O(B®F, u®*) permutation invariant if C is
T-invariant for every permutation 7: [k] — [k]. It is easy to see that this is the case if and only
if 7(C) C C for every permutation 7: [k] — [k], which again is equivalent to 7(C) = C for every
permutation 7: [k] — [k]. A trivial example of such a permutation-invariant sub-c-algebra is
B®* itself.

Given a measure space (X,S,u), a measurable space (Y,7), and a measurable function
g: X — Y, the push-forward g.u is the measure on Y defined by g.u(A) = u(g=1(A)) for every
A € T. For a measurable function f: Y — [—oc0,00], we then have [y, fd(g.p) = [y fogdu [6,
Theorem 4.1.11]. The following claim states the existence of quotient spaces.

Claim 6 (|9, Theorem E.1]). Let C € ©(B, u). There is a standard Borel space (X/C,C’), a Borel
probability measure u/C on X/C, a measurable surjection qc: X — X/C, and Markov operators
Se: L*(X,p) — L3(X/C,u/C) and Ic: L*(X/C,1u/C) — L*(X, ) such that

1. I¢ is the Koopman operator of qc, 5. Ic is an isometry onto L?(X,C, ),

2. u/C is the push-forward of u via qc,

3. 5 =1Ic,

4. ScoE(—|C)=5c, 7. Sc o Ic is the identity on L*(X/C,u/C).

6. IC OSC :E(* | C), and

[Claim Tl essentially states that the quotient space (X/C,C’) is unique up to sets of measure
Zero.

Claim 7 (|9, Corollary E.2]). Let (X,B) and (Y,D) be standard Borel spaces. Let pn be a
Borel probability measure on X and f: X — Y be a measurable function. Let C € ©(B, )
be the minimum p-relatively complete sub-o-algebra that makes f measurable. Then, for every
go € L*(X,C, i), there is a measurable map g1: Y — R such that go(x) = (g10 f)(x) for p-almost
every x € X.

For C,D € ©(B%, u®*), an operator T': L2(X*/C, u®*/C) — L*(X*/D,u®*/D) is called
permutation invariant if Tp/DoT = T oTy/C for every permutation 7: [k] — [k]. For the special
case C = D = B® this means that an operator T on L?(X* u®%) is permutation invariant
it Tr oT = T o T, for every permutation 7: [k] — [k]. Of course, this notion depends on the
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underlying space (X, B, i), i.e., if we consider (X*, B®¥ 1®F) as the underlying space, then all
these operators mentioned before are trivially permutation invariant. However, since the intended
underlying space is always clear from the context, we just use the term permutation invariant.
It is not hard to prove that, if C € ©(B%*, u®*) is permutation invariant, then so are S¢ and Ic,
ie,, Tn/CoSec =S¢ 0Ty, and Ty o Ic = I¢ o Ty /C for every permutation 7: [k] — [k].

2.4 Quotient Operators

For C € ©(B, i1) and an operator T': L?(X, ) — L?(X, i), we use the conditional expectation to

define the operators Te: L?(X,p) — L*(X,u) and T/C: L*(X/C,u/C) — L*(X/C, 1u/C) by
Te:=E(—|C)oToE(—|C) and T/C:=ScoTolg,

respectively. These definitions reflect the same concept of a quotient operator via different

languages. The following lemma states some basic properties and shows how both definitions are
related.

Lemma 8. Let C € O(B, ) and T: L*(X, u) — L*(X, ) be an operator. Then,

1. (Te)* = (T*)¢ and (T/C)* =T*/C, 4. T/CoSec=5coTg,
5. if C is T-invariant, then Te = ToE(— | C)
and Ic o T/C =T o I, and

6. if T is self-adjoint and C is T-invariant,
3. IcoT/C=Tcolg, then T/Co Se = ScoT.

2. if T is self-adjoint, then so are T¢, T/C,

Proof. For [, we have (T¢)* =E(— | C)* o T* o E(— | C)* =E(— | C)oT* o E(— | C) = T¢ by
[Claim Hland (T/C)* = [joT*0S; = ScoT*olc =T*/C byBlof[Claim € This also immediately
yields[2l For [3, we have

IcoT/C=1IcoScoTole=E(—|C)oTolo=E(—|C)oToR(—|C)olec=Tcol
by B and [ of [Claim 6l and [Claim 5l For [ we have
T/CoSc=ScoTolcoSe=5:0E(—|C)oToE(—|C)=ScoTc

by B and [B] of

For [5 assume that C is T-invariant. By [Claim 5] the expectation E(— | C) is the orthogonal
projection onto L?(X,C,u). Hence, (T o E(— | C))(L*(X,u)) = T(L*(X,C,u)) C L*(X,C,u)
and, as E(— | C) is the identity on L?(X,C, u), the first claim Tz = T o E(— | C) follows. Then,
continuing with Bl we get Ic o T/C =Tec ol =T oE(— | C)olec =T o Ic by H of [Claim 6] and
Now, [ follows from 2 [ and [ of O

The following lemma is an application of the Mean Ergodic Theorem for Hilbert spaces to
Markov operators |8, Theorem 8.6, Example 13.24] and is essentially the essence of the proof of
the direction “[d = [P of [Theorem 3] by Grebik and Rocha [9].

Lemma 9. Let S: L?(X, u) — L*(X, p) be a Markov operator. There are C,D € ©(B, i) with
CLP(X,Co) = {f € L(X,) | (S0 8°)f = I},

2 I2(X, D) = {f € (X, 1) | (5% 0 §)f = f},

3. E(—|C)oS=SoE(—|D),

4. R==ScoSolp: L>(X/D, /D) — L*(X/C,u/C) is a Markov isomorphism, and

5. for all operators Ty, To: L?(X,p) — L*(X, u) with Ty oS = So Ty and S* o Ty = T 0 S*,

~
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(a) C is Th-invariant, (b) D is To-invariant, and  (¢) T1/CoR = RoTy/D.

Proof. The proof of the existence of C,D € ©(B, i) satisfying [ to H uses the Mean Ergodic
Theorem and is identical to the the proof of Theorem 1.2, (4) = (5), in [9]; we leave it out here.
To proveld, let T1, T : L?(X, ) — L?(X, i) be bounded linear operators satisfying T10S = SoTs
and S*oTy = Th0S*. We get T10(S0S*) = SoTy08* = (S0S*)oTy. Then, for f € L*(X,C, u),
we have (S0 S*)f = fbyMland get T1 f = (T10S508%)f = (SoS*oTy)f = (S0 S*)(T1f), which,
again by [l implies 71 f € L?(X,C, u). Therefore, C is T1-invariant, which provesBal Analogously,
we get that T 0 (S* 0 §) = (5* 0 S) o Ty and that D is T invariant, which provesBbl Now, we
use [B and the Ts-invariance of D to obtain to obtain

T)/CoR=8coTiolcoScoSolp=ScoTioR(—|C)oSolp (Claim_al[@)
=ScoTioSoE(—|D)olp ()

=ScoTioS0lp (Claim A, @)
:SCOSOTQOID

=S¢ 05 0lpoTs/D (Cemma SE)
:ROTQ/D

3 Graphon Operators

In this section, we present the key ingredient to [Cheorem 4l The key insight to go from color
refinement to k-WL is, for a graphon W, to replace the operator Ty on L2(X, u) by a family
’]I’"ﬁv of operators on the product space L?(X*, u®*). This idea is somewhat already present in
the work of Grohe and Otto |11, Section 5.1], where they define a family of graphs and consider
a matrix X such that X is a fractional isomorphism between all these graphs simultaneously.
The graphon setting shows that the step of defining these graphs for the sake of them having
the right adjacency matrix is rather artificial; the operators we define are not integral operators
defined by a graphon.

The family 'IF{“/V we define is closely related to oblivious k-WL and tree decompositions, or
more precisely, tree-decomposed graphs. In [Section 3.1l we follow the approach of [17] of using
a set of bi-labeled graphs as building blocks that are then glued together to form larger graphs.
From our set F* of bi-labeled graphs, we obtain precisely the multigraphs of treewidth at most
k—1. In we adapt the concept of homomorphism matrices of bi-labeled graphs
from [17] by defining the graphon operator of a bi-labeled graph and a graphon. The graphon
operators of our building blocks then yield the family T’ﬁv. We show how this family is related
to homomorphisms: on the level of bi-labeled graphs, we obtain all multigraphs of treewidth at
most k — 1, while we obtain all homomorphism functions of multigraphs of treewidth at most
k — 1 on the operator level.

3.1 Bi-Labeled Graphs

A bi-labeled graph G is a triple (G, a, b), where G is a multigraph and a € V(G)*, b € V(G)* for
k,¢ > 0 are vectors of vertices such that both the entries of @ and the entries of b are pairwise
distinct. When there is no fear of ambiguity, we sometimes just use the term graph to refer to a
bi-labeled graph. The multigraph G is called the underlying graph of G, and the vectors a and
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b are called the vectors of input and output vertices, respectively. That is, a bi-labeled graph is
a multigraph where additionally input and output labels are assigned to the vertices with every
vertex having at most one label of each type. Note that one usually does not require that every
vertex has at most one label of each type, cf. [17]., but this is needed to ensure that graphon
operators are well defined; the reason is that the diagonal in the product space (X*, B®k ;©k)
has measure zero (as long as our standard Borel space is atom free), a problem which one does
not face in the finite-dimensional case.

Two bi-labeled graphs G = (G, a,b) and G’ = (G',a’,b’) are isomorphic if there is an
isomorphism ¢: V(G) = V(G’) from G to G’ such that p(a) = a’ and ¢(b) = b’. For k, £ > 0,
let M** denote the set of all (isomorphism types of) bi-labeled graphs with & input and ¢
output vertices, and let G&¢ C M*¢ be the subset whose underlying graphs are simple. Let
M = UkﬁzzoMk’l and G = UMZOQM.

The transpose of a bi-labeled graph G = (G, a,b) € M*! is the bi-labeled graph G* :=
(G,b,a) € M“F and G is called symmetric if G* = G. The composition of two bi-labeled graphs
F, = (Fi,a1,b1) € ME™ and Fy = (Fy,az2,b2) € M™* is the bi-labeled graph Fy o Fy =
(F,a1,bz) € M"™ where F is obtained from the disjoint union of Fy and F» by identifying
vertices by ; and ag,; for every ¢ € [m]. The Schur product of two bi-labeled graphs without
output labels Fy = (F1,a1,()), F2 = (Fy,az2,()) € M*F0 is the bi-labeled graph Fy - Fy =
(F,a1,()) € M*0 where F is obtained from the disjoint union of F} and F, by identifying
vertices aq; and ag; for every i € [m]. One usually defines the Schur product for general bi-
labeled graphs in M** by also identifying output vertices, cf. [17]. This, however, can result
in vertices with multiple input or output labels, which we do not allow by our definition of a
bi-labeled graph as remarked earlier.

as ag
a1 a2 ® ai a2 ag a1 a2 [ J
o o o .Q—/. = .x.
b1 ba o by ba b3 b1 by

b3 b3

Figure 2: Composition of bi-labeled graphs.

Treewidth is a graph parameter that measures how “tree-like” a graph is. Too see how the
concept is related to the just introduced bi-labeled graphs, let us first recall the usual definition

of treewidth via tree decompositions. Formally, a tree decomposition of a multigraph G is a pair
(T, 3), where T is a tree and 3: V(T) — 2V(%) such that,

1. for every v € V(G), the set {¢t | v € B(¢)} is non-empty and connected and,

2. for every uv € E(G), there is a t € V(T) such that u,v € B(t).

For every t € V(T), the set B(t) is called the bag at ¢. The width of the tree decomposition
(T, 5) is max{|B(t)| | t € V(T)} — 1. The treewidth tw(G) of a multigraph G is the minimum
of the widths of all tree decompositions of G. Note that treewidth is usually defined for simple
graphs and not for multigraphs, but for us, ignoring the edge multiplicities like in the previous
definition yields just the right notion for multigraphs. For the sake of completeness, note that path
decompositions and pathwidth of a multigraph G can be defined analogously by only considering
tree decomposition (7', 3) where T is a path.

General tree decompositions are impractical to work with, and we rather use the following
restricted form of a tree decomposition: a nice tree decomposition of a multigraph G is a triple
(T, r,8) where (T, 3) is a tree decomposition of G and r € V(T') a vertex of T, which we view as
the root of T', such that
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Figure 3: The bi-labeled graphs I3, F3, and N3.

aq ag as
A3, —o °
b1 ba b3

Figure 4: The bi-labeled graph A3,.

1. B(r) = @ and B(t) = & for every leaf ¢ of (T,r) and

2. every internal node s € V(T') of T is of one of the following three types:
Introduce node: s has exactly one child ¢ with 8(s) = 8(¢) Uv for some v € V(G) \ 5(t).
Forget node: s has exactly one child ¢ with 5(s) Uv = §(t) for some v € V(G) \ B(s).
Join node: s has exactly two children ¢1,ts with §(s) = 8(t1) = B(t2).

The width of (T,r, ) is the width of (T, 8). It is well-known that every graph G has a nice tree
decomposition of width tw(G).

Nice tree decompositions can be interpreted in terms of bi-labeled graphs: The vertices with
input labels (and also the vertices with output labels) form a bag. An introduce node adds a
fresh vertex with an input label. A forget node removes an input label from a vertex. A join
node glues the input vertices of a bi-labeled graph to the input vertices of another bi-labeled
graph. Hence, a join node is just the Schur product of the two bi-labeled graphs. The behavior of
introduce and forget nodes corresponds to the composition with certain bi-labeled graphs, which
we call introduce and forget graphs for this reason.

Definition 10 (Introduce, Forget, and Neighbor Graphs). Let k > 1. For j € [k], define
1. the j-introduce graph IJ’»C = (([k],2),(1,...,k),(1,...,5 — 1,5+ 1,...,k)) € GFF-1
2. the j-forget graph ij = IJ’?* € GFk1F and
3. the j-neighbor graph Nf = IJ’? o F]k € ghk,

Then, let N* := {le, ey N,f} C G** be the set of all neighbor graphs.

Neighbor graphs correspond to a forget node that is immediately followed by an introduce
node for the very same label. Considering these neighbor graphs instead of individual introduce
and forget graphs has the advantage that our bi-labeled graphs always have both k input and &
output labels, which means that we can restrict ourselves to the space L2(X*, u®*) later on. For
our purposes, this is not a restriction as we can always add isolated vertices to a graph without
affecting its homomorphism density in a graphon. Moreover, it is also not a restriction that
the fresh vertex has to use the same label as the forgotten vertex since we may just inductively
re-label the whole bi-labeled graph.
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1k: ) o

Figure 5: The bi-labeled graph 1*.

By viewing bi-labeled graphs constructed from neighbor graphs by composition and the Schur
product as tree decompositions, we are only halfway at our goal as we are missing a multigraph
that is being decomposed. We rather have to view these bi-labeled graphs as tree-decomposed
graphs, which we achieve by adding edges—but only between vertices in the same bag. For-
mally, we can add such an edge by the composition with an adjacency graph, a bi-labeled graph
consisting just of a single edge and some isolated vertices.

Definition 11 (Adjacency Graphs). Let k > 1. Fori # j € [k], define the ij-adjacency graph
Ay = (K], {id}), (1, k), (1, k) € G,
Then, let A* = {Afj |i#j € [k]} CGMF be the set of all adjacency graphs.

Having defined the set N'* of neighbor graphs and the set A* of adjacency graphs, we can
formalize our view of tree-decomposed graphs as terms built from these bi-labeled graphs by
composition and the Schur product. For the sake of brevity, we define F* := A* U A*, and for
simplicity, we additionally define the all-one graph

1% = (([k], 2),(1,...,k),() € G*°.

for k£ > 1. It introduces k fresh vertices with input labels and serves as the leaves of our tree
decompositions; this is much simpler than using k individual introduce graphs.

Definition 12. Let k > 1. For a set F C M"®* of bi-labeled graphs with k input and k output
labels, let (F)o. denote the smallest set of terms such that

1. 1F € (F)o..,
2. FoF e (F),. forall F € F,F € (F),,., and
3. F1-Fo € (F)o,. for all F1,Fo € (F)o...

Similarly, let (F)o C (F)o.. be the smallest set of terms satisfyingll and[d. For a termF € (F),..,
let [F] denote the bi-labeled graph obtained from evaluating it.

Note that, for a set F C M** and a term F € (F),,., the bi-labeled graph [F] is well-defined
as we always have [F] € M*9. For the specific set F* of neighbor and adjacency graphs, a term
Fe (F k)o7. is essentially a tree-decomposed graph, where the tree decomposition is rooted, the
multigraph being decomposed is the bi-labeled graph underlying [F], and the bag at the root is
given by the input vertices of [F]. As mentioned before, in terms of nice tree decompositions, the
Schur product corresponds to a join node, composition with a neighbor graph corresponds to an
introduce node followed by a forget node (when viewed from the root), and the composition with
an adjacency graph adds an edge to a bag. The height h(F) of a term F € (F*), . is inductively
defined by letting h(1%) := 0, (N oF) := h(F) + 1 for all N € N*, F € (F*),., h(AoF) := h(F)
for all A € AF, F € (F¥), ., and h(F; - Fa) := max {h(F1), h(F2)} for all F1,Fy € (F*), .. Then,
the height of F corresponds to the height of the tree of the tree decomposition when viewing F
as a tree-decomposed graph.
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Figure 6: The graph P;.

Lemma 13. The underlying graphs of the bi-labeled graphs obtained by evaluating the terms in
(F¥Yo and (F*)o.. are, up to isolated vertices, precisely the multigraphs of pathwidth and treewidth
at most k — 1, respectively.

Proof. Tt is easy to see that a term F € (F¥), . encodes a tree decomposition of the underlying
graph of [F] of width & — 1. Conversely, a nice tree decomposition (7,r,3) of a graph G of
width at most k& — 1 can be turned into a term F € (F¥), . in a bottom-up fashion such that the
underlying graph of [F] is G with some additional isolated vertices: Note that a term fixes an
ordering of the vertices of the graph, which we have to keep in mind in the following. First, pad
the bag of every leaf to size k by adding k fresh isolated vertices. At an introduce node, add a
forget node below that removes one of the isolated vertices. At a forget node, add an introduce
node above adding a fresh isolated vertex. At a join node, re-order the vertices in one of the
terms such that the original vertices of G are at the same positions in both terms and, then,
identify every additional isolated vertex with the one at the same position in the other term. [

[Cemma 13 would have been simplified if we included more graphs in F*¥: With individual
introduce and forget graphs, we would not have to deal with isolated vertices. However, the
price for this would be that we have to consider all product spaces L2(X ', u®1), ..., L2(X*, u®¥)
instead of just L2(X*, u®*). Similarly, we could have included graphs in F* that allow to re-label
input vertices; then we would not have to inductively re-label whole terms. But, also in this case
it pays off to keep the set F* as simple as possible. Let us briefly define these permutation graphs
nevertheless since they come in handy when proving that the operators and sub-c-algebras we
define are permutation invariant. Formally, for k > 1 and a permutation 7: [k] — [k], we define
the permutation graph

P, = (([k],2),(1,...,k), (x(1),...,x(k)) € GFF.

Moreover, for a tuple a € V (F)* of vertices of a graph F, let w(a) := (@r(1)s -+ @n(k))- Then, for
a bi-labeled graph (F, a,b) € M** we have P, o (F,a,b) = (F,7~(a),b) for every permutation
m: [k] = [k] and (F,a,b) o P, = (F,a,n(b)) for every permutation m: [¢] — [].

3.2 Graphon Operators

Graphon operators generalize the homomorphism density ¢(F, W) of a multigraph F' in a graphon
W: X x X — [0,1] to bi-labeled graphs. To this end, let F = (F,a,b) € M** be a bi-labeled
graph. To simplify notation, let t(F, W) = ¢(F,W) denote the homomorphism density of the
underlying graph of F' in W, i.e., we ignore both the input and output labels. Now, let us first
take the input labels of F' into account, that is, we view F' as a multi-rooted multigraph and the
homomorphism density becomes a function by not fixing the vertices that have an input label.
Formally, the homomorphism function of F in W is the function fr_,y: X* — [0,1] defined by

fF—>W($a1;- "axak) = / H W(xiv‘rj)dl‘@V(F)\a(i‘) (4)
XVUENa ;e p(F)

16



for all z4,,...,2%q, € X. The Tonelli-Fubini theorem immediately yields that
(Ixe, frow) =t(F,W).

Then, when taking both input and output labels of F' into account, we obtain an operator Tp_,w
instead of a function fg_,y by, intuitively, “gluing” a given function f to the output vertices of
F to obtain the function Tr_,w f. The point of this definition is that an application of Tr_, 1
to a homomorphism function fg_,w yields the homomorphism function fr.g_w. Formally, the
F-operator of W is the mapping Tp_w: L?(X*, u®f) — L2(X*, u®*) defined by

(TF—>Wf)(-Ta1a s "Tak) = H W(‘Ti"rj) : f(xbu R 7$be) dﬂ®V(F)\a(55) (5)
xV(F)\a JEE(F)

for every f € L?(X%, u®%) and all z,,, ..., Zq, € X. Note that fr_,w = Tr_w1lx¢ as an element
of L>®(X* u®*) and, in particular,

The Tonelli-Fubini theorem and the Cauchy-Schwarz inequality allow to verify that[Equation (5)|
indeed yields a well-defined contraction. We stress that it is important that no vertex of F' has
multiple input or output vertices.

Lemma 14. Let F € M*¢ be a bi-labeled graph and W: X x X — [0,1] be a graphon. Then,
Trw: L2(X% u®Y) — L2(XF, u®%) is a well-defined L?- and L*-contraction.

Proof. Let F = (F,a,b). First, note that £ — W(x;,z;) for ij € E(F) is a function in
L£2(XVE) BV the measurability follows from the definition of the product o-algebra and
the measurability of W. Then, since W is bounded by 1 by definition, we get that it is a function
in in £°(XV ) 1@V More precisely, its ||-[|so-norm is at most ||| since F' does not have
loops, i.e., i # j. Now, consider an f € £L2(X*, u®*). Then, # + f(xp,,...,2p,) is a function
in £2(XVF) u@V(F): Again, the measurability of these functions follows from the definition of
the product o-algebra. Then, by the Tonelli-Fubini theorem, we get that the ||-||o-norm of this
function function is just || f||2, which means that it is in £2(XV), u®V ), Note that, at this
point, it is important that the entries of b are pairwise distinct.
Define the function g on XV by

g(j) = H W(xiaxj)'f(xbU'-'awbe)

ijeE(F)
for every Z € XV)_ By the previous considerations, g € EQ(XV(F), u®V(F)) with
lgllz < WL - 1£ 112 < oo

Then, the function being integrated in (&), which is obtained from ¢ by fixing x4,, ..., 24, € X,
is also measurable (see also [2, Theorem 18.1]). By the Tonelli-Fubini theorem, we have

/ / 9(2)2du®Y () dp®* (z) = / 9(@)2du®’ ()
Xa XV (F)\a XV(F)

< (WL - [1f]12)* < oo,
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where
g(Z)2dp®Y N (z)
XV(I)\a

is defined and finite for p®%-almost all z,, ..., z,, € X. Hence, for p®*-almost all z4,,...,Zq, €
X, we obtain a function in £2(XVFN\e ,@VINa) to which the Cauchy-Schwarz inequality is
applicable, from g by fixing z,,,. .., Zq,-

Again by the Tonelli-Fubini theorem and since the entries of a are pairwise distinct, Tp_,w f
is a measurable function defined almost everywhere, and we get

ITewfl= [ (] o@de® @) due(a

Xa  xXV(F)\a

< / / 9(z)2dp®Y N\ (3) dp®*(z) (Cauchy-Schwarz)
Xa xV{F\a
= llgll3 < (W[ - (1 £ll2)? < oo

Hence, Tr_,w f is a function in £2(X*, u®*). Now, for a function f’ € £L2(X*, u®*) such that
f and f’ are equal pu®‘-almost everywhere, define ¢’ analogously to g. Then, g and ¢’ are equal
pu®V ) _almost everywhere and, with the previous considerations, another application of the
Cauchy-Schwarz inequality and the Tonelli-Fubini theorem yields that

| Trowf—Trowf'|3<llg—Jd3=0.

Therefore, Tr_.w is a well-defined mapping L?(X*, u®%) — L2(X*, u®*). Verifying the linearity
of Tr_,w is straight-forward, and as seen before, we have

ITrow fllz < [WIED - [1£1l2,

i.e., Tr_,w is bounded since F' and W are fixed.
Finally, note that if f € £°(X*, 1®%), then ||gllcc < WX - || flle. From the previous

considerations, we may even assume that g is bounded by ||W||§gF) | fllco- Then, the definition
of Tr_w immediately yields that | Tr_w f]loo < [|gllec < WIS - [ £]loo- O

Note that the definition of Tr_, 1 only depends on the isomorphism type of F', i.e., isomorphic
bi-labeled graphs F' and F’ define the same operator Tr_,y = Tr/_,w. Moreover, if F' does not
have any edges, then the definition of TF_,y is independent of W and we just write Tr. We just
have to be a bit careful since Tr is still dependent on the standard Borel space (X, B) and the
Borel probability measure p.

Example 15. 1. Define A = (([2],{12}), (1), (2)) € GY! to be the edge with one input and
one output vertex. Let W: X x X — [0,1] be a graphon. Then, Ta_,w = Tw .

2. Letk > 1 and m: [k] — [k] be a permutation. Then, Tp_ is equal to the Koopman operator
T, of the measure-preserving measurable map X* — X* induced by .

The operator Tr_,w was defined such that the application to a homomorphism function
fe—w yields the homomorphism function fr.g—,w. The following lemma formalizes this by
stating that the composition of bi-labeled graphs corresponds to the composition of graphon
operators. Moreover, the analogous correspondence holds between the transpose and the Hilbert
adjoint and between the Schur product and the point-wise product.
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Lemma 16. Let W: X x X — [0,1] be a graphon. Then,
1. Tpew = Tp_y for every F € M,
2. if F € M is symmetric, then Tr_w is self-adjoint,
3. Trorsw = Tk —w o Try,sw for all Fy € MF™, Fo € M™* k. £,m >0, and
4. Tr, . myswcr-c2) = (Tr,swer) - (T, swea) for all cy,co € R, Fy, Fo € MF0 k> 0.

Proof. I We have

- / ( H W(xi’xj) 'f(‘rbu-'-awbe)dM®V(F)\a(j)) .g(‘ral""’l’ak)du(@a(i)
X% xV(F)\a ijEE(F)

= H W(wi"rj) ’ f(xbu s "Tbe) ’ g(xau s 7$ak) dM®V(F)(j)
V() ijEE(F)
= / f(xbu s 7$be) ’ ( H W(‘Ti"rj) ’ g(‘ral’ s ’xak) du®V(F)\b(‘i')) dﬂ®b(‘i)
xb X V(Nb ijEE(F)
= ([, TFr--wg)
for all f € L*( X% u®%),g € L?(X* u®*) by the Tonelli-Fubini theorem, which is applicable
since the product being integrated is a function in L'(X VE) [ @VIF )) by the Cauchy-Schwarz
inequality.
Bym, we have T;‘—>W = TF*ﬂW = Tpﬂw.
E Let Fl = (Fl,al,bl), F2 = (FQ,Gz,bz), and F1 9] F2 = (F, al,bz). In the fOHOWiIlg7 we

identify vertices by 1,...,b1 m Wwith ag1,...,a2,m. Note that the sets V(F1)\ a1 and V(F2)\ b1 =
V(F2) \ a2 form a partition of V(F} o F3) \ @1. Then, we have

(TFlﬂW(TFzﬂwf))(zal,u cee 5:Ea1,k)

= T[] Wi z;) - (Toamsw )@y 2s,,,) du®Y PN ()

V(P Na WEE(F)

- TT Wi as) - S (@ n,,) du®V 2002 (3)) @V 0\ ()

xV(F1)\a1 xV(F2)\az ijeE(F)

= H W(xlv xj) ' f(zb2,17 s 756172,1) dﬂ®V(F)\a1 (:E)

X V(F)\ay ijeE(F)

for every f € L*(X*, u®*) and p®®-almost all 24, ,,...,Zq, , € X by the Tonelli-Fubini theorem.
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@ We have

(TF1—>WC1) : (TF2—>WCQ)(‘(EG1,15 s 7$a1,k)
- (/ I Wi z)) - e dp®V N (j)) ' ( [T Wi, z)) - cpdp®V (e @))
V(F\ay WEE(FL) XV (Fa)\ag WEE(F2)
- / I Wi,zg) - T Wi z)) - e - ea du®VF2N\2(3) dp®V O\ (z)
YV(F\ar XV (Fa)\ag WEE(F) ijEE(F2)

= H W (2, 5) - 1 - co dp®V N1 ()
X V(FNay ijEE(F)

=Tr .Fow(cl - c2)

for all ¢1, co € R and p®%t-almost all Tayqs--->Tar, € X by the Tonelli-Fubini theorem. ([l

For a set F C M*¥* every graphon W: X x X — [0, 1] induces a family of L>-contractions
Trow = (Trow)rer on L2(X* u®F), cf. [Lemma 14 When handling such families of op-
erators, we often use notation like Tz, o T for an L*°-contraction T or Tz_,w /C for a
C € O(B%k u®k) to denote the family obtained by applying the operation to every operator
in the family; for these examples, we obtain the families (Tp—w o T)per and (Tr—w/C)recr.
Moreover, if the graphs in F do not have any edges, we again abbreviate T := (Tr)rer. Recall
that F* is the set of all neighbor and adjacency graphs with k& input and output labels. Let us
finally define the family

TIEV = T}—k%Wa
that replaces the single operator Ty in [Theorem 4] our characterization of oblivious k-WL.

Let us explore the connection between the family ’]I’{ﬁv and treewidth £—1 homomorphism func-
tions: Recall that the terms in F* correspond to the tree-decomposed multigraphs of treewidth
at most k — 1 by [Lemma 131 Given such a term F € F*, we can use the correspondence of bi-
labeled graph operations to their operator counterparts, cf. [Lemma 16} to inductively compute
the homomorphism function fpj_,w of [F] in a graphon W using the operators T{“/V. Hence, the
operators in ’]I’{ﬁv yield all homomorphism functions of multigraphs of treewidth at most k£ — 1
in W. An important part of the proof of [Theorem 4] consists of defining different families of
L>-contractions indexed by F* that we may use instead of ’JT{?V and still yield the same homo-
morphism functions. For example, we may replace 'H‘{fv by the quotient operators 'H‘{fv /C for an
appropriate C € O(B®*, u®*). This leads to the following definition.

Definition 17. Let k > 1 and T = (Tr)rer be a family of L*-contractions indexed by a set
F C MBE. For every term F € (F)o.., the homomorphism function of F in T is the function
fror € L (X, p) with || frorlleo < 1 defined inductively by

1. frori=1x for F=1%,
2. fror =Tpfr_t1 for F = F o, where F € F, and
3. froT = fRioT - frooT for F=TF; - Fo.
Moreover, the homomorphism density of F in T is defined as t(F,T) := (1x, fr—T).

As remarked above, given a term F € F*, we can use the correspondence of bi-labeled graph
operations to their operator counterparts to inductively compute the homomorphism function
fiF]—w and, in particular, the homomorphism density ¢([F], W) of [F] in a graphon W using
the operators in ’JI‘{?V.
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Lemma 18. Let k> 1. Let W: X x X — [0,1] be a graphon. Then,
frome, = fir-w and t(F,Ty,) = t([F], W)

for every F € (FF), ...

Proof. We show that le—>T’5V = firj—w by induction on F € (F*), .. Then,

t(F’ T]Iiv) = <1Xa f]F—>’]I"§V> = <1X; f[[F]]—>W> = t([[F]]’ W)

by definition of ¢(FF, T%,) and fiFp—w-
For the induction basis F = 1*, we have frore, = 1xx by Definifion 7 and frow =
Tix_wlxr = 1xx by the definition of Ty _,y. For the first case of the inductive step F = FolF,

where F € F* and [F'] € M*° we have
feor, =Trow fesme = Trow frp-w = Trow (Tpg-wlxe)
=Tror)-wlxe
=Tpp—»wlxe
= flIFl—w

by [Definition 17 the induction hypothesis, the definition of Tjr)_,w, and [Lemma T6I[Bl For the
second case of the inductive step F = F; - Fa, where [F], [F1], [F2] € M*°. Then, we have

feomr, = friome - frore, = fml-w - Srg-w = r-wlxo) - (Tfp,j-wlxo)

= Tr,]-[Fo]—w L xo0

= Trp»wlxo
= fiF—-w
by Definition 17, the induction hypothesis, the definition of Tjgj_,w, and [Lemma T6]@ O

As remarked above, an essential ingredient of the proof of [Theorem 4] is the definition of
families of L°°-contractions that replace ’]T’;V but still yield the same homomorphism functions.
The following lemma gives a sufficient condition under which this is possible. Recall that a
Markov embedding is a Markov operator that is an isometry. Unlike Markov operators in general,
Markov embeddings are compatible with point-wise products of functions, cf. |8, Theorem 13.9,
Remark 13.10]. This is crucial since we need the point-wise product of functions to get from
bounded pathwidth to bounded treewidth homomorphism functions.

Lemma 19. Let k > 1. Let (X1,B1) and (X2, Ba) be standard Borel spaces with Borel probability
measures 1 and us on X1 and Xo, respectively. Let T1 and To be families of L -contractions
on L?(X1, 1) and L?(Xa, p2), respectively, indexed by F*. If I: L*(Xa, p2) — L*(X1, 1) is a
Markov embedding such that T1 oI = 10Ty, then

[f]F_>']1‘2 = f]F—>’]1‘1 and t(F, Tl) = t(F, Tg)
for every F € (FF¥), ...
Proof. We show that I fg_,1, = fr_T, by induction on F € (F*), .. Then, also

tF,T1) = 1x,, from) = Ax,, Lfrot,) = T lx,, frot) = (Ix,, fror,) = HF, T2).
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For the induction basis F = 1*, we have

Ifror, =I1x, = 1x, = froT,-

For F = F o', where F € F*, we have

Ifror, ={ o (T2)r)fror, = (T)r o) fror, = (T)rfror = from

by the assumption and the induction hypothesis. Finally, for F = F; - Fy, we use that [ is a
Markov embedding and, hence, satisfies I(f -g) = If-Ig for all f,g € L°°(X3, u2) |8, Theorem
13.9]. We have

Ifrom, = I(fri=1s - fRaots) = Lfr—1s - I fraat, = friom - frant = from,
by the induction hypothesis. O

An important application of [Lemma 19/is to replace the family T¥, by the quotient operators
T%, /C for an appropriate C € ©(B®*, u®*). To this end, we call a C € O(B®*, u®*¥) W -invariant
if C is invariant for every operator in the family T{“/V, i.e., C is Tr_w-invariant for every F € F*,

Corollary 20. Let k > 1. Let W: X x X — [0,1] be a graphon and C € O(B®* u®*) be
W -invariant. Then,

t(F, (T%)C) = t(F, T{C/V/C) = t(F, TI;V) = t([F], W)
for every F € (FF), ...

Proof. The last equation is just[Lemma 18 By[Lemma Sdland [ we have IcoT¥,/C = (T, )colc
and I¢c o Tk /C = T¥, o I, where I¢ is a Markov embedding by [Claim 6][5, Therefore, [Lemma 19
yields the first two equations. O

4 Weisfeiler-Leman and Graphons

In [Section 4.1 to [Section 4.5 we closely follow Grebik and Rocha [9] to prove [Theorem 4] and
formally define all notions appearing in it. Many, but not all, of their proofs transfer without
too many changes. In [Section 4.1 we start off by showing that the minimum W-invariant p®*-
relatively complete sub-o-algebra C"fv of B®* for a graphon W can be obtained by iterative
applications of the operators T#;,. [Section 4.2] defines define the space M* i.e., the space of all
colors used by oblivious k-WL, and k- WL distributions, which generalize multisets of colors. In
Section 4.3, we define the function owl}, : X* — M¥ and the k-WL distribution v, for a graphon
W. In [Section 44 we deviate from Grebik and Rocha [9]: They show that every distribution
on iterative degree measures v defines a graphon on the space M; this graphon for vy is then
isomorphic to the quotient graphon W/Cy,. Since the operators in ’]T{ﬁv are not integral operators,
we take the different route of showing that a k-WL distribution v defines a family of operators
T, on L?(MF,v); the family T, then corresponds to 'JT’;V. These operators are essential in the
proof of [Theorem 4| in [Section 4.5l

Section 4.6 shows that one can combine all k-WL distributions vy, v3,, ... of a graphon W
into a single distribution to obtain a new characterization of weak isomorphism. Section 4.7
further explains how the characterization of [Theorem 4] using Markov operators corresponds to

the system LE_ of linear equations.
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4.1 The Minimum W-Invariant Sub-o-Algebra

For a family T = (T});e; of operators T;: L?(X, ) — L?(X, u), where i € I, and a C € ©(B, p),
define

T(C) = ﬂ {DeO©(B,u)|D2Cand Ti(L*(X,C,pn)) € L*(X, D, u) for every i € I}.

Then, T(C) € (B, i), cf.[Section 2.3 and C is called T-invariant if T(C) C C, which is equivalent
to requiring that C is T;-invariant for every ¢ € I. Note that this operation is monotonous, i.e.,
for all C,D € O(B, i) with C C D, we have T(C) C T(D). By definition, the family T, consists
of the two families T 4+_,1» and Tprx. The following definition uses these two individual families
to define the sub-o-algebra C, of B®*. Already at this point, one should notice the connection
to oblivious k-WL, cf. [Section 1.2} the operators in T 4#_,1r capture the concept of atomic types
while the operators in T« correspond to the refinement rounds via j-neighbors used in oblivious
k-WL.

Definition 21. Let k > 1 and W: X x X — [0,1] be a graphon. Define C{fVm € O(B®F, u®F)
for every n € N by setting Clrjv,o = T_Akﬂw(<{@,Xk}>), CII;V,nJrl = Tprw (C{}/n) for every n € N,

and Ck, = C{fvpo = (Unen CI]fV,n>'

Verifying that C’;V is in fact the minimum W-invariant u®*-relatively complete sub-c-algebra
of B®* is mostly analogous to |9, Proposition 5.13]. A difference is given by the operators
in T 4x_,y, which are multiplicative, which implies that a single initial application guarantees
T 4 _y-invariance for all subsequent sub-o-algebras in the sequence. Moreover, we also verify
that CE, is permutation invariant, i.e., Cfi; is Tr-invariant for every permutation m: [k] — [k].

Lemma 22. Let k> 1 and W: X x X — [0,1] be a graphon. Then,
1. Clyo = (Uneas {(Taswixe) 1 (4) | A€ B(0.1])} ),
2. CI]%/,O is the minimum T gr_,yy -invariant p®*-relatively complete sub-o-algebra of B¥F,
3. Cfynar = (Clyn UUnenr {(IN14)"1(B) | A€ Cfy,,, B € B([0,1])} ) for every n €N,
4. C{fVm is T gx _y -tnvariant for every n € NU {oo},
5. CI’fV is the minimum W -invariant p®*-relatively complete sub-c-algebra of B®*, and
0. C{fVm is permutation invariant for every n € NU {oo}.

Proof. [l and Let C denote the minimum T 4x_,y -invariant p®*-relatively complete sub-o-
algebra of B®* and D denote the u®F-relatively complete sub-o-algebra of B®* from [l We
prove that C =D = Cllfv,o- We start by proving C € D. Let A € A*. The function T4 w1y«
is D-measurable by definition of D. Hence, for a D-measurable function g € L2(X*, u®*), their
product (Ta—wlxr)-g = Tawyg is again D-measurable, where the equality holds since T'a_,w is
a multiplicative operator. That is, D is T g4 _,y--invariant, which yields C C D. For the inclusion
D C C on the other hand, 1y« is trivially C-measurable and, since C is T 4x_,y-invariant, the
function Ta_,w1lyr is C-measurable for every A € A*. Hence, D C C. We have established
C = D and it remains to prove that these are also equal to Cllfv,o- We have <{®, Xk}> C C and,
hence, Clljv,o = Tarw(({2,X*})) € Tar,w(C) C C. On the other hand, for every A € A*,
the function Ta_,w1lxk is C{jvﬁo—measurable. Hence, D C Cllfv,o-
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Bt Let D denote the u®*-relatively complete sub-o-algebra of B®* from [ i.e., D is the min-
imum p®*-relatively complete sub-o-algebra of B®* that contains Cf;,, and makes the maps
Tnls for N € N¥ and A € C{fv,n measurable. It is easy to see that D C CIIjV,n-i-l: We
have Cfi,,, C Cf,, ., by definition of Cf, ;. Moreover, for N € N* and A € B(C§,,),
the function 14 is CI’fVm—measurable and, hence by definition of C{fv,n 41, the function Tn14
is then CII;V,nJrl measurable. It remains to prove that CII;V,nJrl C D, ie., that CII;V,n C D and
Tn(L*(X*,Cy,, n®%)) € L2(X*, D, u®%) for every N € N*. We have Cf;,,, C D by definition
of D. Let N € N*. We have Tny14 € L2(X* D, u®*) for A € C{},m by definition of D. Since the
linear hull of {IA}AEC’&/,n is dense in subspace L?(X*,Cf;,, u®*) and since L*(X*, D, u®*) is
closed, linearity and continuity of Ty then yields that Tn (L*(X*, Cf,,,, u®%)) C L2(X*, D, u®*).

@ Let n € NU{oo} and A € A*. We have Cfj;, C C§j;,,, which means that the function
Tawlxk is C{jvﬁn—measurable. Then, the claim follows as T'a_.yw is multiplicative, cf. the proof
of Ml and 2

We first show that CE, C C for every T¥,-invariant C € ©(B%*, u®*). We have <{®, Xk}> C
C and, hence, C{fuo =T w(({2,X*})) € T4rw(C) € C. From there on, induction yields
C{fVmH = Tpre (C{fvn) C Tax(C) CC for every n € N. Hence, Cf, C C.

It remains to prove that Cf, is T¥,-invariant. By [ it suffices to show that that Ck, is Tn-
invariant for N € A'*. This is essentially Proposition 5.13 of |9]: We first show that Tn14 €
L2(X*,Cpyy, u®¥) for A € Cfj;. To this end, note that |J,cyCiy, is an algebra and the o-
algebra generated by it is Cf,. Hence, from |6, Theorem 3.1.10], it easily follows that we can
approximate every set in C"fv by a set in (J,y C{fVm w.r.t. the measure of their symmetric
difference. This implies that, for every A € C{fv, there is a sequence (A, )nen with A, € C{fun such
that 14, — 14 in L2(X* u®%). Let N € N*. By continuity of T, we have Tw1a, — Tn1a.
Note that, for n € N, we have Tn1a, € L*(X*,Cf; .1, n®%) C L*(X*,Cfp,, p®*), which is a
closed subspace by[Claim 5 Hence, Ty14 € L2(X*,CE,, u®¥). Since the linear hull of {1A}Aec’;v
is dense in the closed subspace L?(X*, CE, %), linearity and continuity of T then yields that
L3(X*,CE,, u®*) is Tn-invariant.

B First, recall that B®* is permutation invariant. Moreover, if C € ©(B®F, u®*), then
7(C) € O(B®* u®*) for every permutation 7: [k] — [k]. This implies that, if X C B®* is
a set with 7(X) C X for every permutation 7: [k] — [k], then (X) is permutation invariant.
Hence, ({@,X k}) is permutation invariant, and it suffices to show that, for a permutation-
invariant C € ©(B®* u®*), both T 4r_,u (C) and Ty« (C) are permutation-invariant. Then,
induction yields that C’;V,n is permutation invariant for every n € N and, hence, also CI’fV since
T (Unen Civin) = Unenm(Cly) € U,en Chiv, for every permutation 7: [k] — [k].

It remains to show that, for a permutation-invariant C € ©(B®*, u®*), both T 4+, (C) and
T (C) are permutation-invariant. We prove the statement for T 4x_,yy/ (C); the proof for T s« (C)
is analogous. To this end, we show that, for an arbitrary C € ©(B®*, u®*) we have

(T ax 5w (C)) = T ar w (7(C)) (6)

for every permutation m: [k] — [k]. Then, if C is permutation invariant, we get 7(T 4,1 (C)) =
T gx s (7(C)) = T gx 1 (C) for every permutation 7: [k] — [k].
To prove [Equation (6)} let 7: [k] — [k] be a permutation and observe that T 0 Tqx _,yy ©
K
Tr-1 = Tyr _w for all i # j € [k]. As a side note, the analogous observation for T (C) is

4 ™ (i)m(5)
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TroTnk_yw oTr-—1 = TNk( W for every j € [k]. We get that
7 (7

TA’?.—>W(L2(Xka w(C), H®k)) = TA’?.—>W(TW*1 (L2(Xka C, M®k)))

= Tps(Tar, (L€ ).
()7 (g

Hence, for D € O(B%*, u®*), we have
T (E2CXF,7(C), 1)) € L2(XE, D, i)
= Ta o (I2(X4,C,u)) € To(Z2(0X%, D, i)
> Tax L (I2(X5,Cu) € L0, 771(D), %),

As the mapping Afj — Aﬁ(i)ﬂ(j) is a permutation of A* and we also have D 2 7(C) <=

7=1(D) 2 C, this implies [Equation (6) O

4.2 Weisfeiler-Leman Measures and Distributions

Before defining the mapping owllév: X* — MF, we have to define the space M*, which can be
seen as the space of all colors used by oblivious k-WL. To this end, we have to state some facts
regarding spaces of measures first. For a separable metrizable space (X, T), let £2(X) denote the
set of all Borel probability measures on X. Let Cp,(X) denote the set of bounded continuous real-
valued functions on X. We endow £ (X) with the topology generated by the maps p+— [ fdp
for f € Cp(X). Then, for (u;)ieny with p; € Z(X) and pu € #(X), the Portmanteau theorem
states that the following three are equivalent |15, Theorem 17.20]:

1.y — p. 3. [ fdpi — p for every f € Ug(X).
2. [ fdp; — p for every f € Cy(X).

Here, Uy(X) denotes the set of bounded d-uniformly continuous real-valued functions on X
and may clearly be replaced by some uniformly dense subset. If (X, T) is compact, which is the
case for the spaces we define, then Uy(X) = Cp(X) = C(X), where C(X) denotes the set of
continuous real-valued functions on X. The Borel o-algebra B(Z?(X)) is then generated by the
maps p — p(A) for A € B(X) and also by the maps p +— [ f du for bounded Borel real-valued
functions f [15, Theorem 17.24]. If (X, T) is Polish, then so is P(X) [15, Theorem 17.23], which
means that (Z(X), B(#(X))) is again a standard Borel space for a standard Borel space (X, B).

It is a standard fact that a compact metrizable space K = (X, T) is separable [15, Proposition
4.6]. Hence, if we let B be denote the Borel o-algebra generated by 7, then (X, B) is a standard
Borel space. The topological space & (X) is again compact metrizable [15, Theorem 17.22].

We are ready to define the space MF. One should pay attention to the connection to oblivious
k-WL, cf. Here, P¥ = [0, 1]([§]) is the space of possible “edge weights” of a tuple
Z € X%, generalizing possible atomic types. Moreover, oblivious k-WL defines k multisets of
colors in every refinement, which results in k probability measures on the previous space M¥ in
the following definition.

Definition 23 (The Spaces M* and P¥). Let k > 1. Let P} =0, 1]([];]) and inductively define
ME = [Ticn PFand Pt = (2 (Mfl))k for every n € N. Let MF := M¥, =],y PF and, for
n<m < oo, let pyp: MF — MF be the natural projection. Finally, define

Pk = {a € M” | (@nt1)j = (Prt1,n)s(Qny2);j forall j € [k],n € N}.

25



As a product of a sequence of metrizable compact spaces, M¥ is metrizable |6, Proposition
2.4.4] and also compact by Tychonoff’s Theorem |6, Theorem 2.2.8]. Moreover, as M* is a product
of a sequence of second-countable spaces, the Borel o-algebra of M and the product of the Borel
o-algebras of its factors are the same, cf. Section 2.1l

Note that a,1 € PE, = (2 (ME))" and anys € PE, = (2 (MEL,))" for a € MF in
the definition of P*, i.e., P* is well-defined. This condition expresses that a, o € P*, which
can be thought of as a coloring after n + 2 refinement rounds, is consistent with «,, 1 for every
n € N, but it does not require that aq is consistent with a;. One could add the additional
consistency condition that, for ij € ([g}) and u ¢ ij, the push-forward of (1), via the projection
to component ij is the Dirac measure of (ayg);;, but this would introduce an inconsistency in the
case k = 2 where there is no such u. For simplicity, we just leave this out; it does not cause any
problems for us.

In terms of graphs, an element (g, ay, . . . ) of M can be thought of as a sequence of unfoldings
of a graph, cf. [5], of heights 0,1,2,.... These unfoldings, however, do not have to be related
in any way. The subspace P¥ contains these sequences where each unfolding is a continuation
of the previous one. These sequences can also be viewed as a single, infinite unfolding: By the
Kolmogorov Consistency Theorem [15, Exercise 17.16], for all a € P¥ and j € [k], there is a
unique measure i € P (M*) such that (Poo,n)«pt§ = (ant1); for every n € N. Moreover, one
can verify that this mapping a +— u$ is continuous, cf. [9, Claim 6.2].

Lemma 24. P* is closed in M* and P* — 2(MF), o 1§ is continuous for every j € [k].

Proof. To prove that P* is closed, let a; — o with a; € P* for every i € N and o« € MF. Let
j € [k] and n € N. By definition of the product topology, we have ((&;)n+2); — (Qnt2);, which
yields

/fd Qi)nt1)j . /fd (Pr+1.n)«((@i)n+2); / fopntind((i)ni2);

k
Mn+1

— / fopn+1,nd(an+2)j

k
Mn+1

- / F ADrsr ) (nga);.
Mk

for every f € C(MF). Therefore, ((i)n+1); — (Pnt1mn)s(Qnia);. Since also ((ai)nt1); —
(ant1); and the metrizable space ?(MF) is Hausdorff, we get (ant1); = (Prtin)s«(@nt2);-
Hence, o € P*.

Let j € [k]. Let a; — o with a; € P* for every i € N and a € P*. To prove that Wt = pg,
we observe that

/ £ 0 Poon dpiSt = / f d(poon) et = / Fd((@)nsn); — / f d(crnsn); = / F d(Pocn) o
ME i Mk Mk M
= /fopooﬂzdﬂj
Mk‘,

for every n € N and every f € C(MF). This already proves the claim as the set |,y C(ME) o
Poo,n is uniformly dense in C'(MF) by the Stone-Weierstrass theorem |6, Theorem 2.4.11]; in
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particular, this set separates points by the definition of the product topology and the fact that
every metrizable space is completely Hausdorff. [l

[Cemma 24 implies that P¥ € B(M*) and that P* — R, v+~ [ f dp§ is measurable for every
bounded measurable real-valued function f on M* and every j € [k], cf. the definition of 22(M¥).
This justifies the following definition of a k-WL distribution, which intuitively generalizes the
concept of a multiset of colors with the additional constraints that, first, that the non-consistent
sequences & € M have measure zero and, second, it satisfies a variant of the Tonelli-Fubini
theorem w.r.t. the measures given by the mappings P¥ — 2(MF), a g

Definition 25. Let k > 1. A measure v € P (MF) is called a k-Weisfeiler-Leman distribution
(k-WLD) if

v(P¥) =1 and

2. [ fdv= | ( i fdu?‘) dv(a) for every bounded measurable f: MF — R and every j € [k].
MF MFE “ME

. k
4.3 The Mapping owly;,

Having defined the compact metrizable space M*, we can finally define the mapping owllév c Xk
MPF and the k-WL distribution u{fV for a graphon W. To this end, let us first recall that oblivious
k-WL for a graph G initially colors a k-tuple ¥ € V(G)* by its atomic type, which includes
the information of which vertices in v are equal and which are connected by an edge. In our
case, this becomes somewhat simpler since we do deal with the case that entries of a k-tuple
z € XF are equal; if our standard Borel space is atom free, such diagonal sets have measure
zero in the product space and do not matter. Hence, we only include the information W (x;, z;)
for every ij € ([k] . Notice the connection to the operators T 4x_,;: by definition, we have
(Tar wF)(@) = W(xi,z;) - f(z) for every f € L2(XF u®F) and p®*-almost every 7 € XF.

Tet us also take a look at the substitution operation in the refinement rounds of oblivious k-
WL. Fix # € X* and j € [k] in the following. Define z[/j] == (z1,...,2j-1,Zj11,...,7%) € X*71
to be the tuple obtained from Z by removing the jth component, and for y € X, also Z[y/j] =
(T1,. 1,9, Tj41,---,Tk) € X*, which is the tuple obtained from Z by replacing the jth
component by y. The preimage of a set A C X* under the map z[-/j]: X — X*, y s Z[y/j] is

z[/5]71(A) = {y € X | zly/j] € A} = Agyyy,

which we call the section of A determined by Z[/j]. Note that, technically, Az, also depends
on j and not only on the (k — 1)-tuple z[/j] € X*~1, but we nevertheless stick to this notation.
The mapping Z[-/j] is measurable, i.e., we have Az[/;) € B for every A € B®F [2, Theorem 18.1
(i)]. If we let p;: X* — X denote the projection to the jth component, which is measurable
by definition of B®*, then, the mapping Z[-/j] o p;: X* — X* ¢ +— Z[y;/j] is measurable as
the composition of measurable functions and we have (z[-/j] o p;)«u®* = Z[-/j], 1. To see the
connection to the operators T s», note that the definition of TN];c yields that

(Tns )@ /f /7)) du(y /fow/J du—/fd (7)

for every f € L2(X*, u®%) and p®*-almost every z € X*.
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Definition 26 (The Mapping owllﬁv). Let k> 1 and W: X x X — [0,1] be a graphon. Define
owlfy o X* — ME by

owliy o (Z) = (W(xiaxj))ije([g])

for every & € X*. Inductively define olen_H Xk Mk+1 by

owllév,nﬂ(:f) = (owllév,n(f), ( (owl{};yn Of['/j]) . M)je[k])

for every z € X*. Then, let OWIIIfV = owl{fMOO . X* — MP* be the mapping defined by (OW|I;V(:E))H =
(oWl oo ()5 = (oWljy,(Z)), for alln € N, T € X*. Finally, let vfi, = owlfy, u®* € 2(MF) be
the push-forward of u®* via OWIIIfV.

—1
An immediate consequence of [Definition 26, which we often use, is that owly, = (p;L (A)) =

Pmn
-1
owl{fvm (A) holds for all 1 < n < m < oo and every A € B(MF). In partlcular, we use it
to prove that the mapping owl@vﬁn is measurable for every n € N U {oco}, which actually is

needed for everything in to be well defined. [Lemma 27 states not only that owllévﬁn

is measurable but also that the minimum p®*-relatively complete sub-o-algebra that makes it
measurable is given by CI’fVm, cf. |9, Proposition 6.6].

Lemma 27. Let k> 1 and W: X x X — [0,1] be a graphon. Forn € NU {co},
Clir = ({owlly, (4) | A€ B} ).

Proof. Let D,, := ({owl@v;ll(A) | A e B(M})}). First, we prove Cyy,,, = D, for every n € N by
induction on n. For the induction basis n = 0, we have

Dy = <{0W|I§VI)1(A) | Ae B(Mé)}> _ <{0W|]§VI)1(A) Ac B([O,l]([g]))}>

The Borel o-algebra B([0, 1]([)5])) is generated by the sets of the form HijE([k-]) A;; where A;; €
2
B([0,1]) and A;; = [0, 1] for all but at most one ¢j |15, Section 10.B]. Since it suffices to check

measurability of a function for a generating set |6, Theorem 4.1.6], we may replace B([0, 1]([)5]))
by a generating set in the definition of Dy, which yields that

<{ow|W0 )| AeB(o,1)( ))}>

<{{x € XF | (W(@i,))) e () € A} | A e B(o, 1](“5]))}>

({{z e x* | Wiz € A} | AeB(0.1), ij € (§)})

- (U ge(y {7 € X5 | Wiwi,a5) € A} | A € B(Q, 1)})

<UAeAk{ Tasw) H(A) | AeB([0,1])})

= CW,O' (Cemma 22] and [Lemma 22| 2))
For the inductive step, let n € N. We have to prove that Cf,,,, = Dpi1. Recall that

we have ME_ | = Mk x (2 (Mﬁ))k by definition and that the Borel o-algebra B(2 (ML)) is
generated by the maps u — u(A) for A € B(MEK) [15, Theorem 17.24]. Hence, by definition of
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the product o-algebra and since it suffices to check measurability of a function for a generating
set [6, Theorem 4.1.6], B(ME_ ) is the smallest o-algebra containing {p;}an(A) | AeB(ME)}
and making the maps

M1 2 @ ((@)ns1);(4)

for A € B(MF) and j € [k] measurable. Again by |6, Theorem 4.1.6], this means that D,,;; is
the smallest u®*-relatively complete sub-o-algebra of B®* containing

{owlhy i b (4) | A€ BOE) } = {owlly,'(4) | A € BOE) |

and making the maps
X* 32 e ((owlhy, oy (8)nr);(A) = ( (owﬂgm oF]. /j])* M) (A)

- /1Ad (owlhy, ofc[-/j])*u

M

= / 1a0owly, dz[/j],u
Xk-

= (T 14 0 owlly,)(2),

for A € B(MF) and j € [k] measurable, where the equalities hold ;®*-almost everywhere, cf. also

[Equation (7),
To see that D, C C{fv,n 41, we verify that C{fVm 41 contains the aforementioned sets and that
the aforementioned maps are measurable for it. We have

1 k def. IH k def. k
{OWIW,n (A) | Ae B(Mn)} g Dn g CW,n g CW,nJrl'

By the induction hypothesis, owl‘lﬁv,n is C"fvjn—measurable, and since A € B(MF), sois 140 ow|’§V7n.
Hence, by definition of C{funﬂ, TNflA o owl{fvm is CI’fVmH—measurable, which is just what we

wanted to prove.
It remains to verify that C{fVmH C Dp41- By [Lemma 22138 it suffices to prove that D, 41

contains C{},m and makes the functions Tn14 for N € N* and A € Clrjv,n measurable. We have

ch ., CD, = ({owtly' ()| A€ BOE}) € Do

Let A € C’;V,n. By the induction hypothesis, we have A € D,. Since the preimage of a o-
algebra is a o-algebra, we have A = ow|]§V7n(B)AZ for some B € B(MF) and Z € B®* with
p®*(Z) = 0. Then, 7 € A +— owl@vjn(j) € BforeveryT ¢ Z,ie., 1go owI@V,n = 14, where
the equality holds u®*-almost everywhere. Let j € [k]. We know that D, makes the map
TN];c 1po owl{fvm = TN];c 14 measurable, but this is already what we wanted to show.

It remains to prove that

ck, = <{ow|’;v‘1(A) | Ae B(Mk)}>,
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where, by definition, we have Cfi, = (U, en C{fvn> It is easy to see that the Borel o-algebra B(M¥)
is generated by the projections peo.. Hence, by |6, Theorem 4.1.6],

cly = <U c’;vm> - < U {owl{ﬁv,;l(A) |Ae B(Mﬁ)}>

neN

<{ow| A) |neN, AeB(M’“)}>

— ({owtty 1pm( A)IneN, Ae B0}

({owlly " (4) | A€ B*)})

([l

By [Cemma 27 CJ, is the minimum p®*-relatively complete sub-o-algebra that makes owlf,
measurable. Hence owIIIfV: X* — MPF is a measurable and measure-preserving mapping from the
measure space (X*, B %) to (MF, B(MF), vk,) and we can consider the Koopman operator
Tous, - L2(MF, vk) — L2(X*, u®*) of owll,, which is a Markov embedding |§€, Theorem 7.20].

More precisely, by [Claim 7} it is an isometry onto L2(X*,CE,, u®*). In addition, the operator
Sek of [CTaim 6l becomes a Markov isomorphism when restricted to L2(X*, CE,, n®*) which means

that Rf, == SC;VCV o TOWV;V is a Markov isomorphism.
Corollary 28. Let k > 1 and W: X x X — [0,1] be a graphon. Then, RE,: L*(MF,vk,) —
L3(X*/cCk,, u®* /Ck.) is a Markov isomorphism.

It remains to verify that 4, is in fact a k-WLD. The following lemma can also be seen
as a justification of the definition of a k-WLD. In particular, it shows that Tonelli-Fubini-like
requirement in [Definition 25 actually stems from the Tonelli-Fubini theorem. In other words, the
definition of a k-WLD is chosen such that it captures the essential properties of u{}, that make it
possible to define the analogue of 'IF{“/V on the space L?(MF, V{fv) In the next section, we define
these operators on L2(M*, v) for an arbitrary k-WLD wv.

Lemma 29. Letk >1 and W: X x X — [0,1] be a graphon. Then,

113" D = (owlly, oz[-/j])upt for all j € [K], & € X*,
2. owlyy, (X*) CP*, and
3. vk, is a k-WLD.

Proof. It For n € N and A € B(MF), we have

wik (z — T _ o wik (z
" D (pl(4)) = (pon)otS D (4) = ((owlly (2))ns1);(4)  (Defimition 5" 7))
= (oWl pp i1 (Z))nt1);(A) (Definition owl},)
= (owlfy,,, oz[-/4]).pe(A)  (Definition owly,,, ;)
= (owly o[-/ j])upi(pcn (A))-

That is, ;L;WV;"@) and (owl¥, oZ[-/j]).pr both are probability measures that agree on the set

Unen {Pain(4) | A € B(MF)}, which generates B(MF). By the - theorem [15, Theorem 10.1
iii)], they agree on all of B(MF).
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Let z € X*. For j € [k] and n € N, we have

(Prt1.n)s (WY (2))nt2); = (Prst.n) s (W42 (Z))nra); (Definition owl}, )
= (Pt 1,n) (OWIgyr 1 OF[-/])cst) (Definition owljy; , 15)
= (owlty, , oF[-/7))«pt
= ((ow|%7n+1(i))n+1)j (Definition owllévﬂnJrl)

(oWl (2))ns1);- (Definition owl},)

Hence, owl}y, (Z) € P*.
B By we have v&, (P*) = M®k(owl‘]§v71(IPk)) = p®F(X*) =1. Let j € [k]. Let f: MF - R
be bounded and measurable. We have

def. vE
/fdy’;v e:W/fdowI"ﬁV*um:/foowlk dp®*
MFE MFk

/ / 7 o owlty (2ly/1)) du(y) ) ™" z[/))
(xj € X arb.)

[ £ ooully @ly/ i) duts)) du®(2)

-1

- /( / 7 d(owtly ozl /1]).it) du* (z)
Xk
E:D/ /fd/,//OW|W 1) ®k(i‘)

Xk
/ ( / fduj dowl et / / Fdue) duly
MPF M

4.4 Operators and Weisfeiler-Leman Measures

For a graphon W, the operator Ry, : L>(MF, vk, ) — L2(X*/CE,, u®*/Ck,) is a Markov isomor-
phism by Hence, if U is another graphon with v} = vf,, then R o (Rf,)* is a
Markov isomorphism from L?(X*/CE,, u®*/Ck.) to L?(X*/CF, u®* /CF). However, we still lack
that this Markov isomorphism “maps” the family T, /CE, to ']Tlfj / C,’j. To close this gap, we show
that we can define a family 'JTVchV of operators on L?(MF¥, vk,) such that RY, “maps” T”xljv to

T%,/Ck,. This replaces the graphon M x M — [0, 1] defined by Grebik and Rocha [9]. Let us
begin with operators for neighbor graphs as this is the interesting case; in particular, it shows
why we have the Tonelli-Fubini-like requirement in the definition of a k-WLD.

Lemma 30. Let k > 1, and let v € Z(MF) be a k-WLD. Let j € [k]. Setting
(Tnd)@) = [ fang
Mk

for all f € L®(M*,v), a € M* defines an L>-contraction that uniquely extends to an L2-
contraction L*(MF,v) — L2(MF,v).
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Proof. We show that the definition yields a well-defined contraction Tax_,, on L (MF, ) such
J
that | Tr_, fll2 < || fll2 for every f € L°(MF,v). Then, Th_,, uniquely extends to a contrac-
J J
tion on L2(M*, v) since L>(MF,v) is dense in L2(MF,v).
The definition of a k-WLD immediately yields that, if A € B(MF) with v(A4) = 0, then
M?(A) = 0 for v-almost every o € MF. Hence, if a property holds v-almost everywhere, it holds

p§-almost everywhere for v-almost every a € MF. Let f € £2°(M* v). Then, |f| < ||flleo
v-almost everywhere, and hence, |f| < ||f[lo holds u§-almost everywhere for v-almost every
a € MF. Thus, for v-almost every o € MF, we have

| [rdus] < [101du5 < [15 i =151
Mk Mk Mk

which yields that | T, fllee < |f]lso. In particular, if f,g € £°(MF,v) are equal v-almost
J
everywhere, then

1N f = Tt nlloe = ITnk (= 9l < I — gl = 0,

that is, Tnr_,, f and Tr_,, g are equal v-almost everywhere. Here we used that the mapping
J J
T, is linear, which follows directly from the linearity of the integral. Recall that P* — R, a +
J

J fu§ is measurable for every bounded measurable R-valued function f on MF by [Lemma 24l and
the definition of 22(P¥). Since P* € B(MF) by [Lemma 241 and v(P*¥) = 1, this combined with the
previous considerations yields that Tix_,, is a well-defined mapping L>°(MF¥,v) — L (MF, v).

It remains to show that ||Ta_,, fll2 < || ]2 for every f € L>®(MF,v). We have

||TN]g€_,,,f||§ = / (/fdu?ydy(a)cés/ (/f2 d,ujo-‘) dv(a) (Cauchy-Schwarz)

Mk Mk Mk Mk

= / f2dv (def. k-WLD)
Mk

=113

Note that we again used that |f| < || f|| holds u§-almost everywhere for v-almost every o € Mk
in order to apply the Cauchy-Schwarz inequality. |

The following lemma states that [Lemma 30 is indeed the right definition.
Lemma 31. Letk > 1 and W: X x X — [0,1] be a graphon. For every N € N'*,
1 T o Ty, = Tous, © Tk 3. Tn/Ciyy o Ry = Ry 0 Ty -

2. (TN)C"ﬁV o Towlkv'v = Towlkv'v o TN—>V"jV7 and
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Proof. [t Let j € [k]. We have

(Tt © Taut, (@) = (T f ooty )(@) = [ £ o 0wy (aly/ ) du(y) (def.)
— [ sdtonty ot/
MFk
- / f @ (Cemma 29m)
MFE

= (Tt s, f) (oWl (7)) (def. Tnyr_yr))
= (Towr, © T, () (def.)

for u®F-almost every z € X* and every f € L>(MF

L= (MF vk, is dense in L2(MF, vE,).

,y"jv). This already proves the claim as

We have
(Tn)et, © Tou = Tnv 0 E(— | Cli) © Topt (Cemma 85 and Lomma 2205)
— T 0 Ty, (cf.
= TOWV;V °© TN%V"jV' @
We have
Tn/Ciy © Ry = Sex o Tnv o ek 0 Ser 0 Touk (def.)
= Ser, 0 B(— | Ciy) o TN 0 E(— | Ciyy) © Ty, (Claim 6/@ and [)
= Ser. o (Tn)ek, © Tows, (def.)
= Sc’;v ° TowV;V ° TN—w’VvV @
= Ry o Tyl - (def.)
O

Defining the operators for adjacency graphs is much simpler. Intuitively, every o € MF
contains the values W (z;, z;) for every ij € ([g]) at position 0.

Lemma 32. Let k> 1, and let v € 2 (MF) be a k-WLD. Let ij € ([g}). Setting
(Tag, (@) = (@0)ij - f()
for all f € L2(MF,v), a € M* defines an L>®°- and L?-contraction L*(MF,v) — L2(M* v).

Proof. The mapping a — ();; is measurable by definition of the product o-algebra Hence,
Tax ., f for f € L2(MF,v) is measurable as the product of measurable functions. Moreover,
ij

by definition of M*, the function a + (ap);; is bounded by 1, which immediately yields that

1 Tax o fllz < I fll2 for f € L2(M*,v) and [[Tax 5, flloo < [[flloo for f € L(M*, v). Moreover,

T 4% _,, is linear as a multiplicative operator. O
ij

Analogously to [Lemma. 31}, one can verify that [Lemma 32]is in fact the right definition.
Lemma 33. Let k > 1 and W: X x X — [0,1] be a graphon. For every A € AF,

33



1. TA‘}WOTOW|E/ = TOW"CV OTAHUIVCV, 3. TAﬂw/CI]fVORﬁ/ = RI%VOTAHUIVCV.

2. (TA‘}W)C"?VOTOW”‘C/V = TOWlCVOTA‘)V‘,jV7 and
Proof. [} Let ij € ([’2“]). We have

(T © Touity, D)(@) = (Tar o f 0 owlly ) ()

= W (zi,x;) - (f o owlly,)(7) (def.)
= ((owly (Z))o)ij - (f © owliy)(Z) (def. owly)
= (Tar s, f)(owliy (2)) (def. Tiax x )
= (Tout, © Tar, s, )(T) (def.)
for p®*-almost every 7 € X* and every f € L*(M*, vk,).
and Bt Analogous to the proof of [ and [ of [Lemma 31l respectively. O

For a k-WLD v € &(MF), define the family of L>-contractions T,, := (Tr_,, ) pe 7+ [Lemma 31|
Bl and [Cemma 3313 can then be rephrased as the following corollary.

Corollary 34. Letk > 1 and W: X x X — [0,1] be a graphon. Then, T, /Ck, oRE, = Rk, oT, .

Recall [Definition 17 i.e., the homomorphism density of a term in a family of L*°-contractions.

In particular, this definition applies to the family TV"F}/ of the k-WLD v£, of a graphon W.

[Cemma 19 with the previous corollary yields that T,x and T¥,/Ck, give us the same homo-
w

morphism densities (and also functions), which are just the original homomorphism densities in
w.

Corollary 35. Let k > 1. Let W: X x X — [0,1] be a graphon and C € ©(B%*, u®*) be
W-invariant. Then, t(F,T,. ) = t([F], W) for every F € (FkY, ..

Proof. By[Corollary 20} we have ¢(F, Tt,/Ck,) = t([F], W) since Cf, is W-invariant by [Lemma 22
By we have T, /CE, o RY, = RE, o T, , where R¥, is a Markov isomorphism by
Then, Lemma T9 yields ¢(F, Ty, /Cfi;) = ¢(F, T, ). O

A permutation 7: [k] — [k] extends to a measurable bijection 7: M¥ — M* as follows: We
obtain a measurable bijection 7: Py — P§ by setting m((yij)ij) = Yn(iyr(j))ij for (yij)ij €
[0, 1]([5]). From there on, 7 inductively extends to a measurable bijection 7: M¥ — MF¥ by
component-wise application and, then, to a measurable bijection 7: P* = Pk 1 by setting
(1) jem) = (Tepin())jem) for every (uj)jen € Pk, Finally, we obtain the measurable
bijection 7: M¥ — M¥ by component-wise application.

Let v € Z(M¥) be a k-WLD and n: [k] — [k] be a permutation. By definition of m.v, the
extension m: M¥ — M is a measure-preserving map from (MF, B(M¥),v) to (MF, B(M*), 7.v)
by definition. The k-WLD v is called w-invariant if m,v = v, in which case we can view the
Koopman operator of m as an operator Ty_,,: L?(M* v) — L?(MF, v). The notation Ty,
avoids confusion with the Koopman operator of 7 when viewing it as a map X* — X*_ which
we denote just by Ty. If we call a k-WLD v € 2 (M*) permutation-invariant if it is T-invariant
for every permutation 7: [k] — [k], then yields that the k-WLD vf, of a graphon W
is permutation invariant.

Lemma 36. Letk > 1 and W: X x X — [0, 1] be a graphon. For every permutation w: [k] — [k,
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kEo_ ok —
1. 7o owly, = owlyy, o, 4. (TW)C’;V 0 Towr, = Towis © Ty, and
2. vk, is m-invariant, b
5. TW/CWOSC"?VOTOWIK‘;V = SC‘];/OTOW@VOT?T‘)V‘EV .
3. Tﬂ' o Towlkv'v = Towlkv'v o Tﬂ'—ﬂ/"}",?

Proof. [M): We prove that o owl{fvm = owl{fvm om by induction on n € N. This yields (7 o
oWt (Z))n = (owl¥, omr(Z)), for every Z € X* by induction on n € N, which then implies the
claim. For the base case, we have

7T(°W|1]3V,0(55)) = ((°W|€V,o(f))w(i)w(j)) = (W(xw(i)axw(j)))ije([;v]) = 0W|1]3v,0(77(55))

ije (%))

for every ¥ € X*. For the inductive step, the induction hypothesis yields (ﬁ(owl‘lﬁv,nﬂ(f)))i =
(OW|I;V7n+1(7T(J_S)))Z‘ for every 7 € X* and every i < n. Moreover, we have

(w01 ()1 = (e (Ol PDe)e)

JE[K]

(woomtyoal/at)) )

(71- o owllévﬁn o 'o W(i)[/j])) * M)je[k]

for every z € X*.

@): We have
Tty = e (owlfy, u®*) = (7 0 owlfy, ), u®* (D:J) (owlfy, o) u®F = owly,, (m. u®*) = owlly, u®*

_ K
= vy

@): We have

_ koo @ Eo_
T o T [ = foowly omr = fomoowly =Ty ol f
for every f € L2(MF vk ).
@) and (@): Analogous to the proof of ) and (3] of [Lemma 31l respectively. O

4.5 Homomorphism Functions and Weisfeiler-Leman Measures

For the proof of [Theorem 4| [Corollary 35| allows us to get from k-WLDs to homomorphism
densities, but getting to the other characterizations from there is arguably the most involved
part of the proof. As Grebik and Rocha have shown |9], the key tool needed for this is the Stone-
Weierstrass theorem: It yields that the set of homomorphism functions on M*, which is yet to
be defined, is dense in the set C(MF) of continuous functions on M¥. Then, the Portmanteau
theorem implies that equal homomorphism densities already imply equal k-WLDs.
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To apply the Stone-Weierstrass theorem, we have to define the homomorphism function of a
term on the set M. Recall that an o € MF is a sequence o = (v, a1, ag, ... ) that, intuitively,
corresponds to a sequence of unfoldings of heights 0,1,2,... of a graphon. However, as the
components ag,aq,as do not have to be consistent, cf. the definition of P*, using different
components may lead to different functions. Hence, we define a whole set of functions for a single
term by considering all ways in which we may use the components to define a homomorphism
function. We could avoid this by defining homomorphism functions just on P* instead of M¥; this,
however, would complicate things further down the road, which is why we just accept this small
inconvenience. Note the similarity between the following definition and the operators defined in
the previous section.

Definition 37. Let k > 1. For every term F € (F¥), . and every n € N with n > h(F), we
inductively define the set F: of functions ME — [0,1] as the smallest set such that

1. 1y € FY,

k o
2. a— (ag)ij - fla) € joatel for every f € FE,

kO
o fuw fd(ami1); € F:frjl ¢ for every f € FX and every j € [k],

o

. 1 f2 € FEvF2 for all f1 € FF1 fy € FF2, and

N

. fopam € FL for every f € FY, and every m € N with n > m > h(F).

Moreover, for every term F € (F¥), ., define the set F¥ of functions MF — [0,1] by

FF = Ffo = U FS 0 Poo,n-
h(F)<n<oo

With a simple induction, one can verify that for every term F € (F*), . and every n € NU{oo}
with n > h(F), the set F¥ is non-empty and all functions in it are well-defined and continuous.
Recall that, for a term F € (F¥), . and a k-WLD v € 2(M*), the operators T, already define
the homomorphism function fr_,r, € L°(M* v) by [Definition 171 Note that the k-WLD v
satisfying v(P¥) = 1 is the reason why we only have this single function fg_.,. Then, it should
come at no surprise that this single function is equal to all of the previous defined functions
v-almost everywhere.

Lemma 38. Let k > 1 and v € P (MF) be a k-WLD. Let F € (F*), . be a term and n € N with
n > h(F). Then, every function in F¥ 0 Poo,n 15 equal to fr_,r, v-almost everywhere.

Proof. We prove the statement by induction on F and n. For the base case, we have 1k ©Poo,n

1y = fix_, v-almost everywhere. For the inductive step, first consider a — (ap)i; - f(a) €
Ak oF
F, %% foran f e FF. where we have

(00)is - (oo (@) = (Tar o f 0 Docn)(@) E (Tar L fisr,)(@) = Far ooy (a)

NFoF
for v-almost every a € MF. Next, consider a — ka fd(antr); € Fnjlo for an f € FF and a
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j € [k]. Since v is a k-WLD, we have v(P¥) = 1, which yields that

fd(ani1); = e fd(pm,n)*M? = J o Poon d:u? = (TNf—wfopoom)(a)

Mk Mk

2 (T fon) (@)

= fooFﬁu(a)

for v-almost every o € M¥. For the product fi - fo € FE1F2 of f; € Fi1, fy € FE2 | we have

(f1- f2) 0 Poon = (f1 0 Poom) - (f20 Poon) = firs 51y - fiasty = firymams,

v-almost everywhere. Finally, consider f o py,, € F. for f € Fr, and m € N with n > m >
h(F). Then, f o pnm ©Doon = f ©Doom = froT, holds v-almost everywhere by the inductive
hypothesis. (|

yields the following corollary to the previous lemma.
Corollary 39. Letk > 1 and W: X x X — [0,1] be a graphon. For every term F € (F*), . and

every function f € F*, we have

(e w) = [

k
frw-
Mk
For every n € NU {oo}, define T,* := Ure#4yo n@my<n FE and abbreviate T* := TX. By
induction, we can use the Stone-Weierstrass theorem and the Portmanteau theorem to show that
the Stone-Weierstrass is actually applicable to all of these sets and, in particular, to 7%, cf. [9,

Proposition 7.5].

Lemma 40. Let k > 1. For every n € NU {oo}, the set T,¥ is closed under multiplication,
contains Ly, and separates points of ME.

Proof. First, consider the case that n € N. We trivially have 1y € F,}k C 7% by definition.
Moreover, for f1, fa € T,F, there are terms Fy,Fy € (F*), . with h(F;) < n and h(F3) < n. such
that f; € FE' and fo € FE2. Then, f1 - fo € FEvF2 C Tk as h(F; - Fa) = max {h(Fy), h(Fa)} < n.
We prove that 7, separates points of M¥ by induction on n. For the base case n = 0, let 3 #

Al o1”
v € ME. Then, there is an ij € ([g]) such that 8;; # v;;, and the function o — (ap)sj € Fj et

separates (3 and 7.

For the inductive step, assume that 7,* separates points of ME. Let 8 # v € MF 11- If there
is an 0 < m < n such that 3,, # vm, then pui1.,(8) # Pat1..(y) € ME. Hence, by the inductive
hypothesis, there is an f € 7,% such that f(put1..(8)) # f(Pnt1.0(7)). By definition, f € FL for
some term F € (F*), . with h(F) < n. Therefore, f o ppi1,n € Fiyy C T,F,, is a function that
separates (3 and 7.

For the remaining case, assume that 5,411 # Yyn+1. Then, there is an ij € ([g]) such that
(Bn+1)ij # (Ynt1)ij- By the inductive hypothesis and the Stone-Weierstrass theorem [6, Theorem
2.4.11], the linear hull of 7,* is uniformly dense in C(MF). Since M is Hausdorff, it then
follows from the Portmanteau theorem [15, Theorem 17.20] that there is an f € T,* such that
fMﬁ fd(Bnt1)ij # fMﬁ fd(Yn+1)ij- By definition, f € FF for some term F € (FF),. with

kO
h(F) < n. Then, a — [ fd(ani1); € Fi\jjl

Having proven the statement for every n € N, one can also easily see that it holds in the case
n = oo from the definitions, cf. also the first case of the induction. [l

F
C 7:f+1 is a function that separates 5 and 7.
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A final application of the Stone-Weierstrass theorem and the Portmanteau theorem yields
that, for a sequence of graphons, convergence of their k-WLDs is equivalent to convergence of
treewidth k£ — 1 multigraph homomorphism densities.

Lemma 41. Let k > 1. Let (W,), and W: X x X — [0,1] be a sequence of graphons and a
graphon, respectively. Then, V{an — vk, if and only if t(F, W,,) — t(F, W) for every multigraph F
of treewidth at most k — 1.

Proof. Note that the linear hull of 7% is uniformly dense in C(M*) by [Lemma 40 and the Stone-
Weierstrass theorem ﬂa, Theorem 2.4.11]. Hence, we have

N /Mk fdvi, — /Mk fduk, for every f € C(MF) (Portmanteau theorem)

— / fdvi, — / fdvk, for every f in the linear hull of 7%
Mk MPFk

— / f du{fvn — / fdvk, for every f e T* (Linearity of the integral)
MF Mk

> t([F], W,,) — t([F], W) for every F € (F*), . (Corollary 39)

— (F,W,) — t(F,W) for every multigraph F of tw. <k —1. (Lemma 13)

[l

Since M* is Hausdorff, this in particular means that the k-WLDs of two graphons are equal
if and only if their homomorphism densities are.
Corollary 42. Let k> 1 and U, W: X x X — [0,1] be graphons, Then, v, = v&, if and only if
t(F,U) = t(F,W) for every multigraph F of treewidth at most k — 1.

We are finally ready to prove [Theorem 4 The majority of the work is already done and, at
this point, it is just about putting all the previous results together.

(Proof of [Theorem 7). M = [ This is just [Corollary 42]
= [ Let R := Rf o (Rk,)*. By the assumption, R is well defined, and by
it is a Markov isomorphism as the composition of two Markov isomorphisms. By
we have
T3, /Ciy o R ="T3;/Cpy o Rpy o (Ryy)™ = Ry o Ty o (Ry)™ = Ry o Ty o (Ryy)”
= R{ o (Ryy)* o Ty /Ciy
= RoT}, /Ch.
Similarly, Lemma 36l yields that R is permutation invariant.
Bl = [ Set S = Iex o RoSer , which is a Markov operator as the composition of Markov
operators. By [Lemma 22IF] Cf and Cf, are Tf- and T¥ -invariant, respectively. Hence,
Ty 08 = Tgr o Ieg 0 Ro Sex = Iey, 0 T(r/Ciy o Ro S = Iex o Ro Ty, [Ciyy 0 Sex.
=Icy o Ro Sgp o Ty
=So ']T];V.
by Lemma S Bl In a similar fashion, [Lemma 226 implies that, if R is permutation invariant,
then so is S.
H = [ Follows immediately from [Cemma 9l
= [t We have t([F],U) = ¢(F,T§/C) = t(F, T},/D) = t([F], W), for every F € (F*),,.
by [Corollary 20| and [Lemma 191 Then, [Lemma 13| yields the claim. [l
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4.6 Measure Hierarchies

[Mheorem 4] implies that the sequence v{y, 13/, ... of k-WLDs of a graphon W characterizes W
up to weak isomorphism since every graph has some finite treewidth. Let us explore this a bit
more in depth by combining all these k-WLDs into a single measure.

First, for oo > k > £ > 1, let p** denote the projection from M* to M’ defined as follows:
Inductively, define p**: P* — P! which also directly extends to p**: MF — M by applying
the function component-wise. For n = 0, let p**: Pk — Pe be defined by pkvé((wij)ije([g])) =

mL Pk+1 — P, n+1 is defined byp ((Vj)je[k]) = (Pk’e*Vj)je[e]-

It is not hard to see that this is well-defined as every p** is continuous. Finally, again by apply-
ing the function component-wise, p** extends to a continuous function p*¢: M* — M¢. Then,
consider the inverse limit of the spaces M* and the projections p*t1* for k > 1 defined by

M> = {(ak)kzl € H M* ‘pkﬂ’k(akﬂ) = " for every k > 1}
k>1

(wij)ij (19)- For the inductive step, p*

with the o-algebra B(M>) generated by the projections p°*: M>® — MK a + oF for every
k > 1. Note that this notation is justified as M is again a standard Borel space |15, Exercise
17.16]. As a product of a sequence of metrizable compact spaces, [],~; MP* is metrizable [6,
Proposition 2.4.4] and also compact by Tychonoff’s Theorem [f, Theorem 2.2.8]. Since p*+1* is
continuous, this implies that M is closed and, hence, a metrizable compact space. Let

WL = {(I/k)k21 € H WIL* ’ VP = pP LR R for every k > 1},
k>1

where WL denotes the set of all k~-WLDs. Then, by the Kolmogorov Consistency Theorem [15,

Exercise 17.16], for every v € WL, there is a unique v> € (M) such that p>*¥ 1> = v* for
every k > 1.

Lemma 43. Let (v,), be a sequence with v, € WL and v € WL. Then, v3°® — v>° if and only
if vF — V* for every k > 1.

Proof. The set |J; <j..o. C(MF) o p°>* is uniformly dense in C(M®) by the Stone-Weierstrass
theorem [6, Theorem 2.4.11], cf. also the proof of [Lemma 241 Hence, we have

vy =V = fdv? — fdv™ for every f € C(M*)  (Portmanteau theorem)
Moo Moo
= fop®kdu® — fop®kdv™ forall k> 1, f € C(MF)
Moo Moo
— fdeOk* v fdp>* v for all k > 1, f € C(MF)
MDO

<:>/ favk — fdu for all k > 1, f € C(MF)

— v = vF for every k > 1. (Portmanteau theorem)
O

One can show that, for every graphon W: X x X — [0,1], the sequence (vf,)r>1 of its
kE-WLDs is in WL and, hence, yields a measure vy € 2(M>). Together, [Lemma 41| and
[Cemma 43 imply that these measures induce the same topology on the space of graphons as
multigraph homomorphism densities; note that this topology is different from the one induced
by simple graph homomorphism densities, cf. [16, Exercise 10.26] or |14, Lemma C.2].
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Corollary 44. Let (W,), and W: X x X — [0,1] be a sequence of graphons and a graphon,
respectively. Then, the following are equivalent:

Lovy — .
2. t(F,W,) — t(F,W) for every multigraph F.

While simple graph and multigraph homomorphism densities yield different topologies, two
graphons are nevertheless weakly isomorphic if and only if they have the same multigraph homo-
morphism densities |16, Corollary 10.36]. Since .#<1(M) is Hausdorff, this yields the following
corollary.

Corollary 45. Let U, W: X x X — [0, 1] be graphons. Then, vg® = vyg if and only if U and W
are weakly isomorphic.

4.7 Operator Hierarchies

Recall the system L¥_ of linear equations from the introduction: two simple graphs G and H are

not distinguished by oblivious k-WL if and only if LY (G, H) has a non-negative real solution. Let

1S0
us take a closer look at LE (G, H) to see that it is much closer related to the characterization Tf; o

S = SoT¥, from[Theorem 4l than it might seem at first glance. The variables of LE (G, H), which

1SO
are indexed by sets m C V(G) x V(H) of size |r| < k, can be interpreted as permutation-invariant

matrices on V(G)' x V(H)!,...,V(G)* x V(H)F. Instead of permutation-invariant operators
on all spaces L%( X1, u®'), ..., L2(X*, u®*), we only have a single permutation-invariant Markov
operator S on L2(X* u®%). For an operator S on L2(X* u®¥), defining

S| = TF}? oSo TI;:
yields an operator on L2(X*~1 y®F=1) It is easy to see that (S| )* = S*| since the adjoint of
a forget graph is the corresponding introduce graph and vice versa. Moreover, as long as S is
permutation-invariant, this definition is independent of the specific pair of forget and introduce
graphs, i.e., we have S| = Tgr 0 S o Ty for every j € [k] since TF: o Tix..;) = Tpr and
J J J
Tj..ky o Ipp =TT

Lemma 46. Let k > 1 and S be a permutation-invariant Markov operator on L?*(X*, u®k).
Then, S| is a permutation-invariant Markov operator. Moreover, if TN;: oS=S8o TN;:, then

1. SOTI;:- = TI{;‘ oS, 2. TF,@‘ oS =S5] OTF)?, and 3. TN::;OS\L = SJ,OTN::;.

Proof. First note that
SJ,].XK‘—I = (TFlf ] SOTI;:‘)lX’@*1 = (TFlf o S)lxk = TFRI::].XR: = 1X’€*17

where the last equality holds since p is a probability measure. Since S* is also a Markov operator,
we also obtain (S| )*1yt-1 = S*|1ys-1 = Lys-1. Let f € L2(X*~1 u®*=1) with f > 0. Then,
TI;:f = f®1x > 0, and hence, (SOTI;:)f > 0. Therefore, also S| f = (TF,§°S°TI,’§)f > 0. Hence,
S| is a Markov operator. For a permutation m: [k — 1] — [k — 1], we define the permutation
7' [k] — [k] by «'(i) == = (i) for ¢ € [k — 1] and 7' (k) := k. Then,

TWOSJ,:TFOTF:OSOTIZZTF:OTF/OSOTIZ:TFlfoSoTﬂfoTI];:
:TF)fOSOTI’k?OTW
=8| oT;.
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Hence, S| is permutation invariant. Now, assume that TN’;: oS=So TN];:. Then,

TIEOS\I,:TI;-OTF]?OSOTIE :TN;:OSOTI;-:SOTN;:OTI;-
:SOTIEOTF)?'OTIE
:SOTI}:v

where the last equality holds since p is a probability measure. Then, we also obtain [2 by
considering S* and S*| and then taking adjoints. Finally, note that the permutation invariance of
S yields that we also have TN;L1 oS =25 OTN;’LJ Moreover, observe that IN, 5:11 oF,é€ = F]f oN 1?—1-
Hence,

Twi-108], =T k-10TproSoTy =TeeoT oSoTw =TproSoT oT
Ny oSk =T o Ty 1 =TrroIng 1 =Tr; Ne o Ty

1

= TF: (e] S o TIIJ: ] TN:71

= SJ, o TNk—l.

O

Given a permutation-invariant Markov operator S on L?(X*, u®*), repeated applications
of yield a sequence Sy, ..., Sk of permutation-invariant Markov operators S; on
L?(X?, u®%) by letting S, == S and S;_1 = S;] for i € [k], which we call the operator hier-
archy defined by S. If S satisfies Ty o S=8o0 Ty, then [Cemma 46 yields that

L Si(f®lx)=8i_1(f) ® 1x for every f € L*(X"~1 u®~1) and every i € [k],

[\

CSH(f®1x) =S (f) ®1x for every f € L*( X", u®=1) and every i € [k],
3. Sy is the identity operator, and
4. S; > 0 for every ¢ € [k].

Note that, by definition of I?, the first condition just states that S; 0Ty = Tri 0 S;_1; the second
condition is the analogous statement for forget graphs. With this observation, one also gets
that the converse holds, i.e., if Sy,..., Sk is a sequence of permutation-invariant operators S; on
L?(X?, pu®%), then S, ..., Sk are Markov operators satisfying Thyi 0 S; = S; 0 Ti-

As a final remark, note that in addition to [Lemma 46] one can also easily prove that, if
Tpr, sy oS =So0Tsr _,y holds for graphons U,W: X x X — [0,1] and k > 3, then we also
have T'yx—1_,;08] = 8| oT gx-1_,y,- This inductively extends to operator hierarchies, and it is

12 . 12 . R . .
not hard to see that this requirement corresponds to the equations for partial isomorphisms in
LE : we are just missing injectivity, which is not important as long as our standard Borel space
is atom-free.

5 Simple Weisfeiler-Leman

[Theorem 4] show that oblivious k-WL corresponds to bounded treewidth multigraph homomor-
phism densities. The reason for this are the atomic types used by k-WL, or more accurately in our
setting, the adjacency graphs since subsequent applications of the same adjacency graph Afj to
a term result in parallel edges. This cannot be prevented by simply disallowing such subsequent
applications: for the application of the Stone-Weierstrass theorem in the proof of [Theorem 4
it is crucial that the set 7% of homomorphism functions is closed under multiplications. To
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achieve this, we have to close the set of terms under Schur product, which may also introduce
parallel edges if we have edges between input vertices, cf. To prevent this we have to
prevent edges from being added between input vertices in the first place. In the following, we
show how [Theorem 4] and its proof has to be adapted for simple graph homomorphism densities.
In particular, what we refer to as simple (oblivious) k-WL is introduced. Not surprisingly, the
definitions become more similar to color refinement and the ones of Grebik and Rocha [9]. Only
proofs that significantly differ from their counterpart in [Section 4] are included. At the end of
this section, we also briefly show how simple non-oblivious k- WL can be defined.

To prevent edges from being added between input vertices, we only allow certain combinations
of adjacency and neighbor graphs; after a bunch of adjacency graphs connecting a vertex j to
other vertices, we immediately follow up with a j-neighbor graph. Formally, for every (j, V) in
the set S¥ := {(j,V) | j € [k] and V C [k] \ {j}}, define the bi-labeled graph

ko k k Kk
Sj,V = Nj o OiEVAij e ghr,

Then, let F% := { v | (4,V) € Sk} C G** be the set of all these bi-labeled graphs. We have
to be a bit cautlous as, in general, these graphs are not symmetric and, hence, their graphon
operators are not Self—adjoint; in general, the set F5* is not even closed under transposition. Note
that, by definition, the S;fv-graphon operator of a graphon W is given by

(Tst ,w (@ /(HWﬂc ) fozly/jlduly)

eV

for p®*-almost every & € X*. Analogously to [Lemma 13| one can observe that the underlying
graphs of [F] for terms F € (F Sk>o,‘ are, again up to isolated vertices, precisely the simple graphs
of treewidth at most k — 1. Basically, when constructing a term from a nice tree decomposition,
we just add all missing edges when a vertex is forgotten. This way, every edge is added the graph
as the bag at the root node of a nice tree decomposition is the empty set.

For the sake of brevity, we write T3, := Tz, for a graphon W. Define Cif;,, € ©(B®F, u®k)
for every n € N by setting C‘S,’;,O = <{®,Xk}>, C‘S,’[},HH = T%(Cf/"ﬁn) for every n € N, and
finally, C3f == Cif oo = (UnenCifin)- Then, analogously to [Lemma 22 one can show that Cjf
is permutation-invariant and the minimum ’]I‘?,’f/—invariant u®*-relatively complete sub-o-algebra
of B®*. We now deviate a bit from the definition of W-invariance and call a C € ©(B®*, u®*)
sitmply W -invariant if C is invariant for every operator in the family (']T?,’f,)csv;; ,ie., Cis (TF_,W)CSV;; -

invariant for every F' € F**. The reason for this is that, since ’]I’?,’f/ is not closed under taking
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adjoints, C‘S,’; might not be invariant under these adjoints. In contrast, Cf/"ﬁ is trivially both
(’]T?,?,)CSV;; -invariant and (’]I‘?,’f,)zsk -invariant. In fact, it is easy to see that Cj is also the minimum
w

simply W-invariant pu®*-relatively complete sub-o-algebra of B,

For a separable metrizable space (X, T), let .#<1(X) denote the set of all measures of total
mass at most 1. We endow .#<1(X) with a topology analogously to #(X), i.e., with the topology
generated by the maps p — [ fdu for f € Cp(X). Then, for measures that all have the same
total mass, the Portmanteau theorem is still applicable as we can scale them to have total mass
of one. Let P§* := {1} be the one-point space and inductively define

1 = [T P2 and 125, = (s 02)°
i<n

for every n € N. Let MF == MF = []
the natural projection. Finally, define

neN PSk and, for n < m < oo, let ppyn: MSk — MSk be

b= {a e M | (nt1)(G,v) = Pnt1n)s(Qni2) vy forall (4,V) € S*¥.n e N}.

By the Kolmogorov Consistency Theorem [15, Exercise 17.16], for all o € P* and (5, V) € S*,
there is a unique measure pf;, € 2 (MF) such that (Poo,n) k(s vy = (amt1) (v for every

n € N. Analogously to [Cemma 24] the set PS* is closed in M®* and, for every (j,V) € S¥, the
mapping P* — 2(M*), o 14,y is continuous. To adapt the deﬁmtlon of k-WLD, we add
a third requirement of absolute continuity and Radon-Nikodym derivatives, cf. the definition of
distributions over iterated degree measures [9].

Definition 47. Let k > 1. A measure v € P(M**) is called a simple k-Weisfeiler-Leman
distribution (simple k-WLD) if

v(Pk) =1,
2. [ FAV = [y (stk fd,ujofg) dv(a) for all bounded measurable f: M* — R, j € [k], and

N]V

3 WSy S Hjg and 0 < <1 for v-almost every a € M** and every (j, V) € S*.

Let W: X x X — [0,1] be a graphon. Define owﬁf,yo: XF — Mgk by owlak,yo(ﬁc) =1 for every
7 € X*. Inductively define olenH Xk — Mgk by

oWl 1 (7) 1= oWl (7), (A /
owlsv"“/’n*1

for every € X*. Then, let owl§s, = owl?,@ﬁoo : X* — Ms* be the mapping defined by (owliy (), :=

(owlsvf,yoo(:i))n = (owl?,l&n(fc))n for all n € N, z € X*. Finally, let v§f == owl§; u®* € 2(M*) be
the push-forward of u®* via owl5t.. Analogously to [Lemma 27, one can show that

Cit = ({owtii, ()| A€ BN }).
for n € NU {oo}. Defining Ri := Ses © Tower yields a Markov isomorphism from L2(MeF, vik)

to LE(XF*/C3k, n®* /Csk), of. Let us explicitly state the adaptation of [Lemma 29
since the proof requires some additional work.

1T Wi du(y)) (j,v>65k>

(Az(/51 icv
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Lemma 48. Let k> 1 and W: X x X — [0,1] be a graphon. Then,
LSO — (owlh oz /4])opn for all j € [K], 7 € X*,
2. owlir (X*) C P, and
3. 1/‘5,’[} is a simple k-WLD.

sk (=
Proof. For [Il, observe that u%w @ s a probability measure. Then, the proof is analogous to

Lemma 290 The proof of @ is analogous to [Lemma 29 For B, we get vk (P*) = 1 and
Jogor F AV = [ip ( Jogsr | duﬁg) dvik () for every bounded measurable f: M** — R and every
j € [K] as in the proof of [Lemma 298l Let (j,V) € S*. Let z € X* and let

¢ o= ({al /1 0wl (4)) | 4 € B )

be the minimum p-relatively complete sub-o-algebra that makes owl?/’f, oZ[-/j] measurable. Then,
E(y — [l;ey Wi(zi,y) | C) € L*(X,C, i) and hence, by [Claim 7} there is a measurable function

g: X — R such that E(y — [[;cy W(zs,y) [ C) =go owlS oZ[-/j] p-almost everywhere. Note
that 0 < g < 1 holds p-almost everywhere. For every n € N and every A € B(MsF), we have

owlik (z) , —1 . owly (%) . sk /-
v (Poon(A)) = (Poo,n)epty v (A) = (owlyy (Z))n11(A)
= (oWl 1(2))n1(A4)

= / . 1 Wi v) duty)

—~

1T W@ v) du(y)

[-/3) (owgh ™ (P (A))) e
) E(y — [T Wz | C)dp
[-/3) (owtgh ™ (phn (A))) iev
(CTaim 5)

g o owly o[-/4] du

Since U, ey {Pacin(A) | A € B(Ms5F)} generates B(M®*), the 7-A theorem [15, Theorem 10.1 iii)]
yields that u;\,N‘l;V)‘e’(i)(A) = ngdu;:N;V@(i) for every A € B(M®*). Therefore, By X pf e and
0< % < 1 for every a € owl?/’f, (X*). By definition of 4, this holds v{k-almost everywhere.
Hence, 1§ is a simple k-WLD. O

Let v € 2(M**) be a simple k-WLD and (j,V) € S*. By definition of a k-WLD, we have
0< ZZZ’V < 1 for v-almost every a € M®*. Hence, analogously to [Lemma 30, one can show that

z

settingjw
dus

7,V

sk d,u?ig

(Top, )= [T o= [ raugy
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for all f € L>®(M*,v), a € M** defines an L*-contraction that uniquely extends to an LZ2-
contraction L2(M*,v) — L2(MsF, v).

Lemma 49. Letk>1 and W: X x X — [0,1] be a graphon. For every S € F*,
1. TS%W o Towlsv’f/ = Towlsv’f/ 0 TS%V;"CN
2. (Tsow)ex, © Tt = Towst © Ts g and 3. Tsw /Clyy o Ry = Ry o T, e -

Proof. Let (j,V) € S* such that S = Sfy. For # € X*, let Cz denote the minimum p-relatively

complete sub-o-algebra that makes owls oZ[-/j] measurable. As seen in the proof of [Cemma 48,

we have .
owliy (Z)

M .
E(y — [[ W(zi,y) | Cz) = —Lo— o owli}, oz[- /]
owlsy, (Z)
1% dﬁ%‘,g

p-almost everywhere. Then, we have

sk (=
d °_W|W(1)
(Tour, © Tzt (@) = / — - fd(owll oal/j).n (Definition and [emma I51)

owlsk (z
Msk dﬂj zW(

- /X By > [] W(eir9) | Co) - f o owlh ol-/5] du

1%

- /X [T Wi, ) - EF o owlh oz-/4] | Cs) () dpu(y) CEED)

eV
- / TT W i) £ o owts oily/4] du(y)
X iev
= (TS%W © TOWISVI‘“, f)(i')

for every f € L°°(M**, v) and pu®*-almost every € X*. As L>(M*, v5k) is dense in L2(M*F, 5k,
this implies [ From there on, 2l and B are analogous to [Lemma 3112 and 3] respectively. O

For k > 1 and a simple k-WL distribution v € 2(M*¥), let T, := (Ts_,)gc s+ Then, for a
graphon W: X x X — [0, 1], we have

.
TS /Ciy o Ry = Riy o Ty and TSy /Cik o Ry = Ry o T,
w

where the first equation is just and the second equation follows from the first since
R** is a Markov isomorphism. As before, a permutation m: [k] — [k] naturally extends to a
measurable bijection 7: M** — M®¥, and the 7-invariance, and more general the permutation
invariance, of a simple k-WLD can be defined analogously to [Section 4.4l The analogous result
to [Lemma 36 holds as well; in particular, {f is permutation invariant for a graphon W. Let
C € O(B%F u®*) be simply W-invariant; recall that this definition is a bit quirky as it means

that C is (T?/’f,)c;x; -invariant. can then be adapted to the also somewhat quirky
statement, that

{F, T, ) = HF, (T3)ess )e) = HE, (T3)ess/C) = H(F, T3 = ([F], W)

holds for every F € (F**), .. To prove this, one has to apply [Lemma 19 twice this time: first, to
get from T$X to (T%{i)cw and, second, to get from there to ((’]T?,’;)CSV;;)C and (T%’f,)csvx;/c.
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For a term F € (F**), . and every n € N with n > h(F), the set F of functions MF — [0, 1]
is defined similarly to More precisely, while we could just use the old definition,
it can actually be simplified as the distinct cases for adjacency and neighbor graphs can be
subsumed by the function
Sk oF

am | fdlani)gy) € By
M
for every f € F¥ and every j € [k]. From there, we analogously obtain the set F* of continuous
functions M** — [0, 1]. [Cemma 38 and [Corollary 39 adapt in a straight-forward fashion.

For every n € N U {oc}, define 7% = UreFyo h@m)<n FF and abbreviate T = T2k,
[Cemma 40 also adapts easily, i.e., for every n € N U {oo}, the set T is closed under multipli-
cation, contains 1y, and separates points of Ms¥. Here, one has to observe that the all-one
function distinguishes two measures if their total mass is different, which means that the Port-
manteau theorem is still applicable in this case. From there, we obtain the following analogue

to [Cemma 411

Lemma 50. Let k > 1. Let (W,), and W: X x X — [0,1] be a sequence of graphons and
a graphon, respectively. Then, l/f/"ﬁn — ik if and only if t(F,W,) — t(F,W) for every simple
graph F of treewidth at most k — 1.

Since Z(M*¥) is Hausdorff, this also means that the simple k~-WLDs of two graphons are
equal if and only if their treewidth k — 1 simple graph homomorphism densities are. With the
Counting Lemma |16, Lemma 10.23], we also obtain the following additional corollary, which
does not hold for k-WLDs as the Counting Lemma does not hold for multigraphs.

Corollary 51. Let k > 1. The mapping Wo — Z(M**), W 1/‘5,’[3 is continuous when Wy is
endowed with the cut distance.

Having outlined the necessary changes for simple graphs, we obtain the following variant
of [Theorem 4] for simple graph homomorphism densities. Note the quirky characterization via
Markov operators, which is quite artificial in this case; this again stems from the fact that the
family T$F of operators is not closed under taking adjoints.

Theorem 52. Letk > 1 and UyW: X x X — [0,1] be graphons. The following are equivalent:

1. t(F\U) = t(F,W) for every simple graph of treewidth at most k — 1.

sk __ . sk
2. vy = vy

3. There is a (permutation-inv.) Markov iso. R: L>(X* /C3k, n®% /Ck) — L2( Xk /CsF, u®k /CsF)
such that T$¥ /C3F o R = Ro TSk /C3k.

4. There is a (permutation-inv.) Markov operator S: L*(X*, u®*) — L2(X* u®*) such that
(T?Jk)cijk‘ oS==S5o (’]T?,’;)CSV;; and S* o (’JI‘?J’“)C%R. = (T?/{C/)C;‘k} o S*.

5. There are p®*-rel. comp. sub-c-algebras C, D of BO* that are simply U-invariant and simply
W -invariant, respectively, and a Markov iso. R: L?(X*/D, u®* /D) — L*(X*/C,u®*/C)
such that (T¥)esr /Co R = Ro (T5%)csr /D.

U w

Proof. M = & Follows from [Lemma 50l
= [ Analogous to [Theorem 4] as we have both T /CsF o RF = RsF o T,z and (R3k)* o

TSE /Cok = T,a o (R3E)* since R$F is a Markov isomorphism.
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Figure 9: The (isomorphism types of) graphs in F"t.

Bl = @ Set S := ICSL;Tc oRo SCSV;; , which is a Markov operator as the composition of Markov
operators. Then,

(T?Jk)c;f oS = (T?Jk)c;k olesxoRo SCSV’; = les o T /CF o Ro SCSV’; ([Lemma J3)
= Ies OROTSV’IC//C%OSCSV@
= Iep 0 Ro Sea o (T3 )e (Comma 8 )

= 5o (T )es

Note that we neither used that C{¥ is T$F-invariant nor that Cjk is T$k-invariant. Since R
is a Markov isomorphism, we also have ’]Tﬁjk* /Ci¥ o R = Ro ’]T?,’f/* /Csk. which means that we
obtain (T$#")pe 0§ = S o (TsE ") in an analogous fashion. This implies the claim. Moreover,
U Jc w Jcsk g
analogously to if R is permutation invariant, then so is S.
A — B Follows immediately from [Lemma 9l
= [ Analogous to [Theorem 4 O

Also in this case, it is possible to define the space M*>° and, for a graphon W: X x X —
[0,1], the measure v§° € Z(M*>®). Then, one obtains the following lemma corresponding to
where we now have a third characterization in terms of the cut distance d, cf. [16,
Theorem 11.5].

Lemma 53. Let (W), and W: X x X — [0,1] be a sequence of graphons and a graphon,
respectively. Then, the following are equivalent:

Lovye — vy,
2. t(F,W,,) = t(F,W) for every simple graph F.

3. W, 5w,

One can easily adapt the definitions of this section to obtain a non-oblivious variant of simple
kE-WL. To this end, let F™* to be the set of all bi-labeled graphs

ke k
Fii15 0QievArtt,ijs © Leg1,5, €G

for j1,j2 € [k + 1], V C [k + 1]\ {j1}. Note that every term in (F***1),  can be turned into
a term in (F"F), by essentially re-grouping the introduce and forget graphs. For k = 1, the
isomorphism types in F"* are shown in they all are symmetric in this special case.
All definitions and results from this section transfer to the set F"* and, in particular, one can
obtain a variant of [Theorem 52 without the mismatch of the k of simple k-WL and the k of the
treewidth.
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6 Conclusions

We have shown how oblivious k-WL and the work of Grebik and Rocha [9] can be married, or
in other words, how oblivious k-WL and some of its characterizations generalize to graphons. In
particular, we obtained that oblivious k-WL characterizes graphons in terms of their homomor-
phism densities from multigraphs of treewidth at most & — 1. This was made possible by using
a special set of bi-labeled graphs as building blocks for the multigraphs of treewidth k£ — 1 and
considering the graphon operators these bi-labeled graphs. Additionally, we have shown how
oblivious k-WL can be modified to obtain a characterization via simple graphs: simple oblivious
k-WL corresponds to homomorphism densities from simple graphs of treewidth at most & — 1.
However, the characterizations obtained this way are less elegant as the set of bi-labeled graphs
one uses as building blocks is not closed under transposition, i.e., the corresponding family of
operators is not closed under taking Hilbert adjoints.

The original goal of this work was to define a k-WL distance of graphons and to prove that
it yields the same topology as treewidth k& homomorphism densities, cf. [3], where the result of
Grebik and Rocha is used to prove such a result for the tree distance. However, this does not work
out as hoped since multigraph homomorphism densities define a topology different from the one
obtained by the cut distance, cf. [16, Exercise 10.26] or [14, Lemma C.2]. Moreover, the quirky
characterization of simple k-WL via Markov operators, which stems from the non-symmetric
bi-labeled graphs used as building blocks, is also not well-suited to define such a distance. Hence,
it remains an open problem to define such a distance.

Acknowledgments: We would like to thank Jan Grebik for pointing out [Section 4.6l
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