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Abstract

There is extensive literature on accelerating first-order optimization methods in
an Euclidean setting. Under which conditions such acceleration is feasible in
Riemannian optimization problems is an active area of research. Motivated by the
recent success of silver stepsize methods in the Euclidean setting, we undertake
a study of such algorithms in the Riemannian setting. We provide the new class
of algorithms determined by the choice of vector transport that allows the silver
stepsize acceleration on Riemannian manifolds for the function classes associated
with the corresponding vector transport. As a core application, we show that our
algorithm recovers the standard Wasserstein gradient descent on the 2-Wasserstein
space and, as a result, provides the first provable accelerated gradient method for
potential functional optimization problems in the Wasserstein space. In addition,
we validate the numerical strength of the algorithm for standard benchmark tasks
on the space of symmetric positive definite matrices.

1 Introduction

Consider the Riemannian optimization problem

min f(z), (1.1)

reEN

where N C M is a geodesically convex subset of a Riemannian manifold M, and f : N — Risa
continuously differentiable geodesically convex functional. A popular approach to solve (1.1) is via
Riemannian gradient descent (RGD) [ZS16] given by,

Tn+1 = €XPy, (_nn Gradf(xn)) ) (12)

where exp,,(+) is the exponential map at x, 7, is the stepsize at iteration n, and Grad denotes the
Riemannian gradient. It is known that for geodesically convex and smooth functionals f, constant
stepsize RGD has an O(1/n) convergence rate as in Euclidean spaces [ZS16].

A natural follow-up question is whether one can find first-order algorithms that achieve an accelerated
convergence rate. This is motivated by the success of accelerated first-order methods in Euclidean
settings, most notably Nesterov’s method [Nes83], which uses momentum to achieve an O(1/n?)
rate for convex and smooth objectives. Extensive efforts have been made to achieve the same
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accelerated rate using similar acceleration in Riemannian optimization problems under various
settings [LSCT17, ZS18, AS20, Sie21, AOBL21, CB22, MR22, KY22, HMJG23]. However, these
works typically rely on additional constraints, stronger assumptions, or modifications to the basic
gradient descent update (1.2). For example, [LSC"17] involves an intractable nonlinear operator.
The analysis in [HMJG23] relies on a submanifold structure and establishes acceleration only in the
asymptotic regime. All the other algorithms require both upper and lower sectional curvature bounds.
We refer to [dST21] for a general survey of momentum-based acceleration methods, and to [KY22,
Sections 1, 2] for Riemannian variants.

On the other hand, there is a line of work showing that, in the Euclidean case, an accelerated
convergence rate is possible by using a carefully designed dynamic stepsize schedule without any
modification to vanilla gradient descent. This idea goes back to [You53]; for quadratic functions,
choosing 7,, to be Chebyshev stepsizes in gradient descent achieves the O(1/n?) rate. Generalizing
this idea to general convex and smooth functions, [Alt18, AP24b, AP24c, BA24] introduced the silver
stepsize schedule—a carefully designed stepsize sequence that guarantees an improved convergence
rate of O(1/n!°827), where p = 1 4 /2. While slower than the O(1/n?) rate of Nesterov’s
acceleration, this method significantly outperforms constant stepsize gradient descent and shows that
standard gradient descent, with a carefully designed stepsize schedule, can achieve meaningful
acceleration. Its further studies—including the optimality of the stepsize and generalization to
arbitrary number of iterations—are active area of research in the field of optimization [Gri24, GSW24].
Motivated by the success of the dynamic stepsize schedule in the Euclidean case, in this work, we
pose the following question:

Is it possible to accelerate Riemannian gradient descent by using the dynamic
stepsize schedule?

Main contribution Towards addressing the above question, we make the following contributions.

1. We introduce a family of algorithms, vector-transported Riemannian gradient descent
(VTRGD), parameterized by the choice of vector transport V7. This framework enables
silver step-size acceleration on Riemannian manifolds for function classes defined relative
to V7. To formalize these classes, we define the notions of VT -geodesic convexity (resp.
L-smoothness) with base point b € M.

2. We show if a function is (i) VT -geodesically L-smooth with base b, and (ii) VT -geodesically
convex with all base, then VTRGD with silver stepsize schedule achieves the accelerated
convergence rate of O(1/n'°%2#), and the rate of exp(—O(n/x'°%»2)) when f is in addition
geodesically strongly convex with condition number «. These rates match the corresponding
rates in the Euclidean case, and provides the acceleration with minimal assumptions on
the manifold. In particular, we avoid the curvature assumption and diameter assumption
typically required for momentum-based accelerated RGDs.

3. We show when VT =T, the parallel transport, then I'-geodesic convexity and I'-geodesic
smoothness are satisfied for some non-trivial Riemannian optimization problems. In par-
ticular, we show our algorithm coincides with the classical Wasserstein gradient descent
in 2-Wasserstein space, a space where previous accelerated algorithms fail. Hence, our
method provides the first provable accelerated result for (usual) Wasserstein gradient de-
scents, particularly for potential function optimization problem. We also provide numerical
illustrations in the space of symmetric positive definite matrices.

2 Background

Riemannian manifolds. In this section, we review basic concepts of Riemannian manifolds while
deferring more rigorous details to Appendix A.1. At a point  on a manifold M, tangent vectors are
the velocity vectors of smooth curves on M that pass through . The tangent space T}, M is the vector
space consisting of all such tangent vectors at z. A Riemannian manifold is a manifold equipped



with an inner product (-, -) . for each tangent space T, M, called a Riemannian metric. For z,y € M,
the distance d(x, y) is the infimum of the length of all piecewise continuously differentiable curves
from z to y. A Riemannian gradient of the differentiable function f : M — R at «x is a tangent
vector Grad f(x) € T, M satisfying d, f(z) = (Grad f(x),v), forall v € T, M. Here, d, f(x) is a
directional derivative of f at = along the direction v. For (z,v) € TM, where TM := [, ,, T M
denotes the tangent bundle, a smooth curve v, : [0,1] — M with ~,(0) = z and 7, (0) = v is
called a (constant speed) geodesic if it has the locally minimum length with zero acceleration. The
exponential map exp,, : T, M — M is a map defined by exp, (v) = 7,(1). exp,(v) transports the
point z in the direction of the tangent vector v, following the geodesic v,,. It is known that exp,, is a
local diffeomorphism in some neighborhood U of 0 € T, M. Hence, exp,, allows the inverse on U,
which is called the logarithmic map log,, : exp, (U) — T, M. While the exponential and logarithmic
maps are always locally well-defined, they may not be globally well-defined.

A parallel transport F(y)ié tTyo)yM — T4,y M is a way to transport a tangent vector along the
curve v parallely. If 7 is a geodesic curve such that v(0) = z, (1) = y, then we simply denote
I'(vy) as 'Y, a (geodesic) parallel transport from 7}, M to T, M. One can generalize the notion of the
parallel transport by vector transport [AMS08, GGH*21, WDPY24]. For any =,y € M, a vector
transport V7Y : T, M — T, M is an operator which maps a tangent vector v € T, M to another
tangent space T, M, satisfying VT, = id. Typical examples include the adjoint of the differential of

the exponential map VT = (dexp, )i, , and parallel transports VT = I'}.

Lastly, we introduce the notion of geodesic convexity and smoothness.
Definition 2.1 (Geodesic convexity). We say N C M is a geodesically convex subset of M if for all

x,y € N there exists a geodesic vy such that y(0) = z,v(1) =y, and y(t) € N forallt € [0,1]. We
say a differentiable function f : N — R is geodesically a-strongly convex if for all x,y € N

f(9) 2 f(@) + (Grad f(z), log, ), + Fd*(x,).

If the above inequality holds with o = 0, then f is said to be geodesically convex.

Definition 2.2 (Geodesic smoothness). We say f is geodesically L-smooth if for all x,y € M
L
f(y) < f(x) + (Grad f(2),log, y) + S d*(w,y).

Some literature use the L-Lipschitz continuity of the gradient function as the definition of geodesic
L-smoothness which in fact implies Definition 2.2 (see Definition A.17 and Lemma A.18). However,
we adopt the above definition used in [KY22, Section 3.1], as it is more directly related to our V7T
extension introduced in Section 3.

Silver stepsize in Euclidean space In this section, we present the silver stepsize schedule [AP24c]
for Euclidean optimization problem. Consider the problem (1.1) where N = R%, and f is convex and
L-smooth. A standard approach is gradient descent, which updates via x,,+1 = x,, — nV f(z,,) for a
fixed stepsize 7). In contrast, the silver stepsize schedule is a sequence of dynamic stepsizes {7, }nen-
For n = 2% — 1 where k € N, {1, }nen is given by the following inductively constructed sequence:

p*HD = [pk) 1 4 ph=1 k), 2.1

where p = 1 + /2. We set 59 = p — 1. For example, for k = 1,2, 3, n(¥) has the following form:
nM =2, n®=[v2,2v2, 7% =[v22v22+v2v22V2.

In Euclidean optimization, the silver stepsize was recently shown to improve the convergence rate of
the gradient descent from O(1/n) to O(1/n!°82?) [AP24c]. The philosophy of the silver stepsize
extended to arbitrary n, with the name long stepsize [Gri24, GSW24]. For the brevity of the paper,
for this work we focus on the silver stepsize.



3 Silver stepsize VIRGD: Assumptions and Preliminaries

In this section, we state the assumptions on the manifold and objective function required to solve
problem (1.1) using silver stepsize RGD (1.2).

Assumption 3.1 (Assumptions for Riemannian manifold).
1. M is a complete Riemannian manifold, i.e., any two points are connected by some geodesic.
2. N C M is open, geodesically convex subset.

3. Exponential maps and logarithmic maps are all well-defined and computationally tractable
on N.

Assumption 3.2 (Assumptions on the objective). We make the following assumptions on f : N — R.
1. f is geodesically convex and has a global minimizer ., € N.
2. All the iterates of our algorithms are well defined and remain inside N.

3. For a given linear vector transport VT, There exists a constant L > 0 and b € N such that
for all z;, z; in the RGD trajectory, i,j = 0,1,2,--- , %,

Qijb :=2L(f(z;) — f(xj)) — 2L <VTI;J, Grad f(x;),log, x; — log, acj>
3.1

2
= |p7e, Grad f(@i) - VTE Grad f(z) ‘b > 0.

Remark 3.3. Assumptions 3.1 and 3.2, excluding equation (3.1), are standard in the Riemannian
optimization literature [AOBL21, KY22, HMJG23], and ensure well-behaved RGD iterates. While we
additionally assume (3.1), we do not require the curvature bound or diameter bound on N typically
assumed in (momentum-based) RGD algorithms.

Some comments on (3.1) are in order. In an Euclidean space, since all tangent spaces are the
same, i.e., VTZi = id, (3.1) holds for any z;,z;,b € R? if and only if f is convex and L-smooth
[Nes14, Theorem 2.1.5]. However, on Riemannian manifolds, (3.1) does not directly match with
standard geodesic convexity and smoothness. To provide the interpretation of (3.1) in Riemannian
manifold as in Euclidean space, we introduce new notions of convexity and smoothness, which we
dub VT -geodesic convexity (smoothness).

Definition 3.4 (VT -geodesic convexity). A functional f : N — R is called VT -geodesically convex
with base b € M if for all x,y € N, we have,

Fw) = f(@) + (VT2 Grad f (). log, y — log, z) . (32)

[ is called VT -geodesically convex if (3.2) holds for allb € N.

Definition 3.5 (V7 -geodesic L-smooth). A functional f : M — R is called VT -geodesically
L-smooth with base b € M if for all x,y € M we have,

L
F) < f@) + (VT', Grad f (@), log,y — log,z) + 5 [logyy —logyall;.  (3.3)
f is called VT -geodesically L-smooth if (3.3) holds for allb € M.

We interpret V7T -geodesic convexity (resp. L-smoothness) for some representative choices of V7.
One canonical example is VT, = (depr)f‘ogb .- For such VT, the VT -geodesic convexity (resp.
L-smoothness) with base b is equivalent to the (Euclidean) convexity (resp. L-smoothness) of the
function F'(v) := f(exp,(v)) defined on the tangent space. Another natural choice of VT is the
parallel transport I'. In the optimal transport literature, I"-geodesic convexity is already a popular
concept, namely generalized geodesic convexity [AGS08, San14, SKIL.20, DBCS23] which is broadly
applied for studying the proximal operator, I'-convergence in 2-Wasserstein space, and Riemannian



Figure 1: Geometric illustration of V7 -geodesic convexity. Usual geodesic convexity (resp. L-
smoothness) means for any z,y € N, the function is convex (resp. L-smooth) along the geodesic
curve 71 (t). On the other hand, VT -geodesic convexity (L-smoothness) with base b implies the
function is convex along a curve 2 (t). Note a curve 7, exists for general cases (see Remark C.7).

gradient methods [CMRS20, ACGS21]. Motivated from this fact, when VT = T', we will dub
I"-geodesic convexity (resp. smoothness) by generalized geodesic convexity (resp. smoothness).
Since VT = I" will be our main application in Section 5, we introduce more detail about generalized
geodesic convexity in Appendix C.

If the function is V7T -geodesically convex (resp. L-smooth), then it is geodesically convex (resp.
L-smooth) by taking b = x. However, a function being V7T -geodesically convex (resp. L-smooth)
with single base b is not a strictly stronger condition than geodesic convexity (resp. L-smoothness)
and is incomparable. For example, for VT =T, i.e., parallel transport, the function = +— %dz(m, D)
on a non-Euclidean Hadamard manifold, a manifold with non-positive curvature, is generalized
geodesically 1-smooth with base p, while it is not geodesically smooth (see Example C.10 and
[CK25]).

Remark 3.6 (Geometric interpretation of V7T -geodesic convexity). Intuitively, for any three points
xz,y,b € N, VT-geodesic convexity requires f to be convex along a curve from x to y, where the
initial velocity is measured in the tangent space at a third point b € M (see Figure 1 for the detail).
This generalizes standard geodesic convexity, which corresponds to the special case z = .

We now establish the relationship between (3.1) and convexity and smoothness, as in Euclidean space.
Proposition 3.7 provides a sufficient condition for (3.1).

Proposition 3.7. Let f be a VT -geodesically L-smooth with base b € N, VT -geodesically convex,
and for all x,y € N, define z := exp, (—% (VTZ Grad f(y) — VTI; Grad f(:):)) + log;, y) € N.
Then f satisfies (3.1) for all x;,x; € N.

We provide the proof in Appendix B.1. The condition z € N is technical and generally requires
case-specific verification. We emphasize that, as a special case of Proposition 3.7 with b = y,
i.e., under standard geodesic smoothness, one obtains a Riemannian analogue of the co-coercivity
type inequality [Nes14, Theorem 2.1.5], a fundamental property of convex L-smooth functions in
Euclidean space. See Appendix B.1.1 for further discussion.

At first glance, (3.1) and the corresponding Proposition 3.7 may appear to be merely a technical
assumption imposed for the convenience of the proof. However, we will later demonstrate in Section 5
that (3.1) admits meaningful applications, particularly when V7 = T'. In this regard, our notion of
VT -geodesic convexity and smoothness is not introduced solely for technical convenience; rather, it
can be viewed as the generalization of existing concepts and allows practical applications.

4 Main Results

In this section, we present our main convergence results for silver stepsize acceleration on Riemannian
manifolds.



Proposed Algorithm: VTRGD While classical RGDs are defined by the exponential map be-
tween consecutive updates as in (1.2), such construction turned out to be incapable to achieve the
convergence for dynamic stepsize methods like silver stepsize. The main reason is because dynamic
stepsize methods require the relationship between non-consecutive itereates, which is not feasible in
standard RGD (1.2). To overcome this bottleneck, we propose Vector Transported RGD (VIRGD).
VTRGD is defined as follows. First, choose a vector transport V7. Next, choose an arbitrary base
point b € M which satisfies (3.1) (e.g., a base b that makes f V7T -geodesically L-smooth with base
b). Then, VTRGD makes the following update:

Tnt+1 = €XPy (logb T, — %VT’;" Grad f(xn)) . 4.1

Since we assumed that the exponential map, logarithmic map, and Riemannian gradients are tractable
in Assumption 3.1, (4.1) provides a tractable algorithm whenever V7 is tractable. In particular, we
focus on the case when 7, is the silver stepsize. The below theorem is our main theorem, showing
that silver stepsize VTRGD achieves the accelerated convergence rate.

Theorem 4.1. Let Assumption 3.1. 3.2 be true and n = 2% — 1. Then, for VTRGD (4.1) with silver
stepsizes 1, /L (2.1), we have,

—1
f(wn) = f(@.) S relllogymo —logy -3, = (142 =3) .

We provide the full proof in Appendix B.2. Since 7, < n~ 19827 ~ n~1-2716_ Theorem 4.1 shows
an accelerated convergence rate than constant stepsize RGD on Riemannian manifolds, which is
O(n~1) [KY22, Appendix D]. For n # 2¥ — 1, the error may oscillate and not always remain in a
low regime. However, the constraint n = 2k _1isnota practical issue, since the number of iterations
can be freely chosen. Moreover, while the theorem is formally stated for n = 2k _ 1, the oscillation
happens when we encounter the huge stepsize, which is known a priori. Thus, as long as the iteration
count avoids these spike points (specifically, when n = 2¥), the iterates remain stable. Our numerical
experiments confirm this behavior; see Appendix D.

Strongly convex case While the Euclidean silver stepsize method allows the strong convexity
variant [AP24b], it relies heavily on the use of the interpolating inequality [AP24b, Eqaution (2.6)]
which does not seem to have the direct interpretation in Riemannian setting, as well as suffers the
saturation (non-accelerating) regime after the certain number of the iterates. On the other hand,
it turns out that silver stepsize VTRGD can be extended to V7T -geodesically a-strongly convex
functionals with base b by the use of well-known restarting method [OC15]. The method proceeds as
follows:

1. Perform m steps of gradient descent starting from an initial point z( to obtain x,,.
2. Restart from z,, with the stepsize reset to 7, and run m additional steps to obtain x,,.

3. Repeat this process ¢ times, each time restarting from the most recent iterate with the stepsize
reset to 7g. The total number of iteration will be n = m/.

For fixed n, choosing m and ¢ appropriately yields the optimal convergence rate for strongly convex
objectives. Notably, this approach remains valid in the Riemannian setting with silver stepsize
VTRGD.

Theorem 4.2. Consider the same setting of Theorem 4.1. In addition, let f be geodesically a-strongly
convex with base b with the condition number k. := L/a. Set k* = ﬂogp k| 4+ 1. Forany { € N,

consider the above restarting scheme with m = 25" — 1, so that the total number of iteration is
n={(2¥ —1). Then, forany £ € N and n = (2% — 1),

|[logy 2, — log, a:*Hi < exp (—log(p/2)n/K'*8?) ||log, zo — log,, m*||§

logy, x,, — log, . ||127 < € within

In particular, the algorithm finds an e-approximate solution, i.e.,
O (k'°%02log(1/€)) iterations.



We provide the proof in Appendix B.2.1. Although the left-hand side is ||log, ,, — log;, . ||127 rather
than the usual objective d?(z,,, 7. ), on any non-negatively curved Riemannian manifold it always
upper-bounds the squared distance (see [ZS16, Lemma 5]). Hence, Theorem 4.2 yields a convergence
rate for the squared distance at least on non-negatively curved Riemannian manifolds. Since constant
stepsize RGD finds an e-approximate solution for strongly convex objectives in O(rlog(1/¢))
iterations [KY22, Appendix D], our algorithm achieves an improved rate in the strongly convex
setting as well. While the algorithm requires to pick the certain number of iterations, again in practice
this is not problematic as one can freely choose the number of iterates. Also, unlike [AP24b], the
restarting method avoids suffering saturation regime.

We conclude this section with a remark on the choice of b. Although the convergence rates of our
VTRGD algorithms in Theorems 4.1 and 4.2 are independent of the choice of the base point b, the
choice of b still influences the algorithm’s performance through the constant factor.

S Applications

At first glance, (3.1) and (4.1) may appear to be merely technical assumptions and consequences
introduced for the convenience of the proof, without further implications. However, in this section,
we demonstrate that VTRGD in fact coincides with the standard Riemannian gradient descent in the
2-Wasserstein space under the canonical choice of VT =T

5.1 Optimization on the 2-Wasserstein Space

A key advantage of our algorithm over existing methods is that it achieves the acceleration without
requiring the curvature bounds. This feature makes our analysis particularly suitable for the 2-
Wasserstein space, which admits a Riemannian structure but lacks an upper curvature bound (see
Lemmas A.33 and A.42). While the acceleration has been studied in the continuous-time setting
[CCT18, WL22], no discrete-time algorithm with provable acceleration guarantee was previously
available. To the best of our knowledge, our method provides the first theoretically guaranteed
accelerated algorithm in the 2-Wasserstein space for a widely used family of functionals, the potential
functional.

We briefly introduce the 2-Wasserstein geometry (see Appendix A.2 for details). Let P 4 (R?) denote
the set of probability measures on R? with finite second moments and absolutely continuous with
respect to the Lebesgue measure, £2(11) be the space of square-integrable functions from RY — R?
under y € Ps 4.(R?), and Ty, denotes a pushforward of o by T For any p,v € Ps 4.(R?), the
2-Wasserstein metric is defined as:

W (,v) Ea | IT(@) = 2] - 5.1)

= min

TeL?(p) st Typ=v
The well-definedness (precisely, the existence of the minimum 7) is guaranteed by Brenier Theorem
[Bre91]. The map T}, , achieving the minimum in (5.1) is called an optimal transport map from
p to v. The metric space (P q.(R?), Ws), called the 2-Wasserstein space, admits a Riemannian
structure with tangent space 7, Pa o.(R?) C £2(1) and the Riemannian metric given by the £2(u)
inner product. The exponential map is defined by exp,, (v) = (id 4 v) 4, and the logarithmic map is
defined by log,, v = T}, , — id. The Wasserstein gradient at y is defined as the operator satisfying
Ot|t=0F (ut) = (Gradw, F(u),vo), where p; is any sufficiently regular curve of measures with
po = pand vy € L2(juy) is the velocity vector satisfying the continuity equation 9 pi; +div (usve) = 0.
This definition is the exact analogy of the definition of Riemannian gradient that is defined by
dy f(z) = (Grad f(x),v). A natural vector transport in 2-Wasserstein space is a transport map, i.e.,
VT, = T, ., where T, , is a map satistying (7, )4, = p. If T}, ,, is the optimal transport map,
this is in fact an un-projected parallel transport in 2-Wasserstein space. In particular, when one
uses the optimal transport map, Definition 3.4, 3.5 becomes generalized geodesic convexity (resp.
smoothness) in 2-Wasserstein space [AGS08, San14, SKL.20].
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Figure 2: Comparison between silver stepsize method and RGD for potential functional optimization

210 1 .
in BW (R%), with different convexity parameters. We set £ = ZPOgQ(Z’“* -1 )J andn = (28 — 1),
where k* being the optimal sub-iterate derived in Theorem 4.2. Columns: From left to right, each
column corresponds to x = 10', 102,107, 1013,

Perhaps surprisingly, VTRGD recovers the standard Wasserstein gradient descent (WGD) when VT
is chosen to be any transport map, since for all b € P2 ,.(R?) and any transport map T}, ,,.,

Hn+1 = (Tb,un - % Gradw, F(pin) © Tb,un)#b = (id — % Gradw, -F(Nn))#;tn' (5.2)

Hence in 2-Wasserstein space, silver stepsize Wasserstein gradient descent guarantees the accelerated
convergence, analogous to Theorem 4.1, and 4.2.

Corollary 5.1 (Acceleration by silver stepsize WGD). Let F : P .(R?) — R to be a functional
on 2-Wasserstein space. Set n = 2% — 1, and let ji,, be a WGD update (5.2) with n,, being the
silver stepsize. If F satisfies (3.1) with some b € Pa 4.(R?) and VT, = Ty, and all j; and
(id — 1 (Gradw, F(u;) — Gradw, F (i ) o TM»M)#H,- admit the densities, we get

2

f(ﬂn) — F(ps) <L ||Tb,uo - Tb,u*Hb .

Suppose F is, in addition, geodesically a-strongly convex with the condition number . = L/«. Then,
under the same setup as in Theorem 4.2,

W3 (ny i) < Crexp (—log(p/2)n/w'%%02) | Ty y — T,y

In particular, the algorithm finds an e-approximate solution in squared 2-Wasserstein distance within
O (k'°%02log(1/€)) iterations.

2
b

In particular, when the condition (3.1) holds for all b € PZ,ac(Rd), one can substitute the right hand
sides || Ty, — T, . i to W3 (o, ) by choosing b = puq and letting 7}, ,,. be an optimal transport
map. While Corollary 5.1 may appear to be a straightforward application of our main theorems, it
in fact requires careful attention to the underlying geometry, since the 2-Wasserstein space is not
geodesically complete [PZ20]. This obstacle can nevertheless be resolved by exploiting specific
properties of the 2-Wasserstein geometry. The proof is deferred to Appendix B.3.

Remark 5.2 (Optimality is not needed). In classical Wasserstein gradient descent, one typically
needs to impose the condition id — " Gradw, F (i) to be convex, which restricts the size of steps
to be less or equal to 1/L; the convexity condition is essential for the gradient update to be the
optimal transport map. However, our proof does not use the optimality of the update step. Therefore,
we do not require the map id — " Gradw, F(pn) to be convex, and it justifies the choice of large
stepsizes.

Remark 5.3 (Simplification of the regularity condition). The regularity condition—existence of

densities among iterates—can be simplified as follows. If the transport map 1), ,,; € C’llo’cl,(Rd), and

Gradw, F(u) = Vh for some h € C’llo’i(Rd), which is in fact the case for many of Wasserstein

gradient algorithms, then the regularity condition boils down to I — »V Gradw, F () and I —
(+V Gradw, F(u;) — V Gradw, F(u;) o T, ;) being invertible. See Appendix B.3 for the detail.

Motivated by Corollary 5.1, we provide the numerical experiments on WGD. We set M = P27H,C(Rd)
and N as the Bures-Wasserstein space BW (R?), the space of non-singular Gaussian distributions



in R? equipped with Wasserstein geometry. BW (R?) is a geodesically convex subset of Py ,.(R%)
[LCB*22]. Moreover, BW (R?) can be identified with a product Riemannian manifold of mean
vectors and covariance matrices, i.e., R? x SPD(d) where SPD(d) denotes the space of symmetric
positive definite matrices of R¥*?. We introduce more detail of BW (R?) geometry in Appendix
A.2.1. As our objective functional, we consider the potential energy functional:

V() = B[V (2)]

where VV : R? — R. Such functional appears frequently in applications, for example as the component
of variational inference. Using the explicit formula of Gradgw V(m,X) [DBCS23] in (5.2), we
obtain the following silver stepsize RGD in BW (R?) for V(u):

Tn
Mpt1 = My — fEXNN(mn,En)[VV(X)]v
" Tn
Y1 = (I - fEX~N(mn,2n)[V2V(X)D X (I - fEX~N(mn,2n)[V2V(X)D :
The following proposition shows that the potential functional is an instance of Corollary 5.1 whenever
V' is convex and L-smooth.
Proposition 5.4. IfV is convex and L-smooth in RY, then V satisfies (3.1) with any b € Pa_4.(R?)
and any transport map V'TZ = Ty, under both the Wasserstein and Bures-Wasserstein geome-

tries. In particular, the results in Corollary 5.1, with F =V, hold by substituting W2 (1o, ) for
1 To.0 = To.pu.

(5.3)

2
b

We provide the proof in Appendix B.3. By Corollary 5.1, the silver stepsize WGD (5.3) achieves
the accelerated convergence rate whenever I — 1,E[V2V (X)]/L is invertible. For our experiment,
we considered quadratic V(z) = (z — m.)"S (2 — m,) defined on R'?, with m,, ¥, being
a randomly generated vector and symmetric positive definite matrix respectively. Since V is a
strongly-convex quadratic function, by Proposition 5.4 V is generalized geodesically a-strongly
convex and geodesically L-smooth with L = 1/ in(24) and @ = 1/Apax(24). To study the effect
of the condition number k = L/«, we fix L = 1, and vary «. Small « corresponds to convex case,
and larger « stands for the strongly convex case. We choose 1/L as the stepsize for constant stepsize
WGD [ZS16, KY22]. Figure 2 shows that the silver stepsize WGD outperforms constant stepsize
WGD in both convex and strongly convex case. We provide further implementation detail (e.g., the
specific distributions of m, and ¥.) and additional experiments under various settings (e.g., different
random seeds, number of iterations, stochastic gradients, and comparisons with various constant

stepsizes) in Appendix D.

Beyond quadratic potential, or even in the absence of convexity and smoothness guarantees, we
observed that our algorithm yields numerical improvements for other optimization problems in the
2-Wasserstein space. Specifically, we present additional experiments on logistic regression potential
and mean-field training of neural networks in Appendix D.2.1 and D.2.2.

5.2 Optimization on Symmetric Positive definite matrices

While our main motivation is 2-Wasserstein space, we also provide the numerical experiments for the
optimization problem in symmetric positive definite matrix (SPD) with V7 = T" again. The tangent
space is Sym (d), the space of symmetric matrices of R¢*¢. On this space, there is a natural choice of
the metric, called affine invariant metric. The metric is defined by:

dar(A, B) = Hlog A*WBA*WHF, (S,R) , = tr(A"'SATR).

This metric coincides with the Fisher-Rao metric between multivariate Gaussian distributions with
fixed mean and covariance matrices A and B [Nie23]. Additionally, the Fréchet mean of SPD
matrices with respect to da; coincides with the geometric mean and plays an important role in
many applications, such as diffusion tensor imaging [FAPT05, PFA05, BH06, Ngu22, KPB25]. This
metric induces the complete non-positively curved manifold on SPD(d) with the curvature bound
[—1/2,0] [CB23]. While there is a problem setup which fully satisfies our assumption on this space



f(<_n) - £_min with condition number 10.0 fx_n) - f_min with condition number 100000.0

Riem GD (s = 1/2) -
Riem silver GO

Riem 6D (s = 12)
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1IXC) - log det (X) - _min

‘‘‘‘‘‘‘‘‘‘

Figure 3: Optimization of f(X) = tr(CX) — log det X, with the different condition number on C.
We set b = I for VTRGD (4.1). We set L = 2 for both experiments. We plot f — fiin, Where fiin
is the minimum value over all experiments. Left: x = 10. Right: x = 10°.

(see Proposition D.1), to validate the wide applicability of our method we provide experiments on a
representative benchmark problem which does not satisfy our assumptions. In addition, we provide
more experiments with various setups on SPD(d) in Appendix D.2.3, including a setup which does
satisfies our assumption.

Linear minus log-determinant The linear minus log-determinant is widely studied problem, as it
can be considered as a generalization of linear semidefinite programming (SDP) problems as well as
the log-likelihood of the Wishart distribution [BV04, WST10, HMJG21, MM24]. The problem is
formulated as follows: for C' € SPD(d), one optimizes the function
XeISnl;IIl)(d) f(X) :==tr(CX) — logdet X.

Unfortunately, this problem does not satisfy our desired assumptions. In practice, however, standard
RGD is nontheless applied to this problem [HMJG21]. We set d = 50. Since the problem is not
geodesically L-smooth, one must choose L manually; we set L = 2, which ensures the stability of
both algorithms. For VTRGD with the silver stepsize (4.1), we set the base point to b = I. The
results are summarized in Figure 3.

Codes for our experiments can be found at https://github.com/wldydd15510/VTRGD-Silver.

6 Conclusion

In this work, we provide the new concept of convexity and smoothness on Riemannian manifolds,
namely vector transported geodesic convexity and smoothness. Based on these new concepts, we
propose vector transported Riemannian gradient descent (VTRGD) method (4.1), which enables
silver stepsize acceleration to be feasible for the functions satisfying the V7T -geodesic convexity and
VT -geodesic smoothness with a base. Albeit under a different notion of convexity and smoothness,
our algorithm is the first tractable accelerated algorithm in Riemannian manifolds, without imposing
the curvature assumption or diameter assumption. As our core application, in 2-Wasserstein space
VTRGD coincides with standard gradient descent in 2-Wasserstein space. Particularly, our framework
yields the acceleration for potential energy functional optimization problem.

We conclude the paper with some open questions: 1. The implication of V7 -geodesic convexity and
smoothness is not direct. We are unaware how restrictive or favorable these conditions will be. That
said, since this notion is well studied in 2-Wasserstein geometry and there are nontrivial examples
that satisfy these assumptions, it seems worthy of further investigation. 2. Whether one can obtain
silver stepsize acceleration of standard RGD for general problems remains an open question. 3. We
restricted our attention to deterministic gradient descent. Stochastic or proximal version still remains
the open. 4. There are extensions of the silver stepsize; showing for arbitrary iterates n or showing the
optimality [Gri24, GSW24]. Also, for specific classes of functions in the Euclidean setting, [AP24a]
proposed a stepsize schedule for gradient descent that achieves the fully accelerated rate O(1/n?),
matching that of momentum methods. Extending these ideas to the Riemannian setting would be an
intriguing direction for future work.
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NeurlIPS Paper Checklist

1. Claims

Question: Do the main claims made in the abstract and introduction accurately reflect the
paper’s contributions and scope?

Answer: [Yes]

Justification: Abstract and introduction clearly states our main theorems 4.1: achieving
the acceleration using silver stepsize under on Riemannian manifolds via algorithmic
modifications. In addition, our main application and experiments are well-stated as well.

Guidelines:

e The answer NA means that the abstract and introduction do not include the claims
made in the paper.

* The abstract and/or introduction should clearly state the claims made, including the
contributions made in the paper and important assumptions and limitations. A No or
NA answer to this question will not be perceived well by the reviewers.

* The claims made should match theoretical and experimental results, and reflect how
much the results can be expected to generalize to other settings.

* It s fine to include aspirational goals as motivation as long as it is clear that these goals
are not attained by the paper.

2. Limitations
Question: Does the paper discuss the limitations of the work performed by the authors?
Answer: [Yes]

Justification: In Section 3 and 4, we clarified that the algorithmic modification and some
of the assumptions which are less standard. That said, Section 5 presents numerical results
demonstrating that our method remains effective even when some of these assumptions
are relaxed. Finally, Section 6 mentions directions that may refine or extend the current
approach.

Guidelines:

* The answer NA means that the paper has no limitation while the answer No means that
the paper has limitations, but those are not discussed in the paper.

 The authors are encouraged to create a separate "Limitations" section in their paper.

* The paper should point out any strong assumptions and how robust the results are to
violations of these assumptions (e.g., independence assumptions, noiseless settings,
model well-specification, asymptotic approximations only holding locally). The authors
should reflect on how these assumptions might be violated in practice and what the
implications would be.

* The authors should reflect on the scope of the claims made, e.g., if the approach was
only tested on a few datasets or with a few runs. In general, empirical results often
depend on implicit assumptions, which should be articulated.

* The authors should reflect on the factors that influence the performance of the approach.
For example, a facial recognition algorithm may perform poorly when image resolution
is low or images are taken in low lighting. Or a speech-to-text system might not be
used reliably to provide closed captions for online lectures because it fails to handle
technical jargon.

* The authors should discuss the computational efficiency of the proposed algorithms
and how they scale with dataset size.

* If applicable, the authors should discuss possible limitations of their approach to
address problems of privacy and fairness.
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* While the authors might fear that complete honesty about limitations might be used by
reviewers as grounds for rejection, a worse outcome might be that reviewers discover
limitations that aren’t acknowledged in the paper. The authors should use their best
judgment and recognize that individual actions in favor of transparency play an impor-
tant role in developing norms that preserve the integrity of the community. Reviewers
will be specifically instructed to not penalize honesty concerning limitations.

3. Theory assumptions and proofs

Question: For each theoretical result, does the paper provide the full set of assumptions and
a complete (and correct) proof?

Answer: [Yes]

Justification: We explicitly stated the assumptions in our main body (Assumption 3.1, 3.2).
We provide the full proof in the Appendix B.2, B.3. We also provided the full reference for
the results we cited.

Guidelines:

* The answer NA means that the paper does not include theoretical results.

* All the theorems, formulas, and proofs in the paper should be numbered and cross-
referenced.

* All assumptions should be clearly stated or referenced in the statement of any theorems.

* The proofs can either appear in the main paper or the supplemental material, but if
they appear in the supplemental material, the authors are encouraged to provide a short
proof sketch to provide intuition.

¢ Inversely, any informal proof provided in the core of the paper should be complemented
by formal proofs provided in appendix or supplemental material.

* Theorems and Lemmas that the proof relies upon should be properly referenced.
4. Experimental result reproducibility

Question: Does the paper fully disclose all the information needed to reproduce the main ex-
perimental results of the paper to the extent that it affects the main claims and/or conclusions
of the paper (regardless of whether the code and data are provided or not)?

Answer: [Yes]

Justification: We provide the sufficient detail of the experiment we conducted in Section 5
and Appendix D. We also provided the code by the public Github link.

Guidelines:

* The answer NA means that the paper does not include experiments.

* If the paper includes experiments, a No answer to this question will not be perceived
well by the reviewers: Making the paper reproducible is important, regardless of
whether the code and data are provided or not.

* If the contribution is a dataset and/or model, the authors should describe the steps taken
to make their results reproducible or verifiable.

* Depending on the contribution, reproducibility can be accomplished in various ways.
For example, if the contribution is a novel architecture, describing the architecture fully
might suffice, or if the contribution is a specific model and empirical evaluation, it may
be necessary to either make it possible for others to replicate the model with the same
dataset, or provide access to the model. In general. releasing code and data is often
one good way to accomplish this, but reproducibility can also be provided via detailed
instructions for how to replicate the results, access to a hosted model (e.g., in the case
of a large language model), releasing of a model checkpoint, or other means that are
appropriate to the research performed.
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* While NeurIPS does not require releasing code, the conference does require all submis-
sions to provide some reasonable avenue for reproducibility, which may depend on the
nature of the contribution. For example
(a) If the contribution is primarily a new algorithm, the paper should make it clear how

to reproduce that algorithm.

(b) If the contribution is primarily a new model architecture, the paper should describe
the architecture clearly and fully.

(c) If the contribution is a new model (e.g., a large language model), then there should
either be a way to access this model for reproducing the results or a way to reproduce
the model (e.g., with an open-source dataset or instructions for how to construct
the dataset).

(d) We recognize that reproducibility may be tricky in some cases, in which case
authors are welcome to describe the particular way they provide for reproducibility.
In the case of closed-source models, it may be that access to the model is limited in
some way (e.g., to registered users), but it should be possible for other researchers
to have some path to reproducing or verifying the results.

5. Open access to data and code
Question: Does the paper provide open access to the data and code, with sufficient instruc-

tions to faithfully reproduce the main experimental results, as described in supplemental
material?

Answer: [Yes]

Justification: We provide the full code in the public Github link, which can reproduce the
results of our experiments.

Guidelines:

» The answer NA means that paper does not include experiments requiring code.

* Please see the NeurIPS code and data submission guidelines (https://nips.cc/
public/guides/CodeSubmissionPolicy) for more details.

* While we encourage the release of code and data, we understand that this might not be
possible, so “No” is an acceptable answer. Papers cannot be rejected simply for not
including code, unless this is central to the contribution (e.g., for a new open-source
benchmark).

* The instructions should contain the exact command and environment needed to run to
reproduce the results. See the NeurIPS code and data submission guidelines (https:
//nips.cc/public/guides/CodeSubmissionPolicy) for more details.

* The authors should provide instructions on data access and preparation, including how
to access the raw data, preprocessed data, intermediate data, and generated data, etc.

* The authors should provide scripts to reproduce all experimental results for the new
proposed method and baselines. If only a subset of experiments are reproducible, they
should state which ones are omitted from the script and why.

* At submission time, to preserve anonymity, the authors should release anonymized
versions (if applicable).

 Providing as much information as possible in supplemental material (appended to the
paper) is recommended, but including URLSs to data and code is permitted.

6. Experimental setting/details

Question: Does the paper specify all the training and test details (e.g., data splits, hyper-
parameters, how they were chosen, type of optimizer, etc.) necessary to understand the
results?

Answer: [Yes]

Justification: We provided the data generating process of the simulation data and explicit
algorithm in Section 5 and Appendix D.
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Guidelines:

» The answer NA means that the paper does not include experiments.

* The experimental setting should be presented in the core of the paper to a level of detail
that is necessary to appreciate the results and make sense of them.

* The full details can be provided either with the code, in appendix, or as supplemental
material.
7. Experiment statistical significance

Question: Does the paper report error bars suitably and correctly defined or other appropriate
information about the statistical significance of the experiments?

Answer: [Yes]

Justification: We provide the result of multiple experiments and statistical significance in
Appendix D.

Guidelines:

* The answer NA means that the paper does not include experiments.

* The authors should answer "Yes" if the results are accompanied by error bars, confi-
dence intervals, or statistical significance tests, at least for the experiments that support
the main claims of the paper.

* The factors of variability that the error bars are capturing should be clearly stated (for
example, train/test split, initialization, random drawing of some parameter, or overall
run with given experimental conditions).

* The method for calculating the error bars should be explained (closed form formula,
call to a library function, bootstrap, etc.)

* The assumptions made should be given (e.g., Normally distributed errors).

« It should be clear whether the error bar is the standard deviation or the standard error
of the mean.

e It is OK to report 1-sigma error bars, but one should state it. The authors should
preferably report a 2-sigma error bar than state that they have a 96% CI, if the hypothesis
of Normality of errors is not verified.

* For asymmetric distributions, the authors should be careful not to show in tables or
figures symmetric error bars that would yield results that are out of range (e.g. negative
error rates).

o If error bars are reported in tables or plots, The authors should explain in the text how
they were calculated and reference the corresponding figures or tables in the text.
8. Experiments compute resources

Question: For each experiment, does the paper provide sufficient information on the com-
puter resources (type of compute workers, memory, time of execution) needed to reproduce
the experiments?

Answer: [Yes]
Justification: We stated our computational resource in Appendix D.
Guidelines:

* The answer NA means that the paper does not include experiments.

 The paper should indicate the type of compute workers CPU or GPU, internal cluster,
or cloud provider, including relevant memory and storage.

* The paper should provide the amount of compute required for each of the individual
experimental runs as well as estimate the total compute.

* The paper should disclose whether the full research project required more compute
than the experiments reported in the paper (e.g., preliminary or failed experiments that
didn’t make it into the paper).
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9.

10.

11.

Code of ethics

Question: Does the research conducted in the paper conform, in every respect, with the
NeurIPS Code of Ethics https://neurips.cc/public/EthicsGuidelines?

Answer: [Yes]
Justification: Our research is conducted in compliance with the NeurIPS Code of Ethics.
Guidelines:

¢ The answer NA means that the authors have not reviewed the NeurIPS Code of Ethics.

* If the authors answer No, they should explain the special circumstances that require a
deviation from the Code of Ethics.

* The authors should make sure to preserve anonymity (e.g., if there is a special consid-
eration due to laws or regulations in their jurisdiction).

Broader impacts

Question: Does the paper discuss both potential positive societal impacts and negative
societal impacts of the work performed?

Answer: [NA]

Justification: There is no societal impact of the work performed. Our focus is purely on the
algorithmic aspects, rather than on societal applications.

Guidelines:

* The answer NA means that there is no societal impact of the work performed.

* If the authors answer NA or No, they should explain why their work has no societal
impact or why the paper does not address societal impact.

» Examples of negative societal impacts include potential malicious or unintended uses
(e.g., disinformation, generating fake profiles, surveillance), fairness considerations
(e.g., deployment of technologies that could make decisions that unfairly impact specific
groups), privacy considerations, and security considerations.

* The conference expects that many papers will be foundational research and not tied
to particular applications, let alone deployments. However, if there is a direct path to
any negative applications, the authors should point it out. For example, it is legitimate
to point out that an improvement in the quality of generative models could be used to
generate deepfakes for disinformation. On the other hand, it is not needed to point out
that a generic algorithm for optimizing neural networks could enable people to train
models that generate Deepfakes faster.

* The authors should consider possible harms that could arise when the technology is
being used as intended and functioning correctly, harms that could arise when the
technology is being used as intended but gives incorrect results, and harms following
from (intentional or unintentional) misuse of the technology.

* If there are negative societal impacts, the authors could also discuss possible mitigation
strategies (e.g., gated release of models, providing defenses in addition to attacks,
mechanisms for monitoring misuse, mechanisms to monitor how a system learns from
feedback over time, improving the efficiency and accessibility of ML).

Safeguards

Question: Does the paper describe safeguards that have been put in place for responsible
release of data or models that have a high risk for misuse (e.g., pretrained language models,
image generators, or scraped datasets)?

Answer: [NA]
Justification: Our research does not involve the high risk for misuse.

Guidelines:
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» The answer NA means that the paper poses no such risks.

* Released models that have a high risk for misuse or dual-use should be released with
necessary safeguards to allow for controlled use of the model, for example by requiring
that users adhere to usage guidelines or restrictions to access the model or implementing
safety filters.

 Datasets that have been scraped from the Internet could pose safety risks. The authors
should describe how they avoided releasing unsafe images.

* We recognize that providing effective safeguards is challenging, and many papers do
not require this, but we encourage authors to take this into account and make a best
faith effort.

12. Licenses for existing assets

Question: Are the creators or original owners of assets (e.g., code, data, models), used in
the paper, properly credited and are the license and terms of use explicitly mentioned and
properly respected?

Answer: [Yes]
Justification: We mentioned and cited the packages we used in Appendix D.
Guidelines:

¢ The answer NA means that the paper does not use existing assets.
* The authors should cite the original paper that produced the code package or dataset.

 The authors should state which version of the asset is used and, if possible, include a
URL.

* The name of the license (e.g., CC-BY 4.0) should be included for each asset.

* For scraped data from a particular source (e.g., website), the copyright and terms of
service of that source should be provided.

 If assets are released, the license, copyright information, and terms of use in the
package should be provided. For popular datasets, paperswithcode.com/datasets
has curated licenses for some datasets. Their licensing guide can help determine the
license of a dataset.

* For existing datasets that are re-packaged, both the original license and the license of
the derived asset (if it has changed) should be provided.

« If this information is not available online, the authors are encouraged to reach out to
the asset’s creators.
13. New assets

Question: Are new assets introduced in the paper well documented and is the documentation
provided alongside the assets?

Answer: [NA]
Justification: The paper does not release new assets.
Guidelines:

* The answer NA means that the paper does not release new assets.

* Researchers should communicate the details of the dataset/code/model as part of their
submissions via structured templates. This includes details about training, license,
limitations, etc.

* The paper should discuss whether and how consent was obtained from people whose
asset is used.

* At submission time, remember to anonymize your assets (if applicable). You can either
create an anonymized URL or include an anonymized zip file.

14. Crowdsourcing and research with human subjects
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Question: For crowdsourcing experiments and research with human subjects, does the paper
include the full text of instructions given to participants and screenshots, if applicable, as
well as details about compensation (if any)?

Answer: [NA]
Justification: The paper does not involve crowdsourcing nor research with human subjects.
Guidelines:

* The answer NA means that the paper does not involve crowdsourcing nor research with
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or other labor should be paid at least the minimum wage in the country of the data
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Question: Does the paper describe potential risks incurred by study participants, whether
such risks were disclosed to the subjects, and whether Institutional Review Board (IRB)
approvals (or an equivalent approval/review based on the requirements of your country or
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Answer: [NA]
Justification: The paper does not involve crowdsourcing nor research with human subjects.
Guidelines:
* The answer NA means that the paper does not involve crowdsourcing nor research with
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* Depending on the country in which research is conducted, IRB approval (or equivalent)
may be required for any human subjects research. If you obtained IRB approval, you
should clearly state this in the paper.

* We recognize that the procedures for this may vary significantly between institutions
and locations, and we expect authors to adhere to the NeurIPS Code of Ethics and the
guidelines for their institution.

* For initial submissions, do not include any information that would break anonymity (if
applicable), such as the institution conducting the review.

Declaration of LLM usage

Question: Does the paper describe the usage of LLMs if it is an important, original, or
non-standard component of the core methods in this research? Note that if the LLM is used
only for writing, editing, or formatting purposes and does not impact the core methodology,
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Answer: [NA]
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important, original, or non-standard components.
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A Preliminaries

A.1 Riemannian geometry

In this appendix, we introduce key concepts in Riemannian geometry briefly discussed in Section 2.
We mainly mention the known results, and omit the proof and well-definedness of definitions. For
detail, interested reader can find relevant material in textbooks, e.g., [Leel12, Leel8, Bou23].

A Riemannian manifold is a manifold equipped with an inner product for each tangent space, called a
Riemannian metric.

Definition A.1 (Riemannian manifold). A Riemannian manifold (M, g) is a real smooth manifold
equipped with a Riemannian metric g which assigns to each p € M a positive-definite inner product
gp(v, w) = (v, w), on the tangent space T, M.

Often, this tangent space 7}, M is conveniently expressed in the form of the vector field, which takes
a point in a manifold as an input and returns a tangent space vector at that point. Formally, the vector
field of M is defined as follows:

Definition A.2 (Vector field). A map X : C°(M) — C°(M) is called a smooth vector field if it is
a derivation, i.e., X satisfies

X.(fg)=X(Ng() + f(-)X.(9)-

Here - € M is the input of the function.

As the name derivation indicates, one can think of the vector field as a directional derivative along the
direction of the vector field. The following familiar example may help.

Example A.3 (Vector field in R%). For fe COO(Rd), p € R% and v € R?, think of a directional
derivative of f at p along direction v, d,, f (p). If we fix p and view f as a variable input, thenv € T, M
can be identified with the functional f — d,, f(p). In other words, by defining X,,(f) := d, f(p), the
value of vector field X, at each point p € M can be identified as a tangent vector v € Tde.

From now on, we will write X as a vector field, and this will mean a function X, (f) = d, f(p)
where v = X,. For the definition of a directional derivative in general manifolds, we refer to [Leel2].
We write X(M) as a set of smooth vector fields on M.

One of the fundamental structure of a manifold is an affine connection, a concept that connects
tangent spaces of different points of the manifold.

Definition A.4 (Affine connection). Let M be a manifold, and X (M) be the set of all smooth vector
fields on M. An operator V.- : X(M) x X(M) — X(X) is called an affine connection if for all
feC®(M)and X,Y € X(M) it satisfies the following properties:

1. VixY = fVxY, ie. linear in the first variable.
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2. Vx(fY) = (dx )Y + fVxY, that is, V satisfies the Leibniz rule in the second variable.

In the case of Riemannian manifolds, we have a natural connection induced from the Riemannian
metric, called Levi-Civita connection.

Definition A.5 (Levi-Civita connection). For a Riemannian manifold (M, g), let X(M) be a set
of smooth vector field on M. The Levi-Civita connection is the unique affine connection V.- :
X(M) x X(M) — X(M), satisfying the following properties:

1. VxY — Vy X = [X,Y], i.e. it is torsion-free. Here, [-,-] denotes a Lie bracket.

2. X(g(Y,2)) =9g(VxY,Z)+ g(Y,VxZ), that is, the connection is compatible with the
metric g.

The choice of the affine connection determines multiple geometric concepts. One fundamental
concept is geodesic curve, which is a constant speed curve on the manifold.

Definition A.6 (Geodesic). A smooth curve y : [0, 1] — M is called a geodesic curve if V4 = 0.

A Riemannian manifold is called complete if any two points are connected by some geodesic. We
will always assume M is a complete Riemannian manifold.

We say a Riemannian submanifold M C M is totally geodesic if for everyv € T M, the geodesic
with respect to M, +,, lies entirely in M.

Equipped with the notion of geodesic, one can define the exponential map and logarithmic map on a
Riemannian manifold.

Definition A.7 (Exponential map, logarithmic map). Let p € M.

1. Forany v € T,M, one can define a geodesic curve vy, : [0,1] — M such that 7,(0) = p
and ,/(0) = v. Then, one can define a map exp,(v) := v,(1). This map is called the
exponential map.

2. It is known that the exponential map is a local diffeomorphism on U, the open neighborhood
of 0 € T, M. Therefore, one can define log, q := exp, ' (q) for q € exp,(U). This map is
called the logarithmic map.

To understand the notions of the exponential map and logarithmic map, we illustrate these concepts in
the Euclidean case. In the Euclidean space, expp(v) = p+vandlog, g = g — p. In other words, the
exponential map moves p along the tangent direction v, and the logarithmic map returns the tangent
direction from p to q.

Note the logarithmic map is only defined locally. While our analysis assumed the global existence
of the logarithmic map over the geodesically convex subset N (Assumption 3.1), whether there is a
global logarithmic map is not always guaranteed.

Another geometric concept induced from the connection is a covariant derivative, a notion of
differentiation of the vector field along the curve [Bou23, Definition 5.28, 5.29].

Definition A.8 (Vector field along the curve). Let v : [0,1] — M be a smooth curve. A map
Z :[0,1] = T'M is called a vector field on v if Z(t) € Ty M for all t € [0,1]. We write the set of
vector fields on v as X(7).

Definition A.9 (Covariant derivative). Let «y : [0,1] — M be a smooth curve and V be an affine
connection. Then, the covariant derivative is the unique operator Dy : X(v) — X(v) satisfying the
following properties for all Y, Z € X(v),W € X(M), g € ¢>*(]0,1]) and a,b € R:

2. Di(9Z) = ($9)Z + gDi(Z).
3. (D(W o)) (t) = VW forallt € [0,1].
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If V is the Levi-Civita connection, then the covariant derivative also satisfies

%(Y, Z) = (DY, Z) + (Y, D, Z).

Parallel transport is a notion of transporting vectors between different tangent space parallely. The
parallel transport is uniquely determined by the covariant derivative [Bou23, Defintion 10.33, 10.35].

Definition A.10. A vector field Z € X(v) is called parallel if D;Z = 0.

Definition A.11 (Parallel transport). Let v : [0,1] — M be a smooth curve. The parallel transport
of the tangent vector at T, 1,y M to the tangent vector at T,y M along the curve vy is the map

LMty : Tty M = Ty M
defined by T'(7);}(Z(to)) = Z(t1) for the parallel vector field Z € X(7).

We collect some properties of the parallel transport.
Proposition A.12. [Bou23, Proposition 10.36]

1. I‘(’y)ié is a linear map.

2. T(y)2 o D(y)it =T ()2
3. T()g o T(Y)ge = id.

4. <vaw>«/(t0) = <F(7)£;Uar(7)f&éw>7(t])'

When 7 is chosen to be the geodesic curve such that v(0) = 2 and v(1) = y, we denote the parallel
transport I'(y)4 as T'Y. When context is clear, we will denote I'Y, as the (geodesic) parallel transport
from x to y.

Remark A.13 (Properties of geodesic parallel transport). By Proposition A.12, a geodesic parallel
transport I'Y satisfies the following properties:

1. T'Y is a linear map.

2. TYol'y =id

3. (v,w), = (Thv,THw),.
Note the second property is dropped, as geodesics from x to y and y to z do not necessarily be in the
same curve.

Remark A.13 is the key properties of parallel transport used in our analysis. These properties play a

pivotal role when we define the parallel transport in 2-Wasserstein space (Proposition A.30).

The last geometric concept induced from the Levi-Civita connection is curvature.
Definition A.14 (Riemannian curvature). The Riemannian curvature tensor R(-,-)- : X(M) x
X(M) x X(M) — X(M) is defined by the following formula:
R(X,Y)Z =VxVyZ —-VyVxZ -V xy|Z
where [-, -] denotes a Lie bracket.
The key geometric quantity in our analysis is sectional curvature, which generalizes Gaussian
curvature in a 2-dimensional surface.
Definition A.15 (Sectional curvature). Let p € M, and denote ¥, a set of two-dimensional subspaces
in T,M. The sectional curvature K : 3, — R is defined by the following formula:
R(u,v)v,u
Ko — R0,

= 2 2
l[ully [lvll, = (u,v)

2
p

where {u, v} is a basis of oy.
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Note that we can write this sectional curvature as a function of two linearly independent vectors in
T}, M as well. In particular, if u, v are orthonormal, then K (u,v) = (R(u,v)v, u),.
A Riemannian manifold is called flat if for all p and o, sectional curvature K (c,) = 0, positively
curved if K (o,,) > 0, and negatively curved if K (o,) < 0.

A.1.1 Functional properties of functions on Riemannian manifolds

In this appendix, we introduce additional functional properties of functions on a Riemannian manifold.

We begin with introducing the notion of geodesically convex set.

Definition A.16. [Bou23, Definition 11.2] Let (M, g) be a complete Riemannian manifold. N C M
is called geodesically convex subset of M if for all x,y € N, there exists a geodesic v : [0,1] = M
such that ¥(0) = z, v(1) =y, and v(t) € N forall t € [0, 1].

Next, we introduce the notion of geodesic convexity and smoothness.

Definition A.17 (Geodesic convexity and smoothness). Let f : N — R be a differentiable function.
1. f is called geodesically a-strongly convex if for all x,y € N
f9) = f() + (Grad f (2), log, ), + 5 (z.p).
If o = 0, we say f is geodesically convex.

2. fis called geodesically L-smooth if for all x,y € N
||FZ Grad f(y) — Grad f(:n)”z < Ld(z,y).

Now, we show the key inequality induced from the geodesic L-smoothness. This is often called
descent lemma.

Lemma A.18 (Descent lemma). If f is geodesically L-smooth, then for all z,y € N
L
f(y) < f(x) + (Grad f(2),log, y) + Fd*(w,y).

Proof. Let+y : [0,1] — M be a geodesic curve such that y(0) = z, v(1) = y. By the definition of
the Riemannian logarithmic map, we get 4'(0) = log,, y. By Fundamental Theorem of Calculus and
properties of the parallel transport,

=
<
S~—
I
~
—
=2
~—~
i
S~—"
S~—
I

FOO)+ [ GO = @)+ [ (Grad fa ). 1)

= f(z) + /01 <Fzgg)) Grad f('y(t)),vl(())> dt = f(z) + /01 <Ff{(t) Grad f(v(t)), log, y> dt.

Then, by subtracting f(z) + (Grad f(x),log, y) from the both hand sides,

) = £(@) = (Grad (). 1ok, 9) = | (V5 Grad F(2(8)) = Grad £ (o). log, )

0 [t
< [ ez Graa £2(6) = Graad (@) hog, ol

i 1 Gi) !
< [ La6). 2. )i ® Loy [
0 0

L
:ng(xay)

For (i) we used Cauchy-Schwartz inequality, and for (ii) we used L-smoothness property. For (iii)
we used the fact that the geodesic curve satisfies d(z,~(t)) = td(z,y) due to the constant speed
property. |
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Note we used this descent lemma as the definition of the geodesic L-smoothness in the main body.
This is because we wanted to make the correspondence with V7 -geodesic smoothness. For our
VT -geodesic smoothness, Lipschitz gradient type condition no longer implies (3.3) for general V7T,

unless v/ (¢) = (Vﬂ/gg))) +'(0) for a curve v, where x denotes the adjoint operator. On the other

hand, it turns out that our results only require (3.3) rather than Lipschitz gradient type condition, thus
we stayed with Definition 3.5 to pursue the generality.

A.1.2 Product Riemannain manifold

In Appendix A.2.1, we will encounter a product manifold. To that end, we present some preliminary
facts here. We omit the details and simply list a few useful results. For more information on product
Riemannian manifolds, we refer the reader to [Leel8].

Definition A.19 (Product Riemannian manifold). A product Riemannian manifold is a manifold
M = My x My such that each (M, g1) and (Ma, g2) are Riemannian manifolds, and the Riemannian
metric g is defined by the product metric:

g ((X1,X3),(Y1,Y2)) = g1(X1, Y1) + g2(X2, Y2).

Product Riemannians manifold have useful properties that make the computation easier.

Theorem A.20 (Levi-Civita connection of a product Riemannian manifold). The Levi-Civita con-
nection of a product Riemannian manifold (M, g) = (M1, g1) X (Ma, g2) satisfies the following
property:

Vix1,x)(Y1,Y2) = Vi x, Y1 © V3 x,Ya.

The following corollary is a direct consequence of the definition of Riemannian curvature, Lie bracket,
and Theorem A.20.

Corollary A.21 (Riemannian curvature of a product Riemannian manifold).
R((X1, X3), (Y1,Y2)) (21, Z2) = Ri(X1, Y1) 21 & Ry(X3,Y2) Zo.

Lastly, we obtain the following collorary, which will play an important role in our later section.

Corollary A.22 (Sectional curvature of product Riemannian manifold). Ler (u,us2), (v1,v2) be
orthonormal vectors in T,M. Write A; := ||u;||* |v:||” — gi(us, v:)2. Then,

K ((ul,uQ), (1}1, 1}1)) = AlKl(ul, 1}1) + AQKQ(UQ,UQ).

Proof. From Definition A.15, Definition A.19, and Corollary A.21, we have
K ((u1,uz2), (v1,v2)) = g (R((u1, u2), (v1,v2))(v1,v2), (u1,u2))
= g ((R1(u1,v1)v1, Ro(ug, v2)ve), (u1,us2))
= g1(R1(u1,v1)v1,u1) + ga(Ra(uz, v2)v2, uz)
= A1 K (u1,v1) + As Ko (ug, v2).

In particular, if K; = 0, i.e., one of the spaces is flat, the the curvature behavior of the product
manifold is entirely determined by K. This will be the case in Appendix A.2.1.

A.2 Wasserstein geometry

In this appendix, we introduce the core concept of Wasserstein geometry, which is one of our key
application. We write the space of probability measures with a finite pth moment on R? by Pp(Rd).
Again, we mainly introduce the known results without proofs. For interested readers, we refer to
[Vil08, AGS08, San14, Che24].

For y1, v € Pp(R?), let T'(11, ) be a set of couplings of ; and v. Wasserstein distance between  and
v are defined as follows.
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Definition A.23 (Wasserstein metric). Let j1,v € P,(R?). Denote T'(u,v) to be a set of coupling
measures of | and v. p-Wasserstein distance between i and v is defined as follows:
WP(u,v) = inf Eyen [z —y|F].
2v) =l Egpes (o=l
This is known to be a well-defined metric. A metric space (P,(R%),W,) is called p-Wasserstein
space.

2-Wasserstein space is typically a more interesting space compared to other p-Wasserstein spaces due
to its geometric properties. [Bre91, JKO98, Ott01] found out that if we restrict our attention to the
probability measures which are absolutely continuous with respect to Lebesgue measure and have
a finite second moment, denoted by Ps 4.(R?), then (P ,.(R?), W) endows a richer geometric
properties. Specifically, while (Ps 4.(R?), W5) is not precisely a Riemannian manifold, its geometry
is almost same to the non-negatively curved Riemannian manifold.

The reason (P2 q.(R%), W2) endows a Riemannian structure is rooted from the following theorem
[Bre9l]:
Theorem A.24 (Brenier Theorem). If jt,v € Pa 4c(R?), then

2 _ . _ 2 . a2
Wa(p.v) = TEL? () . Ty —v Earn {HT(JJ) 2l } N TGLZ(#r)nsl.{lT#M:u”T 2 gy -

Denote the minima as T, ,. Then T, , is a gradient of some convex function ¢ on R? p-a.e.
Furthermore, T, , o T,, ,, = id. The minima T,, ,, is called the optimal transport map from p to v.

Theorem A.24 gives a notion of tangent direction at .

Definition A.25 (Riemannian metric in 2-Wasserstein space). For y € Wy(R?), a tangent space
L2

of pis TyPa.ac(RY) = {V¢ | ¢ € C=(RY)} W L2(p). Here, C°(R%) is a set of compactly

supported smooth functions on R%. The Riemannian metric is defined as a L*(y)-inner product. In

other words, (v, w), = Ez,[(v(z), w(z))].

Remark A.26 (Interpretation of the tangent space). By Brenier theorem, T,, , = V ¢. For arbitrary

A >0, it follows that A\(T), , — id) = V(A — )\w) € T, P2.ac(RY). This implies that the tangent
space T\, Pz qc(R?) can be interpreted as the set of scaled displacement fields (T}, ,, —id). If X ~ p
andY ~ v, then (T, , — id)(X) = XY — X), which corresponds to directions in the usual
Euclidean sense. From this perspective, the tangent space is naturally constructed to represent
Euclidean directions at the level of individual particles.

One can naturally define a geodesic curve in (Ps,4.(R?), W5), by pushforwarding the interpolation
between particles to the measure space.

Definition A.27 (Geodesic in Wasserstein space). A geodesic curve 7y : [0,1] — Pa 4.(R?) such that
v(0) = pand (1) = v can be defined as follows:

V(1) = (1= t)id +1T,,) ., -

The exponential map and logarithmic map are then defined accordingly.

Definition A.28 (Exponential map and Logarithmic map in Wasserstein space). For i, € Py 4.(R%)
and v € L%(1), exponential map and logarithmic map of (P2 ..(R?), Wa) are defined as follows:

expu(v) = (v +id) g,
log, (v) =T}, —id.
A favorable property of 2-Wasserstein space is that the exponential map (and accordingly logarithmic

map) is globally well-defined on £2 (1), i.e., 2-Wasserstein space satisfies Assumption 3.1.

This Riemannian structure induces 2-Wasserstein metric. Observe the Riemannian distance in-
duced from the above structure coincides with the Wasserstein distance; d(u, v)? = || log, v|* =

Ty = id|* = W3 (1, v).

One can define a geodesic parallel transport as well.
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Definition A.29. [AGOS, Parallel transport] For ji,v € ’Pg’ac(Rd) andv € TMPQ,QC(Rd),

wi=1,(voT,,).

Here, 11. is a projection operator L>(-) — T.Pa 4.(R?).

This definition of parallel transport is not entirely satisfactory, as it involves the operator II. which
lacks an explicit form. However, recall our analysis only requires the properties of parallel transport
in Remark A.13. It turns out that even if we drop II. and consider I'jv = v o T}, , as a parallel

transport onto £2 (), the corresponding parallel transport still has properties in Remark A.13, which
are sufficient for our analyses.

Proposition A.30 (Transfer lemma). For ji,v € Pa 4.(R?) and v € L2(1), define Thv:=voT,,
Then,

1. T%, is linear operator on L*(p).
2. T 0Tt = id

3 (vw), = <1"ZU,FZw>V.

Proof. Property 1 is direct: for v,w € £*(p) and a,b € R, T}, (av + bw) = avo Ty, +bwo T, =
al’j v+ 0L w.

Property 2 is from Theorem A.24.

Property 3 is a direct consequence of the change of the measure formula:

(v, ), = /<v(fﬂ)7w(x)> d(Ty ) () = /<U o Ty (@), wo Ty y(x)) dv(z) = (Tjv, Thw), .

Therefore, by Proposition A.30, we can use the un-projected parallel transport - o T}, , as a parallel

transport I') - and L2 (1) as the tangent space for our analysis. In fact, such parallel transport and

tangent space are sufficient for other first-order Wasserstein gradient flow analyses as well (e.g.,
[AGS08, SKL20]).

Now, we introduce a sectional curvature in 2-Wasserstein space. To establish this, we introduce the
continuity equation and the notion of covariant derivative in the 2-Wasserstein space.

Definition A.31 (Continuity equation). Let y1; be a flow in Pa o.(R?). For given ju, there exists a
vector field v, € L%(p;) such that
Orpe = —div(pgvy).

Such vy is called a (velocity) vector field of the flow L.

One can think of v; as a velocity at y, and plays a similar role as +'(¢) in Riemannian manifolds.

Definition A.32 (Covariant derivative). A covariant derivative of wy € T, MPQﬂC(Rd) along a curve
L+ is defined by the following formula:

FMthtJrh — Wy
Vo, wy =11 lim —# —% "t )
vt Bt \ 50 h

Here, T is a parallel transport defined in Definition A.29, and v, is a vector field of the flow pi;.

We are ready to introduce the result that 2-Wasserstein space is non-negatively curved.

Lemma A.33. Let v, wy be orthonormal elements in T}, P qc (Rd). Then, the sectional curvature of
the subspace spanned by these two tangent vectors is as follows:
2
Ky, (v, we) = 3| Vv - we — Vi, vl 22,

where the first V is Euclidean gradient, and the second V., v is a covariant derivative.
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We refer to [AGO8, Proposition 7.2] or [Lot07, Corollary 5.13] for the derivation.

The last ingredients we need for the analysis of the Wasserstein space are notions of gradient. The
concept is defined as an analogous manner to the Riemannian case. Again, we omit the detail and
just present the result.

Wasserstein gradient is defined analogously to the formula d,, f(x) = (Grad f(z),v), in Riemannian
manifold.

Definition A.34 (Wasserstein gradient). For a functional F : Pg,ac(Rd) — R, the Wasserstein
gradient of F at i is an element of L* (o) satisfying the following equation:

815]:(#1‘,)’15:0 = (Gradw2 ‘F(/LO)’UO>MO :
Here v, is a vector field of the flow pi;.

One has the following explicit formula:

0F (1)

Gradw, F(u) =V 5

Here, V is Euclidean gradient and % is the first variation.

Here, the role of 7/ (0) is changed to vg. For the derivation we refer to [Che24, Theorem 1.4.1].

A.2.1 Bures-Wasserstein geometry

In this appendix, we briefly introduce Bures-Wasserstein space BW (R?), a space of Gaussian
measures equipped with W5 metric. Main takeaways of this appendix are as follow:

1. BW(RY) is a product Riemannian manifold with non-negative sectional curvature.

2. BW(R?) is a geodesically convex subset of (P ,.(R?), W5) and totally geodesic submani-
fold. In this regard, we can take N = BW (R?) for our algorithm.

3. This example shows how one can parameterize the transport map to make the algorithm
implementable as in Equation (5.3).

4. This example confirms that BW (R?), and therefore the 2-Wasserstein space, do not admit the
curvature upper bound. Consequently, existing acceleration methods requiring the curvature
upper bound are not well-suited for solving the optimization problems in Wasserstein space.

Again, we briefly list the results. For detail, we refer to [Tak09, BJL19, ACGS21, LCBT22,
DBCS23].

Definition A.35 (Optimal transport map between Gaussian). The optimal transport map between
o = N(mo, Xo) and p1 = N(mq,Xq) is defined as follows:

T () = ma + 252 (55280552502 (2 — m).

Definition A.35 saids the optimal transport map between Gaussians is an affine map. This fact
provides two favorable results.

First, since affine transform of the Gaussian is also a Gaussian, from Definition A.27 every geodesic
interpolation between two Gaussians is also Gaussian. This shows BW (R?) is a geodesically convex
subset of 2-Wasserstein space. In addition it implies BW (R?) is totally geodesic submanifold of
2-Wasserstein space [Leel8, Exercise 8.4].

Second, we can identify u = N(m,X) = (m, %) € R? x SPD(d) and T,BW (RY) = (a,S) €
R4 x Sym(d). Here, SPD(d) is the space of R4*?¢ symmetric positive definite matrices, and Sym(d)
is the space of R?*¢ symmetric matrices. By writing an affine map as T'(z) = a + S(x — m) for

fixed m (which is the mean of u), any affine map starting at u = N (m, X)) can be parameterized
by (a, S). Under this identification, we can view BW (R?) space as a product Riemannian manifold
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of R? x SPD(d) (Appendix A.1.2). Then one can parameterize every quantity in Appendix A.2 by
this product manifold sense. For instance, the vector corresponding to the optimal transport map is
(ma, B0 (2072120250 12).

Then, we can define Riemannian metric, exponential map, logarithmic map, and Bures-Wasserstein
gradient in terms of parameters as well.

Definition A.36 (Riemannian metric of Bures-Wasserstein space). Let 1 = N(m,X). The Rieman-
nian metric of BW (R?) is define by

<(a0750)7 (alvsl»p = <a’07a'1>Rd +t7’(S0251).

Definition A.37. [LCB*22, Appendix B.3] Let p; = N(m;,%;). The exponential map and a
logarithm map in BW (R?) are defined by

expy, ((a,5)) = N (a+mo, (S + DTo(S + 1)),
log,,, (1) = (m1 —mo, S5 /(55515 2552 — 1.

Note the exponential map is only defined when det(S + I) # 0 (more precisely, for all geodesic
interpolations to be well-defined, one needs —I < S). Hence, Bures-Wasserstein space is not
geodesically complete.

Definition A.38. [LCB™22, Appendix B.3] Bures-Wasserstein metric of the functional F can be
written as a function on R x SPD(d), the space of the mean and covariance. Then, for m € R and
¥ € SPD(d),

Gradpw F(m, X) = (Vi F(m, X), 2V F(m, X)).

See [LCB 122, DBCS23] for further discussion.

Using the isometry between the function representation and the vector-matrix representation of
T,B W (R?), we can define the following operation, which can be used to construct the (un-projected)
parallel transport.

Definition A.39. For (a,S) € T,, BW(R?) and (b,R) € T,,BW(RY), we have the following
operation.
(a,S)o (b,R) = (a+ Sb— Smy,SR).

In particular,
) —1/2/1/2 1/2 —1/2
FEZ?,ES(‘% S) = (a, 5%, / (Eo/ E120/ )25, / )
Some works adopt an alternative definition of the Bures—Wasserstein metric; we make a remark that
this definition is equivalent to the one we present here. This remark plays a pivotal role when we
conduct actual calculation in BW (R?) space (Appendix C).

Remark A.40 (Equivalent formulation of Bures-Wasserstein metric). In some works (e.g.,
[HMJG21]), BW (RY) metric is defined as ((a, S), (b, R)), = (a,b)ga + 1 tr(Ls(S)R), where
Lx:(S) is the Lyapunov operator defined via the solution of Lx(S)X + X Lx(S) = S. While it has
the different form with what we introduced earlier, these two formulations turned out to be equivalent:
our formulation is from Wasserstein perspective, and the other formulation is from Riemannian
perspective. In our setup, we define the tangent vector to directly parameterize the optimal transport
map. That said, this does not directly fit with the Riemannian framework. For instance, if we con-
sider the curve ~y(t) = exp,,(t(a, S)) defined by our exponential map, then the velocity att = 0 is
4(0) = (a, ST + £5), which does not coincide with the tangent vector (a, S). By contrast, under
the Lyapunov operator based definition, the initial velocity is exactly 4(0) = (a, S). However, since
there is a one-to-one correspondence between SY + XS and S for a given ¥, one may regard these
two definitions as equivalent by identifying the tangent vector with vy = S whenever the velocity
4(0) = SX + XS appears. One can change all corresponding quantities accordingly, and these two
definitions turned out to be equivalent. We have chosen our formulation because it leads to a simpler
algorithm (5.3) that avoids solving the Lyapunov equation.
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Lastly, we end up with the analysis of the curvature of BW (R?). In particular, we show the result
that even BW (R?) space does not allow the curvature upper bound, indicating that the 2-Wasserstein
space does not have the curvature upper bound as well.

By applying Corollary A.22 and the flatness of Euclidean space, we obtain the following result:

Corollary A.41. For any 1 € BW (R?) and {(a, S), (b, R)} orthonormal vectors in T, BW (R%) =
RY x Sym(d),

Kpw s (a,9), (b, R)) = (t:(SES) tr(RER) — tr(SER)?) Ky, (rexa)(S, R).

Therefore, to analyze the curvature of BW (R?), it is sufficient to analyze the space of positive
definite matrices, without accounting for the mean component. In this regard, without the loss of
generality we consider u = N(0,X). Then, since ¥ is a symmetric positive definite matrix, it is
diagonalizable, and therefore we can write ¥ = PD()\;)P? with P being an orthogonal matrix
and all real positive eigenvalues \;. Then, it is known that Sym(d) is spanned by the following
orthonormal basis [Tak09]:
{ P(Eyy + Egq)PT P(E; — Ej;)PT
e+ = =, fij =

;€45 =
VAL+ A ! NOYEDY

where E;; is a matrix with only its (7, j) entry is 1 and 0 otherwise.

ooy

HEU+EmPT}
1<i,j<d

Using this orthonormal basis, we can characterize all of the sectional curvature in SPD(d) as follows:

Lemma A.42. [Tak09][Sectional curvature of Bures-Wasserstein space]

3N,

K(ey, fij) = v 200 ) (i=1lorj=d),
K(eir, fij) = Ot )\?;21?)]\1 W (J # k),

K(eij: fij) = m,

K(fij, fix) = 3252 (J # k),

(N + X)) (A + Ae) (N + Ax)

K (any other combinations) = 0.

This explicit form indicates that the curvature upper bound at 1 depends on the smallest eigenavalue
of the covariance matrix X. Since the space of symmetric positive definite matrices does not have
the uniform positive eigenvalue lower bound, BW (R?) does not have the uniform curvature upper
bound. See [Tak09] for more discussions on the sectional curvature of BW (R?) space.

In general, the curvature of a submanifold and the curvature of its ambient manifold needs not be
the same. However, if the submanifold is totally geodesic, by Gauss formula [Leel8, Theorem 8.2]
and the fact that the second fundamental form vanishes [Leel8, Exercise 8.4], the curvature of the
submanifold coincides to the curvature of the ambient manifold. Since BW (R?) is a totally geodesic
submanifold of the 2-Wasserstein space [CL20], Lemma A.42 implies that 2-Wasserstein space also
does not have the sectional curvature upper bound.

B Deferred proofs

B.1 Deferred proofs for Section 3

Proof of Proposition 3.7. If f is VT -geodesically smooth with base b € M and V7 -geodesically
convex, then we take

z = exp, (—i (FZ Grad f(y) — I} Grad f(z)) + log, y) .
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z € N from the condition we assumed. Then,
f(@) = fly) = f(z) = f(2) + f(2) — f(y)
L
< - <V7—I; Grad f(x),log, z — log, $>b + <VTZ Grad f(y),log, z — log, Z/>b + B [logy, 2 — log,, y”i

<VTZ Grad f(z),log, = — log, y>b — <V7'Z Grad f(x),log, z — log, y>b

L
+ <V’TZ Grad f(y), log, z — log, y>b Ty g, = — logy, yll;
2
‘VTZ Grad f(y) - VT, Gradf(x)”b '

(V7 (oo, |

B.1.1 Additional discussions on Proposition 3.7

In Euclidean space, the important property of convex and L-smooth function is that the following
inequality holds [Nes14, Theorem 2.1.5]:

F() = $@) (VS (@)y = ) = 5 195 () = V@) 2 0. ®.1)

Such inequality is sometimes referred as co-coercivity type inequality or interpolating inequality, and
works as the core inequality for some optimization algorithms, e.g. algorithms based on Performance
Estimation Problem (PEP) [THG17, AP24c] or some recent adaptive methods [SM25]. A natural
Riemannian analogue of (B.1) would be written as follows:

1 - 2
f(y) = f(x) = (Grad f(x),log, y) — 57 [} Grad f(y) — Grad f(2)[" = 0. (B2)
We show the same proof strategy in Appendix B.2 can be applied to obtain the sufficient condition
for (B.2) as the special case.

In fact, we provide more general result. We show, if f is generalized geodesically convex and for
all 2,y € N, and f satisfies z := exp, (—1 (Grad f(y) — I'Y Grad f(z))) € N, then we show
(B.2) is equivalent to geodesic L-smoothness. Hence, generalized geodesic convexity and geodesic
smoothness, under additional technical assumption, imply (B.2).

For this result, we will use the L-Lipchitz gradient for the definition of geodesic L-smoothness, as
defined in Definition A.17, Recall L-Lipchitz gradient implies quadratic upper bound (Definition 2.2)
by Lemma A.18.

We need to introduce the notion of co-coercivity.

Definition B.1 (Geodesic co-coercivity). A differentiable function f : N — R is called geodesically
co-coercive if forall x,y € N

(T Grad f(y) — Grad f(z),log, y) > % HFZ Grad f(y) — Grad f(x)H2 .

The geodesic co-coercivity condition links L-smoothness and (B.2). The next lemma is a general
version of Proposition 3.7, which shows the relationship between L-smoothness, co-coercivity, and
(B.2).

Lemma B.2. For a differentiable function f : N — R, The below relationship holds:

(B.2) 4 geodesic co-coercivity @ geodesic L-smoothness.

In addition, suppose for all x,y € N, f satisfies z := exp, (f% (Grad f(y) — T'Y Grad f(x))) €
N. Then, if f is generalized geodesically convex,

geodesic L-smoothness L (B.2).
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Proof. (i): By applying (B.2) for (z,y) and (y, z) and using Lemma C.9, one gets
1 " 2
Fy) = J(z) - (Grad f(2),log, y) — 5= [T Grad f(y) — Grad f(z)]|* > 0,

flz) = fly)+ <Fz Grad f(y), log, y> — % Hl"; Grad f(y) — GI‘&df(SC)H2 > 0.

Summing up two inequalities, one gets

(I Grad f(y) — Grad f(z),log, y) > % HF; Grad f(y) — Grad f(;v)H2 .

(ii): Using Cauchy-Schwartz inequality on the co-coercivity condition, one gets
1 xT 2 xr
I ||Fy Grad f(y) — Grad f(z)||” < HI‘y Grad f(y) — Grad f(z)|| |[log, ¥/ -

Since ||log, y|| = d(z,y), one gets the result.

(iii): We follow the same proof strategy as in the proof of Proposition 3.7. Take z =

exp, (—1 (Grad f(y) — 'Y Grad f(x))). Write f(z) — f(y) = f(x) = f(2) + f(2) = f(y). Then,

using generalized geodesic convexity with base y and Lemma A.18,
f@) = fly) = f@) = f(2) + f(2) = Fy)
L
< - <1“g Grad f(z),log, z — log, gc> + <Grad f(y),log, z> + 3 Hlogy zH2

=-— <ngc Grad f(z), f%(Grad f(y) = T'Y Grad f(z)) — log, ac>

+ ((Grad ().~ (Grad () - T Grad /() )
+ 57 Grad f(y) ~ ¥ Grad f(@)]*
= <FZ Grad f(:z:),logy x> — % IGrad f(y) — 'Y Grad j"(a:)||2
= —(Grad f(z),log, y) — i ||I‘$ Grad f(y) — Grad f(:C)H2 .
Here, we again used Lemma C.9 for the last equality. This is equivalent to the desired inequality. m

B.2 Deferred proofs for Section 4

This appendix contains the proofs of Section 4. While the overall proofs follow [AP24c], to clarify
that the Riemannian settings are properly taken into accout, we provide the full explicit proofs.

Before we proceed, we introduce simplified formulation of Q);;.;,. By simply expanding the squared
norm term, one can write ;5. as follows:

Qijp = 2f(z;) —2f(x;) — 2 <VTZ;]_ Grad f(x;),log, x; — log, .’L‘j>b

- HVT*;“ Grad f(z:)|

- HVTI;J_ Grad f(z;)

2
+2 <VTf;j Grad f(x;), VT2, Grad f(xi)>b .

T
This formulation will be used frequently for the rest of the proof.
In addition, we also use the following formula for the intermeidate calculation.

Lemma B.3. Set L = 1. The following equality holds.

2
|08y 2. — log, @ + (212) VT, Grad f(z,)||, - logy . — log, ;.

2
= (4r3)t HVTZ Grad f(zn) \ +rt <VT§’M Grad f(zp),log, z. — log, xn>b

+ >

=0

VT Grad f(z;)

) n—1
2 ; ni (VT Grad f(z:),log, . — log, xi>b
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Proof of Lemma B.3.

‘ 2
b

1
LHS = — |log, 7.~ log, wol; + [log, . — log, all; + 75 HVTZ Grad f(zn)
k

1
+ o <10gb . — logy ,,, VT" Grad f(mn)>b

2 2 2
= — |[logy, 7. — log;, zoll; + |[log, z« — logy, zp 1]l + [|log, 2, — log, zn—1l[;

— 2 (logy « — logy, xy,—1,logy x, — log, xp_1),

+ R HVTn Grad f(xy) , + a <logb r. —log, x,, VT, Grad f(xn)>b

@ 2
% — ogy . — log, xoll; + gy . — log, w1} + 12y |[VTh_y Grad flaa—)||,

+2np1 <10gl7 xy — logy xp_1, V’Tl;n_l Grad f(xn,1)>b

+ 471% HVTQ Grad f(a)

2+i<1 ~1 VT Grad f( )>
b " Ogb - Ogb T,y n ra In b

For (i), we used log;, x; — log, x;—1 = —771-,11)7'21_71 Grad f(x;—1).

Now, do the same decomposition on logy 2. — log; 2,1 by (log, €. — logy Xn—2) — (logy Tp—1 —
log;, €,,—2) and use logy z; — log, x;—1 = —771‘71]}7—2:1-,1 Grad f(x;—1). Iteratively conducting this
procedure until x yields the desired claim. |

The following lemma is the main component of the proof of Theorem 4.1. Without loss of generality,
set L = 1. We also set n = 2¥ — 1 for some k € N.

Lemma B.4. Let the conditions of Theorem 4.1 be true. Then, for suitably chosen \;; > 0,

1
Z AijQijp = E(f(ﬂﬁ*) — f(zn)) + |log, 2. — log, zol|;
1,§=0,...,m%

9 (B.3)

1
logy, z. — logy xp, + o VT? Grad f(z,)
- n

b

Once we establish Lemma B.4, the proof of Theorem 4.1 is direct.

Proof of Theorem 4.1. First consider the case L = 1. By Lemma B.4 and (3.1), one gets

2
f(xn) = f(.) <y [log, 2. — logy ol -
This proves the desired convergence rate for L = 1.

For general L, let g = % f. Then, by the linearity of the vector transport (which is assumed) and the
Riemannian gradient, g satisfies (3.1) with L = 1. By applying L = 1 case on g, one gets

() — F(22)) = 9lare) — gl.) < i [log, 70 — log ..

To prove Lemma B.4, as in [AP24c] we will prove it by induction.

We begin with the base step of the induction.

Base Step First, we show (B.3) is valid forn =1 (k = 1).
Lemma B.5. For any arbitrary initialization o € N, consider the following VTIRGD update (4.1).

21 = expy, (logy w0 — VTS, Grad f(0))
where 19 = p — 1. Choose \;; the same as in [AP24c, Example 2], i.e.,

Moo Aot Aox 0 p 0
Mo A An | =( Lo 0o p—l (B.4)
)\*0 )\*1 )\** p_]- 2r1 0

Then, the equality (B.3) holds.
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Proof of Lemma B.5. Observe the following calculation:
1
> X Qijn = pQorb + Quow + (p = 1)@ + (p — 1)Quon + %Q*l;b
2%

= ) T o) (y7h Grad fa).domy m — oy a1 ), — p|[VT, Grad fa)|

.
—p HV’;ZO Grad f(x0) HZ +2p (VL Grad f (1), VT, Grad f(xo)>b

—2 <VTZO Grad f (o), log, 71 — log, x0>b - H\frﬁ;l Grad f(z:l)Hz - HVTZO Grad f(xo)Hj
+2 (VT Grad f(w1), VT, Grad f(x0)>b —(p-1) HVTZl Grad f(:vl)Hi

- 2( 1) <V7'b Grad f(wo), log, z. — log, x0>b —(p-1) HVTZ;O Grad f(mo)Hi

- <v7b Grad f(z1), log, s — logbx1>b - i HVTI;I Grad f(xl)Hj

1

(g2 i ot~ 2m 7, o]

F (2420 — 210p) <VT§1 Grad f(z1), VT?, Grad f(:z:o)>b

—2(p—-1) <VT5 Grad f(zo),log, 2. — log, x0>b - — <VT§1 Grad f(z1),log, 2. — log, x1>b

1

— i [vTe, Gradf(:z:o)Hb L HVT Gradf(xl)Hj

— 2 <V7'ZO Grad f(zo),logy, z. — log, x0>b o <V7'Zl Grad f(z1),logy, z. — log, x1>b

D RHS.
Here, for (i) we used again log, ;1 — log, z; = —(log, z; — log, wi41) = —n;I's, Grad f(z;),
and for (ii) we used the explicit quantity of 7, p, and 7;. (iii) holds from Lemma B.3. ]

Induction step Lemma B.5 validates that (B.3) holds for the base case n = 1. In this section, given
we have the inequality (B.3) for n = 2¥ — 1 number of iterates, we show by merging two silver
stepsizes, one can get (B.3) for 2n + 1 = 25+1 — 1 number of iterates.

Lemma B.6. Fixn = 2F — 1. Take {z:},_ 0...n C IV a sequence induced from the silver stepsize
VTRGD. Suppose there exist )\( ) > 0 such that (B 3) holds. Write

k k
Oij = Az(j)]l{i,jzo,-.»yw} + (142000, Jen—11{ij=n+1 .. 2n+1,%}
where ¥ — n — 1 is understood to mean *. Define

k+1
)\1(']'+ ) =044 + pnjﬂ{i:n,2n+1,j:n+l ..... 2n} — 2/)77]]1{2 *,j=n+1,....2n}

1 1 14+ 2p
1 ol — 1 i =x%,j=mn - 1 1=x%,j=2n
+( +p T ) {i=xj=n} T (27"k+1 9 ) {i=x,j=2n+1}

+ pliizn j=2n+1} + pk]]-{i=2n+1,j=n}
+ (1= ") L imp oy + (20 = V20M ) Limnin josy-

Then, /\Ef—H) satisfies

Z ABDQ, = f(zs) = f(@2n41)
ij ij;

,
1,5=0,....2n+1,% k+1

2
+ |[logy, . — logy, o,
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1 2

2Tk+1

logy, 2, — logy, Xan41 + VT?@TLH Grad f(z2n41)

b

In particular, if)\l(;) is chosen as in Lemma B.5, then /\g) >0forallk e Nandi,j=0,...,2F —
1, .

Proof of Lemma B.6. For the simplicity of the notation, we write g; := Grad f(x;).

From the construction of o;;, we have

S 0uQur= Y, AYQus+(1+2p) > A Qi

%,7=0,...,2n41,* 4,5=0,...,n,% i,j=n4+1,....2n41,x*

Since we assumed (B.3) in the induction, we have

1
Z 0ijQijip = — (f(2) — f(zn)) + |logy 7. — log, fon%

2,7=0,..., 2n+1,% Tk
1 2
— |logy 2. — logy x, + =—VT° Grad f(z,)
27y " b
1+2p 2
+ o (F(@) = f(@anta)) = (14 2p) [llogy @ — log, |
1 2
— (14 2p) ||logy x. — logy T2n41 + %VTZ%H Grad f(zan41)
b

‘We subtract Zi y 03Qij:» from the RHS. Using Lemma B.3, one gets

RHS — ZgijQij;b

ij

1 2+ 2,0) 1 (1 +2p 1 )
(Tkﬂ Tk fa) ka( ) i Tt f(@ans1)
2n 9 omn
2 Z i VTZT‘ Grad f(z:) b +dp Z i <10gb z, — logy @i, VTZi Grad f(zi)>b
i=n+l i=n+t1
2 1 b 2 1 ,
=\ 42 HVTxn Grad f(z,) - 20, — - <logb Ty —logy x,, VT, Grad f(a:n)>b
1 1+2p b 2
B (47’%+1 o 47"]% ) HVT$27L+1 Gra‘df(xQn-&-l)Hb
1 1+2p .
_ (rk+1 i > <logb zy — logy, Tan41, VT, ., Grad f(m2n+1)>b,

We now subtract the rest of terms in LHS. After careful calculations, one gets

2 2n
2 >
1=n+1

2
RHS =3 AFQu0 = 208 (1 4+ pF ) HVTf;n Grad f(z») VT, Grad f(w)|
4,7

2n

. b . —_ .
+ 2pi_Zn;H i <VTM Grad f(z;),log, x,, — log, xl>b

2n
+2p Z us <VT?M Grad f(z;),log, xan+1 — log, xi>b
i=n+1
2n

~20 3w, <VT5; Grad f(z;), VT% Grad f(xn)>b

i=n+1
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2n

~2p > 0 (VTS Grad f(2:), VT4, ., Grad f(z2011)),

i=n+1
+ 2p <VTI:22,1+1 Grad f(m2n+l)a logb Tpn — logb 5E2n+1>b
+ 2pk <VTZH Grad f(xn)7 IOgb Ton+1 — IOgb xn>b
—2p(p" 1 +1) <VT:I;:” Grad f(zy,), VTZ%H Grad f(x2n+1)>b =: A.
We show A = 0, which implies the desired equality. To this end, note VTI;i Grad f(x;) =

—i (logy ;41 — logy ;). Plug-in this quantity to A. Then, the second, third, and fourth terms can
be rewritten as

2n
20 Y 0}

2 2n
b ) . b . _ .
VT,, Grad f(x;) , +2p g 7 <V7-z,; Grad f(x;),log x,, — log, $Z>b

i=n+l i=n+1
2n
+2p Z us <V7'l;i Grad f(z;),log, xan+1 — log, xi>b
1=n-+1

2n
=p Z <2 [log, xi+1 — log, xl||§ — 2 (logy i1 — logy, x;,logy, x,, — logy, ),

1=n+1
— 2 (logy, i1 — log, i, logy, T2,11 — logy, 74), )
2n (BS)
2 2
0 % ( lows, ~ oy i}~ ogs o, 1oy
1=n+1

1 [llogy wanpr — 1ogy i — o8y #2ms1 — log xin;‘;)

() 2 2 2
= P <||10gb Ty, — logy Tant1ll, — [[logy, =y — logy, Tny1ll, — Illog, T2nt1 — log, l‘n+1||b>
@ —2p (logy xp, — logy Tp41,108y, Tant1 — logy Tng1),

2n

D opm, S i (VT Grad f(2,), VTS, Grad f(z,) )
i1=n—+1 b
For (i) we used the telescoping sum, for (ii) we used the fact
2 2 2
la=b" = lla—cl” =[b—cll" = =2(a —c,b =),
and for (iii) we used the fact logy x2,+1 — logy Tp41 = — Z?Z,H_l UiVTZ,- Grad f(x;).

Likewise, using the same fact,

2n
20 (VTY,,.,, Grad f(v2011), 108,20 = log, 2ons1) =203 1 (VTP |, Grad f(e2011), VT, Grad f(2.)) .

i=n

2n
2pk <V7'Zn Grad f(z,),log, ant1 — log, xn>b = —2p" Zm <V7'2;n Grad f(z,,), VTI;i Grad f(mi)>b.

(B.6)

Pluggin-in Equation (B.5) and (B.6) into A and using 7,, = 1 + p*~! yields

2
A=2p"(14 pF1) HVT?}” Grad f(z,) , + 207, <VTb

T2n+1

Grad f(zan+1), VT’;" Grad f(xn)>b

= 20", (VT Grad f(,), VT, Grad f(zn)),
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= 20(1+ ") (VT Grad f(2,), VT2, ., Grad f(v2011)),
=0
by using the facts that 7,, = 1 + p*~!. This completes the induction argument.

For non-negativeness of the coefficients, if the initialization is the same, then by [AP24c, Section
3.2] the non-negativeness is guaranteed as we selected the same coefficients. |

Equipped with Lemma B.5 B.6, Lemma B.4 is direct.

Proof of Lemma B.4. Start with the coefficients in Lemma B.5. The coefficients are clearly non-
negative, and (B.3) holds for n = k = 1. Then, applying Lemma B.6 gives (B.3) for all £ € N and
n=2F_1. ]

B.2.1 Moving to strongly convex smooth functional: Restarting method

‘We now turn our attention to the geodesically strongly convex case. Although an alternative silver
stepsize scheme has been proposed for strongly convex, smooth problems in the Euclidean setting
[AP24b], the co-coercivity condition it relies on does not carry over to geodesically strongly convex,
smooth problems on Riemannian manifolds. In contrast, for convex, smooth functions the co-
coercivity condition admits a natural Riemannian interpretation via generalized geodesic convexity
and geodesic smoothness (see Proposition 3.7.

Nevertheless, as noted in the main text, one can still employ the silver stepsize in the convex, smooth
setting by combining it with the restarting technique of [OC15]. Theorem 4.2 shows that applying
the restarting method [OC15] to our silver stepsize RGD yields an algorithm that also applies to
geodesically strongly convex problems.

Proof of Theorem 4.2. Since f is VT -geodesically a-strongly convex with base b and z.. is a mini-
mizer,

« 2
Fam) = £(a2) = % [1og, 2 — logy ..
Therefore, for m = 2% — 1, one gets

2
[logy @ — log, 2.7 < - (f(zm) — fz2)) < 267 |logy T — log, . s -

We first consider the case when r = 0, i.e., we exactly iterate m = 2¥ — 1 silver stepsize gradient
descent ¢ times, by restarting the algorithm from the very last update of the previous runs. The total
number of iterations becomes n = mf = (2¥ — 1)¢. Then, one gets the following bound for n
number of iterations:

2 ¢ 2
[logy, xn — logy .|, < (2kr1)" [[log, xo — logy, .|| -

The term (27 )¢ is the rate we obtain for this algorithm. Now, one can optimize the choice of &, £ to
get the tightest convergence rate, by solving

n?ikn (26r)" given (28 —1)¢ =n.

)

Specifically, we plug-in k* = [log, x| + 1. Observe p*" + 1 > 1+ p'°* =1+ px > pr. Then,
2 2 2
il Tz

< <
14++/4p2 =3 ~ p" +1 7 p

26T =

Now, since ¢ = ﬁ,

2 n P n
(2674-)" = exp (Clog (2kry+)) < exp ((108“ p) 2k1> < exp (_ (log §) ,W)
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which is the claimed rate.

For the e-approximate error, ||log;, ., — log;, @ ||§ < e holds whenever

p n 2
exp ( (log 5) W) [[logy, o — logy, x|, < €.

This is equivalent to

K802 [log, wo — log, @7

n > og(p/2) og . = O(k'°8» % log(1/¢)).

B.3 Deferred proofs for Section 5

This appendix contains the proofs for the results in Section 5.

Proof of Corollary 5.1. First, choose the base b € Ps 4.(R?) from the points that makes F being
generalized geodesically L-smooth with base b. Then, if Proposition 3.7 holds, then the proof goes
exactly same as in Theorem 4.1 and 4.2, once one substitutes the following quantities in the proof of
Theorem 4.1 and 4.2 accordingly:

* Set M = N = Py 4.(RY).

* Change the Riemannian metric by (-,-),, = (-, ) z2(,;) = Eonp [(-(2),(2))].

© Set VT4, =T, where Ty, = Thu,_, — 27 Gradw, F(pn-1) 0 Ty, _, and Ty,
is an arbitrary transport map (e.g., optimal transport map).

* Use expy(v) = (id + v) .
* Take log, v =1y, —d.
* Set Grad f(x) to Gradyy, F (), introduced in Definition A.34.

s To substitute the left hand side of Theorem 4.2 by W3 (fin, f1+), one uses the fact that
W3 (u,v) < | T — dei < T, — T(WHIQ7 for any transport map T ,,, T, from the
optimality of the optimal transport map and the Kantorovich coupling.

One thing to clarify is that 2-Wasserstein space is not geodesically complete [PZ20], so Assump-
tions 3.1 and 3.2 are not direct. However, we claim that the regularity conditions we imposed ensure
that all the proof ingredients in Theorem 4.1, 4.2, and Proposition 3.7 to be valid.

To check the claim, first Proposition 3.7 will remain valid if the condition on z in Proposition 3.7 is
satisfied. Under this specific geometry, the condition on z can be written as for all 1, v € Pa 4.(R?),

1
g = <_L(GradW2 ]:<V) © Tb,u - GI‘adW2 ]:</’L) o Tb,u) + Tbﬂ/)
#b

1
= (id - Z(Gradw2 F(v) — Gradw, F(u) o Tv,u)) € Pa.ac(RY).
#v
The above equality holds since T, ,, o Ty, = T}, when pu, v are the iterates from (5.2) (this is
because T' . is not the optimal transport map). Precisely, for j > 1,
Ty, = (id — Gradw, F(uj—1)) o (id — Gradw, F(p;—2)) o - - - o (id — Gradw, F (1)) T, -

:Tﬂiv/-bj

Since Gradwy, F (1), Gradw, F (i) o T,,,, € L?(v), the second moment condition is satisfied, and
the regularity condition we imposed ensures the absolute continuity.
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Remaining part is whether the gradient iterates are well-defined in P ,.(R?), which is not guaranteed
anymore as the space is not geodesically complete. Again, the second moment condition is direct;
since Gradw, F(un) € L*(pn), (id — %= Gradw, F(tn))#p, also has the second moment. In
addition, we imposed d(id — “= Gradw, F(fin)#u, < dm where dm is Lebesugue measure, so it
certifies that the gradient iterates are staying in Ps 4. (R?). However, there is still one more thing to
clarify: Definition A.28 is well defined only when all geodesic interpolations exist, which is stronger
than merely requiring invertibility at the endpoints. Such a condition guarantees the well definedness
of geodesic interpolations between two points. Nevertheless, note that our proofs of Theorems 4.1
and 4.2 rely only on inequalities evaluated at the iterates themselves; no interpolating points are
involved (e.g., the proofs do not invoke time integrals). Hence, we do not need the the all geodesic
interpolations between j,, and (id — “= Grad F(jin)) 4, to exist. Under this perspective, we can
conclude that as long as the gradient iterates stay in Pa 4.(R?), all our proof ingredients remain valid.

In sum, as long as the imposed regularity conditions hold, all our proof ingredients remain valid even
without the geodesic completeness. This completes the proof. ]

Remark B.7 (Proof for Bures-Wasserstein space). The proof of Corollary 5.1 holds the same if we
replace N to be BW (R?), as BW (R?) is a totally geodesic submanifold of P2 o.(R?). This justifies
our choice of N in Section 5.1.

Now, we prove the results in Remark 5.3.

Proofs on the statements in Remark 5.3. First, we show if duy < dm, I — sV2h being invertible
implies d(id — sVh) g, < dm for any fixed s > 0,if h € Cllo"cl(Rd). Since h € Cll(;i(Rd), the map
T(x) = x — sVh(z) is locally Lipschitz and differentiable a.e.

Write Bg := B(0,R), and for any nonnegative measurable function g consider gx(y) =
min {g(y), k} L1{y|<k}- Then, by the change of variable formula and area formula,

/ 0k ()d(Ti) () = / gk o T()dp(z) = / gk o T(@)u(x)dx
Br T—-1(Br) T-1(Br)

- m()
[ e ¥ Aet(T — 7R

z€BRrNT 1 (y

We used the invertibility for the division by the Jacobian. Next, using monotone convergence theorem
with R — oo, one gets

B ()
/Rd gk (W) d(Ty,)(y) = /Rd 91(y) Z(y) det(1 — svzh(gj))‘dy'

zeT—1

Apply MCT one more time with k& — oo to get

B ()
Adg(y)d(T#u)(y)—Adg(y) > |det(1—sv2h(x))\dy‘

z€T~1(y)

Now, for any measurable function g, one can use the standard method in measure theory (spliiting
g=g"—g)toget

B ()
/Rdg(y)d(T#u)(y) —/ 9v) > [den(Z — sv2h(a))]

d
R w€T~1(y)

for any measurable function g.  This shows that (id — sVh)y, admits the density
(2)

ZwET_l(y) \det(IfsVQ}L(w))|'

For (id — £(Vh — Vh o T, )4, < dm, the same argument as in the above holds as long as

T, € CLLHRY). .

In many applications, Gradw, F(u) € C’llo’cl(Rd) is weak condition. For example, our potential

energy functional application satisfies this as long as the potential function is convex and L-smooth,
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which is typical case. In addition, the negative entropy functional H(u) = [ plog 41 also satisfies this
condition as long as the log density is C’llo’c1 (R%). The regularity condition on the optimal transport
map T, , € Cllo’c1 (R?) have been studied intensively in the Monge-Ampere Equation literature, and
depends on the relationship between densities of 1 and v, but it holds in many practical applications.
For instance, in our Gaussian application, since the transport map is linear, it satisfies the desired

regularity.

Next, we present a complete proof of Proposition 5.4.

Proof of Proposition 5.4. Since the argument is identical for both the 2-Wasserstein and Bu-
res—Wasserstein geometries, we only present the proof in the 2-Wasserstein case.

Fix an aribtrary base b € Ps ,.(R?). Let Ty, and T}, be any transport maps from b to p and v
respectively. From the condition that V' is convex and L-smooth on RY, we have for any z ~ b,

V(T (2)) =V (Th,u(2) = (VV(Th,u(2)), T 0 (2) — wa(Z)%% IVV (T30 (2)) = VV(Ty,u(2)]* 2 0

which is the standard inequality for convex L-smooth function on RY. Take an expectation over z ~ b
on the above inequality. The result follows from the fact Gradw, V(p)(-) = VV(-), which is from
[San14, Remark 7.13] and Definition A.34. Since the result holds regardless of the choice of base b,
it holds with any base b.

To substitute W3 (110, ) for || Ty, g — T . ||i, we notice the above result holds for any b. In addition,
notice the gradient update 1, itself does not depend on b. Therefore, one can rewrite the result of
Corollary 5.1 as follows:

V(un) — V() < ripL inf T - T
(/~‘ ) (M )_ Tk bepign(Rd)H b, o b,

- . 2
b TkLbepzl,Ig(Rd) 1o @ Lo = il -

oT,

By the optimality of the transport plan, one has infyep, , (re) |75 Lo,b — id”io = Wi (1o, f+ ),

which completes the proof.

S

Lastly, for strongly convex result, we claim V is geodesically a-strongly convex if V' is a-strongly
convex. Under the claim, the result is direct from Corollary 5.1. To show the claim, for any
v € Pa.qc(RY), write T}, , the optimal transport map from 4 to v. From the strong convexity of V/,
for any z ~ p we get

V(T () 2 V() +(VV(2), Ty (x) — ) + % 1Ty (2) = 2.

Take the expectation over x ~ 1 on the above inequality. Using the facts that 7}, , is the optimal
transport map and Grady, V(u)(-) = VV(+) lead to the claim.

Remark B.8. Note for the above proof we did not use the optimal transport map, and considered
arbitrary transport map. Hence, our algorithm is readily applicable to this setting.

C Generalized geodesic convexity and smoothness

The notion of generalized geodesic convexity was originally introduced in optimal transport and has
found various usages in Wasserstein geometry, including the theoretical analysis of the proximal
operator in the 2-Wasserstein space [AGS08, Lemma 9.2.7], [SKL20, DBCS23], and its connection
to I'-convergence [AGS08, Lemma 9.2.9]. To the best of our knowledge, this notion has not yet
been explored in the Riemannian geometry literature. We therefore expect that introducing it in this
context could provide new tools for analyzing proximal operators and I'-convergence on Riemannian
manifolds, as it has in the 2-Wasserstein setting-areas that, to date, remain underdeveloped.

In this appendix, we provide some examples of generalized geodesically convex functionals for
readers who are not familiar with the concept.
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First, recall the notion of generalized geodesic convexity, which is V7T -geodesic convexity with
VT =TI. Generalized geodesic smoothness can be understood in analogous manner.

Definition C.1 (Generalized geodesic convexity). A differentiable function f : N — R is called
generalized geodesically a-strongly convex with base b € M if for all x,y € N

@
fy) > flx)+ <Fla)c Grad f(z),log, y — log, $>b + 5 l|logy, y — logbfrllf .

If a =0, we say f is generalized geodesically convex with base b. If f is generalized geodesically

a-strongly convex for all b € M, then f is called generalized geodesically a-strongly convex.

We start with the trivial example: Euclidean space.

Example C.2. A differentiable, a-strongly convex function f : R — R is generalized geodesically
a-strongly convex.

Proof. In Euclidean space, exp,(v) = = + v and log,, y = y — . Since f is differentiable and
a-strongly convex, for all z,y,b € R?

F) = f@) + (Vi@)y —a) + 5 Iy -

= f(2) +{Vf(z),(y =) = (x = b)) + % Iy —b) = (@ = b)||.

Now, we move to nontrivial examples: non-Euclidean manifolds. As mentioned in the main body,
this concept has already been widely discussed in the Wasserstein space. Therefore, there are some
known examples in 2-Wasserstein space. We first introduce some generalized geodesically convex
functionals in Wasserstein space: potential energy functional and internal energy functional.

Example C.3 (Potential energy). Consider a function V. : R — R. A functional V(u) =
Ex~u[V (X)) is called a potential functional. If V is a-strongly convex (L-smooth) in RY, then
V geodesically a-strongly convex (resp. L-smooth).

This is duplicate of Proposition 5.4.

Example C.4 (Internal energy). Let F : [0,00) — (—00, 0] be a proper, lower semi-continuous
convex function such that

F(s)

SOC

d
> —o0 for some o > ——

F(0) = lim inf .
(0) =0, im in P

Consider a functional Hr : Pa 4.(RY) — R defined by

Hp(p) = /R F(ua))da

If the map s +— s%F(s~%) is convex and non-increasing in (0, 00), then the functional Hr is
generalized geodesically convex.

We refer to [AGS08, Proposition 9.3.9] for the proof.

Remark C.5. Some widely used choice of F satisfying the conditions are as follows:
1. F(s) = slogs. This choice leads to H r being the differential entropy functional.
2. Forany q > 1, F(s) = s4.
3. Form>1-1/d F(s) = —27s™

Now, we present examples on Riemannian manifolds. We begin by providing sufficient conditions
for generalized geodesic convexity, which turns out to be useful in verifying the generalized geodesic
convexity for a given functional.
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Lemma C.6 (Criteria for generalized geodesic convexity). Fixb € N. Forany x,y € N, let (t) be
any curve such that v(0) = z, v(1) = y, and 4(0) = I'{ (log, y — log,, x). If a differentiable function
f : N — R satisfies either one of the following conditions, then f is generalized geodesically convex
with base b € N.

1. Zeroth-order criterion: (1 —t)f(z) +tf(y) > (f o)(t) forall t € [0,1].

2. Second-order criterion: %(f ov)(t) > 0forallt € (0,1).

Proof. 1. Zeroth-order criterion: Let ¢(t) := (1 —t) f(x) + tf(y) — (f o v)(¢). Then, ¢(t) > 0
and ¢(0) = 0 is the global minimizer. Since f is differentiable,

o) d
= Jim —= = fly) — f(z) - 7 tzo(fOV)(t)

= f(y) — f(x) — (Grad f(z), T} (log, b — log, x))
= f(y) = f(2) — (% Grad f (), log, y — log, ), .

2. Second-order criterion: By Taylor’s theorem,
1 d2
f0) = 5@+ 5| (Fen®+ [ =055 emde
t=0 0

> f(x) + (Grad f(x), I} (logy y — log, 2)) = f(x) + (I Grad f(z),log, y — log, z) .

0<¢'(0h)

Remark C.7 (Existence of ). It is natural to ask whether such curve () exists. In fact, as long
as the exponential map is defined for sufficiently large neighborhood of x, there always exists a
curve satisfying the conditions. For example, in a complete manifold, such curve always exists. Let
v(t) := tI'f (log, y — log, x) + t*(log, y — I'¥ (log, y — log, z)), and define v(t) = exp, (v(t)).
Observe v(0) = x and (1) = y. Furthermore, since the differential of the exponential map is the
identity at the origin, by the chain rule

7(0) = dexp, (v(0))[v'(0)] = I'j (log, y — log,, x).
In certain Riemannian manifolds with a particularly well-behaving exponential map, simpler curves
can be used. For instance, in the 2-Wasserstein space, a more natural choice of curve is available.
Fix a base © € Pa,qc(RY). For any i, v € P qc(R?), let y(t) := exp,. ((1 — t)log, pu+ tlog, v) =
(1 = t)Tx, + tTr ) #x be a curve. Then, v(0) = p,v(1) = v, and the velocity vector field
corresponding to (t) is v; = (T, — T 1) © Ty (s),» [DBCS23, Appendix B.2].

As a specific example, we consider the entropy functional on SPD(d) space. This example will
show how one can verify the generalized geodesic convexity using Lemma C.6.

Example C.8 (Entropy of Gaussian). Consider a functional H : SPD(d) — R defined by
H(A) = —% log det A. This functional is in fact the entropy functional of the multivariate Gaussian
distribution N (0, A) (up to an affine transformation). There are two natural Riemannian metrics in
SPD(d) space [FAPT05, PFAO5, BHO6, HMJG21, Ngu22, TP22, KPB25].

1. Affine invariant metric: da;(A,B) = HlogA’1/2BA*1/2HF, and (S,R), =
tr(A"YSATIR) for S,R € Sym(d). This metric induces non-positively curved geome-
try on SPD(d).

2. Bures-Wasserstein metric: d%y, (A, B) := tr(A) + tr(B) — 2tr(AY2BAY?)Y/2, and
(S,R), = tr(SAR) for S,R € Sym(d). This metric induces non-negatively curved
geometry on SPD(d).

Both geometries originate from the geometry of zero-mean Gaussian distributions. The metric d Ay
arises from the Fisher information metric associated with zero-mean Gaussians [Nie23 ], while the
metric dpw corresponds to the Wasserstein geometry of zero-mean Gaussians, as described in
Appendix A.2.1. Under both geometries, H(A) is generalized geodesically convex.
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Note that dgyy corresponds to the 2-Wasserstein distance between Gaussians, so the result for dpy
is a special case of Example C.4. Nonetheless, we present the proof entirely in the language of
Riemannian geometry to demonstrate that the notion of generalized geodesic convexity remains valid
purely within the Riemannian framework.

Proof of Example C.8. In both cases, we apply the second-order criterion from Lemma C.6. The
general strategy is to construct a curve that satisfies the required conditions with respect to a fixed
starting point, endpoint, and base point. The specific choice of curve should reflect the underlying
geometry. Once the curve is chosen, we compute the time derivative of the functional along the curve;
this can be carried out entirely using matrix calculus, without explicitly invoking the Riemannian
structure.

We will use N to denote the arbitrary base point, and M, M; to denote the starting point and the
endpoint of the curve.

1. Affine invariant metric: We first construct a curve satisfying the desired property. For simplicity,
write X; := N~Y/2M;N—1/2_ Define c(t) := At + Bt? where

A =log X1 — log X,
B =log(X; *X, X5 ?) — (log X1 — log Xo).
We now consider a curve on SPD(d) defined by
M(t) = NY2XPexp(c(t) X2 NV/2.
Here, the exp is usual matrix exponential, not the exponential map. We claim this is the desired
curve in Lemma C.6." First, M(0) = NY2X(N'/? = My, M(1) = N'/2X;N'/2 = M. Now,
we check M’(0). Note
M'(0) = NY2X%exp(c(0))c (0) X 2N/
= N'Y2XPAX)P N2,
Now, since My, = NY2X,N'/2, MgN~' = NY2X,N~'/2. Hence, (MyN~1)1/2
N1/2X)/?N=1/2_ This leads to
M’(O) _ N1/2X3/2N—1/2[N1/2AN1/2]N—1/2X3/2N1/2
— (MoN—YY2NY2 ANY2((MoN—1) /2T
This exactly coincides to TA/° (logy M1 — log, M) on (SPD(d), daz)>.

Now, since we obtained the desired curve, we compute %H(Mt). First, observe
1
H(M,) = -3 (log det exp(c(t)) + log det N + log det Xj)
1 1
=-3 (logexptr(c(t)) + logdet N + log det X) = -3 (tr(e(t)) + log det N + log det X))

where we used the well-known matrix identity det exp(Y) = exp tr(Y).
Thus,

d? 1
ﬁH(Mt) =5 tr(c’(t)) = —tr(B)
=— tr(log(Xo_l/ZXlXo_l/Q) + tr(log X1) — tr(log Xo)

= —log det Xy — logdet X7 + logdet X; — logdet Xy =0

'In fact, this curve is constructed as in Remark C.7.
2For the formula of the parallel transport and Riemannian logarithmic map on (S PD,dar), see [Ngu22,
Supplement 1.1].
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from the well-known matrix identity trlog(Y') = log det(Y"). Hence, by the second order criterion
of Lemma C.6, H is generalized geodesically convex with base V.

Since the above result holds for arbitrary choice of N € SPD(d), we get the generalized geodesic
convexity of H.?

2. Bures-Wasserstein metric: We again start with constructing a curve satisfying the desired
properties. As noted in Remark A.40, in this setting we must match the tangent vector corresponding
to M'(0) with TX°(logy M; — log, My), rather than matching M’(0) directly. We consider
v=N(0,N),uo = N(0,Mp), and 3 = N(0, M;). From Appendix A.2.1, the optimal transport
map between 0-mean Gaussians is a linear map. Therefore, for any 7y, 71, we denote By, 1, to be
the matrix corresponding to the optimal transport map between g = N (0, L), 71 = N(0, L1), i.e.,
Try . (x) = Br,, L, . Now, consider a curve on SPD(d) defined by
M(t) := (1 = )1 + tByas, Bao.n) Mo (1 = 8)1 + tByar, Barg v) " 2

Then, M(0) = My trivially and M (1) = M;y; for any X ~ N(0,M;), on the one hand
Bn v, ByigNX = Ty, 0 Ty (X) ~ N(0,M,), and on the other hand By s, By, v X ~
N(0, (Bn,a, Buag,n)Mo(By v, Bag,n)T), meaning (Bw,ar, By, N ) Mo(Bn,a, Bu n)T =
M. In addition, since M'(0) = By, Bymy,nMo + MoBn, v, B, N, from the identifica-
tion in Remark A.40 the tangent vector corresponding to M’(0) is Vo = By v, Buy,nv — 1 =
I‘%O (BN, — B,y )- Therefore, the curve M (t) satisfies the conditions in Lemma C.6.

Now, we compute %’H(Mt). First, since My = A Mo AT, H(M;) = —log det(A;) — & log det M.
Then, for all ¢ € (0, 1),
d? d? d 1 d _1
TS H(M;) = — 25 logdet(Ar) = = tr (A7 Ar) = =2 tr (A7 (B, Bagy v — 1)
dt
= tr (A7 (B Bato, v — DA (B Bage,n — 1))

. 2
(;) tr <{A;1/2(BN7]V[1B]\407N — I)At_l/g} > >0

d  _ 1 oa—
= —tr( At 1(BN,]\41-BM0A,N —I)> =tr (At 1AtAt 1(BN,ILIIBM0,N_I)>

which is the desired inequality. For (i), we claim that A, 1/2 i well-defined as the principal square
root for all ¢ € (0, 1). This follows from the fact that both B N, M. » By, n are optimal transport maps
and thus, by Brenier’s Theorem A.24, they are non-negative definite. Consequently, the product
By, m, B, v also has non-negative eigenvalues. Since A, is a convex combination of the identity
matrix I and a matrix with non-negative eigenvalues, it follows that all eigenvalues of A; are strictly
positive on ¢ € (0, 1). Hence, all eigenvalues of A; ' are positive for ¢ € (0,1), and then A, 125
well-defined as the principal square root.

Again, since the inequality holds for arbitrary base IV, we obtain the generalized geodesic convexity
of H. |

Lastly, we show the generalized geodesic smoothness with base b is not strictly stronger than geodesic

smoothness. In particular, as mentioned in Section 3, we show the function f(z) = 1d?(z,p) for
fixed p on Hadamard manifold M is generalized geodesically smooth with base p, while it is not

geodesically smooth [CK25].

Before we show the result, we need the following lemma, which shows how logarithmic map changes
under the parallel transport.

Lemma C.9. Forall x,y € N, let I'Y be a parallel transport from x to y induced from the geodesic
connecting x and y. Then,
I'Ylog, y = —log, z.

*More precisely, since the second derivative is zero, functional 7 is generalized geodesically linear.
*While By, ar, Bmy,~ — I may not be symmetric, the formula on the right hand side is still well-defined.
Consequently, there is no harm in defining the curve via this formula.
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This result is analogous result of y — x = —(z — y) in Euclidean case.

Proof. Let~ :[0,1] — M be a geodesic curve such that 7(0) = x and (1) = y. Then, by definition
of logarithmic map, one gets 7' (0) = log,, y.

Now, consider the reversed geodesic o(t) := y(1 —t). Then, 0'(0) = —7/(1) = log, z. By the
property of the geodesic and the parallel transport,

I'Ylog,y =T%7(0) =+'(1) = =0’ (0) = —log, .

Now we are ready to prove the following example.

Example C.10 (Generalized geodesic smoothness with base is not restrictive). The function f(x) =
%dQ(os, p) on Hadamard manifold M is generalized geodesically 1-smooth with base p.

Proof. On Hadamard manifold, the exponential map is global diffeomorphism. Hence, we have

f(z) = 3 |[log, ng In addition, the standard fact on Riemannian manifold is that Grad f(z) =
—log, p [AOBL20, Section 4]. Now, we show the inequality (3.3) with L = 1. In fact, in this case it
holds with equality. This can be verified by the below calculation:

fy) = f(@) — (T% Grad f(z),log, y — log,, )

1 1
5 lllog, u]|* = 5 [log, [|* + (T2 log, p. log, y — log, =)

=

i)

1 1
) [log, yH2 D) HIngxHQ — (log,, @, log,,y — log,, )

1 1
~ Jhog, ul®* + & fhog =] - (loz, =, 1og, v)

1
3 Hlogpy — 1ogpr2 .
n

It is known that the above f(z) is not geodesically smooth [CK25]. Thus, Example C.10 shows
that generalized geodesic smoothness with single base is not strictly stronger than standard geodesic
smoothness.

D Implementation detail and additional experiments

This section includes implementation detail and more experiments of our algorithm under different
settings. We conduct additional experiments on the problems in Section 5, to show the robustness
of our algorithm. In particular, in this appendix we elaborate the following points that were briefly
mentioned in the main body.

1. Because the silver stepsize schedule sometimes uses very large stepsizes, one might ask
whether simply increasing RGD’s constant stepsize could match its performance. We show
this is not the case: using a constant stepsize above the critical threshold 2/ L causes RGD
to diverge, while silver stepsize shows the improved performance.

2. We conducted experiments using multiple random seeds and demonstrate that our algorithm’s
performances are statistically significant.

Furthermore, to demonstrate our method’s versatility, we include experiments on an additional
optimization problem in the Wasserstein space: the mean-field training of a two-layer neural network.
This problem showcases the applicability of our algorithm, and of Wasserstein-based optimization
more broadly, to neural network training. In addition, we provide additional experiments on SPD
matrix space.
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D.1 Implementation detail

All experiments in our paper were conducted on the free version of Google Colab using a T4 GPU.
Each task took no more than 5 minutes.

Wasserstein potential functional optimization For the potential functional optimization problem
in Section 5.1, we used Python packages numpy, scipy for the implementation. We generated
m, from the uniform distribution on the unit cube [0, 1]¢. For ¥,, since we conducted experiments
with fixed L = 1 and o = 1071,1073, 107,107 13, we have A\yyin = 1/L = 1 and A\pax = 1/a.
We placed d points evenly on a log-scale over the interval [1/L,1/a] and used those values as
the eigenvalues to construct a diagonal matrix A. Then, we uniformly sampled an orthogonal
matrix P from the uniform distribution on the orthogonal group O(d) (using Haar measure), and set
¥, = PAPT. We used mg = 0 and Xy = I as the initialization for all experiments.

SPD space optimization As in Wasserstein potential optimization, for C' we placed d points evenly
on a log-scale over the interval [1/«, 1] and used those values as the diagonal matrix A. Then, we
again uniformly sampled the orthogonal matrix P and set C = PAPT. We used o = 10 and
« = 10° to make the desired condition number.

D.2 Additional experiments
D.2.1 Potential functional optimization

We conduct numerial experiments on two tasks: the same task as in Section 5.1, and logistic regression.
To verify that our algorithm remains effective with a general choice of iteration count unless n is
close to the spikes (e.g. n = 2F), we set the number of iterations n = 1500, which is neither of the
form 2¥ — 1 nor close to 2'° — 1 or 2!! — 1. For the inner-iterations in the strongly convex setting
for the restarting, we chose m = 20 for o = 10~1 and m = 500 for « = 1073, selecting values near
the 2" — 1 in Theorem 4.2 while ensuring divisibility by 1,500. We compared our silver stepsize
RGD with constant stepsize RGD using 7 = 1/L (the standard choice), n = 1.99/L (just below
the theoretical threshold), and » = 2.01/L (just above it). The experiment was repeated over 100
random seeds, and we report the mean error curves along with 95% confidence intervals. Here, using
different seeds can be understood as solving instances of a stochastic optimization problem. In this
regard, comparing the errors across different seeds is a reasonable evaluation.

The results are displayed in Figure 4. Figure 4 provides evidence supporting our claims:

1. The algorithm performs well even when the number of iterations is not of the form 2¥ — 1,
as long as it is not close to 2¥.

2. Our method is not equivalent to simply increasing the constant stepsize in RGD; it consis-
tently outperforms all tested stepsize choices. In particular, the large stepsize RGD, unlike
silver stepsize RGD, diverges.

3. The performances of our algorithm are statistically significant.

In addition, we conduct the same experiments when gradient oracles are stochastic. The results are
coherent with the previous observations at the cost of extra oscillations, given sufficient number of
gradient samples. See Figure 5.

Lastly, we provide the Bures-Wasserstein gradient descent experiments on logistic regression potential.
For response Y; € {0, 1} and predictor X; € R (i = 1,...,k), alogistic regression model assumes
Y; | X; ~ Bernoulli(logistic(X 6)) independently across i. Assuming an improper prior on 6, the
potential V' takes the form

k
V(0) = Zlog(l +exp(X]0)) - V:X]6.
i=1
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Figure 4: Comparison between silver stepsize method and RGD for potential functional optimization
in BW (R?) with different convexity parameters. For each task, we conduct 100 simulations with
different seeds and plot the mean and 95% confidence interval of the error over the iterates. Columns:
From left to right, each column corresponds to x = 10', 103,107, 10'3.

Figure 5: Same experiments as in Figure 4, but with stochastic gradients. We set the number
of gradient samples to be 100. Columns: From left to right, each column corresponds to K =
101,102,107, 1013,

It is well-known that V' is convex and % || X ||3p—sm00th. Thus, proposition 5.4 applies with L =
2

1 IX15,-

We conduct the experiments on this logistic regression potential minimization problem. Note for

this problem, the Wasserstein gradient (E,,[VV ()], E,[V2V ()]) does not allow the closed form

solution. Hence, we used the Monte Carlo approximation for these quantities. The result is provided

in Figure 6. This experiment not only verifies the extendability of our method beyond the quadratic
case, but also to the stochastic gradient given the sufficient number of gradient samples.

D.2.2 Mean-Field Two-Layer Network Training via Wasserstein gradient

Next, we numerically demonstrate the effectiveness of our algorithms for two-layer neural network
training. We first introduce the mean-field training formulation for a two-layer neural network, which
enables us to view neural network training as a Wasserstein optimization problem, and then present
our experimental results. For further details, we refer the interested reader to [CB 18, MMN18, Wo0j20,
FRF22].

Problem formulation One way to interpret two-layer neural networks is to view their function
space as a space of probability measures. In particular, we adopt the Barron space formulation studied
in [Bar93, WE20, Wo0j20]. In Barron space formulation, a (possibly infinitely wide) two-layer neural
network is represented as

fr(2) = E(q pymn [ao(wTz +b)]
where o denoting a fixed activation function (e.g., ReLU). For instance, a m-width two-layer neural
network corresponds to fr, , where 7, = % Dy O(as w;,bi)-

This formulation enables us to view neural network training as an optimization over probability
measures. In particular, it becomes the following risk-functional minimization problem:

me = argmin  R(m) := Eyp [((fx(2), 7 (2))] (D.1

TEP2,ac(RY)

where f* is the target function, f, is the two-layer neural network, and ¢ is a loss function (e.g.,
squared loss). The neural network f;, is the risk-functional minimizer and thus the desired solution.
Since (D.1) is now just the optimization problem on the Wasserstein space, it is possible to consider
Wasserstein gradient descent algorithms (5.2) to solve (D.1):

Tnt1 = (id — 1, Gradw, R(ﬂ'n))#ﬂ_n . (D.2)
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Figure 6: Comparison between silver stepsize method and RGD for potential functional optimization
in BW (R%) for logistic regression potential. We plotted log V(f1,,) — log Vinin for the y-axis, where
Vhin 1 the minimum value among all experiments. We set & = 20,d = 10, and the number of
gradient samples to be 100.

In practice, this update operates over the space of functions and is thus not directly implementable.
Instead, one typically uses a particle approximation of the probability measure, i.e.,

m
! o
T = i 20wl
1=

where m is the number of particles chosen by the user [SKL20, WL22]. Under this approximation,
the Wasserstein gradient update becomes
Tnt1 = (id — 1, Gradw, R(ﬂ'n))#ﬂ_n
1 m
E Z 6(a§n'),w£m J)En))fnn Gradw, R(ﬂ'n)(agn) ,win),bgn))'
i=1

Using Definition A.34, it is known from [Wo0j20] that
Gradw, R(m)(a,w,b) = Exp [V(mw,b)ﬁ(fﬂ(x), f*(x))] .

Therefore, the particle approximation of the Wasserstein gradient update for a two-layer neural
network takes the form

(agn+1)’ wl(n-‘rl)’ b§n+1)) _ (az(n)’ wl(n)’ bz(n)) — nEypp [v(a("')7w("),b(,"))é(f‘ffn (l‘), f* (JZ))
(D.3)

fori =1,...,m. Observe (D.3) exactly coincides with the standard gradient descent update of the
parameters.

In conclusion, the silver stepsize (and, respectively, constant stepsize) parameter updates in two-
layer neural networks (D.3) can be interpreted as the particle approximation of silver stepsize (resp.
constant stepsize) Wasserstein gradient descent (D.2) applied to the risk minimization problem (D.1).
Hence, we consider applying silver stepsize WGD (5.2) on this problem.

Numerical experiments To evaluate the effectiveness of the silver stepsize for this task, we conduct
experiments on learning a target function using a two-layer neural network with ReLU activation.
Specifically, we consider the simple task of learning a univariate function f* : [-1,1] — R. We
consider two target functions:

L f*(z) = 55 22”21 afo(wlz + bf), i.e., a 30-width two-layer neural network with fixed

parameters a;, w;, b;. Here, o is the ReLU activation.

(R

2. f*(z) = sin(27z).
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Figure 7: Mean-field training (D.3) of two-layer neural networks. Rows: The first row is the results

from f*(z) = 35 Zfﬂl afo(w}z + b*), and the second row is the results from f*(z) = sin(27z).
Columns: The first column is the training and test error curve, and the second column is the function

graph of the learned function.

We use N = 200 samples, with 70% of the data used for training and the remaining 30% for testing.
The model is a two-layer neural network with width m = 100, trained using mean squared loss. We
set the smoothness parameter to L = 100, and the number of training iterations to n = 2000.

Figure 7 shows the results of our experiments for solving (D.3) using different stepsize schedules.
Consistent with previous findings, the silver stepsize algorithm outperforms constant stepsize RGDs
with various stepsizes in solving (D.1). While the figure displays results for a specific random seed,
we observed similar trends across multiple seeds.

D.2.3 Additional experiments on SPD space

As briefly mentioned in the main body, there is a non-trivial family of functions that is favorable
to use VTRGD algorithm (4.1), which are the functions of the form f,(X) = ¢(logdet X) for
some ¢ : R — R. The first favorable fact is that f,(X) is generalized geodesically convex (resp.
L-smooth) on (SPD(d), da7) when ¢ is convex (resp. L-smooth).

Proposition D.1. For any convex function ¢ : R — R, the functional fs(X) = ¢(log det X) defined
on SPD(d) is generalized geodesically convex. Also, for any L-smooth function i) : R — R, the
function fy,(X) = ¢(log det X) is generalized geodesically Ld-smooth.

Proof. We will show for arbitrary base B € SPD(d), Definition 3.4 and 3.5 holds with VT =T.
First, we consider g(X) = log det X. We first show for any X,Y, B € SPD(d)

9(Y) — G(X) = (I'§ Grad g(X),log Y — logz X ) . (D.4)

To verify this, first observe that Grad g(X) = X. This can be verified by the definition of Riemannian
gradient. Riemannain gradient is defined by the operator satisfying for all H € Sym(d)

tr(X ! Gradg(X)Y 'H) = (Grad g(X), H) y = dgx(H) = tr(X ' H).
For the last inequality we used the well-known formula for the derivative of log-determinant function.

Since X € SPD(d), this implies Grad g(X) = X.
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Next, we show F§X = X. To check this, from the definition of the parallel transport in
(SPD(d),d s) [Ngu22, Supplement 1.1],

MRX = (BX H)'2X((BX H)'/*)" =B.

Hence,
(¥ X,logpY —logp X) = (B,logp Y) — (B,logz X).

Now, for any matrix M, from the definition of the Riemannian metric on d 4; and logarithmic map
[Ngu22, Supplement 1.1],

(B,logg M) = tr(B~logz M) = tr(B~Y/2log(B~Y/2MB~'/?)B'/2) = tr(log(B~Y/2MB~/?))
= logdet(B~2MB~'/?) = 21og det B~"/? 4 log det M.

Therefore,
<FgB, loge A — loge B) = logdet A — logdet B = g(A) — g(B)

which shows (D.4).

Now we are left with the ¢ and ¢ part. For ¢, by the convexity of ¢,

$og(Y)—dog(X)>¢'(9(X))(g(Y) - g(X)) = ¢(9(X)) (TX Grad g(X),logp Y — logp X)
= <1")B( Grad(¢ o g)(X),logg Y —logp X)

where the last equality is from the chain rule and linearity of the parallel transport and gradient. This
shows ¢ o g is I'-geodesically convex with arbitrary base B.

For 1, first observe
g(Y) — g(X) = (T} Grad g(X),logp Y —logp X) < ||T¥ Grad g(X)|| |[logp Y — logg X]||
< || X |logpY —logp X|| = tr(X "X X 'X) |logg Y —logp X|| = d|[logz Y —logp X]| .

Then, using the L-smoothness of 1,
, L
bog(Y) —vog(X) <vi(g(X))g(Y) - 9(X)) + 5 llg(Y) — g(X)|”
< <1"§ Grad(v 0 g)(X),logg Y —logg X> + % llogp Y —logpg XH2

which shows 1) o g is I'-geodesically Ld-smooth with arbitrary base B.
L]

Note affine invariant metric yields the complete Riemannian manifolds on SPD(d) [PFA05], so
Proposition D.1 combined with Proposition 3.7 yields (3.1) with any base b € SPD(d), hence
guarantee Theorem 4.1. On the other hand, since X — logdet X is not L-smooth in matrix norm
sense, Proposition D.1 highlights the strength of VTRGD algorithms for optimization problems
involving functions of the form f,(X) = ¢(logdet X).

Moreover, as in Wasserstein space, for this certain function VTRGD coincides with standard RGD.

Proposition D.2. For the function of the form f,(X) = ¢(logdet X), VIRGD algorithm coincides
with standard RGD, i.e., for any X, B € SPD(d),

expp(logy X — ¥ Grad f,(X)) = expy (Grad f,(X)).
Proof. We directly compute (4.1) and compare. We write B as the base point. First, from the
calculations in the proof of Proposition D.1,
I'%Y Grad f,(X,) =I'§¥ ¢'(logdet X,,) Grad(log det X,,) = ¢'(log det X,,)I'¥ X = ¢(logdet X,,)B.
Hence,

expp (logB X, — n,LFf}n Grad log det Xn)
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Figure 8: Comparison between silver stepsize method and RGD for entropy matching under §-pseudo
Huber loss on SPD(50). We set n = 27 — 1 as the total iteration number, and conducted 100
simulations under different seeds and initializations. Left: § = 0.1. Middle: § = 0.5. Right: § = 1.

= BY2exp (B_1/2[logB X, — nny’ (log det Xn)B}B_l/Q) BY/?
_ o’ (log det Xn) B/ 2xp (B—1/2 log XnB—1/2) RBl/2
— ¢ (logdet X)X, = expxn(—nngol(log det X,,) X)) = expy, (—nn Grad f,(X,)).

The function X — logdet X can be considered as the entropy of the zero-mean Gaussian distribu-
tions (up to affine transform). Hence, functionals of the form ¢(log det -) appears in many practical
applications, such as entropy regularization.

Entropy matching For the numerical experiment we consider the problem

F5(X) = 62 <\/1 . (ogdet X —7) detg - 1)

which corresponds to the entropy-matching problem with target value 7 under the pseudo-Huber loss.
We adopt the pseudo-Huber loss to examine how the algorithm’s behavior depends on the curvature
of the objective function (small § yields a flatter function). Since pseudo-Huber loss is convex and
1-smooth, by Proposition D.1 f(A) is generalized geodesically convex and generalized geodesically
d-smooth. In addition, by Proposition D.2 we can apply silver stepsize directly to standard RGD.
We conduced 100 experiments with 7 = 1 under different initializations, to verify our algorithm’s
stability. The results are summarized in Figure 8.

We additional provide two more benchmark problems on SPD(d) space. The Fréchet mean estimation
problem and Gaussian mixture model problem. Note for these general problem we do not have
Proposition D.2, so we again need to choose the base for VTRGD (4.1). We again chose b = I for
both experiments.

Fréchet mean estimation Fréchet mean estimation problem on the SPD space is widely studied
problem for both theoretically interesting properties and practical application. Practically, under
Affine invariant metric, Fréchet mean becomes geometric mean [FAPT05, PFA05] and therefore has
many applications. Theoretically the Fréchet mean over SPD matrices is again SPD, so unlike typical
matrix norm, this geometry is favorable when SPD constraint has to be involved when obtaining the
means over SPD matrices; such constraint is common in covariance estimation problem [KPB25].
Hence, this problem is one of the standard benchmark for RGD methods [AOBL21, KY?22]. The
Fréchet mean estimation problem can be written for general manifold M as follows: for given
{p1,...,pn} C M, the empirical Fréchet mean over p; is

) 1 n )
ps := argmin f(z) 1= = d*“(x,p;).
nin )= 3 S

This problem is known to be geodesically n-strongly convex, but not geodesically L-smooth. While
the squared distance function x — d?(x,p)/2 is generalized geodesically 1-smooth with base p,
as we discussed in Section 3, by summing these together there is no single base that makes f to
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Figure 9: Optimization of Barycenter problem. We plot f(x) — finin, Where fi,i, is the minimum
value over all experiments. We set b = I for VTRGD (4.1). Left: n = 100 and d = 10. We set
L = 200 which guaranteed the stability. Right: n = 10 and d = 100. We set L = 100 which again
guaranteed the stability.

negative log likelihood over t negative log likelihood over the

‘‘‘‘‘‘‘‘‘‘

Figure 10: Optimization of Gaussian mixture model fitting. We set b = I for VTRGD (4.1). Left:
Simple setting, where n = 100, K = 3,d = 2,L = 20. Right: Complicated setting, where
n = 1000, K = 5,d = 5, L = 1000. The L is chosen to guarantee the numerical stability.

be generalized geodesically L-smooth with base b. Hence, neither RGD or VTRGD guarantee
the theoretical convergence for this problem. Still, we found out that our algorithm numerically
outperforms the standard RGD for this problem.

With M = SPD(d), We considered two settings: (n,d) = (100, 10), and reversely (n,d) =
(10, 100), to observe whether dimension or sample size matters. Again we chose b = I for VTRGD
(4.1). We observed consistent strength of our method. The results are summarized in Figure 9.

Gaussian mixture model Another practical application of Riemannian optimization on SPD(d) is
minimization of the negative likelihood in Gaussian mixture model, which is a classical problem in
Statistics. [HS20] proposed the reformulated objective function for solving Gaussian mixture model
fitting, which coincides to classical negative log likelihood minimization at the minima, and allows
the use of Riemannian optimization algorithm [HS20, HMJG21, SBS21]. For given observations

yi = (z;,1)T € R%fori = 1,...,n, the problem is formulated as follows:
n Ko
R Rl V8
where

exp (3(1—y!'S; 'yi)
2m)ddetS;

qn (yi; Sj) =

This problem can be considered as the product manifold (R¥)¥ x (SPD(d))%. One can conduct
usual Euclidean gradient descent for vectors w;’s, and conduct Riemannian methods in .S;’s. Again,
this problem is not geodesically L-smooth, so neither our algorithm nor standard RGD do not allow
the theoretical guarantee. Still, we found out that numerically our algorithm turned out to be useful
for this problem.

We considered two setting: simple setting (n = 100,d = 2, K = 3, L = 20) and complicated setting
(n =1000,d = 5, K = 5, L = 1000). The quantities of L are chosen again to guarantee the stability
of the algorithms. Again, we set b = I for VTRGD (4.1). The results are aggregated in Figure 10.
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E Changes from the Submitted Version

In the submitted and reviewed version of our paper, we subsequently identified two errors. Below we
document the resulting revisions as transparently as possible.

Error I: Algebraic misstep We originally claimed that standard RGD (1.2) with silver stepsize
achieves the O(n~ 1982 #) rate of convergence, when the manifold is non-negatively curved and the
function satisfies (3.1) with b = x;. However, we identified an algebraic misstep when proving the
induction step (Lemma 5.4 in the reviewed version)’. To address this issue, we made the following
changes:

1. Algorithm modification. We replace standard RGD (1.2) by VTRGD (4.1). In contrast
to standard RGD, VTRGD is defined relative to a specified vector transport, to which the
algorithm and assumptions are tied.

2. Scope. The revised analysis no longer requires nonnegative curvature; it applies under vector
transport-aware assumptions on the objective (3.1). Heuristically, the curvature requirement
can be seen as transferred to vector transport-indexed inequality conditions.

3. Function class and assumptions. The admissible function class is now tied to the chosen
vector transport via (3.1); a sufficient condition appears in Proposition 3.7. For the canonical
choice VT = I (parallel transport), this replaces geodesic L-smoothness by generalized
geodesic L-smoothness with a single base b. These conditions are incomparable; for instance,
as discussed in Example C.10, the function = — d?(z, b) on a Hadamard manifold satisfies
the new but not the previous condition.

4. Numerical experiments: We replace the experiments on Rayleigh quotient maximization
problem by experiments on benchmarks over symmetric positive definite (SPD) matrices,
to include a nonpositively curved setting where the revised analysis applies (Section 5,
Appendix D.2.3). In this setting we also identify an additional function class satisfying our
assumptions (Propositions D.1, D.2), which did not appear in the previous setup.

Error II: regularity condition In Section 5.1, we noticed that we overlooked the geodesic incom-
pleteness of 2-Wasserstein space: along discrete updates, the update may leave the class of absolutely
continuous densities, (e.g., for large step sizes the update map may not be the gradient of a convex
potential). Consequently, Corollary 5.1 requires a regularity condition ensuring that the iterates admit
densities. In addition, the gradient update may not be the optimal transport map. We clarified these
points in Remark 5.2, 5.3 and provide sufficient conditions relevant to our applications.

What remains unchanged or strengthened Despite these changes, some core points remain intact
or are further reinforced by the revision.

1. Our central application, potential function optimization on the 2-Wasserstein space, remains
intact. In this setting, VTRGD with canonical vector transport VTg = Ty, recovers
the standard Wasserstein gradient descent. Particularly, the potential energy satisfies the
modified assumptions (Proposition 5.4). Thus, our main claim, the first acceleration result
for Wasserstein gradient descent in Wasserstein space, still holds.

2. The Riemannian co-coercivity inequality, identified during the rebuttal as a key technical
component, is recovered as the special case of Proposition 3.7 when b = y; see Ap-
pendix B.1.1.

3. Allowing negative curvature broadens applicability (e.g., the log-determinant objective on
SPD manifolds verified in Proposition D.1, D.2).

>The error is in the last paragraph on p. 33 of the reviewed version, when subtracting A. We include the
reviewed version in the supplementary materials.
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Summary The revision corrects the errors via an algorithmic modification (RGD (1.2) - VTRGD
(4.1)) and additional regularity conditions (Corollary 5.1). The revised algorithm VTRGD is not
the standard RGD, and the updated assumptions are neither uniformly stronger nor weaker than
those in the original version. However, in some central applications VITRGD coincides with RGD,
and those applications satisfy the newly introduced assumptions. Crucially, VTRGD coincides with
standard RGD in our main application, the Wasserstein space. Hence, one of our main claims, the
first acceleration result on Wasserstein gradient descent, remains valid, and the revision additionally
includes a log-determinant example on the SPD space, which was not covered before.
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