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Abstract
AUC maximization is an effective approach to ad-
dress the imbalanced data classification problem
in federated learning. In the past few years, a cou-
ple of federated AUC maximization approaches
have been developed based on the minimax opti-
mization. However, directly solving a minimax
optimization problem to maximize the AUC score
cannot achieve satisfactory performance. To ad-
dress this issue, we propose to maximize AUC
via optimizing a federated multi-level composi-
tional minimax problem. Specifically, we develop
a novel federated multi-level compositional mini-
max algorithm with rigorous theoretical guaran-
tees to solve this new learning paradigm in both
algorithmic design and theoretical analysis. To the
best of our knowledge, this is the first work study-
ing the multi-level minimax optimization problem.
Additionally, extensive empirical evaluations con-
firm the efficacy of our proposed approach.

1. Introduction
Federated AUC maximization has attracted increasing atten-
tion in federated learning (FL) due to its efficacy in handling
imbalanced data classification. In FL, data are distributed
across various devices, and information is periodically ex-
changed with a central server. Unlike most traditional het-
erogeneous federated learning approaches, which assume
that the local data distribution is imbalanced but the
global one is balanced, e.g., Scaffold (Karimireddy et al.,
2020), federated AUC maximization approaches can handle
the case where both local and global data distributions
are imbalanced. Thus, federated AUC maximization ap-
proaches have demonstrated superior performance in practi-
cal applications, such as disease prediction, where the global
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distribution is imbalanced.

The traditional AUC maximization approach on a single
machine depends on the sum of pairwise losses between
examples from different classes, which requires storing all
training data, making it impractical for large-scale online
learning. To address this scalability issue, (Ying et al., 2016)
successfully reformulated the original problem into a min-
imax decomposable formulation, allowing for stochastic
algorithms based on mini-batch data without explicitly cre-
ating the pairs. Based on this minimax learning paradigm,
(Guo et al., 2020) developed the federated AUC maximiza-
tion approach by updating the primal-dual variables locally
and averaging the global variable periodically. However,
directly optimizing AUC can result in suboptimal results.
Particularly in the early stages of training, updating the
AUC loss cannot always lead to effective feature extraction
when compared to updating the traditional cross-entropy
loss (Yuan et al., 2021c). To overcome this limitation, (Yuan
et al., 2021a) designed an end-to-end deep AUC maximiza-
tion with the compositional framework, ensuring not only
robust feature learning of lower layers through the mini-
mization of the standard cross-entropy loss, but also robust
classifier learning through the optimization of an AUC loss.
Furthermore, (Zhang et al., 2023) developed a federated
compositional gradient descent ascent algorithm to enable
this compositional framework for federated learning, which
has demonstrated superior performance over traditional fed-
erated AUC maximization approaches (Guo et al., 2020;
Yuan et al., 2021b; Sharma et al., 2022).
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Figure 1. The test AUC
score of CATvsDOG. The
imbalance ratio is 0.05, the
number of devices is eight,
and the communication
period is four.

However, one limitation of
(Zhang et al., 2023) is that it
can only handle the two-level
compositional optimization
problem, whose performance
is not satisfactory. In partic-
ular, our preliminary study
depicted in Figure 1 shows
that a multi-level composi-
tional learning paradigm,
i.e., LocalSMCGDAM in Al-
gorithm 1, where the weights
of the backbone neural network are updated multiple times
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before optimizing the AUC loss, can achieve much better
performance than the two-level compositional learning
paradigm, i.e., LocalSCGDAM (Zhang et al., 2023), where
the weights are only updated once.

Given the outstanding performance of the multi-level com-
positional learning paradigm, an intriguing question natu-
rally arises: How to enable the multi-level compositional
minimax problem for federated AUC maximization with
rigorous theoretical guarantees? In this paper, we focus
on the federated multi-level compositional minimax opti-
mization algorithm for deep AUC maximization to address
the unique computation and communication challenges.

The stochastic multi-level compositional optimization prob-
lem finds applications in many machine learning tasks, such
as multi-step model-agnostic meta-learning (Finn et al.,
2017), risk-averse portfolio optimization (Shapiro et al.,
2021), and graph neural networks (Yu et al., 2022). Sev-
eral works (Yang et al., 2019; Balasubramanian et al., 2022;
Jiang et al., 2022) have provided insights into developing
stochastic multi-level compositional algorithms under the
single-machine setting. Moreover, (Gao, 2024) developed
the distributed multi-level compositional optimization al-
gorithm, which employed a decentralized communication
manner. Nevertheless, all of these efforts only address the
multi-level compositional minimization problem. Remark-
ably, the federated multi-level compositional minimax opti-
mization remains unexplored in the existing literature.

The key challenge of the federated multi-level composi-
tional minimax optimization problem lies in that the multi-
level compositional structure coupled with the distributed
inner-level functions leads to the biased stochastic gradient
issue for both primal and dual variables, which is more
challenging to solve than both the single-machine setting
and minimization setting. As a result, from the view of
algorithmic design, it remains unclear how to perform local
updates regarding the multi-level inner functions and how to
communicate them across different devices to alleviate the
issue caused by the biased gradient. In particular, it is un-
clear whether the additional bias caused by the multi-level
compositional structure for the dual variable can be miti-
gated to achieve the level-independent sample complexity as
the minimization algorithm. In this study, a level-dependent
convergence rate implies that the number of levels, repre-
sented by K, affects the convergence rate exponentially,
such as O(ϵ−K). A level-independent convergence rate, on
the other hand, means that K has no effect on the order
of the convergence rate but may influence its coefficient,
such as O(Kϵ−2). Therefore, from the point of view of
theoretical analysis, it motivates us to investigate how this
multi-level structure affects the convergence rate, particu-
larly regarding both the primal and dual variables.

In response to these challenges, we develop a novel al-

gorithm, named Local Stochastic Multi-Level Composi-
tional Gradient Descent Ascent with Momentum (LocalSM-
CGDAM), for federated AUC maximization, which not
only handles the difficulties of updating a biased multi-
level compositional gradient, but it also obtains a level-
independent convergence rate. In particular, given the non-
convex strongly-concave problem, under our novel theoreti-
cal analysis, our algorithm achieves O(K2/

√
NT ) conver-

gence rate, suggesting a linear speedup with respect to the
number of devices N , while the number of levels K does
not affect the order of the convergence rate.

In summary, this article makes the following significant
contributions:

• We develop a novel federated stochastic multi-level
compositional minimax framework for deep AUC max-
imization named LocalSMCGDAM, showing how to
conduct local updates and global communication to
mitigate the biased gradient issue. To the best of our
knowledge, this is the first federated stochastic multi-
level compositional minimax algorithm for deep AUC
maximization.

• We investigate the theoretical convergence rate of our
novel algorithm, which can achieve linear speedup and
level-independent complexity. To be more specific, our
LocalSMCGDAM can achieve the O(1/ϵ4) sample
complexity and O(1/ϵ3) communication complexity,
which is the first time establishing the convergence rate
for the multi-level compositional minimax problem.

• We conduct extensive experiments on highly imbal-
anced benchmark datasets to validate the effectiveness
of our proposed algorithm.

2. Related Work
2.1. Federated Deep AUC Maximization

AUC emerges as a robust metric (Elkan, 2001), especially
in the face of imbalanced data, leveraging its capacity to
capture the nuanced performance of models in situations
where sparse but critical classifications carry significance.
In the realm of single-machine settings, numerous efforts
have been made to explore the complexities of AUC, rang-
ing from reformulating it as a minimax problem (Ying et al.,
2016) to introducing compositional frameworks for end-to-
end DAM (Yuan et al., 2021a). (Ying et al., 2016) consid-
ered optimizing the pairwise AUC squared loss as an equiva-
lent min-max optimization problem, successfully transform-
ing the original non-decomposable objective into a decom-
posable objective over individual examples. Subsequently,
other studies (Liu et al., 2019; Yuan et al., 2020) create a va-
riety of realistic and verifiable stochastic algorithms for this
min-max formulation in deep AUC maximization. How-
ever, due to deteriorated feature representations, directly
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optimizing the AUC loss for training a deep neural network
may not work effectively (Cao et al., 2019). Prior methods
(Kang et al., 2019; Jamal et al., 2020) concentrated on two
stages and found that fine-tuning some of the higher layers
after the classifier layer in the second stage was advanta-
geous. However, deciding when to move on to the second
phase remains a challenge. Later, (Yuan et al., 2021a) sug-
gested an end-to-end compositional framework to not only
extract robust model features, but also improve the overall
classification performance.

CoDA (Guo et al., 2020) is the first study to solve
the deep AUC maximization problem in a distributed,
communication-efficient manner, employing a proximal-
point algorithmic technique to approximate solve the fed-
erated non-convex concave problem and achieving linear
speedup. A couple of methods (Yuan et al., 2021b; Guo
et al., 2023) were later proposed to further improve it un-
der different settings. Meanwhile, there are some generic
federated minimax optimization algorithms (Deng & Mah-
davi, 2021; Sharma et al., 2022; Yang et al., 2022; Wu
et al., 2024) that can be leveraged to solve the AUC max-
imization problem. More recently, (Zhang et al., 2023)
introduced LocalSCGDAM, a method that combines the
compositional framework with deep AUC maximization,
highlighting the superiority of the compositional framework
in handling highly imbalanced data and showcasing its po-
tential to improve classification performance. However, a
significant gap in the existing research remains unfilled: the
investigation of multi-level compositional frameworks in
federated conditional learning. The question is whether
employing such multi-level techniques will result in addi-
tional improvements in imbalanced classification inside the
federated setting.

2.2. Stochastic Compositional Optimization

Two-Level Stochastic Compositional Optimization Prob-
lems. The primary challenge to the stochastic composi-
tional problem is that the standard stochastic gradient intro-
duces bias in estimating the full gradient when the outer-
level function is nonlinear. To overcome the problem of bi-
ased gradient estimation, many stochastic compositional gra-
dient descent algorithms (Wang et al., 2017; Ghadimi et al.,
2020) use the moving average technique to estimate the
inner-level function, which provides a mechanism for reg-
ulating estimation errors. Furthermore, it has been demon-
strated that using a variance-reduced estimator for both the
inner-level function and its gradient improves the overall
efficacy of stochastic compositional optimization (Yuan &
Hu, 2020). While previous studies primarily focused on the
single-machine scenario, (Gao et al., 2022) and (Zhang et al.,
2023) extended the use of the moving average technique to
handle the estimate of inner-level functions in the minimiza-
tion and minimax problem inside federated compositional

learning. Another investigation into federated nested learn-
ing is presented in (Tarzanagh et al., 2022). However, their
focus is solely on the federated compositional problem and
the federated minimax problem independently, considering
only a two-level compositional framework.

Multi-Level Stochastic Compositional Optimization
Problems. Even though most earlier algorithms were built
within the limits of a basic two-level compositional frame-
work, (Yang et al., 2019) introduced multi-level composi-
tional optimization. In reality, there are numerous multi-
level stochastic compositional learning applications, includ-
ing multi-step model-agnostic meta-learning (Finn et al.,
2017) and stochastic training of graph neural networks (Yu
et al., 2022). However, the convergence rate of the earlier
multi-level compositional optimization algorithm is expo-
nentially affected by the number of function levels K. To be
more specific, the algorithm proposed by (Yang et al., 2019)
can only achieve the sample complexity of O(ϵ−(7+K)/2).
Later, both the moving-average technique and variance-
reduced techniques (Cutkosky & Orabona, 2019; Tran-Dinh
et al., 2022) were employed for both each level function and
its gradient to alleviate the exponential dependence issue
(Balasubramanian et al., 2022; Zhang & Xiao, 2021; Jiang
et al., 2022). For example, (Balasubramanian et al., 2022;
Chen et al., 2021) can achieve the level-independent sam-
ple complexity of O(ϵ−4). However, it is noteworthy that
these algorithms were primarily designed for the traditional
minimization problem under a single-machine setting. No
existing works have studied the stochastic multi-level com-
positional minimax problem under the single-machine or
federated-learning setting.

3. Federated Multi-Level Compositional
Minimax Optimization

In this section, we present the details of our federated multi-
level compositional minimax optimization algorithm.

3.1. Preliminaries

Following (Zhang et al., 2023), the deep AUC maximization
problem under the federated learning setting can be formu-
lated as the following federated two-level compositional
minimax problem:

min
x∈Rd1

max
y∈Rd2

1

N

N∑
n=1

fn

( 1

N

N∑
n′=1

gn′(x; ξ), y; ζ
)
, (1)

where N is the number of devices. Generally speaking,
the inner-level function gn(·) is to update the classifier
parameters by minimizing the cross-entropy loss function
with gradient descent, and the outer-level function fn(·, ·)
is to update the classifier parameters via optimizing the
minimax AUC loss function. Specifically, by denoting
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x = [wT , w̃1, w̃2]
T , where w ∈ Rd denotes the classifier’s

parameter, w̃1 ∈ R and w̃2 ∈ R are two parameters for
computing the minimax AUC loss function, and the cross-
entropy loss function Ln(w; ξ), the inner-level function on
the n-th device is defined as gn(x; ξ) = x − ρ∆n(x; ξ),
where ∆n(x; ξ) = [∇wLn(w; ξ)

T , 0, 0]T , ρ > 0 is a con-
stant, and ξ denotes random samples. The outer-level func-
tion fn(x, y; ζ) is the minimax AUC loss function, which is
a nonconvex-strongly-concave function (Ying et al., 2016;
Yuan et al., 2021a). Specifically, y ∈ R is the parameter for
computing the minimax AUC loss function, and ζ denotes
the random samples. More details about the compositional
AUC loss function are deferred to Appendix A.

3.2. Problem Definition

From Eq. (1), it can be observed that the inner-level func-
tion performs one-step gradient descent to minimize the
cross-entropy loss function Ln(w; ξ). However, our prelim-
inary study shows that performing multiple gradient descent
steps can achieve a much better AUC score. This kind
of multi-step update leads to a multi-level compositional
minimax problem, rather than a two-level compositional
minimax problem as Eq. (1). As such, the existing approach
(Zhang et al., 2023) cannot be applied to the multi-level case.
Specifically, it is not clear how to compute the multi-level
inner functions within each device and how to communicate
them across different devices. Furthermore, it is unclear
how the number of levels affects the convergence rate in the
federated learning setting.

This motivates us to develop a novel federated multi-level
compositional minimax algorithm with theoretical guaran-
tees to solve the following problem:

min
x∈Rd1

max
y∈Rd2

1

N

N∑
n=1

fn

( 1

N

N∑
n′=1

g
(K)
n′ (· · · (g(1)n′ (x)) · · · ), y

)
.

(2)
Here, fn(·, ·) = E[fn(·, ·; ζn)] denotes the outermost
level function on the n-th device where ζn denotes the
data distribution on the n-th device, which actually is a
nonconvex-strongly-concave AUC loss function. G(x) ≜
1
N

∑N
n′=1 g

(K)
n′ (· · · (g(1)n′ (x)) · · · ) is a K-level composi-

tional function on the n-th device, which represents the
multi-step gradient descent for minimizing the cross-entropy
loss function. Specifically, for k ∈ {1, · · · ,K}, the k-th
inner-level function is defined as follows:

g(k)n (·) ≜

{
E[g(1)n (x; ξ

(1)
n )] = E[x− η′∆n(x; ξ

(1)
n )], k = 1,

E[g(k)n (z; ξ
(k)
n )] = E[z − η′∆n(z; ξ

(k)
n )], k ̸= 1,

(3)
where z ≜ g

(k−1)
n (·) for k ∈ {2, · · · ,K}, and ξ

(k)
n denotes

the data distribution for the k-th level function on the n-th
worker, η′ is the learning rate for inner-level functions. From
Eq. (3), it can be observed that K-step gradient descent for

minimizing the cross-entropy loss function leads to a K-
level inner function G(·).

To demonstrate the challenges when optimizing the feder-
ated stochastic multi-level compositional minimax problem
in Eq. (2), for k ∈ {1, · · · ,K}, we first introduce the fol-
lowing terminologies:

G(k)
n (x) =

{
g
(1)
n (x), k = 1,

g
(k)
n (G

(k−1)
n (x)), k ̸= 1.

(4)

It is easy to know that G(x) = 1
N

∑N
n=1 G

(K)
n (x). The

gradient of G(k)
n (x) can be represented as follows:

∇G(k)
n (x) =

{
∇g

(1)
n (x), k = 1,

∇G
(k−1)
n (x)∇g

(k)
n (G

(k−1)
n (x)), k ̸= 1.

(5)

Similarly, we can know ∇G(x) = 1
N

∑N
n=1 ∇G

(K)
n (x).

Key Challenges. On the n-th device, the gradient regard-
ing the primal variable x and the dual variable y is defined
as follows:

∇xfn =
( 1

N

N∑
n′=1

∇G
(K)

n′ (x)
)
∇Gfn

( 1

N

N∑
n′=1

G
(K)

n′ (x), y
)
,

∇yfn = ∇yfn
( 1

N

N∑
n′=1

G
(K)

n′ (x), y
)
.

(6)
It can be observed that both ∇xfn and ∇yfn depend on the
global K-level function 1

N

∑N
n′=1 G

(K)
n′ (x) and ∇xfn de-

pends on the gradient of the K-level compositional function:
1
N

∑N
n′=1 ∇G

(K)
n′ (x). This dependence leads to unique

challenges when computing gradients on each device.

First, the dependence on 1
N

∑N
n′=1 G

(K)
n′ (x) introduces

biases on each device. In particular, for any k ∈
{2, · · · ,K} and any device n ∈ {1, · · · , N}, according
to Eq. (4), when using random samples to compute the k-th
level function, there exist biases as follows:

E[g(k)n (g(k−1)
n (·; ξ(k−1)

n ); ξ(k)n )] ̸= G(k)
n (·) , (7)

where g
(k)
n is non-linear for any k. This leads to biased

gradient estimators for both ∇xfn and ∇yfn.

Second, the dependence on 1
N

∑N
n′=1 ∇G

(K)
n′ (x) intro-

duces biases on each device. Specifically, for any k ∈
{2, · · · ,K} and any device n ∈ {1, · · · , N}, according to
Eq. (5), using random samples to compute the gradient of
the k-th level function introduces biases as follows:

E[∇g(k−1)
n (·; ξ(k−1)

n )∇gg
(k)
n (g(k−1)

n (·; ξ(k−1)
n ); ξ(k)n )]

̸= ∇G(k)
n (·) ,

(8)

which introduces additional biases when estimating ∇xfn.
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In summary, the multi-level structure introduces more chal-
lenges to solve than the two-level compositional problem
because there exist biases in all levels when estimating the
inner-level function value and its gradient. Moreover, the
minimax structure makes it more challenging to solve Eq. (2)
than the multi-level compositional minimization problem
because the stochastic gradient for both primal and dual
variables is a biased estimator of the full gradient.

3.3. Algorithm

To mitigate the problem of biased function and gradient
estimators at each level, we propose the Local Stochastic
Multi-level Compositional Gradient Descent Ascent with
Momentum (LocalSMCGDM) algorithm, presented in Al-
gorithm 1. In detail, we employ a STORM-like technique
(Cutkosky & Orabona, 2019) to estimate the k-th inner level
function for any k ∈ {1, · · · ,K} in Step 6 as follows:

h
(k)
n,t+1 =(1− αη2)(h

(k)
n,t − g(k)n (h

(k−1)
n,t ; ξ

(k)
n,t+1))

+ g(k)n (h
(k−1)
n,t+1 ; ξ

(k)
n,t+1) ,

(9)

where α > 0 and η > 0 are hyperparameters satisfying
αη2 < 1, and h

(k)
n,t is the estimator of the k-th inner level

function G
(k)
n (xn,t) on the n-th device at the t-th iteration.

By employing the STORM-like estimators, this approach is
able to approximate the inner level function more accurately.

On the other hand, for the gradient, we utilize the momen-
tum technique to update both primal and dual variables.
Specifically, the stochastic compositional gradient regarding
the primal variable and dual variable is computed as follows:

un,t+1 = ∇g(1)n (h
(0)
n,t+1; ξ

(1)
n,t+1) · · ·∇g(K−1)

n (h
(K−2)
n,t+1 ; ξ

(K−1)
n,t+1 )

×∇g(K)
n (h

(K−1)
n,t+1 ; ξ

(K)
n,t+1)∇hfn(h

(K)
n,t+1, yn,t+1; ζn,t+1) ,

vn,t+1 = ∇yfn(h
(K)
n,t+1, yn,t+1; ζn,t+1) .

(10)

We then employ the moving-average technique to update
the momentum as follows:

pn,t+1 = (1− ρxη)pn,t + ρxηun,t+1 ,

qn,t+1 = (1− ρyη)qn,t + ρyηvn,t+1 ,
(11)

where ρx > 0, ρy > 0 is the momentum coefficient hyper-
parameters, and η is the learning rate, satisfying ρxη < 1
and ρyη < 1. The final step of the algorithm involves using
gradient descent to update the primal variable and gradient
ascent to update the dual variable, as shown in Step 3.

Regarding the communication procedure in Steps 10-14,
the essential components, including the model parameters
xn,t, yn,t, momentum pn,t, qn,t, and estimators h(k)

n,t of k-th
inner level function, are synchronized across the federated
learning system every τ iterations, where τ > 1 is the
communication period.

Algorithm 1 LocalSMCGDAM
Input: x0, y0, η ∈ (0, 1), γx > 0, γy > 0, ρx > 0, ρy > 0,

α > 0, αη2 ∈ (0, 1), ρxη ∈ (0, 1), ρyη ∈ (0, 1).
1: Initialize pn,0, qn,0, h

(k)
n,0 for k = {1, · · · ,K} as Eq (12)

2: for t = 0, · · · , T − 1, each device n do
3: Update x and y:

xn,t+1 = xn,t − γxηpn,t ,
yn,t+1 = yn,t + γyηqn,t ,

4: h
(0)
n,t+1 = xn,t+1,

5: for k = 1, · · · ,K do
6: Estimate the k-th inner-level function as Eq. (9),
7: end for
8: Compute the stochastic compositional gradient w.r.t. x and

y as Eq. (10),
9: Update momentum as Eq. (11),

10: if mod(t+ 1, τ) == 0 then
11: xn,t+1 = 1

N

∑N
n′=1 xn′,t+1,

yn,t+1 = 1
N

∑N
n′=1 yn′,t+1,

pn,t+1 = 1
N

∑N
n′=1 pn′,t+1,

qn,t+1 = 1
N

∑N
n′=1 qn′,t+1,

12: for k = 1, · · · ,K do
13: h

(k)
n,t+1 = 1

N

∑N
n′=1 h

(k)

n′,t+1,
14: end for
15: end if
16: end for

As for the initialization step in Algorithm 1, we select a
mini-batch of samples to initialize pn,0, qn,0, and h

(k)
n,0 as:

pn,0 = ∇g(1)n (xn,0; ξ
(1)
n,0) · · ·∇g(K−1)

n (G(K−2)
n (xn,0); ξ

(K−1)
n,0 )

×∇g(K)
n (G(K−1)

n (xn,0); ξ
(K)
n,0 )∇xfn(G

(K)
n (xn,0), yn,0; ζn,0) ,

qn,0 = ∇yfn(G
(K)
n (xn,0), yn,0; ζn,0),

h
(k)
n,0 = g(k)n (h

(k−1)
n,0 ; ξ

(k)
n,0), k = {1, · · · ,K},

(12)
where the batch size is M in the initialization step.

4. Theoretical Analysis
In this section, we give the theoretical analysis of the pro-
posed algorithm.
Assumption 4.1. For any k ∈ {1, · · · ,K} and n ∈
{1, · · · , n}, g(k)n (·; ξ(k)) is Cg-Lipschitz continuous where
Cg > 0, ∇g

(k)
n (·; ξ(k)) is Lg-Lipschitz continuous where

Lg > 0, fn(·, ·; ζ) is Cf -Lipschitz continuous with respect
to the primal variable where Cf > 0, ∇fn(·, ·; ζ) is Lf -
Lipschitz continuous where Lf > 0.
Assumption 4.2. For any k ∈ {1, · · · ,K} and n ∈
{1, · · · , n}, the variance of the stochastic gradients
∇g

(k)
n (·; ξ(k)) and ∇fn(·, ·; ζ) is upper bounded by σ2

where σ > 0 is a constant. Also, the variance of the stochas-
tic function value of g(k)n (·; ξ(k)) is upper bounded by δ2

where δ > 0 is a constant.
Assumption 4.3. For any n ∈ {1, · · · , n}, fn(·, ·) is µ-
strongly concave with respect to the dual variable where
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µ > 0 is a constant.

These assumptions are widely used in existing composi-
tional minimization and minimax optimization problems
(Yang et al., 2019; Jiang et al., 2022; Balasubramanian et al.,
2022; Yuan et al., 2021a; Zhang et al., 2023).

Next, we introduce the following auxiliary functions for
analyzing the convergence rate of our algorithm:

y∗(x) = arg max
y∈Rd2

1

N

N∑
n=1

fn(G(x), y) ,

Φn(x) ≜ fn(G(x), y∗) ,

Φ(x) =
1

N

N∑
n=1

Φn(x) =
1

N

N∑
n=1

fn(G(x), y∗) ,

(13)

In this paper, āt is utilized to denote the mean value across
devices for any variable at.

Theorem 4.4. Given Assumption 4.1-4.3, for any k ∈
{1, · · · ,K}, we denote

w̃k =
µ2

α
16Ak + 32Bkµ

2 +
500C2

GL
4
f

α
C2(K−k)

g

+ 1000× 2K+1L4
fC

2(2K−k)
g ,

where Ak = C
2(K−1)
g C2

fL
2
g(
∑K−1

j=k Cj−k
g )2 +

L2
fC

2(2K−k)
g and Bk =

∑K
j=k+1 Aj(2C

2
g )

j−k are
constant values regarding the Lipschitz constant Cg, Cf ,
Lg , and Lf . Then, by setting α > 0, ρx > 0, ρy > 0, and

η ≤min

{
1

2γxLΦ
,

1√
α
,
1

ρx
,
1

ρy
,

1

4
√

ταCg

,
1

4τ
√

ρyγyLf

,

1

2

√
w̃k

α
∑K

j=k+1 w̃j(2C2
g )j−k

, 1

}
,

γy ≤min

{
1

6Lf
,
3ρ2yµ

100L2
f

,
15ρ2x

8µ(K + 1)

}
,

γx ≤min

{
γyµ

2

13C2K
g L2

f

,
ρyµ

78C2K
g L2

f

,
µ√

24K
∑K

k=1 w̃k(2C2
g )k

,

ρx√
96(K + 1)(C4K

g L2
f +

∑K−1
k=0 C

2(K−1+k)
g C2

fL
2
g)

}
,

Algorithm 1 has the following convergence rate

1

T

T−1∑
t=0

(E[∥∇Φ(x̄t)∥2] + C2
GL

2
fE∥y∗(x̄t)− ȳt∥2])

≤ 2(Φ(x0)− Φ∗)

γxηT
+

20C2
GL

2
f

γyηµT
E[∥ȳ0 − y∗(x̄0)∥2] +O(τ2η2)

+O(Kτ4η4) +O(Kτ6η6) +O(Kτ8η8) +O(Kτ10η10)

+O(
K2

ηT
) +O(η2K2) +O(

ηK2

N
) +O(

K2

η2MT
) ,

(14)

where M is the mini-batch size in initialization step, Φ∗

denotes the function value at the optimal solution, LΦ and
CG are defined in Lemma B.1.

Remark 4.5. For sufficiently large T , by setting the learn-
ing rate η = O(N1/2/T 1/2), τ = O(T 1/4/N3/4), M =
O(T 1/2/N1/2), Algorithm 1 can achieve O(1/

√
NT ) con-

vergence rate when ignoring the number of levels K. It
indicates a linear speedup with respect to the number of de-
vices N . In addition, the communication complexity of our
algorithm is T/τ = O(N3/4T 3/4). Furthermore, when con-
sidering the number of levels K, our convergence rate can
be represented as O(C̃KK2/

√
NT ) where C̃ is a constant

depending on Lipschitz constants. Note that previous works
(Yang et al., 2019; Balasubramanian et al., 2022; Zhang &
Xiao, 2021; Jiang et al., 2022) also have such a constant
factor C̃K depending on K exponentially. Following Re-
mark 1 and 3 in (Balasubramanian et al., 2022), the factor
C̃K can be ignored so that the number of levels K affects
the convergence rate polynomially instead of exponentially,
which can be viewed as a level-independent convergence
rate as (Balasubramanian et al., 2022).

Remark 4.6. By setting η = O(Nϵ2) and τ =
O(1/(Nϵ)), we can achieve the ϵ-accuracy solution, i.e.,
1
T

∑T−1
t=0 (E[∥∇Φ(x̄t)∥2]+C2

GL
2
fE[∥y∗(x̄t)− ȳt∥2]) ≤ ϵ2.

Then, the sample complexity on each device is O(1/(Nϵ4))
and the communication complexity is O(1/ϵ3).

Proof sketch of Theorem 4.4 By introducing the Lya-
punov function based on Algorithm 1, we have

Pt+1 = E[Φ (x̄t+1)] + w0E[∥ȳt+1 − y∗(x̄t+1)∥2]

+
1

N

N∑
n=1

K∑
k=1

wkE[∥h(k)
t+1 − g(k)n (h

(k−1)
n,t+1)∥

2]

+ wK+1E
[∥∥∥p̄t+1 −

1

N

N∑
n=1

∇g(1)n (xn,t+1)∇g(2)n (G(1)
n (xn,t+1))

· · ·∇g(K)
n (G(K−1)

n (xn,t+1))∇Gfn(G
(K)
n (xn,t+1), yn,t+1)

∥∥∥2]
+ wK+2E

[∥∥∥q̄t+1 −
1

N

N∑
n=1

∇yfn(Gn(xn,t+1), yn,t+1)
∥∥∥2]

(15)

where w0 =
10γxC

2
GL2

f

γyµ
, wK+1 = 2γx

ρx
, wK+2 =

125γxC
2
GL2

f

ρyµ2 and wk = γxK
ηµ2 w̃k. Here, the third item on the

right-hand side quantifies the estimator error of the inner-
level function g

(k)
n (h

(k−1)
n,t+1), the fourth item bounds the esti-

mation error between the primal momentum and the partial
gradient regarding the primal variable using the chain rule,
the fifth item represents the approximation error between
the dual momentum and the partial gradient regarding the
dual variable. Then, by bounding Pt+1 − Pt and summing
t over 0, · · · , T − 1, we can complete the proof.
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Figure 2. Testing performance with AUC score versus the number of epochs when the communication period τ = 4 and imratio= 0.05.
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Figure 3. Testing performance with AUC score versus the number of epochs when the communication period τ = 8 and imratio= 0.05.

Unique Challenge. Due to the multi-level structure cou-
pled with the federated minimax optimization setting, inves-
tigating the convergence rate of our algorithm is challeng-
ing. Specifically, as shown in Lemma B.8 and Lemma B.9,
the consensus error with respect to the momentum of
the dual variable E[∥qn,t − q̄t∥2] depends on the con-
sensus error E[∥h(k)

n,t − h̄
(k)
t ∥2] and the estimation error

E[∥h(k)
n,t − g

(k)
n (h

(k−1)
n,t )∥2] of the inner-level function for

all k ∈ {1, · · · ,K}, both of which further recursively de-
pends on their corresponding error in lower levels. Such
kinds of accumulated and recursive errors across levels
make it more challenging to bound the consensus error
than the two-level compositional minimax problem. More-
over, the accumulated consensus and estimation errors

across levels make achieving the linear speedup conver-
gence rate more challenging. In particular, those accumu-
lated consensus and estimation errors could prevent the
algorithm from achieving linear speedup. For instance, for
the multi-level case, we have to bound the estimation error
E[∥h(k)

n,t−g
(k)
n (h

(k−1)
n,t )∥2] for each device n, rather than the

mean value across devices. Such an individual estimation
error introduces a large variance because it cannot be scaled
by the number of devices N , presenting new challenges for
linear speedup. Our convergence analysis addressed these
unique challenges, achieving both the linear speedup and
the level-independent convergence rate for the federated
multi-level compositional minimax problem. To the best
of our knowledge, this is the first work achieving such fa-
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Figure 4. Testing performance with AUC score versus the number of epochs when the communication period τ = 16 and imratio= 0.05.

vorable results. In fact, such theoretical results do not even
exist under the single-machine setting. In summary, our
convergence analysis is novel and has important theoretical
contributions to compositional minimax optimization.

5. Experiment
In this section, we validate the practical performance of our
algorithm on highly imbalanced classification tasks in the
federated learning setting.

Baselines. We compare our method with six state-of-the-
art federated learning approaches: FedProx (Li et al., 2020),
Scaffold (Karimireddy et al., 2020), LocalSGDM-RL (Wang
et al., 2021), CoDA (Guo et al., 2020), LocalSGDAM
(Sharma et al., 2022) and LocalSCGDAM (Zhang et al.,
2023). The first two methods address heterogeneous sce-
narios, assuming that the local data distribution is imbal-
anced, but the global one is balanced. Scaffold (Karim-
ireddy et al., 2020) utilizes SGD to optimize the traditional
cross-entropy loss function, employing a control variate to
correct for the stochastic gradient in local updates. Fed-
Prox (Li et al., 2020), on the other hand, optimizes the
traditional cross-entropy loss function with a proximal term
using SGD. LocalSGDM-RL (Wang et al., 2021) leverages
momentum SGD to optimize a Ratio Loss function, partic-
ularly designed for imbalanced distributions by adding a
regularization term to the standard cross-entropy loss func-
tion. CoDA (Guo et al., 2020) employs SGDA to optimize
AUC loss in a stage-wise manner, obtaining the primal vari-
able through a communication-efficient algorithm and es-
timating the corresponding dual variable by sampling data

from local machines. For LocalSGDAM (Sharma et al.,
2022), we optimize the AUC loss using momentum SGDA.
LocalSCGDAM (Zhang et al., 2023) introduces the com-
positional structure in the AUC loss function and proposes
a federated compositional minimax optimization problem,
utilizing momentum SCGDA to optimize AUC loss.

Dataset and Hyperparameter Setting. We employ five
image datasets: CatvsDog 1, CIFAR10 (Krizhevsky et al.,
2009), CIFAR100 (Krizhevsky et al., 2009), STL10 (Coates
et al., 2011), and Melanoma (Rotemberg et al., 2021), for
binary classification 2. We create imbalanced datasets by
randomly dropping samples from the positive class in the
training set, while keeping the testing set balanced. The
imbalance ratio signifies the ratio of positive samples to the
total number of samples. The Melanoma dataset maintains
its inherent uneven distribution. Note that The batch size
on each device is 8 for STL10 and 16 for the remaining
datasets. Across all algorithms, the learning rate is fixed
at 0.1 and decreased by a factor of 10 at the 50% and 75%
epochs for all methods during the total training duration.
Specifically, for our multi-level method, the learning rate
for each inner-level is decreased by 100 to avoid overfitting.
Additionally, the number of levels K is set to 3 in our exper-
iments. We leverage eight workers (N = 8), simulated on
four V100-GPUs, for the first four datasets. However, for
Melanoma, we only implement four workers (N = 4) due
to the GPU memory constraints. More experimental details
can be found in Appendix A.

1https://www.kaggle.com/c/dogs-vs-cats
2Note that our algorithm can be easily adapted to the multi-

class classification problem by following (Liu et al., 2019).
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Figure 5. The test AUC score versus the number of epochs when using different imbalance ratios for CATvsDOG.

Experimental Results. In Figure 2, 3, and 4, we plot
the test AUC score against the number of epochs when the
communication period is set to 4, 8, and 16, respectively.
Here, the imbalance ratio, denoted as imratio, is set to 0.05.
In Figure 5, we plot the test AUC score against the number
of epochs when using different imbalance ratios for the
CATvsDOG dataset, where the communication period is 4.

It is evident that our algorithm LocalSMCGDAM consis-
tently outperforms all baselines across all datasets under all
scenarios. In particular, we have the following observations.
(i) Compared with FedProx and Scaffold, our algorithm
can showcase its effectiveness in handling the global imbal-
anced data distribution. (ii) Compared to LocalSCGDAM,
which essentially serves as a simplified version with a one-
step update for the inner-level function (i.e., the inner level
K = 1), our LocalSMCGDAM designed for the multi-step
update demonstrates significant improvement in optimizing
the AUC loss. More experimental results on the AUC score
of different algorithms can be found in Appendix A.
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Figure 6. The test AUC score versus the number of epochs when
using different number of levels K.

Additionally, we conduct experiments to demonstrate how
the number of levels K affects the performance. In our loss
function in Eq. (2), the inner-level function corresponds to
training the classifier by minimizing the cross-entropy loss
function, and the outer-level loss function corresponds to
training the classifier by optimizing the AUC loss function.
Then, intuitively, the inner-level function can be seen as the
pretraining process, while the outer-level function can be re-
garded as the fine-tuning process. In fact, the AUC loss func-

tion is a minimax function, making it difficult to train the
classifier from scratch. On the contrary, the cross-entropy
loss function is convex, which makes it easier to train the
classifier from scratch. Therefore, when using a multi-level
inner function, we actually pretrain the classifier by mini-
mizing the cross-entropy loss function for multiple steps.
This typically can pretrain the classifier better than just us-
ing one step. Subsequently, fine-tuning the classifier with
optimizing AUC loss can lead to improved performance. In
Figure 6, we plot the test AUC score when using different
number of levels K for CATvsDOG and CIFAR10, where
the communication period is 4. It can be observed that the
proposed multi-level algorithm LocalSMCGDAM always
outperforms the baseline two-level algorithm LocalSCG-
DAM, where the number of inner update steps is K = 1
and the inner-level function estimator is based on moving
average. This confirms the effectiveness of using multiple
inner update steps. Meanwhile, it can be observed that a too
large K degenerates the performance. This phenomenon
can be explained from the perspective of pretraining. During
the pretraining procedure, the cross-entropy loss function is
used. As we know, the cross-entropy loss function does not
perform well on imbalanced data. Therefore, when updating
the classifier’s weight by minimizing the cross-entropy loss
for more steps, i.e., with a larger K, it makes the classi-
fier’s weight fit the cross-entropy loss too much,resulting in
inferior performance. Therefore, K cannot be very large.

6. Conclusion
In this paper, we proposed a federated stochastic multi-
level compositional minimax algorithm for deep AUC maxi-
mization named LocalSMCGDAM. Our theoretical analysis
demonstrates that the proposed algorithm achieves level-
independent convergence rates and linear speedup in the
federated learning setting. This is the first time that these
theoretical convergence results have been achieved for multi-
level compositional minimax problems. Through compre-
hensive experimental validation, we present the effective-
ness of our algorithm, showcasing its capability to address
highly imbalanced classification tasks.
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A. Appendix: More Experimental Settings and Results
A.1. Compositional AUC Loss Function

Below we provide the AUC loss function under the single-machine setting to explain Eq. (1). Specifically, according to
(Yuan et al., 2021a), we can train the classifier by combining AUC loss and cross-entropy loss optimization as follows:

min
w,w̃1,w̃2

max
w̃3

E[LAUC(w − ρE[∇LCE(w; ξ)], w̃1, w̃2, w̃3; ξ)] , (16)

where w ∈ Rd is the classifier’s weight, w̃1 ∈ R, w̃2 ∈ R, and w3 ∈ R are the parameters to compute the AUC loss, ξ
denotes the random sample, ρ > 0 is the step size, LAUC denotes the AUC loss, and LCE denotes the cross-entropy loss.

Then, by introducing x = [wT , w̃1, w̃2]
T , y = w̃3, and ∆(x, ξ) = [∇LCE(w; ξ)

T , 0, 0]T , we can denote g(x; ξ) =
x− ρ∆(x, ξ) and f(g(x), y; ζ) = LAUC(w − ρE[∇LCE(w; ξ)], w̃1, w̃2, w̃3; ζ), where ζ denotes the random samples for
computing the AUC loss. Based on g(x; ξ) and f(g(x), y; ζ), it is easy to obtain Eq. (1) under the federated learning setting.

A.2. More Experimental Settings and Results

More Experimental Settings. The details of different benchmark datasets are presented in Table 1. We parti-
tion each dataset into two groups based on its classes for the initial four datasets. The first half of the classes is
considered as the positive class, while the second half is considered the negative class. Then we randomly drop
samples from the positive class as shown to create highly imbalanced data, where the imbalance ratio is 0.05. For
Melanoma, we utilize DenseNet121 (Huang et al., 2017), while ResNet20 (He et al., 2016) is employed for the
remaining datasets. In each neural network, the dimensionality of the last layer is set to 1 for binary classification.
For all experiments, the weight decay is set to 1e − 4. The details of the hyperparameters of different methods are
provided in Table 2. Here, all algorithms employ similar learning rates to make a fair comparison. For the last three
algorithms, the product of the learning rate and learning rate coefficient, i.e., γxη and γyη, equals 0.099, close to the
values used in the other algorithms. The learning rate is decayed at 50% and 75% of total training iterations by 10.
Specifically, for our LocalSMCGDAM algorithms, the learning rate of each inner-level is decayed by 100 to avoid overfitting.

More Experimental Results. We report the best test AUC score for all methods in Table 3.

Table 1. Description of benchmark datasets. Here, #positive denotes the number of samples in the positive class, and #negative denotes
the number of samples in the negative class.

Dataset Training set Testing set
#positive #negative #positive #negative

CIFAR10 1,315 25,000 5,000 5,000
CIFAR100 1,315 25,000 5,000 5,000
STL10 131 2,500 4,000 4,000
CATvsDOG 527 10,016 2,516 2,888
Melanoma 868 25,670 117 6,881
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Table 2. The hyperparameters of different methods.

Methods Hyperparameters Value

FedProx, Scaffold learning rate 0.1
LocalSGDM-RL momentum coefficient 0.1

CoDA learning rate 0.1

LocalSGDAM

learning rate η 0.3
learning rate coefficient γx and γy 0.33
momentum coefficient ρx and ρy 3.3

LocalSCGDAM

learning rate for outer level η 0.3
learning rate coefficient for outer level γx and γy 0.33
momentum coefficient ρx and ρy for outer level 3.3

learning rate for inner-level η′ 0.1
coefficient for inner-level α 3.0

LocalSMCGDAM (Ours)

learning rate for outermost-level η 0.3
learning rate coefficient for outermost-level γx and γy 0.33
momentum coefficient for outermost-level ρx and ρy {0.2, 2.0, 3.3}

learning rate for inner-levels η′ 0.1
coefficient α 3.0

Table 3. The comparison between the test AUC score of different methods on all datasets. Here, τ denotes the communication period.

Methods

Datasets Period Local Local Local Local Fed

SMCGDAM SCGDAM SGDAM CoDA SGDM-RL Prox Scaffold

τ = 4 0.918 0.885 0.859 0.814 0.816 0.877 0.872

CATvsDOG τ = 8 0.910 0.886 0.861 0.811 0.818 0.853 0.855

τ = 16 0.913 0.884 0.854 0.813 0.792 0.822 0.851

τ = 4 0.900 0.882 0.853 0.791 0.793 0.829 0.845

CIFAR10 τ = 8 0.899 0.874 0.860 0.782 0.803 0.816 0.837

τ = 16 0.892 0.871 0.848 0.778 0.753 0.793 0.836

τ = 4 0.676 0.657 0.656 0.652 0.631 0.654 0.650

CIFAR100 τ = 8 0.670 0.663 0.658 0.650 0.606 0.650 0.659

τ = 16 0.669 0.660 0.651 0.645 0.607 0.647 0.654

STL10 τ = 4 0.794 0.753 0.736 0.729 0.686 0.739 0.749

τ = 8 0.778 0.755 0.740 0.718 0.701 0.733 0.744

τ = 16 0.764 0.757 0.734 0.716 0.703 0.715 0.738

Melanoma τ = 4 0.896 0.878 0.804 0.828 0.748 0.881 0.876

τ = 8 0.897 0.870 0.840 0.840 0.741 0.887 0.887

τ = 16 0.903 0.878 0.785 0.833 0.760 0.875 0.884
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B. Appendix: Theoretical Proof
Lemma B.1. Given Assumption 4.1-4.3, we can know

• G(k)(x) is Ck
g -Lipschitz continuous for k ∈ {1, · · · ,K − 1} and G(x) is CG-Lipschitz continuous where CG = CK

g ;

• ∇G(x) is LG-Lipschitz continuous where LG =
∑K−1

j=0 LgC
K−1+j
g ;

• ∇Φ(x) is LΦ-Lipschitz continuous where LΦ = C2
GLf + CGLfLy∗ + CfLG;

• y∗(x) is Ly∗ -Lipschitz continuous where Ly∗ =
CGLf

µ .

Proof. For any k ∈ {1, · · · ,K} and any x1, x2 ∈ Rd1 , we have

∥G(k)(x1)−G(k)(x2)∥
= ∥g(k)(G(k−1)(x1))− g(k)(G(k−1)(x2))∥
≤ Cg∥G(k−1)(x1)−G(k−1)(x2)∥
≤ Ck

g ∥x1 − x2∥ ,

(17)

where the first inequality follows from Assumption 4.1, which completes the first property.

The second property can be proved as follows:

∥∇G(x1)−∇G(x2)∥
= ∥∇g(1)(x1)∇g(2)(G(1)(x1))∇g(3)(G(2)(x1)) · · · ∇g(K)(G(K−1)(x1))

−∇g(1)(x2)∇g(2)(G(1)(x2))∇g(3)(G(2)(x2)) · · · ∇g(K)(G(K−1)(x2))∥
≤ ∥∇g(1)(x1)∇g(2)(G(1)(x1))∇g(3)(G(2)(x1)) · · · ∇g(K)(G(K−1)(x1))

−∇g(1)(x2)∇g(2)(G(1)(x1))∇g(3)(G(2)(x1)) · · · ∇g(K)(G(K−1)(x1))∥
+ ∥∇g(1)(x2)∇g(2)(G(1)(x1))∇g(3)(G(2)(x1)) · · · ∇g(K)(G(K−1)(x1))

−∇g(1)(x2)∇g(2)(G(1)(x2))∇g(3)(G(2)(x1)) · · · ∇g(K)(G(K−1)(x1))∥
+ ∥∇g(1)(x2)∇g(2)(G(1)(x2))∇g(3)(G(2)(x1)) · · · ∇g(K)(G(K−1)(x1))

−∇g(1)(x2)∇g(2)(G(1)(x2))∇g(3)(G(2)(x2)) · · · ∇g(K)(G(K−1)(x1))∥
+ · · ·+ ∥∇g(1)(x2)∇g(2)(G(1)(x2))∇g(3)(G(2)(x2)) · · · ∇g(K)(G(K−1)(x1))

−∇g(1)(x2)∇g(2)(G(1)(x2))∇g(3)(G(2)(x2)) · · · ∇g(K)(G(K−1)(x2))∥
≤ CK−1

g Lg∥x1 − x2∥+ CK−1
g Lg∥G(1)(x1)−G(1)(x2)∥

+ · · ·+ CK−1
g Lg∥G(K−1)(x1)−G(K−1)(x2)∥

≤ CK−1
g Lg∥x1 − x2∥+ CK

g Lg∥x1 − x2∥+ · · ·+ CK−1
g LgC

K−1
g ∥x1 − x2∥

=

K−1∑
j=0

LgC
K−1+j
g ∥x1 − x2∥ , (18)

where the second inequality follows from Assumption 4.1.

The third property can be proved as follows:

∥∇Φ(x1)−∇Φ(x2)∥
= ∥∇G(x1)∇1f (G(x1), y

∗(x1))−∇G(x2)∇1f (G(x2), y
∗(x2)) ∥

≤ ∥∇G(x1)∇1f (G(x1), y
∗(x1))−∇G(x1)∇1f (G(x2), y

∗(x2)) ∥
+ ∥∇G(x1)∇1f (G(x2), y

∗(x2))−∇G(x2)∇1f (G(x2), y
∗(x2)) ∥

14



A Federated Stochastic Multi-Level Compositional Minimax Algorithm for Deep AUC Maximization

≤ ∥∇G(x1)∥∥∇1f (G(x1), y
∗(x1))−∇1f (G(x2), y

∗(x2)) ∥
+ ∥∇G(x1)−∇G(x2)∥∥∇1f (G(x2), y

∗(x2)) ∥
≤ CG∥∇1f (G(x1), y

∗(x1))−∇1f (G(x2), y
∗(x2)) ∥+ Cf∥∇G(x1)−∇G(x2)∥

≤ CGLf∥G(x1)−G(x2)∥+ CGLf∥y∗(x1)− y∗(x2)∥+ Cf∥∇G(x1)−∇G(x2)∥
≤ C2

GLf∥x1 − x2∥+ CGLfLy∗∥x1 − x2∥+ CfLG∥x1 − x2∥
= (C2

GLf + CGLfLy∗ + CfLG)∥x1 − x2∥ , (19)

where the fourth and fifth inequalities follow from Assumption 4.1.

Following (Zhang et al., 2023), the last property can be proved by showing ∥y∗(x2)− y∗(x1)∥ ≤ CGLf

µ ∥x2 − x1∥.

Lemma B.2. Given Assumption 4.1-4.3, we can know

E
[∥∥∥ 1

N

N∑
n=1

pn,t+1 −
1

N

N∑
n=1

∇g(1)n (xn,t+1)∇g(2)n (G(1)
n (xn,t+1)) · · ·∇g(K)

n (G(K−1)
n (xn,t+1))∇1fn(G

(K)
n (xn,t+1), yn,t+1)

∥∥∥2]
≤ (1− ρxη)E

[∥∥∥ 1

N
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∇g(1)n (xn,t)∇g(2)n (G(1)
n (xn,t)) · · ·∇g(K)
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n (xn,t))∇1fn(G

(K)
n (xn,t), yn,t)

∥∥∥2]
+

4ηγ2
x

ρx

(
C4K

g L2
f +

K−1∑
k=0

C2(K−1+k)
g C2

fL
2
g

)K + 1

N

N∑
n=1

E
[∥∥∥pn,t − p̄t

∥∥∥2]

+
4ηγ2

x

ρx
(K + 1)

(
C4K

g L2
f +
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C2(K−1+k)
g C2

fL
2
g

)
E
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+
4ηγ2

y
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C2K
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N
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C2K
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K

N
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AkE
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∥∥∥2]+ 8ρxα
2η5K

N
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K∑
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( K∑
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Aj(2C
2
g )

j−k
)
E
[∥∥∥h(k)

n,t − g(k)n (h
(k−1)
n,t )

∥∥∥2]

+ 8ρxγ
2
xη

3K
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Ak(2C
2
g )

k 1

N

N∑
n=1

E
[∥∥∥pn,t − p̄t

∥∥∥2]+ 8ρxγ
2
xη

3K

K∑
k=1

Ak(2C
2
g )

kE
[∥∥∥p̄t∥∥∥2]

+ 8ρxα
2η5δ2K

K∑
k=1

Ak

k−1∑
j=1

(2C2
g )

j + ρ2xη
2(K(K + 1)C2(K−1)

g C2
f + (K + 1)C2K

g )
σ2

N
, (20)

where Ak =

(
C

2(K−1)
g C2

fL
2
g

(∑K−1
j=k Cj−k

g

)2
+ C2K

g L2
fC

2(K−k)
g

)
.

Proof.
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(K)
n (xn,t), yn,t))
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1

N
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N
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where the last step follows from that the sampling operations in different levels are independent.

Then, for T1, we bound it as follows:
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[∥∥∥ 1

N

N∑
n=1

(pn,t −∇g(1)n (xn,t)∇g(2)n (G(1)
n (xn,t)) · · ·∇g(K)

n (G(K−1)
n (xn,t))∇1fn(G

(K)
n (xn,t), yn,t))

∥∥∥2]
+

2

ρxη
E
[∥∥∥ 1

N

N∑
n=1

∇g(1)n (xn,t)∇g(2)n (G(1)
n (xn,t)) · · ·∇g(K)

n (G(K−1)
n (xn,t))∇1fn(G

(K)
n (xn,t), yn,t)

− 1

N

N∑
n=1

∇g(1)n (xn,t+1)∇g(2)n (G(1)
n (xn,t+1)) · · ·∇g(K)

n (G(K−1)
n (xn,t+1))∇1fn(G

(K)
n (xn,t+1), yn,t+1)

∥∥∥2]
+ 2ρxηE

[∥∥∥ 1

N

N∑
n=1

∇g(1)n (xn,t+1)∇g(2)n (G(1)
n (xn,t+1)) · · ·∇g(K)

n (G(K−1)
n (xn,t+1))∇1fn(G

(K)
n (xn,t+1), yn,t+1)
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− 1

N

N∑
n=1

∇g(1)n (h
(0)
n,t+1) · · ·∇g(K−1)

n (h
(K−2)
n,t+1 )∇g(K)

n (h
(K−1)
n,t+1 )∇1fn(h

(K)
n,t+1, yn,t+1)

∥∥∥2]
≜ (1− ρxη)E

[∥∥∥ 1

N

N∑
n=1

(pn,t −∇g(1)n (xn,t)∇g(2)n (G(1)
n (xn,t)) · · ·∇g(K)

n (G(K−1)
n (xn,t))∇1fn(G

(K)
n (xn,t), yn,t))

∥∥∥2]
+

2

ρxη
T1,1 + 2ρxηT1,2 , (22)

where the last inequality follows from c = ρxη
1−ρxη

. In the following, we bound T1,1 and T1,2, respectively.

T1,1 ≤ K + 1

N

N∑
n=1

E
[∥∥∥∇g(1)n (xn,t)∇g(2)n (G(1)

n (xn,t)) · · ·∇g(K)
n (G(K−1)

n (xn,t))∇1fn(G
(K)
n (xn,t), yn,t)

−∇g(1)n (xn,t+1)∇g(2)n (G(1)
n (xn,t)) · · ·∇g(K)

n (G(K−1)
n (xn,t))∇1fn(G

(K)
n (xn,t), yn,t)

∥∥∥2]
+

K + 1

N

N∑
n=1

E
[∥∥∥∇g(1)n (xn,t+1)∇g(2)n (G(1)

n (xn,t)) · · ·∇g(K)
n (G(K−1)

n (xn,t))∇1fn(G
(K)
n (xn,t), yn,t)

−∇g(1)n (xn,t+1)∇g(2)n (G(1)
n (xn,t+1)) · · ·∇g(K)

n (G(K−1)
n (xn,t))∇1fn(G

(K)
n (xn,t), yn,t)

∥∥∥2]
+ · · ·

+
K + 1

N

N∑
n=1

E
[∥∥∥∇g(1)n (xn,t+1)∇g(2)n (G(1)

n (xn,t+1)) · · ·∇g(K)
n (G(K−1)

n (xn,t+1))∇1fn(G
(K)
n (xn,t), yn,t)

−∇g(1)n (xn,t+1)∇g(2)n (G(1)
n (xn,t+1)) · · ·∇g(K)

n (G(K−1)
n (xn,t+1))∇1fn(G

(K)
n (xn,t+1), yn,t+1)

∥∥∥2]
≤ K + 1

N

N∑
n=1

C2(K−1)
g C2

fL
2
gE
[∥∥∥xn,t − xn,t+1

∥∥∥2]+ K + 1

N

N∑
n=1

C2(K−1)
g C2

fL
2
gE
[∥∥∥G(1)

n (xn,t)−G(1)
n (xn,t+1)

∥∥∥2]
+ · · ·+ K + 1

N

N∑
n=1

C2(K−1)
g C2

fL
2
gE
[∥∥∥G(K−1)

n (xn,t)−G(K−1)
n (xn,t+1)

∥∥∥2]
+

K + 1

N

N∑
n=1

C2K
g L2

fE
[∥∥∥G(K)

n (xn,t)−G(K)
n (xn,t+1)∥2 +

K + 1

N

N∑
n=1

C2K
g L2

fE
[∥∥∥yn,t − yn,t+1

∥∥∥2]
≤ K + 1

N

N∑
n=1

C2(K−1)
g C2

fL
2
gE
[∥∥∥xn,t − xn,t+1

∥∥∥2]+ K + 1

N

N∑
n=1

C2(K−1)
g C2

fL
2
gC

2
gE
[∥∥∥xn,t − xn,t+1

∥∥∥2]
+ · · ·+ K + 1

N

N∑
n=1

C2(K−1)
g C2

fL
2
gC

2(K−1)
g E

[∥∥∥xn,t − xn,t+1

∥∥∥2]
+

K + 1

N

N∑
n=1

C2K
g L2

fC
2K
g E

[∥∥∥xn,t − xn,t+1

∥∥∥2]+ K + 1

N

N∑
n=1

C2K
g L2

fE
[∥∥∥yn,t − yn,t+1

∥∥∥2]
=

K + 1

N

N∑
n=1

(
C2K

g L2
fC

2K
g +

K−1∑
k=0

C2(K−1+k)
g C2

fL
2
g

)
γ2
xη

2E
[∥∥∥pn,t

∥∥∥2]+ K + 1

N

N∑
n=1

C2K
g L2

fγ
2
yη

2E[|qn,t

∥∥∥2]

≤ 2γ2
xη

2
(
C2K

g L2
fC

2K
g +

K−1∑
k=0

C2(K−1+k)
g C2

fL
2
g

)K + 1

N

N∑
n=1

E
[∥∥∥pn,t − p̄t|2]

+ 2γ2
xη

2(K + 1)
(
C2K

g L2
fC

2K
g +

K−1∑
k=0

C2(K−1+k)
g C2

fL
2
g

)
E
[∥∥∥p̄t∥∥∥2]

+ 2γ2
yη

2C2K
g L2

f
K + 1

N

N∑
n=1

E
[∥∥∥qn,t − q̄t

∥∥∥2]+ 2γ2
yη

2C2K
g L2

f (K + 1)E
[∥∥∥q̄t∥∥∥2] , (23)

where the second inequality follows from Assumption 4.1, the third inequality follows from Lemma B.1. For T1,2, due to h
(0)
n,t+1 = xn,t+1,
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we have

T1,2 ≤ 1

N

N∑
n=1

C2
gE
[∥∥∥∇g(2)n (G(1)

n (xn,t+1)) · · ·∇g(K)
n (G(K−1)

n (xn,t+1))∇1fn(G
(K)
n (xn,t+1), yn,t+1)

−∇g(2)n (h
(1)
n,t+1) · · ·∇g(K−1)

n (h
(K−2)
n,t+1 )∇g(K)

n (h
(K−1)
n,t+1 )∇1fn(h

(K)
n,t+1, yn,t+1)

∥∥∥2] . (24)

Then, we have

E
[∥∥∥∇g(2)n (G(1)

n (xn,t+1)) · · ·∇g(K)
n (G(K−1)

n (xn,t+1))∇1fn(G
(K)
n (xn,t+1), yn,t+1)

−∇g(2)n (h
(1)
n,t+1) · · ·∇g(K−1)

n (h
(K−2)
n,t+1 )∇g(K)

n (h
(K−1)
n,t+1 )∇1fn(h

(K)
n,t+1, yn,t+1)

∥∥∥]
≤ E

[∥∥∥∇g(2)n (G(1)
n (xn,t+1)) · · ·∇g(K)

n (G(K−1)
n (xn,t+1))∇1fn(G

(K)
n (xn,t+1), yn,t+1)

−∇g(2)n (h
(1)
n,t+1) · · ·∇g(K)

n (G(K−1)
n (xn,t+1))∇1fn(G

(K)
n (xn,t+1), yn,t+1)

+∇g(2)n (h
(1)
n,t+1) · · ·∇g(K)

n (G(K−1)
n (xn,t+1))∇1fn(G

(K)
n (xn,t+1), yn,t+1)

+ · · ·

+∇g(2)n (h
(1)
n,t+1) · · ·∇g(K−1)

n (h
(K−2)
n,t+1 )∇g(K)

n (h
(K−1)
n,t+1 )∇1fn(G

(K)
n (xn,t+1), yn,t+1)

−∇g(2)n (h
(1)
n,t+1) · · ·∇g(K−1)

n (h
(K−2)
n,t+1 )∇g(K)

n (h
(K−1)
n,t+1 )∇1fn(h

(K)
n,t+1, yn,t+1)

∥∥∥]
≤ E

[∥∥∥∇g(2)n (G(1)
n (xn,t+1)) · · ·∇g(K)

n (G(K−1)
n (xn,t+1))∇1fn(G

(K)
n (xn,t+1), yn,t+1)

−∇g(2)n (h
(1)
n,t+1) · · ·∇g(K)

n (G(K−1)
n (xn,t+1))∇1fn(G

(K)
n (xn,t+1), yn,t+1)

∥∥∥]
+ · · ·

+ E
[∥∥∥∇g(2)n (h

(1)
n,t+1) · · ·∇g(K−1)

n (h
(K−2)
n,t+1 )∇g(K)

n (h
(K−1)
n,t+1 )∇1fn(G

(K)
n (xn,t+1), yn,t+1)

−∇g(2)n (h
(1)
n,t+1) · · ·∇g(K−1)

n (h
(K−2)
n,t+1 )∇g(K)

n (h
(K−1)
n,t+1 )∇1fn(h

(K)
n,t+1, yn,t+1)

∥∥∥]
≤ CK−2

g CfE
[∥∥∥∇g(2)n (G(1)

n (xn,t+1))−∇g(2)n (h
(1)
n,t+1)

∥∥∥]+ CK−2
g CfE

[∥∥∥∇g(3)n (G(2)
n (xn,t+1))−∇g(3)n (h

(2)
n,t+1)

∥∥∥]
+ · · ·+ CK−2

g CfE
[∥∥∥∇g(K)

n (G(K−1)
n (xn,t+1))−∇g(K)

n (h
(K−1)
n,t+1 )

∥∥∥]
+ CK−1

g E
[∥∥∥∇1fn(G

(K)
n (xn,t+1), yn,t+1)−∇1fn(h

(K)
n,t+1, yn,t+1)

∥∥∥]
≤ CK−2

g CfLgE
[∥∥∥G(1)

n (xn,t+1)− h
(1)
n,t+1∥] + CK−2

g CfLgE
[∥∥∥G(2)

n (xn,t+1)− h
(2)
n,t+1∥]

+ · · ·+ CK−2
g CfLgE

[∥∥∥G(K−1)
n (xn,t+1)− h

(K−1)
n,t+1 ∥] + CK−1

g LfE
[∥∥∥G(K)

n (xn,t+1)− h
(K)
n,t+1∥]

≤ CK−2
g CfLg

K−1∑
k=1

E
[∥∥∥G(k)

n (xn,t+1)− h
(k)
n,t+1∥] + CK−1

g LfE
[∥∥∥G(K)

n (xn,t+1)− h
(K)
n,t+1∥]

≤ CK−2
g CfLg

K−1∑
k=1

k∑
j=1

C(k−j)
g E

[∥∥∥g(j)n (h
(j−1)
n,t+1)− h

(j)
n,t+1∥] + CK−1

g Lf

K∑
j=1

CK−j
g E

[∥∥∥g(j)n (h
(j−1)
n,t+1)− h

(j)
n,t+1∥]

≤ CK−2
g CfLg

K−1∑
k=1

(K−1∑
j=k

Cj−k
g

)
E
[∥∥∥g(k)n (h

(k−1)
n,t+1)− h

(k)
n,t+1∥] + CK−1

g Lf

K∑
k=1

CK−k
g E

[∥∥∥g(k)n (h
(k−1)
n,t+1)− h

(k)
n,t+1∥] , (25)

where the second to last inequality follows from the following inequality.

For any k ∈ {1, · · · ,K}, we have

∥G(k)
n (xn,t)− h

(k)
n,t∥ = ∥g(k)n (G(k−1)

n (xn,t))− g(k)n (h
(k−1)
n,t ) + g(k)n (h

(k−1)
n,t )− h

(k)
n,t∥

≤ ∥g(k)n (G(k−1)
n (xn,t))− g(k)n (h

(k−1)
n,t )∥+ ∥g(k)n (h

(k−1)
n,t )− h

(k)
n,t∥

≤ Cg∥G(k−1)
n (xn,t)− h

(k−1)
n,t ∥+ ∥g(k)n (h

(k−1)
n,t )− h

(k)
n,t∥

≤
k∑

j=1

Ck−j
g ∥g(j)n (h

(j−1)
n,t )− h

(j)
n,t∥ ,

(26)
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where the second inequality follows from Assumption 4.1. Then, we have

T1,2 ≤ 1

N

N∑
n=1

C2
gE
[∥∥∥∇g(2)n (G(1)

n (xn,t+1)) · · ·∇g(K)
n (G(K−1)

n (xn,t+1))∇1fn(G
(K)
n (xn,t+1), yn,t+1)

−∇g(2)n (h
(1)
n,t+1) · · ·∇g(K−1)

n (h
(K−2)
n,t+1 )∇g(K)

n (h
(K−1)
n,t+1 )∇1fn(h

(K)
n,t+1, yn,t+1)

∥∥∥2]
≤ 2C2(K−1)

g C2
fL

2
g
K

N

N∑
n=1

K−1∑
k=1

(K−1∑
j=k

Cj−k
g

)2
E
[∥∥∥g(k)n (h

(k−1)
n,t+1)− h

(k)
n,t+1|

2]

+ 2C2K
g L2

f
K

N

N∑
n=1

K∑
k=1

C2(K−k)
g E

[∥∥∥g(k)n (h
(k−1)
n,t+1)− h

(k)
n,t+1

∥∥∥2] . (27)

Then, we bound T2 as follows:

T2 =E
[∥∥∥ 1

N

N∑
n=1

∇g(1)n (h
(0)
n,t+1) · · ·∇g(K−1)

n (h
(K−2)
n,t+1 )∇g(K)

n (h
(K−1)
n,t+1 )∇1fn(h

(K)
n,t+1, yn,t+1)

− 1

N

N∑
n=1

∇g(1)n (h
(0)
n,t+1; ξ

(1)
n,t+1) · · ·∇g(K−1)

n (h
(K−2)
n,t+1 )∇g(K)

n (h
(K−1)
n,t+1 )∇1fn(h

(K)
n,t+1, yn,t+1)

+ · · ·

+
1

N

N∑
n=1

∇g(1)n (h
(0)
n,t+1; ξ

(1)
n,t+1) · · ·∇g(K−1)

n (h
(K−2)
n,t+1 ; ξ

(K−1)
n,t+1 )∇g(K)

n (h
(K−1)
n,t+1 ; ξ

(K)
n,t+1)∇1fn(h

(K)
n,t+1, yn,t+1)

− 1

N

N∑
n=1

∇g(1)n (h
(0)
n,t+1; ξ

(1)
n,t+1) · · ·∇g(K−1)

n (h
(K−2)
n,t+1 ; ξ

(K−1)
n,t+1 )∇g(K)

n (h
(K−1)
n,t+1 ; ξ

(K)
n,t+1)∇1fn(h

(K)
n,t+1, yn,t+1; ζn,t+1)

∥∥∥2]
≤ (K + 1)E

[∥∥∥ 1

N

N∑
n=1

∇g(1)n (h
(0)
n,t+1) · · ·∇g(K−1)

n (h
(K−2)
n,t+1 )∇g(K)

n (h
(K−1)
n,t+1 )∇1fn(h

(K)
n,t+1, yn,t+1)

− 1

N

N∑
n=1

∇g(1)n (h
(0)
n,t+1; ξ

(1)
n,t+1) · · ·∇g(K−1)

n (h
(K−2)
n,t+1 )∇g(K)

n (h
(K−1)
n,t+1 )∇1fn(h

(K)
n,t+1, yn,t+1)

∥∥∥2]
+ · · ·

+ (K + 1)E
[∥∥∥ 1

N

N∑
n=1

∇g(1)n (h
(0)
n,t+1; ξ

(1)
n,t+1) · · ·∇g(K−1)

n (h
(K−2)
n,t+1 ; ξ

(K−1)
n,t+1 )∇g(K)

n (h
(K−1)
n,t+1 ; ξ

(K)
n,t+1)∇1fn(h

(K)
n,t+1, yn,t+1)

− 1

N

N∑
n=1

∇g(1)n (h
(0)
n,t+1; ξ

(1)
n,t+1) · · ·∇g(K−1)

n (h
(K−2)
n,t+1 ; ξ

(K−1)
n,t+1 )∇g(K)

n (h
(K−1)
n,t+1 ; ξ

(K)
n,t+1)∇1fn(h

(K)
n,t+1, yn,t+1; ζn,t+1)

∥∥∥2]
≤

K(K + 1)C
2(K−1)
g C2

f

N
σ2 +

(K + 1)C2K
g

N
σ2 , (28)

where the last inequality follows from that different workers have independent sampling operation in different levels.

Combine the result from T1 and T2, we have

E
[∥∥∥ 1

N

N∑
n=1

pn,t+1 −
1

N

N∑
n=1

∇g(1)n (xn,t+1)∇g(2)n (G(1)
n (xn,t+1)) · · ·∇g(K)

n (G(K−1)
n (xn,t+1))∇1fn(G

(K)
n (xn,t+1), yn,t+1)

∥∥∥2]
≤ (1− ρxη)E

[∥∥∥ 1

N

N∑
n=1

(pn,t −∇g(1)n (xn,t)∇g(2)n (G(1)
n (xn,t)) · · ·∇g(K)

n (G(K−1)
n (xn,t))∇1fn(G

(K)
n (xn,t), yn,t))

∥∥∥2]
+

2

ρxη
T1,1 + 2ρxηT1,2

≤ (1− ρxη)E
[∥∥∥ 1

N

N∑
n=1

pn,t −
1

N

N∑
n=1

∇g(1)n (xn,t)∇g(2)n (G(1)
n (xn,t)) · · ·∇g(K)

n (G(K−1)
n (xn,t))∇1fn(G

(K)
n (xn,t), yn,t)

∥∥∥2]
+

4ηγ2
x

ρx

(
C4K

g L2
f +

K−1∑
k=0

C2(K−1+k)
g C2

fL
2
g

)K + 1

N

N∑
n=1

E
[∥∥∥pn,t − p̄t

∥∥∥2]
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+
4ηγ2

x

ρx
(K + 1)

(
C4K

g L2
f +

K−1∑
k=0

C2(K−1+k)
g C2

fL
2
g

)
E[|p̄t

∥∥∥2]
+

4ηγ2
y

ρx
C2K

g L2
f
K + 1

N

N∑
n=1

E
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where Ak =
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.

Then, from Lemma B.4, we can finally get
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(∑K−1
j′=k C

j′−k
g

)2
+ C2K

g L2
fC

2(K−k)
g

)
, the last step follows from Lemma B.4.
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Lemma B.3. Given Assumption 4.1-4.3, we can know
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Proof.
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where the third step follows from c =
ρyη

1−ρyη
, the last step follows from Eq. (26).

Then, based on Lemma B.4, we obtain
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Lemma B.4. Given Assumption 4.1-4.3, for k ∈ {1, · · · ,K}, we can know
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Additionally, for any ak > 0 where k ∈ {1, · · · ,K}, we have
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Proof. For k ∈ {1, · · · ,K}, we have

E
[∥∥∥h(k)

n,t+1 − g(k)n (h
(k−1)
n,t+1)

∥∥∥2]
= E

[∥∥∥(1− αη2)(h
(k)
n,t − g(k)n (h

(k−1)
n,t ; ξ

(k)
n,t+1)) + g(k)n (h

(k−1)
n,t+1 ; ξ

(k)
n,t+1)− g(k)n (h

(k−1)
n,t+1)

∥∥∥2]
= E

[∥∥∥(1− αη2)(h
(k)
n,t − g(k)n (h

(k−1)
n,t ))

+ (1− αη2)(g(k)n (h
(k−1)
n,t+1 ; ξ

(k)
n,t+1)− g(k)n (h

(k−1)
n,t ; ξ

(k)
n,t+1) + g(k)n (h

(k−1)
n,t )− g(k)n (h

(k−1)
n,t+1))

+ αη2g(k)n (h
(k−1)
n,t+1 ; ξ

(k)
n,t+1)− αη(g(k)n (h

(k−1)
n,t+1))

∥∥∥2]
≤ (1− αη2)2E

[∥∥∥h(k)
n,t − g(k)n (h

(k−1)
n,t )

∥∥∥2]
+ 2(1− αη2)2E

[∥∥∥g(k)n (h
(k−1)
n,t+1 ; ξ

(k)
n,t+1)− g(k)n (h

(k−1)
n,t ; ξ

(k)
n,t+1) + g(k)n (h

(k−1)
n,t )− g(k)n (h

(k−1)
n,t+1)

∥∥∥2]
+ 2α2η4E

[∥∥∥g(k)n (h
(k−1)
n,t+1 ; ξ

(k)
n,t+1)− g(k)n (h

(k−1)
n,t+1)

∥∥∥2]
≤ (1− αη2)2E

[∥∥∥h(k)
n,t − g(k)n (h

(k−1)
n,t )

∥∥∥2]+ 2(1− αη2)2E
[
∥g(k)n (h

(k−1)
n,t+1 ; ξ

(k)
n,t+1)− g(k)n (h

(k−1)
n,t ; ξ

(k)
n,t+1)

∥∥∥2]+ 2α2η4δ2

≤ (1− αη2)E
[∥∥∥h(k)

n,t − g(k)n (h
(k−1)
n,t )

∥∥∥2]+ 2C2
gE

[∥∥∥h(k−1)
n,t+1 − h

(k−1)
n,t

∥∥∥2]+ 2α2η4δ2 , (28)

where the last step follows from αη2 ≤ 1 and Assumptions 4.1-4.2.

Then, for any ak > 0 where k ∈ {1, · · · ,K}, we have
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By summing over k from 1 to K, we have
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From Lemma B.5, we can get

K∑
k=1

akE
[∥∥∥h(k)

n,t+1 − g(k)n (h
(k−1)
n,t+1)

∥∥∥2]
≤ (1− αη2)

K∑
k=1

akE
[∥∥∥h(k)

n,t − g(k)n (h
(k−1)
n,t )

∥∥∥2]+ 2a1γ
2
xη

2C2
gE
[∥∥∥pn,t

∥∥∥2]

+ 2α2η4δ2
K∑

k=1

ak + 4α2η4δ2C2
g

K∑
k=2

ak

k−1∑
j=1

(2C2
g )

j−1

+ 4α2η4C2
g

K∑
k=2

ak

k−1∑
j=1

(2C2
g )

k−1−jE
[∥∥∥h(j)

n,t − g(j)n (h
(j−1)
n,t )

∥∥∥2]+ 2γ2
xη

2C2
g

K∑
k=2

ak(2C
2
g )

k−1E
[∥∥∥pn,t

∥∥∥2]

= (1− αη2)

K∑
k=1

akE
[∥∥∥h(k)

n,t − g(k)n (h
(k−1)
n,t )

∥∥∥2]+ 2a1γ
2
xη

2C2
gE
[∥∥∥pn,t

∥∥∥2]+ 2α2η4δ2
K∑

k=1

ak

k−1∑
j=1

(2C2
g )

j

+ 2α2η4
K∑

k=2

ak

k−1∑
j=1

(2C2
g )

k−jE
[∥∥∥h(j)

n,t − g(j)n (h
(j−1)
n,t )

∥∥∥2]+ γ2
xη

2
K∑

k=2

ak(2C
2
g )

kE
[∥∥∥pn,t

∥∥∥2]

≤ (1− αη2)

K∑
k=1

akE
[∥∥∥h(k)

n,t − g(k)n (h
(k−1)
n,t )

∥∥∥2]+ 2α2η4
K∑

k=1

( K∑
j=k+1

aj(2C
2
g )

j−k
)
E
[∥∥∥h(k)

n,t − g(k)n (h
(k−1)
n,t )

∥∥∥2]

+ γ2
xη

2
K∑

k=1

ak(2C
2
g )

kE
[∥∥∥pn,t

∥∥∥2]+ 2α2η4δ2
K∑

k=1

ak

k−1∑
j=1

(2C2
g )

j

≤ (1− αη2)

K∑
k=1

akE
[∥∥∥h(k)

n,t − g(k)n (h
(k−1)
n,t )

∥∥∥2]+ 2α2η4
K∑

k=1

( K∑
j=k+1

aj(2C
2
g )

j−k
)
E
[∥∥∥h(k)

n,t − g(k)n (h
(k−1)
n,t )

∥∥∥2]

+ 2γ2
xη

2
K∑

k=1

ak(2C
2
g )

kE
[∥∥∥pn,t − p̄t

∥∥∥2]+ 2γ2
xη

2
K∑

k=1

ak(2C
2
g )

kE
[∥∥∥p̄t∥∥∥2]+ 2α2η4δ2

K∑
k=1

ak

k−1∑
j=1

(2C2
g )

j . (31)

Lemma B.5. Given Assumption 4.1-4.3, for k ∈ {2, · · · ,K + 1}, we can know

E
[∥∥∥h(k−1)

n,t+1 − h
(k−1)
n,t

∥∥∥2]
≤ 2α2η4

k−1∑
j=1

(2C2
g )

k−1−jE
[∥∥∥h(j)

n,t − g(j)n (h
(j−1)
n,t )

∥∥∥2]+ (2C2
g )

k−1γ2
xη

2E
[∥∥∥pn,t∥∥∥2]+ 2α2η4δ2

k−1∑
j=1

(2C2
g )

j−1 . (32)

Proof. For k ∈ {2, · · · ,K + 1}, we have

E
[∥∥∥h(k−1)

n,t+1 − h
(k−1)
n,t

∥∥∥2] = E
[∥∥∥(1− αη2)(h

(k−1)
n,t − g(k−1)

n (h
(k−2)
n,t ; ξ

(k−1)
n,t+1 )) + g(k−1)

n (h
(k−2)
n,t+1 ; ξ

(k−1)
n,t+1 )− h

(k−1)
n,t

∥∥∥2]
≤ 2E

[∥∥∥g(k−1)
n (h

(k−2)
n,t+1 ; ξ

(k−1)
n,t+1 )− g(k−1)

n (h
(k−2)
n,t ; ξ

(k−1)
n,t+1 )

∥∥∥2]+ 2α2η4E
[∥∥∥h(k−1)

n,t − g(k−1)
n (h

(k−2)
n,t ; ξ

(k−1)
n,t+1 )

∥∥∥2]
≤ 2C2

gE
[∥∥∥h(k−2)

n,t+1 − h
(k−2)
n,t

∥∥∥2]+ 2α2η4E
[∥∥∥h(k−1)

n,t − g(k−1)
n (h

(k−2)
n,t )

∥∥∥2]+ 2α2η4δ2

≤ (2C2
g )

k−1E
[∥∥∥xn,t+1 − xn,t

∥∥∥2]+ 2α2η4
k−1∑
j=1

(2C2
g )

k−1−jE
[∥∥∥h(j)

n,t − g(j)n (h
(j−1)
n,t )

∥∥∥2]+ 2α2η4δ2
k−1∑
j=1

(2C2
g )

k−1−j

≤ 2α2η4
k−1∑
j=1

(2C2
g )

k−1−jE
[∥∥∥h(j)

n,t − g(j)n (h
(j−1)
n,t )

∥∥∥2]+ (2C2
g )

k−1γ2
xη

2E
[∥∥∥pn,t∥∥∥2]+ 2α2η4δ2

k−1∑
j=1

(2C2
g )

j−1 . (33)
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Lemma B.6. Given Assumption 4.1-4.3 and η ≤ 1
2γxLΦ

, we can know

Φ (x̄t+1) ≤ Φ(x̄t)−
γxη

2
∥∇Φ(x̄t)∥2 −

γxη

4
∥p̄t∥2 + 2γxηC

2
GL

2
f∥y∗(x̄t)− ȳt∥2

+ 2γxη(K + 1)
(
C4K

g L2
f +

K−1∑
k=0

C2(K−1+k)
g C2

fL
2
g

) 1

N

N∑
n=1

∥x̄t − xn,t∥2 + 2γxη(K + 1)C2K
g L2

f

1

N

N∑
n=1

∥ȳt − yn,t∥2

+ 2γxη∥
1

N

N∑
n=1

∇g(1)n (xn,t)∇g(2)n (G(1)
n (xn,t)) · · · ∇g(K)

n (G(K−1)
n (xn,t))∇1fn(G

(K)
n (xn,t), yn,t)−

1

N

N∑
n=1

pn,t∥2 .

(34)

Proof.

Φ(x̄t+1) ≤ Φ(x̄t) + ⟨∇Φ(x̄t), x̄t+1 − x̄t⟩+
LΦ

2
∥x̄t+1 − x̄t∥2

= Φ(x̄t)− γxη⟨∇Φ(x̄t), p̄t⟩+
γ2
xη

2LΦ

2
∥p̄t∥2

= Φ(x̄t)−
γxη

2
∥∇Φ(x̄t)∥2 − (

γxη

2
− γ2

xη
2LΦ

2
)∥p̄t∥2 +

γxη

2
∥p̄t −∇Φ(x̄t)∥2

≤ Φ(x̄t)−
γxη

2
∥∇Φ(x̄t)∥2 −

γxη

4
∥p̄t∥2 +

γxη

2
∥p̄t −∇Φ(x̄t)∥2

≤ Φ(x̄t)−
γxη

2
∥∇Φ(x̄t)∥2 −

γxη

4
∥p̄t∥2 + 2γxη∥

1

N

N∑
n=1

∇xfn(G(x̄t), y
∗(x̄t))−

1

N

N∑
n=1

∇xfn(G(x̄t), ȳt)∥2

+ 2γxη∥
1

N

N∑
n=1

∇xfn(G(x̄t), ȳt)−
1

N

N∑
n=1

∇g(1)n (xn,t)∇g(2)n (G(1)
n (xn,t)) · · ·∇g(K)

n (G(K−1)
n (xn,t))∇1fn(G

(K)
n (xn,t), yn,t)∥2

+ 2γxη∥
1

N

N∑
n=1

∇g(1)n (xn,t)∇g(2)n (G(1)
n (xn,t)) · · ·∇g(K)

n (G(K−1)
n (xn,t))∇1fn(G

(K)
n (xn,t), yn,t)−

1

N

N∑
n=1

pn,t∥2

≤ Φ(x̄t)−
γxη

2
∥∇Φ(x̄t)∥2 −

γxη

4
∥p̄t∥2 + 2γxηC

2
GL

2
f∥y∗(x̄t)− ȳt∥2

+ 2γxη(K + 1)
(
C4K

g L2
f +

K−1∑
k=0

C2(K−1+k)
g C2

fL
2
g

) 1

N

N∑
n=1

∥x̄t − xn,t∥2 + 2γxη(K + 1)C2K
g L2

f
1

N

N∑
n=1

∥ȳt − yn,t∥2

+ 2γxη∥
1

N

N∑
n=1

∇g(1)n (xn,t)∇g(2)n (G(1)
n (xn,t)) · · ·∇g(K)

n (G(K−1)
n (xn,t))∇1fn(G

(K)
n (xn,t), yn,t)−

1

N

N∑
n=1

pn,t∥2 , (35)

where the second inequality follows from η ≤ 1
2γxLΦ

, the last inequality follows from the following tow inequalities. First, we have

∥ 1

N

N∑
n=1

∇xfn(G(x̄t), y
∗(x̄t))−

1

N

N∑
n=1

∇xfn(G(x̄t), ȳt)∥2

≤ 1

N

N∑
n=1

∥∇xfn(G
(K)(x̄t), y

∗(x̄t))−∇xfn(G(x̄t), ȳt)∥2

=
1

N

N∑
n=1

∥∇G(K)(x̄t)∇1fn(G
(K)(x̄t), y

∗(x̄t))−∇G(K)(x̄t)∇1fn(G
(K)(x̄t), ȳt)∥2

≤ 1

N

N∑
n=1

∥∇G(K)(x̄t)∥2∥∇1fn(G
(K)(x̄t), y

∗(x̄t))−∇1fn(G
(K)(x̄t), ȳt)∥2

≤ C2
GL

2
f∥y∗(x̄t)− ȳt∥2 . (36)

Second, we have

∥ 1

N

N∑
n=1

∇xfn(G(x̄t), ȳt)−
1

N

N∑
n=1

∇g(1)n (xn,t)∇g(2)n (G(1)
n (xn,t)) · · ·∇g(K)

n (G(K−1)
n (xn,t))∇1fn(G

(K)
n (xn,t), yn,t)∥2
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≤ 1

N

N∑
n=1

∥∇g(1)(x̄t)∇g(2)(G(1)(x̄t)) · · ·∇g(K)(G(K−1)(x̄t))∇1fn(G
(K)(x̄t), ȳt)

−∇g(1)n (xn,t)∇g(2)n (G(1)
n (xn,t)) · · ·∇g(K)

n (G(K−1)
n (xn,t))∇1fn(G

(K)
n (xn,t), yn,t)∥2

=
1

N

N∑
n=1

∥∇g(1)n (x̄t)∇g(2)n (G(1)
n (x̄t)) · · ·∇g(K)

n (G(K−1)
n (x̄t))∇1fn(G

(K)
n (x̄t), ȳt)

−∇g(1)n (xn,t)∇g(2)n (G(1)
n (xn,t)) · · ·∇g(K)

n (G(K−1)
n (xn,t))∇1fn(G

(K)
n (xn,t), yn,t)∥2

≤ 1

N

N∑
n=1

∥∇g(1)n (x̄t)∇g(2)n (G(1)
n (x̄t)) · · ·∇g(K)

n (G(K−1)
n (x̄t))∇1fn(G

(K)
n (x̄t), ȳt)

−∇g(1)n (xn,t)∇g(2)n (G(1)
n (x̄t)) · · ·∇g(K)

n (G(K−1)
n (x̄t))∇1fn(G

(K)
n (x̄t), ȳt)

+∇g(1)n (xn,t)∇g(2)n (G(1)
n (x̄t)) · · ·∇g(K)

n (G(K−1)
n (x̄t))∇1fn(G

(K)
n (x̄t), ȳt)

−∇g(1)n (xn,t)∇g(2)n (G(1)
n (xn,t)) · · ·∇g(K)

n (G(K−1)
n (x̄t))∇1fn(G

(K)
n (x̄t), ȳt)

· · ·

+∇g(1)n (xn,t)∇g(2)n (G(1)
n (xn,t)) · · ·∇g(K)

n (G(K−1)
n (xn,t))∇1fn(G

(K)
n (x̄t), ȳt)

−∇g(1)n (xn,t)∇g(2)n (G(1)
n (xn,t)) · · ·∇g(K)

n (G(K−1)
n (xn,t))∇1fn(G

(K)
n (xn,t), yn,t)∥2

≤ K + 1

N

N∑
n=1

∥∇g(1)n (x̄t)∇g(2)n (G(1)
n (x̄t)) · · ·∇g(K)

n (G(K−1)
n (x̄t))∇1fn(G

(K)
n (x̄t), ȳt)

−∇g(1)n (xn,t)∇g(2)n (G(1)
n (x̄t)) · · ·∇g(K)

n (G(K−1)
n (x̄t))∇1fn(G

(K)
n (x̄t), ȳt)∥2

+
K + 1

N

N∑
n=1

∥∇g(1)n (xn,t)∇g(2)n (G(1)
n (x̄t)) · · ·∇g(K)

n (G(K−1)
n (x̄t))∇1fn(G

(K)
n (x̄t), ȳt)

−∇g(1)n (xn,t)∇g(2)n (G(1)
n (xn,t)) · · ·∇g(K)

n (G(K−1)
n (x̄t))∇1fn(G

(K)
n (x̄t), ȳt)∥2

· · ·

+
K + 1

N

N∑
n=1

∥∇g(1)n (xn,t)∇g(2)n (G(1)
n (xn,t)) · · ·∇g(K)

n (G(K−1)
n (xn,t))∇1fn(G

(K)
n (x̄t), ȳt)

−∇g(1)n (xn,t)∇g(2)n (G(1)
n (xn,t)) · · ·∇g(K)

n (G(K−1)
n (xn,t))∇1fn(G

(K)
n (xn,t), yn,t)∥2

≤ K + 1

N

N∑
n=1

C2(K−1)
g C2

f∥∇g(1)n (x̄t)−∇g(1)n (xn,t)∥2 +
K + 1

N

N∑
n=1

C2(K−1)
g C2

f∥∇g(2)n (G(1)
n (x̄t))−∇g(2)n (G(1)

n (xn,t))∥2

+ · · ·+ K + 1

N

N∑
n=1

C2(K−1)
g C2

f∥∇g(K)
n (G(K−1)

n (x̄t))−∇g(K)
n (G(K−1)

n (xn,t))∥2

+
K + 1

N

N∑
n=1

C2K
g ∥∇1fn(G

(K)
n (x̄t), ȳt)−∇1fn(G

(K)
n (xn,t), yn,t)∥2

≤ K + 1

N

N∑
n=1

C2(K−1)
g C2

fL
2
g∥x̄t − xn,t∥2 +

K + 1

N

N∑
n=1

C2(K−1)
g C2

fL
2
gC

2
g∥x̄t − xn,t∥2

+ · · ·+ K + 1

N

N∑
n=1

C4(K−1)
g C2

fL
2
g∥x̄t − xn,t∥2 +

K + 1

N

N∑
n=1

C4K
g L2

f∥x̄t − xn,t∥2 +
K + 1

N

N∑
n=1

C2K
g L2

f∥ȳt − yn,t∥2

=
K + 1

N

N∑
n=1

(
C4K

g L2
f +

K−1∑
k=0

C2(K−1+k)
g C2

fL
2
g

)
∥x̄t − xn,t∥2 +

K + 1

N

N∑
n=1

C2K
g L2

f∥ȳt − yn,t∥2 , (37)

where the second step follows from the homogeneous data distribution setting.

Lemma B.7. Given Assumption 4.1-4.3, we can know

1

N

N∑
n=1

E
[∥∥∥pn,t+1 − p̄t+1

∥∥∥2] ≤ 6τ2ρ2xη
2C2

GC
2
f , (38)
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1

N

N∑
n=1

E
[∥∥∥xn,t+1 − x̄t+1

∥∥∥2] ≤ 6γ2
xρ

2
xτ

4η4C2
GC

2
f . (39)

Proof.

1

N

N∑
n=1

E
[∥∥∥pn,t+1 − p̄t+1

∥∥∥2]
=

1

N

N∑
n=1

E
[∥∥∥(1− ρxη)pn,t + ρxηun,t+1 − (1− ρxη)p̄t − ρxη

1

K

N∑
n′=1

un′,t+1

∥∥∥2]
≤ (1− ρxη)

2(1 +
1

τ
)
1

N

N∑
n=1

E
[∥∥∥pn,t − p̄t

∥∥∥2]+ (1 + τ)ρ2xη
2 1

N

N∑
n=1

E
[∥∥∥un,t+1 −

1

N

N∑
n′=1

un′,t+1

∥∥∥2]
≤ (1 +

1

τ
)
1

N

N∑
n=1

E
[∥∥∥pn,t − p̄t

∥∥∥2]+ 2τρ2xη
2 1

N

N∑
n=1

E
[∥∥∥un,t+1 −

1

N

N∑
n′=1

un′,t+1

∥∥∥2]
≤ (1 +

1

τ
)
1

N

N∑
n=1

E
[∥∥∥pn,t − p̄t

∥∥∥2]+ 2τρ2xη
2 1

N

N∑
n=1

E
[∥∥∥un,t+1

∥∥∥2]
≤ (1 +

1

τ
)
1

N

N∑
n=1

E
[∥∥∥pn,t − p̄t

∥∥∥2]+ 2τρ2xη
2C2

GC
2
f

≤ 2τρ2xη
2C2

GC
2
f

t∑
t′=stτ

(1 +
1

τ
)t−t′

≤ 6τ2ρ2xη
2C2

GC
2
f , (40)

where st = ⌊(t+ 1)/τ⌋, the third to last step follows from ∥un,t∥ ≤ CGCf , the last step follows from (1 + 1
τ )

τ < 3. Then,
we have

1

N

N∑
n=1

E
[∥∥∥xn,t+1 − x̄t+1

∥∥∥2] = 1

N

N∑
n=1

E
[∥∥∥xn,stτ − γxη

t∑
t′=stτ

pn,t′ − x̄stτ + γxη

t∑
t′=stτ

p̄t′
∥∥∥2]

≤ τγ2
xη

2 1

N

N∑
n=1

t∑
t′=stp

E
[∥∥∥pn,t′ − p̄t′

∥∥∥2] ≤ 6γ2
xρ

2
xτ

4η4C2
GC

2
f . (41)

Lemma B.8. Given Assumption 4.1-4.3, we can know

T−1∑
t=0

1

N

N∑
n=1

K∑
k=1

E
[∥∥∥h(k)

n,t − h̄
(k)
t

∥∥∥2]
≤ 24α2τ2η4

T−1∑
t=0

1
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Proof. At first, we have
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∥∥∥2]
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where the last step follows from 1 + τ ≤ 2τ and the following inequality.
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Then, we have

1

N

N∑
n=1

E
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where the third inequality follows from (1 + 1
τ
)τ < 3.

By summing over t from 0 to T − 1, we have
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Then, by summing over k from 1 to K, we have
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where the second inequality follows from Lemma B.5 and ∥pn,t∥ ≤ CGCf , the last inequality follows from Lemma B.7.

Then, we have
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By setting η ≤ 1

4
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, we have 1− 96τ2α2η4C2
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Lemma B.9. Given Assumption 4.1-4.3, we can know
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n′,t+1, yn′,t+1; ζn′,t+1)
∥∥∥2]

≤ (1− ρyη)
2(1 +

1

τ
)
1

N

N∑
n=1

E
[∥∥∥qn,t − q̄t

∥∥∥2]
+ (1 + τ)ρ2yη

2 1

N

N∑
n=1

E
[∥∥∥∇2fn(h

(K)
n,t+1, yn,t+1; ζn,t+1)−

1

N

N∑
n′=1

∇2fn′(h
(K)

n′,t+1, yn′,t+1; ζn′,t+1)
∥∥∥2]

≤ (1 +
1

τ
)
1

N

N∑
n=1

E
[∥∥∥qn,t − q̄t

∥∥∥2]
+ 2τρ2yη

2 1

N

N∑
n=1

E
[∥∥∥∇2fn(h

(K)
n,t+1, yn,t+1; ζn,t+1)−

1

N

N∑
n′=1

∇2fn′(h
(K)

n′,t+1, yn′,t+1; ζn′,t+1)
∥∥∥2]

≤ (1 +
1

τ
)
1

N

N∑
n=1

E
[∥∥∥qn,t − q̄t

∥∥∥2]+ 2τρ2yη
2 1

N

N∑
n=1

E
[∥∥∥∇2fn(h

(K)
n,t+1, yn,t+1; ζn,t+1)−∇2fn(h

(K)
n,t+1, yn,t+1)

+∇2fn(h
(K)
n,t+1, yn,t+1)−∇2f(h̄

(K)
t+1, ȳt+1) +∇2f(h̄

(K)
t+1, ȳt+1)−

1

N

N∑
n′=1

∇2fn′(h
(K)

n′,t+1, yn′,t+1)

+
1

N

N∑
n′=1

∇2fn′(h
(K)

n′,t+1, yn′,t+1)−
1

N

N∑
n′=1

∇2fn′(h
(K)

n′,t+1, yn′,t+1; ζn′,t+1)
∥∥∥2]

≤ (1 +
1

τ
)
1

N

N∑
n=1

E
[∥∥∥qn,t − q̄t

∥∥∥2]+ 16τρ2yη
2σ2 + 8τρ2yη

2 1

N

N∑
n=1

E
[∥∥∥∇2fn(h

(K)
n,t+1, yn,t+1)−∇2fn(h̄

(K)
t+1, ȳt+1)

∥∥∥2]
+ 8τρ2yη

2 1

N

N∑
n=1

E
[∥∥∥∇2f(h̄

(K)
t+1, ȳt+1)−

1

N

N∑
n′=1

∇2fn′(h
(K)

n′,t+1, yn′,t+1)
∥∥∥2]

≤ (1 +
1

τ
)
1

N

N∑
n=1

E
[∥∥∥qn,t − q̄t

∥∥∥2]+ 16τρ2yη
2σ2 + 16τρ2yη

2L2
f
1

N

N∑
n=1

E
[∥∥∥h(K)

n,t+1 − h̄
(K)
t+1

∥∥∥2]
+ 16τρ2yη

2L2
f
1

N

N∑
n=1

E
[∥∥∥yn,t+1 − ȳt+1

∥∥∥2] , (52)
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where the second to last step follows from the homogeneous data distribution setting. Due to

1

N

N∑
n=1

E
[∥∥∥yn,t+1 − ȳt+1

∥∥∥2]
=

1

N

N∑
n=1

E
[∥∥∥yn,stτ + γyη

t∑
t′=stτ

qn,t′ − ȳstτ − γyη

t∑
t′=stτ

q̄t′
∥∥∥2]

≤ τγ2
yη

2 1

N

N∑
n=1

t∑
t′=stp

E
[∥∥∥qn,t′ − q̄t′

∥∥∥2] , (53)

we have

1

N

N∑
n=1

E
[∥∥∥qn,t − q̄t

∥∥∥2]
≤ (1 +

1

τ
)
1

N

N∑
n=1

E
[∥∥∥qn,t−1 − q̄t−1

∥∥∥2]+ 16τρ2yη
2σ2 + 16τρ2yη

2L2
f
1

N

N∑
n=1

E
[∥∥∥h(K)

n,t − h̄
(K)
t

∥∥∥2]
+ 16τρ2yη

2L2
f
1

N

N∑
n=1

E
[∥∥∥yn,t − ȳt

∥∥∥2]
≤ (1 +

1

τ
)
1

N

N∑
n=1

E
[∥∥∥qn,t−1 − q̄t−1

∥∥∥2]+ 16τ2ρ2yγ
2
yη

4L2
f
1

N

N∑
n=1

t−1∑
t′=stp

E
[∥∥∥qn,t′ − q̄t′

∥∥∥2]

+ 16τρ2yη
2L2

f
1

N

N∑
n=1

E
[∥∥∥h(K)

n,t − h̄
(K)
t

∥∥∥2]+ 16τρ2yη
2σ2

≤ 16τ2ρ2yγ
2
yη

4L2
f

t−1∑
t′=stτ

(1 +
1

τ
)t−1−t′ 1

N

N∑
n=1

t′∑
t′′=stp

E
[∥∥∥qn,t′′ − q̄t′′

∥∥∥2]

+ 16τρ2yη
2L2

f

t−1∑
t′=stτ

(1 +
1

τ
)t−1−t′ 1

N

N∑
n=1

E
[∥∥∥h(K)

n,t′+1 − h̄
(K)

t′+1

∥∥∥2]+ 16τρ2yη
2σ2

t−1∑
t′=stτ

(1 +
1

τ
)t−1−t′

≤ 48τ3ρ2yγ
2
yη

4L2
f

t−1∑
t′=stτ

1

N

N∑
n=1

E
[∥∥∥qn,t′ − q̄t′

∥∥∥2]

+ 48τρ2yη
2L2

f

t∑
t′=stτ+1

1

N

N∑
n=1

E
[∥∥∥h(K)

n,t′ − h̄
(K)

t′

∥∥∥2]+ 38τ2ρ2yη
2σ2 , (54)

where st = ⌊(t+ 1)/τ⌋, the last step follows from (1 + 1
τ
)τ < 3.

By summing over t from 0 to T − 1, we have

T−1∑
t=0

1

N

N∑
n=1

E
[∥∥∥qn,t − q̄t

∥∥∥2]
≤ 48τ3ρ2yγ

2
yη

4L2
f

T−1∑
t=0

t−1∑
t′=stτ

1

N

N∑
n=1

E
[∥∥∥qn,t′ − q̄t′

∥∥∥2]

+ 48τρ2yη
2L2

f

T−1∑
t=0

t∑
t′=stτ+1

1

N

N∑
n=1

E
[∥∥∥h(K)

n,t′ − h̄
(K)

t′

∥∥∥2]+ 38τ2ρ2yη
2σ2T

≤ 48τ4ρ2yγ
2
yη

4L2
f

T−1∑
t=0

1

N

N∑
n=1

E
[∥∥∥qn,t − q̄t

∥∥∥2]
+ 48τ2ρ2yη

2L2
f

T−1∑
t=0

1

N

N∑
n=1

E
[∥∥∥h(K)

n,t − h̄
(K)
t

∥∥∥2]+ 38τ2ρ2yη
2σ2T . (55)

Then, by setting η ≤ 1

4τ
√

ρyγyLf
, we have 1− 48τ4ρ2yγ

2
yη

4L2
f ≥ 1

2
. Finally, we can get
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T−1∑
t=0

1

N

N∑
n=1

E
[∥∥∥qn,t − q̄t

∥∥∥2]
≤ 96τ2ρ2yη

2L2
f

T−1∑
t=0

1

N

N∑
n=1

E
[∥∥∥h(K)

n,t − h̄
(K)
t

∥∥∥2]+ 76τ2ρ2yη
2σ2T

≤ 96τ2ρ2yη
2L2

f

T−1∑
t=0

1

N

N∑
n=1

K∑
k=1

E
[∥∥∥h(k)

n,t − h̄
(k)
t

∥∥∥2]+ 76τ2ρ2yη
2σ2T

≤ 2304α2τ4η6ρ2yL
2
f

T−1∑
t=0

1

N

N∑
n=1

K∑
k=1

( K∑
j=k+1

(2C2
g )

j−k
)
E
[∥∥∥h(k)

n,t − g(k)n (h
(k−1)
n,t )

∥∥∥2]

+ 1152γ2
xρ

2
yτ

4η4L2
fC

2
GC

2
fT

K∑
k=1

(2C2
g )

k + 2304α2ρ2yτ
4η6δ2L2

fT

K∑
k=1

k−1∑
j=1

(2C2
g )

j

+ 18432α2ρ2yτ
4η6δ2L2

fTK + 2304γ2
xρ

2
yτ

4η4L2
fC

2
gC

2
GC

2
fT

+ 110592α2γ2
xρ

2
xρ

2
yτ

8η10L2
fC

2
gC

2
GC

2
fT + 76τ2ρ2yη

2σ2T , (56)

where the last step follows from Lemma B.8.

Additionally, we have

T−1∑
t=0

1

N

N∑
n=1

E
[∥∥∥yn,t − ȳt

∥∥∥2]
≤ τγ2

yη
2
T−1∑
t=0

1

N

N∑
n=1

t−1∑
t′=stp

E
[∥∥∥qn,t′ − q̄t′

∥∥∥2]

≤ τ2γ2
yη

2
T−1∑
t=0

1

N

N∑
n=1

E
[∥∥∥qn,t − q̄t

∥∥∥2]
≤ 2304α2γ2

yρ
2
yτ

6η8L2
f

T−1∑
t=0

1

N

N∑
n=1

K∑
k=1

( K∑
j=k+1

(2C2
g )

j−k
)
E
[∥∥∥h(k)

n,t − g(k)n (h
(k−1)
n,t )

∥∥∥2]

+ 1152γ2
xγ

2
yρ

2
yτ

6η6L2
fC

2
GC

2
fT

K∑
k=1

(2C2
g )

k + 2304α2γ2
yρ

2
yτ

6η8δ2L2
fT

K∑
k=1

k−1∑
j=1

(2C2
g )

j

+ 18432α2ρ2yγ
2
yτ

6η8δ2L2
fTK + 2304γ2

xγ
2
yρ

2
yτ

6η6L2
fC

2
gC

2
GC

2
fT

+ 110592α2ρ2xγ
2
xρ

2
yγ

2
yτ

10η12L2
fC

2
gC

2
GC

2
fT + 76τ4η4γ2

yρ
2
yσ

2T . (57)

Lemma B.10. Given Assumption 4.1-4.3 and γy < 1
6Lf

, we can know

∥ȳt+1 − y∗(x̄t+1)∥2

≤ (1− ηγyµ

4
)∥ȳt − y∗(x̄t)∥2 −

3ηγ2
y

4
∥q̄t∥2 +

25ηγ2
xC

2
GL

2
f

6γyµ3
∥p̄t∥2

+
25ηγyL

2
f

2µ

1

N

N∑
n=1

[∥∥∥ȳt − yn,t

∥∥∥2]+ 25ηγyL
2
fC

2
G

2µ

1

N

N∑
n=1

[∥∥∥x̄t − xn,t

∥∥∥2]
+

25ηγy
2µ

[∥∥∥ 1

N

N∑
n=1

∇2fn(Gn(xn,t), yn,t)−
1

N

N∑
n=1

qn,t

∥∥∥2] . (58)

Proof.

∥ȳt+1 − y∗(x̄t+1)∥2
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≤ (1− ηγyµ

4
)∥ȳt − y∗(x̄t)∥2 −

3ηγ2
y

4
∥q̄t∥2 +

25ηγ2
xC

2
GL

2
f

6γyµ3
∥p̄t∥2 +

25ηγy
6µ

∥∇2f(G(x̄t), ȳt)− q̄t∥2

≤ (1− ηγyµ

4
)∥ȳt − y∗(x̄t)∥2 −

3ηγ2
y

4
∥q̄t∥2 +

25ηγ2
xC

2
GL

2
f

6γyµ3
∥p̄t∥2

+
25ηγy
6µ

[∥∥∥ 1

N

N∑
n=1

∇2fn(G(x̄t), ȳt)−
1

N

N∑
n=1

∇2fn(Gn(x̄t), yn,t)

+
1

N

N∑
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1

N

N∑
n=1
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+
1

N

N∑
n=1

∇2fn(Gn(xn,t), yn,t)−
1

N

N∑
n=1

qn,t

∥∥∥2]
≤ (1− ηγyµ

4
)∥ȳt − y∗(x̄t)∥2 −

3ηγ2
y

4
∥q̄t∥2 +

25ηγ2
xC

2
GL

2
f

6γyµ3
∥p̄t∥2

+
25ηγy
2µ

[∥∥∥ 1

N

N∑
n=1

∇2fn(G(x̄t), ȳt)−
1

N

N∑
n=1

∇2fn(Gn(x̄t), yn,t)
∥∥∥2]

+
25ηγy
2µ

[∥∥∥ 1

N

N∑
n=1

∇2fn(Gn(x̄t), yn,t)−
1

N

N∑
n=1

∇2fn(Gn(xn,t), yn,t)
∥∥∥2]

+
25ηγy
2µ

[∥∥∥ 1

N

N∑
n=1

∇2fn(Gn(xn,t), yn,t)−
1

N

N∑
n=1

qn,t

∥∥∥2]
≤ (1− ηγyµ

4
)∥ȳt − y∗(x̄t)∥2 −

3ηγ2
y

4
∥q̄t∥2 +

25ηγ2
xC

2
GL

2
f

6γyµ3
∥p̄t∥2

+
25ηγyL

2
f

2µ

1

N

N∑
n=1

[∥∥∥ȳt − yn,t

∥∥∥2]+ 25ηγyL
2
fC

2
G

2µ

1

N

N∑
n=1

[∥∥∥x̄t − xn,t

∥∥∥2]
+

25ηγy
2µ

[∥∥∥ 1

N

N∑
n=1

∇2fn(Gn(xn,t), yn,t)−
1

N

N∑
n=1

qn,t

∥∥∥2] , (59)

where the first step holds follows from Lemma 5 in (Gao et al., 2021), the second step follows from the homogeneous data
distribution setting.

Now we are ready to establish the convergence rate. At first, we introduce a potential function as follows:

Pt+1 = E[Φ (x̄t+1)] + w0E
[∥∥∥ȳt+1 − y∗(x̄t+1)∥2] +

1

N

N∑
n=1

K∑
k=1

wkE
[∥∥∥h(k)

n,t+1 − g(k)n (h
(k−1)
n,t+1)

∥∥∥2]
+ wK+1E

[∥∥∥ 1

N
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n=1

pn,t+1 −
1

N
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· · · ∇g(K)
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n (xn,t+1))∇1fn(G
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1

N
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∥∥∥2] . (60)

Then, based on the aforementioned lemmas, we have

Pt+1 − Pt ≤ −γxη

2
E
[∥∥∥∇Φ(x̄t)

∥∥∥2]− γxη

4
E[∥p̄t∥2] + 2γxηC

2
GL

2
fE∥y∗(x̄t)− ȳt∥2]
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+ 2γxη(K + 1)
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[∥∥∥q̄t∥∥∥2]
+ 8ρxα

2η5K

N

N∑
n=1

K∑
k=1

( K∑
j=k+1

Aj(2C
2
g )

j−k
)
E
[∥∥∥h(k)

n,t − g(k)n (h
(k−1)
n,t )

∥∥∥2]

+ 8ρxα
2η5δ2K

K∑
k=1

Ak

k−1∑
j=1

(2C2
g )

j + ρ2xη
2(K(K + 1)C2(K−1)

g C2
f + (K + 1)C2K

g )
σ2

N

)

+ wK+2

(
− ρyηE

[∥∥∥ 1

N

N∑
n=1

qn,t −
1

N

N∑
n=1

∇2fn(Gn(xn,t), yn,t)
∥∥∥2]+ 4ηγ2

xL
2
fC

2
G

ρy

1

N

N∑
n=1

E
[∥∥∥pn,t − p̄t

∥∥∥2]+ ρ2yη
2 σ

2

N

+ 2ρyηL
2
f
K

N

N∑
n=1

K∑
k=1

C2(K−k)
g E

[∥∥∥h(k)
n,t − g(k)n (h

(k−1)
n,t )

∥∥∥2]+ 4ηγ2
yL

2
f

ρy

1

N

N∑
n=1

E
[∥∥∥qn,t − q̄t

∥∥∥2]+ 4ηγ2
yL

2
f

ρy
E
[∥∥∥q̄t∥∥∥2]

+ 4ρyα
2η5L2

f
K

N

N∑
n=1

K∑
k=1

(
2K+1C2(K−k)

g

)
E
[∥∥∥h(k)

n,t − g(k)n (h
(k−1)
n,t )

∥∥∥2]+ 4ηγ2
xL

2
fC

2
G

ρy
E
[∥∥∥p̄t∥∥∥2]

+ 2ρyγ
2
xη

3K2C2
GC

2
fL

2
f (2C

2
g )

K + 4α2ρyη
5δ2L2

fK

K∑
k=1

k−1∑
j=1

C2(K−(k−j))
g

)
, (61)

where Ak =

(
C

2(K−1)
g C2

fL
2
g

(∑K−1
j′=k C

j′−k
g

)2
+ C2K

g L2
fC

2(K−k)
g

)
.

From Lemma B.7, B.9, we have

Pt+1 − Pt ≤ −γxη

2
E
[∥∥∥∇Φ(x̄t)

∥∥∥2]+ (2γxηC
2
GL

2
f − ηγyµ

4
w0)E∥y∗(x̄t)− ȳt∥2

+ 6γ2
xρ

2
xτ

4η4C2
GC

2
f

(25ηγyL2
fC

2
G

2µ
w0 + 2γxη(K + 1)

(
C4K

g L2
f +

K−1∑
k=0

C2(K−1+k)
g C2

fL
2
g

))
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+
(25ηγyL2

f

2µ
w0 + 2γxη(K + 1)C2K

g L2
f

)
(1152γ2

xγ
2
yρ

2
yτ

6η6L2
fC

2
GC

2
f

K∑
k=1

(2C2
g )

k + 2304α2γ2
yρ

2
yτ

6η8δ2L2
f

K∑
k=1

k−1∑
j=1

(2C2
g )

j

+ 18432α2ρ2yγ
2
yτ

6η8δ2L2
fK + 2304γ2

xγ
2
yρ

2
yτ

6η6L2
fC

2
gC

2
GC

2
f + 110592α2ρ2xγ

2
xρ

2
yγ

2
yτ

10η12L2
fC

2
gC

2
GC

2
f + 76τ4η4γ2

yρ
2
yσ

2)

+
(4ηγ2

y

ρx
C2K

g L2
f (K + 1)wK+1 +

4ηγ2
yL

2
f

ρy
wK+2 −

3ηγ2
y

4
w0

)
E[∥q̄t∥2]

+
(25ηγ2

xC
2
GL

2
f

6γyµ3
w0 + 2γ2

xη
2

K∑
k=1

wk(2C
2
g )

k +
4ηγ2

x

ρx
(K + 1)

(
C4K

g L2
f +

K−1∑
k=0

C2(K−1+k)
g C2

fL
2
g

)
wK+1

+
4ηγ2

xL
2
fC

2
G

ρy
wK+2 −

γxη

4

)
E[∥p̄t∥2]

+
(
2γxη − ρxηwK+1

)
E
[∥∥∥ 1

N

N∑
n=1

pn,t −
1

N

N∑
n=1

∇1fn(Gn(xn,t), yn,t)
∥∥∥2]

+
(25ηγy

2µ
w0 − ρyηwK+2

)
E
[∥∥∥ 1

N

N∑
n=1

∇2fn(Gn(xn,t), yn,t)−
1

N

N∑
n=1

qn,t

∥∥∥2])
+

(
4ρxηK

K∑
k=1

AkwK+1 + 8ρxα
2η5K

K∑
k=1

BkwK+1 + 2α2η4
K∑

k=1

( K∑
j=k+1

wj(2C
2
g )

j−k
)
+ 2ρyηL

2
fK

K∑
k=1

C2(K−k)
g wK+2

+ 4ρyα
2η5L2

fK

K∑
k=1

(
2K+1C2(K−k)

g

)
wK+2 − αη2

K∑
k=1

wk

)
1

N

N∑
n=1

E
[∥∥∥h(k)

n,t − g(k)n (h
(k−1)
n,t )

∥∥∥2]

+ 6τ2ρ2xη
2C2

GC
2
f

(
2γ2

xη
2

K∑
k=1

wk(2C
2
g )

k +
4ηγ2

x

ρx

(
C4K

g L2
f +

K−1∑
k=0

C2(K−1+k)
g C2

fL
2
g

)
(K + 1)wK+1 +

4ηγ2
xL

2
fC

2
G

ρy
wK+2

)

+
(4ηγ2

y

ρx
(K + 1)C2K

g L2
fwK+1 +

4ηγ2
yL

2
f

ρy
wK+2

)(
1152γ2

xρ
2
yτ

4η4L2
fC

2
GC

2
f

K∑
k=1

(2C2
g )

k + 2304α2ρ2yτ
4η6δ2L2

f

K∑
k=1

k−1∑
j=1

(2C2
g )

j

+ 18432α2ρ2yτ
4η6δ2L2

fK + 2304γ2
xρ

2
yτ

4η4L2
fC

2
gC

2
GC

2
f + 110592α2γ2

xρ
2
xρ

2
yτ

8η10L2
fC

2
gC

2
GC

2
f + 76τ2ρ2yη

2σ2
)

+ 2α2η4δ2
K∑

k=1

wk

k−1∑
j=1

(2C2
g )

j + 4ρxγ
2
xη

3C2
GC

2
fK

K∑
k=1

Ak(2C
2
g )

kwK+1

+ 8ρxα
2η5δ2K

K∑
k=1

Ak

k−1∑
j=1

(2C2
g )

jwK+1 + ρ2xη
2
(
K(K + 1)C2(K−1)

g C2
f + (K + 1)C2K

g

)σ2

N
wK+1

+ wK+2ρ
2
yη

2 σ
2

N
+ 2ρyγ

2
xη

3K2C2
GC

2
fL

2
f (2C

2
g )

KwK+2 + 4α2ρyη
5δ2L2

fK

K∑
k=1

k−1∑
j=1

C2(K−(k−j))
g wK+2 , (62)

where Ak =

(
C

2(K−1)
g C2

fL
2
g

(∑K−1
j′=k C

j′−k
g

)2
+ C2K

g L2
fC

2(K−k)
g

)
and Bk =

∑K
j=k+1 Aj(2C

2
g )

j−k.

By setting w0 =
10γxC2

GL2
f

γyµ
, we can get 2γxηC2

GL
2
f−

ηγyµ

4
w0 ≤ − γxηC2

GL2
f

2
. By setting wK+1 = 2γx

ρx
, we can get 2γxη−ρxηwK+1 ≤

0. Moreover, by setting wK+2 =
125γxC2

GL2
f

ρyµ2 , we can get 25ηγy

2µ
w0 − ρyηwK+2 ≤ 0.

Then, we enforce

4ρxηK

K∑
k=1

AkwK+1 + 8ρxα
2η5K

K∑
k=1

BkwK+1 + 2α2η4
K∑

k=1

( K∑
j=k+1

wj(2C
2
g )

j−k
)

+ 2ρyηL
2
fK

K∑
k=1

C2(K−k)
g wK+2 + 4ρyα

2η5L2
fK

K∑
k=1

(
2K+1C2(K−k)

g

)
wK+2 − αη2

K∑
k=1

wk ≤ 0 . (63)

This is equivalent to enforce

2α2η4
( K∑

j=k+1

wj(2C
2
g )

j−k
)
k − αη2wk ≤ −1

2
αη2wk . (64)

36



A Federated Stochastic Multi-Level Compositional Minimax Algorithm for Deep AUC Maximization

Then, we can get

η ≤ 1

2

√
wk

α
(∑K

j=k+1 wj(2C2
g )j−k

) . (65)

We also have

8ηγxKAk + 16α2η5γxKBk +
250ηγxC

2
GL

4
f

µ2
KC2(K−k)

g +
500α2η5γxC

2
GL

4
f

µ2
K
(
2K+1C2(K−k)

g

)
− 1

2
αη2wk

≤ αη2
[ 1

αη
8γxKAk + 16αη2γxKBk +

1

αη

250γxC
2
GL

4
f

µ2
KC2(K−k)

g +
500αη2γxC

2
GL

4
f

µ2
K
(
2K+1C2(K−k)

g

)
− 1

2
wk

]
. (66)

We enforce this upper to be non-positive so that

1

αη
8γxKAk + 16αη2γxKBk +

1

αη

250γxC
2
GL

4
f

µ2
KC2(K−k)

g +
500αη2γxC

2
GL

4
f

µ2
K
(
2K+1C2(K−k)

g

)
− 1

2
wk ≤ 0 ,

wk ≥ 1

αη
16γxKAk + 32αη2γxKBk +

1

αη

500γxC
2
GL

4
f

µ2
KC2(K−k)

g +
1000αη2γxC

2
GL

4
f

µ2
K
(
2K+1C2(K−k)

g

)
=

1

η

[ 1
α
16γxKAk + 32αη3γxKBk +

1

α

500γxC
2
GL

4
f

µ2
KC2(K−k)

g +
1000αη3γxC

2
GL

4
f

µ2
K
(
2K+1C2(K−k)

g

)]
. (67)

Due to αη2 ≤ 1, η ≤ 1, we can get

wk ≜
γxK

ηµ2
w̃k =

γxK

ηµ2

[µ2

α
16Ak + 32Bkµ

2 +
500C2

GL
4
f

α
C2(K−k)

g + 1000C2
GL

4
f

(
2K+1C2(K−k)

g

)]
. (68)

Therefore, we can simplify the Eq. (65) as follows:

η ≤ 1

2

√√√√ w̃k

α
(∑K

j=k+1 w̃j(2C2
g )j−k

) . (69)

Then, we enforce

25ηγ2
xC

2
GL

2
f

6γyµ3
w0 + 2γ2

xη
2

K∑
k=1

wk(2C
2
g )

k +
4ηγ2

x

ρx
(K + 1)

(
C4K

g L2
f +

K−1∑
k=0

C2(K−1+k)
g C2

fL
2
g

)
wK+1

+
4ηγ2

xL
2
fC

2
G

ρy
wK+2 −

γxη

4
≤ 0 . (70)

This is equivalent to enforce

125γ2
xC

4
GL

4
f

3γ2
yµ4

+ 2γxη

K∑
k=1

wk(2C
2
g )

k +
8γ2

x

ρ2x
(K + 1)

(
C4K

g L2
f +

K−1∑
k=0

C2(K−1+k)
g C2

fL
2
g

)
+

500γ2
xC

4
GL

4
f

ρ2yµ2
− 1

4
≤ 0 . (71)

Furthermore, we have the following inequalities

125γ2
xC

4
GL

4
f

3γ2
yµ4

− 1

2
≤ −1

4
,

2γ2
xK

µ2

K∑
k=1

w̃k(2C
2
g )

k ≤ 1

12
,

8γ2
x

ρ2x
(K + 1)(C4K

g L2
f +

K−1∑
k=0

C2(K−1+k)
g C2

fL
2
g) ≤

1

12
,
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500γ2
xL

4
fC

4
G

ρ2yµ2
≤ 1

12
. (72)

By solving these inequalities, we can get

γx ≤ min{ γyµ
2

13C2
GL

2
f

,
ρyµ

78C2
GL

2
f

,
ρx√

96(K + 1)(C4K
g L2

f +
∑K−1

k=0 C
2(K−1+k)
g C2

fL
2
g)

,
µ√

24K
∑K

k=1 w̃k(2C2
g )k

}. (73)

Similarly,

4ηγ2
y

ρx
C2K

g L2
f (K + 1)wK+1 +

4ηγ2
yL

2
f

ρy
wK+2 −

3ηγ2
y

4
w0 ≤ 0 . (74)

This is equivalent to enforce

8γ2
yC

2K
g L2

f (K + 1)

ρ2x
+

500γ2
yC

2
GL

4
f

ρ2yµ2
−

15γyC
2
GL

2
f

2µ
≤ 0 . (75)

Furthermore, we have the following inequalities

500γyL
2
f

ρ2yµ2
≤ 15

µ
,

8γy(K + 1)

ρ2x
≤ 15

µ
, (76)

By solving these inequalities, we can get

γy ≤ min{
3ρ2yµ

100L2
f

,
15ρ2x

8µ(K + 1)
}. (77)

Finally, summing t from 0 to T − 1, we can get

1

T

T−1∑
t=0

(E
[∥∥∥∇Φ(x̄t)

∥∥∥2]+ C2
GL

2
fE∥y∗(x̄t)− ȳt∥2)

≤ 2(P0 − PT )

γxηT
+ 6γ2

xρ
2
xτ

4η4C2
GC

2
f

(250C4
GL

4
f

µ2
+ 4(K + 1)

(
C4K

g L2
f +

K−1∑
k=0

C2(K−1+k)
g C2

fL
2
g

))

+
(250C2

GL
4
f
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+ 4(K + 1)C2K

g L2
f

)
(1152γ2

xγ
2
yρ

2
yτ

6η6L2
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2
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2
f

K∑
k=1

(2C2
g )

k + 2304α2γ2
yρ

2
yτ

6η8δ2L2
f

K∑
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(2C2
g )

j

+ 18432α2ρ2yγ
2
yτ

6η8δ2L2
fK + 2304γ2

xγ
2
yρ

2
yτ

6η6L2
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2
gC

2
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2
f + 110592α2ρ2xγ

2
xρ

2
yγ

2
yτ

10η12L2
fC

2
gC

2
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2
f + 76τ4η4γ2

yρ
2
yσ
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+ 6τ2ρ2xη
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2
f
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xK

µ2

K∑
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2
g )

k +
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x

ρ2x

(
C4K

g L2
f +

K−1∑
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C2(K−1+k)
g C2

fL
2
g

)
(K + 1) +

1000γ2
xC

4
GL

4
f

ρ2yµ2

)

+
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y

ρ2x
(K + 1)C2K

g L2
f +

1000γ2
yC

2
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4
f

ρ2yµ2
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1152γ2

xρ
2
yτ

4η4L2
fC

2
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2
f

K∑
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(2C2
g )

k + 2304α2ρ2yτ
4η6δ2L2

f

K∑
k=1
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(2C2
g )

j

+ 18432α2ρ2yτ
4η6δ2L2

fK + 2304γ2
xρ

2
yτ

4η4L2
fC

2
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2
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2
f + 110592α2γ2

xρ
2
xρ

2
yτ

8η10L2
fC

2
gC

2
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2
f + 76τ2ρ2yη

2σ2
)

+ 4α2η2δ2
K∑
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K

µ2
w̃k

k−1∑
j=1

(2C2
g )

j + 16γ2
xη

2C2
GC

2
fK

K∑
k=1

Ak(2C
2
g )

k

+ 32α2η3δ2K

K∑
k=1

Ak

k−1∑
j=1

(2C2
g )

j + 4ρxη
(
K(K + 1)C2(K−1)

g C2
f + (K + 1)C2K

g

)σ2

N

+
250ρyηC

2
GL

2
fσ

2

µ2N
+

500× 2Kγ2
xη

2K2C2
fC

6
GL

4
f

µ2
+

1000α2η4δ2C2
GL

4
fK

µ2

K∑
k=1

k−1∑
j=1

C2(K−(k−j))
g . (78)

The last step is to compute the value of P0.
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P0 = E[Φ (x̄0)] +
10γxC

2
GL

2
f

γyµ
E
[∥∥∥ȳ0 − y∗(x̄0)∥2] +

γxK

ηµ2

1

N

N∑
n=1

K∑
k=1

w̃kE
[∥∥∥h(k)

n,0 − g(k)n (h
(k−1)
n,0 )

∥∥∥2]
+

2γx
ρx

E
[∥∥∥ 1

N

N∑
n=1

pn,0 −
1

N

N∑
n=1

∇g(1)n (xn,0)∇g(2)n (G(1)
n (xn,0)) · · ·∇g(K)

n (G(K−1)
n (xn,0))∇1fn(G
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n (xn,0), yn,0)

∥∥∥2]
+

125γxC
2
GL

2
f

ρyµ2
E
[∥∥∥ 1

N

N∑
n=1

qn,0 −
1

N

N∑
n=1

∇2fn(Gn(xn,0), yn,0)
∥∥∥2] . (79)

For the initialization step, we select a mini-batch of samples denoted a M to initialize h
(k)
n,0 for k = {1, · · · ,K}. Then, we can get

1

N

N∑
n=1

K∑
k=1

w̃kE
[∥∥∥h(k)

n,0 − g(k)n (h
(k−1)
n,0 )

∥∥∥2] = 1

N

N∑
n=1

K∑
k=1

w̃kE
[∥∥∥g(k)n (h

(k−1)
n,0 ; ξ

(k)
n,0)− g(k)n (h

(k−1)
n,0 )

∥∥∥2] ≤ K
δ2

M

K∑
k=1

w̃k . (80)

Similarly, for the initialization of pn,0, we have

E
[∥∥∥ 1

N

N∑
n=1

pn,0 −
1

N

N∑
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N
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K(K + 1)C
2(K−1)
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f

N
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M
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g

N

σ2

M
. (81)

And for the initialization of qn,0, we also have
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Therefore, we have
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At last, we successfully establish the convergence rate of our algorithm as follows:
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Since α, ρx, ρy, γx, γy are hyperparameters for the algorithm, they are independent of the number of iterations. Therefore, we can obtain
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where Φ∗ denotes the function value at the optimal solution, M is the mini-batch size in initialization step.
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