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Abstract
Positional encoding in transformers is commonly implemented through positional embeddings, at-
tention masks, or bias terms, but formal connections between these mechanisms remain limited. We
study attention with positional bias through the lens of locality-sensitive hashing (LSH), focusing
on Attention with Linear Biases (ALiBi). We show that the ALiBi bias matrix is the expectation
of contiguous block-diagonal binary masks induced by a “positional LSH” scheme. The empirical
mean of masks sampled from this scheme yields spectral norm and max-norm approximation guar-
antees with bounded block sizes with high probability. This structural theorem implies a uniform
approximation theorem for ALiBi-biased attention: with high probability over the sampled masks,
the approximate attention output is accurate simultaneously for all query-key-value inputs and can
be computed in near-linear time in the context length, reducing long-context ALiBi to a collection
of randomized short-context regular (positionally unbiased) attention operations. Conceptually,
this connects positional bias, masks, and positional embeddings in a single formal framework and
suggests an approach to efficient ALiBi-biased attention. Experiments on large language models
validate our theoretical findings.

1. Introduction

Although the Transformer architecture has remained remarkably intact since its introduction in [36],
even through widespread adoption in large language models, encoding token positions stands out as
a still evolving aspect. The challenge is to encode how the structural positions of tokens in the input
inform the way they attend to each other. A closely intertwined challenge is long-context attention:
attending to all tokens in a long context becomes computationally difficult or infeasible, whereas
limiting attention to structurally local windows often degrades long-range reasoning performance.

Three leading paradigms in positional encoding, often used in conjunction, are as follows:
• Positional embedding, where each position in the input is endowed with an embedding vector

designed to encode its location – e.g., sinusoidal [36] or rotary position embeddings (RoPE) [33];

• Attention with masks, which allows tokens to attend to some tokens but not to others through a
fixed binary mask – e.g., sliding-window attention [4, 20];

• Attention with bias, which modifies attention weights a posteriori according to token positions –
e.g., Attention with Linear Biases (ALiBi) [28].

In this work, we undertake a theoretical study of attention with positional bias, focusing on
ALiBi, a prominent method that has emerged from empirical research [28] and has been widely
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implemented and adopted in popular models [10, 38]. We study it through the lens of locality sen-
sitive hashing (LSH), a key paradigm in the theory of efficient algorithms. This leads us to uncover
fundamental connections between ALiBi and LSH with implications to long-context attention.

Our main structural result, Theorem 1, shows that the ALiBi bias matrix can be approximated
arbitrarily well by a linear combination of binary contiguous block-diagonal matrices. Conceptu-
ally, this draws a formal connection between the three main paradigms in positional encoding: bias,
masks and embeddings. Namely, it suggests that attention with bias can be approximated by at-
tention with masks, where the masks are induced by locality-sensitive hash collisions of positional
embeddings. In the case of ALiBi, this connection holds in a strong formal sense.

Our main algorithmic result, Theorem 2, is an efficient approximation theorem for ALiBi-biased
attention over long contexts, which is based on our structural result. It suggests an approach to long-
context ALiBi through a reduction to a collection of randomized short-context regular (positionally
unbiased) attention operations, which correspond to the contiguous binary blocks in Theorem 1.
This yields a near-linear time algorithm for ALiBi with a provable approximation guarantee, ad-
dressing the computational bottleneck in long-context ALiBi, a challenge called out in [28].

Conceptually, our contribution goes beyond applying classical LSH to positions in attention:
it is in reinterpreting positional bias through hashing on positions, drawing a formal connection
between positional embeddings, binary attention masks, and bias terms. Technically, while kernel
approximation via LSH is standard, we introduce novel technical tools in order to prove matrix con-
vergence in the spectral norm and high-probability block size control. These results are specialized
to attention with ALiBi and do not follow from generic LSH machinery alone. Our proofs draw on
matrix concentration theory, Fourier analysis of Toeplitz matrices, and sub-gamma tail bounds.

We validate our theoretical findings through experiments on public large language models.

2. Our Results in Detail

We fix notation to be used throughout. We use “⊙” for element-wise matrix product. We denote
the following norms for a matrix M : ∥M∥ for the spectral norm; ∥M∥max = maxij |Mij |; and

∥M∥2,∞ = maxi
√∑

j M
2
ij . We let D[M ] denote the diagonal row-sum matrix D

[M ]
ii =

∑n
j=1Mij .

Finally, we will use J ∈ Rn×n for the fixed lower-triangular all-1 matrix, Jij = 1{j ≤ i}.
Attention. Let n be the attention context length. Let Q,K ∈ Rn×d be the key and query

matrices with rows {qi}, {kj} respectively. The unnormalized dot-product attention matrix A ∈
Rn×n has entries Aij = exp(qTi kj/

√
d). The row-wise normalized non-causal attention matrix is

P = (D[A])−1A. In the causal attention case we instead have P = (D[A⊙J ])−1(A ⊙ J). Given a
value matrix V ∈ Rn×d′ , the output of the attention operation without positional bias is T = PV .

ALiBi. The ALiBi matrix L⋆ is defined in [28] as L⋆
ij = e−|i−j|/σ, where σ > 0 is a bandwidth

hyperparameter which is fixed per head and varies between heads. The unnormalized ALiBi-biased
attention weights are A⋆ = A⊙L⋆ in the non-causal case and A⋆ = A⊙ J ⊙L⋆ in the causal case.
In either case, the normalized ALiBi-biased attention matrix is P ⋆ = (D[A⋆])−1A⋆, and the goal is
to compute the output T ⋆ = P ⋆V .

The following theorem is our main structural result: an approximation of the ALiBi matrix by
random contiguous block-diagonal binary matrices.

Theorem 1 There exists a distribution M over contiguous block-diagonal binary n× n matrices,
where each diagonal block is a square all-1 matrix, such that EM∼M[M ] = L⋆. Let M1, . . . ,Ms ∼
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M be i.i.d. samples and let M̃ = 1
s

∑s
i=1Mi be their empirical mean. Then we have

Spectral norm expectation: E∥L⋆ − M̃∥ ≤ CΨσ

(√
log n

s
+

log n

s

)
(1)

Spectral norm concentration: ∀ε > 0, Pr[∥L⋆ − M̃∥ ≥ ε] ≤ n · e
−Csmin

{
ε2

Ψ2
σ
, ε
Ψσ

}
(2)

Max-norm concentration: ∀ε > 0, Pr[∥L⋆ − M̃∥max ≥ ε] ≤ 2n2e−2sε2 (3)

where Ψσ = 1 + σ + e1/σ+1
e1/σ−1

and C > 0 is a universal constant. Furthermore, let bmax be the
maximum size of a diagonal block in any of the samples M1, . . . ,Ms, then, for all δ ∈ (0, 1/e),

Pr[bmax > 1 + σ(3 ln(s/δ) + 2)] < δ. (4)

Structurally, the theorem states that the ALiBi matrix is a convex combination of contiguous non-
overlapping local-window attention patterns, each positionally unbiased. Approximation-wise, it
implies that with high probability, s ≈ ε−2σ2 logn samples from M suffice to approximate AL-
iBi using diagonal blocks of size at most bmax ≈ σ log logn (suppressing logarithmic factors in
ε−1, δ−1, σ for simplicity). Regarding the values of σ and Ψσ, we recall that Press et al. [28]
set σ as a geometric series from 28/nh to 28 across nh heads. Under this setting, Ψσ satisfies
2 < Ψσ < 3σ + 2.

Algorithmically, Theorem 1 suggests that ALiBi-biased attention can be approximated effi-
ciently over long contexts by a reduction to a collection of small local attention windows. Our
next theorem formalizes this intuition and yields an approximation guarantee for the output atten-
tion weights.

Theorem 2 (uniform ALiBi-biased attention approximation) Let δ ∈ (0, 1/e) and s ≥ log(n/δ).
Let M̃ = 1

s

∑s
i=1Mi be the empirical mean of s samples from M as in Theorem 1. Given an at-

tention instance (K,Q, V ), let A,A⋆, P be the corresponding attention weights as above (in either
the causal or non-causal variant), and denote:

∆P = Cmin{Ψσ∥P∥2,∞, 1}
√

log(n/δ)

s
and β⋆

P = min
i

n∑
j=1

PijL
⋆
ij

where C > 0 is a universal constant. Then, with probability 1−δ over the draw of M̃ , the following
hold simultaneously for all input attention instances:

1. The approximate ALiBi-biased attention output T̃ ⋆, obtained by replacing L⋆ with M̃ , can be
computed in time O(nd(σs log(s/δ) + 1)).

2. Whenever ∆P < β⋆
P , it holds that ∥T ⋆ − T̃ ⋆∥max ≤ 2∆P

β⋆
P−∆P

∥V ∥max.

To unpack the statement, we note that the critical quantity β⋆
P is the ratio between the minimum

row denominator in A⋆ and A, that is, in the attention matrix before and after the ALiBi bias.
It governs how sensitive the instance is to perturbations in the bias matrix. The term ∆P which
governs the error decays like 1/

√
s with the number of samples s, and may further improve with

smaller ∥P∥2,∞, which occurs in instances where attention weights are more balanced. Importantly,
the convergence in matrix norms in Theorem 1 (eqs. (2) and (3)) is what allows the approximation in
Theorem 2 to hold uniformly — that is, simultaneously for all attention inputs with high probability.
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Figure 1: ALiBi approximation with binary block-diagonal matrices by positional LSH.

3. Positional LSH

We give a high-level overview of our positional LSH framework. Full proofs are in Appendix B.
Let U be a space of objects and ker : U ×U → [0, 1] a similarity map (kernel) over U . An LSH

scheme for ker is a distribution H over hash functions operating on U such that for all u, u′ ∈ U

ker(u, u′) = Pr
h∼H

[h(u) = h(u′)]. (5)

This notion was defined in classical works [7, 18] and has been widely influential, including recent
applications to efficient attention computation over long contexts (see Section A). While prior work
has applied LSH to the token embeddings of the keys and queries in the attention operation, here
we will apply it exclusively to their positions in the sequence. Hence, we call this positional LSH.

Let L be a positional bias matrix that biases the original attention weights A as A ⊙ L. Let
{ui}ni=1 be positional embeddings for the token positions in a context of length n. That is, ui is an
object that encodes the location i within the context. Suppose that L has the form Lij = ker(ui, uj).
Furthermore, suppose that ker admits an LSH scheme H. We may define a distribution M over n×n
matrices where a sampled hash function h ∼ H induces the random binary matrix M (h) given by

M
(h)
ij =

{
1 if h(ui) = h(uj)

0 if h(ui) ̸= h(uj).

The LSH property (5) immediately implies L = Eh∼H[M
(h)]. This naturally suggests that L can

be approximated by the empirical average of i.i.d. samples of M (h). See Figure 1 for illustration.
This raises the question of the convergence rate to the mean. Entry-wise scalar convergence follows
immediately from standard Chernoff-Hoeffding concentration, and this already yields the max-norm
bound eq. (3) in Theorem 1. Matrix convergence in the spectral norm (eqs. (1) and (2) in Theorem 1)
is considerably more intricate and may not hold in general (see Section C). In Section B we prove
it for ALiBi with a specific positional LSH scheme.

4. Experimental Validation

Convergence in Matrix Norms. We validate our theoretical results on convergence in matrix norms
in Theorems 1 and 2 directly on attention operations on the pre-trained Mistral-7B model [21] with
30 text segments from the Wikitext-103 dataset [27] as inputs, with context lengths of 4k-4.5k.
We retrieve the Q,K,V matrices for each model per input, layer and attention head. We compute
∥L⋆ − M̃∥, ∥L⋆ − M̃∥max and ∥T ⋆ − T̃ ⋆∥max, for varying sample sizes.

The results are reported in Figure 2. Results for additional σ values is displayed in Appendix D.
The results show that norm errors decay towards zero as the sample size increases.
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Figure 2: ∥L⋆ − M̃∥, ∥L⋆ − M̃∥max and ∥T ⋆ − T̃ ⋆∥max as functions of the sample size s, for four
attention heads (with σ values: σ ∈ {2, 8, 32, 128}), for Mistral-7B. Axes are in log scale.

Table 1: Length extrapolation results on Wikitext-103 for Qwen3-0.6B (trained from scratch)

Context length: 8k (training) 16k (extrapolation)

Method PPL Acc PPL Acc

Original model 20.213±0.088 44.796±0.182 21.316±0.058 43.652±0.126
ALiBi 18.920±0.009 45.249±0.035 18.753±0.021 45.351±0.020

Positional LSH, s = 1 19.217±0.059 45.051±0.044 19.278±0.027 44.985±0.029
Positional LSH, s = 10 19.073±0.054 45.125±0.025 19.043±0.070 45.179±0.021
Positional LSH, s = 20 19.050±0.033 45.146±0.032 18.961±0.033 45.192±0.046

Fixed blocks 19.788±0.054 44.725±0.058 19.784±0.041 44.658±0.067

Table 2: Length extrapolation results on Wikitext-103 for Mistral-7B (fine-tuned)

Context length: 4k (training) 8k (extrapolation) 16k (extrapolation)

Method PPL Acc PPL Acc PPL Acc

Original model 6.347±0.001 58.371±0.016 6.273±0.002 58.523±0.016 6.270±0.004 58.501±0.039
ALiBi 6.498±0.008 57.924±0.142 6.455±0.022 58.086±0.134 6.461±0.021 57.960±0.207

Positional LSH, s = 1 6.957±0.009 56.807±0.031 6.941±0.015 56.926±0.025 6.923±0.011 56.975±0.027
Positional LSH, s = 5 6.725±0.013 57.186±0.051 6.711±0.019 57.325±0.038 6.721±0.012 57.235±0.058
Positional LSH, s = 10 6.698±0.010 57.280±0.026 6.683±0.011 57.389±0.028 6.705±0.034 57.284±0.021

Fixed blocks 7.352±0.014 54.919±0.022 7.327±0.017 54.944±0.019 7.378±0.015 54.930±0.013

Model Training Experiments. We evaluate the effects of our approximation method on down-
stream model performance. We implemented a prototype of our positional LSH method for ALiBi
in FlashAttention-2 [12]. Our implementation is not optimized from an engineering perspective
(see limitations in Section E); the goal is to gain empirical insight into the approximation quality of
our method rather than show efficiency gains. We train on Wikitext-103 two models: Qwen3-0.6B
[34] for pre-training from scratch, and Mistral-7B [21] for fine-tuning from its public pre-trained
checkpoint. We evaluate perplexity (PPL) and next-token prediction accuracy (Acc), both on the
original context length used in training and under context length extrapolation (where the model is
evaluated on longer context lengths than it was trained on). As a baseline, we also include a “fixed
blocks” baseline with a single block-diagonal mask matrix with a fixed block size of 512.

The results are displayed in Tables 1 and 2. For both models, as the number of samples in
Positional LSH increases, performance improves, approaching that of ALiBi.
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Appendix A. Related Work

Positional encodings and relative-position-aware attention in transformers are widely studied. Apart
from RoPE, a central line of work injects positional information directly into attention through
relative-position terms. Shaw et al. [31] introduced relative position representations inside self-
attention, and T5 [29] used a simplified scalar relative bias added to attention logits. Fixed and
kernelized bias schemes for length extrapolation include ALiBi and KERPLE [9], while FIRE [25]
provides a unified functional view. Jelassi et al. [20] also studied hard-ALiBi, a binary sliding-
window variant with head-dependent window sizes, while Kazemnejad et al. [23] studied NoPE,
i.e., using no positional encoding at all. Our work is complementary to these methods: rather than
proposing a new positional bias family, we propose a structural and algorithmic analysis of ALiBi.

From an efficiency perspective, exact attention with bias has recently been optimized at the
systems level, including ALiBi-FlashAttention [10] for exact computation and FlashBias [38] via
a low-rank decomposition. Finally, LSH has a long history in similarity search [2, 7, 14, 18] and
kernel methods [5, 6, 11, 32], and has more recently been used for efficient attention and KV-cache
compression [8, 13, 16, 19, 22, 24]. Prior LSH-based attention work hashes token representations
or semantic content; in contrast, we use LSH in a different way by hashing positions.

Appendix B. Positional LSH for ALiBi: Full Proofs

We note that M (h) has a distinct structure: its 1-entries are organized in non-overlapping principal
combinatorial rectangles. Specifically, for each hash bin ℓ in the range of h, denote by Iℓ = {i :
h(ui) = ℓ} the indices that fall into that bin. M (h) has 1’s in its Iℓ×Iℓ principal submatrix for every
ℓ, and 0’s elsewhere. Equivalently, the rows and columns of A can be permuted to make M (h) a
block-diagonal matrix in which all blocks are all-1 submatrices. Note that without a permutation, the
blocks Iℓ need not necessarily be contiguous; it could be, for example, that h(u1) = h(u3) ̸= h(u2),
in which case indices 1 and 3 are hashed into the same bin while 2 is hashed into a different bin.

B.1. Positional LSH for ALiBi via Random Binning Features

ALiBi biases attention weights according to the similarity measure L⋆
ij = ker(i, j) = e−|i−j|/σ

between token positions i, j. This is the familiar one-dimensional Laplacian kernel. Note that the
positional embedding object of each index i is simply its integer value, ui = i.

LSH schemes for the Laplacian kernel are well-known [1, 3, 30]. We will use the one due to
Rahimi and Recht [30], which they termed Random Binning Features.

Definition 3 ([30]) The Random Binning Features (RBFs) LSH scheme over R is defined as fol-
lows. To sample h ∼ H, first draw b ∼ Γ(2, σ) from the Gamma distribution with shape 2 and scale
σ. It is supported on [0,∞) with density p(b) = σ−2be−b/σ. Then sample c uniformly from [0, b].
The hash function h = hb,c partitions R into length-b segments {[bℓ + c, bℓ + b + c) : ℓ ∈ Z} and
hashes each number into the segment that contains it. Formally, h(u) = ⌊u−c

b ⌋ for every u ∈ R.

Lemma 4 ([30]) RBFs satisfy eq. (5) for the Laplacian kernel ker(u, u′) = e−|u−u′|/σ over R.

Therefore, RBFs form a positional LSH scheme for ALiBi. Although RBFs for the Laplacian
kernel are classical, our use of them will not be a black-box application: the nontrivial step will be to

9
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analyze their interaction particularly with the space of token indices and achieve matrix approxima-
tion for ALiBi-biased attention. To this end, we will require specific properties of their underlying
Gamma distribution, summarized in the following fact.

Fact 1 A Gamma random variable Z ∼ Γ(2, σ) has moments E[Zk] = σk(k + 1)! for all k ∈ N
and moment generating function E[etZ ] = (1− σt)−2 for all t < 1/σ.

We observe some additional useful properties of RBFs as a positional LSH scheme over se-
quence indices {1, . . . , n}. First, the hash bins it forms are contiguous – the indices in each bin are
consecutive in the context. Therefore, the diagonal all-1 blocks are contiguous in M (h) as defined
in the previous section. Second, the hash bins have nearly uniform sizes: each bin contains exactly
⌈b⌉ consecutive indices, except for the first and last bins, which may contain fewer indices due to
being on the boundary of the context.

B.2. Approximation in Matrix Norms

We turn to proving eqs. (1) to (3) in Theorem 1. As mentioned earlier, eq. (3) follows from standard
scalar concentration for Bernoullis (see Theorem 11). For the spectral norm guarantees, eqs. (1)
and (2), we will use the following subexponential matrix Bernstein inequality with unbounded mo-
ments.

Theorem 5 ([35], Theorem 6.2 and Remark 6.5) Let X1, . . . , Xs be i.i.d. samples from a distri-
bution X over symmetric n× n matrices with E[X] = L. Suppose there are r, α > 0 such that

∀ k ∈ N, ∥E[(X − L)k]∥ ≤ k!

2
· rk−2 · α2. (6)

Then, the empirical mean X̃ = 1
s

∑s
i=1Xi satisfies E[∥L−X̃∥] ≤ O(1)

s ·max{α
√
s logn, r log n},

and Pr[∥L− X̃∥ ≥ ε] ≤ n · exp
(
− s·ε2

2α2+2rε

)
for all ε > 0.

We thus need to establish eq. (6) for M ∼ M with appropriate r, α. Fixing k ∈ N, we have by the
sub-additivity and sub-multiplicativity of the spectral norm, and a binomial expansion,

∥E[(M − L⋆)k]∥ ≤ E
[
(∥M∥+ ∥L⋆∥)k

]
=

k∑
j=0

(
k

j

)
E[(∥M∥ − 1)j ] (∥L⋆∥+ 1)k−j . (7)

Thus we need to bound the moments E[(∥M∥ − 1)j ] and the powers (∥L⋆∥+ 1)j .

Lemma 6 E[(∥M∥ − 1)k] ≤ σk(k + 1)! for all k ∈ N.

Proof M is a block diagonal matrix with all-1 blocks. Let bM denote the size of its largest block.
It is straightforward to see that the largest eigenvalue of M is bM , thus ∥M∥ = bM . Next, recall
that bM ≤ ⌈b⌉ ≤ b + 1 where b ∼ Γ(2, σ). Hence, (∥M∥ − 1)k ≤ bk. Taking expectation of both
sides, the lemma follows from the formula for Gamma moments in Fact 1.

Lemma 7 ∥L⋆∥ ≤ (e1/σ + 1)/(e1/σ − 1).

10
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Proof We show two ways to prove the lemma. The first is a more generic approach based on
Fourier analysis of Toeplitz matrices, which has the potential advantage of possibly generalizing
better to other positional bias matrices beyond ALiBi. Recall that a matrix T is Toeplitz if there is
a function g : Z → R such that Tij = g(i − j) for all i, j. The ALiBi matrix L⋆ is Toeplitz with
g(z) = e−|z|/σ. The following lemma offers a way to bound the spectral norm of a Toeplitz matrix.

Lemma 8 ([15], Lemma 4.1) Let T be a Toeplitz matrix with Tij = g(i − j). Suppose g satisfies∑∞
i=−∞ |g(i)| < ∞. Then ∥T∥ ≤ sup f where f is the discrete-time Fourier transform (DTFT) of

g.

Thus, to bound the spectral norm of L⋆ with Theorem 8 we need the DTFT of g(z) = e−|z|/σ.
A standard fact, which can be verified by direct derivation, is that the DTFT of gϕ(z) = ϕ|z| for
ϕ ∈ (−1, 1) is f(ω) = (1−ϕ2)/(1−2ϕ cos(ω)+ϕ2) and its supremum is (1+ϕ)/(1−ϕ) (attained
at cos(ω) = 1). For L⋆ we have ϕ = e−1/σ, and thus Theorem 7 follows from Theorem 8.

The second proof for Theorem 7 is more direct, albeit more specialized to ALiBi. Recall the
matrix norm definitions ∥M∥1 = maxj

∑
i |Mij | and ∥M∥∞ = maxi

∑
j |Mij |. By a standard

Hölder inequality for matrix norms, ∥L⋆∥ ≤
√
∥L⋆∥1∥L⋆∥∞. Since L⋆ is symmetric, ∥L⋆∥1 =

∥L⋆∥∞, hence ∥L⋆∥ ≤ ∥L⋆∥∞. Thus, it suffices to bound the row sums in L⋆. The sum of row i is

n∑
j=1

L⋆
ij = 1 +

i−1∑
t=1

e−t/σ +
n−i∑
t=1

e−t/σ ≤ 1 + 2
∞∑
t=1

e−t/σ =
e1/σ + 1

e1/σ − 1
,

where the final equality is established by calculating the sum of the geometric series.

We plug Theorems 6 and 7 into eq. (7) and get

∥E[(M−L⋆)k]∥ ≤
k∑

j=0

(
k

j

)
·σj(j+1)!·

(
e1/σ + 1

e1/σ − 1
+ 1

)k−j

≤ 2kk!
k∑

j=0

(
k

j

)
·σj ·

(
e1/σ + 1

e1/σ − 1
+ 1

)k−j

= 2kk! ·

(
1 + σ +

e1/σ + 1

e1/σ − 1

)k

= (2Ψσ)
kk! =

k!

2
· (2Ψσ)

k−2 · (2
√
2Ψσ)

2,

where we have used that (j + 1)! ≤ (k + 1)! ≤ 2kk! for all k ≥ j ≥ 0. Thus, eq. (6) holds with
r = 2Ψσ and α = 2

√
2Ψσ, and thus eqs. (1) and (2) in Theorem 1 now follow from Theorem 5.

B.3. Maximal Block Size

We proceed to proving eq. (4) in Theorem 1. By the previous sections, this amounts to bounding
the maximal bin size in RBFs. To this end, we recall subgamma concentration (see, e.g., [37]).

Definition 9 A real-valued random variable Z is called (ν, κ)-right-subgamma if for all t ∈ (0, 1/κ)
it holds that E

[
et(Z−E[Z])

]
≤ exp

(
νt2/(2− 2κt)

)
.

Fact 2 if Z is (ν, κ)-right-subgamma, then for all t > 0, Pr[Z ≥ E[Z] +
√
2νt+ κt] ≤ e−t.

Lemma 10 (see Theorem 12 in the appendix) Z ∼ Γ(2, σ) is (2σ2, σ)-right-subgamma.

11
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In Theorem 1 we draw i.i.d. samples M1, . . . ,Ms ∼ M and denote by bmax their maximal block
size. Let b1, . . . , bs ∼ Γ(2, σ) be the corresponding samples of their RBFs. By the previous sections,
each Mj is block-diagonal with maximal bin size ⌈bj⌉ ≤ bj + 1. Therefore, bmax ≤ 1 + maxj bj .
We use Fact 2 with t = ln(s/δ), E[b] = 2σ from Fact 1, and ν, κ from Theorem 10. We get

∀j, Pr[bj > 1 + 2σ + 2σ
√

ln(s/δ) + σ ln(s/δ)] < δ/s.

Since s ≥ 1 and δ < 1/e, eq. (4) follows by a union bound over j = 1, . . . , s.

B.4. Near-Linear time Approximation Algorithm

In this section, we turn to Theorem 2. The algorithm in the theorem replaces the exact ALiBi
matrix L⋆ with the approximation M̃ . Given an attention instance (K,Q, V ), in the notation from
Section 2, we have A⋆ = A ⊙ L⋆ (non-causal case) or A⋆ = A ⊙ J ⊙ L⋆ (causal case), P ⋆ =
(D[A⋆])−1A⋆, and the exact output is T ⋆ = P ⋆V . The algorithm in Theorem 2 computes Ã⋆ =

A⊙ M̃ (non-causal case) or Ã⋆ = A⊙ J ⊙ M̃ (causal case), then P̃ ⋆ = (D[Ã⋆])−1Ã⋆, and returns
T̃ ⋆ = P̃ ⋆V .

Running time analysis. Let M be a sample from M and let I1, . . . , It ⊂ {1, . . . , n} be its
contiguous blocks of indices. Let Ã = A ⊙ M . Since M and thus Ã is block-diagonal, we
can compute ÃV block by block as ÃV =

∑t
j=1 Ã[Ij ,Ij ]V[Ij ,:]. Since the blocks in M are all-1

matrices, Ã[Ij ,Ij ] = (A ⊙ M)[Ij ,Ij ] = A[Ij ,Ij ], and hence ÃV =
∑t

j=1A[Ij ,Ij ]V[Ij ,:]. Similarly,

D[Ã] can be computed as D[Ã] =
∑t

j=1D
[A[Ij ,Ij ]

]. The upshot is that Ã and D[Ã] can be computed
by computing only the restriction of A to the blocks of M . Note that A is the regular (positionally
unbiased) attention matrix, and therefore, computing Ã and D[Ã] is reduced to a collection of smaller
regular attention computations on the subsets of keys and queries that correspond to the blocks
{Ij}. The time complexity is d

∑t
j=1 |Ij |2. Observe that

∑
j |Ij | = n since the blocks form a

partition of {1, . . . , n}, and therefore d
∑t

j=1 |Ij |2 ≤ dmaxj |Ij |
∑

j |Ij | = ndmaxj |Ij |. With the

empirical mean M̃ = 1
s

∑s
i=1Mi of s samples with block sizes {Iij}, the overall time complexity

for computing T̃ ∗ is thus
∑s

i=1 ndmaxj |Iij | ≤ ndsbmax. The probabilistic bound on bmax in
Theorem 1 (eq. (4)) now establishes the running time in Theorem 2 in the non-causal case. The
same arguments hold in the causal case with A⊙ J instead of A.

Approximation guarantee. Here we only outline how matrix norm approximation yields at-
tention approximation, and leave the full details to the appendix. For all i, j one can verify that
T ⋆
ij = (

∑
k PikL

⋆
ikVkj)/(

∑
k PikL

⋆
ik) and T̃ ⋆

ij = (
∑

k PikM̃ikVkj)/(
∑

k PikM̃ik), where recall that
P is the row-stochastic matrix P = (D[A])−1A. The error in the numerators can be bounded either
with the max-norm of L⋆ − M̃ as∣∣∣∣∣∑

k

Pik(L
⋆ − M̃)ikVkj

∣∣∣∣∣ ≤ ∥L⋆ − M̃∥max∥V ∥max

∣∣∣∣∣∑
k

Pik

∣∣∣∣∣ = ∥L⋆ − M̃∥max∥V ∥max, (8)

or with the spectral norm of L⋆ − M̃ as∣∣∣∣∣∑
k

Pik(L
⋆ − M̃)ikVkj

∣∣∣∣∣ = ∣∣∣(L⋆ − M̃)⊤i,∗(Pi,∗ ⊙ V∗,j)
∣∣∣ ≤ ∥L⋆ − M̃∥ · ∥V ∥max∥P∥2,∞. (9)
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A similar argument applies to the denominators with an all-1 matrix instead of V . From Theorem 1
we now get that the numerator error is bounded by ∆P ∥V ∥max and the denominator error is bounded
by ∆P . The bound on ∥T ⋆− T̃ ⋆∥max now follows by manipulation. See Appendix B for full details.

B.5. Omitted Lemmas for Theorem 1

Lemma 11 (max-norm bound in Theorem 1) Under the assumptions of Theorem 1, the max-
norm bound in eq. (3) holds.

Proof Let i, j ∈ [n]. By Theorem 4 and the positional LSH construction in Section 3, we have
L⋆
ij = PrM∼M[Mij = 1]. Therefore, M̃ij is the average of s Bernoulli random variables with

expectation L⋆
ij . Therefore, by the Chernoff-Hoeffding inequality,

Pr
[∣∣∣L⋆

ij − M̃ij

∣∣∣ > ε
]
< 2e−2sε2

The lemma follows by a union bound over all i, j.

Lemma 12 (Theorem 10 restated) Z ∼ Γ(2, σ) is (2σ2, σ)-right-subgamma.

Proof Let t ∈ (0, 1/σ). By plugging the expectation and MGF from Fact 1,

lnE[et(Z−E[Z])] = ln
(
E[etZ ] · e−tE[Z]

)
= ln((1− σt)−2 · e−2σt) = 2(− ln(1− σt)− σt).

From the Taylor expansion of − ln(1− x) at 0 we have, for every x ∈ (0, 1),

− ln(1− x)− x =

∞∑
i=1

xi

i
− x =

∞∑
i=2

xi

i
≤ x2

2

∞∑
i=0

xi =
x2

2
· 1

1− x
.

Plugging this above with x = σt,

lnE[et(Z−E[Z])] ≤ 2 · σ
2t2

2
· 1

1− σt
=

2σ2t2

2(1− σt)
.

Exponentiating both sides proves the claim.

B.6. Proof of Theorem 2

The running time was proven in Section B.4. Here we prove the approximation guarantee. Let
A′ = A in the non-causal case and A′ = A ⊙ J in the causal case. In either case we have P =
(D[A′])−1A′, and P is row-stochastic.

Observe that the exact target output T ⋆ and the returned approximation T̃ ⋆ are computed as

T ⋆
ij =

∑n
k=1A

′
ikL

⋆
ikVkj∑n

k=1A
′
ikL

⋆
ik

and T̃ ⋆
ij =

∑n
k=1A

′
ikM̃ikVkj∑n

k=1A
′
ikM̃ik

.
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We may divide both the numerators and the denominators by D
[A′]
ii and write,

T ⋆
ij =

∑n
k=1 PikL

⋆
ikVkj∑n

k=1 PikL
⋆
ik

and T̃ ⋆
ij =

∑n
k=1 PikM̃ikVkj∑n
k=1 PikM̃ik

.

For convenience let us denote the numerators and the denominators as

Nij =

n∑
k=1

PikL
⋆
ikVkj , Ñij =

n∑
k=1

PikM̃ikVkj , Di =

n∑
k=1

PikL
⋆
ik, D̃i =

n∑
k=1

PikM̃ik.

Equations (8) and (9) in Section B.4 show that

∀i, j
∣∣∣Nij − Ñij

∣∣∣ ≤ min{∥L⋆ − M̃∥max, ∥P∥2,∞∥L⋆ − M̃∥} · ∥V ∥max,

and the same arguments with an all-1 matrix instead of V yield

∀i
∣∣∣Di − D̃i

∣∣∣ ≤ min{∥L⋆ − M̃∥max, ∥P∥2,∞∥L⋆ − M̃∥}.

With probability 1− δ we have by Equations (2) and (3) in Theorem 1,

∥L⋆ − M̃∥max ≤ O

(√
log(n/δ)

s

)
and ∥L⋆ − M̃∥ ≤ O

(
Ψσ

√
log(n/δ)

s
+

log(n/δ)

s

)
.

In the statement of Theorem 2 we assume that s ≥ log(n/δ) and hence log(n/δ)
s ≤

√
log(n/δ)

s .
Plugging this above, we get

∀i, j
∣∣∣Nij − Ñij

∣∣∣ ≤ ∆P ∥V ∥max and ∀i
∣∣∣Di − D̃i

∣∣∣ ≤ ∆P . (10)

Furthermore, we have

∀i, j
∣∣∣∣Nij

Di

∣∣∣∣ = ∣∣∣∣∑n
k=1 PikL

⋆
ikVkj∑n

k=1 PikL
⋆
ik

∣∣∣∣ ≤ ∣∣∣∣∑n
k=1 PikL

⋆
ik∑n

k=1 PikL
⋆
ik

∣∣∣∣ · ∥V ∥max = ∥V ∥max. (11)

From Equations (10) and (11),

∣∣∣T̃ ⋆
ij − T ⋆

ij

∣∣∣ = ∣∣∣∣∣Ñij

D̃i

− Nij

Di

∣∣∣∣∣ =
∣∣∣∣∣Ñij −Nij

D̃i

+
Nij

Di
· Di − D̃i

D̃i

∣∣∣∣∣ ≤ 2∆P ∥V ∥max

D̃i

. (12)

Finally, observe that β⋆
P = miniDi in the notation of Theorem 2. Therefore, if the condition of

item 2 in the theorem holds, then by Equation (10) we have for all i that D̃i ≥ Di −
∣∣∣D̃i −Di

∣∣∣ ≥
β⋆
P −∆P . Plugging this in Equation (12) yields the theorem. □
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Appendix C. Generality: Positional LSH beyond ALiBi

So far we have focused on ALiBi as a concrete case of a popular positional bias that adheres to our
positional LSH framework. In this section, we draw a distinction between the results that extend to
any positional bias scheme that adheres to Section 3 and the results specific to ALiBi.

What extends to any positional LSH: Let L be any positional bias matrix that satisfies eq. (5)
in Section 3. Then the identity EM∼M[M ] = L in Theorem 1 immediately holds. Furthermore,
the max-norm convergence bound, eq. (3) in Theorem 1, also holds, since its proof relies only on
scalar Bernoulli concentration (Theorem 11). Consequently, the uniform attention approximation
guarantee of Theorem 2 holds in a slightly weaker form, with ∆′

P = C
√
log(n/δ)/s instead of

∆P .
What is specific to ALiBi: In Theorem 1, the spectral norm convergence bounds eqs. (1) and (2)

in Theorem 1 and the block size bound eq. (4) rely on the specific properties of the RBFs LSH
scheme for ALiBi (Theorem 3), particularly on properties of its underlying Gamma distribution and
its interplay with the space of indices in a sequence (Sections B.2 and B.3). This also includes the
contiguity of the blocks (see Sections B.1 and 3). For other positional bias and LSH schemes, the
analogous results would require their own proofs. Note that the bound on the block size is key to
the running time of the positionally-biased attention approximation algorithm in Theorem 2.

It is worth remarking that our results extend fully to natural extensions of ALiBi. For example, a
two-dimensional variant of ALiBi may be defined over pixels in an image as L⋆⋆

ij = exp(−∥x̄−ȳ∥1),
where x = (x1, x2) and y = (y1, y2) are pixel coordinates. Since RBFs form an LSH scheme for
the Laplacian kernel exp(−∥x− y∥1) of any dimension, our analysis will go through.

Appendix D. Full Experiments and Experimental Details

D.1. Convergence in Matrix Norms

We validate our theoretical results on convergence in matrix norms in Theorems 1 and 2 directly on
attention operations in pre-trained models. We use the publicly available Mistral-7B model. We use
as inputs 30 text segments from the Wikitext-103 dataset [27] with context lengths of 4k-4.5k and
record the output of the models. We then retrieve the Q,K,V matrices for each model per input,
layer and attention head. We compute ∥L⋆ − M̃∥, ∥L⋆ − M̃∥max and ∥T ⋆ − T̃ ⋆∥max, for varying
sample sizes.

The results are reported in Figure 2. Results for additional σ values is displayed in Appendix D.
The results show that for both models, norm errors decay towards zero as the sample size increases.

Figure 3 depicts plots for additional σ values, complementing the experiments described in
subsection 4.
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Figure 3: ∥L⋆ − M̃∥, ∥L⋆ − M̃∥max and ∥T ⋆ − T̃ ⋆∥max as functions of the sample size s, for four
attention heads (with σ values: σ ∈ {4, 16, 64, 256}), for Mistral-7B [21]. Both axes show values
on a log scale. Shaded regions span [mean − std, mean + std] across inputs, and they do not appear
if the standard deviation is negligible.

The results show that all norms decrease towards zero as the sample size increases.

D.2. Model Training Experiments

We evaluate the effects of our approximation method on downstream model performance. To this
end, we implemented a prototype of our positional LSH method for ALiBi in FlashAttention-2 [12].
We note that our implementation is not optimized for performance from an engineering perspective
(see also the discussion of our limitations in Section E). The goal of the experiments in this section
is to gain empirical insight into the approximation quality of our method rather than demonstrate
efficiency gains. We use the Wikitext-103 dataset [27] and train two publicly available models:
• Qwen3-0.6B [34] for pre-training from scratch experiments.

• Mistral-7B [21] for fine-tuning experiments from its publicly available pre-trained checkpoint.
We evaluate perplexity (PPL) and next-token prediction accuracy (Acc), both on the original

context length used in training and under context length extrapolation (where the model is evaluated
on longer context lengths than it was trained on). Qwen3-0.6B is trained with an 8k context length
and evaluated at an extrapolated length of 16k. Mistral-7B is trained with a 4k context length and
evaluated at extrapolated lengths of 8k and 16k. We evaluate Positional LSH with different sample
sizes s. We compare it with the original models without positional bias and with ALiBi. As a
baseline for comparison, we also include a “fixed blocks” baseline with a single block-diagonal
mask matrix with a fixed block size of 512.

The results are displayed in Tables 1 and 2. For both models, as the number of samples in
Positional LSH increases, performance improves, approaching that of ALiBi. Furthermore, Posi-
tional LSH outperforms the fixed blocks baseline in both models. Finally, for Qwen, Positional LSH
outperforms the original model, even with a small sample size. On Mistral-7B, on the other hand,
neither positional bias method outperforms the original model in length extrapolation.

Experimental details and parameters are provided in Appendix D.
Experimental details. Experiments were run on an NVIDIA H100 Tensor Core GPU (with

80GB VRAM). The AdamW optimizer [26] was used for training, with β1 = 0.9, β2 = 0.999,
and ϵ = 10−8. The hyperparameters were selected via evaluations performed on three different
values for each parameter, spanning conventional value ranges. For Qwen3-0.6B, a learning rate of
5×10−4 is used, while for Mistral-7B the learning rate is 1×10−4. The remaining hyperparameters
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are shared across both models: 5 epochs, a weight decay of 0.01, and a warmup ratio of 0.1. A batch
size of 1 is used for training and evaluation in both models, as larger batch sizes would exceed GPU
memory limits and would compromise context length. The results for the matrix norm convergence
experiments are averaged over 3 independent runs. Mistral-7B was fine-tuned using LoRA [17]
with the following configuration: rank 16, α = 32, dropout 0.05, no bias, targeting the query, key,
value, and output projection matrices.

Appendix E. Conclusion and Limitations

We introduced a positional LSH framework for attention with bias, establishing a formal connection
between positional bias, binary attention masks, and positional embeddings. For ALiBi, this yields
both a structural approximation of the bias matrix by randomized contiguous block masks and a uni-
form near-linear time approximation theorem for ALiBi-biased attention. Our experiments support
this approximation perspective: as the number of samples increases, the approximation improves
and downstream behavior approaches exact ALiBi.

Our contribution is theoretical and algorithmic rather than a systems result, and our experiments
are of limited scale meant only to validate the theory. Although our analysis gives a near-linear
asymptotic algorithm, we do not demonstrate wall-clock speedups over hardware-optimized exact
ALiBi implementations. Some of this gap may be due to our implementation being under-optimized,
but it likely also reflects the fact that current hardware and low-level kernels are highly optimized
for large dense operations, so asymptotic gains from decomposing attention into many smaller local
computations need not translate into speedups at the context lengths we experimented with. Identi-
fying regimes where the favorable asymptotics of positional LSH lead to practical gains may involve
much longer context lengths and is left an intriguing direction for future work.
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