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Abstract

How much data is required to learn the structure of a language via next-token pre-
diction? We study this question for synthetic datasets generated via a Probabilistic
Context-Free Grammar (PCFG)—a tree-like generative model that captures many
of the hierarchical structures found in natural languages. We determine token-token
correlations analytically in our model and show that they can be used to build a
representation of the grammar’s hidden variables, the longer the range the deeper
the variable. In addition, a finite training set limits the resolution of correlations
to an effective range, whose size grows with that of the training set. As a result, a
Language Model trained with increasingly many examples can build a deeper rep-
resentation of the grammar’s structure, thus reaching good performance despite the
high dimensionality of the problem. We conjecture that the relationship between
training set size and effective range of correlations holds beyond our synthetic
datasets. In particular, our conjecture predicts how the scaling law for the test
loss behaviour with training set size depends on the length of the context window,
which we confirm empirically in Shakespeare’s plays and Wikipedia articles.

1 Introduction

Two central foci of linguistics are the language structure and how humans acquire it. Formal language
theory, for instance, describes languages with hierarchical generative models of grammar, classified
in different levels of complexity [1} [2]. In this context, the ‘poverty of the stimulus’ argument [3]—
stating that the data children receive is insufficient to uniquely determine the grammatical structure of
their language—Tled to the hypothesis that linguistic faculties are largely innate. By contrast, statistical
learning theory [4} [5] posits that the statistics of the input data can be used to deduce the language
structure. This assumption is supported by empirical evidence concerning a broad range of tasks,
including word segmentation [6] and reconstruction of the hierarchical phrase structure [[7]].

Large Language Models (LLMs) offer an interesting perspective on the subject. For instance, the
success of LLMs trained for next-token prediction [8| 9] establishes that a language can be acquired
from examples alone—albeit with a training set much larger than what humans are exposed to. Fur-
thermore, empirical studies of LLMs’ representations showed that they learn a hierarchy of contextual
information, including notions of linguistics such as word classes and syntactic structure [10, [11} [12].
Recent studies have begun revealing the inner workings of LLMs by using synthetic data generated
via context-free grammars [[13| [14], determining, in particular, the algorithm that these models follow
when predicting the next token. However, there is no consensus on the mechanisms behind language
acquisition by LLMs [15 [16]. As a result, empirical phenomena such as the scaling of the test
loss with dataset size and number of parameters [17] and the emergence of specific skills at certain
scales [[18}[19] remain unexplained. In this work, we use hierarchical generative models of data to
describe how the structure of a language is learnt as the training set grows.
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1.1 Our contributions

We consider synthetic datasets generated via the Random Hierarchy Model (RHM) [20], an ensemble
of probabilistic context-free grammars (PCFGs). The RHM generates sequences of tokens by applying
randomly chosen production rules to a hierarchy of hidden variables that live on the nodes of a tree
with fixed geometry.

* We characterise analytically the power-law decay of the correlations between tokens with
their distance. We then show that, because of this decay, a finite training set size P limits the
resolution of correlations to an effective context window, whose size t* increases with P.

* Building on previous works on classification, we argue that deep learning models trained on
next-token prediction can use measurable correlations to represent the hidden variables of
the PCFG, with larger P allowing the representation of deeper hidden variables.

* Combining these results, we predict a sequence of sample complexities where the emergence
of a deeper data structure representation leads to a jump in test loss. We empirically validate
this for deep transformers and CNNs. Notably, the sample complexities are polynomial in
the effective context size t*, avoiding the curse of dimensionality.

* We conjecture that the relationship between training set size, correlations and effective
context window holds beyond our data model, and we test it by training deep transformers
on collections of Shakespeare’s lines and Wikipedia articles. In particular, we find that the
test loss decay levels off at a characteristic training set size that depends on the length of the
context window and can be measured from token-token correlations.

1.2 Additional related works

Fixed-tree hierarchical generative models have been introduced to study phylogeny [21], then used in
supervised learning [22} 23] 20} 24]] and score-based diffusion [25}26]). In particular, [22]] introduced
a sequential clustering algorithm that reveals the importance of correlations between the input features
and the labels for supervised learning. The RHM of [20] provides a framework to show how features-
label correlations emerge from the generative model and can be used by deep networks to represent
the hidden hierarchical structure of the data. Here we extend this result to self-supervised learning,
where the relevant correlations are those between the different input features.

PCFGs can in principle generate sequences with token correlations that decay as a power of their
distance [27]]. When the production rule probabilities are random [28l 29], these probabilities must
follow a broad distribution for the data to retain information about the generative process. Learning a
PCFG from examples is a longstanding problem of theoretical linguistics [30]. While some PCFG
classes are learnable using distributional information [31]], the sample complexity is unknown. In
the context of deep learning, PCFGs have been used to study how trained transformers encode the
grammar’s structure [13,[14]]. [14], in particular, showed that the operations performed by BERT-like
transformers resemble well-known algorithms for grammatical inference, and proved that, for PCFG
data, these algorithms are optimal solutions of the masked language modelling objective. However,
when the training data is compatible with both a PCFG and a non-hierarchical generative model,
neither recurrent language models [32] nor transformer [33]] consistently prefer the hierarchical
explanation. In addition, none of these works study the learning process.

Empirical work on the learning dynamics of Long Short-Term Memories showed that short-range
dependencies are learnt first, then used as a foundation for forming longer-range dependencies [34].
Our work introduces a theoretical framework to explain this hierarchical inductive bias, focusing on
the learning curves of deep learning architectures. Shortly after our submission, [35] unveiled another
form of hierarchical inductive bias in the training dynamics of transformers, whereby many-body
interactions among tokens are learnt in the order of the interaction’s degree.

2 Notation and setup

This work focuses on the pretraining phase of language models, aimed at building an approximation
of the data distribution via unlabelled examples [8,9]. Let us define a text datum, or sentence, as
a sequence = (z1,...,24) of d tokens belonging to a finite vocabulary V. Denoting with v the



vocabulary size, each token z; is represented as a v-dimensional one-hot vector (z;, u) u=1,..,v B
1, if z; = p-th element of V, )
X; = .
s 0, otherwise.

A dataset, or corpus, consists of a probability distribution over sequences, which measures the
frequency at which a given combination of tokens appears within the text. Assuming that all
sequences have length d, the data distribution is a joint probability over d-dimensional sequences with
elements in V, Px (x) = P{X; = x1,..., X4 = x4} . The specifics of the approximation of Px
depend on the training objective. In Masked Language Modelling, for instance, a random fraction
of tokens is masked, i.e. replaced with a fixed token s, and the model is tasked with predicting
their value [8]. Autoregressive language models, instead, are trained to predict the i-th token of a
sequence based on all the previous ones [9]. Here we consider a simplified setup where the last
token of the sequence is masked and the model is trained to predict it. In other words, the model

takes the context window (x1,...,xq4—1) as input and outputs a parametric approximation py of the
conditional probability of the last token,
po(Talr1,. .., va-1) R P{Xg = 24| X1 = 21,...,Xq-1 = Tg-1}, (2)
obtained by updating the parameters 6 via gradient descent on the empirical cross-entropy,
1
L(Xp) = 5 ; log (po(zalz1,...,a-1)), (3)
zEXP

where Xp is a set of P training examples drawn from Px. Numerical experiments are
performed in PyTorch [36], with the code available at https://github.com/fracagnetta/
random-hierarchy-model. Details of the machine learning models, training hyperparameters
and computer resources are presented in[App. Al

2.1 Hierarchical generative models

To model the hierarchical structure of sentences, we consider synthetic datasets generated via a
probabilistic context-free grammar (PCFG) [37]]. PCFGs are collections of symbols and rules that
prescribe how to generate sequences. In particular, the PCFGs we consider consist of

* L finite vocabularies of hidden (nonterminal) symbols (Vy)s=1,... 1.;
* A finite vocabulary of observable (terminal) symbols V =Vy;

* L sets of production rules describing how one symbols of V, generates a tuple of symbols
of Vo_y,foré=1,... L.

Production rules take the form
p@ = DD for @ e v il Y e v, “)

4

for some integer size sy > 1. The left panel of shows an example of the generative process,
represented as a tree: pick (uniformly at random) a level-3 symbol (root) and one of the production
rule having that symbol on the left-hand side (also uniformly at random), replace the symbol with the
right-hand side of the production rules (first generation), then repeat the process until left with only
terminal symbols (leaves). The resulting datum is a sequence in (Vg)9, with d = [] ¢ S¢. Assuming a
finite number of production rules emanating from each nonterminal symbol, this model generates
a finite number of d-dimensional sequences. Since the probabilities of the level-L symbol and the
production rules are uniform, the data distribution Px is uniform over the generated sequences.

The Random Hierarchy Model (RHM) of [20] is an ensemble of such generative models, obtained by
prescribing a probability distribution over production rules. In particular, the ¢-th set of production
rules is chosen uniformly at random between all the unambiguous sets of rules in the form of
Unambiguity means that each sy-tuple of level-(¢ — 1) symbols can be generated by one level-¢
symbol at most. The uniform probability and unambiguity assumptions are not satisfied in a generic
natural language, but they allow us to characterise quantitatively the effects of the hierarchical
structure. We will further assume, to ease notation, that all the vocabularies V, have the same size v
and that the size of the production rules is homogeneous, i.e. s, = s for all £. We further assume that
each nonterminal appears as the left-hand side of exactly m production rules, i.e. the hidden symbols
have m equivalent low-level representations. Since there are v* distinct low-level representations and
each of the v high-level symbols is assigned m, unambiguity requires m <v°~1.

'throughout the paper, Latin indices indicate the token position and Greek indices the vocabulary entry.


https://github.com/fracagnetta/random-hierarchy-model
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Figure 1: Left: Example of data generation according to the RHM, with depth L = 3 and branching factor
s = 2. Starting from the root with £ = 3 and following the arrows, each level-£ symbol is replaced with a pair of
lower-level symbols, down to the leaves with £ = 0. Right: Empirical (coloured) and analytical (black dashed)
correlation functions of RHM data, with L =3, s =2, v =32 and m =8. The stepwise decay mirrors the
tree structure of the generative model. Empirical estimates obtained from P examples initially follow the true
correlation function, but then saturate due to the sampling noise (coloured dashed). As a result, a finite training
set only allows for measuring correlations with the tokens up to a certain distance ¢* (P). Graphically, t*(P)
corresponds to the highest value of ¢ where the empirical estimate matches the true correlation (e.g. 1 for the
orange and green curves, 3 for the red curve).

3 Correlations, training set size and effective context window

Given a dataset of d-dimensional sequences of tokens in V, we measure correlations via the token
co-occurrences matrix,

Cij(p,v) =P{X; = p, X; =v} - P{X; = u} P{X; = v}, (5)

where p and v are arbitrary elements of the vocabulary V and P refers to the data distribution Px.
Since the masked token is always the last in our setup, it is convenient to set j = d and write C; 4 as
a function of the distance ¢ = |i — d| between the i-th and the masked token. Taking the root mean
square over the vocabulary yields the correlation function,

1/2
Cty={v> > (Caralw,v)*| ©6)

VeV

which measures the typical dependency between tokens as a function of their distance ¢t. For RHM
data with m =v*~!, Px is uniform over all the possible sequences of tokens in } and there are no
correlations. If, instead, m < v*~1, the correlations strength depends on the distance. shows
an example for RHM data with L =4, s =2, v =32 and m =8.

Correlations decay with distance. The stepwise decay of C'(¢) mirrors the tree structure of the
generative model. The masked token has the highest correlations with those belonging to the same
s-tuple, as they were all generated by the same level-1 symbol (as in the blue box of [Fig. T] left). The
second highest is with the tokens generated by the same level-2 symbol (orange box in the figure), and

so on until the root. Formally, with =1, ..., L denoting the height of the lowest common ancestor
(LCA) of the d-th and (d — t)-th tokens,
Ct)y=CW v t=5s"1 ... s"'—1;, CH>CO>...5CW), (7

These L plateau values can be determined analytically in the large v limit by approximating the
variance over the vocabulary entries 1 and v on the right-hand side of with the variance over
realisations of the RHM. Denoting the average over such realisations with (.),

&0 (<<C<e)(m V))2>>1/2 ~ % ®)

2Cy;(u,v) is also equivalent to the covariance matrix of the one-hot representation,
E[(Xip — E[Xiu]) (X0 —E[X;])]
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Figure 2: Left: Learning curves of depth-3 transformers trained on RHM data with L =3, s =2, v =32 and
m = 8 (blue) or 11 (orange, both are averaged over 8 independent realisations of the dataset and initialisations
of the network), displaying a stepwise behaviour analogous to the correlation function. The vertical dashed lines
mark the characteristic training set sizes P, at which the correlation with tokens at distances up to t = s* — 1
emerge from the sampling noise. Horizontal dashed lines reEresent (upper bounds on) the cross-entropy of the
probability of the last token conditioned on the previous s* — 1, suggesting that the steps correspond to the
model learning a progressively larger sub-tree of the data structure. Right: Learning curves of transformers
for m = 8 and different sizes ¢ of the context window. The saturation of the loss decay due to the finite context
window highlights that the decay is entirely due to the ability to leverage a larger portion of the context window.

where the rightmost equality is exact asymptotically in v and m. [Eq. §]is derived in detail in[App. D]
confirmed empirically in the right panel of and can be given a simple interpretation in terms
of the sample size required for the empirical measurement of correlations, as discussed in the
following paragraph. In addition, notice that, upon replacing s with ¢, the m ¢ dependence on / is

approximated by a power-law decay C'(t) ~ ¢t=#, with 5 = logm/ log s.

Saturation due to finite training set. 'When measuring the correlation function from a finite sample
Xp of P data, there is an additional contribution due to the sampling noise. The scenario is illustrated

in , right: the empirical estimates C’p(t), shown as coloured lines for different values of P,
begin by following the descent of the true correlation function C(t), shown as a black dashed line.

However, empirical estimates saturate when approaching the sampling noise size (v2P)~'/2, as
proved in[App. EJand shown as dashed coloured lines in[Fig. 1] right. Combining the saturation with
the values of the steps, we deduce that a finite training set allows for the resolution of correlations up

to distance ¢* = s¢" — 1 such that
C) > (2p)"12 > ¢, 9)

suggests that a language model trained with P examples can only extract information from
the tokens within distance ¢*(P) from the last. In other words, a finite training set is equivalent to
an effective context window of size t*(P). If C' ~ t~P, then t*(P) ~ P'/28_ Alternatively, setting
c® = (v2P)~1/2 yields a sequence of thresholds P, for the resolution of correlations of increasing
range. From P, oc ym?*~1, which has a simple interpretation as the number of choices in the
generative process to determine two tokens at a distance ¢ € [s°~1, s*): v choices for the level-¢ LCA,
m for the first production rule and m? (m per branch) for each of the remaining £ — 1 generations.

4 Self-supervised learning of the Random Hierarchy Model

We now show how the correlations can be translated into a prediction of sample complexities that
allow for a sequence of increasingly accurate approximations of the masked token probability, based
on reconstructing the hidden variables of the generative tree. We then test these predictions in
numerical experiments with deep networks.

4.1 Prediction of the sequence of performance steps and sample complexities

Loss steps. Due to the structure of the data, there is a natural sequence of L increasingly accurate
approximations of the last token probability in Forall /=1,..., L, these approximations are



realised by conditioning the probability of the last token on the previous s* — 1. These approximations
amount to using an effective context window of size t, = s* — 1. The effective context windows
consist of the leaves of the subtree generated by the level-¢ hidden symbol above the last token, as
illustrated by the coloured boxes of left. The resulting cross-entropy loss is given by

Lo =Expy [~ logP{Xa[Xg g1 = Ta—st1,- ., Xa—1 = Tg-1}]
= Ex~px [log N(zg_st 11, - Za-1)], (10)

where N(z4_4e41,...,Tq—1) denotes the number of possible values of the masked token depending
on the effective context window. For {=0, there is no restriction on the masked token value
and this number equals v—the vocabulary size. For £ =1, we can determine the average N; =
E[N(2g—s+1,--.,%4—1)] as follows. For each s-tuple (24—s+1,...,xq) there is at least one value
of the mask compatible with the other s — 1 symbols, i.e. x4 itself. In addition, each of the remaining
v — 1 values g # x4 has a probability f of being compatible with the context, coinciding with
the probability that the s-tuple (£4—s41,.-.,[tq) is compatible with the production rules. This
probability is given by (mwv — 1), i.e. the number of s-tuples compatible with the production rules
except (Tg—s+1,-..,&q), over (v° — 1), i.e. the total number of s-tuples except (Zg—si1,. - ., Zq)-
Therefore, Ny =1+ (v—1)f =14 (v — 1)(mv — 1)/(v® — 1). For £ > 1, the average number N,
of symbols compatible with the context can be determined iteratively. The level-¢ symbol generating
the whole s’-tuple can take any of the v values, but the level-(¢ — 1) symbol below it is now restricted
to INq values. By the previous argument, Ny = 1 + (v — 1)(mN,—; — 1)/(v® — 1). Due to the
concavity of the logarithm, we can bound the test loss of with £, = log Ny, i.e., after solving
the recurrence relation and introducing the fraction of compatible s-tuples f =m/v*~*.

Ee=log< vov o, o mo(v -l (mw—n)“)

vs—1—-mw—-1) vs—1-mv—-1)\ vs—1
v,m>1 1 Y
1 11
og<1_f+vf>, (1D
Naive strategy. The simplest strategy to estimate P { X 4| Xy _ce41 =24 se41,---, Xa—1 = Ta—1}

is to count the empirical occurences of the s’-dimensional subsequences of the input in the training
set—the so-called n-gram language model with n = s*. This estimation requires the training set to
contain all the distinct subsequences of size s*. Following the generative process, each of these subse-
quences occurs with probability given by that of the corresponding LCA symbol (the root of the sub-
tree encased by the corresponding coloured box in left), times the probability of the production

rules that generate the subsequence from the LCA, m™1 x m™* x - - - x m~(" =1 =y =("'=1)/(s=1),
The latter is exponentially small in the effective context length ¢, = s — 1, hence the required sample
size is exponentially large in ;.

Efficient strategy leveraging the hidden variables. Using the hidden variables results in a much
lower sample complexity. Indeed, due to the tree structure of PCFGs, the value of the last token
is conditionally independent of most of the observable tokens when the hidden variables are given.
For instance, looking at the tree in left, the probability of the last token is independent of
the pair (uS’, pug’) if the parent level-1 variable i’ is given. In general, fixing a hidden symbol
splits the tree into an inside (the subtree rooted at the hidden symbol) and an outside (the rest of the
tree) that are conditionally independent. As a result, the minimal set of variables that the s’-gram
probability depends on consist of s — 1 observable tokens (those in the same patch as the last token)
and (s — 1)(¢ — 1) hidden variables ((s — 1) for each level below the LCA of the context window).
The probability of any such set of variables is given by the LCA probability times m ~*. The resulting
sample complexity grows exponentially with ¢, or as a power of the effective context length #,.

Reconstruction of the hidden variables. We now argue that, as shown [20] in the context of clas-
sification, the hidden variables can be represented via the correlations between tokens. Consider, for
instance, the pair (u5’, pg’) in left. Because of the aforementioned conditional independence,
the correlation between any such pair and the last token depends only on the level-1 hidden variable
,ug). Thus, pairs displaying the same correlations can be grouped as descendants of the same hidden
variable. This strategy requires enough training data to resolve correlations between the masked token

and the adjacent s-tuples of observable tokens. As shown in[App. H replacing an observable token



with a whole s-tuple reduces correlation plateaus and sampling noise by the same factor. Therefore,
the condition for the resolution of correlations with the nearest s-tuples is given by with £ =2,
implying P > P, =vm?. By iterating this argument we get a sequence of sample complexities P
that allow for resolving correlations between the masked token and s-tuples up to distance t = s — 1,

- —1
Py = (2C0)~1 = yp2-1 (1 _m ) . (12)

,Us—l

For instance, in the case illustrated in left, the correlations of the pairs (1{", 15’) and (M(??), 1)
with the masked token can be used to reconstruct the pair of hidden symbols (11", 1$,’). The hidden
symbols have a higher correlation with the masked token than their children. Hence, as in the case
of classification [20]], a training set large enough to resolve correlations between observable and
masked tokens also allows for resolving correlations of the masked token with the hidden symbols.
These correlations yield a representation of higher-level hidden symbols (e.g. u(f) for (u", ,ug)) in the
figure), which, in turn, enables the reconstruction of P {Xy4|X4_se11 = Tg—st1,---, Xa—1 = Ta—1}
via the efficient strategy. As ¢ increases, the sample complexity of grow faster than m?, but
still polynomially in the effective context length ¢,.

Scaling law of the RHM. After solving for ¢ as a function of P, we can use to derive
the scaling law for the behaviour of the loss steps as a function of the training set size P. Neglecting
all the factors that do not depend on ¢, [Eq. 12|implies ¢ =~ log P/(2logm). Thus, from|[Eq. 11}

L(P) +1log (1 — f) ~ log (1 ol — f)e“?l’lé"ip). (13)

Notice that f <1, thus log f <0. Therefore, [Eq. IT]|implies an early logarithmic decay as long
as | log f|log P <« 2logmlog (v(1 — f)). For larger P, the expansion log (1 4+ ) ~ x recovers
the ubiquitous power-law decay P~ [[I7], with exponent o= log f/(2logm). Notice that the
power-law scaling is caused by the sequence of steps associated with the emergence of the hidden
variables representation. Therefore, this picture unifies the emergence and scaling paradigms.

4.2 Comparison with empirical learning curves

Fig. 2] left, compares the learning curves of deep transformers (details of the architectures in

section A.2)) with the sample complexities P, of[Eq. 12](vertical dashed lines in the figure) and the
i

test loss upper bounds £, of 1{ (horizontal dashed lines), showing good qualitative agreement.
Additional experiments that support the quantitative scaling of the sample complexities P; and P»
with m are shown in[App. G| right, shows the learning curves of models trained on a reduced
context window. In this setting, our description correctly predicts the saturation of the loss due to the
finite context window size ¢: with ¢ = s — 1, the model can only learn the level-¢ hidden variable
above the masked token, thus follow only the first £ of the L steps of

Let us remark that, as shown in[App. G| the learning curves are qualitatively similar for CNNs, despite
a noticeable quantitative dependence on architecture and context size t. These differences are not

captured by the analysis of although, in some cases, they can be rationalised using
results from the theory of shallow neural networks. We discuss these aspects in detail in[App. G|

4.3 Emergence of hierarchical representations of the data structure

We now study the hidden representations of models trained on RHM data to show that, as the training
set size increases, these representations encode for deeper hidden variables. More specifically, we
show that certain representations depend only on specific, high-level hidden variables of a datum’s
tree structure, thus becoming insensitive to the entire subtree emanating from this hidden variable.
For the sake of interpretability, we consider deep convolutional networks (CNNs) with architecture
matched to the data structure, represented schematically in the graphs on the right of (further
details in[subsection A.T)). To probe representations we introduce two sets of transformations. Given a
datum and the associated tree ( left), consider the 4-th level-¢ symbol " Sy,; replaces it with

K2

another one randomly chosen from the vocabulary, whereas R, ; resets the choice of the production
rule emanating from ;.. Both transformations alter the subtree originating from 1" (e.g. the subtree
within the orange box of left for { =2 and ¢ = 2), affecting s% observable tokens. However,
Re,i preserves the hidden symbols that generated the subtree. Therefore, a hidden representation that
encodes only the i-th level-£ hidden symbol will be invariant to R ; but not to S ;.
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Figure 3: Relative sensitivity /s of the representation of trained depth-4 CNNs (sketched on the right panels)
for input transformations (the affected tokens are indicated by the black horizontal segments on the right panels)
corresponding to resetting the production rule emanating from a given level-¢ variable (¢ = 1, 2, 3 for top, centre
and bottom), as a function of training set size P. Colours represent the layer of the representation, as indicated
in the key and by the squares on the right panels. The CNNs are trained on RHM data with L =4, s =2, v =16,
m = 4. Vertical dashed lines mark the sample complexities P, of The drop of the curves from ~ 1 to
~ 0 around P, signals that the trained representations only encode for the relevant level-£ symbol when P > P.

We define hidden representations h(z) (hidden nodes of the network’s graphs in as the
sequence of pre-activations in a given layer ¢ (depth of the node in the tree), standardised over the
dataset (i.e. centred around the mean and scaled by the standard deviation). For CNNs, representations
carry a spatial index j =1, ..., sL~¢ (horizontal position of the node within the layer) and a channel
index. We measure the sensitivity to R or S via the cosine similarity between original and transformed
representations, i.e.

70i(h) = Eonpy [her j(2) - her j(Reiz)], 50,i(h) = Exnpy [her () - her j(Seiw)],  (14)

where the - symbol denotes the scalar product over the channels. In order to leave the masked token
unaltered, we always apply the transformations to the penultimate hidden symbol of the level, i.e.
i=s%% — 1. Hence, from now on, we omit the spatial index <. The left column of reports the
ratio 7/ s, for the hidden representations of a deep CNN trained on RHM data. Each row refers to
the level of the data transformations. The group of observable tokens affected by the transformation
is highlighted by horizontal square brackets in the right panels. The drop of r,/s; from ~ 1 to ~ 0
signals that a representation depends on the corresponding level-¢ hidden variable, but not on the
other variables in the associated subtree. E| These drops occur at the same training set sizes Py as the

*Notice that only the representations with £ > £ can become invariant, which is due to the fact the production
rules are not linearly separable. Let us focus on the first level: the corresponding s-dimensional patch of the
input can take mu distinct values—m for each of the v level-2 features. Invariance of a linear transformation is
equivalent to the following set of constraints: for each level-2 features p, and 1 ,; encoding for one of the m
level-1 representations generated by u, w - @1,; = c,. Since ¢, is an arbitrary constant, there are v X (m — 1)
constraints for the v X s components of w, which cannot be satisfied in general unless m < (s + 1).
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Figure 4: Top, Left: Test losses of 3-layers transformers trained on (¢ + 1)-characters blocks of the tiny-
Shakespeare dataset [38] (¢ as in the key). The saturation of the loss to some ¢-dependent value indicates that
performance improves with P because the model can use information from a larger context window. Top, Right:
Empirical estimates Cp (t) for different training set sizes P as in the key. The curves initially follow the true
correlation C (t) (black dashed), but then saturate due to the sampling noise (coloured dashed). Bottom, Right:
The empirical curves Cp (t) collapse when rescaling correlations by the sampling noise size P~ Y2 and ¢ by the
characteristic distance ¢t* (P) ~ PY# with z ~ 2.8. Bottom, Left: As predicted by our conjecture, the losses
collapse when rescaled according to with the same z as the correlation functions.

test loss steps, highlighted in the figures with vertical dashed lines. This result confirms that, as P
increases, trained models learn a deeper representation of the tree structure of the data.

5 Conjecture and test on real language data

We conjecture that the relationship between training set size, correlations and effective context
window holds beyond our synthetic dataset.

Conjecture: “If the token correlation function decays with the token distance, then a language
model trained to predict the next token from a training set of P examples can only extract relevant
information from an effective context window of P-dependent size t*(P).”

We test this conjecture in two datasets: a selection of lines from Shakespeare’s plays [38] and a
collection of articles from English Wikipedia [39]. For both datasets we adopt a character-level
tokenisation, resulting in over 10° tokens. We then extract sequences of ¢ consecutive tokens and train
BERT-like deep transformers in the setup of [section 2—further details of architecture and training are
in The results of our test are reported in[Fig. 4]for Shakespeare and [Fig. 5] of [App. B]
for Wikipedia. First, with a large context window, the test loss follows the empirical scaling law
L ~ P~ (top left panel). However, the learning curve levels off at some characteristic scale P that
grows with the size ¢ of the context window. This phenomenon can be explained via the correlation
function, which decays as a power of the distance C (t) ~ t=8, with B ~ 1.4 (top right panel).

Empirical estimates C p(t) saturate when reaching the sampling noise scale ~ P~'/2: following the
analysis of this behaviour results in an effective context window size ¢*(P), given by the

“Let us remark that, while the exponent depends on the corpus and the choice of tokenisation, power-law
decays are observed empirically also for syllables [40], words [41] and part-of-speech tags [42].



value of ¢ where the correlation function C (t) ~ t~# intersects the sampling noise scale ~ P~1/2,

)P~ P72 5 ¥ (P) ~ PY*, withz=23~2.8. (15)

As a result, the empirical correlation functions with varying P collapse when rescaling C by the
sampling noise and the distance by ¢*(P) (bottom right panel).

By inverting t*(P) we get a characteristic training set size P*(t) where the training set allows for
resolving correlations at all distances ¢’ < ¢, P*(¢) ~ t*. Paired with the empirical power-law scaling
with P, this result leads to the following context-dependent scaling hypothesis for the test loss:

P
LP1) =17 f (t> , (16)
with f(z) ~ 2~ for x < 1 and constant for x >> 1. In particular, [Eq. 16|implies that the behaviour
of the empirical correlation functions predicts the saturation of the loss decay. The collapse reported in

the bottom left panels of and quantitatively confirms [Eq. 16]and our previous conjecture.

6 Conclusions

We proposed a conceptual framework for understanding the performance-vs.-data scaling laws of
language models trained for next-token prediction. In our picture, increasing the number of data
allows for the resolution of a longer range of correlations. These correlations, in turn, can be
exploited to build a hierarchical representation of the data structure, the longer the range the deeper
the representation. For our synthetic hierarchical data, the emergence of deeper representation results
in a series of steps in the next-token prediction performance. These steps conspire to determine the
scaling law, whose exponent depends on the dataset structure. This scenario is consistent with the
empirical phenomenology of language models, including both the emergence of skills at specific
training set sizes [18} 43|44, /45]] and the steady improvement of overall performance [17]]. To the best
of our knowledge, this is the first theoretical description of scaling laws in a setting where learning
data features is crucial, whereas previous works focused on kernel limits [46} 47, 148} 49| 50].

Furthermore, our analysis predicts a fundamental relationship between the effective context window
captured by a language model trained with a finite training set and the decay of token-token corre-
lations, which we confirmed empirically on two examples of text data. This finding suggests that
the exponents entering scaling laws are influenced by the intrinsic properties of the data. On the one
hand, our predictions can be tested on state-of-the-art LLMs trained on larger datasets. On the other
hand, our framework can be extended to shed light on other aspects of scaling laws of high practical
relevance, such as the role of the number of parameters and the behaviour of performance when the
model size and the number of data are optimised under a fixed compute budget.

Limitations. Our hierarchical model of data is limited by the context-free structure of the rules, which
describes most, but not all, of the syntactic forms observed in natural languages [51]. Understanding
the role of context-sensitive structures in language acquisition is a promising avenue for future
research. In addition, the RHM assumes a fixed geometry of the data tree and the uniform probability
and unambiguity of the production rules. These assumptions are not satisfied by real text data and are
responsible for the stepwise behaviour of correlations in our model. Relaxing these constraints while
keeping the large-scale, power-law decay of correlations with the distance, which is indeed observed
in real data, could broaden the scope of our conceptual framework. On the technical side, there is no
proof of the connection between the strategy illustrated in and the sample complexity
of deep neural networks trained with gradient descent and its variants. Such a proof would require a
formal description of the dynamics of deep networks trained on hierarchical data, which is beyond the
scope of the present paper. This description would also capture the discrepancies between different
architectures presented in[App. G| making it a valuable direction for future work.
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A Details of the experiments

Our experiments on RHM data consider both Deep CNNSs tailored to the RHM structure and simple
transformers made by stacking standard Multi-Head Attention layers. Our experiments on the
tiny-Shakespeare and WikiText-103 datasets consider deep, encoder-only transformers, where Multi-
Head Attention layers are interspersed with residual connections, layer normalization and two-layer
perceptrons. All our experiments were performed on a cluster of NVIDIA V100 PCIe 32 GB GPUs
(2x7TFLOPS). Single experiments require up to 20 GPU hours for the largest models (=~ 10 x 10°)
with the largest training set sizes (=~ 4 x 10%), with an estimated total (including hyperparameter
tuning) of 6,000 GPU hours. We provide architecture and training details below.

A.1 Deep CNNs (RHM)

The deep CNNs we consider are made by stacking standard convolutional layers. To tailor the
network to the structure of the data generative model, we fix both the stride and filter size of these
layers to s. Since each layer reduces the spatial dimensionality by a factor s, the input size d must be
an integer power of s and the CNNs depth equals log d/ log s.

We use the Rectified Linear Unit (ReLU) o(z) =max (0, ) as activation function, set the number
of channels to H for each layer, and consider the maximal update parametrization [53]], where the
weights are initialised as random gaussian variables with zero mean and unit variance, all the hidden
layers but the last are rescaled by a factor H /2, whereas the last is rescaled by H . This factor
causes the output at initialization to vanish as H grows, which induces representation learning even
in the H — oo limit. In practice, H is set to 256 for [Fig. 3] 512 for [Fig. 6] left and [Fig. 9] 1024
for[Fig. 6 right, 512 for[Fig. 7]and Increasing the number of channels does not affect any of

the results presented in the paper.

Deep CNNs are trained with SGD, with the learning rate set to H to compensate for the factor of
H~1. A cosine annealing scheduler reduces the learning rate by 10 within the first 100 training
epochs. The batch size is set to the minimal size allowing convergence, where we define convergence
as the training cross-entropy loss reaching a threshold value of 10~3. We use a validation set of size
215 to select the model with the best validation loss over the training trajectory.

A.2 Multi-layer self-attention (RHM)

The deep Transformers that we train on RHM data are made by stacking standard Multi-Head
Attention layers [54], without any residuals, layer normalization and multi-layer perceptron in
between. We found that the removed components do not affect the model’s performance on data
generated from the RHM. Each layer has the same number of heads n;, and embedding dimension
demp =np X v, with v the vocabulary size. The input dimension is adapted to the embedding
dimension via a learnable linear projection, to which we add learnable positional encodings. The
choice of n;, follows two principles: the model should be large enough for the training loss to reach
a threshold value of 103 and changing n;, should not affect performance beyond the fluctuations
due to the model initialisations. Specifically, we set n, = 16 and notice no significant change in
performance up to nj, = 64. Also scaling demp up to 4ny, X v does not impact performance.

Multi-layer self-attention networks are trained with the Adam optimizer, with a warmup scheduler
bringing the learning rate to 10~2 within the first 10 training epochs. As for CNNG, the batch size is
set to the lowest value allowing for convergence.

A.3 Encoder-only Transformer (tiny-Shakespeare and WikiText-103)

The architectures trained on real text data have the same structure as BERT [8]], that is they include
additional token-wise two-layer perceptions (MLPs) after each self-attention layer, together with
layer normalization operations before the attention layer and the MLP and residual connections. The
training procedure is the same as above.

For tiny-Shakespeare, we set the number of heads to n;, = 8, the embedding dimension to d. = 256,
the size of the MLP hidden layer to 4d., and the number of layers to 3. For WikiText-103, we set
np =8, d. =512, and the number of layers to 6. Increasing the number of layers or the number of
heads does not affect the results presented in the paper.
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Figure 5: Top, Left: Test losses of 6-layers transformers trained on (¢ 4 1)-characters blocks of the WikiText-
103 [39] (¢ as in the key). As in the loss saturates to some t-dependent value after reaching a characteristic
training set size. Top, Right: Empirical correlation functions C p(t) with P as in the key, showing saturation for
large t due to the sampling noise (coloured dashed). Bottom, Right: Collapse of the empirical curves C p(t)is
achieved when rescaling the correlations by the sampling noise size P~ Y% and ¢ by the characteristic distance
t*(P) ~ PY*, with z =283 ~ 3.1. Bottom, Left: As predicted by our conjecture, the losses collapse when
rescaled according to[Eq. TG with the same z as the correlation functions and a =~ 0.095.

B Loss saturation and correlations for WikiText-103

In this section, we report the results of the test of our conjecture for the WikiText-103 dataset of [39].
The original dataset was preprocessed to remove the article’s headers and subheaders. The results

are summarised in [Fig. 5] which displays the same measures as and, as confirms our

conjecture.

C Statistics of the RHM data

For each token ¢ =0, ..., d — 1, single-token probabilities can be written as products of probabilities
over the single production rules,

v

L
P{Xi=ud= > oD (ulw) ...l (i)™ (), (17)
K1, pn=1
where
(i) the indices ¢y, ...,¢;, are such that iy, ...%; equals the s-ary representation of ¢, with
1¢=0,...,5—1, and 0’s added to ensure that the representation always consists of L
indices. In other words, the multi-index iy, . . ., i1, uniquely identifies the path linking the

root of the tree to the ¢-th leaf.

(ii) pl(»f) (tte—1|pe) denotes the probability of choosing, among the available production rules
starting from 14, one that has the symbol py_1 on the 7p-th position of the right-hand size.

(i) p™ (uz) denotes the probability of selecting the symbol 7, as the root (1 /v for our model).

These decompositions arise naturally due to the connection between probabilistic context-free
grammars and Markov processes. For the joint probability of two tokens ¢ and j at distance ¢t = |j — i,
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with s~1 <t < s* — 1 such that the lowest common ancestor (LCA) is a level-£ hidden symbol, and
1¢41 denoting the position of the LCA within its level,

PAX;=p, X;j=vi= Y Zp (ulp)pS (i) - D8, (e, ve— )Pl (o).

Hseespe=1 pe=1
Vi, Ve—1=1

(18)

Both in[Eq. 17]and [Eq. 38| simplify when replacing x with a whole s-tuple of observable symbols
1y = (H14(j—1)ss - - - » Mjs) forsome j=1,..., sL=1. The simplification arises because the level-1

rule probability p(") (g;|p11), is uniform and equal to 1/m if the production rule ji; — p; exists, 0
otherwise. Then, the sum over p; selects the only level-1 symbol that generates the tuple p1;. As a
result, one is left with a probability represented by a smaller tree, where the s leaves representing 1
are pruned, and an additional factor of 1/m.

C.1 Statistics of production rules

For each set of production rules, we call N i(e) (t4¢—1; t¢) the number of occurrences of the level-£ — 1
feature py—1 in the i-th position of the right-hand side for all the production rules emanating from
the level-/ feature y1,. In our generative model, there are m production rules emanating from a given
symbol. The rule to follow when generating a datum is chosen uniformly at random among these m.
Hence,

P (o1 |pe) = —Ni“)(ue_l;ue). (19)

For the sake of clarity, let us omit the level index in the following paragraph. The probability of
N;(u; v) over different realisations of the set of production rules is that of the number of successes
when drawing m times (number of s-tuples associated with the high-level feature /) without replace-
ment from a pool of v (total number of s-tuples with vocabulary size v) objects where only v®~!
(number of s-tuples displaying feature y in position ¢) leads to success:

s—1 s _ ,8—1 s
P{N;(jio; 111) = k} ppyag = <vk )(Um—vk )/C’n) —Hg,, o1, (K),  (20)

where Hg,, ;- denotes a Hypergeometric distribution with population size IV, K success states, and
n draws. The mean and variance with respect to realisations of the RHM (denoted with (.) to avoid
confusion with data averages E [.]) are

371 m vl — Tl —m o mou—10v5—m

N) = = — 2 = ((N = (N))?) = —— )
<> mvs v’ N <( <>)> mvs vs vs —1 v v vs—1
(21)

For v >> 1, the variance converges to m /v (m < v~ ! with s fixed, thus v* — m — v°).

Equations (19) to (21)) easily generalise to the case where pg represents a group of s’ < s low-level
features (instead of a single low-level feature). With pg denoting a s'-tuple of features and 2 the
s'-tuple of associated spatial indices,

P{Ni(po; 1) =k} pras = (U ]; ) (v n:f]; ) /(11;1) ) (22)

(Ny) M ox, = ((Ne — (Ng))?) =

v vs"’ s

resulting in

’
mov® —1v5—m y>1 m
v s v —1 v’

(23)

C.2 Statistics via splitting

An alternative way to obtain all statistics is by writing the level-¢ probabilities as sums over the
production rules,

m

1
2 (o1l pe) = - Z (ry,i(pe), pe-1), (24)
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where 1y ;(141) denotes the i-th element of the right-hand side of the v)-th production rule emanating
i

from ;. generalises immediately to the case where ¢ and py_1 are s'-tuples with s’ <s.
Using
i 1
O(ri(pn)s ) =P {pn 25} =gy e (1) = 25
(6(ry,i(p1), w)) 1 P oy = H81oe o (1) = = (25)

where 111 v, 1 denotes the event that the ¢-th element of the right-hand side of the -th production
rule emanating from 1 coincides with 1, we can compute all one-point averages. In addition, for

(V17¢7j7’/) 7& (Ulﬂb;iuu),

i .J P,
o) s =2 2} S 25,)
(0(rs),m)3ras ) ) =B i 5 ) Bl Sl Ehy) s
where
¥ 1 g .
P{n 2hv}  =oLif
2 v . v ifi #£ g
07ifll:j71/1:u1)¢:w7/'l’#1/7
,Usfl_]_ o )
Hg1,v67171,u571(1):1187_171“:]71/1:#1;#:’/,¢7A1/%
.3 )i _
]P){l/l—>l/‘u1—>,u} = oS
RHM Hg1,1)5*1,1)5—1(1) = s _171fl:,771/1 Zﬂlaﬂ#l/#b?é?%
Us_l—]. o ]
Hg1,v67171,v371(1) = ﬁ,lfl =J,V1 F 1, B =1,
,Usfl

Jfi=j,vn # pa, p# v
(27)

Notice that, once the right-hand side of the rules (1 and v) are fixed, the conditional probability can
only attain two distinct values: one for ;13 =4 and 1) = ¢, and one for the other cases. Then, it
is convenient to define a ‘rule index’ 1 that comprises both the starting high-level feature and the
chosen production rule. This index runs in (1,...,mv). With these formulas, one can get all the
joint statistics of the rules. For instance (omitting the RH M subscript on PP to ease notation),

Hgl,vsfl,vs—l(l) = vs — 1

RS i Yo
{pi(polpa)pilolmn)) = — > P{Nl — po; Mo}

P1,h2=1
1 P1,1
= 2 Pl )
Pr=1)2
1 ,. 7. 7.
+— > P{ul d, uo}lP’{ul P ol 2 Mo}
P1,paFP1
1 |
] L 28)
m v v s —1

hence

o2 = ((pi(polpa) — (1)) (pilpolpr) — (p))) = (pi(polpr)pi(polp1)) — (

v
(29)
equivalent to dividing o3, from by m?. Analogously, with vy # g,
1 i Vi
(pi(kolpa)pi(volpr)) = oo} Z P{Ml =5 puos prn —= VQ}
P1,p2=1
1 P10 Wi i
=— Z P{Nl ;MUO}P{M%VOHM &Mo}
m
P1,paFs
1 —1) o
m v v8 —1
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thus

¢ = {(pi(ptoli11) — ) (ps (voliin) — () = (@s(aol s (volian)) — (1) -

1 vP—m
Cmw? vs — 17
3D
Notice that ¢, = 02/ (v—1) in agreement with the constraint 1o Pi(polp1) = 1. Indeed, for any finite
sequence of identically distributed random variables X, with a constraint on the sum, } X, =C
for some constant C,

Y Xu=C=> (X, —(X,)=0=
n=1 n=1

(X, = () D (X — (X)) = 0=

v

S X — (X)X — (X)) = 0=
<(Xu - <X;L>)2> +(v—1) (X, — (X)X, — (X)) =0, (32)

where, in the last line, we used the identically distributed variables hypothesis to replace the sum over
w # v with the factor (v — 1).

In addition, with vy # 1,

1 i Yo
(pi(polpa)pi(polvr)) = me2 Z P{ﬂl S fo; V1 ——> Mo}
P1,P2=1
1 ¥1, g1, 1.
=3 Z P{m — HO}P{Vl —= ol ;Hto}
P1,9P2
1 [m2o! -1
== |—— 33
m? { v ovs—1 } ’ (33)
thus
1\? 1 v—1
(ts(oli) = ) () = () = ol ontuob) = (1) == 5 5= o
and
1 D1,
(pi(polpr)pi(volvr)) = oo} Z P{Ml — pio; V1 —— l/o}
P1,p2=1
1 i
=— Z P{Nl LU NO}P{VI —= volp —— ,uo}
V1,2
1 [m? vt
=— 35
m?2 { v v — 1] ’ (33)
thus
N 1 1
(ts(li) = 50) (o) = ) = stuolisConlio) = (5) = g G0

D Analytic computation of spatial correlations

Given a dataset of d-dimensional sequences of tokens in V, we measure correlations via the token
co-occurrences matrix,

Cij(p,v) =P{X; = p, X; =v} —P{X; = p} y P{X; = v}, 37)
where 4 and v are arbitrary elements of the vocabulary V and Px refers to the probability of the data
distribution (distinct from Pr s, indicating the probability of the rules of the generative process).

Joint and single-token probabilities are given by and[Eq. 38] respectively. We now prove [Eq. §]
of the main text.
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D.1 Level-1 LCA (i-th and j-th tokens are in the same patch)

When the LCA of the i-th and j-th tokens is a level-1 hidden symbol, i.e. the two tokens lie in the
same s-patch,

P{Xi=pu,X;=v}y = 3 P (uvlu)pl (), (ia # ),

/J1_1

P{Xi=p}yx = Z P ()2 ().
pn1=1

P{X;=v}y = Z PP wl)pl (), (G2 = i) (38)
vy= 1

We consider the limit of large m, where the univariate probabilities of the hidden variables of any
level converge to 1 /v, with relative fluctuations of order 1/+/m [20] ﬂ In this limit, we can substitute
the probability of the LCA with 1 /v, thus obtaining,

ZPM vlm) — = Zp (ul)p (wln).- (39)

H1 11,1

As we will prove in this and the following sections, the correlations have 0 average but nonvanishing
variance. Including the fluctuations of the LCA probability results in corrections to the variance that
vanish in the limit of large m. Furthermore, notice that we removed the dependence of C' (1, v/) on the
positional indices ¢ and j. This is because, asymptotically in v and m, the aforementioned statistics
depend only on the depth of the LCA of ¢-th and j-th tokens, justifying our notation.

Since i1 # j1, pz1 (u\ul) andp (1/|1/1) are independent. Hence, by |Eq 21|and |Eq 23|W1th s'=2,

M1 H1,V1

The variance/2nd moment reads

<(C<”(u )) >_ << “le“ L (mv|p) >2> - <<i;p§f>(ulu1)>2><< th vlvr) >2>

1 1
—25 3 () Gl )p b )pl (v ) (1)
H1,A1,K1

We will compute the three contributions on the right-hand side separately in the following subsections.

D.1.1 One-point term (marginal probability)

Pul) = <<1 Zp;”(mm)) >

1
== > (Pl (uln)) @)

Hi1,V1

We can split the sum into two kinds of terms: those with p; =14 (mult. v) and those with p; # 14
(mult. v(v — 1)). In the following, to simplify the notation, we omit the spatial index i.

>Section 1d of Appendix B.
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(i)—u1 =v1 (mult. v)

Pe() ) = )2 0(ry, (), (1)) (ry, (p1), (1))
wlﬂbz
= )2 { 2 s 2 u}
1,22
ZP{M u}+ > P{m }P{ul 25 il ﬂw}
Y1, Y27#Y1
v 1 1os~t—1
= - — - 4
(mv)? [mv +m(m )v vs—1 } (43)
(ii)—p1 # v1 (mult. v(v — 1))
Pulpor) = 2 S B i 2 g 5 )
(mw)?
Y1,92
Gt} P{m&u}ﬂ”{vl 2 il w-lw}
(mv)?
V1,902
v =D Sl -1 4d)
— (mw)? v vs—1
Variance of the marginal probability
2 N2
<< ZP(I) (klpa) ) > < ZP(U (klp) > Pe(p,v) <v>
v — 1 v® —mu
= - . 45
vdm v —1 (45)
D.1.2 Two-point term (joint probability)
2
j( T << szl,Jl :LL7V|/J‘1> >
== Z <p” (1, 1 pﬁ,}(uwlvl)>. (46)

H1,V1

We can split the sum into two kinds of terms: those with u; =17 (mult. v) and those with pq # 11
(mult. v(v — 1)). In the following, to simplify the notation, we omit the spatial indices ¢ and j.

(i)—p1 = v (mult. v)

jc(:u‘v V)(Z) =

muv)
1,2
v
= )2 ZP{M SN MV} + ) P{ul a, W}IP’{ul 2wl /W}
Y1 P1,p2F£YP1
v 1 10572 -1
= G [P 05 @)
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(ii)—p1 # v1 (mult. v(v — 1))
jc(u7l/)(“) = U((;)nv {Ml s vy & MV}
= v((:’w { 1 b, uy} {1/1 LN uv| LI m/}
Y1,
_ov-1) -1
~ (mw)? [ 1)2 vs—1 } ' (“48)

Variance of the joint probability

2 2 )
E § : 1
<< pgll?Jl V"u'l ) > < pEll,)]l 'U’7V|'LL1 > - \-70(/1” V) - <’U2>

V2 flv — mv

= 49
v'm v —1 “9)
D.1.3 Three-point term
1 (1)
Telwv) == 3 () Gl Gl (vl
H1,A1,K1
= > Z<p” (1, V1P (. v I/\l)p”(u’,l/\m)>
,u,l,)\l,nl w' v’
= L Z ZP{“ wl—’uu/)\ wz—’)uvnuuy} (50)
(vm)?

11, Y15A 1,902,581 %08 pf v

The sum over 1/, v’ can be split in 4 terms: one with p/ =y and v/ = v (mult. 1), one with ' = p1 and
V' Zv (mult. (v — 1)), one with 1’ # p and v/ =v (mult. (v — 1)) and one with p/ # p and v/ £ v
(mult. (v — 1)?). Fixing the right-hand sides, the value of the joint probability of the rules depends
only on the rule indices wl = (Ml, wl), ’(/)2 = (/\17 ’(/)2) and i3 = (Hl, ¢3)

The sum over pq, A1, k1 can be split in 5 terms: one with py =A; =x; (mult. v), one with
w1 =M #Zk1 (mult. v(v — 1)), one with p; = k1 # N\ (mult. v(v — 1)), one with py # A =Ky
(mult. v(v — 1)), one with 1 # \; # k1 (mult. v(v — 1)(v — 2)). In the following, to simplify the
notation, we omit the spatial indices ¢ and j.

(i-a)—p1 =\ = k13 ¢ = p and v/ = v (mult. v)

Tolu ) = 0 S~ (8, (1), (1) (s, (1), (1, 2))8(ry (1), (1))

3
(mv) P1,P2,13
v
:(mv3 Z P{u1—>uu u1—>;w /“&w/}
P1,%2,%3
v 1
B (mwv)3 {ul ’uy}
1111 Y3
3v REN b3 1
+ (mv)? {m W} {m — vl — w/}
1/’2##&
v
+ (o) Z P {/ﬂ KZN MV}P {Hl Y2, wv| B, MV}P {,ul Y, uv| Y2, L5 i LI ;w}
1, paFpr Y3 Fpa, P
v 1 Los2 -1 1Los=2 10572 -2
= — —+3 —1 _ -1 -2 . (51
(mw)3 {m02+ mim—=1)75 v2 vs—1 +m(m = 1)(m )v2 vs—1 vSQ] 1)



(i-b)—p1 =X =r1y ' = u and ' # v (mult. v(v — 1))

iy _ v(v— :
Te(p, )" = (mv Z P{Ml i 22 2 /u/}
Y1,9¥2,93
S X e i 2 )
=v3,Y27£Y1
v(v—1) Y1 P2 Y1
W Z P {Ml — NV} P {Ml — u | — MV}

1, p2F Y1, 3 Fp,1
X P{ul =5 | Yz, uv's SN ,uu}

U('U ) 1 52 1 52 52 _1
~ T (mw)? [ (m—l)vzvs_1+m(m—1)(m—2)_US]

(i-c)—pu1 =\ =k13 ¢/ #Apand v =v (mult. v(v — 1))

i—e) _ V=1 i
Te(p, )= = ((mv)g) > P{m i 22 v 2 l/} Te(p, )7, (53)
P1,P2,13

by symmetry for exchanging p’ and v/.

(i-d)—p1 =\ = k13 i’ # poand v/ # v (mult. v(v — 1)?)
. 1
Te(p, )= = ol = 17 > P{ul Dy i B s u’V}
( ) P1,92,9
» »¥3
_v(v—1)? ¥ Wa g
= (mv)? Z IP{/“ —)MV}P{/,H — v’ —>/u/}
P, @1’2#'/117%/13751/1277#1
XP{ul oy vl 2 w5 —>/W}
~v(v 1 082 s~

_ (mv)> (= 1 - 2)U2Ug_11}:_22] (54)

(ii-a)—p1 £ 1 =13 0 =pand v/ =v (mult. v(v — 1))

icay V(v—1
Telp,v) =) = vw—1) Z IP’{,ul [IZ98! —>/w A1 —>u1/}

3
(mo)® s
v(v
= ((mv)) Z ]P’{,ul KZN IU/Z/}IP{)\l Yz, | KZN ,uu}
h1,h2=13

vlv 1 1 K 1
+ (() Z P{ul KZN NV}IF’{)\l KZN uv|py KZN ,uI/}IP’{)\l Ya, ur| A Yz, LV 1 KZN ;w}

muv)3
11h2,p3Fpe
vv—1)] ,1v72-1 Lovs™2—10572 -2
LA S e A -1 .
(mv)3 [m o1 " “(m )v2 v5i—1 wv$—2 ©>3)

(ii-b)—p1 # X1 = k13 ¢/ = pand v/ # v (mult. v(v — 1)?)

i v(v—1)2
7;(#”/)( b = ((Tn1))3) Z P{Aﬁ w.1> JIZo8 K uv's A ¢.3> uy}
P1,9%2,93
U(U - 1)2 Y1 P2 / P Y3 o , o1
:W Z P{Ml —>MV}P{>\1—>,UV |N1 —>,LLZ/}P{/\1 _>MV|>‘1—>/JV§M1 —>'L“/}
Y12, P37£Y2
’U(’U _ 1)2 ) 1 052 52 _1
(mv)3 |:m ( )112 v5—1 05 —2 (56)
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(fi-¢)—p1 # N1 = k13 4/ # pand v/ = v (mult. v(v — 1)?)

ii—c v(v —1)? y
Te(p, )19 = ((mv)?’) > P{Ul B h sy u’u} = Tolp, v) Y,
V1,392,193

(57)
by symmetry for exchanging i’ and v/'.
(ii-d)—p1 # N1 = k13 ¢/ # pand v/ # v (mult. v(v — 1)3)
v - 1
Te(p, )= = > P{m vid 2 i 2 u’V}
Y1,92,93
v(v—1)3 )
= (73) Z P{ul KZN ;w} IP’{)\l Yz, v’ LN /U/} IP’{)\l Ys, %P KZN uv's KZN v
(mw)
Y192, P3FY2
vv—17271 , 1 vs=2 o572
M) =z
(mwv)3 {m (m )v2 vs —1vs — 2} (58)
(ifi-a)—pu1 =\ # k13 ¢/ =p and v/ =v (mult. v(v — 1))
(iti—a) v(v—1)
Te(p, v) _wv-l) > P{m—wv 2 v, m—HU/}
(o)
1,9¥2,%3
v(v—1) W s 1
= W Z IP{/“ — pw}IP{m = uv|pg — m/}
h1=1p2,3
v(v—1) P %1 P2 Y1 Y3 P2 Y1
+——3 Z 1 — pv o Py — pv|p .)/LI/}P{Hl == uv|p == pv; .>uy}
(mv)?
1,271,903
vo—1)[ 51021 1o 2 —10v72-2 y
R — e — _ (ii—a)
(mw)3 [m g ™ “(m 1)1)2 vs—1 v —2 ] Telp,v) ' (59)

(iii-b)—p1 = A1 # k13 4/ = pand v/ # v (mult. v(v — 1)?)

v(v —1)2

P J
(mv) Z J251 —> 17229751 —> /.LV K1 —> %

1,2,

_ U(U — 1)2 P Y1 P2 / Y1 (UE P2 ’ Y1

_W Z {Ml —>MV}P{/},1 —= | —)MV}P{Kl —= pvlp —= 'y —>,uy}
YripaFibr,s

v(v—1)? 1 0572 0572 -1
(mw)3 [m( _1)1121)5—1 v —2 ] (60)

Tolpo) ) =

(ili-¢)—p1 = A1 # K13 ¢ #pand v/ = v (mult. v(v — 1)?)

siicey V(v —1)2
77:(/1’71/)( ):((Tnv) Z ]P){,U,l—>/ll/ ,LLl—)/j,l/ K)l—)uy}
¥1,%2,93
v(v—1)2 "
=Ty, 2 FPle (s S )
P1,92=11,93
v(v —1)2 v "
e 2 P{”l = W}P{‘“ 2wl UV}P{M oy vl 2 s &W}
1A, s
Co(w—1)2[ 5,1 v 1 05-2_1 ¢52
G [m w2 0s — 1 +m?(m 1)1121)511;82] 61)
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(iii-d)—p1 = A1 # k13 ' # pand v/ # v (mult. v(v — 1)3)

o v(v —1)3 L
Te(p,v) =D = vlo —1)7 > ]P’{m B i s sy M’V}

3
(mv) P1,92,¢3
'U(U — ].)3 Y1 Pa , 1 s , " . "
:W Z P{M1—>MV}P{M1—>MV|M—)uV}P{m—)uy|ul—>uy;m_>MV}
PrpaFEPr,s
v(v—17371 , 1 05=2 o2
v v '
(mv)? {m (m )vg R — 62)

(iv-a)—u1 =K1 £ A3 0 =p and v/ =v (mult. v(v — 1))

v(v—1 ) )
g Z P{Nl o, JUZN| LN BVs 1 Vs, /W} = 7;(,1171/)(1”_‘1) = 7;(’%1/)(“—11)7

77:(/1'7 V)(iv—a) = (mv)g

P1,%2,%3
(63)

by symmetry for exchanging 1 and A;.
(iv-b)—py = k1 # A3 0/ = pand v/ # v (mult. v(v — 1)?)

P v(v —1)2 ¥
Te(p,v) 70 = ((mv)g,) > P{m By v B s /w}
P1,%2,93

v(v —1)2
= ((mv)g Z P{ul &MV}P{)\l w—2>u1/|li1 &uy}

P1,P2,9h3=11
’U(’U - 1)2 P1 P2 / 1 )3 P2 / U1
+W Z P{M1—>MV}P{)\1—>W |1 —>,uu}]P’{u1 — pv| A —= ' —>/W}
P12,
vo—1)27] 5,1 v 2 5 1 v572 521
= — 7 — — 1= _ (mfc)'
(mwv)3 [ v2us —1 +mi(m )v2 v8—1 v —2 ] Le(p,v) (64)

(iv-c)—p1 =K1 # A3 ¢/ # pand v/ = v (mult. v(v — 1)?)

: v(v —1)2 1
Te(p, )1~ = slo—1) > P{ul Dy s M s 2 MIV}

3
(mv) P1,9%2,13
v(v = 1)2 Y1 )2 1 P3 o 1
:W Z P{NIHNV}P{Al.>/14V|N1HMV}P{Ml.)/u,I/p\l.)MV;MI.)MV}
V12, Y3F£Y1
v(v—1)2 1 0521 52
( ) 2 - v - ] — 7;(’“’ V)(znfb). 65)

(mv)3 {m(m— ) v2 v —1 vs—2
(iv-d)—p1 =K1 # A3 ¢/ # pand v/ # v (mult. v(v — 1)3)

. v(v—1)3
Te(p, v)0 = = plo—1)° > P{m By A B s M’V}

3
<mv) P1,%2,%3
U(U — 1)3 Y1 P2 / Y1 Y3y P2 / Y1
:W Z P{ul—>,u1/}IP’{>\1—>ul/|u1—>,u1/}}P’{u1—>,uu\/\1—>,uV;,u1—>/,w}
P12, haFPr

vo-13T , 1 vs~2 52

—1)= — (127,—d).
(mv)3 {m (m )1)2 v85 —1vs —2 Te (66)
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(v-a)—p1 # M\ £ k13 ' =pand v =v (mult. v(v — 1) (v — 2))

_a v(v—1)(v—2 . .
Te(p, v) =) = ((m)v()g) Z IP’{/il D i B sk MV}
P1,%2,13
v(v—1)(v—2) 1 P2 Y1 ) P2 Y1
= W Z IP’{/“ — /W}]P’{/\l —= vl — MV}IP’{M == uv| Ay —= v pg — ,uu}
P1,92,%3
Cow=1w=2) [ 5102 -1 -2 . 67)
(mv)3 v2 v —1 w8 —2
(v-b)—p1 # X\ # k13 ¢/ =pand v/ # v (mult. v(v — 1)% (v — 2))
v(v—1)%(v —2
Te(p, )" = ((niw(g) > P{ul Dy A B sk W}
P1,%2,%3
Co(v—1)2*w—=2)[ 41 v 21
N (mwv)3 SERTE T r— (68)
(V-€)—pu1 # A1 # k13 ' # poand v/ = v (mult. v(v — 1)%(v — 2))
_ v(v—1)%(v —2 .
Telp, )= = ((WZU)(ZI)) > P{Nl B i B kg 2 u’V}
Y1,92,s
vo—1)2wv—-2) 310721 0572
A2 S B ) P Bl . 6
(mw)3 TR T 1 vt -2 (09
(v-d)—pu1 # M1 # Firs pf # pand v/ # v (mult. (v — 1) (v — 2))
3
(v=d) _ U(U — 1) (U — 2) P1 . )2 /. P3 ’
7—0(/’[”1/) (mv)3 w%:w P{M1—>MV7A1—>MV,K]1—)/J,Z/}
1,%2,%3
_ v(v—1)3(v —2) 31 A . (70)
muv v2 s —1vs —
( )3 2 s 1 vs 2

D.1.4 Variance of the correlations

By adding together all the terms,

<(C(1)(M, y))2> - <<i S (u,um)> > + <<i Zzﬁ-?(ulm)) > <<i Zpﬁ)(ulul)) >

1
—2 37 (ol G rli)pl GRS (vl

V3
H1,A1,K1
B v3s v —mu (mv —1)(v—1)? ys1 (1 —m/v*1) an
(s —1)2(vs —2) s v8m? v3m '
D.1.5 Covariance of the correlations
For all \ # p,
> Clp,v) =) Clu,v)=0. (72)
pn=1 v=1
Therefore,
Clp,v) Y CAv) =C(u,v)* + ) Clp,v)C(Av) =0 =
A=1 A
Z (C(p,v)C (A V) =—{(C(p,v)*). (73)

AFp
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Analogously,

> (Cv)C(p, k) = = (Cp,v)?) (74)
KR#EV
In addition,
Cluv) Y CA k) =Clp +>Cu, )=0=
A=1 A
Z (C(p,v)C(N\R)) = — Z (C(u,v)C(p, k) = (C(p,v)?). (75)
AF W, KFAY K#V

D.2 Level-2 LCA

When the parents of the ¢-th and j-th tokens are in the same level-1 patch ,

P{X;=puX;=v}y = Z Zp (el W)pS2 (o p2)p (na), (i # j2),

H1= 1 H2= 1
l/1:1

v

P{Xi=phy= 3 i (ulpn)pl (palu2)pl (o),

H1,p2=1
v

S P )P ) (va), (s = is). (76)

v1,v2=1

]P){Xj:l/}X

Therefore, in the limit of large m, where the univariate probabilities of the hidden variables of any
level converge to 1/v,

O0) =P Xim i Xy =) B U= P =)
= 3" ol (ulpa)pl) (v) <

H1,V1
lzp“’ (| p2)pl (i = pr (1| p2)p ()P (11 o) (v )]
H2,V2
= Zpll M‘:U’l ( ‘Vl) (1)(/14,1/1). (77)
H1,V1

Since the rules of different levels are independent, and <C W (pq, u1)> =0,

(D)) = 7 (P (i)l 1)) (€D (1) ) = 0. 78)

H1,V1

The variance/2nd moment reads

((€20m) ) = X (i) Gy h)ss? vl (€, 1) (0

> P AR e W) ) (€O () CO (A, 1) )
A F 1, K1 AV
(79)
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D.2.1 iy # j; case.

(€0)

This is the easiest case because the production rule probabilities p, ’ relative to different positions

1 are independent and identically distributed (with respect to realisations of the RHM). Therefore,

using[Eq. 34
(Db 222 0107 = (0 ) (o 0)2) = (5 + 2 )
(p2 ulpen) 2052 i)y i) ) = (052 (ulinn)®) (05 ()l (W) ) =
(o) (5-352)
(o G)pt s ) ) = (B (al)pl (ulda) ) (85 (vl )?) =
_(1 1 U_1)<1 )
"\ T we Uz”p)’

(8 G2 o ) = (o~ o) (50)

vZ w2
By bringing these factors outside of the \; and %1 sums in the right-hand side of

<(C(2)(M,y))2> =Y ((012 + 03)2 <C<1>(M17V1)2>

()
(12l pe1)

vl

H1,V1
1 L,\/1 1wv-1 . .
# () () 3 (00 et m)
K1#£V1
1 ,\/1 1wv-1 . .
# () (i) 2 {00 mme0nm)
17 M1

1 1v-1Y\°
- = (1) (1)
t <v2 02 05 — 1) > <C (p1,11)C (/\17H1)>

A F#p1,k17#0V1

1 1 1 0-1\]
= <C(1)(u1,m)2> Kvg +U§> - <U2 - UQ;JS_I)] ;8D

Hi1,V1

where, in the last line, we used |Eq. 73| [Eq. 74{and|Eq. 75|to express the covariances of the C'!) p,v)’s
in terms of (C'") (1, v)?). After simple algebraic steps, recalling the definition of o2 in|Eq. 29

((emmn)) =t (emmnr) (55 22 o

v v¥—1vm
D.2.2 i, =71 case.

In this case, we need to evaluate some four-point functions. Since the spatial index of the p’s is the
same, we will drop it to ease the notation. For the same reason, we will drop the level index too. First,

it is convenient to use[Eq. 73| [Eq. 74]and [Eq. 73] to rearrange the right-hand side of [Eq. 79]as follows,

<(C(2)(#,V)>2> =2 <C(1)(u1,u1)2> ({p(plpa)*p(v]in)?)

Hi1,V1

1
v—1

1
v—1

> (plulm)*p(vlv)p(v]r))

K1#V1

> (p(ulp)p(plM)p(vn)?)

A1Fp1

t—— > ulp)p(ulM)pn)pv])) | - (83)

—1 2
(U ) A Fp1,K1 701
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The value of (CM) (i1, 11)?) is actually independent of 4¢; and vy, thus

<(C(2’(uw))2> = ((€D?2) 37 ((p(un*p(wn)?)

—Uil > (plulm)*pvlrn)p vlm>—— > plulp)p(eM)pln)?)
el A1 #p1
rts X Gl e pvin (el | ”

A Fp1, K17V
The first term to deal with is (2-2),
2 2 1
(p(plm)?p(v|n)?) = poov > P{m R e T e V}; (85)
P1,%2,3,94

then (2-1-1) and (1-1-2),

1
(pplm)*p(vlp)p(vis)) = — > P{Ml Dy i B B vk V};
Y1923,
(86)
1
(Plulm)p(pM)p|n)?) = — > P{m D B s B v Y V}; (87)
Y1,92,¥3,%4
and, finally, (1-1-1-1),
1
Plulm)pEA)ppric)) = — 3 Pl 2 mh s v o)
P1,92,3,94
(88)
We will further separate the case where ;o = v (i) from the case p # v (ii).
2-2,i-a) (u=v, p1 =11)
1 ¥ 0 0 v
(pulm)’pln)®) = — > P{m s i i s u}
P1,92,%3,94
1 Y
TR N Gt
Y1, 2 =vz=1ps=11
4 W ¥
+— > P{NI—I>M§M1—2>U}
Y1, Y2 #EY1Ps=pa=1P1
3 ¥
+— P u1£>u,u1—3>u}
Y1, Y2=v1,3FY1,Ya=13
6
+— > IP’{mﬂw,ul&u;m&u}
m
1,2 F 1 Y3 # (P1,92),pa=n
1
+ = > P{u1->u,m¢->uu1w->uu1w->u}
m

Y1, P2 F P, b3 (1,02) ,0aF (P1,2,93)

A m o mme )1 = (m—2) e 1 2

mt | v v vs —1 v v8i—1 5 —2
—1 —92 -3 8—1_1 s—1_2 5—1_3

+m(m Y(m —=2)(m—3)v v v (89)
v vs —1 s — 2 vs —3
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2-2,i-b) (u=v; 1 #v1)

1 ¥
<p(M|N1)2p(V|V1)2> =7 Z P{Ul = s = 01 Yoy B Y, M}
Y1923,
1
=— Z P{Mlhﬂamﬁﬂ}

7 Py — i — v — p
P12 FEY1,93,a=1p3
1
+ = > P{m&u;m%u;mﬂw;wkﬂ}
1,2 #EY1,3,paFps
1 [mPett -1 _|_2mQ(m—1)vS_1 — 1057t -2
Tmt v s —1 v v8s—1 vs—2
m2(m—1)2 057t — 1057t — 20571 -3
v vs—1 v5—2 v5—-3 0)

2-2,ii-a) (n # v, pr1 =v1)

1 ¥ ¥ ¥ ¥
(Plulimn)*p(vn)?) = — > P’{ul 5 2 1 2 Vi — v}
Y1,%2,93,P4
1 ¥ ¥
+— > P{u1—1>u;u1—3w}
Y1, Y2=11,Y3#Y1 pa=1)3
1 P ¥ ¥
+— > P{u1—l>u;u1—2>u;u1—3>V}
1,02 7#U1, Y37 (P1,%2),pa=1)3
1 ¥ ¥ ¥
+ g > P{u1—1>u;u1—3>u;u1—4>u}
Y1, =11,p3FP1,YaF#(YP3,1)
1 ¥ ¥ ¢
+ 3 > P{ul = = 1 1 — Vs
1,2 F U1  P3F#(P1,02),paF (V1 ,2,13)

1 [mim—1) v*! N 2m(m —1)(m—2) vt vs7t -1
- md v v —1 v vs—1 v —2
-1 —92 -3 s—1 3—1_1 s—1 -1
+m(m Ym—=2)(m—3) v v v o)
v v8—1 v8 -2 v5—-3
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2-2,ii-b) (u# v; py # v1)

m
P12 =11,93,YaFYs

1
+— >

Y1, Y2 FEY1 s, Pa=

=

1 )
(Pl = —5 S Pl s 2 e 2 v 2 v

Y1,%2,%3,%a

1 3 Pl 2 Y,

ma M1 —> @i 4
P1,pa=11,93,%4=13

1

+— Z P{plﬂu,ylgv,ylﬂy}

1 .
+ = > IP’{mﬂw;ul w—2>u;V1&>V;V1£>V}
m
PY1,02# Y1, Y3, aF s
1 [m? et N 2mQ(m —1) vt Tl -1
mt| v ovs—1 v v8—1 v8 —2
2 2 ,5—1 s—1 s—1
m*(m—1)*v —1w v —1
n ( ) 92)
v -1 vs—2 vs—-3

2-1-1,i-a) (u=v, 1 =11)

1 Y Y Y Y
<P(M\M1)2p(V\V1)p(V\H1)> A Z ]P’{Ml T o R ﬂ}
P1,Y2,%3,%4
1
Y Z P{M1ﬂ>u§/€1w—4>ﬂ}
P1,p2=11,%3=11,04
3
+m Z P{Ulhmﬂlﬁllw‘ﬁﬂﬂu}
p1,2=1,37£P1,94
1 2
+— > P{u1—>uu1—>uu1¢—>uw1w—4>u}
1, PaFEP1, b3 F (P1,92),%a
1 [mPott -1 +3mz(m—l) 8Tl — 1571 =2
T omA v v =1 v v8—1 5 —2
2 s—1 s—1 s—1
m(m—1)(m—2)v —1v —2v -3
+ ( ) ) . 93)
v v$s—1 wvs—2 wv$5—3
2-1-1,i-b) (n=v, v1 # p1, K1 = 1)
2 1 Y1 P2 V3 Py
(p(ulp)*p(vl)p(vlsn)) = — > P{ul R R u}
P1,9%2,%3,%a
1
Y Z P{M&MW&M}
P1,2=11,P3,a=11
3
toa > P{ulgu;m&u;m&u}
1, Pa=1,3,paFP1
1 .
toa > IP’{M&M;M&M;M&#;MEW}
1,02 #P1,93,0 47 (Y1,92)
1 [mPest -1 +3m2(m—1) vl — 1057l -2
Tmd | v vs—1 v vs—1 s —2
2 s—1 s—1 s—1
m*(m—1)(m—2)v — 1w — 20 -3
v v¥—1 vs—2 v5—-3

equal to the value of 2-1-1, i-a) as it should be.
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2-1-1,i-¢) (p=v, 11 # 1, K1 % (11, V1))

1
(p(ulp)*p(vl)p(vlsn)) = — > lP’{m 5 g B v 2 s u}
P1,92,93,94

1
=—7 > P{M&M;M&M;Kl&u}
Y1,P2=11,13,4

1
T Z P{M&M;Ml £>,U;Vlﬁhu;filﬂhu}
1,2 #Y1,3,104
1 [m?’ vl =105 =2 m3(m 1) vl =105 =205 — 3]

mtl v v —1 vs—2 v vi—1 v5—-2 wv8—-3
95)
2-1-1, ii-a) (u # v, 1 =11)
1
(p(ulm)*p)p(vlkn)) = — > P{ul Py i 2 B v u}
P1,¥2,93,94
1
=— > P{MI&MEMlﬁ}VUﬁ &V}
P1,p2=11,37Y1,Y4
1 .
+ g > P{N1_1>M§N1_2>/~L§N1&>V§Klw—4>V}
Y1, paFEdL YA (Y1,d2),0a
1 [m*(m—1) vt sl -1
- omé v vS—1 vs—2
m2(m—1)(m—2)vs"t =1 vt o571 1
+ (96)
v v8—1 v$ -2 v5 -3
2-1-1,ii-b) (u # v, v1 # pa, K1 = p1)
1
(Plulim )’ p(v)p(vlen) = — > ]P’{ul 2 o 2 v V}
Y1,%2,%3,94
1
= > P{mﬂw;vlﬁwmlﬂv}
P1,p2=1p1,93,9PaFY1
1
+ g > P{ulﬂu;mﬁu;vlﬂwm&z/}
U121, 3, 0aF (P1,92)
1 [mP(m—1) vt sl -1
- omd v vs—1 vs—2
m2(m—1)(m—2)vs"t =1 o7t o571 -1
+ . 97)
v v8i—1 v8 -2 08 —-3
2-1-1, ii-¢) (1 # vy V1 # 15 K1 7 (1, 11))
2 1 P1 P2 P3 P4
(Pl Pplvpli) = — 3 P L g 2 o v 20
P1,92,93,94
1
=— Z P ulﬂu;ulgy;mﬁu}
Y1,P2=11,13,4
1
+W Z ]P){Ml&,u;/ll £>,U;Vlﬁ>V;:‘i1£>V}

1,2 #P1,3,104
T [md o=t v l—1 mPm—-1ovt—1 0571 o571 -1
v vs—1 vs—2 v v$—1 v8—2 v$5—3

ma
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1-1-2, overall contribution equal to that of 2-1-1.

1-1-1-1,i-a) (1 = v, p1g =1, Ay = K1, (v — 1) of the (v — 1)? choices of \1, k1)

1 0 W P 0
{plulp)p(pA)p(vlr)p(vis)) = — > IP’{m = A = s A u}
P1,%2,%3,a
= (p(plp)?p(p|r1)?)
1 [mPutt—1 2m2(m—1) vl — 10571 =2
Tt v ovs—1 v v8—1 5 —2
m2(m—1)2 05"t — 1057t — 20571 -3 99)
v vs—1 v5—2 ovs—-3
from the value of 2-2, case i-b).
1-1-1-1,i-b) (1 = v, 1 = v1, \1 # k1, (v — 1)(v — 2) of the (v — 1)? choices of 1, 1)
1 P P2 P W
Plla)pEpe)pwle)) = — S0 P{n B s 2 g o)
P1,P2,%3,%4
1 m3 s~ —1p571 -2 N m3(m—1) v~ —1v5"t —20p5°1 -3
mi|l v vs—1 ov5—2 v v8s—1 v5—2 ov5—3
(100)
from the value of 2-1-1, case i-c).
1-1-1-1, i-¢) (¢ = v, puy # v1, A1 = k1, v — 2 of the (v — 1)2 choices of Ay, k1)
1 P Y Y W
T e S R T R
P1,¢2,%3,%4
1 m3vsTl =101 =2 mPm -1 vt -1t —20571 -3
mi|l v vi—1 ov5—2 v v8s—1 v5—2 v5—3
(101)
from the value of 2-1-1, case i-c).
1-1-1-1, i-d) ([L =V, U1 7& V1, )\1 =UV1,K1 = U1, 1 of the (U — 1)2 choices of )\17 Hl)
1 Y ¢ P ¥
(p(ulp)p(ulM)p(lv)p(lsn)) = — > P{ul e L e N T u}
Y1,92,¥3,%a
1 [m2os=t—1 m2(m—1) vt — 1057t -2
= — | — —+ 2
mi| v vs—1 v v8—1 5 —2
m2(m—1)2 0"t — 10571 — 20571 -3 (102)
v v5—1 v5—2 v$5—-3

from the value of 2-2, case i-b)

1-1-1-1, i-e) (1 = v, piy # v1, A\1 =1, k1 # (1, v1), v — 2 of the (v — 1)? choices of \j, 1)

1 Y Y Y P
(p(ulp)p(plA)p(vlr)p(vis)) = — > ]P’{ul e e T e u}
P1,92,%3,%4
1 m3vs~t—10v57t -2 m3(m—1)vst—105"t 20571 -3
TmA | v v =1 vs—2 v v5—1 v$s—2 wvs—3

(103)

from the value of 2-1-1, case i-c).
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1-1-1-1, i-f) (1 = v, 1 #v1, M # (p1, 1), K1 = i1, v — 2 of the (v — 1)? choices of A1, 1)

(p(plp)p(plA)p(vlv)p(v]r)) = # > P{ul A 2 o 2 s u}
Y1,%2,%3,94
ol Pttt =10t -2 mPm -1 vt — 10t — 20571 3
_m4[v v8—1 v5—2 v v¥—1 v5—2 v5—3]
(104)

from the value of 2-1-1, case i-c).

1-1-1-1,i-g) (1 = v, 1 # v1, M1 # (p1, v1), k1 = (1, 71, M1)s (v —2) (v —3) of the (v—1)? choices
of )\1, Hl)

Wl p AP p ) = — 37 B g S s 2 )
P1,92,93,9%4

1 [mtott =1t =20 -3

N [U vS—1 v5—2 v5—3}

(105)

m*
1-1-1-1, ii-a) (1 # v, 1 =1, A = k1, (v — 1) of the (v — 1)? choices of A1, 1)

1 1 ¥ ¥ v
(ulp)p(pM)p@lv)p@ls)) = — > P {5 w22 o 2 v 24 v}
V1,¢2,%3,%4

1
=— Z P{/"lﬂ)/ﬁlﬁlﬂ)y;)\lﬂ)ﬂ;)\l%l/}

V1,92, P3F Y1, paF Y2

1 [m?(m—1)2v5"t =1 o571 vl -1 (106)
T omA v v8—1 v8—2 v —3
1-1-1-1, ii-b) (1 # v, p1 =1, A1 # K1, (v — 1)(v — 2) of the (v — 1)? choices of A\, r1)
1 P P2 ¥s P4
(p(ulp)p(ul M) l)pls)) = — > P {2 s dn 2 i 2 vim 2 v}
P1,Y2,%3,%4
1
=— > P{m&u;klﬁu;ulﬁwmﬂw}
P1,%2,37YP1,%a
1 [m3(m—1)vs~t—1 vt p57t -1 (107)
T omd v v8s—1 v5—2 vs—3 |’
1-1-1-1, ii-c) (11 # v, p11 # V1, A1 = K1, v — 2 of the (v — 1)? choices of \1, x1)
1
PP P)) = — 3 Pl B pd 2 e v )
P1,%2,%3,%a
_ 1 m3(m—1) vt —1 vt 571 -1 , (108)
m# v v5—1 v5—2 v5—3
from the value of 1-1-1-1, case ii-b).
1-1-1-1, ii-d) (0 # v, p1 # V1, A1 =11, k1 = i1, 1 of the (v — 1)? choices of A1, k1)
1 ¥ ¥ ¥ ¥
(p(ulp)p(pA)P@)pWlr) = — > P{ul — VL [V Vs — u}
Y1,9%2,%3,%a
1 2 _12 sfl_l s—1 571_1
_ 1 [m*(m—-1)%v v v , (109)
mA v v5—1 v5—2 v5—3

from the value of 1-1-1-1, case ii-a).
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1-1-1-1, ii-e) (11 # v, p11 # V1, A =11, K1 # (1, v1), v — 2 of the (v — 1)? choices of Ay, 1)

Wl PP pEl)) = — S {2 s i v 2 )
P1,92,93,94
1 {m?’(m — DSt —1 v57t pst — 1] (110)
m? v v8s—1 v$s—2 v5—3 |’

from the value of 1-1-1-1, case ii-b).

1-1-1-1, ii-f) (1 # v, 1 # v1y A # (1, v1), K1 = p1, v — 2 of the (v — 1)? choices of \q, k1)

1 ¥ P2 : ¥
(p(ulp)p(ulM)p@lp)p@ls)) = — >~ P {25 s x5 o 25 v 2 v}
P1,%2,93,%4
_ i m3(m—1) vt —1 o571 571 1 7 (111
m4 v v8s—1 v8—2 w5 —3

from the value of 1-1-1-1, case ii-b).

1'1'1'15 ii'g) (,LL 7é Vy 1 #Vh )\1 7& (/Jla Vl)a’%l = (/Llal/h)\l)’ (U - 2)(U - 3) of the (U - 1)2
choices of \{, k1)

1 ) .
— Z P{#1LN§A1£>M;V1&>V;H1UJ—4>V}
m
P1,9%2,%3,%a
1 |:m4 ,Usfl -1 ,Usfl ,Usfl _ 1:|
4

(p(plp)p(p|X)p(vlv)p(vik)) =

(112)

mi|l v vs—1 v5—2 v5—3

Total. Consider the factor multiplying ((C*))?) in the right-hand side of [Eq. 84]

Fluv) =Y | plulpn)*p(vin)? —72 plpl)*p(vlv)p(v]si))

H1,V1 K17£V1

LS (i) )p(vln)?)

-1
v A1 #p1

S ule)pe e p@le) | - (113)
(’U 1) A F#p,R1#0

By organising the terms in the sum according to the classification of the previous paragraphs,

Fluv) = v (FEuv) + (0 = DVF2(,0))
_ % (FE0 4 R 4 (0 - ) FE)

+ ?iv__l;z [(ff}'“'” +(v— 2)?,5""1‘”) (114)

(v = 2)FD 4 FD 4 (= ) FD 4 (v — 2) FY 4 (v - 2) (0 - 3)]-‘;1’1‘1'”} .
For v = i, by summing all the case i) terms, we get

v* (mud(v+ 1) — 2 75(1 — v + mv + mo?) + (v + 1)v**(6 — 6v + mv + v* + mv?))
(vm)3(vs — 1)(vs — 2)(vs — 3)

Fp,p) =

v 1 m+1 m>1 1
> (m3) > —. (115)

34



Summing, instead, all the case ii) terms, we get, for v # p,
v* (mv3 (v + 1) + 0¥ (v — 1 — 8m + Tmv — 3mw?))
(0= D(m)P (o — (" —2)(v" = 3)
v3%(6 — 10v + mv + 502 + 3mo? — v3 — 3md + mot) 1 1
= —. (116)
(v —=1)(vm)3(vs — 1)(vs — 2)(vs — 3) m?2

To sum up, as in the i; # j; case (Eq. 82), for large vocabulary size v > 1 and large m (e.g.
m= fv*~1, with f € (0,1]),

<(C<2) (1, V)>2> ez, (OO, ) (117)

f(ILL7V):

m2

D.3 Level-lLCA

By replacing CV) with C(¢ — 1) and C'® with C¥), the recurrence relation extends to the
case where the LCA of the i-th and j-th tokens is a level-¢ symbol. Asymptotically in m and v, and
independently of y and v,

<(O(1)(ﬂ, l,)>2> :M’ <(C(Z)(H7V)>2> _ <(C(471)(H,V))2> _

v3m m2

<(C<z>(u’y))2> _ (=—m/v* ) (118)

w3 m2i—1

E Sampling noise in the empirical correlation function

In this appendix, we prove that the sampling noise on empirical correlation functions of RHM data
has a characteristic size (v2P)~ /2.

Let us denote, to ease notation, P{Xy_; = pu, Xg = v} with p(p, v), P{X4—+ = p} with p(p) and
P{X4—: = p} with p(v). When measuring probabilities from the frequency of observations over P
i.i.d. samples,
1 F
Pl v) = 5 Y 6(Xpamt = pt, Xea =v), (119)

P
k=1

where * denotes the empirical estimate and the indicator variable ¢ is 1 with probability p(u, ) and 0
otherwise. With § having finite mean and variance, by the central limit theorem,

) P ,v)(1 — 7z
pp.v) ﬂp(w)ﬂ/p(“ N pv))e (120)
where ¢ is a Gaussian random variable with zero mean and unitary variance. Analogously,
o\ P—oo p(p)(1 —plp
(i) = p(u) + MCD
L\ Pooo v)(1 —p(v
) T2 ply) 4 [P POD, (121)

where (3 and (5 are also Gaussian random variables with zero mean and unitary variance, correlated
with each other and with &.

As a result, the empirical estimation of Cy(u, v/) reads

Colp,v) 222 p(u, v)—p(u)p(v) + \/p(u, v)(1 = p(u, V))€
p

P
RN L N I PSP
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In the limit of large v and m, where p(u, ) converges to 1/v? plus vanishingly small fluctuations
and p(u), p(v) converge to 1/v plus vanishingly small fluctuations, the dominant noise contribution
is the one of £, with standard deviation

\/p(,u,u)(l _p(lial/)) v,m>>1 i
P v2P’

(123)

The correlation function C (t) is the standard deviation of C(u, ) over vocabulary entries. Hence,
the sampling noise on C;(u, v) results in an additive factor of (v2P)~1/2,

F Correlations between mask and tuples of observable tokens

In this section, we generalise the results of [App. D|and [App. E]to the correlations between the last
token and a s-tuple of observable tokens.

Let us then replace p and ¢ with the s-tuple of input features g and the multi-index ¢. This change
only affects the level-1 rules probability p(!) in|Eq. 17|and [Eq. 38| Therefore, we can write the
tuple-token correlation with LCA at level £ as follows,

CO () = 3" pi? ()Y (v]vn) D (g, 1)

l»tl,V1

= Zp“’ (W) O (s (), ), (124)

where the second line is obtained by recalling that, for each available s-tuple of input features p,
there is a unique level-1 variable 1 () that can generate it, with probability 1/m. The mean of
C®(p,v) vanishes together with that of C“~1) (11 (1), 7). Te variance reads

<<C(‘)(u,v))2> — 2. <Pﬁ (v]v1)p! (V\m)> <C(€_1)(/~L1(u),Vl)C“_l)(“l(“)”“)>

Vi,k1

e X () (e umm)’)

Vi=K1

b () (O e .

v2 w2 es —1
v1,K1#V1

1 1 1wv-1 2
= # [(vz +U§> - (1)2 - Uzilﬂ <(C“_”(u1,vl)) > (125)

where we used [Eq. 74 Using[Eq. 29)and[Eq. 34}

(o) - (5 ) (o) = )

(126)

which equals the token-token correlation divided by a factor of m.

Correspondingly, C* is reduced by a factor of y/m. Crucially, since the average joint tuple-token
probability p(u, v) is 1/(v?m), the sampling noise size, obtained via the calculations of [App. E} is
also reduced by a factor of y/m, leaving the condition of unaltered.

G Experiments on deep CNNs and scaling of the loss steps

In this section, we present empirical learning curves of Deep CNNss trained for last-token prediction
(details in[subsection A.T)). In particular, we discuss discrepancies between these curves and those of
Transformers (Fig. 2) in[subsection G.T] verify the scaling with m of the first two steps of [Eq. 12]

insubsection G.2| then discuss the role of the context window size ¢ in
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Figure 6: Left: Learning curves of deep CNNs trained on RHM data with L =4, s =2, v=64 and m =8
for different sizes ¢ of the context window. The network’s depth is fixed to log s”/log (¢ + 1) and the blacked
dashed line represents predictions from[Eq. 12|and [Eq. 1] The finite context window causes saturation of the
loss as predicted by our analysis. However, the third step occurs with less training data than Ps. Right: This
discrepancy is highlighted by the comparison of Transformer and deep CNN learning curves, here for L =4,
s=2,v=064 and m =8.
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Figure 7: Learning curves of depth-3 CNNs trained on RHM data with L =3, s =3, v =11 and m as in the
key. Dashed curves highlight our prediction for the first step. In the right panel, the first step is made to collapse
by rescaling P with P; and £ with £y = logv. The collapse confirms our prediction on the behaviour of P;
with m.

G.1 Differences between Transformers and deep CNNs

The learning curves of deep CNNs are qualitatively similar to those of transformers, but also present
apparent quantitative differences, as shown in Fig[f] Specifically, a noticeable difference is the sample
complexity of the third step Ps. This difference is possibly due to favourable implicit biases of
CNNs, such as weight sharing. Indeed after learning the penultimate level-1 features in the second
step, weight sharing would facilitate learning the other level-1 features along the entire data. As a
result, the model can directly access the correlations between the last token and tuples of level-1
symbols. According to the discussion of [App. F} these correlations are stronger than those with tuples
of level-0 symbols by a factor of \/m. Correspondingly, the sample complexity of the third step Ps
is reduced by a factor m with respect to In general, we can assume that, in the presence of
weight sharing, after the ¢-th step all level-(¢ — 1) features have been learnt, so that the (£ 4 1)-th
step requires resolving correlations between the last token and tuples of level-(¢ — 1) features. The
corresponding sample complexity scales like m‘*! instead of m?‘~!. However, the steps with £ >3
occur for large values of the training set size, and we cannot investigate this issue systematically with
our current numerical experiments.

G.2 Scaling with the number of production rules m

and[Fig. 8|show a scaling analysis of the behaviour of P; and P, from[Eq. 12]in Deep CNNss.
The collapse achieved when rescaling the number of data P by P, and the test loss by the value
before the jump L,_; confirms this prediction.
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Figure 8: Same as but focused on the second step, highlighted on the left by dashed curves. For the
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Figure 9: Zoom of the learning curves in left, on the first step. The zoom highlights the dependence of
the sample complexity on the context size t. The collapse of the curves on the right panel, achieved after dividing
P by (t + 1), reveals that P, o (¢ + 1). This dependence is analogous to the sample complexity of regression
of a target function depending on a low-dimensional linear projection of a large-dimensional input [33].

G.3 Scaling with the size of the context window ¢

Similarly, shows a scaling analysis (for CNNs) of the behaviour of P; with the number
of s-tuples in the input, proportional to (¢ + 1) with ¢ the size of the context window. The figure
highlights a linear behaviour P; o (¢ + 1) that our analysis does not capture. Nevertheless, this
behaviour is expected from the theory of regression with one-hidden-layer neural networks [55]:
when the target function depends on a small number of variables among d, the sample complexity is
generically proportional to d. Proving this result by considering a single or a few steps of gradient
descent, as often done in this literature, is an interesting work for the future.
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* The answer NA means that the paper does not include theoretical results.
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* All assumptions should be clearly stated or referenced in the statement of any theorems.

* The proofs can either appear in the main paper or the supplemental material, but if
they appear in the supplemental material, the authors are encouraged to provide a short
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whether the code and data are provided or not.
If the contribution is a dataset and/or model, the authors should describe the steps taken
to make their results reproducible or verifiable.
Depending on the contribution, reproducibility can be accomplished in various ways.
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(a) If the contribution is primarily a new algorithm, the paper should make it clear how
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the architecture clearly and fully.

(c) If the contribution is a new model (e.g., a large language model), then there should
either be a way to access this model for reproducing the results or a way to reproduce
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the experiments?

Answer: [Yes]
Justification: This information is indicated at the end of
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* The answer NA means that the paper does not include experiments.
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or cloud provider, including relevant memory and storage.
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experimental runs as well as estimate the total compute.

* The paper should disclose whether the full research project required more compute
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* Released models that have a high risk for misuse or dual-use should be released with
necessary safeguards to allow for controlled use of the model, for example by requiring
that users adhere to usage guidelines or restrictions to access the model or implementing
safety filters.

 Datasets that have been scraped from the Internet could pose safety risks. The authors
should describe how they avoided releasing unsafe images.

* We recognize that providing effective safeguards is challenging, and many papers do
not require this, but we encourage authors to take this into account and make a best
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Licenses for existing assets
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may be required for any human subjects research. If you obtained IRB approval, you
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