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ABSTRACT

The recent trend of scaling neural networks to unprecedented sizes demands effi-
cient structured sparsity for practical deployment, yet precisely controlling spar-
sity levels and patterns for hardware acceleration remains a challenge. This paper
introduces Adaptive Soft-Thresholding Algorithm (ASTRA), which achieves a
target sparsity by adapting the group regularization strength based on affordable
sparsity characterizations. We establish ASTRA’s theoretical foundations, proving
the existence of stable regularizations that yield the desired sparsity. We demon-
strate sublinear and linear convergence rates for both model parameters and the
regularization weight in deterministic settings, and crucially, an almost sure con-
vergence with mean-square rate O(1/t) in the practical stochastic gradient setting.
Overall, ASTRA offers a theoretically-grounded and versatile method for direct
and precise control over structured sparsity, allowing pruning and fine-tuning of
foundation models into Bonsai Networks: accelerator-friendly miniatures trained
to match the teacher’s output while preserving downstream performance.

1 INTRODUCTION

The groundbreaking performance of modern deep neural networks, such as Large Language Models
(LLMs) and Vision Language Models (VLMs), comes at a substantial computational and mem-
ory cost, both during the training phase and at inference time (Zhou et al. 2024). While the im-
portance of scale is an ongoing debate (Goel et al., 2025), this cost is projected to continue to
increase due to their widespread adoption and the belief that further breakthroughs will require un-
precedented scales. This trend has spurred extensive research on model compression, with popular
methods including quantization of model weights and activations during (Jacob et al.,[2018)) or post-
training (Frantar et al., 2023).

Another approach to model compression is network pruning, inspired primarily by foundational
work such as Optimal Brain Damage (OBD) (LeCun et al., [1989) and Optimal Brain Surgeon
(OBS) (Hassibi et al.l |1993). A paradigm shift was spurred by the Lottery Ticket Hypothesis
(LTH) (Frankle & Carbin, [2019), which demonstrated that dense networks contain sparse “winning
tickets” capable of matching the performance of the dense model when trained in isolation. Al-
though LTH validated the potential of highly sparse networks, the computational expense of finding
these tickets motivated the development of more efficient sparse training paradigms.

These paradigms include Static Sparse Training (SST), where a fixed sparse topology is identi-
fied before training (Lee et al., [2019; Wang et al., |2020), and Dynamic Sparse Training (DST),
which adjusts connectivity during a single training run (Evci et al [2020; [Liu et al.| [2020). While
prominent recent successes in pruning LLMs have come from post-training techniques such as
SparseGPT (Frantar & Alistarh, [2023) and Wanda (Sun et al.| 2024), the significant cost of pre-
training dense models motivates more efficient DST approaches. However, a critical challenge
persists for DST methods: they naturally produce unstructured sparsity where individual weights
are zeroed out. Such fine-grained patterns do not translate into practical speedups on modern hard-
ware, for which structured sparsity that prunes entire neurons or channels is essential. Yet, existing
methods that promote structured sparsity within the DST paradigm often rely on complex, ad-hoc
heuristics and lack a unified, theoretically grounded framework.

To address this, we approach the problem from an optimization perspective. Theoretically grounded
pruning and sparse training can be viewed through two dual lenses: seeking maximal sparsity for
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a given model fidelity (Aghasi et al.l 2017), or minimizing training loss for a pre-specified spar-
sity budget. Our work focuses on the latter, which is more aligned with the practical goals of
dynamic training. We propose the Adaptive Soft-Thresholding Algorithm (ASTRA), a theoretically
grounded method that induces structured sparsity within a dynamic training paradigm that is appli-
cable to stochastic gradient approaches, thus eliminating the need for dense gradient computations.
Our approach dynamically adjusts a group ¢; regularization penalty, guiding iterates towards an
equilibrium that satisfies a pre-specified target sparsity for desired structural patterns. Furthermore,
the proposed theoretical framework provides a principled understanding of many existing heuristic-
based approaches, thereby clarifying their underlying assumptions and limitations. By leveraging
the soft-thresholding operator and established parameter grouping strategies (Mairal et al. [2011),
ASTRA integrates seamlessly with existing online optimization methods, facilitating broad applica-
bility and enabling hardware-aligned structured pruning.

CONTRIBUTIONS

* We formalize a scalar root-finding view of a target sparsity with first-order oracles.
* We provide a two time-scale scheme that tracks the sparsifying regularization in O(1/t).
* A group-wise extension with closed-form prox that maps to accelerator-friendly patterns.

* Our framework is a local proximal-control of several modern heuristics, opening possibili-
ties for extensions to structured sparsity.

2 PRELIMINARIES: PROXIMAL GRADIENT DESCENT

We consider the task of minimizing a function f : R™ — R under the sparsity constraint |wl|o < &
for some integer x > 0. A common surrogate is to employ ¢; regularization:

ur’réi]&z {F(w;\) = f(w) + Mwl|1}, (1)

where f : R™ — R is convex, L-smooth, and p-strongly convex and A > 0 is the regularization
weight. Let d]|-||; denote the subdifferential of the ¢;-norm; an element g € 9||w||; satisfies g; =
sgn(w;) if w; # 0, and g; € [—1,1] otherwise. A vector w(\) is optimal if and only if it satisfies
the condition:

0 € Vf(w(N)+ Aanwmnhw. )

Proximal Gradient Descent (PGD) solves the optimization problem in Equation (1) iteratively via:

wyt1 = prox,,  (we — eV f(wy)), 3)

S

with a step size ny = 7 < to ensure convergence, where the proximal operator associ-
ated with the /;-norm is the soft-thresholding function, given component-wise by [prox,(z)|, =
sgn(z;) max {|z;| — a,0}, Vi € [n].

The convergence properties of PGD depend critically on the assumptions regarding f. When f is pu-
strongly convex (for ;o > 0), PGD achieves a linear (geometric) convergence rate (Beck & Teboulle}

2009; |Combettes & Pesquet, |[2011]) with a contraction factor (if n; = %) of p=+/1—pn/L,ie.,
[werr — w2 < pllwe — w(A)]]2. )

If f is convex but not strongly convex (i.e., © = 0), PGD converges at a rate of O(1/t) for the
objective value. Accelerated methods, such as the Fast Iterative Soft-Thresholding (FISTA) (Beck
& Teboulle, 2009), achieve an improved O(1/t?) convergence rate for the objective value:

_ 2L]lwo — w3
- (t+1)2

F(wi; A) — F(w(M\); A)

In many applications, only some stochastic estimates V f (w;, &) of the gradient V f (w;) are acces-
sible, where &, is a random variable. In the strongly convex setting, under standard assumptions on
the stochastic gradients (e.g., unbiasedness, and bounded variance), Stochastic Proximal Gradient
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Descent (SPGD) achieves a sublinear convergence rate in expectation. This rate is typically (Rosasco
et al.l [2014):

C
E [[lw; —wV)][3] < ut

for some constant C' that depends on problem parameters. These standard results are derived and dis-
cussed extensively in foundational texts and surveys by Beck & Teboulle (2009); Nesterov| (2014));
Rosasco et al.| (2014)); Bottou et al.| (2018]).

3 METHOD

Building on the surrogate objective in Equation (I)), our goal is to find a minimizer w,, of f subject
to the sparsity constraint ||[w||o < &, possibly under an additional structured sparsity constraint. The
surrogate goal is to choose a regularization weight )\, that induces the (unstructured) cardinality
constraint ||w(\.) |0 < & (see Section [3.4]for structured patterns).

Throughout, bold symbols denote vectors and vector-valued functions, while regular symbols denote
scalars and scalar-valued functions (w; is component ¢ of w). We denote the support of w € R" by
supp(w) = {i € [n] : w; # 0} and its complement by Z(w) := [n] \ supp(w).

Denote the solution map w(\) := arg min,, F'(w; \). We apply PGD under the following assump-
tion, which ensures that w(\) is single-valued.

Assumption 1. The function f : R™ — R is u-strongly convex and L-smooth with L,y > 0.

The strong convexity in Assumption [I] yields two properties crucial to our framework (proofs in
Appendix [B.2)):
Lemma 1 (Compactness of the solution path). Ler Wx = {w()) | A > 0} denote the solution path.

Under Assumption[I| Wi is compact: it is a closed set, and IR > 0 such that ||w(\)||2 < R for all
A>0.

Lemma 2 (Lipschitz continuity in A). The solution map w : Ry — R™ is L,,-Lipschitz with respect

to X in the Euclidean norm, with L., = W

The domain of f can be any closed and convex set W with 0,, € W, under the assumption that YV,
is included in its interior int(W), so that we can get the simplified first-order Karush-Kuhn-Tucker
(KKT) optimality conditions for F'(+; A) as follows:

Vif(wN)[ =X, iesupp(w(N));  [Vif(wN)| <A, i€ Z(w(d)), (5)
where V; f(w) denotes the i-th coordinate of V f(w).

The inequality over Z(w(\)) need not be strict, as equality may occur. Define w_; =
(wi,...,wi—1,0,Wiy1,...,wy). We prove the following in Appendix
Lemma (Sparsity characterization). Under Assumption |l| the following necessary and sufficient

sparsity gauge holds:

While strong convexity might seem restrictive, it can be enforced without altering the support se-
lected at optimum for a fixed X. Consider the Tikhonov-perturbed objective h(w) = f(w)+ % |lw]|3
with v > 0. Then V;h(w_;(\)) = V,f(w_;(\)), so the gauge equation [f] is unchanged.
Consequently, for any v > 0, the solution w”(X,v) = argmin,, {F(w;\)+ |w|3} has
the same inactive set determined by equation @ In Appendix @ we show that w”(\,7) —
Arg Min,,,e () w2 as v — 0F, akin to the Elastic Net (Zou & Hastie, 2005), which approxi-
mates the minimum-norm element of w(\).

3.1 STABLE REGULARIZATIONS

Once w(\) is computed, A is adjusted so that |V, f(w_;(\))| < A is satisfied by at most x compo-
nents. However, perturbing A causes the coordinates of w(\) to change, creating a circular depen-
dency. Theorem [I] (proof in Appendix [B.3) shows that A can be continuously adjusted to cross the
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curve of any non-negative continuous function, establishing the existence of what we term stable
regularizations.

Theorem 1 (Stable regularizations). Let ¢ : R™ — R be a continuous nonnegative function. Then
there exists X\ > 0 such that X\ = ¢ o w(\). Define the compact set of ¢-stable regularizations w.r.t
to f as:

A@) ={A>0|pow(N) = A} @)

It should be noted that the set of ¢-stable regularizations is not necessarily a singleton, and even for
simple quadratic f, the Lasso path can be non-monotone.

Let af;; denote the j-th largest element of the vector a € R", and define ¢,; as:
On(w) = [[Vif(w)], [Vaf(w2)l,. ., [Vaf(wn)|]c ) - ®)
The map ¢, is nonnegative and is continuous since both w — V;f(w_;) and @ — |a|f,) are
continuous. Theorem [I] guarantees the existence of a stable regularization A € A(¢,) for which
o (w(X)) = \. Applying Equatlon@ we get:
= [Vi{w- >| ©
By definition, ¢, (w()\)) is the x-th largest entry among (IV; f( (/\))|)1<,<n and the inequal-

ity (9) is satisfied by at least n — x components, i.e., at most £ components are active. Thus, the task
of identifying A\, can be reduced to finding a root of the scalar map A — %( ()\)) -\

<A
<9

In a black-box setting, computing ¢, requires | supp(w(A))| gradient evaluations, which is costly
when the support is large. We therefore introduce a cheaper surrogate 1, (proof in Appendix [B.4)):

Theorem 2 (Practical characterization). Let w = w(\). For any i € [n], if o > 0 such that
|V, f(w) — aw;| < X then w; = 0. Consequently, for any o« € RZ, the function V¥, o : w >
|V f(w) — a © wlj41), where © is the element-wise product, satisfies:

A€EAWra) = |lwN)]o < k.

In the remainder of the paper, the hyperparameter o« € RY is fixed and dropped from notations.
Note that the sparsity characterization from Theorem [2] does not require the strict convexity of f,
and 1, has the nice property of being Lipschitz continuous:

Lemma 3 (Lipschitzness of ¥,;). vy, is Ly, -Lipschitz in the Euclidean norm with Ly, == L+max; a;.

As shown in the proof in Appendix [B.2] for all A > Ayax == [[Vf(0,)]|s0, we have w()) = 0,,.
Therefore, to find a stable regularization for ¢,; or v, we could apply a bisection method initial-
ized with the interval [0, A\p,ax]: at each iteration, one solves the subproblem at the midpoint and
subsequently shrinks the interval. This method yields an e-accurate root with a total complexity of
O(log?(1/e)), requiring O(log(1/€)) linear-rate PGD subproblems. In the next section, we intro-
duce a flexible scheme that avoids fully computing w(\) for each trial of A and operates effectively
in the stochastic setting.

3.2 ADAPTIVE SOFT-THRESHOLDING ALGORITHM (ASTRA)

Given the integer x > 0 for the targeted sparsity level (which is then omitted from notations), set:
U(A) = z/J(w()\)), and P(N) = T(\) — A
We propose an Adaptive Soft-Thresholding Algorithm (ASTRA) for exact gradients:
Atg1 = [0, Amax] (1= B + Bep(wy)], (10)
Wil = Prox,y, ., (wt —an(wt)), (11)
where Il is the projection operator onto a set C, and f3; is a suitably chosen parameter.
Using the tracking errors §; := ||w; — w(\;)|| and €; :== ¢ (w;) — ¥(\;), the A-update becomes:
A1 = g ag [N+ Be(@(Ae) 4 €0)] .- (12)
This is similar to a Robbins-Monro scheme with deterministic perturbation ¢,. For any convergence

guarantees of the proposed algorithm, the iterates are required to be bounded, which is proven
in Appendix [B.3]in two steps:
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Lemma 4 (Decay Rate of 6;). Let p=+/1— u/Landn € (0,1/L). The error 0, satisfies:
041 < p(1 4 BrLawLy)ds + pLaowBi|®(A)] (13)

Corollary 1 (Boundedness of iterates). Let 3 = sup, 3 such that p(1 + BLyLy) < 1, then the
sequence (wy)y generated by the iteration from Equation is bounded, and 6; = O(f;).

Our strategy of using ¢; penalty to induce sparsity comes at the price of introducing a bias in the
solution. By targeting the minimal stable regularization, \,, this bias is minimized:

A, = min A=min{\ € R, | ®(A) =0}. 14
i min { + | ®(A) =0} (14)

We will adopt the following stability assumption around A,:

Assumption 2 (Asymptotic stability A\,). We assume that A\, is asymptotically stable for the ordi-

nary differential equation (ODE) A= ®(\): there exist a constant ¢ > 0 and a neighborhood N of
A such that for all X € N:

A= X)(®N) = B(\,)) € —c(A = \,)? (15)

Assumptionensures that the equilibrium A, of the ODE A = ®(\) is locally attractive around .
This condition implies that the curve of ® must properly cross the A-axis at A, with a negative slope,
locally, and that |®(A)] is bounded below by ¢|A — A,| in a neighborhood of A,. If, for instance,
®(A) only “touched” zero at A, from one side (P(A,) = 0 but () does not change sign), or if
®(\) crossed zero but too “flatly” (e.g., if ®’'(A) = 0 in a differentiable case), then the stability and
convergence behavior around A, would be dictated by higher-order, non-linear terms, which would
result in considerably slower rates. Our assumption, a standard for achieving O(1/t) rates (Polyak
& Juditsky, |1992; Borkar, 2008), guarantees robust and sufficiently fast local convergence.

The sequence (3;); is chosen to satisfy the Robbins-Monro conditions: > .~ 3 = oo and
o2y B < oo, to constitute a non-uniform infinite timeline and ensure that the perturbation of
the ODE is ontrollable, i.e., Y, 367 < oo, while being small enough to not skip the stable neigh-
borhood of A,. Since we will use the initialization \g = 0, the attractive neighborhood is reached
in finite time, and with a suitable choice of (3;), we can guarantee that the iterates remain in such
neighborhood.

Theorem 3 (Sublinear Convergence Rate). Let 5; = Bo/(t +to) fort > 0, with By > 0 and ty > 0.
Assume X, satisfies Assumption 2} Then, for a sufficiently large o, and to chosen large enough so

that B; < min {1, 5 Lp _i/ }, then the iterates converge to the solution with rates

IAe = Al* = 0(1/1),  we —wN)II* = O1/1). (16)

See Appendix [B.6|for the proof.

ASTRA dynamics are mainly controlled by the convergence of the A-update in O(1/t), even if the
w-update can be exponentially faster. We show in Appendix [C.2]that if ¥ is contractive around \,,
the following intermittent schedule converges linearly to a neighborhood of A, of radius O(p?):

* Met1 = (1 = B)Ax + By (wyr), using constant step size /3.
e For0 < 7 < T-—1: WET+j+1 = pI‘OXn)\kJrl (wkTﬂ» — an(wkT+j)).

It should be noted that to properly implement the intermittent schedule, we also need to know some
properties of f (i.e., i and L), which is not always accessible, especially in a black-box setting.
Furthermore, the necessary conditions for ¥ to be contractive are not clear; however a sufficient
condition is the separability of f, i.e., f(w) = > 1| fi(w;).

3.3 STOCHASTIC ADAPTIVE SOFT-THRESHOLDING ALGORITHM (SASTRA)

We now consider the case where only stochastic estimates of V f(w;) are available. Following
the formulation from Equation (12)), the stochastic extension is seen as two-timescale stochastic

approximation of the ODE (\, w) = (®(\), G(w)) where Gy (w) = w; — prox(w; — 1 f (w)).



Under review as a conference paper at ICLR 2026

The main challenge facing a stochastic ASTRA (SASTRA) is the nonlinearity of the order statistics,
which introduces as bias in the estimation of our sparsity gauge ¢(w,). We will assume that we
have access to an unbiased mean map vy, which can be approximated practically via exponential
moving average of the gradients. Let (F;) be the natural filtration and assume the following:

Assumption 3 (Unbiasedness). The stochastic gradient g; is unbiased with bounded variance:
Elg: | Fe] = Vf(x) and E [||g: — V f(a)|]* | Fo] < 0*.

Assumption 4 (Bounded variance). There is a mean map 1); and noise &; such that 1; = (w;)+&;,
Eft | .Ft = 0, E [ftz ‘ ‘Ff} S O'i.
Consider the two-time-scale iteration

A1 = Hio anag (1= Be)As + B i) Wiyt = Prox,, . (Wt — n:9t), (17)

The Proximal Stochastic Gradient Descent (ProxSGD) step (w-update) targets the slowly moving
w(\;), for which the tracking error E[||w; — w()\;)]|?] is typically O(1/t).

Theorem 4 (Convergence with log-slowed ;). Let n; = (tﬂi(;o) and:
Bo

Pt = 5 to) (log(E + 1))

1
q> 2
then' Y, B /m < 0o and Y, n? < co. Then (wy, \;) converges a.s with mean rates:

E [[lw; —w)[?] = 0(/t),  E[IA = A J?] = O(By).

We break down the result in Appendix[B.7], which is largely inspired by Theorem 3]and relies on the
Robbins-SigmundRobbins & Siegmund (1971) lemma, which requires ) _, B2 /n; < oo. To fulfill
such a condition, we opt for logarithmic slowed (3;. The other option is to simply choose 1, = ©(t)

for a € (%,1), but this implies slower convergence of (wy);.

3.4 STRUCTURED SPARSE TRAINING

Although unstructured sparsity can achieve high theoretical compression rates, its irregular nature
offers limited practical speedups on modern hardware (Jaiswal et al.| 2023). Structured sparsity
overcomes this by removing entire groups of parameters (Xie et al., 2023)), which makes the re-
sulting models amenable to hardware acceleration and efficient memory access. ASTRA naturally
extends to structured sparsity by applying its adaptive mechanism to groups of parameters rather
than individual weights. This is achieved by employing a group ¢; regularization penalty (Mairal
et al., 2011) to encourage sparsity at the group level (Bach et al., [2012)), using ¢2-norm within a
group.

In order to represent the different sparsity patterns, we introduce a Structured Sparsity Algebra
(SSA) in Appendix[C.3] Here, we formulate the regularization structure that is adapted to SSA.

Let B = {b1,..., by} be a partition of [n] into disjoint pg blocks. We then define the group grid
G = {g1,...,94}, consisting of ¢ disjoint groups g; = {b_1)g+1,- - - big+p}. To extend our
framework to induce x-sparse groups, we replace our unstructured ¢, regularization with the gauge

function
q

Qpg(w) =Y A Y [lws],

i=1  begq

then ); is dynamically adjusted using ASTRA to keep at most x blocks per group. The regularization
is now symmetric across groups. We consider the case with a single group (¢ = 1).

The proximal operator for such block-wise regularization is
(wn,) =mx {0,1 -
prox, (wp,) = max — T > Wp,.
o T w2 S

The optimality conditions are then extended as Vy, f(w*) € A||wy |2, with Of|ws |2 = T for
an active group, and 9||ws||2 € Bjp|(0, 1) for inactive ones.
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The stable regularizations extend smoothly; the characterization from Equation (6] becomes:

[we(N)[| =0 <= [[Vofw-s(N))| <A (18)

We write Sf 4 for the set of block-diagonal SPD matrices conformable with the block partitioning:
S8, = {A = blkdiag(Ay,..., Ay,) | 4; € REI 45 0}

Theorem 5 (Practical characterization 2). If 3A € S_lfL such that ||V f(w(X)) — Awp(N)||

A then ||wp|| = 0. Hence, it follows that for o w o [u(w)]jeq1) with u;(w) =

[V, f(w) — Ajwy, || and A € S5, if A € A( ,EA)) then the solution w(\) has at most k active
blocks, i.e. nnz({||wp, ()|, .- ., [|ws, (N)||}) < &

IN

While Theorem [5is more general than the unstructured characterization of Theorem [2] we can still
use A = diag(a) € S¥ . for o € RYj while keeping the same guarantees (proof in Appendix .

4 RELATED WORK

A first-order Taylor expansion of the optimality condition in Equation (6) around w gives rise to
a set of saliency scores. Specifically, using H, the Hessian of f, the saliency of a weight w; is is
evaluated as:

si = |Vif(w-)| = |Vif(w) — Hii(w)wil, 19)

where

Connections to Foundational Pruning Methods. Our framework recovers and generalizes sev-
eral classic pruning criteria. For example, the OBD (LeCun et al., [1989) criterion, which estimates
the change in the objective function J F; from pruning a single weight w;, is given by:

5F, ~ — (vi Fluwpu, — w2> (20)

The derivative of this saliency with respect to w; is precisely our score, that is, s; = |diwi§Fi\. Cru-
cially, our derivation of s; does not require the strong assumptions of OBD, namely that the model is
fully converged (V f (w) = 0) or that the Hessian is diagonal. Similarly, OBS (Hassibi et al.,|1993),
which analytically computes the change in objective after optimally re-adjusting all other weights,
can be seen as a more complex prune-finetune heuristic. While OBS relies on inverting the Hessian
to find the optimal compensation, ASTRA achieves a similar result iteratively during training based
on gradients.

Unifying Modern Pruning Heuristics. = ASTRA provides a theoretical grounding for modern em-
pirically driven methods. For example, Rigging The Lottery (RigL) (Evci et al.l[2020) implements
a dynamic train-prune-grow cycle where weights with the lowest magnitude are pruned and inactive
weights with the largest gradient are grown. This heuristic can be interpreted as an instance of AS-
TRA: when the weight multiplier a; in our framework is large such that |o;w;| > |V; f(w)], the
saliency scores for active weights are dominated by their magnitude. For inactive weights (w; = 0),
the scores reduce to the gradient magnitudes (|V; f (w)|);, mirroring Rigl’s grow phase.

Furthermore, our framework provides a theoretical grounding for recent one-shot pruning methods
for LLMs. For the standard layer-wise reconstruction objective, f(W) = || XW — Y||2, used
by methods like Wanda (Sun et al., 2024) and SparseGPT (Frantar & Alistarh, 2023), the Hessian
diagonals are H;; = || X,||3. Under typical initialization conditions where V f(W;) = 0, our
general saliency score from Equation simplifies to s;; = |W;;||| X;||3. This is a direct variant
of the empirical Wanda heuristic, which uses |W;;|||X;||2. SparseGPT, in contrast, uses a more
complex iterative process based on OBS. It greedily removes weights and then analytically updates
the remaining ones to compensate for the change in the objective based on the inverse of the Hessian,
while ASTRA uses gradient descent to continuously adapt weights throughout the training process.
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Algorithm 1 Stochastic ASTRA Algorithm
Require: Loss function £, optimizer opt, pa-

Algorithm 2 Bonsai Networks
Require: Neural network Ny parameterized

rameter w € R, sparsity level x, o € RZ,
grids B, G, timescales (1 )+, (5t)+, EMA decay
p.
t+ 0
Initialize: m; < 0,,, \Y < 0,.
while not terminated do
Sample batch b;.
Get (pseudo) gradient g; = opt(L(b))
my < (1 — p)mu_1 + pgy
compute g = ,‘;")(w, m;) per group
At = (1= Be) A1 + Bibg
w < prox, , ¢(w —n:g:)
t—t+1
end while

by 0, SGD optimizer opt, warm-up time 7T,
freeze time 7.
fort=1...7T, do
Update 0 using SGD optimizer.
Update SASTRA states m; and \Y.
end for
fort=T,+1...Tfdo
Update 6 using SGD optimizer.
Update SASTRA states m; and \;.
Soft-threshold using A,
end for
Freeze supp(@) using magnitude pruning.
fort =Ty+1...Tdo
Apply SGD steps to supp(0)

end for

Figure 1: The core algorithms used to train sparse neural networks with provided sparsity Structure
using Stochastic ASTRA iterations.

5 EXPERIMENTS

Our adaptive regularization approach is, at its core, a sparse-coding—inspired method. We therefore
first benchmark it against its closest counterpart, Iterative Hard Thresholding (IHT). In particular,
our ASTRA procedure of identifying a stable support and then updating the active weights without
further thresholding; can be viewed as an IHT-style heuristic. We report results in Appendix [A.T]
comparing ASTRA to IHT and Optimal Brain Damage (OBD), which is equivalent to WANDA
in the one-dimensional output case. The results show that ASTRA delivers consistently strong
performance across settings, especially at high sparsity.

5.1 BENCHMARKING SPARSE TRAINING

We extend our approach to sparsely train a Bonsai ResNet-32 on CIFAR-10 and CIFAR-100 at high
sparsity, following the iterations detailed in Figure [Tl We use CIFAR-10/100 (50k train / 10k test,
32 x 32). Per-channel normalization (dataset-specific mean/std) is applied. No external data are
used; augmentations are limited to random horizontal flip and random crop with 4-pixel padding.
Test-time evaluation uses a single center crop (the identity at 32 x 32).

Our primary backbone is ResNet-32 as introduced by [Wang et al.| (2020). All convolutional and
linear layers are candidates for pruning in the unstructured case. In the channel structured sparse
training, where we sparsify at the filter level, we aditionally exclude the first convolution, the final
classifier.

‘We consider two variants:

* Unstructured: block size (1,1,1,1) with global coupling across network weights as
defined by our Structured Sparsity Algebra, excluding batch-normalization parameters.
This unstructured Bonsai ResNet-32 outperforms several established sparse-training ap-
proaches.

* Structured: channel-wise pruning that removes entire filters at once (excluding the in-
put convolution and downsampling layers), trading flexibility for hardware alignment; this
variant trails slightly due to the reduced degrees of freedom when selecting the sparsity
mask.

We compare against various sparsity inducing techniques, including Magnitude Pruning (MP),
OBD, and Lottery Ticket (LT), Gradient Signal Preservation Criterion (GraSP) (Wang et al., |2020),
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Sparse Evolutionary Training(SET)(Mocanu et al., |2017), Dynamic Sparse Reparameterization
(DSR)(Mostafa & Wang}, 2019), and the classical Iterative Hard Thresholding (IHT),

Table 1: Test accuracy of ResNet32 on CIFAR-10 and CIFAR-100. Starred methods are reproduced
results. Non-stared methods have scores as were self-reported in the literature (Wang et al., 2020).

CIFAR-10 CIFAR-100

Paradigm  Method 90% 95% 90% 95%
Initial SNIP 92.59 91.01 68.89 68.89
GraSPx 9238 9139 69.24 66.59
OBD 94.17 9329 7146 68.73
Pruning MP Prune 9421 93.02 7234 67.38
LT 9331 91.06 68.99 66.12
DSR 9297 91.61 69.63 68.20
DST SET 9230 90.75 69.66 67.10
IHT% 9229 91.60 68.64 67.03
Bonsai 93.05 92.72 71.89 71.60
Bonsai-Channel 91.11  90.23 69.53 67.49
Dense Baselinex 94.32 74.44

5.2 BENCHMARKING STRUCTURED PRUNING

For structured pruning, we test on pruning the LM head of Qwen 3 - 8B LLM (Yang et al.,|2025) on
wikitext data. To do so, we take 16000 tokens from wikitext data that we project into the vocabulary
space. The goal then is to prune the head in a structured way to gain on memory and space. We
target 75% sparsity, under the criterion of minimizing the KL divergence between the original output
logits and those of our pruned layer. Our goal is to achieve a 4:16 block-sparsity with block-size
16x 216 along the K dimension. In this case, the layer weight shape is 4096 x 151936, for a total of
622M parameters and 2.4M blocks. Our goal is to leverage the Densex 4:16 Block-Sparse kernel
in Appendix which achieve a x1.64 speed up on Nvidia A100 GPU when the input is column
major. Using Wanda to prune the layer (without structure) yields a mean sample KL divergence
of 0.016 versus 0.08 in unstructured block- sparse and 0.10 for our 4:16 Block-Sparse structure. In
contrast, the unstructured block-sparse pattern at 75% sparsity achieves x (0.7 performance compared
to x1.64 using our structure w.r.t to the dense matrix multiplication.

6 CONCLUSION AND DISCUSSION

We introduced ASTRA, an adaptive soft—thresholding framework that drives a model toward a target
sparsity pattern by updating the regularization strength online. By casting target sparsity selection
as a scalar root—finding problem over the regularization weight and tracking it with a two time—scale
recursion, we obtain principled control of sparsity with provable rates. In the deterministic setting
we established sublinear (and, under an intermittent schedule, local linear) convergence of both
parameters and regularization, while in the stochastic setting we proved almost—sure convergence
with mean—square rates consistent with the step—size schedule. These results provide a unifying,
proximal view that clarifies the assumptions behind several heuristic sparse—training methods.

Beyond theory, we demonstrated that Bonsai networks trained with SASTRA achieve competitive
accuracy at high sparsity on CIFAR-10/100, matching or surpassing strong pruning and DST base-
lines, and we provided a structured LLM case study showing that hardware—aligned 4:16 block
sparsity can deliver practical speedups with controlled output drift.

Limitations and future work. Our analysis relies on convexity, while modern deep networks are
nonconvex; extending the guarantees to these relaxed conditions is a natural next step. The stochastic
theory assumes an unbiased surrogate for the order—statistic gauge; quantifying robustness under
bias would further strengthen the framework. Finally, while our structured experiments validate a
4:16 kernel on a single LLM head, broader system—level evaluations (end—to—end latency/throughput
across kernels and hardware) and scaling experiments on larger backbones are promising directions.
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A NOTES ON REPRODUCIBILITY AND RESULTS

A.1 SPARSE-CODING BENCHMARK

Since our algorithm behaves like a pseudo-IHT, we benchmark it against IHT. Our theory requires
the strong convexity assumption, but in practice that is not guaranteed. We therefore adopt the
accelerated FISTA for the w-update instead of the plain ISTA iteration, and use the accelerated
point to perform the A-update. We adopt the same benchmark as [Ida et al.| (2024) using gisette,
ledgar, real-sim and epsilon from LIBSVM. For each density level &, the table reports the score of
method M as:
MSE(M)
M SFE(best method)

As such, the best method always has score 0. When two methods show the same score, the one in
bold is the best one, meaning that its error is within 1% of the best approach.

Score(M)

Dataset Method K&
1% 10% 25% 50% 75%
IHT .005 0.091 .111 .298 0.84

Gisette OBD  77.50 25.00 8.16 2.89 2.73
ASTRA .000 .000 .000 .000 .000

IHT .060 .012 .002 .002 .001
Epsilon OBD .327 .027 .013 .000 .000
ASTRA .000 .000 .000 .000 .000

IHT .084 .162 .161 .150 .050
Real-Sim OBD 325 .062 .000 .000 .000
ASTRA .000 .000 .018 .051 .023

IHT .085 .052 .068 .066 .055
Edgar OBD 1.441 .226 .089 .000 .000
ASTRA .000 .000 .000 .025 .003

Table 2: Sparse Coding Benchmark: relative error w.r.t to the best performing method.

The table shows that ASTRA performs consistently better than OBD (Wanda) and IHT in high
sparsity modes.

A.2 EFFECT OF LEARNING RATE

— 0.0076245

— 0.025298

Sparsity

0.85
- //JM

0.75

Training Samples
0.7

M 2M 3M 4M 5M 6M

Figure 2: Reaching the target sparsity faster requires a higher learning rate, but that also results in
worse performance in Neural Network training due to convergence to sub-optimal region that favors
minimizing the ¢; norm over the loss function
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Figure 3: Distribution of the test accuracy across different batch sizes, estimated on 212 runs for
arbitrary choices of hyperparameters. The batch size is the most significant factor that affects SAS-
TRA performance, lower batches yield higher performance, with a -0.503 correlation with the final
test accuracy.
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0.000004
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Figure 4: At training sample 8M, the support of the layer weight is frozen. In this case, The layer
weight was 35% sparse before Ty and 87% sparse afterwards, yet, the relative delta norm is less
than 0.0003%, showing that the components of the parameter were already hovering around 0.0.

A.3 HYPER-PARAMETERS FOR REPORTED RESULTS

These values are also provided in the configuration files of the reproducibility code. The reader can
refer to the implementation for more details.
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Component | Hyper-parameter | CIFAR-10 | CIFAR-100

type SGD SGD
Optimizer Initial learning rate | 0.0125 0.02
P Momentum 0.9437 0.977
Weight decay 6.1 x 107* | 2.52 x 107°
type Multi-step | Multi-step
LR Schedule | decay LR every 95 epochs | 47
decay rate 0.33 0.33
1% 7.66 9.14
(3 schedule constant constant
Bt 0.065 0.005
SASTRA Amax 0.0015 0.0013
EMA p 0.018 0.004
Tw 8 11
Ty 150 132
Epochs 200 150
Batch size 192 32

Table 3: Hyper-parameters for SASTRA on CIFAR Datasets with ResNet-32

B PROOFS

Notes For expositional clarity when analyzing the solution for a fixed A, we assume, without loss
of generality, that all entries in its support are positive, i.e., w;(A) > 0 for all i € supp(w(\)).
This is justified by a simple change of variables z; = —w; for negative components w;(\), which
preserves the ¢1-norm term (A|w;| = A|z;|) and the convexity of F'(w; A).

B.1 PRELIMINARIES

We will make several uses of the following lemmas (see |[Nesterov| (2014, Thm. 2.1.12) for a proof).

Lemma B.1 (Strong monotonicity). For a p-strongly convex function f with L-Lipschitz continuous
gradient, its gradient V f satisfies, for all w1, ws in its domain,

(5 fwn) = 9 fw) " (wn = ) = 5 o1 = walf + [V ) = V)
L
> 5wy — w3 @)
In particular,
1
Jun —wollo < |V (1) =V F )] (22)

which holds trivially if wi = wq otherwise it follows from the Cauchy-Schwarz inequality.

Lemma B.2 (Zero solutions beyond). If A > ||V f(0,)] oo, then w(\) = 0,

Proof. Let A > ||V f(0,,)||co, then:

F(w; \) — F(00; A) = (f(w) — £(0,))+ Al
> (Vf(0,),w) + A||wl using convexity of f
> —[|[Vf(0,)|lcollz]|1 + Allw|ls  Holder’s inequality with (p, ¢) = (1, c0)
— (= IVFO) o) > 0

Therefore F'(w, A) > F(0,,\) for all w € R™. If, in addition, f is u-strongly convex for 1 > 0,
then the minimizer is unique; thus w(A) = 0,,. O
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Theorem B.1 (Robbins & Siegmund| (1971, Thm. 1)). Let (F;) be a filtration and let (Y:), (as),
(bt), (ct) be sequences of nonnegative random variables adapted to (F;) such that

EYiq1 | Fe] < (14 a)Ye — b + ¢4, t>0,

with ), ay < 0o andy_, ¢; < oo almost surely. Then Yy converges almost surely to a finite random
variable Y., and Zt by < oo almost surely.

B.2 PROOF OF LEMMA[I]

Lemma 1 (Compactness of the solution path). Let Wx = {w()) | A > 0} denote the solution path.
Under Assumption[l} Wy is compact: it is a closed set, and 3R > 0 such that |[w(\)||2 < R for all
A>0.

Proof. We start by showing boundedness. Let Ayax = ||V f(0,)|leo. then by inspection of the
optimality conditions (and uniqueness of the solution, guaranteed by strong convexity), we see that
w(A) = 0VA > Ajax-

Hence Wy = {w(X\) | 0 < XA < Apax}. For f a strongly convex function, then V f is (continu-
ously) invertible which follows from eq. (22), so w()\) = (Vf)~! (—\s) for a subgradient s. As
subgradients are bounded ||s||cc < 1and A € [0, Apax] is bounded, and since (V f) 1 is continuous,
it follows W, is bounded.

We now show closedness, i.e., that W, contains all its limit points. Let (wy) be a sequence in
W, that converges to w, and we wish to show w € Wy. If w = 0,, then w € W, since
0 = w(Amax), s0 from now on assume w # 0,. Thus for large enough k, w;, # 0. Because
wy € Wy, we can write wi = w(\g) for some A\; > 0. For nonzero wy, the optimality conditions
eq. ([2) are equivalent to ||V f(wg)||oc = A (cf. Lemma[B.2). Since (wy,) converges and since V f
is continuous (since it is Lipschitz) and norms are continuous, it follows that the sequence () also
converges; denote its limit by A. Because A\, > 0 and [0, 00) is a closed set, then A > 0 as well.
Furthermore, by the same continuity argument, we have ||V f(w)||oo = A, which is the necessary
and sufficient condition for optimality, so it follows W = w(A) hence W € Wj.

O

Lemma 2 (Lipschitz continuity in A). The solution map w : Ry — R™ is L,,-Lipschitz with respect

to X in the Euclidean norm, with L., = W

Proof. For any subgradients s; € J||w;|; and s € O||ws]|1, we have monotonicity:
(81— 82) " (wy —ws) >0 (23)
For proofs of this inequality and a broader background on convex optimization, see Bubeck| (2015).

Let A1, Ay > 0, and wy; = w(\;) and wy = w(Az). The first-order optimality conditions imply the
existence of subgradients s; € d||w;||; and s2 € 9||ws||; such that:

Vf(wi) = —Ais1
Vf('wg) = 7)\282.

Using the strong convexity of f and Equation (1)),
f”wl ws[3 < (Vf(wr) = Vf(ws)) " (wr — ws)

= (=A1s1 — (—X282)) " (w1 — wy)
= (/\282 - )\181)T(w1 - ’w2)
—(A181 — X282) " (w1 — ws).

Let’s analyze the term A\181 — A2So:

X181 — XaS2 = X181 — A\182 + A\182 — Xasa = A1 (s1 — 82) + (A1 — A2)s2
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Substituting this back:
f\\wl —ws)3 < —[Ai(s1 = 82) + (A1 — Ag)sa] T (w1 — wy)
= —)\1(81 — SQ)T(wl — ’wg) — ()\1 — )\g)s;('wl — ’QDQ).

Using Equation [23} we have (s; — s2) " (w; — ws) > 0. As Ay > 0, the first term —\;(s; —
82) T (w; — wy) is non-positive. Therefore:

L
Sl —welE < =0 = )sl (wn = w2) = (= Aa)s] (wr — wn)
Applying the Cauchy-Schwarz inequality:
:LLL 2 T
mﬂwl —wal3 < A1 = Agf - [sy (w1 — wa)| < [A1 = A - [[s2f2]|wr — w22

Since ||s2]|co < 1 by the definition of J|| - ||1, it follows ||s2]|2 < +/n. Substituting, if w; # wa, we
can divide by ||w; — wsl|2 (if w1 = ws,, the inequality holds trivially):

plL 2

— w1 — w25 < VnlA — Agf||lwr — wa|2.

M+LH 1= walz < Vil = Xofwr — w22
Hence

n(L +
|[wi — w22 < ML) ﬂ)|)\1 — Aaf.
uL

This demonstrates that w(\) is Lipschitz continuous with constant % O

PROOF OF SPARSITY CHARACTERIZATION

Lemma (Sparsity characterization). Under Assumption [I} the following necessary and sufficient
sparsity gauge holds:
wi(A) =0 <= |Vif(w_;(N)]| <A (6)

Proof. Let w = w(A) for some A > 0. We fix an index ¢ € {1,...,n} and consider the function
h(t) = C(t) + Alt|, where ((t) = f(w1,...,wi—1,t, Wit1, ..., Wn).

Since f is p-strongly convex, ¢ (t) is p-strongly convex in the scalar variable ¢ and the value w; must
minimize h(t) with respect to .

We remind the reader on the assumption made at the beginning of Appendix [B| about w; > 0.
The first-order optimality condition for minimizing ((¢t) is 0 € Oh(w;). We have ('(t) =

For (Wi, wn) = Vif(wr, .ot wy).
The optimality condition becomes:

—('(wi) € A0|w;

If w; = 0, then d|w;| = [—1,1]. The condition becomes ¢/(0) € [—\, A], which is equivalent to
I'(0)| = |Vif(z—;)| < A. This establishes: w; =0 = |V, f(z_;)| < A
Now we prove the converse: assume |V, f(z_;)| = [¢'(0)] < A.

Since ( is p-strongly convex, then its derivative is strictly increasing. Let’s suppose, for contradic-
tion, that w; > 0, then ¢'(w;) > f/(0) > —A\. The optimality condition requires that {’(w;) = —A,
which contradicts the supposition. Therefore, w; = 0.

Hence, w; = 0 if and only if [¢'(0)| = |V, f(z_;)| < \.
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B.3 PROOF OF THEOREM/[I]

Theorem 1 (Stable regularizations). Let ¢ : R™ — R be a continuous nonnegative function. Then
there exists \ > 0 such that A = ¢ o w(\). Define the compact set of ¢-stable regularizations w.r.t

to f as:
A(@) ={A>0|gpow(N) =A}. @)

Proof. Define the function g : Ry — R as g(\) = ¢(w(\)) — . By Lemma [2] the mapping
A — w(\) is continuous on its domain, and ¢ is continuous, hence their composition is continuous
and so is g.

AtA =0, g(0) = ¢(w(0)) — 0 > 0, since ¢ is nonnegative.

Recall that w(X) € W, for all A and Wy is compact by Lemma |1} As ¢ is continuous on the
compact set W, it is bounded on Wy, hence M = maxyew, ¢(w) < oo is well-defined and
finite. This gives the uniform bound ¢(w(\)) < M for all A > 0.

Consider the limit of g(\) as A = co: g(A) = ¢p(w(A)) — A > M — X Thus, limy 0 g(A) = —o00.
To summarize, we have:

* g is continuous on R,

* 9(0) >0,

thus the Intermediate Value Theorem (IVT) guarantees that there exists at least one A, € R such
that g(A\+) = 0, i.e., a value A\, where ¢(w(A\y)) = \..

Since g is continuous and A(¢p) = g_1(0), the compactness of A(¢) follows. O
B.4 PROOF OF THEOREM [2]
Theorem 2 (Practical characterization). Let w = w(X). For any i € [n], if 3o > 0 such that

|V, f(w) — aw;| < X then w; = 0. Consequently, for any a € RZ, the function ¢, o @ w —
IV f(w) — a © w41}, where © is the element-wise product, satisfies:

AeAYra) = [wN)]lo < k.

Proof. Assume we have such an «, and we’ll show w; must equal 0. Consider the case w; > 0, then

from the optimality conditions V f;(z) = — A is negative, and so is —aw; so
A —aw; = —| A+ aw;| = —|-\ — aw;| = — |V, f(w) — aw;| > =\
implying —aw; > 0, a contradiction. Similarly if w; < 0 then A — aw; = |A — aw;| = |V, f(w) —

aw;| < X implying —aw; < 01i.e., w; > 0, also a contradiction.

Hence the only remaining case is w; = 0.

Consequently, the (k + 1)-st largest magnitude in ¢, or %, is of an inactive component 4 s.t
|Vif(w-;)| and |V, f(w) — aw;| are equal (to |V, f (w))). O

B.5 PROOF OF LEMMA [4] AND COROLLARY [1]

Lemma 4 (Decay Rate of 6;). Let p = /1 — u/Landn € (0,1/L). The error 6; satisfies:
041 < p(1 4 BrLawLy)ds + pLowBe|®(A)] (13)

Proof. w41 comes from one iteration of PGD for Ay q:

Str1 < pllwr — w(Aegr)|| using Equation
< pllwe — w(Ae)[l2 + [[w(Ae) — w(Aer1)l2)
< p(0 4+ Loy | At 41 — Ae]) using Lemma 3]
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From the iteration in Equation (T0) we have:
[Arr1 — M| < Belp(wy) — A inequality due to non-expansiveness of IIjg 5 .
< Be(er + [U(Ae) = Ae) recall U(A) = ¢ (w(A))
< BiLy 0y + Be|P(Ar)]
Combining the two results:
041 < p(1+ BiLaw L) 0t + pLaw Bt | P( )]
O
Corollary 1 (Boundedness of iterates). Let 3 = sup, 3 such that p(1 + BLyLy) < 1, then the
sequence (wy); generated by the iteration from Equation is bounded, and §; = O(f3).

Proof. Define 3 := sup, f3; then:

t41 < p(14 BLuwLy) bt + pLawBIP(N)]
Writing ¢ == p(1 4 BLwLy)and Co = maxje(o,z,..] LwB|P(N)], we get:
041 < qdy + Co.

Hence, if ¢ < 1, which is equivalent to 5 < ﬁ, then unrolling this recurrence from ¢ = 0 to

t—1:
t—1

, Co
8t < q'60 + C L < qlp + ——.
t < q 00+ oi:Zlq =4q 0+1—q
Thus w; is always a bounded distance away from w(\;), and w(\;) € Wy and W, was shown to
be bounded in Lemma [I] hence all the w; stay within a bounded set. O

B.6 PROOF OF THEOREM[3]

Proof. We can write the A-update as an update towards a root of ®(A) = U(\) — A:
Atr1 = A+ Be((we) — Ae)
= At + Bt (F(A) = Ae) + (Y(wyr) — ¥(N\r)))
= At + Bt ®(\e) + Bre,
where €; := ¥(w;) — U () = Y(w) — Y(w(A)).
The function v is L,;-Lipschitz (Lemma @) Thus,

From Lemma[d] with 8, = Bo/(t + to) = O(1/t), we have §, = O(B;) = O(1/t). Therefore,
e = O(1/t).
Let A; := | A+ — A«|. The update for A; is:
Avp1 = A1 — A
= [Nt + Be®(A\e) + Brer — s
= [(Ae = Ax) + Be (@A) — P(A\))) + Bree],
since ®(A,) = U(A,) — A = 0.

Consider the Lyapunov function V; = %f =2(A = A2

Vit = 5(80+ Bl@0) = BO) + Brer)?
2

= V;: + 5tAt [(I)()\t) — @()\*)] + ﬁtAtét + %((I)(At) - (I)()\*) + Et)2.
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U is Ly-Lipschitz with Ly = Ly L,,. Thus, ®(A) = ¥(X) — Xis Ly := (Lg + 1)-Lipschitz. Since
A, is an asymptotically stable equilibrium for A = ®()\), for ); in a neighborhood of \,, we have:

Ad(®(A) — B(A)) = (A = A)(@(A) — B(A) < —c(A — A.)* = —cV.

The term [3; A;e; satisfies:
BeAver < 2847/ ViLy 0y
The final term satisfies:
B

5 (PO) = @A) +e)” < B7 (@A) = @A) + [erl®] < 57 (Lal Al + erf?),

Since the algorithm ensures \; remains bounded (as established in Lemma E]), this term is O(3?).

So we get:
Vir1 < Vi = 2¢BiV; + 28,7/ V(1 + L)6; + O(B2).
Using 6; = O(5y):

Vi1 < (1—2cB; + O(BY)V; + O(B3/ Vi) + O(B2). (25)

This form of recurrence is standard in stochastic approximation theory. Using Robbins-Siegmund
theorem and its corollary (Liu & Yuan,[2024, Lemma 3), although we’re operating in a deterministic
case, for the rate V; = O(1/t) (or E[V;] = O(1/t) in stochastic settings), one typically needs
2¢f3y > 1. Then the terms O(32+/V;) and O(?) are O(t~21/V;) and O(t~2), so we get:

Vign < (11—

2B oL+ 05T+ 0)

< (1 - 265”) Vi + Ot 2%) + O(t™2)

For a self-contained proof, we can show by induction that if 3y is large enough and 3; = ; f-?fo , then
V; = O(1/t): assume that V; < < for some ¢ > T then Viq < $(1 — 2422) + O(t5/2) + O(B?).

Using Taylor expansion 15 = + — 7 + o(t™3), we get Vi1 < ;55 is equivalent to 2¢5 > 1.

=+
If 2¢3 > 1, then for large t, V; = O(1/t). This gives AZ? = O(1/t).
Now we want to bound ||w; — w|? = |Jw; — w(\,)|*. Using the triangle inequality:
lwi —wlla < flw; —wAe)ll2 + [[w(Ae) — w2
< Ot + Ly,
where L,, is the Lipschitz constant of w(-).

We have 6, = O(3;) = O(1/t), and A? = O(1/t). Thus, |w, — w| = O(1/t) + O(1/V/t) =
O(1/+/t). This establishes Equation and completes the proof. O

B.7 CONVERGENCE OF SASTRA (THEOREM[4)

We provide a self-contained proof. The structure and the logic are similar to the deterministic case,
although several of the arguments we use here are known results under various names, especially
the notion of a two-timescale stochastic ODE from [Borkar| (2008)).

Our goal is to prove that E [V;11 | F¢] < (1 — Cn)Vi + O(ny) for some constant C' > 0, which
would guarantee that &; converges a.s. to 0 with E[67] = O(n,).

Lemma 5 (Tracking a moving target). With 1, < 1/L, define the tracker Ay = |Aiy1 — ¢, the
_ 1521 2 .
Lyapunov Vy = 567 = 5||w; — w(X)||* obeys:
L? 2
E[Vigq|Fe] < (1 -5V + T;;E [Af|.7:t] + %77? (26)

20



Under review as a conference paper at ICLR 2026

Proof. Let F; be the filtration up to time ¢. Using the non-expansiveness of the proximal operator
and the contractive SGD step with 7y < 1/L we get:

1 1
E[Viril ] < 51— pm)E [lwe — wAe1) 1?1 F] + 577315 [lge = Vf(wn)?|F] @D
In order to get that (1 — C'n;) factor, we use Young’s inequality:

1
lu+ol* < (L+7)lull* + (1 + o], vr >0,

with u = w; — w(\), v = w(A) — w(Apy1), and 7 = 2(1@;7%) we get:
Q=i =1 )14 )< 2 (28)
2 T U

Plugging Equation (28) into Equation (27), with v < L, A, (from Lemma[2), we get:

L? 2
E[Vig1|Fe] < (1= %)Vt + ﬁE [(Aeg1 = AP F] + Gnf (29)
t

O

Lemma 6 (Drift bound for A;). Let e; := Ay — A\, and 6; = ||wy — w(\)||. Then, for a universal
constant C':

E[A7 | F] < CB(100N) = M2+ 13,62+ 0% ). (30)
Proof. Projection is 1-Lipschitz, so A; < S|t — A¢|. Write oy = ¥(wy) +& = P( M) + (¢ ( t) —
D(A))+&, use [h(wy) —P(N\)| < Ly 0, (a+b+¢)? < 3(a?+b2+c?), and E[E7 | ] < o2, O
Lemma 7 (State mean-square drift). Under equation[I3] there exist constants Cy,Cy > 0 such that

Elef iy | Fe] < (1=2cB)e; + C1B87 67 + Coff 31

Bo .
] = th 0,

Consequently, for B; (i + to) (log(t + 1o))7 with any q >

Elef] = O(By). (32)

Proof. From the update:
err1 = e+ B (V=) = e+ B (P(AN) = No) +Bebe+ Bi&e, by = w(wy) —P(Ny), |be| < Ly,
Expand and take E[- | F3]:

Ele7 ) | Fe] = €f 4 2Brec(®(Ae) — Ae) + 2Breeby + 57 E[(D(Ae) — Ae + by + &)° | Fel.-
Use E[¢;] = 0,E[¢?] < O’i, Young’s inequality 2e,b; < eZ-+b?, and the stability from Equation :

e @A) — Ae) = el @(\) — P(\i)) —€f < —cef —ef = —(1+c)ef

Therefore, the 23; term contributes at most —2(1 + ¢)Bse? + Bre? + Bib? = —(1 + 2¢) Bre? + Bib?.
Absorb the remaining 37 square into C;325? + Co/32. Then a standard Robbins-Monro argument
yields equation [32] O

Theorem 4 (Convergence with log-slowed 3;). Letn; = and:

70
(t+to)

Bo 1
(t +to) (log(t +tg))e’

then Y, B/ < oo and Y, n? < co. Then (wy, \;) converges a.s with mean rates:

E [[lwy —w)[*] = 0(1/t), E[|A = AJ*] = O(By).

B =
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Proof. Combining Lemmas and taking expectations gives

2 Cs 32 Cs 32 2
E[Vi] <(1- 2EW] + ey + CPpe] + &P 22 g
yi Mt Mt
=

for constants C, Cy, C'3 depending on L.y, L4, pt. Choose
o Bo
t+ty (t—‘y—lf())(log(t—f—to))q7

then Y-, ¥ = >, C182/m < oo and Y, m7 < oo. Let My = [],_,(1 + ) (bounded since

> ¥ < o0). Multiplying equation[33|by M1 and applying Robbins-Siegmund with a; = pn, /2
2

and Lemma(so %E[ef] = O(8}/n;) is summable) yields:

= ) 6t: q>%

E [”wt - w(At)Hﬂ = O(ny), E [(At - /\*)2} = O(Bt).

Hence E [||w; — w(\)||?] = O(1/t) and E||A; — A, |2 = O(1/¢) (with the log factor from ;).

In order to get the rate for ||w; — w||, use the decomposition:

lwi — w, | < [lw; —wXe)[| + lw(re) — wX)[| < O() + Law |Ae = Au| < O(1r)

Why log-slowing is necessary here. The Lyapunov recursion equation [33|requires:
> 52
DR
1
With 7, = 19/ (t +to), choosing 8; = Bo/((t+to)(log(t+10))?) and any ¢ > 5 gives >, B2 /s ~

> W < o0, while preserving Robbins—Monro (3~ 8; = 00, > 7 < 00).

The curious reader can also the ponder possibility of using variance-reduction techniques by in-
creasing the batch size B; used to estimate 1/, so that the summability condition is ), n%t < 00,
which is true when both 7, and (; are ©(t) as long as B; > O(t*) for some a > 0.

B.8 PROOF OF GROUP SPARSITY CHARACTERIZATION

Theorem 5 (Practical characterization 2). If 3A € S_lfL such that ||V f(w(X)) — Awp (V)] <

A then |Jwp|| = 0. Hence, it follows that for o w o [u(w)]jeq1) with u;(w) =
[V, f(w) — Ajwy, || and A € S5, if A € A( ,(;“)) then the solution w(\) has at most k active
blocks, i.e. iz ({||wp, ()|, .- ., [|ws, (N)||}) < &

Proof. The optimality (KKT) conditions for w* € argmin,, Fg(-; \) are
0, € Vf(w*) + AoQp(w™). (34)
These specialize block-wise as follows:

Vo f(w*)ll2 < A, if wy =0,

Vof(w*) = ~A—2b_  ifwy 0. (35)
[wgll2
Fix any A € Sf . and define the per-block nonnegative scores:
U](IE) = ||Vb]f(w)_AJ ’lUb].”Q, ]: ]-77p7 (36)
and the order-statistic functional
A
W (w) = (w), . up(w)] € Ry (37)
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Fix a block b = b;. If wy = 0, there is nothing to prove. Suppose instead that wy # 0. By the
block-wise KKT condition equation

w*
Vo f(w*) = —A—2—.
|wg |2
Write w} = rv with 7 == ||Jw||2 > 0 and ||v||2 = 1. Then

Vof(w*) — Ajwy = —Av —1Ajv.
Lety :=v' Ajv > 0 (since A; > 0) and decompose A;v = yv + n with v L n. Then
I=Av = rAol3 = [|(=A = ry)v = ralf = (A +19)* +r2n]3 > (A +77)* > N,
because ry > 0. Hence ||V f(w*) — A;wj||2 > A. Take the contrapositive to yield the claim. [J

C EXTENDED NOTES

C.1 RELAXING THE STRONG CONVEXITY ASSUMPTION
Theorem C.1. Fix A > 0 and let v > 0. Define w~ := argmin,, F.,(w) where the ~y-strongly
convex Tikhonov-perturbed objective is:
v
Fy(w) i= F(w, ) + 2w,

Let w' = arg ming,eq () ||w| be the minimum-Euclidean-norm solution. Then, for every v > 0 the
following holds:

* Norm shrinkage. ||w. | < ||w:||.
* Minimal-norm selection. w., — whasy — 07F.

e Exact value-gap identity and bound.
0 < F(wy, A) = F(w', ) < 3(||lw']* — [[w,[?) (38)

Proof. We have the optimality conditions:
0, € dF(w,,\) +yw,, and 0, € IF(w',\). (39)

Pick g, € OF (w., \) and g* € OF (w', \) with g, = —vyw.,, and g* = 0. Maximal monotonicity
from Equation yields:

(97 = 9" wy —w') > 0= —y(w,, w, —w') >0.

Hence, (w.,, w') > |Jw, ||?, and by Cauchy-Schwarz ||w, || < ||wT].

For any w,
Ey(w) > Fy(w,).
With w = w:
F(wy, A) = Fw',A) < 3 (lw* — [|w,]?) (“40)
we also have:
F(w,,\) - F(w',X) > 0 “D

From Equations (40) and (1)) we get Equation (38).

Using the strict convexity of I, an equivalent polarized form yields:
F(wy, \) — F(w',\) < fy('wy,wT —w,),

Let v | 0 and w,, — w along a convergent subsequence (existence by compactness). Choose
Gy € OF(wa,, A) with g,, = —yw,, — 0. Closedness of the graph of OF yields 0 € OF (w),
so w € wA. Moreover, the polarized inequality gives:

(wy,w —w,)>0 = (w,w —w)>0.
This characterizes the Euclidean projection of 0,, onto the closed convex set w(\); hence w =

Py (0) = w'. As every subsequence has the same limit w, the full sequence satisfies w., — w’
asy { 0. O
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C.2 DETERMINISTIC LINEAR RATE VIA INTERMITTENT SCHEME

Theorem 6 (Linear Convergence Rate (Deterministic)). Let T be a fixed interval length, and assume
U is contractive in a neighborhood of \,, i.e., there exists a constant v € [0,1) such that |U(\) —
U ()| < A = M| for all X in this neighborhood. Consider the sequence (A )y generated by the
intermittent schedule 5 € (0, 1) and let \i, = \g. Then the sequence ()i, converges linearly to a
neighborhood of \, with a radius of O(pT). Specifically, the following bound holds:

T
Mer1 — A < [1—5(1—7)]|Ak—>\*|+0<1p_0>. (42)

Proof. We analyze the intermittent schedule with constant 8. Let A\, = Axpr and wy, = wyr.

In the interval ¢t € [kT,(k + 1)T — 1), A = Ay is fixed. The w-updates converge geometrically
towards w(Ap): [|[wesnyr — w(Ae)|| < p7l|wrr — w(Ag)]|. Let D be an upper bound on [|w; —
w(Ar)|l-

The error term in the A-update at step k + 1 (using wj41y7) i € = Y (Wig1)r) — ¥(Ar). We

have |ex| = [t (Wi s1)r) — Yu(wM))] < Ly winyr — we)|| < Lyp” lwrr —w(A)|| <
Ly Dp™. This error can be made small by choosing 7T large.

For the A-update: Agyr1 = A + B(W(Ag) — Ak + €x). We have:

Apr1r = Ap + BT (M) — U (A\)) = B(Ak — As) + Bex
= (1= B)Ak + B(¥(Ak) — T(\)) + Bex

Using the contractivity assumption,

|Akt1] < 1= Bl[Ak| + By[Ak| + Blek]
< (|1 =B+ Bv) |Ak| + BLyDp"
—_— —

[ea

U(Ak) = U(A)| < vlAk:

For 0 < 8 < 1, this requires 0 = 1 — 5 + vy < 1, which simplifies to 5(1 — ) > 0 (true since
B>0,y<1). Thus,oc =1—-5(1—7) < 1.

The recurrence |Ag41| < o|Ag| + CpT (where C = BLy, D) shows linear convergence to a neigh-
borhood of \,. Specifically:

CpT

‘Ak| S O’k‘A0| + 17
— 0

(43)

The error converges linearly towards a ball of radius O(p?). For convergence to \,, 7' must be large
enough relative to the desired precision. The convergence rate is ¢ = 1 — 3(1 — ) per k (per T
steps).

For the sequence w;:

|wir — w|| < [lwer — we)[| + [[w(Ak) — wA||
<p'D' + LA, — A\

(where D’ bounds ||wgr — w()\)|, which might depend on k). Both terms decrease towards zero
(the first geometrically in 7', the second linearly in k). O

Note on intermittent schedule: If j3; is zero except at ¢ = kT, the tracking argument ||w; —
w(A¢)|| — 0 is strengthened. Between A-updates, w; converges geometrically towards the fixed
w(Agr). Thus, at times ¢ = kT, the error ||wir — w(A(x—1)7)|| (or [|wrr — w(Axr)|| depending
on timing) can be made very small by choosing 7" large, making the noise term €7 in the A-update
small. The overall ODE analysis structure remains applicable.
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C.3 SPARSITY ALGEBRA

A novel sparsity algebra is proposed to provide a structured and unified framework for applying di-
verse sparsity constraints to (neural network) parameters. This algebra is composed of three funda-
mental components: the sparsity block, the sparsity group, and Group coupling. These components
can be combined to express a wide range of structured sparsity patterns, from fine-grained N:M
sparsity to coarse-grained channel and layer-level pruning.

C.3.1 FORMULATION

Let a parameter tensor be denoted by W € R%1%"*dm The proposed sparsity algebra introduces a
hierarchical structure onto this tensor.

Sparsity Block The fundamental unit of sparsity is the sparsity block. The tensor W is parti-
tioned into non-overlapping, equally-sized blocks. The block dimensions are defined by a tuple b =

(b1,...,bn), where each tensor dimension d; must be divisible by the corresponding block dimen-
sion b;. This creates a grid of blocks 5 with dimensions B = (‘;—i, ey ‘lf’” ). Eachblock W,, ;€

RP1%Xbm consists of the elements of W indexed by [i1b1 : (i1 + 1)b1, ..+, imbm & (im + 1)bm).
The pruning decision is applied at the block level, meaning all weights within a single block are
pruned or kept together.

Sparsity Group A sparsity group is a collection of sparsity blocks. The grid of blocks B is further
partitioned into groups defined by a tuple g = (g1, ..., gm), where for each axis 4, the block grid
dimension B; = d;/b; must be divisible by g;. This results in a grid of groups G with dimensions
(%7 ey %). Each group contains |g| := []\", g; sparsity blocks. The sparsity level « is applied
within each group, resulting in a sparsity of 1 — ﬁ.

Group Coupling To enforce sparsity constraints jointly across multiple parameter tensors, the

concept of Group coupling is introduced. A set of parameter tensors {W(l), . ,W(k)} can be cou-
pled, allowing a global sparsity constraint to be applied across their corresponding groups. This is
particularly useful for maintaining a global level of sparsity or for co-pruning related parameters.
The coupling mechanism aligns the group grids of the different tensors, potentially with permuta-
tions of their axes, and applies a unified sparsity criterion across them.

C.3.2 SPARSITY EXAMPLES

The flexibility of this algebra allows for the formulation of various structured sparsity patterns.

2:4 Sparsity A common hardware-accelerated pattern is 2:4 sparsity, where two out of every four
elements must be zero. This can be formulated using our algebra on a weight matrix W € R™*™,
We first define a block size of b = (1, 1) to consider individual weights. We then group these blocks
into 1 x 4 contiguous sets by defining a group of size g = (1,4). Within each group, we enforce
that only « = 2 elements (blocks) are kept, thereby achieving 2:4 sparsity along the rows.

k-Block Row Sparsity To enforce a fixed number of non-zero blocks in each row of a block-
partitioned matrix, we can define a group that encompasses an entire row of blocks. For a matrix
with block grid dimensions (B7, Bs), we set the group size to g = (1, By). Within each of these
row-groups, we can then keep « of blocks per row block (group).

Channel-wise Sparsity For a 2D convolutional layer, the weight tensor is typically of shape W &
RCout XcinXknXkw where c,,; and c;, are the number of output and input channels, and kj,, k,, are
the kernel height and width. To achieve channel-wise sparsity where each output channel connects to
only x input channels, define the blocks to be the filter weights corresponding to a single input-output
channel connection, i.e., b = (1, 1, ky, k4, ). The resulting block grid has dimensions (Coyt, Cin, 1, 1).
We then group all blocks corresponding to a single output channel by setting the group size to
g = (1,¢in,1,1). For each of these groups, we enforce that only x blocks (i.e., connections to x
input channels) are kept.
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Global Thresholding with Coupling A significant challenge in pruning is determining the appro-
priate sparsity level for each layer. Global thresholding applies a single criterion across the entire
network, imposing a uniform sparsity pressure without requiring per-layer hyperparameter tuning.
Our algebra provides a structured mechanism for this via group coupling.

For instance, consider an MLP with two layers, W, € R1024x2048 and W}, ¢ R2048x1024 We can
prune entire neurons in the hidden layer by coupling the columns of W with the rows of W5. We set
a block size of b(") = b(2) = (16,16). The block grids are B(Y) = (64, 128) and B = (128, 64).
To group along the hidden dimension, we set group sizes ') = (64, 1) and ¢® = (1,64). These
yields group grids of shape (1, 128) for W7 and (128, 1) for W5. By coupling these two group grids
(permuting the axes of one to align them), we can jointly select the top x groups, effectively keeping
only x X 16 neurons in the hidden layer.

Alternatively, for global block-level sparsity, we can set the group size equal to the block grid size
for each tensor (g = B). This creates one large group per tensor. Coupling these groups allows us
to keep ~ blocks across the entire 2-layer MLP.

C.4 DENSE-4:16 BLOCK-SPARSE MATMUL KERNEL

import torch
import triton
import triton.language as tl

DTYPE = torch.floatlé

@triton.Jjit
def grouped_block_sparse_kernel_vec (
a_ptr,
b_values_ptr,
b_indices_ptr,
c_ptr,
MI
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N,

K,

stride_am,

stride_ak,

stride_cm,

stride_cn,

B_K: tl.constexpr,

B_N: tl.constexpr,

GROUP_SIZE: tl.constexpr, # 16
NNZ_PER_GROUP: tl.constexpr, # 2,4,8
BLOCK_SIZE_M: tl.constexpr,
GROUP_M: tl.constexpr,

nwn

pid_m = tl.program_id(axis=0)

pid_n = tl.program_id(axis=1)
num_pid_m = tl.cdiv (M, BLOCK_SIZE_M)
num_pid_n = tl.cdiv (N, B_N)

pid_m, pid_n = tl.swizzle2d(pid_m, pid_n, num_pid_m, num_pid_n,
GROUP_M)

m_start pid_m » BLOCK_SIZE_M

n_start = pid_n % B_N

offs_m = m_start + tl.arange (0, BLOCK_SIZE_M)
offs_n = n_start + tl.arange (0, B_N)

c_ptrs = c_ptr + offs_m[:, None] x stride_cm + offs_n[None, :] =
stride_cn
c_mask = (offs_m[:, None] < M) & (offs_n[None, :] < N)

accumulator = tl.zeros ((BLOCK_SIZE_M, B_N), dtype=tl.float32)

k_blocks = K // B_K

groups_per_col = k_blocks // GROUP_SIZE

indices_per_col = groups_per_col x NNZ_PER_GROUP
values_per_col = indices_per_col x B_K % B_N
col_indices_base = b_indices_ptr + pid_n % indices_per_col
col_values_base = b_values_ptr + pid_n * values_per_col
offs_i = tl.arange (0, NNZ_PER_GROUP)

b_offs = tl.arange (0, NNZ_PER_GROUP % B_K x B_N)
group_indices_ptr = col_indices_base

b_group_start = col_values_base

b_ptrs = b_group_start + b_offs

for g in range (groups_per_col):
b_group_flat = tl.load(b_ptrs)

local_block_indices = tl.load(group_indices_ptr + offs_i)
global_block_indices = g * GROUP_SIZE + local_block_indices
k_offsets_scattered = (
global_block_indices[:, None] » B_K + tl.arange (0, B_K) [None,
:]
)
k_offsets_flat = tl.reshape (k_offsets_scattered, (NNZ_PER_GROUP =«
B_K,))
a_ptrs = (
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a_ptr

+ offs_m[:, None] * stride_am

+ k_offsets_flat[None, :] x stride_ak
)
a_tile = tl.load(a_ptrs, mask=(offs_m[:, None] < M), other=0.0)
b_tile = tl.reshape(b_group_flat, (NNZ_PER_GROUP % B_K, B_N))

accumulator += tl.dot(a_tile, b_tile)

group_indices_ptr += NNZ_PER_GROUP
b_ptrs += NNZ_PER_GROUP % (B_K % B_N)
tl.store(c_ptrs, accumulator, mask=c_mask)
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C.5 PROXIMAL ADAM OPTIMIZER

Algorithm 3 Adam Optimizer Algorithm 4 Group Proximal Adam
Require: Step size 7, decay rates 31, 32 € Require: Regularization (23 and Adam
[0, 1), objective f(w) optimizer.
1: Inmitialize my < 0, vy < 0,¢ + 0 Initialize Adam(a, 81, B2)
2: whilet < T do while ¢ < T do
3 t+t+1 Run one Adam step to get v = wy
4 gy < Vofi(wi_q) Define H = diag(?:)
5 mp+ Promu_1+(1—051) g for each block b € B do
6: Vg < 52 s Vi1 + (1 — 62) . gf if HHb,bUbH < 77)\ then
7: ﬁlt — mt/(l — B{) Wi p +~ 0.
8: v /(1— %) else
9: w4 w1 — -y / (V0 +e) Solve for 4 using Equation (45)
10: end while Set wy, < (Hpp + pI) " Hywy,
11: return wy end if
end for
end while
return wr

To extend the soft-thresholding operator to the class of adaptive gradient methods, we construct a
local quadratic approximation of the objective F at iteration t. We employ the norm || - || g7, induced
by the symmetric positive-definite preconditioner H, defined such that (x, y) g, = (x, H.y).

The surrogate objective function is given by:
. 1
Fy(w) = f(w) + (my, w — wy) + %Hw — w||H® + Qp.g(w),
t

where 1, denotes the first moment estimate of the gradient.

The update rule is the minimizer of this regularized quadratic model:
Wiy = proxyre, (w, — e Hy ') (44)

where the proximal operator is defined under the H;-norm as:
) 1
proxgb(u) £ arg min <2v7||w —ul|H? + Qg,g(w)) .
w t

When €2 ¢ is the element-wise ¢ regularization, we obtain the same Proximal Adam expression
introduced by Melchior et al.| (2020), which is equivalent to using a pseudo element-wise learning
rate fjy = z-.

Proposition 1 (Separable Adaptive Soft-Thresholding with Adam). Let Q(w) = A||w||1 and let
H,; = diag(h) be a diagonal positive-definite matrix. Given the intermediate iterate u; = w; —

nthflrht, the update w1 is given element-wise by:

MA
Wig1,; = sgn(ug ;) - max | 0, |ug | — h .
ti

)2

Proof. Since H, is diagonal and the ¢; norm is separable, the objective ®(w) decouples into inde-
pendent scalar problems for each coordinate 7. Dropping the subscript ¢ for brevity:

b
Hlluln {2;7(1111 —u)® + /\wi|} )

The first-order optimality condition requires zero to be in the subdifferential of the objective with
respect to w;:

0€e %(wl —u;) + A0|w;.
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Rearranging for w;:

u; € w; + f6|wz|

which equivalent to the Euclidean soft-thresholding with A= % Hence:
A

w; = sgn(u;) max (O, |u;| — Z) .

O

With group /¢; regularization {3 g, there is no closed form for the proximal operator, but we can
compute it efficiently using a root finding method (Becker et al., 2018} |Adler et al., 2020).

Adam with Block-wise soft-thresholding With a diagonal H;, the problem decouples to a soft
threshold per-block using the group threshold A := \; for some i € {1...,q}. We denote the
intermediate update for block b as:

V= Wyt — 7)th,b_l"hb,t
Without loss of generality, we will drop the block index b and assume we have a single block:

w* — argminQ—}hH'w —v||f, + Alwl:
w
then we need to find w* such that:

1
——H(w* —v) € Ad||w"||2
Nt

It’s is straightforward to show that:
|Hv| <A <= w" =0
We notice here that the Euclidean metric (H = I) is a special case.

If |Hv|| > m A then w* # 0 and 9||w*||2 = ﬁ and we get:

1
—H +A—=0
H@ o)+ A

> 0, then:

Denote 1 :=

Hw*H

Hw" —v)+pw* =0
The solution is then:
H,,
=(H+ul) 'Hv = {“] o
Hii + 1] e

The scalar 1 > 0 is the unique root of the one-dimensional equation for H = diag(H;):

A= G00) = L+ 1) B0l = o [ 3 () @s)

i€b

C is strictly increasing in p with ((0) = 0 and {(+o00) = ||[Hwv|| > m: A, so the equation has a unique
solution. It can be found efficiently by a simple bisection search.

The group soft-thresholding operator for a diagonal Newton matrix is therefore:

HEET(H + ul)" H v, otherwise,
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where p > 0 solves Equation (45). In component form:

0, i¢ G,
Wiyl = H;;

— v, 1€G.
H;; + p

When the Hessian is the identity (Hy = I), h; = 1 for all 4, it reduces to nA = p||v]|2/(1 + p),

yielding the familiar block soft-thresholding ( 1- ﬁ) LU
Let:
S = ||Hv|3, Amin = min Hy;, Mmax = max Hy;.

We bound the sum by min/max of h;;, because every term in the sum is positive:

1 1 1
< <
(hmax + M)Q - (Hn + M)Z o (hmin + M)Z ’

Multiplying by the non-negative constants H2v? and summing gives

2 2
KM 2 K
B . . . L A ——
(hmax + N)Q - o (hmin + ,LL)2

Both sides increase monotonically in p. Therefore, the solution p* is bracketed by the two solutions
of the equalities:

2 2
ad — A2 [ep—— — A2,

(hrnax + //5)2 N (hrnin + l/’/)z N

Hence, provided that the solution exists (i.e. v/S > )), the unique positive root is:

Ah

M= s

(the denominator is the same for both h;, and hpax).

With the two extreme values of A we obtain:

and

\ Mow < K < Hhigh \

These bounds are inexpensive to compute (one pass to obtain S, hyin, hmax) and provide a tight in-
terval that guarantees convergence of the Newton step for the soft-thresholding operator in a convex
optimization problem.

Early exit: if n\ > /S (equivalently || Hyv |2 < 7)) we immediately set the block component to
zero and skip all further work.

31



Under review as a conference paper at ICLR 2026

Proximal AdamW To derive the AdamW optimization step within the local linearization frame-
work, we must first understand why standard L» regularization fails to yield the desired decoupled
weight decay.

Recall the local quadratic approximation for standard Adam at time ¢, using the norm induced by
H,; = diag(,)"/?:
. . 1
min | f(w;) + (w — wy, M) + %Hw - 'wt||%{t (46)
w t
Taking the gradient with respect to w and setting it to zero yields the standard Adam update:

. 1 1
my + ;Ht(w — wt) =0 = Wiyl = W — 7’]th 1mt
t

If we add standard L, regularization, £||w||3, to the objective in Eq. equation @ the gradient
condition becomes:
mg + pw + ant('w —w) =0
Assuming the approximation w ~ w;, for the refgularization gradient, the update becomes:
w1 ~ wy — 0 H (g + pwy)
Here, the decay term pw; is scaled by the preconditioner H,; '. This couples the regularization with

the adaptive learning rates, leading to inconsistent decay across parameters—the issue AdamW aims
to solve.

ADAMW FORMULATION

AdamW decouples weight decay from the adaptive gradient step. The target update rule is:

—1 A

Wi = wy — neHy my — e pwy
To achieve this within the proximal framework, we must adjust the regularization term in the objec-
tive function to counteract the geometry of Hj.
We introduce a preconditioned linearization of the regularization term. Instead of the standard
Euclidean inner product, we align the penalty with the metric H:
Q(w) = p{w — wy, wi) w1,

Substituting this into the local approximation objective:

N 1
?damW(’w) = f(we) + (w — wy, M) + p{w — wy, W) g, + 7277 |lw — wt||§qt 47)
t

Linearized Loss Preconditioned Decay
Trust Region

We minimize %"V (w) with respect to w. Recall that (z, y)rr, = = ' Hyy.
Ve i (w) = iy + pHyw, + %Ht(w — wy)
Setting the gradient to zero: t
0=m; + pHyw,; + %Ht(w —wy)

1 .
_;Ht(w —wy) = my; + pHw,

t

Multiplying both sides by —n, H; *:
w —w; = —nHy g —nep Hy " Hy wy
I
Wil = Wy — N (Ht_lmt + pwt)

This recovers the exact AdamW update step, where the weight decay pw; is applied isotropically,
independent of the adaptive scaling H,” L

As such, the proximal AdamW is equivalent to proximal Adam if we use the update v = w; —
ne(Hy t1ig + pwy)
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