Under review as submission to TMLR

Anderson Accelerated Asynchronous Method for Distributed
Optimization

Anonymous authors
Paper under double-blind review

Abstract

Anderson acceleration (AA) is an effective technique for accelerating fixed-point iterations,
but it is rarely applied to distributed optimization or distributed machine learning. In
this paper, we apply AA to accelerate an asynchronous distributed gradient method over
the master-worker architecture, resulting in the Asynchronous Distributed Gradient Method
with Anderson Acceleration (ADGM-AA). In particular, we first transform the asynchronous
gradient method into a fixed-point iteration, and then incorporate it with AA. To ensure
the global convergence of ADGM-AA, we equip it with a novel reference-path-based safe-
guard scheme. We prove that under mild conditions, ADGM-AA converges with fixed step-
sizes that are independent of the delays. Compared with the delay-dependent step-size in
most existing works, our delay-free step-size is easier to determine and often leads to faster
convergence. To emphasize, numerical experiments demonstrate that by incorporating the
AA scheme, the proposed ADGM-AA significantly outperforms the vanilla asynchronous
distributed gradient method.

1 Introduction

This paper focuses on consensus optimization over the master-worker architecture, where one master and n
workers collaborate to solve

min f(z) = %Zfi(x). (1)

zeRd

In problem , each f; : R — R is a local objective function and is known only by worker i. Problem is
popular in distributed learning, where each f; represents a training loss, each worker is a set of GPUs, and
multiple GPUs collaborate to train a model.

To scalably solve problem , numerous distributed optimization methods are proposed, in which the work-
ers are responsible for most computations, and the master aggregates the computation results from the
workers to update the iterate. A critical design choice in distributed methods is the coordination mecha-
nism, leading to two categories of algorithms: synchronous and asynchronous. In synchronous settings, the
master and workers must coordinate at each iteration to ensure all workers compute based on a consistent
global iterate, which, however, often leads to significant idle time as faster workers wait for stragglers. In
contrast, asynchronous algorithms allow the master and workers to proceed independently and update pa-
rameters using potentially stale information, which enhances scalability and resource efficiency but usually
complicates convergence analysis.

1.1 Related work

In this work, we adapt Anderson acceleration to accelerate an asynchronous distributed optimization method.
Consequently, our literature survey focuses on works on Anderson acceleration and asynchronous distributed
optimization methods.
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1.1.1 Anderson acceleration

Anderson acceleration (AA) is a technique for accelerating fixed-point iterations with historical information,
and was first proposed by Donald G. Anderson to solve nonlinear integral equations in 1965 (Anderson
@. Later, AA is shown to have a quasi-Newton explanation and reduces to the GMRES method (Saad
& Schultz, for solving linear equations (Walker & Ni, [2011)). Due to its effectiveness, AA is applied
to many research areas such as computational physics , material sciences , and
computational chemistry . Although most optimization methods can be formulated into a
fixed-point iteration, the application of AA to optimization has occurred only in recent years
Massias|, 2021} [Li & Li, 20205 Liu et all 2024; Mai & Johanssonl [2020; [Ouyang et al.l 2020; [Scieur et al.l
2016). Specifically, the work (Bertrand & Massias, [2021) adapts AA to the coordinate descent method,
the works (Li & Li, 2020; Mai & Johansson| 2020; Liu et al. [2024) apply AA to the proximal gradient
method, the work (Li & Li, |2020) first incorporates AA with Chebyshev polynomials and then applies the
resulting technique to the gradient descent method, the work uses AA to accelerate an
energy-adaptive gradient method, and the work (Ouyang et al.l 2020) applies AA to the alternating direction
method of multipliers (ADMM).

Despite the rich literature on AA, existing works only focus on centralized optimization, and the application
of AA to distributed optimization remains unexplored.

1.1.2 Asynchronous distributed optimization

Due to the excellent scalability and high resource usage efficiency, asynchronous distributed optimization
methods have attracted considerable interest, especially in the machine learning community (Aytekin et al.
2016}, [Cederberg et al. [Chraibi et al.l 2024} [Liu et all 2014} [Mishchenko et all, [2018; [Wu et al. [2023
2022; [Zhang & Kwokl [2014). These methods can be further categorized based on their communication
topology: they either follow a master-worker architecture or operate over a decentralized network. Below,
we survey works that consider problem over the master-worker architecture, which is more closely related
to this paper.

For asynchronous optimization methods over the master-worker architecture, a large body of works con-
sider deterministic-gradient algorithms such as the asynchronous (proximal) incremental aggregated gra-
dient (Aytekin et al., |2016; Feyzmahdavian & Johansson, 2023; Sun et al., 2019; Vanli et al., 2016), the
asynchronous coordinate descent method (Liu et al., 2014; Wu et al., 2023} |2022)), the asynchronous bundle
methods (Cederberg et al., 2025, and the asynchronous alternating direction method of multipliers (Zhang;
& Kwok, |2014). In parallel, substantial progress has been made in stochastic optimization, such as the asyn-
chronous stochastic gradient descent method (Leblond et al., [2017; Ma et al.| 2023} [Recht et all) [2011}; [Zhao|
. Due to the asynchronous implementation, information used in the updates is usually delayed.
To guarantee the convergence, most existing asynchronous distributed optimization methods (Aytekin et al.
[2016} [Cederberg et all [2025} [Feyzmahdavian et all [2014}; [Feyzmahdavian & Johansson| [2023; [Liu et al.| [2014
[Vanli et al., 2016} [Sun et al., 2019} [Zhang & Kwokl [2014) assume that delays are bounded and require the
algorithm step-size to rely on and decrease with the delay bound, which often leads to overly small step-sizes
and slow convergence due to the usually large upper bound of delays. For example, the work
implements an asynchronous distributed gradient method over a master-worker architecture
with 40 nodes and reports the maximum delay of over 1200. Exceptions include some works
[2024} [Mishchenko et al.l [2018} [Wu et al., 2023} |Cederberg et al. |2025), which converge with fixed step-sizes
independent of the delays. More precisely, the seminal work (Mishchenko et al [2018)) proposes an asyn-
chronous proximal gradient algorithm called DAve-RPG, which inspires the remaining methods, including
an asynchronous proximal bundle method (Cederberg et al., |2025), a Bregman variant of the DAve-RPG
method (Chraibi et all [2024)), and an asynchronous coordinate update method 2023).

1.2 Contribution

We aim to apply the effective AA technique to distributed optimization. In particular, since DAve-RPG
converges with fixed delay-independent step-sizes and inspires a series of subsequent works, we choose to
accelerate its variant for smooth problems (DAve-G) with AA. The algorithm development faces two primary
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challenges: first, the straightforward application of AA to DAve-G cannot be implemented in a distributed
way; second, to guarantee the global convergence, we need to design a safe-guard scheme, while it is partic-
ularly challenging in the asynchronous and distributed setting.

Despite the aforementioned challenges, we incorporate AA into DAve-G in a novel way, which gives an Asyn-
chronous Distributed Gradient Method with Anderson Acceleration (ADGM-AA). Our main contributions
include

1) We rewrite DAve-G as a fixed-point iteration in a novel way and follow the idea of AA (rather than
directly using it) to accelerate the fixed-point iteration, which allows the resulting algorithm to be
implemented in an asynchronous and distributed way.

2) We propose a novel reference-path-based safe-guard scheme that are distributively implementable.
3) We theoretically prove the convergence of ADGM-AA with the safe-guard scheme and fixed step-sizes
independent of delays.

The effectiveness of ADGM-AA is demonstrated numerically via classification tasks with real-world datasets.

1.3 Outline

The remaining part of this paper is organized as follows. Section [2]introduces Anderson acceleration and the
asynchronous distributed method DAve-G. Section [3|develops ADGM-AA by integrating Anderson accelera-
tion with DAve-G, and designs a reference-path-based safe-guard scheme to guarantee the global convergence
of the proposed method. Section [4] analyses the convergence of ADGM-AA, and Section [§] presents our nu-
merical experimental results. Finally, Section [6] concludes the paper.

1.4 Notation

Throughout this paper, we use || - || to denote the Euclidean norm for vectors and the spectral norm for
matrices. For any closed convex set C, Po(+) is the projection operator onto C'. We use 1 to represent the
all-one vector and O the all-zero vector. For any positive integer m > 0, we define

[m]={0,1,...,m—1}.
2 Preliminaries: Anderson acceleration and DAve-G

In this section, we introduce Anderson acceleration (AA) and the asynchronous method DAve-G for solving
problem , which inspires our algorithm development in Section

2.1 Anderson acceleration

AA is a technique for accelerating fixed-point iterations of the following form

Try1 = g(xk) (2)

where g : R — R? is an operator. The update solves the fixed point of g and describes many algorithms
in optimization, such as steepest descent (Li & Li, |2020), and ADMM (Ouyang et al., 2020).

The vanilla AA consists of three steps. First, it considers an intermediate iterate of the following form

m—1

Tyl = E Yt kLk—t,
t=0

where m > 1 is a positive integer, ¢ € [m], and 74 1 are real numbers satisfying

m—1
Z Ve = 1.
t=0
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Second, AA sets {7tk }1e[m) as the one that minimizes an approximation of the residual [|g(zs, 1) — 24y 1 -
In particular, for any k& > 0, define r, = g(zx) — z,

R = Pk k=1, - - Them+1) € R™ T = (Yo, Mk - - - Vim—1).6) " € R™. (3)
The residual at z; 1 can be approximated as

m—1

9(@hp1) — Ty m Z Ve (9(Tk—t) — Tp—t) = RiLk, (4)
t=0

and AA sets 'y as the one that minimizes the approximate residual

min | R,L. (5)
I:r'*1=1

Note that when g is affine, the approximation holds equal. Finally, AA approximates g(z;, 1 ) to improve
the quality of @, 1:

m—1
Thpr = D Yek(@r), (6)
t=0
which uses the approximation
m—1 m—1
9(@1) = 90 rwr—t) & Y Yrg(@rt)- (7)
t=0 t=0

Similar to , the approximation in @ holds with equality when g is affine.

For affine g, AA could converge globally from an arbitrary initial point (Potra & Engler;, [2013} [Toth & Kelley,
2015; (Walker & Ni, [2011)). However, for non-affine g, due to the error arising in the approximations and
@, AA could diverge unless the initial point is sufficiently close to the fixed point (Mai & Johansson, 2020)).
To guarantee global convergence of AA, additional safe-guard schemes are often required.

2.2 DAve-G

It is an asynchronous distributed gradient method for solving problem (/1) over the master-worker architecture
(Mishchenko et al., [2018) and the corresponding synchronous algorithm takes the form of

Thi1 = Tk — %vai(xk)v (8)
=1

which is mathematically equivalent to the centralized steepest descent methocﬂ To perform , at each
iteration k, each worker i computes the gradient Vf;(xx) and submits it to the master, and the master
aggregates the gradients from all workers to update zp. In this synchronous implementation, fast workers
need to wait for slow workers, which causes low efficiency of computing resource usage.

As an asynchronous variant of , DAve-G updates as
1 n
Th+1 = n Z(% — ag), (9)
=1
where 2 = T),—qgi and gi = Vfi(2) for a non-negative integer di € [0,k] (referred to as delays). In
the implementation of DAve-G, the master keeps the current iterate = (we ignore the iteration index for
simplicity). Each worker i consecutively receives x from the master, and computes y* = x—aV f;(z) and sends
it to the master. After the master receives y* from some (one or more) workers i, it performs x, = % Sy,
i=1
where, for each worker i, y* is the most recent 3’ the master received from it. This asynchronous update
way causes higher computation resource usage than the synchronous method , but causes delays in the
update. In particular, at the kth update, each y* in the update equals to Tpgi — aV f; (xk_di), and the
corresponding update formula is @

IDAve-G allows for multiple inner-loop iterations, and here we only consider its single-inner-loop version.
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3 Algorithm development

This section applies AA to accelerate DAve-G. To this end, we first adapt the vanilla AA to DAve-G, and
then design a novel reference-path-based safe-guard scheme to guarantee its global convergence.

3.1 Asynchronous distributed gradient method with Anderson acceleration

To apply AA to DAve-G, we need to rewrite @ into a fixed-point iteration, which is not straightforward
since the left-hand side is of d-dimension and the right-hand side involves n iterates of dimension d. To
address this issue, we rewrite problem as

n

min F(x) =Y fi(z") (10)

i=1
s.t. xel

where each 2 € R%, x = ((z1)7,...,(@")T)" € R and C = {x | 2! = 2% = ... = 2"}. Then, (9) can be
viewed as a projected steepest descent step for solving problem (10): letting x41 = ((zx+1)7, ..., (zpe1)T)T
where xp11 is computed from @, we have

X1 = Pe(Re — aVE(Xy)), (11)
where x;41 = ((21)7T,..., @M, 21 = Tp—di (i=1,2,...,n) and Po(-) represents the projection operation
onto C.
The update is equivalent to the asynchronous fixed-point iteration

Xpt1 = T(Re), (12)

where the operator T(x) = Pe(x — aVF(x)) and it is easy to verify that for any fixed point x*, it is a
fixed point of T if and only if it is optimal to problem . Compared to the centralized update ,
incorporates delayed information due to the asynchronous implementation. Moreover, for any fixed point
x* = ((a9)T, ..., (@)])T of , x* is an optimal solution of problem @I)

Given the asynchronous fixed-point update , we are ready to incorporate AA with DAve-G. Fix m > 0
as an integer. For any k > 0, define

I :T()A(k) 7)A(k, Rk = (rk,...,rk_m+1), (13)

where each rj; measures the optimality residual at X;. Following — @, we consider a combination of
{ﬁt}f:k—m+1:

m—1
Xl = Z Ve Xk—t (14)
t=0
and minimize an approximate optimality residual at x;, , 1 to determine 7y : define 'y = (Vo5 - -+, Ym—1, )t
and solve
Iy € arg minpcgm.pry—y [|ReI|- (15)
Finally, we set
m—1
Xt = Z Yee T(Rp—t), (16)
t=0

which approximates 7'(x;, . 1 ). Although the resulting iterate xfﬁl is of the dimension nd, we can reduce its

dimension to d. To see this, note that x?ﬁl belongs to the set C so that all its elements are identical. Then,
we set

1 m—1 n ) .

AA ~

L1 = n Z Ytk Z(xﬁcft —Qgi—¢) (17)
t=0 i=1



Under review as submission to TMLR

which equals to any element of X?jﬁl. In addition, m is often replaced with my = {m, k} in AA.

Setting xr41 = x?ﬁl applies AA to DAve-G, and we refer to the resulting algorithm as the Asynchronous
Distributed Gradient Method with Anderson Acceleration (ADGM-AA). Moreover, note that different from
the centralized AA, we do not have the gradient Vf; of different ¢ at the same point in the asynchronous
setting, and the derivations f are based on information at the delayed iterates {%;}5_, _, ;.

3.2 A reference-path-based safe-guard scheme

Even in the centralized setting, steepest descent with AA does not converge globally for non-linear operators,
where a counterexample is provided in Mai & Johansson| (2020). To guarantee global convergence of ADGM-
AA for non-affine operators, we equip it with a safe-guard scheme. To do so, a straightforward idea is to
check whether the AA step yields a decreasing objective value, i.e.,

f(@r41) = @) < —Ck (18)

for some Cj > 0. If it holds, then perform the AA step 11 = x,‘jﬁ‘l, otherwise, execute the DAve-G step
Tyl = x?ﬁ‘l’e where ac}?_ﬁ’e is the left-hand side of @) However, the condition cannot be checked in a
distributed way since the master in general does not have f;’s.

Alternatively, we come up with the following idea: since DAve-G is guaranteed to converge without any
safe-guard schemes, as long as the outcomes of the AA-step and the DAve-G step are sufficiently close, the
convergence of ADGM-AA may be guaranteed. Inspired by this, we treat the sequence generated by DAve-G
as a reference path, and restrict the iterate to be close enough to the reference path. Specifically, at each
iteration, we check the following condition:

ey — 2Rl < (19)
where 7, > 0. If 1) holds, then ;41 = x?ﬁl. Otherwise, we set xx41 = x}?_ﬁ’e.
Define
_ AA
= g

It follows that
lzk1 — 2Rl < i (21)

and we require 7 to be summable to restrict the distance between z; and the reference path:
o0
> ik < +00. (22)
k=0

The condition can be easily satisfied by, e.g.,
me = c(k+1)70F), (23)

where ¢ > 0 and € > 0.

Compared to (18], the safe-guard conditon with 7y in is much simpler and can be verified in
a distributed way. A detailed implementation of ADGM-AA with the safe-guard scheme is presented in

Algorithms

4 Convergence analysis

This section analyses the convergence of the proposed ADGM-AA. To this end, we assume that each f; is
smooth, problem has at least one optimal solution, and the delays {d},} are bounded.
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Algorithm 1 Master process in ADGM-AA

Input: storage size m > 1, initial iterate xo, safe-guard parameters ¢ > 0, € > 0.
Output: zy.

1: Send (z0,0) to all workers.

2: Receive (V f;(z0),0) from each worker i and set &f = xo, g4 = V fi(xo).
3: Compute z; by (9), and then send (21, 1) to all workers.

4: Set k=1and ro = ((z1 —z0)%,..., (1 — 20)T)T.

5: while not converge do

6: Wait until receives {(V fi(zy,),t:) }ies, from a set Sy of workers.
7 fori=1,...,ndo

8: if i € S, then

9: Set (2, g;) = (2¢,, Vfila},))-

10: else

" Set (&4, 9}) = (. 9}_1)-

12: end if

13: end for

14: Compute x}?ﬁ}’e by @

15: Set ry = ((zPdy° —2p)7, ..., (P — #)T)T and my < min{m, k}.
16: Compute Ty by (15).

17: Compute x?_ﬁl by 1D

18: if the safe-guard condition holds then

19: Tpp1  Tht.
20: else
21: Tl < I]k)ﬁ‘fe.
22: end if
23: k< k+1.
24: Send (xy, k) to workers i € Sk.

25: end while

Algorithm 2 Worker i process in ADGM-AA

1: repeat

2: Receive (x, k) from the master.
3: Compute gradient V f;(z).

4: Send (V fi(z), k) to the master.
5: until terminated by the master.

Assumption 4.1 (smoothness). FEach function f; is L-smooth, i.c., it is differentiable, and there exists a
constant L > 0 such that for any x,y € R?,

IVfi(z) = Vi)l < Lllx = yll.

Assumption 4.2 (optimal solution existence). Problem has at least one optimal x*.

Assumption 4.3 (bounded delay). It holds that D = max glax }d}; < +o00.
>0 1€41,...,n

Assumptions are standard in asynchronous optimization (Aytekin et al. 2016; Wu et al., 2023)
to guarantee convergence. Moreover, it is clear that for any optimal solution z* of problem , xX* =
(z9)7T,...,(z*)T)T is a fixed point to T. Under Assumptions - we derive the following lemma,
which will be used in subsequent analysis.

Lemma 4.1. Suppose that Assumptions -3 hold. Let

Y. = Pc(ﬁk - QVF(ﬁk))
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If « € (0,1/L), then
lyr = x*|I* <l —x*[* — 20(F(yr) — F(x")). (24)

Proof. See Appendix [A] O

With Lemma we first show the boundedness of the sequence {zy}.

Lemma 4.2. Suppose that Assumptions hold. Let {xy} be generated by ADGM-AA with the safe-
guard scheme. If o € (0, 1), then for any k > 0,

lzr — 2*]] < |lzo — 2*|| + Nsum
o0
where Ngum = Y Tg-
i=0

Proof. See Appendix [B] O

Theorem 4.1. Suppose that Assumptions hold. Let {xy} be generated by ADGM-AA with the
safe-guard scheme. If a € (0, 1), then for any k > 1,

3(aL + 1)(|lzo — 2| + 1sum)?
20k/(D + 1)

tin f (21) - f(a*) < (25)

Proof. See Appendix [C] O

Next, we present the convergence rate under the more restrictive strongly convex assumption.

Assumption 4.4 (strong convexity). The function f is pu-strongly conver, i.e., for all x,y € R?,
1
Fy) = F(@) = (Vf(2),y = 2) + Slly = =[],

Note that Assumption [£.4] assumes the sum of the f;’s rather than all f;’s to be strongly convex.

Theorem 4.2. Suppose that Assumption and all the conditions in Theorem hold. Let {xx} be
generated by ADGM-AA with the safe-guard scheme. Then, for any k > 0, it holds that

tr—1
ok —a* | < pllwe —a*| + 3 ot (26)
t=0
where p = ﬁ’ te = [(k=1/(D+ 1], 6o = 2no(llzo — 2*| + Nsum)(1 + aL) + (770)27 and 0, =
t(D+1)—1

0=(t—1)(D+1)
lim zp = z*.
k—+oco

> 2ne(|lzo — 2*]| + Num)(1 + aL) + (n¢)?) for all t > 1. Moreover, the equation implies

Proof. See Appendix O

Corollary 4.1. Suppose that all the conditions in Theorem hold. If gy < c(k+1)~° for some ¢ > 0 and
b>1, then

tr—1 1
tetg, < — . 27
;p 0t_0<(’5k—1)b) @)
It also holds that
. 1
o~ 1 < 0 (1) (25)
Proof. See Appendix [E] O
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5 Numerical experiments

In this section, we test the practical performance of ADGM-AA on distributed training of classification
models using logistic regression and least squares. Our experiments are implemented on a machine with 48
cores in Python, where the master and each worker are a core. In addition, we set the number n = 8 of
workers in problem . We use the mpidpy package to construct communication between the master and
workers, and all the delays are generated from real interactions between the cores, rather than artificially
set.

In our experiments, we compare ADGM-AA with two popular asynchronous methods for solving problem
, including PIAG (Aytekin et al., [2016) and DAve-G (Mishchenko et al.l 2018). For ADGM-AA, we
set different values m = 6,11, 16 to test the effect of the memory size m (i.e., using information from the
previous 5, 10, and 15 iterations, excluding the current iterate), and apply the safe-guard scheme with 7, in
where ¢ = 108 and € = 1078, All methods use tuned step-sizes and are initialized at zo = 1. We use a
few real-world datasetﬂ summarized in Table [1} where the data in each dataset is evenly partitioned across
the workers.

Table 1: Datasets

Dataset | ABA  A6A WI1A W4A Revl Cifarl0 Covtype Madelon Gisette
Samples | 3185 11220 2477 7366 20242 50000 581012 2000 6000
Features | 123 123 300 300 47236 3072 54 500 5000

5.1 Logistic regression

The logistic regression corresponds to problem with

M;
filw) =" In (1 +exp (—yia;x)) + A%,

Jj=1

where a;; € R? is a training sample, 1i; is the corresponding label, M; is the number of training samples
in worker 4, and A = 1073. For the logistic regression problem, its gradient function is non-affine, so the
operator T is non-affine in Section [3]

We plot the gradient norms, defined as |V f(x)||, versus the number of iterations and display the results
in Figure From Figure [I} we observe that 1) ADGM-AA significantly converges faster than the two
alternative methods DAve-G and PIAG; 2) As m increases from 6 to 16, the convergence of ADGM-AA
becomes faster for most datasets. The experimental results demonstrate the competitive performance of the
proposed methods.

5.2 Least squares

The least squares corresponds to problem with
filx) = || Aiz = bi%,

where each row of matrix A; € RPi*¢ is a training sample, each element of b; € R? is the corresponding
label, and p; is the number of training samples in worker i. Here, the operator T is affine in Section
because the projection operator P is linear and the gradient function of the problem is affine.

The experimental results are exhibited in Figure 2] Similar to the logistic regression case, ADGM-AA
converges significantly faster than PIAG and DAve-G. Moreover, increasing m from 6 to 16 enhances the
convergence speed of ADGM-AA.

2The datasets A3A, A6A, WI1A, W4A, Revl, Cifar10, and Covtype are downloaded from
https://www.csie.ntu.edu.tw/~cjlin/libsvmtools/datasets/. = The datasets Madelon and Gisette are downloaded from
http://archive.ics.uci.edu/ml/datasets.
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Figure 1: Comparison of PIAG, DAve-G, and ADGM-AA in solving logistic regression.

6 Conclusion

We have extended Anderson acceleration (AA) to asynchronous optimization. In particular, we have applied
AA to an asynchronous method DAve-G, which faces two key challenges: First, the asynchronous update
in DAve-G is not a fixed-point update; Second, it is difficult to design a safe-guard scheme that can be
verified in a distributed way. To address these challenges, we first equivalently rewrote DAve-G as a fixed-
point iteration by copying variables, and then designed a novel reference-path-based safe-guard condition. We
derived the convergence of our method under standard assumptions and a delay-free step-size condition. The

experimental results demonstrate that our algorithm significantly outperforms alternative methods DAve-G
and PIAG.

10
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Figure 2: Comparison of PTAG, DAve-G, and ADGM-AA in solving least squares.
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A Proof of Lemma 4.1l

Note that y is the result of a projected steepest descent step at X, and the projected steepest descent
method is a special case of the proximal gradient method. Then, applying Wright & Recht|, 2022} (9.19) on
the proximal gradient method, we have .

B Proof of Lemma

Define 8 = max¢<y, |2 — 2*|| for all k£ > 0. Since

yie = ()", @) )T

in Lemma we have by that

1o
iy — a*||? s Z 8], — ¥ = 2a(f (2 5°) — (™))
i=1

n (29)
1 2 2
. lzk—q: —2"[I” < (Br)
i=1
If wpy1 = zidy, then by and , we have
a1 = 2| < 2R3 = 2+ Nzwer — 22300 < Br + 7. (30)
Otherwise,
a1 = 2*|| < [lzRpY° = 2*|| < B
As a result,
(oo}
Brr < B+l < Bo+ > il = w0 — 27| + Tsum-
t=0
C Proof of Theorem [4.1]
The proof consists of two steps. Step 1 proves the following inequality
1 n
[T s- Z 2], — a*[|* = 2a(f (zr11) — f(2)) 31)
i=1

+ i ([2o — 2 || + fhsum) (2 + 2a.L) + (%),

and Step 2 uses to derive .

Step 1: If x441 = x}?ﬁ‘l’c, then by , the equation naturally holds. Otherwise, by and Lemma
[4:2] we have

41 — 2|

=[lzpfy® — 2¥]|% + 2(zp — 2pYC, TR — o) + |lzh — 2pe|?
<pty® — 2*)1* + 20 (|0 — 2| + Nsum) + (7ix)? (32)

1 S X * Ve ~ * ~
== Doz =2t = 2a(f (@RY0) = £(2) + 20k (lwo — @[ + meum) + (k)*.
i=1

Moreover, by the convexity and the L-smoothness of f,

f@rsn) = FERY0) < (VF(@r), mrpr — 7))
= (Vf(@rt1) = V(@) g1 — 2p°)
< Ll|wgrs — || - epa — 225
< L([Jzo — || + Msum )k

(33)
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where the last step uses Lemma and . Substituting into gives .

Step 2: Define Zy = {0} and Z; = {(t — 1)(D + 1)+ 1,...,¢(D + 1)} for each t > 1. Also let a; =
maxyez, ||vr — 2*||?. First, by induction we prove that for any k + 1 € Z;1,

k

s — 2*|? < ar = 20(f(wrar) — F@) + D b (34)
L=t(D+1)

where by = 27¢(||x0 — 2*[| + Neum)(1 + L) + (7)®. Fix k = t(D + 1). By Assumption di < D and
k — di. € Z;. Then, by and &}, = z;,_ g , we have (34).

Suppose that for some K + 1 € 7,11, the equation holds for all k 4+ 1 < K and k+ 1 € Z; 1. Then, by
li and &% = TR —di_s

lzre1 = 2*[* < max |lzge_g, — 2" = 20(f (wx 1) = F(27)) + bxc. (35)
<in K

Moreover, K — dy € Z, U {t(D + 1) + 1,...,K}. Then, if K — di > t(D +1) + 1, by (34), we have that

K—di.—1 K—1
g —ai — o¥||* < ap + Z be < ap+ Z by.
t=t(D+1) t=t(D+1)
If K — di € 7, we obtain that
K—1
2k —ai, — | <ap <ap + Z be.
£=t(D+1)
Thus, we have that
K-1
2k —qi. —=*[* < ar + Z be. (36)
£=t(D+1)

Substituting the above equation into yields with £k = K. Concluding all the above, we obtain
for all K +1€ It+1-

Next, by , we have that for all t > 0,

(t+1)(D+1)—1
arr1 < ap—2a min (f(zg) — f(2%)) + Z be

k'€Ti41 (=t(D+1) (37)
¢ (t+1)(D+1)—1
< — i r) — *
< ap 20, min (f(aw) = f(27)) + > by,
=0 £=0
where the second step uses telescoping cancellation. Moreover, for any k > 0, we have
ke, (38)
where t, = [k/(D 4+ 1)]. Letting t =t — 1 in and using gives
k—1
ok — 2*||” < @y — 2a(f(z) — F@*) + Y b
£=t(D+1) (39)
t—1 k-1
< - 2 1 ! —_ * i ’ - * b .
< a0 = 2a(min (f(aw) - f@") + ; Jin (f(ow) = f@) + ; ¢
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Since ky < k for all £ =0,...,t — 1, the above equation implies

t—1

< T t+ 1 Kez,

0 k'€ZLoqq

< agp + ZZO b(
- 2aty,

< o+t Do be
= Sak/(D + 1)

Moreover, since

we have

oo
Z by < 2nsum(Hx0 - .’13*” + nsum)(l + aL) + ngum'
£=0

Therefore,

ap + Z be < [0 — @*[I” + 2nsum (|20 — 2™ || + 7sum) (1 + L) + 02y

£=0
< (3aL +3)([|lxo — =*|| + Neum)?,

substituting which into gives ([25).

D Proof of Theorem

Under the strong convexity assumption,
Flawen) = @) = Sllaw — [,

substituting which into yields

k (t+1)(D+1)—1
1+ 20ap) o — 2P <ar+ Y be<art > b
t=t(D+1) (=t(D+1)

for all K+ 1 € Z;41. By the above inequality,

t
ars1 < pag + pby < plag + > p 0.
£=0

Moreover, for any k£ > 0, by , we have
*||2

|z —2*||° < ay,,,

which, together with , gives .
Next, due to and and according to [Polyakl 1987, Lemma 3, Sec 2.2, we have

16

min f(ze) — f(r*) < = (min (f(ow) = f@) + 32 min (F(ow) = f())

lim =z = x*.

(43)
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E Proof of Corollary 4.1]

Because 7, < 1y, and 1y < c(k + 1), we have for ¢ > 1 that

{(D+1)—1
0= > @ielllro — 2*[| + neum) (1 + aL) + (7))
(=(t—1)(D+1)
{(D+1)—1 . .
< 2(|lzo — *|| + Nsum ) (1 + aL) + ——
L2 i ) (0l + )
ce(D+1)
“(t-1D)(D+1)+1)

5 (2(lzo — ¥ + Nsum) (1 + @L) +c).

By the above inequality, we obtain that

gfw4mqwm—ﬂwM xumm+@§fﬁ4 b+l
—_ sum b
par s (t—1)(D+1)+1)
+p" 6o (45)

Let p =t — t. The right-hand side is rewritten as

* e 5 C(D + 1) t
) (et e pz::l P t—p—D)D+ 1)+ 1) + 0o

Firstly, when 0 < p < [(tx — 1)/2], we have that t;, — 1 — p > (tx, — 1)/2, thereby having that

1 - b
(tk —=1=p)* = (tx = 1)%

Hence, we have that

[(tx—1)/2]

b oo
» c(D+1) < 2°c »
2 P —p- DD+ D)+ 1 ~ (G- D+ 1) p;p
20¢p
< . 46
WD+ )1 ) 1o
Secondly, when | () —1)/2] < p <t — 1, we have that p? < p(*»=1)/2_ Here, we obtain that
tr—1
D+1

oD +1) < ety — 1)pt=1/2, (47)

el (EEmp = DD+ 1)+ Dl

Finally, we know that

lim 2%¢(t, — 1)°p B 2¢cp
N G S P (= p) - (DA D)1= p)

lm c(ty — 1) p0 D2 =0, and  lim 6yt — 1)°p™ =0.
tp—00 tr—00

Therefore, by using inequalities 1D 1) and 1| we obtain 1l On the other hand, due to . lim pb||zg—
k— 00
26), (28)-

2*||(tx — 1)® = 0, and by using the inequality we have
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