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Abstract

We study contextual bandits with general con-
straints, where a learner observes contexts and
aims to maximize cumulative rewards while sat-
isfying a wide range of general constraints. We
introduce the Optimisti c? framework, a novel
learning and decision-making approach that in-
tegrates optimistic design into parameter learn-
ing, primal decision, and dual violation adapta-
tion (i.e., triple-optimism), combined with an ef-
ficient primal-dual architecture. Opt imistic?
achieves O(+/T)) regret and constraint violation
for contextual bandits with general constraints.
This framework not only outperforms the state-
of-the-art results that achieve O(T'%) guaran-
tees when Slater’s condition does not hold but
also improves on previous results that achieve
O(V/T/6) when Slater’s condition holds (§ de-
notes the Slater’s condition parameter), offering a
O(1/6) improvement. Note this improvement is
significant because ¢ can be arbitrarily small when
constraints are particularly challenging. More-
over, we show that Optimistic® can be ex-
tended to classical multi-armed bandits with both
stochastic and adversarial constraints, recovering
the best-of-both-worlds guarantee established in
the state-of-the-art works, but with significantly
less computational overhead.

1. Introduction

We study contextual bandits with general constraints, a
broad online learning framework that boosts a wide range
of applications (e.g., online recommendation (Balakrishnan
et al., 2018; Yang et al., 2020), resource-constrained health-
care (Tewari & Murphy, 2017; Tomkins et al., 2021)). In
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each round ¢, the learner observes a context z; € X, se-
lects an action a; € A, and then receives the corresponding
noisy reward 7 (¢, a;) and cost ¢;(x¢, ar). The goal is to
maximize the cumulative reward while ensuring the con-
straints are satisfied. Our framework addresses a general
setting where the cost functions belong to general func-
tion classes and can take both positive and negative values.
This flexibility allows the model to represent a wide variety
of constraints, such as knapsack constraints (Badanidiyuru
et al., 2014; 2018; Agrawal & Devanur, 2016; Immorlica
et al., 2022), where the cost is positive and the interaction
stops once the resource is depleted, replenishable Knapsacks
constraints (Kumar & Kleinberg, 2022; Bernasconi et al.,
2024a;b), where resources may restore; fairness constraints
(Lietal., 2019; Chen et al., 2020; Claure et al., 2020; Sinha,
2024), ensuring equitable outcomes of the decision.

The most closely related literature on contextual bandits
with general constraints is (Slivkins et al., 2023; Guo &
Liu, 2024). In (Slivkins et al., 2023), the authors proposed
the LagrangeCBwLC algorithm to establish the first opti-
mal O(v/T/§) bounds for both regret and constraint vio-
lation. Their results rely on two key assumptions: (1) the
existence of Slater’s condition, which guarantees a strictly
feasible solution, and (2) prior knowledge of Slater’s con-
stant d, which quantifies the strictness of the constraints.
These results were later refined by (Guo & Liu, 2024), who
achieved O(T'?) regret and violation bounds without re-
quiring Slater’s condition. When Slater’s condition holds,
their d-agnostic algorithm achieves O(v/T/§2) regret and
violation, exhibiting a 1/§ worse dependency compared to
the full-knowledge algorithm in (Slivkins et al., 2023). The
elimination of prior §-knowledge represents a significant
advancement, as obtaining such information is often im-
practical in real-world applications. However, the O(T%)
regret and violation bounds in (Guo & Liu, 2024) without
Slater’s condition remain substantially weaker than the opti-
mal O(v/T'/§) bound. For the setting where constraints are
tight (i.e., & — 0), even the O(v/T/J) guarantee becomes
problematic, incurring a critical limitation both in theory and
practice. A recent work by (Bernasconi et al., 2024a) shows
that O(\/T ) regret and violation bounds are achievable for
classical multi-armed bandits with constraints without re-
quiring Slater’s condition. However, their approach cannot
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be extended to contextual bandits with general constraints
and relies on computationally intensive safe decision set
construction. This raises a natural and open question:

Is there an efficient algorithm for contextual bandits with
general constraints that can achieve the optimal O(v/T)
regret and violation without the Slater’s condition?

In this paper, we provide a positive answer to this question,
and make the following technical contributions: First, we
introduce Opt imistic?, a framework that incorporates a
triple-optimistic design: optimistic estimates, optimistic pri-
mal decisions, and optimistic dual updates. The key to these
improvements lies in our optimistic dual design. The opti-
mistic dual update is able to more precisely and smoothly
predict the expected violation, thus preventing overly ag-
gressive decisions. The optimism in the dual design makes
Optimistic® more adaptive to the constraints, enabling
it to timely switch to conservative decisions when overcon-
sumed costs are detected. Second, we establish the first
optimal O(ﬁ) regret and violation bound in the absence
of Slater’s condition. This not only significantly improves
the state-of-the-art O(T%) guarantee, but also surpasses the
previous best O(v/T'/8) bound with a 1/ improvement.
The O(v/T/§) guarantees require both Slater’s condition
and its prior knowledge of Slater’s constant. A detailed com-
parison has been shown in Table 1. Our results can be easily
applied to specific types of constraints, including knapsack
constraints and fairness constraints. Third, we extend our
results into multi-armed bandits with both stochastic and
adversarial constraints, and prove the best-of-two-worlds
guarantee, covering the state-of-the-art results with greater
computational efficiency.

2. Related Works

Contextual bandits extend the multi-armed bandit (MAB)
framework by incorporating contextual information avail-
able at the time of decision-making. In (Dudik et al., 2011;
Agarwal et al., 2014), contextual bandits with classification
oracles were explored, where the algorithms assume access
to cost-sensitive classification oracles. To enhance computa-
tional efficiency, contextual bandits with regression oracles
were studied in (Foster et al., 2018; Foster & Rakhlin, 2020;
Simchi-Levi & Xu, 2022), enabling more computationally
efficient designs and making the approach applicable to a
wider range of real-world problems, especially in scenarios
where accessing classification oracles may not be feasible.

Contextual bandits with constraints by introducing addi-
tional costs, requiring the learner to maximize cumulative
reward while satisfying constraints. Initial research focused
on knapsack constraints (Badanidiyuru et al., 2014; Agrawal
& Devanur, 2014; Wu et al., 2015; Agrawal & Devanur,
2016; Badanidiyuru et al., 2018; Sivakumar et al., 2022;

Chzhen et al., 2024; Guo & Liu, 2025), where the inter-
action terminates upon any constraint violates. For linear
function classes, (Agrawal & Devanur, 2016) established
the optimal theoretical guarantee of O((1 + %)\/T ) was
achieved by (Agrawal & Devanur, 2016) for the linear func-
tion class. This result was subsequently extended to general
function classes by (Han et al., 2023; Slivkins & Foster,
2022) through the introduction of regression oracles for joint
reward and cost estimation. A shared assumption across
these works is the existence of a null action, which ensures
Slater’s condition holds.

Fairness constraints have also been extensively studied in
the bandit problem. One prominent notion of fairness in
multi-armed bandits is the requirement that similar indi-
viduals and/or groups are treated similarly, as discussed
in (Dwork et al., 2012; Joseph et al., 2016; Chzhen et al.,
2024). Another widely explored fairness constraint ensures
that each arm receives a minimum fraction of pulls, prevent-
ing any arm from being disproportionately neglected (Li
et al., 2019; Chen et al., 2020; Claure et al., 2020; Sinha,
2024). There are also studies on group fairness (Chohlas-
Wood et al., 2024; Chzhen et al., 2024), where fairness is
defined by minimizing the difference in average spending
across different groups. These studies design algorithms
for specific constraints that incorporate fairness into the
decision-making process.

In (Slivkins et al., 2023), a generalization is considered
where the constraint should be satisfied in the long term,
the cost can be both negative and positive, and the perfor-
mance of the algorithm is evaluated through both regret
and cumulative violation. They provide the first O(v/T' /)
regret and violation guarantee, which, however, relies on the
assumption that Slater’s condition holds and prior knowl-
edge about it is available. The first theoretical guarantee
without Slater’s condition is provided by (Guo & Liu, 2024),
where they establish O(T'%) regret and violation. When
the Slater’s condition holds, they also achieve O(v/T/6?)
regret and violation but do not require prior knowledge of
the Slater parameter 9. In the non-context bandit problem,
O(T%) regret and violation is also proved in (Sinha, 2024)
without the Slater condition. The optimal O(v/T’) guarantee
without Slater’s condition in non-context bandits with con-
straints is provided by (Bernasconi et al., 2024a), however,
their algorithm requires constructing a safe decision set for
every round, suffering from high computational overhead,
especially when the constraints are general and complicated.
It remains open whether O(\/T) regret and violation can
be achieved with an efficient algorithm for contextual ban-
dits with general constraints without Slater’s condition, as
addressed in this paper. A related line of work (Moradipari
et al., 2021; Amani et al., 2019; Khezeli & Bitar, 2020;
Pacchiano et al., 2024; Gangrade et al., 2024; Chen et al.,
2022a; Gangrade & Saligrama, 2025) studies stage-wise
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Regret/Violation Regret Slater’s condition free/

Reference (General constraint) | (Knapsack constraint) | Slater constant agnostic
Optimistic3 O(VT), O(VT) O((l—i—”—b*)\/T) v,V
(Slivkins etal. 2023) | O(¥L), OC4) | 0 ((1+5)VT) X, X
(Guo & Liu, 2024) (?(T%)’ (?(T%) = L4
’ OCF), 0CF) | o(1+%5)IVT) XV
(Chzhen et al., 2024) x 0 ((1 n g—;)ﬁ) X, X
(Guo & Liu, 2025) x 0 ((1+5)VT) P

Table 1. Comparison with related works. Optimistic® achieves an optimal theoretical guarantee for general constraints without
requiring the Slater’s condition, significantly improving upon the O(T%) bound in (Guo & Liu, 2024). Even when the Slater’s condition
holds, our results outperform those in (Guo & Liu, 2024; Slivkins & Foster, 2022) by getting rid of the dependency on §. Notably, our
guarantees for general constraints also recover the state-of-the-art results in (Chzhen et al., 2024; Guo & Liu, 2025), which focus on the
knapsack constraints. While (Guo & Liu, 2025) further relaxes the requirement of knowing the Slater’s constant assumed in (Chzhen
et al., 2024), it still depends on the Slater’s condition, whereas our approach does not.

constraints, enforcing safety with high probability at each
step. However, these methods rely on an initially known
feasible action or the construction of a safe region in every
round.

3. Stochastic Constrained Contextual Bandits

In this section, we introduce the problem formulation and
performance metric for stochastic constrained contextual
bandits with general constraints.

Stochastic Constrained Contextual Bandits: We study
stochastic constrained contextual bandits denoted by
{X,A, F,G}, where X is the context set, A is the ac-
tion set (a finite set), F is the reward function class, G
is the cost function class. At period ¢, the learner observes
a context x; randomly generated from the context set X’
according to a known probability law P(-). The learner
takes an action a; € A, and then receives a random reward
ri(zy,a;) € [0,1] and a random cost ¢; (x4, a;) € [—1,1].
Note that we consider a single constraint for ease of expo-
sition, and our results are readily generalized to multiple
constraints. We study a stochastic environment where the
arrival of contexts is i.i.d; the observations for rewards and
costs are drawn from unknown i.i.d. distributions. We fur-
ther assume a key general realizability condition for the
reward and cost functions (Slivkins et al., 2023; Han et al.,
2023; Guo & Liu, 2024; Chzhen et al., 2024).

Assumption 3.1. There exists functions f € F and
g € G such that f(x,a) = E[r¢(z,a)|z] and g(z,a) =
Elci(z,a)|z] Vo € X,a € A.

We define a policy 7 : X — A(A), which maps a context
to a probability simplex over action set .A. Let f(z) (r¢(z))
and g(z) (ci(x)) denote the reward vectors and the cost
vectors, respectively, over the action set .A given the context

x. The goal of the learner is to design a policy to optimize
the cumulative rewards while satisfying the constraints
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The problem formulation in (1)—(2) is general enough to
model different types of constraints, including the most
common knapsack and fairness constraints:

* (Replenishable) Knapsack constraints (Han et al., 2023;
Slivkins et al., 2023; Chzhen et al., 2024; Bernasconi
et al., 2024b): Define ¢;(x,a) := w;(x,a) — b and the
constraint in (2) represents Zthl w(xy, ar) < B, where
B is the initial budget and b = B/T is the average budget
(per round). For the most classical bandit with knapsack,
the cost function w¢(z, a) is non-negative, and the inter-
action would stop once the budget is exhausted. When
the knapsack is replenishable, the cost w;(x, a) could be
both positive and negative, where a negative cost implies
restoring a positive amount to the budget. The interaction
would continue until the end of the time horizon 7.

¢ (Min-selection) Fairness constraints (Li et al., 2019; Chen
et al., 2020; Claure et al., 2020; Sinha, 2024): Define
ct(x,a) := A; — I{a = i} for arm 7 and the constraint in
(2) represents \; < 23:1 I{a; = i}/T, which means the
learner has to choose arm i at least \; faction of times,
i.e., guarantee minimum selection fairness for arm 4.

* (Group) Fairness constraints (Chohlas-Wood et al.,
2024; Chzhen et al., 2024): Define ¢; 4 (z,a) :=
wy(z,a)l{gr(z) = i} — vow(x,a), and ¢, =
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~yiwe(z,a) — wi(x,a)l{gr(x) = i} for group i, where
gr(z) € [I] denotes the group index, and ~; is the ex-
pected proportion for group ¢. This constraint reduces
disparities in average spending among groups, thereby
mitigating equity issues.

Regret: To define regret, we first introduce the underlying
offline problem of (1)—(2):

max E [(m, f(x))] st. E[(m, g(z))] <O0. 3)
Note the optimal value of this offline problem serves as an
upper bound to the optimal value of (2), which has been
proved in (Devanur et al., 2011; Agrawal & Devanur, 2016;
Badanidiyuru et al., 2018). Let 7* be the solution to this
offline problem and we define v* := E [(7*, f(z))] as the
optimal value. For any sequence of action {a; }+, the corre-
sponding (pseudo) regret against this baseline is

R(T) :=Tv* —E [Z Ty, at)] : 4)

t=1

Constraint Violation: The constraint violation is straight-
forward to be defined as

V(T) :=E lz ez, at)] : (5)

t=1

Note in the classical contextual bandit with knapsacks,
V(T) = 0 due to the “hard stopping” when the budget
is exhausted.

Assumption 3.2. There exist online learning oracles {0}, .
such that the reward and cost estimators f(z,a) and
Ji(x, a) satisfy the following conditions with a high proba-
bility at least 1 — p:

o [0S Fiw.0) = f(o,0) < 24(0,0.)
B Ogg(ua)—gt(x,a) SQEt(wvaap) ’
HQ —

where p = 1/72, and we have Zle let(, a,p)
O(log(max(|F|, |G|)/p)).

The above assumption defines two online regression oracles
and their performance, which is common in contextual ban-
dits with constraints (Foster et al., 2018; Han et al., 2023;
Slivkins et al., 2023; Guo & Liu, 2024; Chzhen et al., 2024,
Guo & Liu, 2025). For the (non-context) multi-armed ban-
dits problem, standard UCB (LCB) estimation satisfies the
constraint. If the reward and cost functions belong to the
generalized linear class, the online least-square estimate
oracles satisfy the assumption. When the reward and cost
functions are in general class, the weighted online regres-
sion estimators still satisfy the assumption, and ;(z, a, p)
can be calculated efficiently via a binary search method

(Foster et al., 2018). Based on online learning oracles, we
have optimistic learning for rewards and costs.

For completeness, we introduce a key assumption, Slater’s
condition, used in the existing literature, and note our work
does not make this assumption.

Assumption 3.3 (Slater’s condition). There exists a positive
constant § such that a feasible solution 7 to the optimiza-
tion problem (3) satisfies E[(mo, g(z))] < —4.

This assumption guarantees the existence of a strictly feasi-
ble solution, commonly used in constrained bandit literature
(Slivkins et al., 2023; Chzhen et al., 2024; Guo & Liu, 2024,
2025). In contrast, our algorithm eliminates this require-
ment entirely, and our guarantees are independent of the
Slater parameter J, which may be arbitrarily small in tightly
constrained scenarios.

4. Triple-optimistic framework for contextual
bandits with constraints

In this section, we introduce Optimi stic? learning and
decision framework for contextual bandits with general con-
straints. This framework incorporates a triple optimistic
design in parameter learning, primal decision, and dual vi-
olation update to achieve optimal theoretical guarantees.

Optimistic? learning and decision framework

Initialization: (); = 0, o > 2, uniform policy 7y, and KL
divergence D(:||).
Fort=1,---,T,
¢ Optimistic Learning: Observe the context z;, con-
struct UCB and LCB estimators for rewards f; (i, a)
and costs §;(x¢, a) from the learning oracles {O}, ..

¢ Optimistic Decision: Construct the optimistic surro-
gate function for any a € A that

L(wy,a) = fi(e,a) — Qugu(r, a). (6)
Find the optimal policy 7, for probabilistic exploration:

T = arg max (m, L(x)) — aD(x||m—1).  (7)

Sample an action a; ~ ;.

* Observe Feedback: Observe noisy reward (¢, a;)
and cost ¢; (x4, az).

* Optimistic Dual Update: Update the optimistic dual
variable Q¢ as follows:

Qi1 = (Qr — Eg[(me—1, &1 (2)) — 2(my, & (2))])F
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Optimistic?® framework is rooted in efficient primal-
dual decision-making, leveraging the power of optimism to
smoothly control exploration-exploitation tradeoffs under
general constraints. It contains the key components:

Optimistic Parameter Learning: Opt imistic? incor-
porates standard learning oracles for reward and cost func-
tions as in (Slivkins et al., 2023; Chzhen et al., 2024; Guo
& Liu, 2024). Specifically, the algorithm leverages online
regression oracles that collect historical observations of the
noisy reward 7¢(x¢,a;) and cost ¢(x¢,as). Using these
collected samples, the algorithm constructs optimistic esti-
mates of the reward and cost for the next round based on the
given context, which is achieved through the UCB estimator
for rewards and the LCB estimator for costs.

Optimistic Primal Decision/Exploration: Upon the op-
timistic estimators for reward and cost, the framework
first constructs an optimistic surrogate function f/(xt, a).
We then introduce KL divergence as a regularization term
to translate the surrogate function into action probabil-
ity, which ensures probabilistic, smooth and efficient ex-
ploration. This design differs from the “greedy” deci-
sion in (Chzhen et al., 2024; Guo & Liu, 2025) and
inverse-gap weighting exploration strategy in (Slivkins et al.,
2023; Guo & Liu, 2024). Besides, the decision in (7)
is very efficient because it is based on online mirror de-
scent and has a closed-form Exp3 update, i.e., m;(a) =

m_1(a)esle@na) ;S m ) (af)ewLe(@ea),

Optimistic Violation Adaptation: Once the policy 7; has
been determined, Optimisti c? then conduct optimistic
dual update on )¢, which is the key design to provide im-
proved guarantee. Unlike the traditional dual updates

Quy1 = (Qu + (me, & (x)) ™, or (Qr + ci(wr,a0)) T,

which can be interpreted as a standard gradient ascent step
on the dual variable, we introduce an additional correction
term: E, [(m¢, 8:(2))] — Ex[(m¢—1, &—1(x))], which serves
as the “momentum” to smooth the update and accelerate
convergence. The expectation [E,, denotes expectation over
the context variable (drawn from the known context distri-
bution IP(+)). The optimistic dual gradient ascent mitigates
fluctuations in the dual variable and smooths out abrupt
changes in constraint violations across rounds. Interestingly,
this optimistic design enables Optimistic? to achieve
the minimal violation even without Slater’s condition. The
current update requires knowledge of context distribution.
When the context distribution is unknown, one can first esti-
mate its empirical distribution and use it in the update. This
would not degrade the theoretical analysis when the context
distribution satisfies a certain smooth property, as suggested
in (Li & Stoltz, 2022; Chen et al., 2022b).

In summary, Opt imistic® presents a novel framework
for algorithm design and theoretical analysis in constrained

contextual bandit problems. The optimistic and smooth
design in primal decisions and dual updates serve as the
cornerstone of this framework. By synergistically integrat-
ing optimistic estimators with dual variable updates, the
optimistic surrogate decision function achieves an elegant
balance between reward maximization and cost constraint
satisfaction. This approach not only attains optimal theo-
retical guarantees without requiring Slater’s condition but
also demonstrates great generality - achieving the best-of-
both-worlds in multi-armed bandit with both stochastic and
adversarial constraints (as shown in Section 7).

5. Theoretical Results

In this section, we present the theoretical performance of
Optimistic?® in contextual bandits with general con-
straints and sketch the proof. We begin by stating the main
results in the following theorem, which offers a positive
answer to the open question posed in the introduction.

Theorem 5.1. For contextual bandits with general con-
straints, Opt imistic? achieves the following regret and
violation:

R(T) = O(VT), V(T) = O(VT).

Remark 5.2. These results demonstrate that Opt imistic?
achieves strong regret and violation bounds when Slater’s
condition does not hold. These results improve upon (Guo
& Liu, 2024), which establishes O(T%) regret and violation
and only improves to O(v/T'/6?) regret and violation when
Slater’s condition holds. While their results focus on the
parameter-agnostic setting, (Slivkins et al., 2023) shows
that even with prior knowledge of the Slater’s condition
parameter, the results can only improve to O(v/T'/§) regret
and violation, still retaining a dependency on §. In con-
trast, Opt imistic® does not require Slater’s condition
and achieves a clean and elegant O(\/T ) guarantee, elimi-
nating the dependency on d, which could be small or even
vanish in many real-world applications. These results can be
further extended into knapsack constraints. Our results sig-
nificantly advance the theoretical guarantees for contextual
bandits with general constraints.

5.1. A Unified Bound of “Regret plus Drift”

To prove our main results, we first introduce the following
lemma that provides a unified bound for both regret and drift,
serving as a key step in the proof of Theorem 5.1. We first
define the historical information H; = {z, ft, Jt, Qi }. The
expectation in the following lemma denotes the conditional
expectation E[-|H;] given H;.

Lemma 5.3. Let m; be the policy returned by (7) in
Optimistic3. Define a shift dual variable ¢, = Q; —
E.[(mi—1,8:—1(x))] and its corresponding drift Ay =
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%(q?+1 — qi). We have

E[(m" — m, £(20))] + E[A]

!

< 2E[|[f(zs) — fi(x) || +E | D Qu(r*, &1 (1) — glae))

+ aE[D(m*||m;—1) — D(7*||m)]
+ E[||gi—1(z) — g()||?]

+ S (E (e @)~ E[{me-1, 801 ())

Remark 5.4. The above lemma provides a unified bound for
both the single-step regret (7* — 7, f(x;)) and the single-
step drift A, enabling us to analyze regret and violation
simultaneously. The drift captures the stability of the dual
variable, thereby reflecting the extent to which the total con-
straint is violated. This lemma refines the results of (Guo &
Liu, 2024) by leveraging the power of optimism, allowing
us to eliminate additional trade-off parameters between re-
ward and cost that could affect the efficiency of bounding
the unified terms and necessitate Slater’s condition.

We provide a proof sketch below, with the detailed proof
available in Appendix A.

Proof Sketch: To begin, we first introduce the following
pushback lemma.

Lemma 5.5 (Pushback Property). Let II be a convex set.
Let function h be convex on Il and m,p; € 11 be a global
minimum of h(w) + aD(x||m—1) on IL. For any w € 11,

h(Topt) + aD(Topt||me—1)
<h(m) + aD(r||mi—1) — aD(7||mopt)

Pushback lemma is a fundamental result in online opti-
mization (Nemirovski et al., 2009; Yu et al., 2017; Wei
et al., 2020), particularly when working with Bregman di-
vergences (here we specify as KL divergence). This lemma
originates from the strong convexity property and guaran-
tees that the optimization process inherently resists devia-
tions from the optimal solution, with the term oD (7||mopt)
quantifying the magnitude of this “pushback” effect. By
leveraging this property, we can effectively analyze the opti-
mistic decision-making process in (7).

Let h(7) = (m_1—m, £ (2:))+Qy (7, & (21)), according to
the optimistic decision in (7), we have m,,; = 7. Therefore,
we can apply Lemma 5.5 to get that for any policy 7 € 11,

(m—1 — my, ft(xt» + Qi (me, &t (2¢)) + aD(my||mi—1)
<(myq — m,Eu(@)) + Qu(m, & (1)) + aD(x||mi—1)
—aD(r||m)

Let 7 = 7* and add (7* — m;_1,f(2;)) on both sides, we

can obtain

(" — 7y, £(2y)) + Qu{me, & () + D (m||mi—1)

<" — g, f(y) — f't(ast» + Q" gi(wr) — g(xr))
+ Qi{m",g(x4)) + aD(r*||mi—1) — aD(x*||m:). (8)

Recall ¢ = Q:—E,[(m—1, &:—1(x))] and its corresponding
drift A,, the following property holds due to the update rule
of the optimistic dual

Lemma 5.6. Under the Optimistic® framework, the
following inequality holds for the drift term
Ex[A¢]
<quEa (e, (0))) + Eu (e, &0()?
=QiEo[(m1, 81(2))] — B [(me—1, 811 (2)) B[ (71, 81(2))]
+Eq[(m, 8 (2)))? ©)

The cross term B, [(m;_1, &t —1(2))|Ex (7, & (z))] is chal-
lenging to analyze directly, so we introduce the following
property to facilitate the analysis:

Lemma 5.7. The following inequality holds for t € [T,

Eol(mi—1, &1 (2))|E [, &1 (2))]

SB[ g (@) | Bal(mi, & (2)]
- 2 2
— Eu[llgi-1(2) — &:(2) "] = llme — w117

(10)

Remark 5.8. Suppose the algorithm is designed without
leveraging any prior knowledge of the context distribution.
In this case, the optimistic dual update takes the form

Qi1 = (Qr — (m—1, &e—1(z4—1)) + 2(m, & (1)) T

As shown in Lemma 5.7, this update introduces the term
llg:—1(w¢—1) — & (x,)||?, which poses significant analyt-
ical challenges, as it reflects the complexity of context-
dependent variations. To circumvent this issue, we have
to adopt the mild assumption that the context distribution
is known and leverage this knowledge in the dual update.
An important direction for future work is to develop tech-
niques that remove the assumption of prior knowledge of
the context distribution.

With the above two lemmas, we can take expectation w.r.t.
x, and substitute (9) and (10) into (8), which gives
(" — 7, B [f(xe)]) + Ay
§<7T* — T, ]Em [f(xt)
+aD(r*||m 1) — aD(7*||m) + Be[l|g -1 (z) — &i(2)[1?]
> _

. Eu[(me, 80(2))]* — Eo[(mi—1, §—1(x))]?
2
+ || — m—1]|T — aD(me||mi—1) + Eo [Qu(m™, g(z1))].

—£(20)]) + Bo[Qe(n*, & (1) — g(a1))]
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For the last term, we have E,[Q:(7*,g(x:))] = 0 ac-
cording to the definition of 7*. Then it remains to prove
|me —mi—1||3 — aD(m¢||7i—1) < 0, for which the following

lemma holds:

Lemma 5.9 (Pinsker’s inequality). Let w; and my_1 be two
probability distributions over action set A and D(-||-) be
KL Divergence, we have

Imi—1 — mell7 < 2D(me||me—1)

Applying Pinsker’s inequality and recalling o > 2, then
we can take the expectation w.r.t. the remaining terms in
‘H. to complete the proof. We might also consider alterna-
tive generating functions in the Bregman divergence, which
yield properties similar to Pinsker’s inequality and obtain
the same guarantees as in Theorem 5.1. This might require
selecting an appropriate learning rate « in our algorithm
such that the key Lemma 5.3 holds.

5.2. Regret analysis

To establish the regret bound, we first sum the inequality in
Lemma 5.3 to get

E lZ(ﬂ* — 7y, £(xy))

t=1

+E

SN

T
<E lz £ () — £ ()| + ZQt ™, & () g(xt)>]

T

+E Za( (7| 1)—D(7r*||7rt))] (11)
B

+E legu(x)—gt(:p)ﬂ (12)

r :E 7Tt,vt(E 2 E 7Tt,1,vt711' 2
+Z< s o) Ellm1.8 <>>]>

13)

The first two terms denote the learning errors of reward
and cost functions, for which we have the following upper
bound due to our learning oracle assumptions.

T A
E lz £ (xt) — £ ()|
lz Qu(m™, ¢ (xy) — g(w4))

where the last one holds since we have Q(t) < 27 from the
update rule of the dual variable.

= O(VT),

=0(1),

From the telescoping nature of (11) and (13) and the upper

bounds for each component, we can easily derive:

Z 7| —1) — D(m

Hm)) | = O(1),

zT: ( m,gt ) - E[<7Tt_17§t—l($)>]2> = 0(1),

Finally, for the terms in (12), we have

T
E [z 181 (x) - gt@c)n?]

T T
<E [ant_l(x) @ +E X lete) ||2]
t=1 t=1
T ~
<E |3 |fee(z,a,p)2| = O(1),
t=1

where the last inequality holds due to the learning oracle
assumption. Combining all these terms, we prove the upper
bound of regret such that R(T") = O(v/T). Please refer to
Appendix B.1 for the detailed proof.

5.3. Violation analysis

To establish the cumulative violation guarantee, we first
need to analyze the relationship between violation and dual
variable. According to the update rule of Q;, we have

Qi1 = Qr — Ex[(mi—1, &1-1(2))] + 2Ba[(me, & (2))].
Summing the above inequality over 7" rounds and taking
expectation, we can obtain that:

T

Zm,gt(az»] <Qra+1<qri+2
t=1

E

This demonstrates that the expected estimated cumulative
violation can be upper bounded by the “dual” term g7 1.

Then we can prove the constraint violation through the fol-
lowing decomposition:

T

V(T) =E [Z(%g(ff) -

t=1

<E [Z g (z z)|

where we can complete the proof by analyzing the cumu-
lative learning error and the upper bound of ¢r. Recall in
Section 5.2, we have proved a unified bound for regret plus
drift, which gives

T
Z Wtagt ]

+aqry1+2, (14)

T

Do =, f(ae)

t=1

E

+E =O0(VT),

T
S
t=1
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substitute the definition of drift, recall (); = 0 and rearrange
the inequality, we can obtain

2
4T+1
E | ——

T
Z T — " f xﬂ}]
<O(VT) + 2T,

where the last inequality holds due to the bound of the
reward function. Finally, we show that g1 = O(\/T),
we then prove the constraint violation by substituting it into
(14).

6. Optimistic® for CBwK

This section instantiates Opt imist ic? for contextual ban-
dits with knapsack constraints and shows how the theoret-
ical guarantee in Theorem 5.1 can be translated into the
knapsack constraints with “hard-stopping”. Intuitively, the
constraint violation is a proxy for the early stopping and
will be accounted for regret.

For the knapsack constraints, we have c;(z¢,a:) =
wy(x¢, ar) — b and 23:1 wy(x¢, ar) < B. The regret def-
inition is the same as in (4). To present our results, we
first define the stopping time under our algorithm, where
T = arg minge ) {t | S w(xt,ar) > B}. We then de-
couple the regret as follows

T

Z(V* — (w1, ar))

t=1

R(T) =E (T =)0

The first term represents the “regret before stopping” and
can be bounded using our regret analysis of contextual ban-
dits with general constraints, i.e., R(T'). Specifically, it is
bounded by O(1/7) = O(/T) in Theorem 5.1.

The second term, (1" — 7)v* represents the “regret after
stopping,” and its upper bound can be determined by ana-
lyzing the upper bound of the constraint violation. From
the violation bound in Theorem 5.1, we can immediately
have E [S°7_, (wi(24,a;) — b)] = O(V/T), in conjunction
with the definition of stopping time, we know 7 satis-
ﬁes O(WT) + 7b > B := Tb, which establish that
O(V/T/b) such that

T—7=0

*

E(T — 7)v*] = O (”b\/f) .

These results are summarized in the following theorem, and
its proof can be found in Appendix C.

Theorem 6.1. For contextual bandits with knapsack con-
straints, Opt imistic?® achieves the regret that

”)ﬁ).

R(T) = O <(1+ ;

The regret bound holds for a universal budget regime where
B = Q(1) without assuming Slater’s condition or the
information of Slater’s constant. This greatly improves
upon the state-of-the-art in (Chzhen et al., 2024; Guo &
Liu, 2025), where guarantees are limited to a small-budget
regime B = Q(v/T), with (Chzhen et al., 2024) additionally
requiring explicit knowledge of Slater’s condition.

7. Optimistic? for MAB with Stochastic
and Adversarial Constraints

A very recent paper (Bernasconi et al., 2024a) studied clas-
sical (non-contextual) multi-armed bandits (MAB) with
stochastic and adversarial constraints, which achieve “best-
of-two-worlds” guarantees by constructing the feasible set
through adaptive weighted estimates. Interestingly, they
also establish an optimal O(\/T ) regret guarantee without
Slater’s condition under the stochastic setting. We also il-
lustrate Opt imistic? can be readily generalized to MAB
with both stochastic and adversarial constraints and recover
the “best-of-two-worlds” results with a much less computa-
tional overhead as Opt imist ic?® has gradient-type deci-
sion while (Bernasconi et al., 2024a) requires solving linear
programming for each round.

In MAB with stochastic and adversarial constraints, at time
t, the learner chooses an arm a; € A and receives a re-
ward r;(a;) and a cost ¢;(a;). Similar to (Bernasconi et al.,
2024a), we consider the reward to be arbitrary and adver-
sarial. Then the cost functions are the key to dividing this
problem.

Stochastic Setting. The cost at each round is indepen-
dently drawn from an i.i.d. distribution with expected value
c(a) = E[ei(a)],Va € A, t € [T]. The baseline is defined
as the best fixed policy that satisfies the constraints in expec-
tation. Consequently, the definitions of regret and constraint
violation remain the same as those in the main text, with the
slight modification that the contexts are omitted.

Adversarial Setting. The cost sequence {c; }+ can arbitrary.
As the baseline, we consider the best unconstrained policy:

qp = arg mauxz:(ﬁ7 ry).
4 t=1
In this more challenging setting, as a sublinear regret re-
sult is impossible (Immorlica et al., 2022; Castiglioni et al.,
2022), we aim for a less ambitious objective: achieving
a constant competitive ratio with respect to OPT,4, =
T « . .

> i1 (¥ 4, Tt), the cumulative reward of the unconstrained
optimal policy. Formally, given the competitive ratio g < 1,
we establish the following 3-regret as:

B-R(T) = B OPT4q4, — E [Z rt(at)] .
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The definition of violation remains unchanged.

In the stochastic setting, (Bernasconi et al., 2024a) also
achieves the optimal O(ﬁ) regret and violation with-
out Slater’s condition, a result that is, of course, covered
by our work. In the adversarial setting, their analysis
further requires Slater’s condition to hold, where p :=
— inf,e4 max,e[7) ¢t (a) is the Slater constant. They con-
sider the competitive ratio to be 8 = p/(1 + p) and achieve
O(\/T) regret and violation. To achieve these “best-of-two-
worlds” guarantees, they estimate the cost function using
a weighted average of past observations combined with an
optimistic bonus. They adaptively design the weights based
on the current level of constraint violation, allowing the
estimates to accommodate the differing requirements of
stochastic and adversarial constraints. However, the algo-
rithm proposed in Bernasconi et al. (2024a) incurs additional
computational overhead, as it constructs a feasible set using
estimated costs and solves a constrained optimization prob-
lem at each round. Next, we will show that Opt imistic3
can recover their performance guarantees while retaining
a gradient-based update scheme to ensure computational
efficiency.

To apply Optimistic? to this problem, we only need
to modify the optimistic learning components for the re-
ward and constraint functions. Specifically, to handle ad-
versarial rewards, we can use standard EXP3-style esti-
mators. To accommodate both stochastic and adversarial
constraints, we adopt the adaptive weighted estimator pro-
posed in (Bernasconi et al., 2024a). The details of the
Optimistic? algorithm for MAB with stochastic and
adversarial constraints are provided in the Appendix D. For
this problem, we have the following guarantee:

Theorem 7.1. For MAB with stochastic and adversarial
constraints, Opt imistic? achieves the following results
for stochastic constraints

R(T) = O(VT), V(T) = O(VT),

and for adversarial constraints with 3 = p/(1 + p), under
the Slater’s condition, Opt imisti c? achieves

B-R(T) = O(VT), V(T) = O(VT).

The above theorem shows that Optimistic?® achieves
optimal O(\/T ) regret and violation in the stochastic set-
ting without assuming Slater’s condition. For adversar-
ial constraints, let 3 = p/(1 + p); under the Slater’s
condition, Opt imistic? achieves O(v/T) f3-regret and
violation. These results match the “best-of-both-worlds”
guarantees established in (Bernasconi et al., 2024a), while
Optimistic?® achieves these results with significantly
less computational overhead.
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Figure 1. Averaged reward and constraint violation under LOE2D,
LagrangeCBwWLC and Opt imistic?.

8. Experiments

In this section, we conduct experiments using the large-scale
learning-to-rank dataset Microsoft MSLR-WEB30k (Qin &
Liu, 2013). We adopt a similar general constraint setting
as in (Guo & Liu, 2024), where the reward function r(z, a)
corresponds to the relevance score (normalized to [0, 1])
assigned to the recommended document and the incoming
customer. The cost ¢(x, a) for each arm is randomly gener-
ated from a uniform distribution over [—0.5, 1] and remains
fixed throughout each trial. We employ gradient-boosted
tree regression and the empirical mean to estimate reward
and cost functions, respectively. Observations of rewards
and costs are perturbed by Gaussian noise A (0, 0.05). The
reported experimental results are averaged over 50 trials,
with a 95% confidence interval. Figure 1 demonstrates
that Opt imist ic? outperforms both LOE2D (Guo & Liu,
2024) and LagrangeCBwLC (Slivkins et al., 2023), which
verifies our theoretical results.

9. Conclusion

In this paper, we propose Opt imistic?, an efficient and
optimal framework for contextual bandits with general con-
straints. Opt imistic? significantly improves the theoret-
ical guarantees in the setting where Slater’s condition does
not hold. Furthermore, we demonstrate that these results can
be extended to the non-contextual MAB setting, achieving
the best-of-both-worlds guarantee for MAB with stochastic
and adversarial constraints.
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A. Proof of the key property in Lemma 5.3

In this section, we provide detailed proof of Lemma 5.3, which provides a unified bound for both regret and violation. We
begin by establishing the following pushback property (for a detailed discussion and analysis, we refer the reader to (Wei
et al., 2020), which provides the first proof of the general pushback lemma).

Lemma A.1 (Restatement of Lemma 5.5). Let X be a convex set. Let function h be convex on 11, and let 7o, € 11 be a
global minimum of h(w) + D(7||mi—1) on 1. Then, for any 7 € 11, we have:

h(mopt) + O‘D(Wozit”mffl) < h(m) +aD(x|[m-1) — O‘D(W”Woz)t)

Proof. Due to the definition of 7, we have
VI(Topt) + aVD(Topt||Ti—1) = 0,
A standard “three-point” expansion of the second bracket shows
D(rl|e-1) = D(Taptllmi—1) = Dl Topt) + (VD (optl ITe—1), 7 = Tope),
Recall VA(mopt) + VD (mope||m—1) = 0, then we can get

(h(7) = h(mopt)) + (D(7||m—1) — D(Topt||me—1)) =(h(7m) = h(7opt) — (VI(Topt), T — Topt)) + D (7|[mopt)
>aD(w|[mopt),

Rearranging the above inequality, we complete the proof. O

We consider the case conditioned on the historical information H;. Then, we can apply the pushback lemma to our decision
process in (7), where h(m) = (m—1 — 7, fi(24)) + Q+(m, &(x+)), which implies that for any policy 7 € II:

(mi—1 — e, £ (2e)) + Qe (e, &1 (2e)) + aD(me||mi—1)
(w1 = Bi(0)) + Qulm, 8e(24)) + aD(x||me—1) — aD(||m)

Let 7 = 7* and add (7* — m;_1,f(x;)) on both sides, we can obtain

(% =, £(2r)) + Qe &) + aD (7 |[me—1)
< =, f(we) — fu(2r)) + Qu(m™, &i(mr) — g(x)) + Qu(m™, 8(1)) + aD(n*[|m—1) — aD(x*||m),

2
To address the term Q; (7, & (x+)), recall that g = Q¢ —E, [(m¢—1, &:—1(x))], and the corresponding driftis A; = qt% — g.
For the drift term, the following property holds:

Lemma A.2 (Restatement of Lemma 5.6). Under the Opt imistic® framework, the following inequality holds for the
drift term

Eo[Ar) <qiBe[(me, &:(2)] + Eo[(me, &1 (2)))?
=Qt . [(Te, 84 (7))] — B [(m—1, 81—1(2))|Ex [{7s, & (2))]
+ B [(mr, 0(2)))?

Proof. Recall the definition of ¢; and the optimistic dual update:

Qi1 = (Qr = Ea[(mi—1, &1—1(2))] + 2o [(m, & (2))]) "

We can derive the update rule of g1 1:

Gr1 + Eal(me, 8(2))] = (q¢ + 2B [(my, &1(2))]) "
Ge+1 = max(—E[(m, 8:(2))], ¢ + Eu[(me, 8:(2))]),

13
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To facilitate the analysis of ¢;, we define the following ¢(7):

) Eul{me ge(2)], if g+ Eo[{me, 81(2))] > —Eqi[(me, 8 (2))]
P(me) = .
—qt — EI[<7Tt7 gt(m)ﬂv else.
Then we can rewrite the update of ¢;41 as
qer1 = q + ().
Recall the definition of the drift term, we have

¢(7Tt)2

Ay =5 + ué(m)
:¢(7;t)2 + @B [, 8(2))] + e (B(mi) — B[, 80(2))])
O e @) — (8(m) + B (. (@)D (0(m0) — B [(m ()
— B [(m, 80(2))] + By [(mr, & (2)] — d’(?z

<qEo[(me, §(2))] + Ex (e, §0(2))]%,

where the third equality follows from the fact that g;(¢(ms) — E[(ms, &:(2))]) = (é(ms) + E[(m ,gt(xm)( (7rt)
E..[(m, &:(x))]), which can be proven by considering the cases ¢(m;) = E.[(m¢, 8:(x))] and ¢(my) # E.[(m, & ()
Finally, we substitute ¢; = Q¢ — E,[(m¢—1, &:—1(x))], which completes the proof.

=1

When analyzing the upper bound of the drift term, the cross term E,[(7:—1, &:—1(2))|Ex (7, &:(x))] presents significant
analytical challenges. To resolve this, we derive the following lemma.

Lemma A.3 (Restatement of Lemma 5.7). The following inequality holds for t € [T},
Eo[(me, & (2))]* | Eol(me—1, g-1(2))]?
+
2 2
—Ellgi-1(2) — &e(@)[I”] — llme — w3

Ex[(mi—1,8—1(x))|Ee[(me, & ())] >

Proof.
(Eo[(me, (@) — (me—1, &—1(2))])* =(Eal(me, §e(2) — e—1(2))] + Eu[(Ge—1, 7 — me—1)])?
Eelllmellllge () — g1 ()] + Exlllge—1lloollme — me—1]1])?
(Eo[llge(z) — &e—1 ()] + Eolll&e—1lloc[lme — me—1]11])?
2B, [|1g¢(2) — ge—1(2) 1] + 2]l me — w117,

where the first inequality comes from Hoélder’s inequality, the second and third inequality hold since ||| < 1 and
l&:—1]lco < 1, the last inequality holds since (a + b)? < 2a? + 2b? and E[X]? < E[X?]. Then we can obtain

Bellme &I | Bellme s &d @I g, g,y o) Bl 20(00)]) < Bellie (@) — £@)IP] + e — 7

Rearranging these terms and then we complete the proof. O

I/\ IN A

By combining the two lemmas above with the inequality derived from the pushback property and applying Pinsker’s
inequality—-which states ||m;_1 — m¢||? < 2D(m||m—1) < aD(m||m_1)—we derive the following bound:

Eo[(n" — e, £(20) [He] + Ea[Ad He] SEo[20|f(20) — £ () [|He] + Eo | D Quln™, gelae) — glw0)) |He

+EgaD(x"|[m 1) — aD(x"||m) | H]
+Eallge-1(2) — ge(2)l*[#e]

+ S (E (e @) Pl — E (o1, 801 ()],

Taking expectation w.r.t. the historical information H;, we complete the proof of Lemma 5.3.

14
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B. Proof of Theorem 5.1

In this section, we prove our main results in Theorem 5.1 by leveraging Lemma 5.3, which establishes a unified bound for
both regret and Lyapunov drift. We first derive the regret bound, followed by the constraint violation analysis.

B.1. Proof of Regret bound

We begin by summing the inequality in Lemma 5.3 over 7' to obtain:

E [Z(W* — e, £(24)) 23 " |[f () — ft(fﬂtﬂ}

t=1 t=1

T

S,

t=1

+E <E

+E ZQt T, 8 () g(mﬁ}]
T
+E D a(D(r*||m-) —D(W*Hﬁt))}

T
+) E[lgi-1(z) — &i(2)]?]
T
(me,8(2)? (m—1, 8i—1(2))?
- (gl - sty |

t=1

+E

We analyze these terms one by one. For the first term, based on the learning oracle assumption, we can obtain:

T
22\& @) — fi(x2) I] < 2|A|Z||5t z,a,p)| <2/ Al T llee(z, a,p)|?

t=1 t=1

24|/ Tlog(max(|F], [6])/p) = O(T),

).

where the second inequality comes from the Cauchy-Schwarz inequality. For the term E [23:1 Qi (m*, g1 (xy) — g(
we decompose the expectation using the event £ defined in Assumption 3, considering both £ and its complement &.

T

Z T, &t(21) g(xﬁ)] =E ZQt T, & (1) — g(21))|€

+E ZQt T, () — (fft)>|51

t=1

<E ZQt 7, & (x4) g(fﬂt)>l5]

<E ZHQtH”ﬂ'*””gt(:’jt) g(xt)IIIS]

Lt=1
<4|A|pT?,

where the last inequality holds since the event £ holds with probability p and the facts that ||Q|| < 27, |7*|| <
1, g (w0) — g(w0)l] < 21AL Then we show that E [, Qu(r", &(w) — glw))| = O(1) since p = 5.

2
Next we analyze E Zthl a(D(m*||mp—1) — D(ﬂ'*Hﬂ't))] and E [Z;";l (<”tvg;($)>2 _ <7rt_1,g§_1(m)>2)}, For these two
terms, it’s easy to get that

| |me—1) D(W*Ilm))] =ElaD(m"{|m)]

Pj’ﬂ

<alog(]A]),

15



Triple-Optimistic Learning for Stochastic Contextual Bandits with General Constraints

the inequality holds due to the uniform initialization of 7.

i( mgt >>}2_E[<m,gt1<x>>12>:E[<wT,gT<x>>]2

2

t=1

<3

where the last inequality holds since gr(x,a) € [—1, 1] and 77 € II is the probability distribution. Finally, we have

+E

T
E Y Ige-1(z) —gt(x)llgl <E

<2|A|E

T
> lIge-1(2) — gl@))?
- T
Z ||€t(x7 aap)|2‘|

t=1

<2|A[log(max(|F],|G])/p) = O(1),

Z 18: (= IIQ]

where the last inequality holds due to our learning oracle assumption. Combining all these terms, then for the regret term,
we have

T
E Z<7T* - Wt,f($t)>‘|
t=1
T
<—E |0 A0 + 2041y Tloglmax(71197)/p) + AT + alog(|A]) + 21 Al log(max(| 7], 16])/p) + &
t=1
? 1
— | |+ 24l Togmmx(I7T G1/5) + AT + alog((A) + 2Allog(max(|7110)/) + 5

<2|A|\/T log(max(|F|, |G])/p) + 4| A[pT? + alog(|.Al) + 2|.A| log(max(|F], |G|)/p) + % = O0(VT),

where the last inequality holds since the initialization of Q1 and we set E,[(mg, §o(x))] = 0, then we complete the proof of
the regret bound.

B.2. Proof of Violation bound

From the update rule of @), we have

E

T
> (m, gi() 1 SQryr+1<grp1+2.
t=1

Then the cumulative constraint violation can be bounded by

Z T 8 ] =E lZ@Mg(ﬂ?) -

t=1

<E [Z g (= )|

T
Z e, E(@ ]
t=1

+aqr+1+2,

Recall that we have already proved a unified upper bound for both regret and violation, which gives

T
Z 7T — Wt,f(l't)
t=1

T

ZAt] < 2|Aly/Tlog(max(|F[, |G]) /p) + 4| AIpT? + alog(|A|) +

+E
t=1

16



Triple-Optimistic Learning for Stochastic Contextual Bandits with General Constraints

Rearrange these terms, we have

T
lz A = ["Tﬂ] <E |3 (m - 7, £(w0)) | + 2141/ Tlog(max( 1, 100 /p) + 41AIT? + alog(lA) + &
t=1
<2T + 2| A|\/T log(max(|Fl,|G])/p) + 4| ApT? + alog(|A|) + %, (15)

where the last inequality holds since f(x,a) < 1. The above results imply that E[¢7., ,] = O(T), which is equivalent to
qr4+1 = O(V/T). Combining these results, we have

T
5 Zm,g(x»] zng Y] I
t=1
< TZHg o)||2 + gri1 + 2
T
S T‘A| Z ||5t(x,a,p)\|2 + QT+1 + 2
t=1

<V/T|Alog(max(|F].|G|)/p) + O(VT),
which completes the proof that V(T) = O(V/T).

C. Proof of Theorem 6.1

For the regret analysis in contextual bandits with knapsack constraints, we have established the following decomposition
into “regret before stopping” and “regret after stopping”:

T

Ry(T) = 7v* = (m, £(zy)) + [T — 70"

t=1

We first analyze the regret before stopping, where we can apply Lemma 5.3 and sum over 7 to get:
E [Z(ﬂii =, £(21)) oA 2)  |[f(z0) — fil0)] > llge-1(@) gt(x)IIQ]
t=1 t=1 t=1

E | Qulmg, &) — gl) > aD(mi||mi1) D(W?Jlﬂt))]

+E <E +E

+E

t=1

d E [(7¢, & (x ? E[(mi—1,&—1(x 2
*Z( o o) Elim-1.8 <>>]>7

First, we can conduct a telescoping sum to get:

T

Y a(D(n*||me—1) = D(a*||m)

t=1

E = E[aD(n*||r1)] < alog(|Al),

1
= <77
2 2 2

E (7, 8 (x 2R T 1,8—1(x 2 E|[({r., & (x 2
Z( { §<>>1_ [(me—1,8 <>>]> (77, & (2))]

Then the remaining terms can be similarly bounded by the learning oracle error, which gives

T T
E QZ“‘(%)E}(%)”] <E QZHf(ﬂft) ft(mt”] :O(ﬁ)
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E | lge1(x) —gt(:c)”?] < 2lAE lz lee(z, a,p)|®
t=1

t=1

=0()

+E ZQt T, () — glae))|E

t=1

ZQt agt xt) g(:w))] =K ZQt agt ﬂﬁt (xt |5

=E ZQt T, & (x4) g(xt)>|5_]

<E ZIIQtHIIW*IIIIEt(xt) —g(xt)lllrfl
t=1

<4|ApT? = O(1),

Combining these terms, we prove an upper bound for regret before stopping:

T

=Y (m,f(z,)) =E

t=1

ZW; — T, f(ﬂ?t»] = O(\/T)

t=1

Next, we prove the part of the regret after stopping. From the update rule of @);, we can immediately obtain the following

inequality:
Z(Trh gt(m)>] )

t=1

gr+1 +7b > E

and, using the definition of stopping time, we know that 7 satisfies ¢,11 +7b > B := T'b, which leads to the conclusion that

E[(T —7)v"] <

@‘t*

E[CITJrl]'

From (15), we can derive that for any ¢ € [T, we have E[g;] = O(V/T). Setting t = 7, and combining all these terms, we
complete the proof.

D. Proof of Regret and Violation for MAB with stochastic and adversarial constraints

As discussed above, we have Opt imist ic? to be readily applied to MAB with stochastic and adversarial constraints. The
only difference is that we need to plug in dedicated estimators for this setting. In particular, since our target is to handle the
adversarial reward, we use the EXP-3 style estimator for reward

7i(a) = 7rt(a)}l(a = ay). (16)

For the constraints, we use a weighted empirical estimation in (Bernasconi et al., 2024a) such that it can adapt to both
stochastic and adversarial settings. In particular, we design the cost estimator ¢;(a) and the bonus term b;(a) such that ¢;(a)
satisfies

ét (a) S Et (a) — bt (a)

The bonus term is as the classical upper/lower confidence terms by (a) = /&L

n(a) *

Let ¢, = {7 <t,a; = a} be the set of rounds in which the algorithm plays the action a:

¢t(a) = Z wr(a)e,(a) (17)

T€Tt,a

18
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The weights {w,(a)} need a careful design such that it is good to track the “slow” change in the stochastic setting and the
“fast” change in the adversarial setting. In particular, motivated by online learning, (Bernasconi et al., 2024a) designs the
following weights

wel@) = @) [ (=nela) with ne(a) = =17 (1)

n
s>7, S€T¢,a e

where n, , is the number of action a taken by the algorithm and I'; = [>°1_, ¢s(as) — Vmax VET)5m>Y KT is the
clipped constraint violation to regulate the learning rate. This design is motivated by the online gradient descent to regard
(¢1(a) — c¢(a))?/2 as the loss function and update as follows

¢t(a), ifa # a;.

Griaa) = {Ct(a) —n¢(a)(C(a) —ci(a)), ifa=ay

. - - ( .. . . .
Intuitively, let n;(a) = #@ and ¢:(a) = % become the empirical mean, which works for the stochastic setting.

To capture the “fast” change of adversarial setting, the violation I'; is imposed to pay more attention to the recent samples.
Then we can construct an LCB-type estimator as

ét(a) = c(a) — be(a). (19)

Optimistic® for MAB with Stochastic and Adversarial Constraints

Initialization: 7o, )1 = 0, a > 2 and the regularization norm D(-||-).
Fort=1,---,T —1,
¢ Optimistic Learning: in (16) and (19).
* Optimistic Decision: Construct policy 7, to minimize the surrogate function:
T = argrr;in—(w,f‘ﬁ + Q¢(m, ¢;) + aD(r||m—1), (20)
Sample action a; ~ .
* Observe Feedback: Observe noisy reward r;(a;) and cost ¢;(a;).

¢ Optimistic Dual Update: Update the optimistic dual variable (), as follows:

Qi+1 = [Qr — (mi—1,&1) + 2(m, &) T 21

Lemma D.1. Let m; be the policy decided by (20), define ¢4 = Q¢ — (mi—1,¢+—1) and its corresponding drift Ay =
%(qfﬂ — q?). For any feasible policy w, Opt imistic® achieves

E[(m — w1, 0-1)] + E[A] SE[Q¢(m, &)] + aB[D(x||m—1) — D(r||m)]

1 1
+E[lle—1 — &) + QE (e, €0) — (me1,€-1)°] + EE[||rt—1H2]~

Proof. The proof is almost very similar except we need to pay some attention to the reward part. Note we have ;1 = E[7;].
We have

(mi—1 — 4, ) + Qe(my, &) + aD(my||my—1)
<(mpoq — 7, T) + Qu{m, &) + aD(7||mi—1) — aD(w||m)

19
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Take the expectation on both sides of the inequality

E[(m — m—1,1e-1)] + E(me—1 — 7, ve—1)] + aD(me|[me—1) + E[Qi (7, €4)]
<E[Q¢(m, )] + E[D(7|[m—1) — D(||m)]

Then we leverage the local normal analysis of online mirror descent in (Sun et al., 2017) such that
1
(mio1 = 7, 1) + aD(mlmea) + ~frea|” > 0.
Therefore, we have
E[{m — m¢—1,re-1)] + E[Q¢ (T, €1)]
. 1
<E[Q¢(m, &)] + oE[D(x||m—1) — D(w|[m)] + aE[||rt71||2]~

Following the exact steps to handle the virtual queue and the constraints in Appendix A, we have two key inequalities from
Lemmas 5.6 and 5.7

Ay < g, &) + (m, €-1)°
= Qt<7Tt7(3t> - <’/thlvét71><7rtvét> + <7Tt7(3t>2~

and

(T, €4)? " (Te—1,€4-1)>
2 2

(mp—1, €—1) (my, €4) > —l€e—1 — &1* — |lme — me—1 |-

Combine these inequalities, we have
E[(r — m—1,7e-1)] + E[A)] < E[Qi{r, &)] + aE[D(x||x,_1) — D(x||¢)]

. . 1 . . 1
+E[||é—1 — &]*] + 51[*3 (e, €0)% = (w1, €-1)%) + aE[”Tt—lHQ]-

O
Lemma D.2. Optimistic? achieves
T
E > lle-1— éﬁ] < 16 4 16Umax VKT + 2v10g? T.
t=1
Proof. Let’s focus on the difference of ¢;_1(a) — ¢:(a) when a = a; (otherwise the difference is zero)
(@-1(a) — &(a)? < 2(e-1(a) — & (a))? + 2(bi—1(a) — be(a))?, (22)
where
_ _ _ 4(1+T,_1)?
(G1(@) — (@))? = 121 (@) @-1(a) — ca(@))? < F DLl
ni_q(a)
2
1 1 vlogT
(bg—1(a) — bt(a))2 =~vlogT - < .
Vni—i(a)  y/ni(a) ni-1(a)
Note > n¢(a) = t. This implies that
T T T
16 + 16I'2_ 2vlogT
E &1 —&|?| <E S D
[; H t—1 t” ‘| = [; n%_l(at) ; nt—l(at)
T 2
16 + 16I'2_, )
<E ———— | +2vlog" T
; ni_y(ar)

<16 + 16vmax VET + 2y10g* T

20
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where the first inequality holds because of (a + b)? < 2(a? + b?); the second inequality holds because the upper bound
will be attained when ni(a) = |[t/K|,Va € [K] at time ¢; the last inequality holds similarly due to the definition of

T, =30 cs(as) — Vmax VET]E™VET and when ny(a) = [t/K|,Va € [K] at time . Specifically, we use

$TE 5 (= i VET e T
= mieaa) T t
S R T2 S KT T
t=1 t? t=|Vmaz VKT ]|+1 r
- ([t = Vimaxe VT VKT )2

= Z t2
t=|Vmaz \/ﬁj +1
< i V?nam KT

t2
t=|Vmax VKT |+1

v KT
<Mt — VKT
T Umaz VKT

O
Based on Lemmas D.1 and D.2, we have
Ef(r — 71, 7e-1)] + E[A] < B [Qum,&0)] + oELD(rme1) ~ D(wllm)] + 5B [(mi, )2 — (me-1,€01)’]
+ éE[Hrt,lHQ] +16 + 16vmax VET + 2vlog? T. (23)

The inequality in (23) is the key and unified result to establish both sublinear regret and violation for MAB with stochastic
constraint and 3-regret for MAB with adversarial constraint. As discussed before, we need to impose different baselines for
stochastic and adversarial settings.

Recall the offline problem for MAB

max E
s

> m] (24)

t=1

[M]=

s.t. E

<w,ct>] <o. (25)

t=1

We just need to impose different baselines for these two settings. Intuitively, for the stochastic constraint, we can compare
it with the optimal offline policy 7* to (24)—(25); for the adversarial constraint, we only compare with a weak S—optimal
offline policy S—m*.

D.1. optimistic? for MAB with Stochastic Constraint

When the constraints are stochastic, i.e., E[ct] = ¢, Vt € [T, the offline problem is equivalent to

T

max E[Z(W,rtﬂ (26)
t=1

s.t. E[{m,c)] <O0. (27)

Based on the key inequality (23), we let m = 7* be the optimal offline policy to (26)—(27). Therefore, we have the key term
to be non-positive
QUE[(7, &) He] < QUE[(x", c)[Hy] = 0.
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Therefore, we have
* * * 1 o -
E[(m" = m—1,1-1)] + E[A)] < aB[D(x7||me—1) — D(x"[|m)] + SE (76, €)% = (o1, €0-1)%]
ZE[|lre1]!] + 16 + 160max VKT + 2y1og? T.

This implies

T
1 TK 1
E[) (m* —m, )] + 51E[q%+1] < aE[D(n"[|mo)] + — + JE (77, €741)2] + 16 + 160vmax VKT + 271og® T
t=1

TK
<alog K+ — + 17+ 16vp.x VKT + 27 log2 T.
«

Recall o = /T K/ log K, we eventually have

1
E[) (m* —m, )] + 5]E[q%H] <2/TK10g K + 17 + 16vmax VKT + 2v1log? T. (28)

t=1

D.1.1. REGRET ANALYSIS

From (28), we directly have

T) < /TKlog K + 17 4 16vma VKT + 2v1log® T.

D.1.2. VIOLATION ANALYSIS

From (28), we have

Elgh, 1] < 2T +2(2\/TKlog K + 17 4 160max VKT + 271log* T).

This implies that

Elgri1] < 2VT + 2\/\/TK log K + 17 4 16vmax VKT + 2y10g® T.

According to the definition of ¢; = Q; — (m—1, €¢;—1) and the update of Q; in (21), we have

(T, &) < Qryq +2<3+2VT + 2\/«/TK log K 4 17 4 16vmax VKT + 2y10g® T

] =

~
I
—

Now, we proceed to bound the constraint violation, where with high probability,

T T T
Y mne) =Y (mc—¢&)+ Y (m, &)
t=1 t=1 t=1
T T T
= Z<7rtac —C) +Z i, by) + Z Ty, €1)
t t=1 t=1

M- -
ok

<3) (m,by) + > (m,€)

t

<6y/TlogT + 3 +2VT + 2\/\/TK log K + 17 + 160max VKT 4 2v10g? T,

where the first inequality holds from Bernasconi et al. (2024a, Lemma 6.2) that the gap between the empirical mean and
(17) is also bounded by b;(a), and the last inequality holds due to the definition of b;(a) and the upper bound of estimated

violation. Then we proved V(T') = E [EtT:l@rt, c)} = OWT).

1

o~
Il

1
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D.2. Optimistic?® for MAB with Adversarial Constraint

When the constraints are adversarial, we can only impose a weak baseline that mixes between the unconstrained optimal
policy 7, and a null policy 7, that minimizes the costs by ignoring the rewards. The trade-off is controlled by a
competitive ratio /3, then the mixed policy iS Ty = 5 - 754, + (1 — B) - Tpuu- As in the setting of stochastic constraints,
we study the key term Q:E [(7niz, €+)|H:] and hope to find a mixed policy such that it is non-positive.

According to the definition of ¢; = ¢; — by, we have
E [(Tmiz, €)|He] < E[(Tmiz, )| He] -

Let’s study the key term of (7., C;) as follows

7rmuv Ct Z 7Tmu Z wr (a)CT(a)

TETt,a
=5 Z Tadv(a) Z wr(a)er(a) + (1 - B) Z Tt (@) Z wr(a)cr(a)
a TE€ETt,a a TE€ETt,a

<BY maan(@) Y wrla) +(L=B)(=p) DY wr(a)

T€Tt,a T€Tt,a
=B+ (1-58)(-p) (29)
where the third inequality holds because ¢, (a) < 1,Va, 7 and ¢, (apui) = c(anui) = —p. the last equality holds because
>_re7,., Wr(a) = 1; Finally, recall the definition for competitive ratio 8 = p/(1 + p) such that (mmiz, &) < 0.
Therefore, we have
T

E Z<7Tmza: - thrt>

1
+ 5E [211] <2VTKIogK + 17 + 1603max VET + 2v10g? T. (30)

D.2.1. REGRET ANALYSIS

Obviously, we have E[ZtT:l (Tmiz, Te)] > ]E[ZtT:1 (155 Tadv>Tt)], Then we can prove the regret directly from (30),

Z<17ppﬂ2d” — Ty, rﬁ] < VTKlog K + 17 4 16vmax VET 4 2v1log? T.

t=1
D.2.2. VIOLATION ANALYSIS
From (30), we have
Elg3y1] < 2T + 2(2¢/TK log K + 17 + 16Upmax VKT + 2y1log? T).

This implies that

Elgrs1] < 2VT + 2\/\/TK log K + 17 4 160max VKT + 2y1og® T.

According to the definition of ¢; = Q¢ — (m¢_1, ¢;—1) and the update of Q; in (21), we have

T
E [Zm, ét>] <E[Qry1]+2<3+2VT + 2\/\/TK log K + 17 4 160vmax VKT + 2y10g® T

t=1

Now, we proceed to bound the constraint violation

T T T
V(T)=E lZ@Tt, ct>1 —E lZ@Tt, ci— &)+ Y (m, (:91

t=1 t=1 t=1

T T
=E lZ(WmCt —Cy) Jrz ¢, by) Jrz T, € 1
t=1 t=1

!

*
Il
_
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Note b;(a) = 3 we have

(a)’
T

E Z<m,bt>] < 3y/TlogT,
t=1

where the second inequality holds because the upper bound will be attained when n;(a) = |t/K |,Va € [K] at time ¢.
Therefore, we have

T

V(T)<E lZ(m,Ct —Cy)

t=1

+345yTlogT + 2\/\/TK log K + 17 4 160max VKT + 2y1og® T

Let’s focus on the key term ZtT:l (7¢, ¢+ — €4). Here recall an important corollary in Bernasconi et al. (2024a, Corollary
5.7), from the fact that the learning 7);(a) rates are non-increasing, which gives

T
Ct+1 *Ct
=S e e -2 |¥ ¥

a te€Tr.a

where 7;(a) = (1+Ty)/nsq and Ty = [0 co(as) — Vmax VKTV 5T We provide a simplified proof in the
following. Fix action a and let k = | Tr,,| be the number of times action is played before time horizon T'. Define ¢(j) be the
rounds in which action «a is played the j-th time. We can obtain:

Z ci+1(a) — ci(a)

teTr.a ne(a)
= Y (e (@) — (@) + —— (e +1(a) — e (@)
jelk—1] i (@) V" ’ Me(k) (@)
< Z <15t(j+1)(a) - 15t(j)(a)> + ;(Et(k)-&-l(a) — Gy (@) 3D
S\ (@) () (@) i) (@)
:777(1«1) (a) ét(k)ﬂ(a) B 727(11)(@ ét(l)(a)
1 1

(@) Ce(ky+1(a) <

) nr(a)

The above proof requires that the costs (or the estimated ones) are non-negative in the adversarial setting. Specifically, the
key inequality (31) requires not only that the learning rate sequence 7;(a) be non-increasing, but also that ¢;(a) > 0 for all ¢.

Combining these facts, we have

KT
V(T) < 1T, +3+5y/TlogT +2\/\/TK10gK+17+16VmaXV T+ 2ylog® T

Now, if V(T') > 2vmax/ KT log T, we have I'r = vipax/ KT log T such that

KT S
V(T) < 34+ 5vTlog T + 2\//TK log K + 17 + 160ax VET + 27102 T
O s T ToF gl + \/ og i+ 174 10w +2ylog

< 3VmaxV KT logT.

Therefore, it concludes the proof of violation of adversarial constraints.

E. Additional experiment on BWK with stochastic and adversarial constraints

We evaluate our approach through numerical experiments on non-contextual multi-armed bandits across both stochastic
and adversarial environments. We consider |A| = 10 arms and the time horizon 7" = 10000. All results are obtained by
averaging over 50 trials and reported with a 95% confidence interval.
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* In the stochastic setting, each arm’s mean reward r(a) = fi, is drawn from the uniform distribution of [0, 1] while
mean constraint c¢(a) = A, is drawn from the uniform distribution of [—0.5, 1]. Observations of rewards and costs are
perturbed by Gaussian noise N'(0, 0.05).

* In the adversarial setting, rewards and constraints adopt time-varying dynamics: r(a) = p, + ol sin(w!t) and

1 2 1 2

ci(a) = Ao + o2 sin(w?t), where j1,, A, match the stochastic setting, amplitude and frequencies ., a2, wl, w? ~
Uniform|0, 0.2]. Observations of rewards and costs are perturbed by Gaussian noise N'(0, 0.05).

Figures 2 demonstrates that Opt imistic? outperforms all baseline algorithm, which justify our theoretical guarantees.
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(a) Averaged reward under stochastic setting
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(c) Averaged reward under adversarial setting
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(b) Averaged constraint violation under stochastic setting
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(d) Averaged constraint violation under adversarial setting

Figure 2. Averaged reward and constraint violation under LOE2D (Guo & Liu, 2024), LagrangeCBwLC (Slivkins et al., 2023), Beyond

Primal-Dual (Bernasconi et al., 2024a) and Opt imistic®.
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