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ON INVARIANCE PENALTIES FOR RISK MINIMIZATION

ABSTRACT

The Invariant Risk Minimization (IRM) principle was first proposed by |Arjovsky
et al. (2019) to address the domain generalization problem by leveraging data het-
erogeneity from differing experimental conditions. Specifically, IRM seeks to find
a data representation under which an optimal classifier remains invariant across
all domains. Despite the conceptual appeal of IRM, the effectiveness of the origi-
nally proposed invariance penalty has recently been brought into question through
stylized experiments and counterexamples. In this work, we investigate the rela-
tionship between the data representation, invariance penalty, and risk. In doing so,
we propose a novel invariance penalty, and utilize it to design an adaptive rule for
tuning the coefficient of the penalty proposed by |Arjovsky et al.| (2019). More-
over, we provide practical insights on how to avoid the potential failure of IRM
considered in the nascent counterexamples. Finally, we conduct numerical exper-
iments on both synthetic and real-world data sets with the objective of building
invariant predictors. In our non-synthetic experiments, we sought to build a pre-
dictor of human health status using a collection of data sets from various studies
which investigate the relationship between human gut microbiome and a particu-
lar disease. We substantiate the effectiveness of our proposed approach on these
data sets and thus further facilitate the adoption of the IRM principle in other
real-world applications.

1 INTRODUCTION

Under the learning paradigm of Empirical Risk Minimization (ERM) (Vapnikl [1992), data is as-
sumed to consist of independent and identically distributed (iid) samples from an underlying gen-
erating distribution. As the data generating distribution is often unknown in practice, ERM seeks
predictors with minimal average training error (i.e., empirical risk) over the training set. However,
shuffling and treating data as iid risks possibly losing important information about the underlying
conditions of the data generating process. Despite becoming a ubiquitous paradigm in machine
learning, a growing body of literature (Arjovsky et al.l [2019; [Teney et al. |2020) has revealed that
ERM and the the common practice of shuffling data inadvertently results in capturing all correlations
found in the training data, whether spurious or causal, and produces models that fail to generalize
to test data. The potential variation of experimental conditions that can exist at training time and
during deployment in real-world applications, manifests in discrepancies between training and test-
ing distributions. This, in turn, highlights the need for machine learning algorithms to generalize
out-of-distribution (OoD).

Shuffling and treating data as iid risks possibly losing important information about the underlying
conditions of the data generating process. As will be demonstrated in this work, partitioning training
data into environments, e.g., based on the conditions under which data is generated, can exploit these
differences to enhance generalization. One promising approach based on this observation is that of
Arjovsky et al.[(2019), in which the principle of Invariant Risk Minimization (IRM) is introduced.
The objective of IRM is to find a predictor that is invariant across all training environments (see
Definition [I|and Equation [I). Because of the conceptually appealing nature of IRM and its potential
to address the OoD-generalization problem, there is a stream of literature scrutinizing various facets
of the original framework, e.g., extensions to other settings including online learning (Javed et al.,
2020) and treatment effect estimation (Shi et al., |2020), fairness (Adragna et al., [2020), introduc-
ing game-theoretic interpretations (Ahuja et al., [2020), and raising concerns on the drawbacks and
limitations of current IRM implementations (Rosenfeld et al.|[2021; [Kamath et al.,|2021)). For an in-
depth overview of the broader generalization literature, we refer the interested reader to (Arjovsky,
2020) and the references therein, and for an empirical evaluation of the performance of a number
of the state-of-the-art methods on various test cases, we refer the reader to (Gulrajani & Lopez-Paz,
2020).
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In this paper, we introduce two practical implementations of the IRM principal to increase its ap-
peal and applicability in real-world settings. First, we propose an invariance penalty that is directly
related to risk. More precisely, we show that the risk in each environment under an arbitrary clas-
sifier equals to the risk under the optimal classifier for that environment plus the newly proposed
invariance penalty between the said classifier and the optimal one. Second, we build on these ini-
tial findings to provide practitioners who currently use the original IRMv1 implementation with an
adaptive rule by which to choose the penalty coefficient appropriately. In doing so, we character-
ize the difference between our proposed invariance penalty and the one proposed by |Arjovsky et al.
(2019) in terms of the eigenvalues of the Gram matrix of the data representation. This eigenstructure
plays a significant role in the failure of invariance penalties including the one proposed by |Arjovsky
et al.[(2019).

In addition to providing practitioners with two valid approaches for implementing IRM, this work
serves to illustrate the importance of the eigenstructure of the Gram matrix of the data representation
for IRM. In particular, we revisit the counterexample of Rosenfeld et al.|(2021)) where the invariance
penalty of |Arjovsky et al.| (2019) can be made arbitrarily small for a non-invariant representation.
We show that the Gram matrix is ill-conditioned in such cases. We then provide a practical solution
to alleviate such behavior, in particular for the case where the representation is parameterized by a
neural network. Moreover, we show that the proposed framework finds an invariant predictor for
the setting in which the data is generated according to a linear Structural Equation Model (SEM)
when provided a sufficient number of training environments under a mild non-degeneracy condition,
which is similar in nature to the ones considered in (Arjovsky et al., 2019} |[Rosenfeld et al., [2021).
Finally, we evaluate our method on various test cases including InvarianceUnitTests (Aubin et al.,
2020) and HealthyGutTests. InvarianceUnitTests is a test bed with three synthetically generated data
sets capturing different structures of spurious correlations. HealthyGutTests is a curated collection
of biomedical data sets based on a prior meta-analysis of various microbiome studies (Gupta et al.,
2020) in which the relationships between human gut microbiome composition and various disease
phenotypes can be investigated.

The remainder of the paper is organized as follows. In Section [2] we formally define the notion
of invariant prediction, the invariant risk minimization principle, and its relaxation proposed by
Arjovsky et al.|(2019). In Sections [3]and ] we introduce our more practical implementation and the
rationale for its design. In Section[5] we evaluate the efficacy of our proposed model and compare it
with other variations of IRM over a series of experiments. We conclude the paper in Section 6] All
mathematical proofs are presented in the Appendix.

2 BACKGROUND: INVARIANT PREDICTION

In this paper, we consider data (X¢,Y¢) collected from multiple training environments e € &,
where the distribution of (X, Y*) and (X7, Y”) may be different for i # j with i,5 € &,. We
denote by R, the risk under environment e. That is, for predictor f : X — ), and loss function
0:Y x Y — R, the risk under environment e is defined as R.(f) = Exe y[¢(f(X¢),Y®)].

2.1 INVARIANT RISK MINIMIZATION

Arjovsky et al.|(2019) define the notion of invariant predictors under a multi-environment setting as
follows.

Definition 1 (Invariant Predictor). A data representation ¢ : X — H is said to elicit an invariant
predictor w o ¢ across environments £ if there exists a classifier w : H — ), which is optimal for
all environments, i.e., w € argming.;, .y Re (W o @) foralle € £.

To find such invariant predictors, |Arjovsky et al.| (2019) introduce the notion of the Invariant Risk
Minimization (IRM) principle:

min, > Re(woy)
wH—Y € (1)

subject to w € argmin R, (W o @), Ve € &;.
WH—Y
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As this bi-leveled optimization problem is rather intractable, Arjovsky et al.| (2019) propose a prac-
tical implementation of IRM by relaxing the invariance constraint (which itself requires solving an
optimization problem) to an invariance penalty. We review its derivation in what follows.

2.2 IRMvVI1: A RELAXATION OF IRM

In order to provide an implementation of IRM, |Arjovsky et al.| (2019) restrict the classifier w to
linear functions, i.e.,
. T

gogflgl?-l Z Re (w (,0)

wGRd‘P e€Ey

subject to w € argmin R, (@Tcp) , Ve € &

WERYY

To motivate their proposed penalty, |Arjovsky et al.| (2019) first consider the squared loss, i.e.,
0(f(z),y) = || f(x) — y||* where || - || denotes the Euclidean norm. Define matrix Z.(¢) as

Z(p) == Exe [p(X)p(X)T]. 3)
Assuming that Z.(p) is full rank for a fixed ¢, its respective optimal classifier is unique, i.e.,
argmin g pa, Re (07 ) = w} () where
we () == Ze(p) " Exe ye [o(X)Y]. )
Hence, in this setting, the invariant constraint of IRM in equatlonlcan be simplified to w = w}(p
forall e € &,,. A natural relaxation of the constraint w — w} (¢) = 0 to a penalty is ||w — w?(p )||2ﬁ.]
However, |Arjovsky et al.| (2019) show that this penalty may not capture invariance by constructing

an example for which [Jw — w?(¢)]|? is not well behaved (see Sectlonnfor more details). They
argue that undoing the matrix inversion Z.(p) "1, which appears in the computation of w?(¢) could

2

improve the behavior of the invariance penalty. That i is, considering || Z. () (w — wi(p )) |% as the
invariance penalty. Moreover, for the squared loss, one can show that
2 2
IZe (o) (w = wi(@)]* = (1/4) [V Re (T 9)|- ©)
Hence, |Arjovsky et al.|(2019) propose the following invariance penalty
v 2
P (g, w) = ||V Re(w' )" (©6)
Using the penalty equation[6] the relaxation of IRM is given by
min > R ) + Aot (i, w), (7)
e€E:r

where A > 0 is the penalty coefficient. Notice that for a given w and ¢, the predictor w o ¢ can be
expressed using different classifiers and data representations, i.e., wo¢ = 1o @ where @ = wo~!
and ¢ = 1) o ¢ for some invertible mapping v : H — H. Hence, in principle, it is possible to fix w
without loss of generality. By relying on this observation, |/Arjovsky et al.|(2019) fix the classifier as
a scalar w = 1, and, thus, search for an invariant data representation of the form ¢ € R1*de  Their
relaxation of IRM, which they refer to by IRMvl1 is given by

mm > Re () + MMV, 1.0). (IRMv1)
e€Eyr
Although equation ﬂonly holds for squared loss, |Arjovsky et al.| (2019} Theorem 4) justify the choice
of |Vujw=1.0Re(w " ©) ||? as an invariance penalty for other loss functions, e.g., cross-entropy loss.
More precisely, let ® be the matrix that parameterizes the data representation. They show that for
all convex differentiable loss functions, (w' ®)"V,, R(w'®) = 0 if and only if w is optimal for all
environments.

Although the penalty pIRMV1( 1.0) seems to be an appropriate invariance penalty, which is eas-
ily implementable, its effectiveness to capture invariance has been brought into question. In par-
ticular, Rosenfeld et al.| (2021)) construct a non-invariant data representation such that the penalty
pIRMYL (5 1.0) is arbitrarily small. In what follows, we propose an alternative invariance penalty
that is directly comparable to risk. Hence, if the invariance penalty of a classifier is small, then so is

the difference between its risk and the risk under the optimal classifier.

'In the presence of known exogenous (environment dependent) variables, one can utilize anchor regression
Rothenhausler et al.|(2021) that is conceptually related to the invariance penalization. Instead of an invariance
penalty, anchor regression relies on the projection onto the span of the said variables.
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3 IRMV2: AN ALTERNATIVE PENALTY

We revisit the structure of the risk in order to propose an alternative penalty. In particular, in the fol-
lowing Lemma, we provide the sub-optimality gap of risk under an arbitrary classifier in comparison
to the optimal classifier.

Lemma 1. Consider squared loss function. Let w € R% and w* () as defined in equation Then,
2
Re (w76) = Re (wi(9) ) + |Ze(0) /2 (w = wile))| - ®)
Based on Lemmal [I] we propose an invariance penalty that is directly comparable to risk.

2
P2 (0, w) = [ Z(0) /2 (w — i ()| ©)
The relaxation of IRM using the penalty equation [J]is then given by

min Z Re(w " ) 4+ ApIBMY2 (o ). (10)
e ec&r

We further simplify the relaxation equation [I0] by finding its optimal classifier for a fixed data rep-
resentation defined as

w*(p) := argmin,, Z Re (w'¢) + MM (0 w). (11)
e€&

In the following Lemma, we leverage on the structure of the squared loss to find w* ().

Lemma 2. Consider squared loss function and fix . Let w} () and w* () as defined in equation]
and equation[I1] respectively. Then,

w*(p) = (Z Ie(so)> (Z Ie(<p)w2(s0)> : (12)

ec&r e€&

Moreover, it holds that

argmin,, Z R, (wT<p) = w*(p). (13)
eEgtr

Based on Lemmas [l and [2] we propose the following relaxation of IRM, which we refer to by
IRMv2.

: * T IRMv2 *
min Z Re (w*(¢) " ¢) + Apg (p, w*(p)). (IRMv2)

We provide the pseudo-code for IRMv2 in Algorithm[I]in Appendix

There are several comments in order. It is worth noting that Equation equation [I3] in Lemma [I]
reveals that for a fixed data representation, the optimal classifiers of ERM and IRMv2 are equal.
However, this equality would not imply the equality of the ERM and IRMv2 predictors (i.e., the
composition of the classifier and the data representation). The latter is due to the presence of the
invariance penalty in the optimization of ¢ in IRMv2 in comparison to ERM.

There are a number of factors distinguishing IRMv2 from IRMv]1. First, IRMv2 relies on the optimal
classifier w*(y) while w = 1.0 in IRMvl. Second, the loss function in IRMv2 is squared loss
while IRMv1 allows for utilization of other loss functions. Although this additional flexibility of
IRMvI may seem appealing, the counterexample of [Rosenfeld et al.|(2021) shows the failure of the
penalty of IRMv1 to capture invariance for logistic loss. More importantly, for squared loss, Z. ()
is incorporated differently in the invariance penalty of IRMv1 and IRMv2. We formalize this latter
observation in the Sectiond.3.1]
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3.1 IRMVI1A: AN ADAPTIVE PENALTY COEFFICIENT

We first bound the invariance penalty of IRMv1 in terms of the penalty of IRMv2 and the eigenvalues
of Z. (). Then, based on this comparison, we propose an adaptive approach in choosing the penalty
coefficient for IRMv1, which we refer to as IRMv1-Adaptive (IRMv1A).

Lemma 3. Let p'RMV(p w) and pIRMV2(p,w) be the invariance penalties of the IRMvI and

IRMv?2 defined in Equations equation[|and equation[9} respectively. Then,
Amin (Ze(#)) pLRMW(SOa w) < /)iRMﬂ (0, w) < Amax (Ze(p)) PiRMVQ (¢, w). (14)

The proof of Lemma directly follows from the definition of the invariance penalties pIR™MV! (¢, w)
and pIRMv2 (o 4p), and the fact that for a symmetric matrix A € R%*< and a vector u € R?, it holds

that Ain (A)|ul|2 < uT Au < Amas (A)]]11]|2.

As IRMv1 is used in practice in conjunction with losses other than squared loss for classification,
in order to justify our adaptive penalty coefficient, we bound the difference of risk for cross-entropy
loss under two different classifiers in terms of the invariance penalty of IRMv2.

Lemma 4. Consider binary classification with cross-entropy loss. Then, for w1, ws € R% it holds
that

[Re(w] @) = Re(wg ¢)| < |Ze(0)*(wr = wy)|.

Using Lemmas [3]and ] we suggest the following rule for the penalty coefficient of IRMv1.
1
Ae 1= ,
A0 + Amin(Ze ()

where Ay > 0 is a user-specified parameter. The role of )¢ is to avoid numerical instability when
Amin (Ze(¢)) is small. Note that this is an adaptive rule, as ¢ may change throughout training.

(15)

4 THEORETICAL RESULTS AND ANALYSIS

In this section, we investigate the effectiveness of IRM and its practical implementations in capturing
invariance by focusing on a setting in which the data is generated according to a Structural Equation
Model (SEM) (Pearl, [2009). SEM refers to a set of equations specifying the relationship between
variables, which is a common structural assumption in causal inference. In particular, under an
SEM, variables are related through a causal graph such that each variable is only a function of its
parents and an exogenous random variable. Similar to |Arjovsky et al|(2019) and Rosenfeld et al.
(2021)), we establish conditions under which IRM recovers an invariant predictor for data generated
according to SEMs with linear functions. We then investigate the role of the eigenstructure of Z.. (),
in particular, in relation to counterexamples of |Arjovsky et al.|(2019) and Rosenfeld et al.| (2021),
and provide practical solution to alleviate the possibility of such failure modes.

4.1 SEM FOR CLASSIFICATION

For each environment e, data (X ¢, Y ¢) is generated according to the following SEM:

7 1 with prob. 7
Xe=8|7°, vye={" ’ !
5 {ZJ ’ {—1, with prob. 1 — 7, ’ (10

where 7 € [0,1], and S € Réx(detde) ig g left invertible matrix, i.e., there exists ST such that
5158 = I. In this model, Z, captures the causal variables that are invariant across environments, and
Z. captures the spurious environment dependent variables.

The variables Z, and Z, are generated as follows
Ze :NCY+WC7 WcNN(Oaagl)a (17)
Zo = peY +W,, We~ N(0,021). (18)

Here, . € R%, ., € R%, and N/ (14, ) denotes multi-variate Gaussian distribution with mean g
and covariance . We further assume that W,, W,, and Y ¢ are independent for all environments.
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4.2 INVARIANT REPRESENTATION UNDER IRM

For the setting introduced in[4.1] the invariant data representation is linear. In particular, for any d >

Iq,
QWMQZBL
in Y, the class of linear representations may be sufficiently reach to elicit an invariant predictor.
Naturally, the possibility of finding an invariant predictor depends on the number and the diversity
of training environments. We now introduce non-degeneracy conditions on training environments
under which IRM is guaranteed to find an invariant predictor, provided sufficient number of training
environments.

0] STX¢ = Z,is an invariant data representation. Given that X is also linear

Let |Ey| > de. As span({pie tece,,) < d, for each e € &, there exists a set of coefficients a§ for
i € & \e such that

ue: Z af,ui. (19)
€& \e

We say that &, is a non-degenerate set of environments if for all e € &, it holds that

> oaf#1, (20)
€€ \e
rank (I'.) = d,, (21)

where I',, is defined as

1
T, = — | 02 + pepl — Z (071 + pipsy ol

]' - Zie&r\e a’i ie&r\e

The conditions of equation [20]and equation [2T|specify that the span of covariance matrices of Z.’s is
R% . This is a natural requirement to eliminate the degrees of freedom on the dependency of the data
representation on the environment dependent features. We note that the non-degeneracy conditions
considered in (Rosenfeld et al.l [2021) are similar to the ones introduced here, with the difference
that instead of depending on covariance matrices of Z, as in equation[21] their condition relies only
on the variances 2. This difference in the non-degeneracy requirements is due to the fact that they
consider logistic loss and we consider squared loss.

Theorem 1. Assume that |E,| > d. where (X¢,Y ©) generated according to equation[16] Consider
a linear data representation X = AZ. + BZ, and a classifier w(®) on top of ® that is invariant,
ie, w(®) = wi(P) forall e € &,. If non-degeneracy conditions Egs. (19 holds, then either
w(®) =00r B=0.

Theorem [I] characterizes the connection between invariant predictors and the diversity of training
environments in the linear setting. Its conclusions are directly applicable to IRM and its relaxations
including IRMv1, v1A, and v2.

4.3 THE ROLE OF Z,(¢)

Recall that the main difference between the invariance penalty of IRMv1 (with squared loss) and
IRMv?2 is the way that Z,. () is incorporated. Although at a first glance this may not seem significant,
in what follows we demonstrate the importance of Z ().

4.3.1 THE POTENTIAL FAILURE OF INVARIANCE PENALIZATION

Arjovsky et al.|(2019) consider a linear Structural Equation Model (SEM) of the following form.
X1 ~N(0,0%), Y = Xy + Z; with Z; ~ N(0,07), Xo =Y + Z with Zo ~ (0, 1),

and X = [X;,X3]". The variance o2 is the only parameter that changes across environments,
and we assume that Z;, Zs, and X; are independent in and across all environments. Hence, in
this setting, X; models the invariant features and X5 models the environmental features as the
correlation between X5 and Y varies across environments.
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Consider the data representation ¢..(x) parameterized by a variable ¢ € R as
_ | X
o0 = |21 @)

where ¢ = 0 attains the invariant data representation, i.e., ¢o(X) = [X1, 0] . Based on this model,
Arjovsky et al.[(2019) argue that ||win, — w?(p.)||? is a poor choice for the invariance penalty as it
is discontinuous at the invariant representation with ¢ = 0, and vanishes as ¢ — co. Interestingly,
Z.(¢.) is ill-conditioned for both small and large ¢’s. More precisely, in Appendix we show that

lij»% K(Ze(pe)) = Cginoo’f(ze(wc» = o0,

where «(-) denotes the condition number. That is, for a normal matrix A, its condition number is
K(A) := [Amax(A)|/|Amin (A)| where A\pax and Apin denote its maximum and minimum eigenval-
ues, respectively.

We now examine the counterexample introduced by |[Rosenfeld et al.| (2021), which is based on
the SEM setting introduced in Section [4.1] and equation [I6] They consider the data representation
©e(X ) defined as

Pe(X©) = [%C] + [Z()e] Liz.gz.y (23)

where {Z, ¢ Z.} is an event with P(Z, € Z.) < p. . where p. . := exp(—de min{e — 1, (e —
1)2}/8). The parameter € > 1 control the degrees to which the environmental variable Z, appears
in the data representation by controlling the set Z, (see equation[40]in the Appendix). In particular,
e (Xe)r converges to the invariant representation as € — 00, i.e., lim._, o, Qe (X¢) = Yiny (X€) 1=
Z.,0]".

Rosenfeld et al.|(2021) show that IRMv1’s invariance penalty ||V, R (w' ¢)||* = O(p2 ), and can
be made arbitrarily small, hence it is poor discrepancy as an invariance penalty. This, together with
the fact that the training risk under ¢, is close to the risk under the invariant representation, they
argue that ¢, is a plausible representation under IRMv1. However, this observation is only true
for the case where ) is a constant. More specifically, ¢, is not a plausible solution of IRMv1 with
adaptive penalty coefficient, e.g., A\(¢) = 1/Amin(Ze(9))%.

4.3.2 PRACTICAL IMPLICATIONS

In both of the examples discussed in Section I(¢) = E[p(X)e(X)T] is singular for the
invariant representation. This is due to the fact that for both of the examples, the span of data
representations ¢(X) is the same as the span of inputs X while the span of the invariant features
is only a small subset of that space. As a consequence, in presence of environment dependent
variables, one should avoid utilizing data representations with codomain that is the same as the
input space. In particular, when ¢ is parameterized by a neural network, the common approach
of setting the size of the last layer equal to K — 1 for K-class classification, and 1 for regression
problem avoids such phenomenon. We further illustrate such behavior on the Colored MNIST ex-
periment, a standard benchmark for evaluating the performance of domain generalization methods.

0.7 TR

Figure [T] illustrate that the test accuracy of \ o '

g
o

IRMv1 drastically drops as we increase the di-
mension of the representation. However, the
test accuracy of IRMv?2 gradually increases first
before dropping in a considerably overflexible
representation. It is worth noting that the con-

dition number of Z(¢y) increases with d,, and 02] ¥ RMVL \ .
is ill-conditioned for large d.,, e.g., x(Z()) > E R
10" when d, = 20438 (see Figurein the Ap- o 1 2 4 8 16 32 64 128 256 512 10242048
pendix). Note that in this experiment, images dy

are down-sampled and contain 14 x 14 pixels, Figure 1: Effect of representation dimension on
ie., dx = 196. test accuracy for IRMv1, IRMv1A, and IRMv2.

0.5

Test Accuracy
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5 EXPERIMENTS

In this section, we empirically evaluate the efficacy of our proposed implementations of IRM,
namely, IRMv2 and IRMv1A with IRMv1 and ERM. We demonstrate the appeal of our approach on
InvarianceUnitTests (Aubin et al., 2020), a synthetic test bed for evaluation of OoD methods with
multiple experiments and data sets, each of which embedding a different causal relationship. We
then evaluate each method on our curated data set HealthyGutTests to illustrate how the principle
of invariant risk minimization can be used to minimize disparities and discrepancies in biomedical
research. For completeness, we also perform numerical experiments on DomainBed, an extensive
framework released by (Gulrajani & Lopez-Paz,[2020) to test domain generalization algorithms for
image classification tasks on various benchmark data sets. Similar to|Gulrajani & Lopez-Paz|(2020),
we also observe that none of the domain generalization algorithms significantly outperform ERM.
We refer the reader to Appendix [E] for the detailed results and further discussion.

5.1 INVARIANCEUNITTESTS

In this section, we evaluate the efficacy of our proposed approaches for invariance discovery on the
InvarianceUnitTests recently proposed by |Aubin et al.[|(2020). These unit-tests entail three classes
of low-dimensional linear problems, each capturing a different structure for inducing spurious cor-
relations. The data set for each problem falls within the multi-environment setting described in
Section with ne = 10*. For all problems, the input 2¢ € R is constructed as 2¢ = (a5,,, 25,,)
where z¢,, € R%n» and TSy € Ré»u denote the invariant and the spurious features, respectively.
To make the problems more realistic, |Aubin et al.| (2020) repeat each experiment and scramble the
inputs by multiplying z¢ by a rotation matrix. In each problem, the spurious correlations that exist
in the training environments are discarded in the test environment by random shuffling. As a basis
for comparison, similar to |/Aubin et al.| (2020), we implement an Oracle ERM where the spurious

correlations are shuffled in the training data sets as well, and hence, ERM can readily identify them.

Table[T]illustrates the training and test errors of the various methods on linear unit test experiments.
One can observe that IRMv2 is the only method that discovered a nearly invariant predictor on
all experiments. However, on classification tasks (Example 2), all other methods except IRMv1A
attained near perfect training accuracy by relying on the spurious correlations while their test accu-
racy was comparable to random guessing as the spurious features were randomly shuffied in the test
set. The stability of IRMv2 in discovering invariant predictors makes it a suitable fit for real-world
applications as we will demonstrate in the following section.

ERM IRMvl1 IRMvIA IRMv2 Oracle
Training ~ Test | Training Test | Training Test | Training Test | Training  Test

Examplel 7.35 14.40 9.47 10.72 12.82 12.87 11.14 11.26 10.49 10.32
Examplels 7.32 14.37 9.36 10.76 12.76 13.24 11.89 12.25 10.43 10.53
Example2 0.03 0.42 0.03 0.45 0.11 0.31 0.26 0.34 0.00 0.00
Example2s 0.03 0.45 0.03 0.45 0.04 0.27 0.22 0.38 0.00 0.00
Example3 0.00 0.37 0.00 0.36 0.49 0.26 0.31 0.40 0.01 0.01
Example3s 0.00 0.37 0.00 0.37 0.49 0.34 0.30 0.41 0.01 0.01

Table 1: Training and Test Errors on InvarianceUnitTests for all algorithms and examples with
(dinv, dspu, denv) = (5,5, 3). The errors for Examples 1 and 1s are in MSE and all others are clas-
sification error. The empirical mean and the standard deviation are computed using 10 independent
experiments. An ‘s’ indicates the scrambled variation of its corresponding problem setting.

5.2 HEALTHYGUTTESTS

In this section, we further evaluate the efficacy of our proposed approaches on a set of experiments
that highlight the importance of generalizability in real-world applications. An increasing number of
microbiome studies have associated various alterations in human gut microbiota composition with
both chronic and acute diseases, providing strong evidence that the gut microbiome is an essential
factor in the maintenance of human health. HealthyGutTests is a curated set of microbiomes ex-
tracted from an extensively phenotyped and standardized meta-analysis cohort (Gupta et al., [2020)
of 1770 individuals across 10 independent studies (Supplementary Table [7). Study selection was
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limited to case-control studies in adult populations wherein Whole-Genome Sequencing (WGS)
metagenome data of human stool (gut microbiome) and corresponding subject meta-data were pub-
licly available. To reduce class imbalance, studies consisting of only control samples (healthy) or
those with fewer than 100 total samples were excluded.

This data set reflects the characteristics of the domain generalization problem setting, as the data
for each study is collected by different researchers, across various timepoints, locations and demo-
graphic populations. With this gut microbiome data set, we seek to illustrate a use-case in which the
IRM principle can be used to minimize the effect of spurious correlations confounding the discov-
ery of real explanatory variables and thus build a fair and trustworthy ML model that is appropriate
for real-world deployment in a biomedical setting. We consider the task of human health status
classification: predicting the binary label (healthy/unhealthy) associated with a sample. The data
set falls within the multi-environment setting described in Section 2, with n, = 10 and inputs z°
consisting of 992 features, where each feature corresponds to a unique microbial species. When data
from multiple studies are collectively analyzed, systematic variation across different studies can give
rise to biases known as “batch-effects”. These batch effects may obscure biologically relevant and
under-represented sub-population effects in the data that are difficult to identify. When viewed in a
clinical setting, these sub-population effects may represent differential etiologies, and thus require
different treatment strategies. An ERM classifier trained on all such data (i.e. by shuffling and treat-
ing data as iid) may learn these batch effects as predictors of health status, and consequently ignore
invariant features that are indicative of under-represented subpopulation effects. We seek to build an
invariant predictor that is robust in its predictions when trained and tested on different experimental
splits across the data set’s ten studies. Table 2 illustrates the test accuracy of the various methods
on this binary classification task. One can observe that IRMv2 and IRMv1A methods demonstrate
superior performance when compared to ERM and perform as good if not better than IRMv1 across
9 out of 10 test splits.

ERM IRMvl1 IRMvIA IRMv2
Feng (2015) 0.785 0.856 0.848 0.856
He (2017) 0.604 0.604 0.604 0.606
Jie (2017) 0.733 0.726 0.724 0.734
Karlsson (2013) 0.813 0.861 0.849 0.866
Le Chatelier (2013) 0.642 0.655 0.653 0.653
Nielsen (2014) 0.732 0.744 0.739 0.744
Qin (2012) 0.763 0.785 0.779 0.795
Vogtmann (2016) 0.692 0.696 0.700 0.700
Zeller (2014) 0.775 0.755 0.768 0.787
Zhang (2015) 0.666 0.700 0.701 0.701
Average 0.721 £ 0.064 0.738 £ 0.077 0.736 + 0.074  0.744 + 0.079

Table 2: Test Accuracy on HealthyGutTests health status classification task. Each test accuracy is
averaged over 5 independent experiments.

6 CONCLUSION

In this paper, we have presented IRMv2, an alternative implementation of the IRM principle that
aims to enable out-of-distribution generalization by finding environment invariant predictors. We
establish theoretical results on the effectiveness of our approach in the linear setting. In doing so,
we bring forward the importance of the eigenstructure of the Gramian matrix of the data representa-
tion. In particular, we show that for the existing counterexample on the potential failure of IRMv1,
the aforementioned matrix is ill-conditioned for the invariant representation. This highlights the
significance of the span of the data representations in relation to the span of the underlying true
invariant features of the data. That is, if the data representation allows for more degrees of free-
dom than needed to capture invariance, the Gramian matrix of the invariant representation would
be ill-conditioned. This observation provides intuition on the underlying reasons why current im-
plementations of IRM may fail. Our work demonstrates the effectiveness of IRMv2 and IRMvIA
on both synthetic and real-world data sets. While this investigation of the IRM principle has lead
to the development of a more pragmatic solution, we leave for future work, establishing theoretical
guarantees beyond linear regimes.
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REPRODUCABILITY STATEMENT

We have provided detailed mathematical proofs of all of our theoretical claims in the appendices.
The data processing, neural network architecture, and the model selection for Colored MNIST,
InvarianceUnitTests, and DomainBed experiments are exactly replicated from their respective author
repositories. For HealthyGutTests experiments, we utilized the data sets curated and standardized
by domain experts |Gupta et al.| (2020). We discuss our additional data processing step in Section
We also provide details of the neural network architecture and the model selection in Appendix
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A IRMV2 ALGORITHM PSEUDO-CODE

Algorithm 1 IRMv2

1: Input: Data set: D, for e € &,. Loss function: Squared loss, Parameters: penalty coefficient
A > 0, data representation parameters § € R%, learning rate 7;, training horizon 7.

. Initialize 6, randomly

fort=1,2,...,T do
fore c &, do
compute the LSE w (g, ) according to Eq. equation[d]

compute the optimal classifier w*(py, ) according to Eq. equation
Li(o,) < Pece,, Re(w*(9o,) " @o,) + A2 (09, , w*(00,))

Or+1 < Or — 1t Vo, Le(0,)

: Output predictor w* (¢g,.) " vg...

R A A S

B CONSIDERATIONS FOR PRACTICAL IMPLEMENTATION

As the data generating distributions for each environment are unknown, we provide further details on
practical implementations of IRMv2. As training is often done by gradient descent on mini-batches,
we focus on this setting. For simplicity of notation, assume that the sample size of all environments
are equal, each of which is divided into b mini-batches of size m. Then, @: the empirical estimate
of the optimal classifier w} is given by

b
@ () = (Z <I>2T¢’Z> S e vy, 24)

k=1 k=1

where ®¢ € R™*% is a matrix each of its row is ¢(z¢) " of the k-th mini-batch of environment
e, and with some abuse of notation ¥} € R™ is defined as the vector containing y; for the same
mini-batch.

Bias: Note that whether the estimator equation [24|is unbiased or not depends on the underlying data
generating assumption. In particular, it may be natural to assume that for the underlying invariant
representation, it holds that E[Y¢|¢i,, (X€)] = w;|  ¢in, (X©) with the error Y — E[Y €|y (X )]
being independent of X and Y¢, e.g., yi = w,|  piny (z§) +n; where {}?_, is a sequence of zero-
mean i.i.d. random variables. However, this may not hold for an arbitrary representation ¢. One can
modify the estimator equation [24] to derive an unbiased estimator by using different mini-batches
for each term, e.g., by randomly dividing the mini-batches into two parts. More specifically, let B
be the set of randomly chosen mini-batches of size |b/2], and [b]\ B be the rest of the mini-batches.
Let B be a set of such Bs. Then,

N
we((p)_ ‘B‘ Z

BeB

-1
(Z@;%;) > ety s (25)

keB ke[b]\B

The estimator equation@is unbiased if z{ are i.i.d. and y; is independent of all other z conditioned
on xf. '

Numerical Stability: Although }°, @¢ T d¢ is positive semi-definite almost surely, it is singular
for m|B| < d, and may even be singular for m|B| > d,. Hence, to improve numerical stability,
we consider the following empirical estimate of Z, ()

Tean(p) =M+ Y & o,
keB

12
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where )e\ﬂ > 0. That is, to improve the numerical stability, we consider the {5 regularized least squares
estimat

@F p(p) =Teanlp) ™ Y ®LTYE (26)
ke[b]\B

Then,

©) = (Z fe,A.,B(v?)) > Tea (@)@ 5(#).

e€&y e€&,

We now provide an empirical estimate of the invariant penalty p!RMv2, We further partition B into
Bi, Bs, and Bs. Then,

pr2 |B|Z{ 55 (9) = 5,(9)) " L3 (9) (@25, (9) — 05, (9)) }
BeB

Note that pL*Mv2 is an unbiased estimator of plEMV2 for A = 0.

C MATHEMATICAL PROOFS

C.1 PROOF OF LEMMA[I]
First, the risk under environment e with w = w? () is given by
Re (wi(9) ¢) = Eye [|VI°] = Exeye [p(X)Y]" Ze(p) " Exe v« [p(X)Y°].
Then,
R, (wTSO) - R, (w;(¢)T@)
= w T (o)w — 2w  Exe ye [p(X)Y] 4+ Exe ye [p(X)Y ] Zo(p) ' Exeye [0(X)Y?]
= [zter @ -]

C.2 PROOF OF LEMMA[Z]

Recall the definition of w* ()
w*(¢) = argmin,, Z R (w' ) + MM (0, w).
€€k
That is,

w' () = argmin, 3 B [HM(X*%) V] A2 w - i)
e€&yy

=argmin, » {(L+Nw L(p)w - 20T (E[p(X)Y ] + A (p)w! ()
e€&yy

+wi(p) L(p)wi () + E[|Y°|] }

The ¢ regularized least squares estimate of w} is defined as

b m
@2 () = argmin,, Y > (yix —w' @(afx))* + Mwl3.

k=1 1i=1

13
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Note that the objective function is a convex quadratic function of w. Hence, using the first-order
optimality condition we have that

(1+X) (Z Ie(¢)> wH(p) = Y (Blp(X)Y ]+ AL (p)wl(p)) = 0.

eCEr e€E:y
Then,

-1
we) = s (Z IM) (Z (Blp(X)Y*] + Aze«o)w:(so))) .

e€&r e€&y
Recall that w(¢) = Z. ()~ [p(X€)Y€]. Then, [p(X¢)Y¢] = Z.(p)w?(p). Thus,

€

—1
w*(p) = (Z IA@)) (Z Ie(w)wé(so)> :

e€r e€Er

Finally, using a similar argument, we get

argmin, Z R, (chp) = argmin,, Z E {Hw—rgo(Xe) — Ye||2}

e€Eyr e€&r
= argmin,, Z w T (o)w — 2w E[p(X)Y°] + E [1Ye)?]
e€Eyyr
—1
= (Z IJ@)) (Z Ie(w)wé(w)> :
e€& e€&yy

C.3 PROOF OF LEMMA[3]

For a symmetric matrix A € R4*? and a vector u € RY, it holds that Ay, (A)|u)? < u' Au <
Amax (A)|Ju]|?. Let u = Zo(0)Y? (w — w}(¢)) and A = Z.(p). Then,

IZe() (w = w2 (@I < Amax(Te(9)) [Zel0) 72 (w0 = w2 ()

IZ.() (w0 = wt (I 2 AminZe(0) [[Z0(0) 72 (w2 (2))

2

C.4 PROOF OF LEMMA[]

Consider binary classification where Y € {0, 1} with binary cross-entropy loss, i.e.,
((f(X),Y) = =Y f(X) +log(1 + exp(f(X))).

Our objective is to bound the difference |R(w{ ) — R(wq )| for two arbitrary classifiers w; and
way.
Let g(w) := log(1+exp(w "¢(X))). Then, using the multivariate mean-value theorem, there exists
¢ € (0,1) such that

g(w2) = g(wr) + Vg((1 = c)wr + cwz) " (wy — wy).
We have that

_exp(w (X))
Vo(w) = 1+ exp(wTp(X))

where o (+) denotes the sigmoid function. Let w := (1 — ¢)w; + cws. Then,
U(wg p(X),Y) = b(w) 9(X),Y)
= ~Yw; ¢(X) +log(1 + exp(wy (X)) + Yw) p(X) —log(1 + exp(w] (X))
= Y (w2 — w1) "p(X) + o (@ p(X))p(X) " (w2 — wr)
=~ (Y —o(@p(X))) (w2 — w1) T p(X),

P(X) = o(w'p(X))p(X),

14
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where the second equality follows from the application of mean-value theorem. Then,
_ 2
|R(w) ¢) — R(wg ¢)|* = [E[(Y — o(@ (X)) (w2 —w1) (X)]]
_ 2 2
<E[(Y - ol o(X))"| B[ ((ws - w1) To(X))’]
< (wy —w1) "E [p(X)p(X) '] (wy — wy),

where the first equality follows from Cauchy-Schwarz and the second one follows from the fact that
Y € {0,1} and 0 : R — [0, 1], hence |Y — (@ ¢(X)| < 1 almost surely.

C.5 PROOF OF THEOREM[I]

In order to prove Theorem I} we first find the optimal classifier for a given data representation for
the linear setting in the following Lemma.

Lemma 5. Let w’(®) = argmin,, R.(w' ®) where R.(w' ®) is defined as
T
i | (wTexe - |Hy=r0 ) (WToxe - |Lov=+ .
Liy=—1y Liy=—1y

wi (@) = MBZ(®) (1 —n)B(P)],

R.(w'®)=E

Then,

where
1 _

(P)= ——— Slg 27
Be( ) 1+ﬂ223_1ﬂe e ,ue ( )

Here, ¥, and [i. are defined as

_ 2

S, = &S {061 024 SToT,
fie := DS Hel

8 M

Proof of Lemma[3} We have that
W (®) = T.(®) ' Exe ye [@Xﬁffﬂ .

First, we have that

Exe.y. [@Xﬂif”] = ®SExe v

2= 1

8 |:77Mc (1- 77),“/0:|

nie (1 —n)pe
= [nﬁe (1 - n)ﬂe] .
Thus,
wz(®) = [nBz(®) (1—mn)B:(P)], (28)
where
B2(®) = Lo(P) ™' e (29)

We now compute Z.(®) 7! in terms of ¥ and fi.. We have that

I

T.(®) = Ex- d)XeXeT@T} — OSE

15
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From the definition of Z, and Z., it follows that
22 | _ o2t 0], [ue] ]
Ze| |Ze| | | O o2 fe| [He]

Ie(q)) = ie + /jeﬂz—
Using Sherman-Morrison formula, we have that

~ Ot TTHTAR V!
T(®) " =51 - ﬂ% (30)
/’ce e Me

E

Thus,

Finally, using Equation equation [29]it follows that
. DI THTAD Ve 1 .
6:(¢) = (Ee_l - eMM—e_le> He = 7—_12;1/16-
L+ il ¥e fie L+ ad X fre
]

The proof of Theorem |I| closely follows from the proof of Rosenfeld et al., 2021, Lemma C.3.. In
what follows, we include a proof to keep the manuscript self-contained.

Proof of Theorem ' First, notice that the decomposition ¢(X€¢) = AZ. + BZ. (or ®S =[A B))
is without loss of generality under the assumption of left-invertibilibity of .S. Then,

Y. =02AAT 4+ ¢*BBT, (31)
fle = AMC + B,U/e' (32)

Recall from Lemma [3] that 8} (®) = S, /(1 + fi] 5.1 fie). If B2 (®) is invariant, then * =

B2 (®) for all e € &,. Then, by reorganizing terms, we get
ieﬂ* = (1 - ﬁ:ﬂ*) He-

Thus, using Equation equation [3T]and equation [32} we have that

(O%AAT + UzBBT)/B* = (1 — (Ape + Bﬂe)Tﬂ*) (Apic + Ble).
Letv:= —02AATB* + (1 — u) AB*) Ap.. Then,
B (021 + pep. ) BTB* —v = (1= pul ATB*) Bue + p. BT B* Apic. (33)

Similar to proof of Lemma C.3. in (Rosenfeld et al [2021)), we show that for all fixed 8* and A
Eq. equationfor all environments only holds (with probability 1) if B = 0. If || > d.. Then,
by the degeneracy assumption of the training sets, there exists at least one environment for which
Eq. equation {19 holds. Let i and 52 be the mean of Z, and variance of W, for this environment.

Then, we have that ;i = Zf;l a; ;. By applying this linear combination to Eq. equationfor this
environment, we get

T

de de
BT+ )B'B —v=(1-plATB*)BY aipi + (Z amz) B'B*Ape
i=1 i=1

de
=> ai ((1—pulATB*) Bui + p; BT B* Apc)
=1

de
= Zai (B (afI + ,uiu;-r) BT p* — v) , (34)
i=1
where in the last identity, we applied Eq. equation[33|for all i = 1,.. ., d.. By rearranging the terms

in Eq. equation 34} we get

e de
B (&21 e P G u,ﬁ)) BTp* = (1 — Z ai> v. (35)

=1 i=1
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From the non-degeneracy condition equation 20} Eq. equation [33]is equivalent to

BT,B'B* =, (36)
where I',, is defined as
ST R =3 i (P + )

o 1- Zf;1 Qg
Note that B, 8*, and v are environment independent and I',, is an environment dependent matrix
for which it holds that rank(I',) = d. from the nondegeneracy condition equation Thus, Eq.
equationholds if and only v = BI', BT 3* = 0. Then, Eq. equationreduces to

(1—pl ATB*) Bue + B* ' BueApe =0
for all e € &;. Thus, Bu, = 0 for all e € &, which holds if and only if B = 0 given that the span
of j1es is R%.

D THE ROLE OF THE EIGENSTRUCTURE OF Z.(¢p)

In this section, we elaborate on the discussions on the eigenstructure of Z.(¢), and in particular, its
condition number in the examples of (Arjovsky et al.l2019) and (Rosenfeld et al., 2021).

D.1 EXAMPLE 1 OF (ARJOVSKY ET AL.,|2019)

Arjovsky et al.| (2019) consider data that is generated according to the following SEM

Xl NN(OaUQ)v
Y =X1+ 7,
Xo=Y + Zs,

X1

where Z; ~ N(0,02%), Zy ~ (0,1), and X are independent, and X = [Xg

} . Consider the

following data representation

pe(X) = [CXXIJ : 37)

.
_ X1 | | Xq |2 co?
I(SDC)*E [{ch} |:CX2:| ‘| - |:CO.2 02(20.2+1) .
We now find the eigenvalues of Z(¢.). That is, the solutions to det(Z(¢.) — AI) = 0.
N = X(o?+*(20° + 1)) + P (207 + 1) — cot=0.

Then,

Then,
1
A= <02 + (202 +1) £ \/(02 + 2202 + 1)) — 4c202(02 + 1))
1
=3 (02 + (202 +1) £ /or + 2202 4+ 1)2 — 20202> :
Hence,
Amax(Z(¢c))
p(Z(pe)) = ——7 7
¢ Amin(Z(0c))
02+ 2207+ 1) + \/o! + 1202 + 1)2 — 2c202
02 +c2(202 +1) — /ol + c4(202 +1)2 — 2c202

2
(02 +c2(20% + 1) + \/o* + c*(202 + 1)2 — 20202)
(02 4+ (202 + 1)) — (04 + (202 + 1)2 — 2¢202)

2
1 1, ) \/1
=— (- 20% +1 —ot 4 2(202+1)2 - 202 | .
2(02+1)<Co +e(207+1) +4/ Fot + (202 + 1) ~ 20

17
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Finally,
lim k(Z(p)) = lim k(Z(p.)) = oo.

c—00 c—0

It is worth noting that |Arjovsky et al.[(2019) discuss that ||w — w?(¢)]||? is poor discrepancy both
for the invariant data representation, i.e., ¢ = 0, and for a data representation that heavily rely on the
spurious features, i.e., large c.

D.2 EXAMPLE OF (ROSENFELD ET AL.,[2021)

We show that in the setting that Rosenfeld et al.[(2021) demonstrate that the invariance penalty is
arbitrarily small, the risk is also inevitably arbitrarily small and is of the same order as the invariance

penalty.
e ZC O
Pe(X°) {0} + [Z] Liz.gz.y-

Here, Z. is defined as

2= (Br(se) U B (—pe)) (38)
ecé

where r := \/ec2d, and B, (1) denotes the /5 ball of radius  centered at . Note that the invariant
representation is given by

Pinv(X) = {%C} :

We compare the risk of the optimal predictor given the invariant and the Rosenfeld et al.| (2021)
representations.

D.2.1 INVARIANT REPRESENTATION
e e Z.ZT 0 ol 2T 0
Ie((pinv) = E[@in’u(X )(p”w(X )T] =E |: 0 ¢ O:l = |:/JJ e (;'_ o 0

Given that Z, (. ) is singular, we consider /5 regularized LSE with regularization parameter ~ >
0,1i.e.,

Wiy = (Ze(Pinw) + 'YI)_IE[SDinv (X)Ye].
Then,

w = =

-1
o et F @ ANT 0| g | ZY ] [(epd + (02 + 7)) e
inv 0 NI 0 0

Recall from the proof of Lemma 1 that
R. (wfanSDinv) = E[||YH2] — E[piny (X)Y]TIE (@inv)E[pine (X)Y].
Then,

Re(win, " Qinw) = 1= p1 (pepnd + (02 +)I) " prc. (39)

D.2.2 |ROSENFELD ET AL.|(2021)) REPRESENTATION
We have that

Te(pe) = Elpe(X©)pe(X) ]

Z.Z] 0 0 Z.Z)
= E |: O 0:| +E |:|:ZEZCT ZEZJ:| 1{Z6¢Z€}:| .

18
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Recall that the first term is equal to Z. (;y, ). For the second term, we have that

0 Z.Z) 0 Z.7Z)
E |:|:Z ZT VA ZT:| IL{Z ¢Z. }:| (Ze ¢ ZE)E |:|:Z6Z;r ZeZJ:|
Now define matrix A and parameter p as

_ 0 Z.z]
A'_EHZEZJ ZEZJ]

p:=P(Z. ¢ Z.).

Then,

Ie(‘Pe) =1 (@inv) + pA.
Also,

w! = (Ze(pe) + 1) Elp(X°)Ye]

= (Ie(ﬁpznv) + FYI + pA) E |:ZeY]l{Ze¢Ze}:|

Leta = E[Z.Y|Z, ¢ Z.]. Then,

w; = (Ze(@ine) + 71 +pA)~ {gg} :
For an invertible matrix .S, we have that
(S+A)t=85"1-STAST 1 0(|A?).
Thus,

wl = (Ze(pime) +91) ™" = p(Zeline) +91) " ALelpine) +791) "+ OG) L@ﬂ

= Winy +P (H = (Ze(ine) +91)~ 1Awmv) +0(p?).

Then,

-
* 1 *
Re(we WE) =1- {pb] We
= 1— . (pepd + (07 + 1D pe + O(P?).
That is,
Re(w:—r@é) - Re(w;an‘Pinv) = O(pQ).

Recall that

e Zc Zc
(X)) = {0} liz.ezy+ |:Ze:| 1iz.¢z.3-
Here, Z. is defined as
Ze = U (B (pe) U Br(—pe)) (40)

ee&
where 1 := y/eo2d, and B,.(p) denotes the /5 ball of radius r centered at u1. Then,
Ie(‘Pe) =E [WE(Xe)(Pe(Xe)T] =I.+I..
where I. and I, are defined as

[ ZZT|Z €zZ] 0

0} P(Z. € 2.,

o~
tlj

P(Z. ¢ Z.).
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Here, we establish a lower bound on the condition number of Z. (. ) in terms of the probability of
event 117 ¢z ;. Using Weyl’s inequality, we have that

Amax(Ze(0¢)) = Amax(Ie) + Amin(Le),
Amin (Ze(¢¢)) < Amin(Le) + Amax(Le)-
As I, is positive semidefinite, Apin (Ie) > 0. Moreover, Apin(I.) = 0. Then,
Na(Te(£0)) > Amae (L),
Amin(Ze(9e)) < Amax(Le)-
For the first term, we have

1
de +d.
1

= E(|Z.l%Z. € 2P (Z. € Z.
1

= E [||pcl?Y? + ||We|? + 2p] WeY|Ze € Z| P (Z. € Z.)

Amax([(:) >

tr(l,)

(lpell? + deo?)P (Ze € Ze), (41)

~d, +d.

where the last identity follows from the fact that Y2 = 1 almost surely, and the fact that W, is
independent of Y and W, and hence is independent of the event 17, ¢z .

For the second term, we have
Amax(le) S tr(IC)
=E[||1Z° + Z|?|Z. ¢ Z] P (Z. ¢ Z)
= (lpel® + deo? + E[|Zc|?| 2 ¢ Z:]) P (Ze ¢ Ze),
where the last identity follows similarly as Equation equation[d1] Then,
E “|Ze||2|Ze ¢ Ze] =E [H/v‘eHQY2 + HW6H2 + 2M2W6Y|Ze ¢ Ze]
= ||/‘e||2 +E [HW6H2 + 2N2W6Y|Ze ¢ ZE] .
We have that
E [|[We|?Ze ¢ Zc] < deo?.

Moreover, using Cauchy-Schwarz inequality, we get

E [u WeY|Ze ¢ Z] < ||nelE[IWelllY]|Ze ¢ 2] < |lpellV/dea?.

Hence,
Amax(1) < (llel? + deo? + (el + Vdeo?)? ) P (Ze ¢ Z0).
Thus,
Amax(lc)
Ze(pe)) =
w(Z(00) 2 322

S (llpell” + deo?)P (Ze € Ze) /(de + de)
(el + deo? + (el + /@022 P (Ze ¢ 20)
el + deo? ( L 1) |
(de + de) (1luell? + deo? + (lpiel) + v/do?)2) \F (Ze & 2)
Note that (Rosenfeld et al., 2021, Lemma F.3.) show that
P(Ze ¢ Zc) < peee;
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where
1 . 9
Peei=oxp | =g min{e — 1, (e — 1)7} (42)

Then,

2 2
H(Ie(%pe)) Z ||/’[’C|| + dCUc (1 — 1) .
(de +do) (Ilell? + deo? + (e | + v/d02)2) \Pee

Rosenfeld et al.|(2021) show that the invariance penalty of (Arjovsky et al.,[2019) is no greater than
O(pf’e), which can be made arbitrarily small by choosing appropriately large e. However, for such
choices of €, matrix Z. () is ill-conditioned. In particular,

lim k(Z.(pe)) = 0.

E—0O0

D.3 EXTENDED COLORED MNIST EXPERIMENTS

The model and all its respective parameters are replicated from |Arjovsky et al.| (2019)’s GitHub
repositoryﬂ The penalty coefficient for IRMv?2 is set at A = 10 and for \g = 10~° for IRMV1A.

Figure 2] depicts demonstrate the significance of the dimension of the representation in relation to
Z(¢y) being ill-conditioned, and, in turn, the test accuracy of IRMvl, v1A, and v2. In particular, by
allowing the representation to be overly flexible

E FULL LINEARUNITTESTS EXPERIMENTS

In this section, we provide more detailed tables for the numerical experiments on LinearUnitTests
data sets. In addition to ERM, IRMv1, IRMv1A, and IRMv2, we include two other invariance
discovery methods, namely Inter-environmental Gradient Alignment (IGA) (Koyama & Yamaguchi,
2020) and AND-Mask (Parascandolo et al., [2020), considered in (Aubin et al., 2020). The IGA
method seeks to elicit invariant predictors by an invariance penalty in terms of the variance of the
risk under different environments. The AND-Mask method, at each step of the training process,
updates the model using the direction where gradient (of the loss) signs agree across environments.

All experiments are run using default parameters of the experiments of |Aubin et al.|(2020) available
on their GitHub repositoryE]

We note that in the majority of these experiment (13 out of 18) one of our proposed methods
IRMvV1A or IRMv2 outperforms all other methods.

F DETAILS OF THE HEALTHYGUTTESTS EXPERIMENTS

We summarize the details of each data set of the HealthyGutTests in Table

Sample Size  Geographical Region Health Status Studied
Feng (2015) 145 Austria Colorectal Cancer, Advanced Adenoma, Obesity, Overweight, Healthy
He (2017) 98 China Crohns Disease, Obesity, Overweight, Underweight, Healthy
Jie (2017) 281 China Atherosclerotic Cardiovascular Disease, Obesity, Overweight, Underweight, Healthy
Karlsson (2013) 133 Europe Type 2 Diabetes, Impaired Glucose Tolerance, Obesity, Overweight, Underweight, Healthy
Le Chatelier (2013) 112 Denmark Obesity, Overweight, Underweight, Healthy
Nielsen (2014) 226 Europe Crohns Disease, Ulcerative Colitis, Obesity, Overweight, Underweight, Healthy
Qin (2012) 297 China Type 2 Diabetes, Obesity, Overweight, Underweight, Healthy
Vogtmann (2016) 99 USA Colorectal Cancer, Obesity, Overweight, Underweight, Healthy
Zeller (2014) 196 Europe Colorectal Cancer, Obesity, Overweight, Underweight, Healthy
Zhang (2015) 183 China Rheumatoid Arthritis, Obesity, Overweight, Underweight, Healthy

Table 7: Details of the HealthyGutTests data sets.

*https://github.com/facebookresearch/InvariantRiskMinimization
*https://github.com/facebookresearch/Invariance UnitTests
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ANDMask ERM IGA IRMVIA IRMv1 IRMv2 Oracle

Example].EO  0.14 £0.03 2.01+027 4.68+0.72 0.07+001 0.13+£0.01 0.05+0.00 0.05+0.00
Examplel.E1  11.56 = 0.20 1537 £0.52 19.61 £1.36 13.81+1.11 11.60+0.19 12.15+0.81 11.25+0.02
Examplel.E2  20.38 = 0.27 25.82+0.89 31.13+230 24.74+£220 2043+0.17 21.56+1.11 19.66+ 0.38
Examplels.EO  0.12 £ 0.05 196 +029 3.88+0.17 0.07+001 0.13+£0.01 0.06+0.01 0.05=+0.00
Examplels.E1  13.68 +1.00 1547 +0.87 1821 +£0.55 1435+1.62 11.72+0.08 13.30+1.87 11.03+0.27
Examplels.E2 2413 £ 140 25.69 £1.06 28924053 2532+2.61 20.44+0.32 2338+3.09 20.53+0.28
Example2.EO  040+0.03 0404001 043+£0.00 030+0.09 043+0.00 043£0.09 0.00=+0.00
Example2.E1 047+0.04 047+£001 050+000 034+011 050+000 035+£0.05 0.00=£0.00
Example2.E2  040+£0.03 039+0.00 042+£0.00 031+£009 042+0.00 023+£0.02 0.00=+0.00
Example2s.E0 043 +£0.00 043+000 043+£0.00 025+0.17 043+0.00 045+0.06 0.00=+0.00
Example2s.E1 050+ 0.00 0.50£0.00 050+0.00 029+020 050+000 040+£0.05 0.00 =+ 0.00
Example2s.E2  042+0.00 042+000 042+£0.00 026=+0.17 042+0.00 0.29£0.07 0.00=+0.00
Example3.E0  034+023 035+021 0344+022 025+0.02 036+020 041+£0.03 0.01=+0.00
Example3.E1 036+021 040+£0.14 038+0.17 0.26£0.02 037+0.18 039+£0.00 0.01+0.00
Example3.E2  0.34+023 036+020 035+£021 026+£0.02 036+020 0394000 0.01 +0.00
Example3s.E0  0.28 £0.17 035+021 035+021 034+0.11 036+020 041£001 0.01 £0.00
Example3s.E1 047 +0.06 041+£0.14 040%+0.15 034+011 038+0.19 041+£0.01 0.01£0.00
Example3s.E2 038 £0.17 036+020 036+020 034+011 036+020 041£001 0.01 £0.00

Table 3: Test errors for all algorithms and examples with (diny, dspu, denv) = (5,5, 3). The errors
for Examples 1 and 1s are in MSE and all others are classification error. The empirical mean and the
standard deviation are computed using 10 independent experiments. An ‘s’ indicates the scrambled
variation of its corresponding problem setting.

ANDMask ERM IGA IRMv1A IRMvl IRMv2 Oracle

Examplel  10.69 £0.17 1440+0.56 1848+146 1287+1.11 10.72+0.13 11.26+0.64 10.32£0.13
Examplels 12.64 £0.82 1437 £0.74 17.00+042 1324 +141 10.76+0.14 1225+1.66 10.53+0.18
Example2 0.424+0.03 0.42+0.01 045+000 031+£010 0454+000 034+£0.05 0.00=+0.00
Example2s 0.45+0.00 045+0.00 045+£0.00 0.27+0.18 045+0.00 0.38+0.06 0.00=£0.00
Example3 034+022 037+£0.18 036+020 0.26+£0.02 036+0.19 0.40+0.01 0.01 £ 0.00
Example3s 038 +0.13 037+0.18 037+0.19 034+011 037£0.19 041+0.01 0.01+0.00

Table 4: Test errors averaged for each experiment.

ANDMask ERM IGA IRMv1A IRMv1 IRMv2 Oracle

Examplel.EO  0.13 £0.03 1.98+029 4.67+£0.74 007001 0.12+£0.01 0.05+0.00 0.05=+0.00
Examplel.E1 1038 £0.43 7.80+£0.51 10.05+£0.75 13.824+126 10.16+0.10 12.01 £0.68 11.23 £0.20
Examplel.E2  18.45+0.63 1227 +1.02 1413 +£139 24594226 18.12+0.24 2136+092 20.19+0.13
Examplels.EO  0.12 4+ 0.05 191£027 382+£0.12 0.07+0.01 0124+0.01 0.06+£0.01 0.05=+0.00
Examplels.E1 12.14 +£026 7.83+055 9.26+0.52 13.85+137 10.15+0.10 12.87+1.81 11.27+0.02
Examplels.E2 2133 +0.27 1222+ 1.17 1323 +£091 24374+243 17.804+0.24 2273 +£3.27 19.96+0.17
Example2. EO  0.05+0.01 0.04+0.00 0.05+£000 0.12£0.06 0.05+£0.00 036+0.11 0.00=+0.00
Example2.E1 0.03+0.00 0.03+£0.00 003+000 0.11£0.06 0.03+000 026+£0.09 0.00 =+ 0.00
Example2.E2  0.01 £0.00 0.01 £0.00 0.01+0.00 0.10£0.07 0.01+£000 0.15£0.05 0.00 £ 0.00
Example2s. EO  0.05+0.00 0.05+0.00 0.05+£0.00 0.05£003 0.05£0.00 031+0.19 0.00=+0.00
Example2s.E1  0.03+£0.00 0.03+0.00 0.03+£0.00 0.04+003 0.03+0.00 022+0.14 0.00=+0.00
Example2s.E2  0.01 £0.00 0.01 £0.00 0.01+0.00 0.03+£0.02 0.01+£000 0.13£0.09 0.00 £ 0.00
Example3.EO  0.00+0.01 0.00+0.00 0.00+£0.00 049£0.00 0.00+£0.00 0354+0.10 0.01+0.00
Example3.E1 0.00+0.00 0.00£0.00 0.00+0.00 049+£0.00 0004000 0.29+0.01 0.01=+0.00
Example3.E2  0.01 £0.01 0.00£0.00 0.00+0.00 049+£0.00 0.00+0.00 0.29+£0.01 0.01 £ 0.00
Example3s.EO  0.18 :20.09 0.00+0.00 0.00+£0.00 049 £0.00 0.00+0.00 0.304+0.03 0.01+0.00
Example3s.E1 ~ 0.00£0.00 0.00+0.00 0.00+0.00 049+000 0.00+£0.00 029+0.03 0.01+0.00
Example3s.E2  0.02+0.02 0.00+£0.00 0.00£0.00 049+0.00 0.00£0.00 03040.03 0.01 £0.00

Table 5: Training errors for all algorithms and examples with (diny, dspu; denv) = (5,5,3). The
errors for Examples 1 and 1s are in MSE and all others are classification error. The empirical mean
and the standard deviation are computed using 10 independent experiments. An ‘s’ indicates the
scrambled variation of its corresponding problem setting.
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ANDMask ERM IGA IRMvV1A IRMv1 IRMv2 Oracle

Examplel 9.65+036 735+£061 9.62+096 1282+1.17 947+0.12 11.14+0.53 1049 £0.11
Examplels 11.20£0.19 7.324+0.66 877+0.52 12.76+1.27 936+0.12 11.89£1.70 10.43 +0.06
Example2 0.03+0.00 0.03+£0.00 0.034+£0.00 0.11+0.06 0.03+£0.00 026=£0.08 0.00=+0.00
Example2s 0.03+0.00 0.03+0.00 0.03+0.00 0.04+0.03 0.034+0.00 0.22+0.14 0.00=+0.00
Example3 0.00 +0.00 0.00£0.00 0.00+0.00 0.49+0.00 0.00+0.00 0314+0.04 0.01+0.00
Example3s 0.07 =0.04 0.00+0.00 0.00+0.00 049+0.00 0.004£0.00 0.30£0.03 0.01=+0.00

Table 6: Training errors averaged for each experiment.

F.1 EXPERIMENT DETAILS

F.1.1 NEURAL NETWORK ARCHITECTURE AND HYPERPARAMETER TUNING

The neural network considered consists of 5 layers with input layer dx X dj,, hidden layers of size
dp X dp/2, dp/2 x dp/2, dn/2 x dp, /4, respectively, and the output layer dj, /4 X d,. We use the
ReLU action function and the dropout parameter of each layer is set as p. We treat dj, d,,, p, the
learning rate, and the invariance penalty coefficient as hyperparameters, which we optimize using
the validation accuracy. More specifically, we randomly generate 200 hyperparameters. For each set
of parameters, we independently repeat 5 times training the model over 500 epochs. We then select
the model with best average validation accuracy (over 5 experiments), and report the average test
accuracy in Table[2]

For each data set in Table E] that is considered as the test set, we treat each of the remaining data
sets as an environment. Before doing so, we split each of training data sets into (0.8,0.2) split
of training and validation sets, respectively. We then concatenate all the validation subsets into a
unified validation set for model selection.

G FuLL DOMAINBED EXPERIMENTS

G.1 EXPERIMENT SUMMARY

DomainBed is an extensive framework released by (Gulrajani & Lopez-Paz| (2020) to test domain
generalization algorithms for image classification tasks on various benchmark data sets. In a series of
experiments, Gulrajani & Lopez-Paz (2020) show that enabled by data augmentation various state-
of-the-art generalization methods perform similar to each other and ERM on several benchmark data
sets.

Although the integration of additional data sets and algorithms to DomainBed is straightforward, we
note that performing an extensive set of experiments requires significant computational resources as
also pointed out by Krueger et al.|(2020). For this reason, we limit the scope of our experiments to
the comparison of ERM, IRMv1, IRMv1A, and IRMv2.

Similar to |Gulrajani & Lopez-Paz| (2020), we observe that no method significantly outperforms
others on any of the benchmark data sets (see Table[8]). For a complete set of results on DomainBed
with various model selection methods, we refer the reader to Appendix |G} As these data sets are
image based and equipped with data augmentation, they may not provide comprehensive insight
on the strengths and weaknesses of domain generalization algorithms on other modes of data, e.g.,
gathered in real-world applications.

23



Under review as a conference paper at ICLR 2022

Algorithm ColoredMNIST RotatedMNIST PACS VLCS Avg
ERM 51.7+0.1 96.7 + 0.0 81.1+0.1 788+04 77.0
IRMvl 51.8 + 0.2 952+04 786+1.0 76.0+05 754
IRMVIA 509 £ 0.1 64.7 £ 20.1 809+00 773+02 684
IRMv2 50.8 £ 04 97.1+ 0.0 826+09 765+04 768

Table 8: The test accuracy of ERM and different implementations of IRM on benchmark data-sets.
Model selection of the DomainBed is chosen as training-domain validation set.

Algorithm +90% +80% -90 % Avg
ERM 728+01 726+02 98+00 517
IRMvl 725+03 7294+0.1 99+01 51.8
IRMVIA 70.7+£03 723+£05 97+£00 509
IRMv2 69.8+08 729+03 98+0.1 508

Table 9: Benchmark: ColoredMNIST, Model selection: training-domain validation set.

G.2 FuLL DOMAINBED RESULTS

Algorithm A C | S Avg
ERM 845+16 77.1+08 969+03 658+19 81.1
IRMvl 770+30 76.7+1.1 964+04 644+03 786
IRMvIA 82605 77.7+£0.7 96.6+£04 66.7£05 809
IRMv2 86.0+09 76.6+0.7 969+0.0 70.8+2.0 82.6

Table 11: Benchmark: PACS, Model selection: training-domain validation set.

Algorithm 0 15 30 45 60 75 Avg
ERM 903+18 97.8+£00 982+0.1 982+01 978+02 935+04 960
IRMv1 89.6£21 960+£05 979+£01 972+00 97.0+£02 909+05 948
IRMvVIA 759+59 642+224 594+26.1 59.8+£263 59.0+267 5594225 624
IRMv2 941+00 981+03 985+01 982+01 983+0.0 944+03 97.0

Table 15: Benchmark: RotatedMNIST, Model selection: leave-one-domain-out cross-validation.

Algorithm A C P S Avg
ERM 79.7+0.6 73.0£38 97.1+09 621+15 780
IRMv1 674+67 723+43 877+£57 641+45 729

IRMv1A 788 +£32 789+£09 960+£02 423+163 74.0
IRMv2 863+03 768+05 97004 69.7+2.6 825

Table 16: Benchmark: PACS, Model selection: leave-one-domain-out cross-validation.
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Algorithm 0 15 30 45 60 75 Avg
ERM 93.1+£01 97.8+£00 984+0.0 983+£0.1 9824+0.0 943+£0.1 96.7
IRMv1 89.6+2.1 968+01 979+0.1 978+01 975+0.1 91.6+£0.0 952
IRMvVIA 759+£59 71.1+17.7 60.8£251 6044258 60.2£258 5984205 64.7
IRMv2 941+00 982+0.0 985+01 984+01 983+00 951+02 971

Table 10: Benchmark: RotatedMNIST, Model selection: training-domain validation set.

Algorithm C L S v Avg
ERM 974+01 650+09 743+11 787+0.1 788
IRM 96.3+0.6 61.7£03 701+£0.1 760£18 76.0
IRMA 969+08 648£00 70714 77.0£04 773
IRMv2 96.6+1.1 654+15 735+£05 706+24 765

Table 12: Benchmark: VLCS, Model selection: training-domain validation set.

Algorithm 0 15 30 45 60 75 Avg
ERM 925+£06 97.8+00 979+01 979+02 983+01 943+0.1 964
IRMv1 89.6+2.1 968+0.1 98.0+02 975+03 975+£01 91.6£00 952
IRMv1A 779+£74 711+£177 5944261 59.8+263 59.0+267 559+£225 639
IRMv2 947+04 980+0.2 985+01 983+0.0 983+00 950+02 97.2

Table 20: Benchmark: RotatedMNIST, Model selection: test-domain validation set (oracle).

Algorithm A C P S Avg
ERM 83.74+05 821+02 975+02 69.14+0.6 83.1
IRMv1 66.7+43 685+1.6 87.1+£53 67.7+20 725
IRMv1A 835+02 757+£32 964+03 68.6+18 81.0
IRMv2 843+03 7654+0.7 968+0.1 703+24 820

Table 21: Benchmark: PACS, Model selection: test-domain validation set (oracle).

Algorithm C L S A\ Avg
ERM 984+01 651+14 729+22 771+17 784
IRM 97.6+12 619+06 6294+13 73.0+03 739
IRMA 98.0+0.1 649+1.1 71.84+£08 739+15 77.1
IRMv2 963+10 671+£01 709+13 719+£15 765

Table 22: Benchmark: VLCS, Model selection: test-domain validation set (oracle).
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Algorithm ColoredMNIST RotatedMNIST PACS VLCS Avg
ERM 51.7£0.1 96.7 £0.0 81.1+£0.1 788+04 77.0
IRMv1 51.8 £ 0.2 952 +04 786 +10 760+05 754
IRMvIA 50.9 £ 0.1 64.7 + 20.1 809+00 773+02 684
IRMv2 50.8 £0.4 97.1 £ 0.0 82609 765+04 76.8

Table 13: Model selection: training-domain validation set.

Algorithm +90% +80% -90% Avg
ERM 304+ 134 5054+06 99400 30.2
IRMvl 50.1+04 60.6+73 30.0+14.1 469
IRMVIA 69.5+144 498+0.2 100£0.1 431
IRMv2 100+0.1 364+£30 99+00 18.8

Table 14: Benchmark: ColoredMNIST, Model selection: leave-one-domain-out cross-validation.

Algorithm C L S A\ Avg
ERM 975+08 603+32 70.1+42 755+28 759
IRM 93.3+27 61.8+£04 729+09 741+£3.1 755
IRMA 792+ 128 668 +14 683+41 735+£13 719
IRMv2 982+0.1 63.0+0.1 744+12 699+02 764

Table 17: Benchmark: VLCS, Model selection: leave-one-domain-out cross-validation.

Algorithm ColoredMNIST RotatedMNIST PACS VLCS Avg
ERM 302 +£43 96.0£04 78009 759+0.7 70.0
IRMv1 469 + 2.1 94.8 +£0.2 729 +30 755+16 725
IRMvIA 43.1 £4.38 62.4 +21.6 740£50 719+£28 628
IRMv2 188 £ 1.1 97.0 + 0.1 825+1.0 764+03 687

Table 18: Model selection: leave-one-domain-out cross-validation.

Algorithm +90% +80% -90 % Avg
ERM 722+03 726+04 124+1.1 524
IRMvl 725+03 729+0.1 633+6.6 69.6
IRMv1A 71.4+02 728+03 502+0.1 6438
IRMv2 706 +12 7194+06 209+09 544

Table 19: Benchmark: ColoredMNIST, Model selection: test-domain validation set (oracle).
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Figure 2: The figure depicts the evolution of test accuracy and the condition number of Z(y) in
relation to the dimension of the representation.
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