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Abstract We propose a data-driven framework for
learning and predicting solutions of the discrete sine-
Gordon equation by combining universal-basis expan-
sions with neural ODE architectures. In this approach,
polynomial and trigonometric basis functions are embed-
ded into the network’s representation of the Hamilto-
nian, enabling efficient approximationof non-polynomial
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interactions in the lattice. We further incorporate
symmetry-informed penalties, which enforce invari-
ants such as reflection symmetry and energy conser-
vation, thereby enhancing stability and long-horizon
accuracy. Numerical experiments on both sine-wave
and breather soliton initializations demonstrate that
our universal-basis neural ordinary differential equa-
tions (UB-NODEs) yield accurate particle trajectories
and maintain essential soliton properties over extended
times. Moreover, empirical comparisons reveal the
advantages of adding symmetry-based constraints,
including faster convergence and reduced overfitting.
Thismethodology is broadly applicable to otherHamil-
tonian lattice systems and paves the way for deeper
machine-learning investigations of complex nonlinear
dynamics.

Keywords Discrete sine-Gordon equation · Machine
learning · Neural ordinary differential equations ·
Universal basis neural networks · Universal basis
neural ordinary differential equations

1 Introduction

The discrete sine-Gordon equation is a significant
mathematical model with broad applications in physics
and applied mathematics. It emerges as a discrete ana-
logue of the continuous sine-Gordon equation [1], a
classical integrable field theory with well-documented
relevance in condensed matter, nonlinear optics, and
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string theory [2].Within its lattice-based form, the sine-
Gordon model describes systems possessing nonlinear
particle interactions, appearing in settings such as wave
propagation [3–6], crystal dislocations [7–9], coupled
pendulum arrays [10–13], and Josephson junction net-
works [14,15]. The discrete sine-Gordon equation also
underpins physical phenomena in superconductivity
[16,17] and DNA base-pair dynamics [18,19], making
it both challenging and representative of more exten-
sive classes of complex lattice models.

Other nonlinear lattice systems, including the dis-
crete nonlinear Schrödinger model [20], the discrete
φ4 model [21], the Fermi–Pasta–Ulam–Tsingou sys-
tem [22], and the discrete complex Ginzburg–Landau
equation [23], typically employ polynomial Hamilto-
nians, which simplifies certain analytical and numeri-
cal steps. In contrast, the discrete sine-Gordon system
involves a non-polynomial Hamiltonian, substantially
raising the level of complexity in studying its soliton-
type solutions and long-term behaviors.

Earlier research pursued explicit formulations of the
discrete sine-Gordonmodel as aHamiltonianODE [24]
and applied classical solution methods. Meanwhile,
machine learning strategies like physics-informed neu-
ral networks (PINNs) [25] have emerged as power-
ful new tools for parameter estimation and solution
approximation in lattice systems [26–28]. However,
two inherent difficulties arise in classical or existing
ML-based methods. (1) In many practical scenarios,
only the system’s positions and velocities are observed,
with no guarantee it follows a discrete sine-Gordon
equation. How can one infer correct governing dynam-
ics under partial or incomplete knowledge?No compre-
hensive data-driven machine-learning scheme specifi-
cally tailored to the discrete sine-Gordon equation has
yet been fully explored. (2) The discrete sine-Gordon
system’s sensitive dependence on initial states can lead
to exponential trajectory divergence. Is there a robust
method to maintain accurate solutions for extended
times, despite potential chaotic drifts?

To construct a data-driven model for the machine
learning of the discrete sine-Gordon equation, we
develop a universal basis neural network (UBNN)
architecture, embedding both polynomial and trigono-
metric basis functions into the Hamiltonian frame-
work of the discrete sine-Gordon equation. We then
formulate universal basis neural ordinary differential
equations (UB-NODEs) by placing UBNNs within the
neural ODE paradigm (see Fig. 2). By incorporating

symmetry-informed loss functions, our approach pre-
serves crucial physical properties of the discrete sine-
Gordon lattice, particularly those salient for soliton
solutions.

We additionally study how symmetry-loss weight-
ing and lattice spacing influence energy conservation
and stability over long simulation times. Our work
makes three principal contributions:

1) AutomatedDiscoveryofNon-PolynomialDynam-
ics. UB-NODEs embed trigonometric and polyno-
mial basis expansions within neural ODEs to cap-
ture the nonlinear terms of discrete sine-Gordon
systems, even without prior knowledge of the
model form.

2) Symmetry-InformedLearning forSolitonDynam-
ics.By integrating loss functions that encode invari-
ants, such as energy and momentum conservation,
UB-NODEs effectively mitigate trajectory diver-
gence, resulting in improved stability over long
horizons.

3) Soliton Prediction and Extended Robustness.
The synergy between universal basis expansions
andHamiltonian constraints enables precise approx-
imations of soliton solutions while supporting sta-
ble large-time integration, even under conditions
where classical methods become overly sensitive.

Hence, the UB-NODE methodology constitutes our
main contribution: a flexible neural network platform
designed to learn non-polynomial Hamiltonian struc-
tures, augmented by symmetry-preserving techniques
for faster training and improved stability. By combin-
ingHamiltonianmechanics with UBNNs, we provide a
robust, versatile solution for data-driven investigations
of the discrete sine-Gordon equation and its solitonphe-
nomena, setting the stage for future advancements in
data-driven modeling of complex lattice dynamics.

The remainder of this paper is organized as follows.
In Sect. 2, we introduce the discrete sine-Gordonmodel
and its Hamiltonian formulation, highlighting the chal-
lenges of non-polynomial dynamics and soliton behav-
ior. Section3 describes our methodology in detail:
universal-basis neural networks (UBNNs), their inte-
gration into a neural ODE framework (UB-NODEs),
and the symmetry-informed loss function. Section4
presents a series of numerical experiments, including
data generation, a comparative study of models with
and without symmetry constraints, and extended tests
on sine-wave and breather solitons. Section5 offers a
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discussion of our findings, underscoring the method’s
strengths, limitations, and broader implications for
Hamiltonian lattice systems. Finally, Section 6 con-
cludes the paper by summarizing key takeaways and
outlining directions for future research.

2 Background on the discrete sine-Gordon model

In this section, we formally state the problem to
be solved and provide a concise yet comprehensive
overview of the discrete sine-Gordon equation along
with its Hamiltonian formulation.

2.1 Problem statement

In this article, we aim to develop a data-driven model
for the discrete sine-Gordon equation. Specifically, we
are provided with a collection of S discrete solution
trajectories, each representing the evolution of the sys-
tem over time as governed by the true dynamics of the
discrete sine-Gordon equation:

D =
{(

u(α)
0 , v(α)

0

)
,
(
u(α)
1 , v(α)

1

)
, . . . ,

(
u(α)
K , v(α)

K

) ∣∣∣∣ 1 ≤ α ≤ S

}
,

where each trajectory
{
(u(α)

k , v(α)
k )

}K
k=0 corresponds to

a sequence of time steps originating from the initial
state (u(α)

0 , v(α)
0 ).

Our objective is to construct a predictive model that,
given a new initial condition, can accurately recover the
future states of the system, consistent with the discrete
sine-Gordon dynamics.

2.2 From continuous to discrete sine-Gordon

To establish a clear foundation, we recall the con-
tinuous sine-Gordon equation, highlighting its funda-
mental properties and structural characteristics. We
then describe how these properties extend naturally
to the discrete case, preserving essential dynamical
and Hamiltonian structures while adapting to the con-
straints of a discrete spatial domain.

Aclassical sine-Gordon system in continuous space-
time

(
x, t

) ∈ R × R
+ is governed by the nonlinear

hyperbolic partial differential equation

∂2u

∂t2
= ∂2u

∂x2
− sin(u). (2.1)

Since many physical media are naturally discrete, one
often replaces the continuous coordinate x by a uniform
lattice {xk = x0+k h, k = 1, . . . , N }, where h denotes
the lattice spacing [29]. On this discrete set of sites, the
field uk(t) approximates u(xk, t). The discrete sine-
Gordon equation then takes the form

d2uk
dt2

= 1

h2
(
uk+1 − uk

) − 1

h2
(
uk − uk−1

) − sin(uk),

k = 1, . . . , N . (2.2)

Boundary conditions for (2.2) may be specified in var-
ious ways, such as uN+1 = uN , u1 = u0 or periodic
identifications uN+1 = u1, uN = u0.

The discrete sine-Gordon model retains many of
the integrable properties of its continuous counterpart,
such as the existence of soliton solutions [30], i.e., a
traveling wave solution consisting of a single peak or
trough that propagates in isolation without change in
size, shape or speed. Figure1 shows a soliton solution
of discrete sine-Gordon equation called breather.

2.3 Hamiltonian formulation and challenges

An important perspective on (2.2) is that it arises from
a non-polynomial Hamiltonian system. Specifically, let

(
u, v

) = (
u1, . . . , uN , v1, . . . , vN

)

be the position and velocity coordinates in a 2N -
dimensional phase space R

2N . The discrete sine-
Gordon Hamiltonian function

H(u, v) = T (v) + V (u), (2.3)

splits naturally into kinetic and potential parts,

T (v) =
N∑

k=1

1

2
v2k ,

V (u) =
N∑

k=1

[
1

2h2
(uk − uk−1)

2 + 1 − cos(uk)
]
.
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Fig. 1 A discrete sine-Gordon breather solution visualized in
three dimensions. The horizontal axes represent the particle index
and time, while the vertical axis (and color map) indicates the
displacement field u. Several trajectories are superimposed in
the foreground to highlight how individual sites evolve in time.

The contour projection beneath the surface further reveals local
peaks and troughs. Such a breather remains localized and oscil-
latory without dispersing, reflecting the integrable nature of the
sine-Gordon structure

The induced Hamiltonian ODE system is

u̇k = ∂H

∂vk
, v̇k = − ∂H

∂uk
, k = 1, . . . , N , (2.4)

which, upon substitution of (2.3) into (2.4), yields

duk
dt

= vk,

dvk

dt
= 1

h2
(
uk+1 − uk

)

− 1

h2
(
uk − uk−1

) − sin(uk), (2.5)

equivalent to the discrete sine-Gordon form (2.2).
Compared to many simpler lattice equations whose

Hamiltonians are polynomial, the sine-Gordon sys-
tem’s potential contains a non-polynomial termcos(uk).
This introduces additional complications in analytic
treatment and in capturing long-termsoliton-like behav-
iors. Numerical integrators must also handle the high
sensitivity to initial data, as small perturbations can
evolve into large phase errors over extended times
[24,31,32]. These features underline why the discrete
sine-Gordon equation is viewed as a challenging and
representative model for nonlinear lattice dynamics. In
the context of data-driven neural networks that incor-
porate numerical algorithms, the network generates
approximations at successive time steps, which are in
turn used to guide further training and refine the pre-
dictions. As a result, stability in such models refers

to the algorithm’s capacity to reliably forecast the
system’s future behavior. In this work, the stability
of our proposed method is verified through numeri-
cal experiments conducted under various initial con-
ditions, demonstrating its robustness across different
dynamical scenarios.

3 Methodology

In this section, we present a systematic framework for
learning the discrete sine-Gordon equation in a data-
driven manner. We begin by establishing a univer-
sal approximation theorem (Theorem 3.1) for vector-
valued functions whose Jacobian is symmetric, which
is relevant for gradients of scalar potentials such as
Hamiltonian functions. We then introduce our uni-
versal basis neural networks (UBNNs), which lever-
age these approximation results to learn the gradient
of the sine-Gordon Hamiltonian. Lastly, we describe
how these UBNNs are embedded into the neural ODE
framework, yieldingwhat we termUB-NODEs, andwe
discuss the role of symmetry-informed loss in preserv-
ing the discrete sine-Gordon system’s essential physi-
cal properties.
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3.1 Universal approximation for symmetric gradients

A central goal in learning a nonlinear Hamiltonian lat-
tice system is to approximate its Hamiltonian gradient
from observed data.

Basis definitions
Let I ⊂ R be an open interval and I its closure.
Denote by F (I ,R) the space of C2 functions on I .
A basis for F (I ,R) is a set of smooth functions
{ e0, e1, e2, . . . } whose finite linear combinations can
approximate any C2 function arbitrarily well. By the
Weierstrass approximation theorem, polynomials form
such a basis for continuous functions on a closed inter-
val, while Dirichlet-type theorems ensure that trigono-
metric functions can serve as bases for periodic func-
tions.

We begin by stating a universal approximation theo-
rem showing that, under suitable smoothness and sym-
metry assumptions, one can approximate any vector
field whose Jacobian is symmetric by finite sums of
certain multiplicative basis functions (e.g., polynomi-
als or trigonometric functions). This result underlies
the design of UBNNs.

Theorem 3.1 (Universal approximate theorem) Let I
be an interval of R, and let F (I ,R) denote the space
of C2 functions defined on the closure I . Suppose f :
I
N → R

N is a C1 function whose Jacobian, ∂f
∂x , is

symmetric for all x ∈ I
N
. Then, for any ε > 0, there

exist integers M, N1 ∈ Z
+, a diagonal matrix �i =

diag(λi;1, . . . , λi;N1), and a matrix

Pi =

⎛
⎜⎜⎝

pi;11 . . . pi;1N
...

. . .
...

pi;N1 1 . . . pi;N1 N

⎞
⎟⎟⎠ ∈ R

N1×N ,

such that

∥∥∥∥f(x) −
M∑
i=0

P�
i ◦ �i ◦ e′

i ◦ Pi ◦ x

∥∥∥∥ < ε, (3.1)

where {e0, e1, e2, . . . } is a multiplicative basis in
F (I ,R), and e′

i denotes the derivative of ei , applied
element-wise. In other words, f can be uniformly
approximated by a finite sum of suitably transformed
and element-wise applied basis derivatives.

Proof Consider the differential 1-form α = fdx. α

is closed since ∂f
∂x is symmetric. Then by Poincaré’s

lemma, there exists a C2 function F : I N → R, such
that ∂F

∂x = f . Multi-variable function F can be approx-
imated by linear combination of basis functions, i.e.,

F(x1, . . . , xN ) =
∞∑

i1,...,iN=0

ai1,...,iN ei1(x1) . . . eiN (xN )

(3.2)

By a multiplicative basis, we mean a basis {e0, e1,
e2, . . . } for F (I ,R), such that for any product ei1(x1)

. . . eiN (xN ) evaluated at (x1, . . . , xN ) ∈ I
N
, one can

rewrite

ei1(x1) . . . eiN (xN ) =
N1∑
j=1

μ j eK

(
N∑

k=1

p jk xk

)
,

for some integer N1 and suitable real parameters (μ j )

and (p jk). In other words, the product of basis ele-
ments remains in the span of the basis under suitable
re-indexing. Since {e0, e1, e2, . . . } is a multiplicative
basis of F (I ,R), there exists Ni1,...,iN ∈ Z

+, a vector
μ =

(
μi1,...,iN ;1 . . . μi1,...,iN ;Ni1,...,iN

)
∈ R

Ni1,...,iN and

matrix

P =
⎛
⎜⎝

pi1,...,iN ;11 . . . pi1,...,iN ;1N
...

. . .
...

pi1,...,iN ;Ni1,...,iN 1 . . . pi1,...,iN ;Ni1,...,iN N

⎞
⎟⎠

∈ R
Ni1,...,iN ×N ,

such that the term ai1,...,iN ei1(x1) . . . eiN (xN ) can be
written as

ai1,...,iN ei1(x1) . . . eiN (xN )

=
Ni1,...,iN∑

j=1

ai1,...,iN μi1,...,iN ; j eKi1,...,iN

(
N∑

k=1

pi1,...,iN ; jk xk

)
.

Denote ai1,...,iN μi1,...,iN ; j by λi1,...,iN ; j , then we write

ai1,...,iN ei1(x1) . . . eiN (xN )
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=
Ni1,...,iN∑

j=1

λi1,...,iN ; j eKi1,...,iN

(
N∑

k=1

pi1,...,iN ; jk xk

)
.

Hence, multi-variable function F is approximated by

F(x1, . . . , xN ) =
∞∑
i=0

∑
Ki1,...,iN =i

Ni1,...,iN∑
j=1

λi1,...,iN ; j eKi1,...,iN

(
N∑

k=1

pi1,...,iN ; jk xk

)
.

By combining like terms, we can simplify the equation
into

F(x1, . . . , xN ) =
∞∑
i=0

Ni∑
j=1

λi; j ei

(
N∑

k=1

pi; jk xk

)
.

(3.3)

The derivative f of F can then be approximated by the
derivative of (3.3), i.e.,

f(x) =
∞∑
i=0

Ni∑
j=1

λi; j e′i

⎛
⎝

N∑
k=1

pi; jk xk

⎞
⎠ (pi; j1, . . . , pi; j N )T ,

which means for ε > 0, there exists M, N1 ∈ Z
+ such

that

∣∣∣∣
∣∣∣∣f(x)−

M∑
i=0

N1∑
j=1

λi; j e′i

⎛
⎝

N∑
k=1

pi; jk xk

⎞
⎠ (pi; j1, . . . , pi; j N )T

∣∣∣∣
∣∣∣∣ < ε.

(3.4)

We see e′
i as an element-wise function, then (3.4) can

be written in an equivalent form

∣∣∣∣
∣∣∣∣f(x) −

M∑
i=0

PT
i ◦ �i ◦ e′

i ◦ Pi ◦ x

∣∣∣∣
∣∣∣∣ < ε.


�
Intuitively, Theorem 3.1 shows that for any smooth

function f arising as a gradient field (hence a symmetric
Jacobian), there is a finite linear combination of basis
elements (and their derivatives) that approximates f to
arbitrary accuracy. This sets the stage for constructing

neural networks that approximate gradients of Hamil-
tonians, including those of sine-Gordon type.

3.2 Universal basis neural networks (UBNNs)

Using Theorem 3.1 as a foundation, we introduce
universal basis neural networks (UBNNs), which
approximate vector fields of interest by sums of basis
expansions. Specifically, we aim to learn the partial
derivatives of a separable Hamiltonian

H(u, v) = T (v) + V (u).

In the discrete sine-Gordon model [6,7], H is not
polynomial, but it can still be suitably approximated
by polynomials, trigonometric expansions, or amixture
thereof.

Overview of basis expansions
Let { e0, e1, . . . , eM } be a finite subset of a multiplica-
tive basis for F (I ,R). In the polynomial case, for
instance, ei (x) = xi . For each ei , we also consider
its derivative e′

i , applied element-wise to vector argu-
ments. The UBNN is then constructed by combining
these basis expansions with learned linear transforma-
tions, as indicated in Theorem 3.1.

Approximation of Tv and Vu
Given that H(u, v) = T (v) + V (u) separates into a
velocity part and a position part, we define two net-
works

�(v; P�, Q�) and �(u; P	, Q	),

where each one approximates the partial gradient
needed for Hamilton’s equations:

∇v T (v) and ∇u V (u),

respectively. Symbolically,

�(v; P�, Q�) =
M∑
i=0

τei
(
P�,i , Q�,i

) ◦ v,

�(u; P	, Q	) =
M∑
i=0

τei
(
P	,i , Q	,i

) ◦ u,

(3.5)

where each τei denotes a transformation by e′
i and

appropriate parameters P�,i , Q�,i (or P	,i , Q	,i ), in
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accordance with the finite-sum approximation in (3.1).
These parameters are learned through gradient-based
training.

Choice of basis
For continuousor analyticHamiltonians (e.g., polynomial-
like expansions), one might favor polynomials xi .
For periodic or near-periodic cases, sines/cosines are
frequently beneficial [33]. Indeed, the discrete sine-
Gordon equation can exhibit periodic boundary con-
ditions and soliton solutions akin to traveling waves,
so trigonometric expansions can be advantageous. In
any scenario, the theorem ensures that there exists a
suitable finite expansion for approximating the Hamil-
tonian gradient to arbitrary precision.

3.3 Embedding UBNNs in neural ODEs
(UB-NODEs)

Having built UBNNs that approximate the partial
derivatives of H , we now place them in a Neural ODE
framework to learn an ODE-based solver for the dis-
crete sine-Gordon system. Concretely, from (2.5), we
recall that

u̇(t) = ∇v T
(
v(t)

)
, v̇(t) = −∇u V

(
u(t)

)
.

Using the UBNNs � and � from (3.5), we replace
these partial derivatives by learned expansions:

u̇(t) = �
(
v(t), θ

)
, v̇(t) = −�

(
u(t), θ

)
,

where θ = (P�, Q�, P	, Q	) is the parameter to be
trained.

Because these right-hand sides are differentiable in
the parameters, one can integrate them using standard
neural ODE solvers and backpropagate to train θ =
(P�, Q�, P	, Q	) based on observed data. We refer
to this combination of a universal basis expansion with
a neural ODE solver as a UB-NODE (Fig. 2).

In the optimization of the parameters, we begin by
computing the predicted solution (ût1 , v̂t1) at time t1
using theHamiltonian vector field X̂Hamilton(θ), param-
eterized by θ . This predicted state is then compared
with the ground-truth solution (ut1 , vt1) at the same
time point. The discrepancy between these two values
is quantified using a loss function, which incorporates
both data fidelity and symmetry-preserving constraints,

and will be formally introduced in the next subsection.
Based on this loss, the parameters θ are updated using
gradient descent. This procedure is iterated, wherein
each step updates the Hamiltonian vector field to more
accurately reflect the system’s true dynamicswhile pre-
serving physical symmetries.

3.4 Symmetry-informed loss for preserving physical
properties

Even though a UB-NODE adequately approximates
the sine-Gordon equations on short trajectories, naive
training can lead to numerical drift or a lack of
long-term stability. This issue arises because typical
objectives, such as matching short-horizon trajecto-
ries via mean squared error (MSE) or mean abso-
lute error (MAE), do not necessarily enforce global
invariants like energy or momentum. These traditional
loss functions focus purely on minimizing discrepan-
cies between predicted and observed data points, often
neglecting the inherent symmetries and conservation
laws that govern the system’s dynamics. Several meth-
ods have recently been proposed to enforce symmetries
when learning dynamical systems, leveraging prior
physical invariances to improve model accuracy and
generalization. Notable examples include the works
in [34–36], where symmetry constraints are explicitly
embedded into the learning architectures or loss func-
tions, demonstrating improved performance in model-
ing complex physical dynamics. .

In physical systems described by the sine-Gordon
equation, certain fundamental properties—such as
energy conservation, momentum conservation, and
symmetry invariants—must be preserved through-
out the evolution of the system. The discrete sine-
Gordon equation, in particular, is governed by a non-
polynomial Hamiltonian that exhibits symmetries such
as reflection symmetry and energy conservation. If
these invariants are not enforced, the learned model
may fail to capture the true underlying dynamics, espe-
cially for long-time predictions, leading to a drift or
instability in the system’s behavior.

This issue arises because traditional training meth-
ods, using objective functions such as MSE or MAE,
focus only on reducing the short-term discrepancy
between model predictions and observed data. How-
ever, theydonot inherently preserve the structural prop-
erties that are crucial for long-term stability, such as the
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29916 M. Li et al.

Fig. 2 In universal basis neural ODEs (UB-NODEs), initial val-
ues (ut0 , vt0 ) at t0 and target values (ut1 , vt1 ) at t1 are given
for training. A UBNN produces outputs �(v̂, θ) and �(û, θ)

to approximate Tv(v̂) and Vu(û). These yield an approximation

X̂Hamilton of the Hamiltonian vector field. Then, following the
neural ODE idea, X̂Hamilton is integrated from t0 to t1. Compar-
ing predictions (ût1 , v̂t1 ) to the true values refines the parameters
θ via a symmetry-informed loss

conservation of energy or momentum. Without incor-
porating these fundamental physical invariants into the
learning process, the model may yield solutions that
are not consistent with the underlying dynamics of the
system, especially when extrapolated over longer time
periods.

To address these challenges and promote physically
consistent solutions, we introduce symmetry-informed
constraints in the loss function. These constraints incor-
porate known invariants or symmetries of the dis-
crete sine-Gordon system into the training process.
Specifically, by enforcing symmetry-based penalties,
we ensure that the learned model adheres to the reflec-
tion symmetry of the system’s potential and conserves
energy in a physically plausible manner. This integra-
tion of physical knowledge into the loss function helps
the neural network learnmore stable and accurate long-
term trajectories by aligning its predictions with the
conserved quantities that govern the system.

Furthermore, symmetry-informed penalties guide
the model to respect the intrinsic structure of the under-
lying dynamical system. For instance, enforcing reflec-
tion symmetry ensures that the model remains invari-
ant under certain transformations of the state variables,
which is crucial for maintaining the fidelity of soliton
solutions. Similarly, incorporating energy conservation
into the loss function helps mitigate the numerical drift
that often occurs in standard neural network training,

where the model might otherwise produce unphysical
trajectories over extended time horizons.

CertainHamiltonian systems exhibit symmetryprop-
erties that can be leveraged to improve generaliza-
tion and physical fidelity during training. Denote by
H(u, v) the Hamiltonian function [24]. A symmetry of
the Hamiltonian can be compactly encoded by a matrix
G ∈ R

2N×2N , acting on the concatenated state vector
(u, v) ∈ R

2N . We say that H is G-symmetric if

H((u, v) · G) = H(u, v). (3.6)

To incorporate this symmetry into a learning-based
framework, we introduce a symmetry loss that penal-
izes violations of the G-invariance in either the learned
Hamiltonian itself or its associated vector field. Specifi-
cally, given a Hamiltonian modelHθ parameterized by
neural network weights θ , we may define:

Lsymmetry(D, θ) =
∑
i

∣∣∣Hθ

(
(û(ti ), v̂(ti )) · G)

−Hθ

(
û(ti ), v̂(ti )

)∣∣∣, (3.7)

which enforces G-symmetry directly at the level of
energy. Alternatively, wemay constrain the vector field
generated by the Hamiltonian. Let Vθ := ∇(u,v)Hθ

denote the learned Hamiltonian vector field. Then an
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equivalent symmetry loss can be defined as:

Lsymmetry(D, θ) =
∑
i

∣∣∣Vθ

(
(û(ti ), v̂(ti )) · G) · G�

−Vθ

(
û(ti ), v̂(ti )

)∣∣∣. (3.8)

These constraints ensure that the network learns a
physically plausible vector field consistent with the
symmetry structure of the true dynamics.

The total training loss is therefore augmented to
include the symmetry constraint:

Ltotal(D, θ) = Lstandard(D, θ)︸ ︷︷ ︸
e.g., MSE or MAE

+λLsymmetry(D, θ),

(3.9)

whereLstandard penalizes deviations from observed tra-
jectories, and the hyperparameter λ > 0 balances tra-
jectory fidelity against the enforcement of physical
symmetry.

In the case of the discrete sine-Gordon system, the
Hamiltonian satisfies a G-symmetry for

G =
(−I 0

0 I

)
.

To enforce this symmetry, we may define a penalty on
the gradient of the Hamiltonian, which is computed as
follows:

Lsymmetry(D, θ) =
∑
i

∣∣�(−û(ti ), θ) + �(û(ti ), θ)
∣∣ .

(3.10)

This formulation enforces symmetry in the network’s
output consistent with the G-symmetry of the discrete
sine-GordonHamiltonian. Suchphysics-informed losses
encourage the model to generalize beyond the training
data and preserve structural properties of the underly-
ing dynamical system.

Figure 3 illustrates the impact of including such
symmetry-informed penalties. Models trained purely
with standard losses tend to reduce training errors but
may exhibit larger testing fluctuations, possibly indi-
cating overfitting or drift in long-term predictions. By
contrast, models incorporating energy or symmetry
constraints often converge more reliably and maintain
stability over extended time. Similarly, Fig. 4 shows
that symmetry-informedUB-NODE solutions track the

true sine-Gordon orbit closely, underscoring how these
additional terms guide the learned system to remain
faithful to the underlying lattice physics.

Overall, the symmetry-informed approach helps the
network learn beyond mere trajectory fitting, embed-
ding deeper physical consistency into the training
objective. This results in solutions that more robustly
capture long-time soliton behaviors, adhere to conser-
vation laws, and better reflect the essential structure
of the discrete sine-Gordon model. By incorporating
these symmetry-informed constraints, we improve the
model’s ability to generalize beyond the training data
and maintain stability over long time periods. This
results in a model that not only fits short-term data
more accurately but also preserves the essential physi-
cal properties of the system, ensuring that the learned
dynamics remain consistent with the true behavior of
the discrete sine-Gordon equation.

4 Experiment

In this section, we present numerical experiments that
demonstrate the efficacy of our proposed UB-NODE
framework for learning the discrete sine-Gordon equa-
tion. We first detail the data generation process using
a fourth-order Runge–Kutta (RK4) solver and outline
the general training setup. Next, we compare models
trained with and without symmetry-informed compo-
nents, highlighting the effect of symmetry-based con-
straints on accuracy and stability. Finally, we show
the performance of our method on two types of soli-
ton solutions—the sine-wave soliton and the breather
soliton—focusing on long-term accuracy and preser-
vation of energy-like invariants.

4.1 Data generation and training setup

We employ an RK4 solver [24,29] to numerically inte-
grate the discrete sine-Gordon system over a prescribed
time interval. Specifically, we begin with initial condi-
tions sampled uniformly from [−0.5, 0.5]2N , where u
andv represent particle positions andvelocities, respec-
tively. We denote by S the total number of sampled ini-
tial conditions and by K the number of RK4 time steps,
each of size �t . The dataset thus takes the form

D = {(
u(α)
0 , v(α)

0

)
,
(
u(α)
1 , v(α)

1

)
, . . . ,
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(
u(α)
K , v(α)

K

) ∣∣ 1 ≤ α ≤ S
}
,

where u(α)
k and v(α)

k are the numerical solutions at time

k�t . We then interpret
(
u(α)
k , v(α)

k

)
as input features

and
(
u(α)
k+1, v

(α)
k+1

)
as training targets.

Throughout our experiments, we partition the data
into training and test splits: S1 sets of initial conditions
for training (each with K time steps) and S2 sets for
testing. For concreteness, we set S1 = 50, S2 = 100,
with each trajectory having K = 2500 points (each
advanced by �t = 4 × 10−3). The model parameters{
P�, Q�, P	, Q	

}
(see Sect. 3) are initialized with a

normal distribution and updated via Adam (lr = 10−3)
plus an RK4 ODE solver inside the UB-NODE struc-
ture and N1 takes the value of 32.

4.2 Comparative analysis: with vs. without
symmetry-informed components

We first investigate how adding symmetry-related con-
straints affects training and generalization. In many
Hamiltonian lattice systems, including the discrete
sine-Gordon equation, potentials satisfy symmetries
such as Vu(u) + Vu(−u) = 0. To exploit these sym-
metries, we modify the usual MSE or MAE loss by
incorporating a penalty term that enforces consistency
under reflection [27].

Concretely, our baseline models minimize a stan-
dard loss:

Lstandard(D, θ)

=
{
MSE: 1

K
∑K

i=1
∥∥v̂i − vtrue,i

∥∥2 + ∥∥ûi − utrue,i
∥∥2,

MAE: 1
K

∑K
i=1

∥∥v̂i − vtrue,i
∥∥ + ∥∥ûi − utrue,i

∥∥,

where ûi , v̂i are predictions at the i-th step. In the
symmetry-informed variant, we add

LSymmetry(D, θ)

=
{

1
N

∑N
i=1

∥∥�(ûi ) + �(−ûi )
∥∥2 (for MSE-based training),

1
N

∑N
i=1

∥∥�(ûi ) + �(−ûi )
∥∥ (for MAE-based training).

Hence, the final objective combines these terms:

Ltotal(D, θ) = Lstandard(D, θ) + λLsymmetry(D, θ).

(4.1)

where λ > 0 balances fidelity to data against enforce-
ment of the system’s reflection invariance.

Empirically, we observe faster training convergence
and more stable test performance when λ is suitably
tuned. See Fig. 3, comparing test losses with and with-
out symmetry constraints. Figure3 compares the train-
ing and testing losses for two UB-NODE variants:
one incorporating symmetry-informed learning (green
lines) and one trained in a purely data-driven manner
(blue lines). As shown in the left panel, both meth-
ods reduce the training loss rapidly and converge to
comparable values; however, adding symmetry con-
straints (λ = 0.01) accelerates learning and lowers
the final training error slightly. In the right panel, the
symmetry-free model exhibits larger fluctuations in the
test loss—an indication of possible overfitting—while
the symmetry-informed model’s test loss remains sta-
ble and converges more quickly to an equally low
plateau.

Figure 4 further demonstrates the predictive accu-
racy of our symmetry-informed Universal-Basis Neu-
ralOrdinaryDifferentialEquation (UB-NODE)model.
Thepredicted trajectory, representedbycolored spheres,
aligns closely with the true solution (solid line) of the
discrete sine-Gordon equation. The minimal discrep-
ancy between the predicted and actual trajectories high-
lights the model’s capability to preserve the underlying
Hamiltonian dynamics, even over extended time hori-
zons.

For comparison, we also include the predictions
of standard Hamiltonian Neural Networks (HNNs),
shown in the same figure. Despite having comparable
network complexity, HNNs exhibit significant devia-
tion from the true orbit, particularly in capturing the
fine-grained phase structure and amplitude of oscil-
lations. This contrast emphasizes the advantage of
embedding physical symmetries directly into the learn-
ing framework when modeling discrete Hamiltonian
systems.

DiscreteSine-GordonModel:PredictivePerformance
Comparison
Overall, these results illustrate the advantages of incor-
porating symmetry-informed learning in both training
and testing. The symmetry-based constraints lead to
faster convergence and greater predictive stability, rein-
forcing the importance of physical invariants in pre-
serving the long-term fidelity of the learned model
(Fig. 4). In the example of the discrete sine-Gordon
Eq. (2.2), we set C = 1

h2
, a parameter of considerable

physical significance that can represent the torsion con-
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Fig. 3 Comparison of training (left panel) and test (right panel)
losses for models trained without symmetry-informed con-
straints (λ = 0, blue curves) versus with symmetry information
(λ = 0.01, green curves). Although both approaches converge to
similarly low training losses, the symmetry-informedUB-NODE

learns more efficiently (left), while also achieving smoother and
more stable test loss trajectories (right). The non-symmetry-
informed model exhibits fluctuations and potential overfitting
on the test set, whereas the symmetry-informed variant steadily
decreases to comparable final accuracy

Fig. 4 Representative trajectory for a discrete sine-Gordon orbit
(solid line) compared against the prediction given by neural net-
works (colored spheres). In the left panel, we observe a close
matchbetween the true trajectory and the predictionsmadebyour
proposed Universal-Basis Neural ODEs (UB-NODEs), demon-
strating its ability to accurately capture the long-term Hamilto-
nian dynamics of the system. Themodel effectively preserves the
qualitative and quantitative features of the discrete sine-Gordon
dynamics, highlighting the benefits of incorporating physical

structure and conservation laws into the learning process. In con-
trast, the right panel displays the results produced by a standard
Hamiltonian Neural Network (HNN) of comparable complex-
ity. The discrepancy between the predicted and true trajectories
is noticeably larger, indicating that HNNs struggle to maintain
both accuracy and stability over long time horizons, even when
applied to an orbit that is comparatively simpler than the one
shown in the left panel

stant in coupled pendulums, the effective mass in crys-
tal dislocations, or the inductance in Josephson junction
arrays. A largerC also pushes the discrete sine-Gordon
system closer to its continuous counterpart.

Table 1 summarizes the model’s convergent values
for C = 2 under varying symmetry-loss coefficients
λ. Reported metrics include MSE and MAE for train-
ing and testing, indicating that λ = 0.1 yields the best

training performance while λ = 1 excels in the testing
phase, albeit by a relatively small margin in each case.
This finding suggests that modest symmetry-informed
penalties can substantially enhance stability and accu-
racy, but the precise choice of λ may be problem- or
data-dependent (Table 2).

Table 3 presents the mean squared error (MSE) of
our method as the number N of lattice points increases.
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Table 1 Training and test losses for the discrete sine-Gordon system at C = 2, computed under various symmetry-informed loss
coefficients λ. Here, λ = 0.1 yields the smallest MSE and MAE for training (bold) while λ = 1 does so for testing (bold)

λ Train MSE Loss Train MAE Loss Test MSE Loss Test MAE Loss

0 4.8401E-08 1.7685E-04 9.6893E-05 7.6732E-03

0.001 6.8231E-09 6.3888E-05 4.6370E-06 1.4936E-03

0.01 5.5082E-09 5.7157E-05 3.5260E-06 1.2820E-03

0.1 4.8432E-09 5.5508E-05 3.2996E-06 1.2309E-03

1 4.8752E-09 7.2923E-05 3.1368E-06 1.1838E-03

Table 2 This table reports the mean squared error (MSE) of our method as the number N of lattice points varies. We observe that the
MSE remains relatively stable as N increases, indicating the robustness of our approach with respect to system size

N 5 10 15 20

Test Loss 2.2167 × 10−6 1.7710 × 10−6 1.8091 × 10−6 1.8307 × 10−6

We observe that the MSE remains relatively stable
across varying values of N , demonstrating the robust-
ness of our approach with respect to system dimen-
sionality. These results indicate that our model effec-
tively scales to high-dimensional settings and can reli-
ably approximate the solutions of discrete sine-Gordon
equations even when the number of lattice points
becomes large.

Although the primary focus of this paper is on
the discrete sine-Gordon equation, we emphasize that
the proposedUniversal-Basis Neural ODE (UB-ODE)
framework is not limited to this specific system. The
methodology is general and can be readily applied to a
wide range of lattice-based Hamiltonian systems.

For instance, in preliminary experiments on the
Toda lattice—a well-known integrable system charac-
terized by exponential inter-particle interactions—the
UB-ODE model demonstrates similarly strong perfor-
mance in accurately capturing the underlying dynamics
and preserving long-term stability (Fig. 5). This gener-
alizability suggests that our approach is broadly appli-
cable to other structured physical systems governed by
lattice dynamics, particularly those with known con-
servation laws and symmetries.

4.3 Performance on sine wave and breather solitons

We now demonstrate the capability of UB-NODEs
(with symmetry-informed constraints) to accurately
capture soliton solutions of the discrete sine-Gordon

equation. Our focus is on two canonical soliton pro-
files:

1. Sine-wave soliton: The initial condition is pre-
scribed as

uk(0) = sin
(
2πk
N

)
, vk(0) = 0.1 cos

(
2πk
N

)
,

k = 0, . . . , N − 1.

This yields an oscillatory wave across the lattice.
2. Breather soliton: A localized, pulsating wave with

uk(0) = 0, vk(0) = 4√
2

sinh
(

2πk√
2N

)

cosh2
(

2πk√
2N

) ,

k = 0, . . . , N − 1,

which forms a single, smoothly oscillating structure
often referred to as a “breather” [30].

Throughout these experiments, we fix N = 30 and
C = 1.

Figure 6a and b illustrate the time evolution of two
distinct types of solitons on the (k, u) plane. For each
lattice site k, the model tracks its displacement u over
time, comparing the ground-truth numerical solution
(blue) to the predictions produced by the proposed
UB-NODEs (green). The instantaneous discrepancies
between the predicted and true solutions are high-
lighted by purple lines. While minor deviations appear
at later times, both waveformsmaintain their character-
istic shapes for extended durations, demonstrating the
long-term accuracy and robustness of the UB-NODEs.

In contrast, Fig. 7a and b show the results obtained
by applying HNNs to the discrete sine-Gordon model.
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Fig. 5 Representative trajectories for the discrete sine-Gordon
system are shown, where the solid line denotes the true orbit
and the colored spheres represent the predictions given by neu-
ral networks. The close agreement highlights the effectiveness
of our proposed Universal-Basis Neural ODEs (UB-NODEs) in

accurately capturing the underlying systems. Furthermore, we
remark that UB-NODEs also demonstrate strong performance
on other lattice systems, such as the Toda lattice, indicating the
generality and robustness of the method across different classes
of integrable Hamiltonian systems

Fig. 6 Comparisons of true vs. predicted wave evolutions
given by UB-NODEs. Each subplot shows the lattice index k on
the horizontal axis and the displacement u on the vertical axis.
Blue solid lines represent the exact solution from RK4, green

dashed lines show the UB-NODE prediction, and purple lines
highlight the error at each time slice. Colored markers denote
the particle states, with color indicating the magnitude of u
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Fig. 7 Comparisons of true vs. predicted wave evolutions
given by HNNs. Each subplot shows the lattice index k on the
horizontal axis and the displacement u on the vertical axis. Blue
solid lines represent the exact solution from RK4, green dashed

lines show the HNN prediction, and purple lines highlight the
error at each time slice. Colored markers denote the particle
states, with color indicating the magnitude of u

Although theHNNs alignwith the true solution at early
times (e.g., t = 0.1), significant errors quickly accumu-
late, and the predicted waveforms deteriorate as time
progresses. These results underscore the superior pre-
dictability and stability of UB-NODEswhen compared
to HNNs, particularly in long-term simulations.

To isolate specific site-level dynamics, Fig. 8a and b
plot the displacement–time curves for the single lattice
site k = 19. Again, we see close alignment between
the UB-NODE outputs and the reference solution, with
the instantaneous error (red) remaining relatively small,
especially for the breather case until around t = 5.

Finally, Fig. 9a and b present contour plots of the
true vs. predicted orbits and their difference. Even over
multiple oscillations, the UB-NODE approach main-
tains fidelity to the main wave patterns. In particular,
the breather’s localized “pulse” is successfully cap-
tured until minor amplitude drift appears for large
t . In summary, these results confirm that symmetry-
informed UB-NODEs achieve robust modeling of both

extended and localized soliton solutions in the discrete
sine-Gordon equation, demonstrating a balanced mix
of short-term accuracy and long-term physical consis-
tency.

In summary, these numerical results confirm that
UB-NODEs accurately reconstruct both the extended
sine-wave solution and the localized breather in the
discrete sine-Gordon equation. Even under chaotic-
like lattice dynamics or for extended time horizons,
the model’s predictions track the principal soliton
shapes with only moderate error, especially when the
symmetry-informed constraints are employed to main-
tain the underlying Hamiltonian structure.

4.4 Summary/observations of experimental results

Our numerical experiments confirm that the pro-
posed UB-NODE framework—especially when sup-
plementedwith symmetry-informedconstraints—achieves
both accurate short-term trajectorymatching and improved
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Fig. 8 Individual particle trajectories in time. True evolution
(blue solid) is juxtaposed with UB-NODE predictions (green
dashed), and the red dotted line highlights the instantaneous error.

Although the breather case exhibits some drift for t > 5.0, both
solitons remain well-approximated for earlier times

Fig. 9 Contour views of full soliton evolution. Each row shows
(left) the true orbit, (middle) the UB-NODE-based prediction,
and (right) the resulting error map. Warmer or cooler hues in the

error map reflect higher or lower discrepancy in displacement.
Both soliton configurations—extended sinusoid and localized
breather—are reproduced accurately
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Table 3 Test Loss under Different Particle Numbers n

n 5 10 15 20

Test Loss 2.2167 × 10−6 1.7710 × 10−6 1.8091 × 10−6 1.8307 × 10−6

long-term stability for the discrete sine-Gordon equa-
tion. Below, we summarize the main findings:

• Efficiency of Symmetry-Informed Learning. As
shown in Fig. 3, incorporating a symmetry-based
penalty (λ > 0) into the loss function not only
speeds up convergence but also diminishes over-
fitting in test data. Table1 further demonstrates
that a modestly tuned λ can produce lower MSE
and MAE, indicating that physical invariants (e.g.,
reflection symmetry in the potential) help guide the
network to more stable solutions.

• Robustness Over Extended Time Horizons. Fig-
ures6a–b show that the UB-NODE solution tracks
the true lattice orbits closely acrossmultiple periods
of a soliton’s motion. Although small drift emerges
in the breather soliton beyond t ≈ 5, the model
retains the principal wave shape better than a purely
data-driven baseline without symmetry terms.

The framework accurately recovers both extended
“sine-wave” solitons and localized “breather” solitons
(see Fig. 8a–b). In each case, key waveform features—
e.g., crest amplitudeor solitonwidth—remainwell cap-
tured. Even in the presence of relatively large lattice
spacing parameters, the method continues to predict
major wave characteristics, highlighting its adaptabil-
ity to various discrete parameter regimes.

While the choice of λ, the polynomial/trigonometric
basis order, and the training rate does influence final
accuracy, the method converges reliably over a practi-
cal range of these settings. For real-world applications,
small-scale hyperparameter tuning typically suffices.

Taken together, these observations indicate that uni-
versal basis expansions combined with a neural ODE
formulation provide a robust, physically interpretable
approach to learning dynamics of nonlinear lattice
equations, such as the discrete sine-Gordon system.

5 Conclusion

In this work, we introduced universal-basis neural ordi-
nary differential equations (UB-NODEs) for learning

and predicting solutions of the discrete sine-Gordon
equation. Our approach uses basis-function expansions
to approximate the Hamiltonian’s derivatives and inte-
grates symmetry-informed constraints to uphold fun-
damental invariants, such as reflection symmetry.

The key contributions of our work are:

• Universal-Basis Approximation. By embedding
polynomial or trigonometric bases into a neu-
ral ODE architecture, UB-NODEs effectively cap-
ture the non-polynomial structure of the discrete
sine-Gordon system. Our experiments show this
approach performs well for both extended (sine-
wave) and localized (breather) soliton solutions.

• Symmetry-InformedLoss. Introducing a symmetry-
based penalty (λ) in the loss function proved to
reduce long-horizon drift and enhance model sta-
bility during training. Both training and test per-
formance benefited from this additional constraint,
which enforces the discrete sine-Gordon system’s
built-in reflection symmetry.

• Long-Term Accuracy. Numerical results show
that UB-NODEs can maintain good predictive
accuracy across multiple soliton oscillations. In
particular, for breather solitons, the approach pre-
serves the wave’s localized structure, with only
minor deviations emerging after extended simula-
tion times.

• Robustness and Efficiency. Compared to stan-
dard neural ODEs lacking physical constraints, the
symmetry-enhanced UB-NODE converges faster,
exhibits fewer test-loss fluctuations, and preserves
key energy-like properties more effectively. Its
training overhead remains moderate, relying on
widely used optimizers and ODE solvers.

Although demonstrated here on the discrete sine-
Gordon problem, our UB-NODE approach naturally
extends to other Hamiltonian lattice models (e.g., φ4

theories, FPUT models), provided a suitable basis can
approximate each system’s potential.

Our findings highlight the pitfalls of purely data-
driven networks in overfitting and losing long-time
fidelity. By contrast, incorporating physics-based con-
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straints (e.g., symmetry or energy conservation) pro-
motes stable extrapolation in realistic scenarios.

Possible next steps include scaling the UB-NODE
framework to larger lattice sizes, integrating multi-
scale or operator-learning techniques for improved
efficiency, and exploring domain-decomposition or
streaming-data extensions for real-time monitoring.

In conclusion, combining universal-basis expan-
sions, neural ODE solvers, and symmetry-based penal-
ties offers a robust, physically grounded method for
modeling complex discrete soliton dynamics over
extended time horizons—a powerful foundation for
future advances in machine learning for nonlinear lat-
tice systems.
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