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ABSTRACT

Deep neural networks excel in high-dimensional problems, outperforming models such as kernel
methods, which suffer from the curse of dimensionality. However, the theoretical foundations
of this success remain poorly understood. We follow the idea that the compositional structure of
the learning task is the key factor determining when deep networks outperform other approaches.
Taking a step towards formalizing this idea, we consider a simple compositional model, namely
the multi-index model (MIM). In this context, we introduce and study hyper-kernel ridge regres-
sion (HKRR), an approach blending neural networks and kernel methods. Our main contribution
is a sample complexity result demonstrating that HKRR can adaptively learn MIM, overcoming
the curse of dimensionality. Further, we exploit the kernel nature of the estimator to develop
ad hoc optimization approaches. Indeed, we contrast alternating minimization and alternating
gradient methods both theoretically and numerically. These numerical results complement and
reinforce our theoretical findings.

1 INTRODUCTION

The search for principles underlying the success of deep networks in learning from high-dimensional problems has
been the subject of much interest. At least two ideas have a long history. The first is invariance. Deep architectures
emerge from the need to derive models insensitive to transformations that are uninformative for the task at hand.
Computational primitives such as filtering and pooling at different scales can be understood as implementing these
ideas. This perspective traces back to early work in computer vision (Fukushimal [1980; [LeCun et al., |[1989),
itself motivated by ideas in neuroscience (Hubel & Wiesel, |1962; Riesenhuber & Poggio, [1999), and we refer
to [Serre et al.| (2007); [Mallat (2012) for examples of more recent contributions in this line of work. A second
idea is compositionality. High-dimensional data often have a hierarchical structure where parts at different scales
interact. Language provides a natural example, with its structure in letters, syllables, words, and sentences. Deep
architectures can then be designed to exploit this structure. These ideas, which go back at least to [Bienenstock
& Geman)| (1998); Yuille & Kersten| (2006), provide another perspective on algorithmic developments such as
convolutions (LeCun et al.l [2002)) and attention mechanisms (Vaswani et al.l [2017)). Ultimately, the relevance of
either one of these principles relies on their ability to reduce the need for data, thus translating into more successful
learning schemes. The study of sample complexity in statistical learning theory provides a framework within which
this intuition can be formalized and tested (Vapnik, [2013]).

Classic sample complexity results highlight the role of data dimension and function smoothness. In the absence
of any assumption, no sample complexity results can be derived (Vapnik, [2013} [Devroye et al., [2013). Assuming
the task of interest is described by Lipschitz functions leads to sample complexity scaling exponentially with the
dimension of the input data—the so-called curse of dimensionality (Donoho et al., 2000). Such dependence can be
alleviated if further smoothness is assumed, yielding sample complexity that depends exponentially on the ratio of
dimension to smoothness (Stonel |1982). Both these classes of problems (Lipschitz and smooth Sobolev functions)
can be learned by a variety of learning approaches, including kernel methods and neural networks, hence not
explaining the better performance of the latter on high-dimensional problems. Starting from the seminal work
in Barron| (2002)), this observation has led to investigating how to characterize the class of problems where deep
networks excel; see, e.g.,|Poggio et al.|(2017) for a recent account.

Circling back to the initial discussion, the role of invariance in sample complexity has been discussed in [Poggio
et al.| (2017) and analyzed, for example, in [Mei et al.| (2021) in the context of group transformations. However,
invariance alone seems insufficient to account for the striking empirical performance observed in practice. A func-
tional viewpoint on compositionality was proposed in |Mhaskar et al.| (2017) and further developed in [Dahmen



Under review as a conference paper at ICLR 2026

(2025) from the perspective of approximation theory. Sample complexity bounds were derived in|Schmidt-Hieber
(2020); |[Kohler & Langer|(2021), laying the groundwork for a theoretical understanding of compositional structure.
It is within this line of work that our contribution is situated. Our study is further motivated by the work of Rad-
hakrishnan et al.| (2022)), which points to a simpler compositional structure and proposes a kernel-based approach
to learn it, called Recursive Feature Machine (RFM), drawing on ideas from sufficient dimensionality reduction
(Fukumizu et al.,2009). As we discuss next, we propose an alternative approach within the same context.

The approach we study blends ideas from kernel methods and neural networks. It draws inspiration from [Poggio
& Girosi (1990), where an extension of radial basis function networks (RBF), called hyper-RBF, was proposed.
Instead of a single kernel and its RKHS, we consider a family of kernels and their corresponding RKHSs. Each
kernel is obtained by composing a fixed common kernel with a linear transformation that maps inputs to a lower-
dimensional space. A solution is then obtained through regularized empirical risk minimization with least squares.
For any fixed transformation, the approach reduces to kernel ridge regression (KRR). But now, rather than being
fixed, the best transformation is learned during training. The resulting method is called hyper-kernel ridge regres-
sion (HKRR), and reduces to hyper-RBF when radial kernels are used. It can be seen as a special form of neural
network or as a kernel method augmented with a built-in linear representation learning step. In particular, classic
approximation schemes for kernel methods, such as Nystrom approximations (Rudi et al., 2015), can be exploited.

HKRR provides a natural framework for learning multi-index models (MIMs), given their structure as the com-
position of a linear transformation and a smooth nonlinear function. Our main contribution is the characterization
of the sample complexity of HKRR for learning MIMs. We show that in this case, the dependence is exponential
in the ratio between the true transformation dimension and the smoothness, and only polynomial in the input data
dimension. We further show that the transformation dimension does not need to be known a priori but can be tuned
by hold-out cross-validation, preserving the same sample complexity up to logarithmic factors. We complete our
statistical analysis by showing that the HKRR estimator can be compressed using Nystrom subsampling (Rudi
et al.,|2015)), without degrading the sample complexity. The proofs largely draw on techniques developed for ker-
nel methods, extended to handle the compositional nature of hyper-kernels. A second contribution is to investigate
the solution of the HKRR optimization problem both theoretically and numerically. In particular, we contrast two
different approaches. The first leverages the connection to KRR and alternates closed-form updates for the esti-
mator (given a transformation) with transformation updates via gradient descent (VarPro), in the spirit of variable
projection methods (Golub & Pereyral [1973). The second strategy alternates gradient descent (AGD) steps, akin
to the PALM algorithm in Bolte et al.|(2014). The HKRR optimization problem is non-convex, but both strategies
can be shown to converge to a critical point. Numerically, however, the AGD approach appears more stable and
ultimately outperforms VarPro. We attribute this behavior to the nonlocal nature of the latter, as we illustrate nu-
merically. Overall, our results show that HKRR can be viewed as a useful augmentation of kernel methods, while
providing a sound algorithmic approach to study simple compositionality and representation learning models.

Some notation and background are given in Section [2] Section [3]introduces the HKRR problem and two algo-
rithms, VarPro and AGD. Section [ presents the sample complexity of HKRR and the convergence analysis of
both algorithms. Experimental results and conclusions are reported in Section [5]and Section [6]

2 BACKGROUND

In this section, we collect some basic definitions and notation.
Statistical learning and sample complexity. Let p be a joint probability distribution on X x Y € R” x R. The
learning problem with the square loss consists in minimizing, over all measurable functions, the expected risk

R(f) =E[(f(x) —y)*]
iid.

given (z;,y;)7, "= p™. The quality of a learning solution f is measured by the excess risk R(f) — R(f.),
where f, denotes a risk minimizer. For the square loss, a minimizer is the so-called regression function defined as
f«(x) = Ely | ] almost surely. The sample complexity of a learning algorithm is the number of samples required
by a corresponding empirical solution to achieve a prescribed accuracy with a prescribed confidence level. More

precisely, given e > 0 and ¢ € [0, 1], we say that a procedure outputting solutions f given m points has sample

complexity m(e, d), if for all m > mf(e, d), R(f) — R(f«) < e with probability at least 1 — J. Here, ¢ and
1 — § are the accuracy level and the confidence level, respectively. The function m(e, §) can typically be inverted
to express the results in terms of error bounds. Given m and J, an error bound is a function €(m, d) such that

R(f) — R(f«) < €(m,d), with probability at least 1 — 4. In the following, we will take this latter point of view
and review classical algorithms relevant to our study.
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ERM and kernel methods. Fixed a hypothesis space H of measurable functions f : X — R, the empirical
risk minimization (ERM) over A is given by f = arg mingc4 R(f) = argmin,q Ly (fla) — yi)Q. In

particular, kernel methods consider # to be an RKHS, that is a Hilbert space of functions with a reproducing kernel
k: X x X — Rsatistying k, = k(-,z) € H, and f(z) = (f, ky)n, forall z € X and f € H (Aronszajn| [1950).

Further, KRR corresponds to minimizing the regularized empirical risk

m

fr=argminRa(f), Ralf) = — S (F) 1) A2, A >0, ()

fer mi3

By the representer theorem (Scholkopf et al., 2001, f>\ = Z’il a; k(z;,-), so that KRR reduces to a finite-
dimensional problem
1,4 .
o = argmin—||Ka — y||? + Ao’ Ka, 2)
a€Rm MM
where y = (1), € R™ and K € R™ ™ with (K); ; = k(z;, x;) is the empirical kernel matrix. More efficient
computations are possible using Nystrém approximation, considering 7 < m inducing points (#;)™; C (z;)™,

m o~

and a subspace of functions of the form f(-) = >".", &; k(Z;, -). The Nystrom KRR is then given by

~% . . l oy - 2 ~T oy -

&* = argmin— || K& — y||° + A" Knn @, 3)

aecrm MM

where ([A(mm)i)j = ki(.’[?i,.’fj) and ([A(mﬁl)i,j = k(i‘i,i‘j).
It is useful to contrast kernel methods with classic one-hidden-layer neural networks.
Remark 1 (Neural and RBF networks). One-hidden-layer neural networks consider functions of the form f(x) =
Z;;l cio(w;erbj), where 0 : R — R is a nonlinearity, e.g. the ReLU o(z) = max{0, z}, and ¢;,b; € R,w; €
RP, j =1,...,uare parameters to be determined. Each term a(w;—m +b;) is called a neuron, w is the number of
neurons/units, and (w,, b;); are called hidden weights. Radial basis function (RBF) networks consider functions
of the form f(x) = Z};l cid(|lw; — z||), where ¢ : R — R is a nonlinearity, e.g. the Gaussian ¢(z) = e”*, and
againc; € R,w; € RP, j =1,...,u are parameters to be determined.

3 HYPER-KERNEL RIDGE REGRESSION

In this section, we describe HKRR, an approach blending ideas from kernel methods and neural networks. HKRR
is based on regularized ERM like KRR, but considers a class of functions defined by a family of parameterized
kernels, rather than one fixed kernel. Similar to neural networks, the solution is a linear combination of nonlinear-
ities with parameters to be determined during training. The corresponding optimization problem is nonconvex, but
its structure suggests ad-hoc gradient approaches.

3.1 HYPER-KERNEL RIDGE REGRESSION

Let k : R x RY — R be a fixed “mother” reproducing kernel with associated RKHS Hj,. Define B = {B €
R>XD || Bl < 1}, where d < D and || Bl|oo = sup| <1 || Bx||. A hyper-kernel kp : RP x RP — Ris
defined by the composition of the kernel £ with a linear map B € 3, namely,

kp(z,a") = k(Bz,Ba'), w4’ € RP.

The RKHS with reproducing kernel kg is denoted by H g for each B € B. Note that our definition of the hyper-
RKHS differs from that in|Liu et al.[(2021). The intuition is that each map B provides a low-dimensional linear
representation of the data, while the mother kernel k defines a space of nonlinear functions on this reduced space.
Considering hyper-kernels allows us to learn an estimator that composes an optimal linear representation and a
corresponding nonlinear function. HKRR achieves this by solving the regularized ERM problem

min win R (), Ra(f) = D (F0) —0)” + Al @

BEBfEHB i—1
i=

For any given B € B, the inner optimization over H g is a standard KRR problem (equation [I}) with kernel k5. As
discussed in Section the problem is strongly convex and admits a unique minimizer f /{9 =argmingq, . R (f),
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which can be computed using the representer theorem (equation [2), and more efficiently via a Nystrom approxi-
mation (equation [3). The outer optimization problem over B is non-convex and corresponds to

argmin Hy(B), H\(B) := min Rx(f) = e

2
rB FB |12
s P m (f,\ (1) y) £ ||7-LB

hE

i=1

If By is a solution of the above problem, then the HKRR estimator is ff ¢ and relies on the choice of the mother
kernel k, the regularization parameter ), and the dimension d of the linear maps in B. In Section [5] we will
investigate how these choices influence the corresponding learning performances. We first discuss the practical
computation of the HKRR estimator.

3.2 COMPUTING AN HKRR SOLUTION

As already mentioned, the representer theorem (2)) allows us to reduce problem (@) to a finite-dimensional opti-
mization. In practice, we adopt the Nystrom approximation as equation , where (Z;)7 , are sampled uniformly
without replacement from the training set. This procedure is referred to as the plain Nystrém method (Rudi et al.}
2015)), and leads to

1

glei% aHel]lléln L(B,a), L(B,a)= EHIA(g,;La - sz +Xa KB a, 3)

€ R™* and KB

mm

where KB

mm

€ R™*™ are defined by (K2 )i j = k(Bx;, Bi;), (KB ) ; = k(Bi;, Bi;).
Let f f “™ denote the solution of equation with the index m highlighting the use of the Nystrom approximation.

We next discuss some aspects of HKRR optimization and refer to Appendix [C] and in particular to Lemma(g§] for
details. We begin by noting that, for each B € B, the inner minimization admits an explicit solution

N N N -1 .
a(B) = (K5 TKE, +xmKE. ) (Rha)Ty. ©)
Plugging this expression into equation 3| we have for each B € B that

\ 1 1. ) ) -1
H\(B) = min £(B,a)= —y'y -~y KL, ((Kﬁm)TKﬁm + )\meLm) (RE Ty, ()
acR™

If the kernel is smooth, then H  1s differentiable, and so is LAZ(B7 «) for any @ € R, and hence L itself. How-
ever, H y 1s not convex, and neither is L. We will see that, if the mother kernel k is analytic, then H ) satisfies
the Kurdyka—Ft.ojasiewicz property |Attouch et al.| (2013)), which will allow the derivation of some optimization
guarantees; see Section[4.4] (Theorem [4).

Given the above discussion, we next propose two methods to compute an (Nystrém) HKRR solution. The first
method is_Variable Projection (VarPro), see Algorithm|[T] It exploits the closed-form solution to update « (see
equation @), while applying gradient descent steps on B to minimize H (B), see equation |7} This approach is
well known in the optimization literature (Golub & Pereyral |[1973};2003)), and allows the use of other optimization
schemes such as L-BFGS (Poon & Peyrél 2023). We note that this idea has also been adapted in a related, though
slightly different, setting in|Follain & Bach|(2024), introducing BKerNN. The second method is Alternating Gra-
dient Descent (AGD), see Algorithm 2] It is based only on gradient information and successively updates B and «
through gradient descent steps. This algorithm is similar to PALM (for Proximal Alternating Linearized Minimiza-
tion) introduced in |Bolte et al.| (2014), allowing multiple steps in « to improve its performance. Such alternating
gradient schemes have already been applied in the literature in nonconvex settings, for example, for matrix factor-
ization or two-layer neural networks (Lu et al.l [2019; [Ward & Koldal [2023). In Appendix Q, we provide further
details on the above methods, including line search strategies for automatically tuning the learning rates s, and
sp, and how to handle the constraint on matrix B. Some convergence results are provided in Theorem [4] while
empirical performances are investigated in Section[5] We end this section discussing some comparison with other
works in the literature.

3.3 RELATED APPROACHES

In this section, we discuss the connection to some approaches that directly influence our study. An inspiration
for the HKRR approach is Hyper-RBF networks proposed in [Poggio & Girosi| (1990), from which the term
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Algorithm 1: VarPro (informal) Algorithm 2: AGD (informal)
Require: B%, sg >0 Require: B, a°, s, >0, sg > 0, n, € N*
1: o = argmin,cpn L(B% ) I: fori =0,1,...do o
2 fori=0,1,...do 2. Bitl =Bl - spVuL(Bal)
3 Bitl — gi _ SBVBE(Bi,ai) 3 abl = of
4 o't =argmin, ga L(B, ) 4 forj=0,1,...,nq—1do -
5: end for 5: It =ahl — 5,V L(B, a™)
6: return (B oitl) 6: end for
7 7: ottt =qbne
8: end for ‘
9: return (B! oitl)

“hyper” is borrowed. Hyper-RBF networks extend standard RBF networks, considering functions of the form
f(@) = 3" ¢(]|B(z — wy)||), with B a linear transformation to be learned. In Poggio & Girosi (1990), nei-
ther the representer theorem nor Nystrom inducing points were considered, and the centers wy, . . ., wy,, together
with the coefficients a4, . . ., o, and the matrix B, were optimized using stochastic gradient with no optimization
guarantees. In comparison, we consider a more general class of hyper-kernels; we do not optimize the centers,
but use Nystrom inducing points; and finally, we consider different gradient-based methods for which convergence
guarantees are provided. Another inspiration for our work is the recursive feature machine (RFM) proposed in/Rad-
hakrishnan et al.|(2024bja)); see also/Zhu et al.|(2025). RFM is based on hyper-RBF kernels and defines an estimator
similar, though with a slightly different form. Indeed, noting that || Bz|| = (xTM m)l/ 2, with M = B" B, RFM

considers functions of the form f(z) = >°I" | k((z — z;) "M (x — x;)), where k is a radial basis function that is

also a reproducing kernel. The centers x4, ..., x,, are taken to be the input data points, as in kernel methods and
HKRR. The coefficients are computed for an initial B (or rather M) via KRR using a closed-form expression. The
key feature of RFM lies in the computation of M, which is given by the average gradient outer product (AGOP)
operator (Xia et al,[2002): M = 13" 'V f(z;)Vf(x;)", with f a KRR solution. KRR and AGOP computa-
tions are then alternated. Aside from the more specific nature of the hyper-kernels considered, RFM is close to our
VarPro algorithm. The gradient step update of B in VarPro is replaced by the AGOP update. The AGOP operator
has a long history in statistics in the context of sufficient dimension reduction (Samarov, (1993} Hristache et al.,
2001). However, unlike VarPro, the RFM iteration does not currently have an ERM and hence an optimization
interpretation. Finally, HKRR was also considered in |Chen et al. (2023), developing ideas of Fukumizu et al.
(2009). We will discuss this more in the next section.

4 THEORETICAL RESULTS OF HKRR FOR LEARNING MIMS

In this section, we present a bound on the excess risk of HKRR for learning MIMs (Theorem E]) derive the
convergence rate of the Nystrom approximation for HKRR in Theorem [2] and provide a theoretical analysis of
adaptively estimating the unknown latent dimension d, and the regularization parameter A\ via cross-validation
(Theorem [3). The convergence analysis of AGD and VarPro is also established in Theorem 4]

4.1 LEARNING MIMs wiTH HKRR: EXCESS RISK BOUND
Consider MIMs, where the regression function takes the form

f«(z) = g«(Bsx), px-ae x € X, (8)

with B, ad, x D matrix such that d, < D, || B«||sc < 1, and g, a measurable function defined on R?-. Estimating
MIMs is challenging due to both the nonlinearity of the function g, and the difficulty of determining the linear
map B,. The following assumptions are needed to derive the rate of excess risk.

Assumption 1. We assume that:

1.1 (Bounded data). The input space X is a closed subset of RP, with ||z|| < 1 and |y| < M for some M > 0.

1.2 (Smoothness). For some integer r > 1, the mother kernel satisfies k € C"(R%* x R%-).
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1.3 (Source condition). For some d. < D, there exists B, € R**P with ||B,|lc < 1, such that f, lies in
Range (sz/j ) for some 6 € (0,1]. Here, Ly, : Lo(X, px) — L2(X, px) is an integral operator given by
(Lkp, f)(2) = [y kp.(z,2") f(2') dpx (2').

The condition that the input space X is contained in the unit ball can always be enforced for bounded inputs
by rescaling. The boundedness of the outputs is also a standard assumption. The setting we consider is in the
field of classical distribution-free non-parametric learning (Gyorfi et al., [2002). This contrasts with the stricter
distributional assumptions adopted in other works, see, e.g., Mousavi-Hosseini et al.| (2022)); |Bietti et al.| (2025)).
The smoothness of the kernel & provides a sufficient condition to control the covering numbers (see Assumption 4).
The Matérn kernel is an example satisfying this assumption (Williams & Rasmussen, 2006)). The source condition
is well studied in classical kernel methods (see, e.g., (Cucker & Zhou| (2007); |De Vito et al.| (2021)). It states the
relationship between the target f, and the space determined by the integral operator defined by the kernel k. The
parameter 6 controls the smoothness of f.. A larger § implies smoother functions and a smaller function space,
and therefore a better approximation rate.

The following theorem establishes the excess risk rate of HKRR defined in equation E} Here, the dimension d.
is assumed to be known a priori, while the adaptive result for unknown d, is stated in Theorem [3| The proof is

provided in Appendix

Theorem 1. Suppose Assumptionholds. Let0 < 6 < 2/e, ¢ < r/(de +7)and X\ = A\, = m~S. Then with
probability at least 1 — 0, there holds

R( f ) = R(f.) < C1Dd. log?(2/8)m =%

for all m > msg, where my is independent of D, d, and C1 is a constant independent of D, d, and 6.

Remark 2. Explicit expressions for ms (see equationwith s* = d./r) and for C; (see equation are given
in the proofs. For sufficiently large mys, the factor Dd, can be improved to (Dd*)l/ (s7+1) (Remark . Moreover,
Theorem@ in Appendix B]yields a weaker bound, valid for all m > 1, of order m~"%/(1+0)(d-+7),

Remark 3 (Beating the curse of dimensionality). The minimax excess risk for estimating an r-smooth function
f : RP — R from m samples scales as m=2"/Cr+D) (Gyorfi et al., 2002)), which deteriorates exponentially with
the input dimension D. In contrast, HKRR for MIM achieves a rate that depends exponentially only on the true
transformation dimension d. < D and only polynomially on D, thereby mitigating the curse of dimensionality.

Remark 4 (Suboptimal rate). Theorem |l| yields an excess risk bound of order m=2"/(27+2d%) "\which introduces
an extra factor of 2 in the d.-term compared with the conjectured optimal rate. This suboptimality likely arises
from relying on Lo-based covering number bounds over | |z H . Sharper analysis based on La-norm estimates
or local Rademacher complexity (Bartlett et al.| 2005) is left for future work.

4.2 NYSTROM APPROXIMATION

Recall that the solution of the Nystrém problem in equationis denoted by f f 4™ To describe the relationship
between m and m, we define a random variable N, (\) = (kp., (5, + M) 'kp,z)n,, for A > 0 with
x ~ px, where X p_ is the covariance operator of kp_ (see equation E]), and set N, oo (X) = sup,c x N5, =(N).

The following result shows that, with 7 < m points, the plain Nystrom estimator can achieve the same excess risk
rate as in Theorem [T} up to constants. The proof is given in Appendix

Theorem 2. Under the assumptions of Theorem|[I] with probability at least 1 — 6,
R(fL4™) = R(f.) < C2Dd, log%(2/8)m™",

where Cy is given in equation provided m > 67 log% V 5 NB, () log% for k = sup, k(x,x).
Remark 5. Since Np, o(A) < /A for all X\ > 0 (Caponneito & De Vito, 2007, |Rudi et al.| |2015), under the

assumptions of Theorem we have m > 1 ~ m¢, where ¢ can be chosen arbitrarily close tor/(d, + 1) < 1.

Remark 6. We also provide the rate of the approximate leverage score (ALS) Nystrom (Rudi et al.| |2015)) with
varying numbers of subsampling points; see Appendix|B|for details. In fact, ALS requires fewer samples than the
plain Nystrom method since N, (\) < Np, oo(X), where N, (X) = Egpy [INB. 2(N)].
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4.3 ADAPTIVITY

The latent dimension d, is unknown in practice. To obtain adaptive guarantees, d is tuned over {1, ..., D}. Given
N eN A, Ay >0and Q = ()\N//\l)l/(N_l), the regularization parameter \ is chosen from the geometric grid
A={)\ = /\1Qj’1}§v:1 assuming that the interval [A1, Ax] contains the optimal . Let I' = {(d,)) | d €
{1,...,D}, A€ A}, sothat || = DN. Let {(z}, y}) m' ~ p™ be an independent validation set. We select

’

(d,\) = arg min i/ i(TN[f)\Bd (23) — y;>2

(d,yer M=
Here, Ty, is a truncation operator given by T f(x) = sign(f(«)) min{|f(x)|, M }, which handles the unbound-

edness of functions obtained by HKRR. The resulting estimator is denoted by f f ¢, The next theorem states that it
achieves the same rate (up to constants) as the estimator in Theorem |1} The idea of its proof is classical; see, e.g.,
Devroye et al.| (2013); |Chirinos-Rodriguez et al.|(2024), and it is given explicitly in Appendix

Theorem 3. For ¢ € (0,1) and a suitable q € [1, Q)], the following holds with probability at least 1 — 0 that

52M*? 2DN
log ——

R(Tar ;%) = R(f.) < 24°CrDd. log?(2/8)m ™" + = log =

The above theorem shows how to choose hyperparameters adaptively and optimally. Furthermore, our experiments
(Figure[2) highlight the impact of different choices of d and reveal an interesting phenomenon: overparameterizing

d can sometimes yield better results. This observation suggests the conjecture that d>d,.

4.4 OPTIMIZATION GUARANTEES

We next study the convergence properties of Algorithms [I] and [2] introduced in Section 3.2} see Appendix [C]
(Theorems [§] and O] for further details. The proofs rely on the Kurdyka-Eojasiewicz property (Attouch et al.
2013)), which in turn requires the kernel & to be analytic.

Theorem 4 (Convergence of AGD and VarPro (informal)). Let k be an analytic kernel. Suppose that the sequences
(Bi)ieN and (ai)ieN generated by Algorithmorare such that the minimal eigenvalue \p,;p, (K£m> > o for

some o > 0. Then, the sequence (Bi, al)fEN converges to a critical point of ¥ : B,a — L(B,«) + ig(B) as i
goes to infinity, and both sequences have finite length. In addition, there exists a constant C' > 0 such that after N
iterations, either (BN Jalv ) is a critical point of ¥ or
2 C

< —

min ‘VBﬁ(Bi7ai) =¥

0<i<N

The above result ensures that both methods converge to some critical point of the objective function as long as
the sequence (Bi)l. cn does not shrink the minimal eigenvalue of the kernel matrix K B’ . In other words, we
require the data points to be linearly independent under the hyper-kernel kp: at each iteration. This assumption
guarantees that the sequence (ai) is well defined and bounded, which allows us to analyze the algorithms using
Kurdyka-ELojasiewicz property.

ieN

4.5 COMPARISON WITH OTHER WORKS

Hyper-kernel RKHSs have been studied for dimension reduction, see e.g., Fukumizu et al.| (2009); |Fukumizu &
Leng| (2014)); Chen et al.|(2023). In|[Fukumizu et al.|(2009), they studied the conditional cross-covariance operator
between input and output RKHSs. It was shown that the operator equals to one induced by hyper-kernel input
RKHS and output RKHS when B spans a central mean subspace (Chiaromonte & Cook| [2002). They further
connected the operator to the expected risk and yield an ERM framework. Building on this idea, (Chen et al.|(2023))
proposed a related HKRR method and proved that it can recover the true subspace dimension asymptotically.

The explicit excess risk rates for learning MIMs in different approaches are also studied in the literature. For
example, Klock et al|(2021) used k-nearest neighbors and piecewise polynomials to learn the link function and
employed the response-conditional least squares (RCLS) algorithm to estimate the latent matrix via inverse regres-
sion. Their generalization bound is O(m~2"/(27+d+)) plus the error from learning the latent matrix. By contrast,
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our approach achieves O (m~"/("*+4+)) and provides two alternating minimization algorithms with both theoretical
guarantees and empirical validation. [Bach|(2017) established generalization bounds for MIMs with Lipschitz prop-
erty. He considered hypothesis spaces as neural networks with finite variation norm and activation o (z) = ()%,
a > 0. For ReLU (a = 1), the rate is O((log D)?/%+3m=1/(d+3) Jogm). Our results emphasize the blessing
of smoothness: the rate improves with r, and even for » = 1 we obtain a sharper bound. Finally, Schmidt-Hieber
(2020) analyzed more general compositional functions in Holder spaces. He showed that deep neural networks
with bounded parameters and depth L = log, m achieve O(m ~2%/(2s+4-)) for MIMs, though without optimization
analysis; see also|Kohler & Langer| (2021)); Kohler et al.| (2022).

The computational complexities of gradient-based algorithms have also been studied for learning the single-index
model (d, = 1) and MIM recently. A quantity characterizing complexity is the information exponent (Arous et al.,
2021), see, e.g., online SGD (Arous et al., [2021), GD (Ba et al., [2022; |Monir1 et al., [2023)), and SGD (Mousavi-
Hosseini et al., [2022; [Damian et al., [2023). An alternative notion of complexity is given by the leap exponent
(Abbe et al., 2023} |Dandi et al.} 2023} Bietti et al.,|2025)). For a broader discussion of MIMs, see the survey Bruna
& Hsul (2025)).

5 NUMERICAL EXPERIMENTS

In this section, we study the performance of the methods introduced in Section [3.2]on simulated datasets, using the
Gaussian kernel & : z, 2’ — exp (—7 |l — H2) Details on the experimental setup can be found in Appendix

D.1

Non-convexity of HKRR. Given the nonconvex nature of the objective function minimized in HKRR, the perfor-
mance of first-order methods such as VarPro (AlgorithmI)) and AGD (Algorithm2)) can be severely impacted by a
poor initialization. In particular, VarPro directly exploits the structure of the problem in equation [5|by computing a
closed-form solution at each iteration. This leads to a faster convergence than AGD, especially for few Nystrom
centers, since only a matrix of size / X m must be inverted. However, this advantage comes at a cost: because
VarPro optimizes solely over B—the variable responsible for the non-convexity—it is prone to being trapped in
local minima and is thus highly sensitive to initialization. By contrast, AGD explores the landscape of L jointly
in both B and «, which can help it escape critical points where VarPro stagnates. This behavior is illustrated in
Figure[Ta} in one scenario (top graph), both methods converge ultimately to the same solution, with VarPro reach-
ing it more quickly; in the other scenario (bottom graph), AGD manages to escape a critical point in which VarPro
remains stuck. A simple two-dimensional problem illustrates the above intuition, see Figure [Tb] Figure and
Appendix [D.2]for further details.

—— VarPro e Optimization Paths on flx, y) = (x ~y?)? + co:
— AGD

Optimization Paths on flx, y) = (x —y)? +

Value of £

o )
Computation time (in second)

— VarPro Function Value vs. terations Function Value vs. lterations
10
— AGD

Value of £

o L e e e e s = === N S S E—E—
Computation time (in second) . ©® w0 @m0 %0 a0 e e 8w a0 w0 e se 6o

(a) (b) (©

Figure 1: Comparison between VarPro (red) and AGD (blue). @) Training losses across time for two random
initializations of B°. (b) Two-dimensional toy example with initialization (—1.5, —1.5): AGD escapes a local
minimum where VarPro remains stuck. Initialization (—1.5, —0.1): both methods converge to minima, with
VarPro being significantly faster. See Appendix @for additional details.
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Initialization and hyper-parameter tuning. To avoid the effect of poor initialization of B, the proposed strategy
is to sample several matrices from B, with 10 matrices sampled in the presented experiments. The initialization BY

is then selected by cross-validation. This involves computing the coefficients that minimize ﬁ(B ,«) and testing

each pair of matrix and coefficients on a validation set. Since L involves a regularization parameter )\, it must
be initialized either by coupled cross-validation with B° or arbitrarily. For the Gaussian kernel used in these
experiments, an additional scaling parameter v must also be tuned. We adopt the well-known heuristic v = ﬁ7
where fi = median{||B(z; — x;)|| : ¢ # j} is computed separately for each sampled matrix B.

On the role of the latent dimension. Beyond the conventional hyper-parameters of KRR, HKRR introduces
the latent dimension d,. Since this value is unknown in practice, it is crucial to understand how its estimate d
affects performance. Figure [2| shows that underestimating d (d < d.) severely reduces accuracy, while overpa-
rameterization is more robust: choosing d > d, often even outperforms the true value d.. However, with a
limited computational budget, very large d may degrade approximation quality. For larger datasets, setting d = 20
consistently yields better results than d = d.., whereas setting d = D = 50 is inefficient due to the fixed budget.

10
iy osl 1 4 R,
{ —e— HKRR via VarPro / / . o
i === HKRR via AGD y
1 — HKRR with true B oe Y/
! — KRR 7
de /
! 04 / —e— HKRR via VarPro
Fq === HKRR via AGD

é’/ —— HKRR with true B
s — KRR
d.

R2 score
R2 score

B E) £} E) o o B E)
Varying d in HKRR Varying d in HKRR

R2 score

2000 000 6000 12000 14000 16600

8000 10000
Size of the dataset

Figure 2: R2 score on test sets for B and « learned by VarPro (red) and AGD (blue). Top: performance w.r.t.
the parameter d for Dataset 1 (left) and Dataset 2 (right), with true latent dimension d, = 3, D = 50. Bottom:
performance for d € {3, 20,50} as the training size increases for Dataset 1. See Appendix for further details.

6 CONCLUSION

In this work, we investigated hyper-kernel ridge regression as a step towards exploring the compositional principle
underlying deep learning. HKRR is an approach combining ideas from kernel methods and neural networks,
related to recently proposed methods such as RFM. Our main contribution is the analysis of the sample complexity
of HKRR when learning MIMs. Unlike standard KRR, HKRR can adapt to the MIM structure to escape the curse
of dimensionality. From an algorithmic perspective, we exploit the structure of HKRR to analyze two approaches,
VarPro and AGD, drawing ideas from convex optimization and for which local convergence guarantees can be
established. Numerical results illustrate and corroborate our findings. Altogether, these results suggest that HKRR
can be regarded as a useful augmentation of kernel methods, and point to new directions for developing efficient
algorithms that bridge kernel and neural network approaches.

A natural direction for future work is to refine our analysis to obtain sharper bounds. It would be especially
interesting to consider more general forms of compositional functions beyond MIMs, and see if kernel methods
and neural network ideas can again be combined to provably learn such models.
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A  PRELIMINARY LEMMAS AND BASIC ERROR BOUNDS FOR THEOREM [1]

In this appendix, we prove Theorem [I] and some accompanying results. Many of these results hold true under
weaker conditions than Assumption[I} so we treat these results and conditions separately. The proof of Theorem
is given in Subsection

In the following, if S is a compact space, the Banach space of continuous functions on S endowed with the sup
norm || - || is denoted by C'(S). We also need to recall some basic quantities and fact associated to every RKHS.

A.1 RKHS AND RELATED OPERATORS
We recall that if k is continuous and bounded, then the following operators are well defined, bounded, and positive:

a) The integral operator Ly, : La(X, px) — La(X, px)
Li(g)(a) = [ Ka.a)g@)dpx (@), g € La(X, px).
X
b) The covariance operator ¥ : H — H

57 = [ (ke dox(e) = [ [ o rdo)| £ sen, ©)
X X

where forall z € X, k, := k(z,-) € H, and (k; ® k) : H — H is the positive rank-one operator
(ke @ k2)(f) = <f7 kw>H ke

Moreover, the relationship between the Lo (px ) norm and the RKHS norm is given by: for g € H,
1
lgll} = 122915, (10)

where 22 is the square root of the positive operator ¥, defined via spectral calculus.

A.2 COVERING NUMBER OF COMPOSITE CLASSES AND HYPER RKHS

Let V be a vector space endowed with a norm || - ||y,. The ball of radius R and centered at the origin is denoted
by Byrg = {f € V : ||[fllv < R}. Given a subset G C V with compact closure, for all ¢ > 0, Ny (G, ¢)
is the covering number of G, defined as the minimal J € N such that there exist g1,...,9; € G satisfying

G=U/_{9€G:llg—glv <e}

If H is an RKHS on S with a continuous kernel, then H is a subspace of C(.S), and its ball of radius R is compact
in C(S) (Cucker & Zhou, [2007). We denote by N (B g, €) the corresponding covering number, omitting the
index C(SS) for simplicity. We need the following condition on the data space.

Assumption 2. The input space X is a compact subset of RP such that sup,ex || < 1, and for some M > 0,
lyl < M.

The assumption that X is bounded is needed to control the covering number, see Lemma([l] The assumption that
the outputs are bounded implies | f.(z) = [, y dp(y|z)| < M.

Given an integer d, we recall that B = {B € R¥*P : || B||», < 1}, so that
Q={BzecR?|ze€X,BeB}CR?
is compact, since the map (x, B) — Bz is continuous and X x B is compact.

We impose the following condition on the mother RKHS.
Assumption 3. The mother space H is an RKHS on Q) with a continuous kernel k, and for all g € H,

lg(2') = g(@)| < Callgllae 2" = =ll,  =,2" € Q,

for some constant Cy > 0.
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If k is defined on an open set U D Q x Q and k € C1(U), then Assumptionalways holds. The above assumption
states that the elements of H are Lipschitz functions with a Lipschitz constant that is uniform on any ball of H.
Furthermore, for all g € H,

1
lglloe < w= gl
where k = sup,cq k(z, z), which is finite since {2 is compact.

Recall that, for any B € B, the hypothesis space H p is the RKHS with reproducing kernel
kp(z,2') = k(Bz,Ba'), w2’ € X,
which is continuous and bounded by . Hence Hp C C(X) and, forall f € Hp,
[flleo < &2]|f]| 5, (11)
where [|f||p = || fll#; and Bp,r = Bz g

Moreover, it holds that
Hp={f:X - R| f=go Bforsomege H},
and

Ifll5 = min{llglly | f =go B, g € H}.
Since the minimum is achieved, for every f € B g there exists g € By g such that f = go B.

The following lemma provides a bound on the covering number of |J Bp r C C(X).
BeB

Lemma 1. Assume[2and[3] Fix € > 0 and R > 0. Then

Dd
N ( U BB,R,6> < (60”R) N (Br,ns 5) - (12)

€
BeB

Proof. Let g; be the covering centers of By, r with radius €/2, and let B; be the covering centers of 5 with radius
€/(2Cx R) (where B is regarded as a compact subset of the space V of d x D matrices endowed with the uniform
norm). Then for any g € By r and B € B, there exist g; € By r and B; € B such that ||g — g;]|c < €/2 and
|B— Billoo < ¢/ 2CyR).

If we denote f; = g; o B;, then f, € |J Bp g because g; € By r and B; € B. For f = g o B we have
BEB

Ilf = felloo = llg© B — gj © Billoo
<|lgo B —gjoBllo +1lgj o B —gjo Billoo

< sup |g(Bz) — g;(Bz)| + sup |g;(Bz) — g;(Biz)|
reX reX

< sup |g(z') — g;(2")| + Cllgjllo sup [|(B — Bi)z||
z'eQ reX
< llg = gjlloc + Crllgsllall B = Billoo sup ||z
rzeX

€ €
<S4 OyR—— — e
<5 +Cn 2CHR§1€1§||1:H €

Here, we used the property ||x|| < 1, and the fact that g, is Lipschitz with constant C'y||g; | 7.

Therefore, we obtain an e-cover of |J Bp, g with centers f;, induced by an €/2-cover of By, r and an ¢/(2Cy R)-
BeB
cover of 5. By the metric entropy of B, we have

N ( U BB,R,e> < Nitao (B, 3657 ) N (Bae.ns 5)

BeB
6CHR\ " .
< <€> N(B'H,Ra 5) )
where the last inequality follows from the classical bound
> Dd

NJ\/[dD (B,E) < (
see (Zhang, 2023, Thm. 5.3). ]

ol w
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A.3 ERROR DECOMPOSITION

We recall that in the multi-index model

fo() = gu(Box),  px-ac.z € X,
for some d,. x D matrix B, with ||Bs|lcc < 1 and some measurable function g., which we can assume to be
defined on 2.

Note that if f, € Hp,, then
R(fs) = min R(f) < inf inf R(f) =R(f.),

f:X—=R BeB. feHB
so that
inf inf R(f)=R(f), 13
o2k, o, RU) =R (49

indicating that HKRR provides a suitable criterion for the MIM.
In the following, we set B, = B with d = d,, and recall that
B = argminRy(f), B € B,,

fEHE

Bd* € argminﬁ)\(ff),
BeB.

ff* = argmin R (f).
fEHB,

Note that both ff and fy’* exist and are unique. For simplicity, we assume that Bd* also exists; otherwise, it
suffices to consider an e-minimizer.

We now state the following error decomposition for the excess risk of ff 4=, where the main challenge lies in
identifying a suitable intermediate term to incorporate, since there are many possible choices of f fg and f f corre-
sponding to different B.
Lemma 2. Fix R > 0. Then
£Ba, 5 5
R =R s ((R() =R(1) — (R(F) = R(£.)))

fe U Bs,r
BEB

I
+R(Z) = RUF) — (RUL) = RFD)) + 2 = £l2y + AL

11 111

5. (14)

for all training sets such that ||f)\ 4 Iz, <R

Proof. The excess risk can be rewritten and decomposed as

R(Y™) = R(f.)
= RO = RUP) + RUD) = RIE) +RUP) = RUE) +RUP) - R(S)
<R(f Bd*) RUP“) + RGP - Ra(f2)

FRUE) = RUT) + AL, + RUE) —R(S.)

< (RUFP) = RUP™)) + (RUE) = RUE) + AL 5, +RUE) ~R(1.) (15)
= {ROP™) = R(£) = RUP) = RUD |+ {RUF) =R - (RUE) = R(1) |

R e A Y Pl
< sw o {(R(H =R~ R() - R

fe U Hr,B

BeB

+{RUZ) = R() = RUZ) =R F+ {1 = L2 + AP

2
B, (-
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Inequality in equationfollows from the fact that, by definition of By, ﬁx( Af ) — 7%,\( /{3 *) <0. O

Note that by the definition of f )1\3 Rl f/\B 4} < R, (0), so that, under Assumption ,

ABd
e <2 16
Hf)\ ||Bd* — \/X ( )
hence we can always choose R = M /v/\.

The first two components in equation [I4] are estimation errors, the first of which is typically more challenging to
control since it depends on the complexity of the hypothesis space. The final component is the approximation error
AN = infrey, R(f) — R(f«) + Allf]|%. . a quantity that has been extensively studied in the classical KRR
(Cucker & Zhou, [2007;|De Vito et al., 2021)).

In what follows, we will concentrate on analyzing these estimation errors.

A.4 ESTIMATION ERROR I

The proof of this lemma follows a similar approach to that in |Cucker & Zhou| (2007), which is based on the
following condition.

Assumption 4. The covering number of By, r satisfies

log N (B r€) < c1(R/e)*

for some c1 > 0,5 > 0.

Assumption 4] describes the complexity of hypothesis space using the concept of covering number, which is com-
monly used in literature (Cucker & Zhoul2007;Zhou,,|2002). There are different metrics to measure the complexity
of RHKSs. Covering number quantifies the compactness of a space by measuring how many subsets with a fixed
radius are needed to cover it. While entropy number (Steinwart & Christmann, 2008; Bernd & Irmtraud, [1990)
represents the inverse concept by fixing the number of balls and determining the smallest radius needed to achieve
that coverage. Eigenvalue decay (Caponnetto & De Vito, |2007), on the other hand, describes the smoothness or
compactness of the space through the rate at which eigenvalues of covariance operators diminish. These measures
are deeply interrelated, with covering numbers and entropy offering geometric and growth-based perspectives,
while eigenvalue decay provides a spectral view of the hypothesis space. (Steinwart & Christmann, [2008}, Chapter
5) provides a more detailed discussion there, see also Assumption [6]

Lemma 3. Assume and Fix fo € UpepBp,r and 6 € (0, 1), the following holds with confidence at least
5

1-3,

(R(fo) = R(f+)) +

| =

s (R() = R(f.) — (R() = R(£.))) <

fe U Bar
BeB
2) (1\7F
+ C5 max{l,RQ}DaLk max{l,log 5} (m) ,

where
C3 =360max{l, M + x} (1 + c1 +10g(3C%)) . (17)

Remark 7. By inspecting the proof, it holds that for m large enough (m > mg where my is given by equation[21)),
1
the factor Dd, can be replaced by (Dd,.)+1.

Proof. Without loss of generality, we can assume that R > 1. Choose a function class

F={F(z,y)|F(z,y) = (f(x) —y)* = (f.(x) =9)*. f € | Bz}

BeB
Then E(F) = R(f) — R(f.) and = 37" | F(x;,y;) = R(f) = R(f.). By equation
1flle < &llflls < KR,

17
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and | f.(z)| < M, then
[F(2)] = |(f(z) = ful@))(f(2) + fu(z) = 29)]
< (kR+ M)(kR +3M),

|F(2) —E(F)| < 2(kR+ M)(kR+3M) and E(F?) < || f — f*||ix(mR+M)(nR+3M) = (kR+ M)(kR+
3M)E(F). For f1, f2 € U Bp, g, we have
BeB

|Fi(z,y) = Fa(2,y)] < 2(M + £R)[|f1 = f2lloo-

It follows that a m—cover of |J Bp, g yields an e—cover of F, that is,
BeB

N(}—af)ﬁf\/(U BB,I%M)-

BeB

By taking @ = % of Lemma 3.19 in Cucker & Zhou|(2007)), then with probability at least

€ 3me
N <BLEJBBB’R’WHR)> eXp{_160(5R+M)(mR+3M)} (18)

there holds, forany fo € |J Bg.r
BeB

sup  (R(f) = R(£) = (R() = R(£)) < Vev/R(fo) = R(F) + ¢
fEB%BEB,R

< L (RUo) ~ R + e

Fixed 6 € (0, 1), we choose € such that

€ 3Ime
N (BLGJBBB’R7W+HR)> eXp{_16O(nR+M)(nR+3M)} <4/2.

By equation [I8]and Lemma[T} we need to solve

48(M + kR)Cy R\ "% € 3me 5
( c ) N (B”’R’ 16(M + ﬁR)) P {_ 160(rR + M)(nR + SM)} <3 1

Letz = 16R(M + kR)/e > 0. Set

P 3R
A= Dd,1 log>, B=-— "
0g(3C) +log 3 10(kR + 3M)

taking into account condition (@), the above inequality becomes
Dd,logzx + clxs* —Bmz '+ A<0.
Since logz < xs*, the above inequality is satisfied if
(Dd. + cl)xs* —Bmax '+ A<0,

which is equivalent to
A B

=— b= ——.
Dd* + C1 Dd* + C1
The function ¢(z) = x° ' 4 az is continuous and strictly increasing on (0, +00), tends to 0 as  — 0, and

diverges to +00 as * — +oo. Hence there is a unique x,, € (0,400) such that ¢(x,,) = mb, and the above
inequality is satisfied for all 0 < x < z,.

25T gz —mb < 0, a

Since (1) =1 + a, it holds that

> i <
{xml if 1 +a < mb, 20)

Tm <1 ifl+4+a > mb.

18
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If 1 +a < mb,since s* +1 > 1, forall z > 1 we have
p(x) < (L+a)a™ T,

1
S (MmN S
Tm = 1+a -

px) <(1+a)w,

so that

If1 +a > mb,thenforall z <1,

so that

mb
1>z, > .
1+a

Hence inequity [T9]is satisfied if

1 M)\ 2\ 1\
€ > 16R(M + kR) (0(/-$R+3)> (Dd* + 1 + Dd, 1og(3Cy%) + log ) <m> ,

3R )
where
1, m < mg,
- 0 o = 3R —. 1)
=5, m > my, 10(kR + 3M) (Dd,, + c1 + Dd, log(3Cy) + log %)
Taking into account that R > 1, the above inequality is implied by
2 t‘"L 1 t’"L
€ > 160R*(M + k)" Tt (Dd* + ¢1 + Dd, 1og(3Cy) + log 5) () :
m
Since a + b < 2ab for all a,b > 1 and Dd, > 1 then
2 2
Dd, + ¢1 + Dd, log(3C%) + log 5 < 2Dd, (14 ¢ + log(3Cy) max{1, log 5},
so that bound in equationis a consequence of the fact that H% <tm, <1
O

This lemma shows that the largest error can be bounded in terms of R(f) — R(fs) for any f € gz BB, R

In particular, by taking f = ff | the excess risk of HKRR appears in the upper bound, which is essential for
the full excess risk analysis. Moreover, the radius R in equation [I7]depends on assumptions about the hypothesis
space and may vary across different settings. Specifically, under the assumptions of Theorem [5|and Theorem 6] we

can set R = M/+/), while under the assumptions of Theorem R can be chosen as R ~ /A(X)/A + 1 (see
Lemmal6).

A.5 ESTIMATION ERROR II
Note that to bound the item R ( nr) - R(f.) — (R(f V") — R(f+)), the primary error arises from the difference
between R and R, which reflects the discrepancy between integration and discretization.

Recall that the approximation error is defined by

AN = inf R = ROL) + MF I = ROUT) + AT .

The following is a restatement of a result from |Cucker & Zhou (2007). We provide a proof for the sake of
completeness.

Lemma 4. Assume the following holds with probability at least 1 — § /2,

R(FP7) = R(£) — (RUSZ*) = R(f.))

< (14;#31?5/\(2/5) N 1) AQ) + 42M? ;(ig@/(s).
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Proof. Consider a random variable £ with f"* € Hp,, ||f)" |looc < R as

Ea,y) = (f7(2) —y)* — (ful@) — ).

then [¢] < (R +3M)? = C}, | = E(¢)] < 2C,, B(§) = R(f{") = R(f.) > 0 and B(¢?) < C,E(). Then by
Bernstein’s inequality, we have

R = R(L) = (RO = R(f)) < e
holds with confidence 1 — §/2 with

S _ o {_m?}
2~ PV 20 E© + 20 S
Solving the quadratic equation for € tells us with confidence at least 1 — §/2
R(£77) = R(f) = (R(FT) = R(£))
20, log 2 + \/3(021)2(log 2)2 + 2mC log 2E(€)
m
< 4C4log 2 N 2C; log 2E(€) .
- 3m m

Applying the elementary inequality with the dual number p’ and p

1 1. .
ab< —a’ + —b”  Va,b>0
p p

m

/ 1/2
top'=p=2,a= (20410%(2/5)> cand b= (E(€))"/?, we get

2C; log 2E(¢) < Cylog 2 N %E(g)

m m

Hence, with confidence at least 1 — §/2, we have

1 & 4Cylog 2 Cylog 2

il ) —EE) < E(€).

m;:l&(Z) 6 < s T T (€)
Note that for all A > 0,

1A 18, < VAN/A and ([ [loo < 5/ AN/

In fact, since f, is a minimizer of R(f), we know that
AFE B, < RUT) = R(fo) + Al

And the second follows from || f£*
22 A(N) /X + 18M? and

" Zf(zi) —E@) < (W

m <
=1

B. = AQ).

oo < K[| f2|| 5, . Thus, by taking R' = r1/A(N)/A, it follows that C; <

2
+ 1) A() 4 2Mog(2/0) 22)

m

O

This inequality offers a tighter bound with respect to the sample size m compared to classical concentration in-

equalities. This explains why we add the intermediate terms ﬁ( f«) and R(f.) in the error decomposition step
(13), which allows for a more refined bound on the variance of the random variables.

20



Under review as a conference paper at ICLR 2026

A.6 BASIC ERROR BOUND

As a consequence of the above results and the trivial bound (IEI) we obtain our first main result.
Theorem 5. Assume[2| 3} andH] Let § > 0. Then, with confidence at least 1 — 6,

1
R( A)\Bd*) _R(f*) S 203 max{l, ]\12} (1) st

m

N (4+ 282 log(2/6)) AN + 84M?log(2/4)

3mA m

(23)

)

where Cs is given by equation[I7]

Proof. By equation bound in equation holds with R = M/v/\. Taking f = ff‘i* on the right-hand side
of Lemma bounds I, Lemma E]bounds 11, and the definition of A(\) yields III. Hence, with confidence at least
1-46,

B4, 2 2 AR
R( f ) — R(f.) < 2Cs max{l,MT} Dd, max{l,log 5} (m>
) 2
19 (Mg@/é) + 1) AN + 84M" log(2/0) +2A(N).
3mA m
O

Note that in the above error bound, .A()\) is the approximation error, which depends on both the hypothesis space
Hp, and the properties of the target function f,.. It decreases as A increases. By contrast, s* describes the
complexity of the ambient hypothesis space H (not H g, ); it is typically determined by the intrinsic input dimension
d (rather than the ambient dimension D) and the regularity of H.

The approximation error under so-called source conditions has been extensively studied in the context of classical
kernel methods. The following is a standard formulation, where Ly, denotes the integral operator

Ly, : L*(X, px) = L*(X,px),  (Lip, f)(@) = / kp.(z,2) f(2') dpx (2), 24)
X
which is positive, so that for any § > 0, the fractional power LZB is well defined by spectral calculus.

. . 0/2
Assumption 5. There exists 0 € (0,1] such that f, € Range(Lk/ )-

B

Assumption [3] states that f, is not arbitrary, but belongs to a smoother subspace determined by the integral op-
erator Ly, associated with the kernel kp, . The parameter 6 quantifies the smoothness of f,: larger values of 0
correspond to smoother target functions, smaller hypothesis spaces, and therefore better approximation rates.

Under the above assumption, we have the following classical result (Cucker & Zhoul 2007} De Vito et al., 2021)).
Lemma 5. Under Assumption

0
AN = 157 = fell e + AR IB, < ANLp? fl2 (25)

We are now ready to state a main result, whose rate is slower than Theorem [I] To simplify the statement, we
introduce the following smoothness assumption on the mother kernel.

Assumption 6. The mother kernel k is defined on an open set U O HRp, X Hg, for some Ry > 1, and k € C™(U)
for some r € Nwithr > 1.

Remark 8. By Assumption2|and the definition of BB, we have
QC B’H,l C E’H,Roa

so that we can apply (Steinwart & Christmann, 2008, Th. 6.26).

Remark 9. As shown in (Steinwart & Christmann| 2008, Th. 6.26 and the subsequent remark), under Assumption
@ s*in Assumptionequals to * = d,/r. Moreover, since r > 1, it also implies Assumption
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Examples of kernels satisfying these assumptions include the Matérn kernel with parameter 2.5, polynomial kernels
of degree greater than 2, and others. The following theorem is an immediate consequence of the error decomposi-
tion and the results above, and its proof is therefore omitted.

Theorem 6. Assume |2} [5land[6] Fix 0 < § < 1, with probability at least 1 — &
B M? 2 /1\ T
R( f’d*)_R(f*) < 203H13.X{1,>\} Dd, max{1,log 5} (m) +
28k2log(2/6)  84M?1og(2/d)
o T +
3mA m

where C3 is given by equation By taking A\ = M?*m~ <1+9><11+d*/r>, there holds

4N, (26)

B, 9 [ 1\ FEFD
RO~ R(£) < Gy (D og 3 (1)

with Cy = M? (C5 + 28M2k? + 88).

Classical results with the same assumptions on hypothesis space are of order m"™?/(1+0)(D+n) (Cucker & Zhou,
2007). When the input dimension D is exceptionally large, as is often the case with the rise of big data, the rate is
adversely impacted by the curse of dimensionality. However, as noted in Theorem [6] the exponential dependence
on m is governed by d rather than D, with the dependence on D being polynomial, which helps mitigate the
curse of dimensionality. Moreover, when s is sufficiently large and § = 1, the rate in Theorem [6] asymptotically
reduces to O(m~'/2). Although this is slower than the O(m~") rate of Theorem under the additional sample
size condition, the proof techniques are essentially the same.

A.7 REFINED ERROR BOUND: PROOF OF THEOREM/[I]

The following lemma provides a more refined bound than the bound in equation [I6]under stricter assumptions on
the sample size. A detailed proof is available in (Cucker & Zhoul 2007, Lemma 8.19).

Lemma 6. Under Assumptions[z] E] and@ suppose ¢ < 1/(1+ s*) with s* = d../r and choose \,, = m~°. Fix
0 < & < 1. Then, with confidence at least with confidence 1 — 35 /(1/(1 + s*) — (), we have

1V N1, < c2/108(2/0) (V/Am) [Am +1) = R* 27)
for all m > mg. Here co > 0 is a constant depending only on s*, (, k, and M, and
ms = max { (108/c1)/*" (10g(2/8))1 71/, (1/2¢5)2/ (€104 ) (28)

with cz = (2k + 5)(108¢; )/ (1457,

Now we are ready to prove Theorem|[I]

Proof of Theorem[l] Assumption [I] states that Assumptions and [6] hold. Recall that Assumption [6] implies
Assumption | with s, = d./r. We can now apply the error decomposition in Lemma [2| together with the corre-
sponding bounds for each term, to derive the excess risk.

Take fo = f f “* on the right-hand side of the inequality in Lemma 3| with R = R* given in equationto bound
item I, combine with Lemma 4] to bound item II, and use Lemma [5] for item III. Then, with confidence at least

1-9,
1
B 1\ 51
RO - R(7) < 20Dt 1o (3) (22 +1) (1)
14k2 log(2/4) STZM21 (2/6) @
o (2080 L) A + 08 g A,
3mA m
for all m > ms. Moreover, since A()\) < A? by Lemmaand A = m~¢, we obtain
<A 2
R(fL5) = R(f.) < 28k%1og(2/8) m~1T1-0¢ 4 BAM71og(2/0) | -0
m
+205Dd, 3 log?(2/8) m~ w7 (=0, (30)
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Since § < 2/e, we have
1 <log(2/6) < log?(2/6).

Therefore, the dominant terms with respect to m in equation [315] are the third and the last ones, because —1 >

—1+(1-0)(> -7 +(1—0)C.If ¢ <r/(ds + 1), then the rate becomes

R( Afd*) —R(f.) < C1Dd. log?(2/8) m~%,

where
Cy = 28K + 84M? 4 4 + 2Csc3. (31)

This completes the proof. O

B PROOFS OF OTHER EXCESS RISK BOUNDS IN SECTION 4]

In this part, we will give the proofs of excess risk rates for Theorems[2]and Theorem 3]

B.1 RATE OF NYSTROM APPROXIMATION: PROOF OF THEOREM [2]

Before proving Theorem |2} we introduce an alternative strategy for selecting the Nystrom points based on approx-
imate leverage scores (ALS), referred to as the ALS Nystrom approximation. This method, together with some
necessary definitions, will be included in the next theorem. The leverage scores associated to points (z;)”, are

()™, Ei(t):(f(B(f(B+tmI)‘1>”, ief{l,....m}, t>0,

(a3

where (K B )ij = k(Bz;, Bxj). Computing these scores exactly can be challenging in practice; thus, one may
consider approximations (¢;(¢)), (Drineas et al.,[2012; Rudi et al.| [2015). Given ¢ty > 0, T' > 1 and confidence

level § > 0, we say that (¢;(t))", are (T, to)-approximate leverage scores with probability at least 1 — 4, if

%éi(t)gfi(t)gT&(t), t>ty, i=1,...,m.

The ALS sampling selects the Nystrém points (Z;)™ ; independently with replacement from the training set, where
each z; is selected with probability p: (i) = £:(t)/ >_; {;(t).

Theorem 7 (Extension of Theorem [2). Under the same assumptions as Theorem [I| the following holds with
probability at least 1 — 6,

R(f2*™) — R(f.) < C2Dd, log(2/6) (m) %
with Cy given explicitly in equation |34\ under conditions:
1. for plain Nystrom, 1 > 671og 35 V 5N, o (A) log 12.

2. for ALS Nystrom and (T, ty)-approximate leverage scores with subsampling probabilities py,

P
m > 1655k + 223k log 7“

tov 2 10g 27 < A < |25,
m 1)

> (334 V 78 T2 Np. (V) log 877”

Proof of Theorem @Theorem [?]) Let Pg 5 : Hp — Hp denote the orthogonal projection from H g ,, onto the

subspace Hpm C Hpm C Hp. Recall that ffd*”"" = argminge g mingecy, ., }A%,\(f). We decompose the
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excess risk as follows:
Aé "
R(f™) = R(fe)
= RU™) = Rl ) 4 RAlFR ") = Ra(Pom )
+ RA(Pp. i ) — R(Pp. in f) + R(Pp. in f£) — R(f) + M| Pp. i f2 |13
< R(FP™) = RGP ™) + RAPpo i f2) = R(Po. i 27) (32)
+ R(Pp.mfy") = R(fo) + M| P, m
AB m =) AB w1 = * *
< {R(f,\ ) = R(f! )} + {R(PB*,mff ) = R(Ps..mfy )}
+ {R(Po.nf ) = RUL) + AP 2 I3}
Here, the first inequality follows because f o ™ minimizes 7@,\ over Hp 5. The first two terms are called estima-

tion errors, whose controls are identical to those in the proof of Theoreml | since Hp s C Hp. For the last term,
we further decompose it as

R(Pp,mfy") = R(f+) + NI Pp.mf2 3
<|PB.wfy" — f*||ix + A 1B
<IPpomfy™ =" ,%X HIA = fellpe + A2

Denote the first term as C(\) = || Pp, fA — f/\ which is the so-called computational error as given in

B* .
Rudi et al.{(2015). And the left part is the approximation error A()\). Let X 5, be the covariance operator associated
with the kernel kg, see equation 9} by the relationship between Ly norm and RKHS norm (I0), we have

1/2
1P, afPs — 212, = IS4 — Po. o) f2||%-
< (I = Pp. o) S22

*

B*.
< A(N)/X and applying (Rudi et all 2015, Lemma 6), if i > 67log 4 Vv
5N (A) log %, then with probability at least 1 — 6, ||( — Pg, 7)2 1/2||2 < 3. Therefore,
AN
A

which coincides with the order of the approximation error in the proof of Theorem|[I]

Using the estimate ||fy*[|3,, <

R(Pp.wfy") — R(f) + A P fy 13, < 3A

AN = 4A(N), (33)

By adding the terms R(f.) and ﬁ( f«) to the first two components of equation the estimation errors can be

controlled using the same argument as in Theorem |1} Specifically, applying Lemma [3| by taking fy = de*’ ,

= c2+/10g(2/6) <\/.A )/ Am + 1) s* = d, /r, and together with Lemma we obtain

R(FE™) ~R(.) < 200 Dd. log(3) (22 +1) (£) 77
+ 2(14,@231;%\(2/5) + l)A(A) + 84M? 1;;;(2/5) +8AN).
The remainder of the proof follows the same computations as in Theorem|l} yielding
R™) = R(f.) < Co D, log?(2) m™*,

where
Cy = 28k2 4 84M? 4 10 4 2C5¢2. (34)

Note that the assumption for ALS Nystrom ensures that ||(I — Pp, )25 ni/? |2 < 3\ (Rudi et al., 2015), and hence
equation [33]follows. The proof proceeds exactly as in the case of plam Nystrom and 1s theretore omitted.

O
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B.2 ADAPTIVITY: PROOF OF THEOREM 3]

The following gives the proof of Theorem [3] We recall the following concentration inequality (see for example
Caponnetto & Yao|(2010). Let Z1, ..., Z,, be a sequence of i.i.d. real random variables with mean p, such that
|Z;| < aas. and E[|Z; — p|?] < o2. Then forall a, e > 0,

1 m/ 5m/ e
P EZZi—M >etac?| < 9e~ 3¥aaa 35)
i=1

Proof of Theorem[3] Let )
(d,}) = argmin E[(Thr /(') — ¢/)?].
(d,\)er
Here, the expectation is taken with respect to the pair (z’,y’) according to p.

A 2
For any (d, \) € ', we apply equationwith the choice Z; = Zl-(d”\) = (TMff"' (x}) — y{) — (fu(zh) — yh)?,

withi = 1,...,m/. Note that | Z\*M| < 8M2 and E(Z\™V) = R(Ta fP4) — R(f.) > 0, then E((2"M)2) <
SM 2I[*](Zi(d')‘)). Therefore, by a union bound over T, for all (d, \) € T, with probability at least 1 — ¢, there hold

/

1 m
= ZY < (14 8aM?)E(Z\™V) + ¢
i=1
and )
Bz < — L Sz ¢ ot a<o
¢ —1—8aM?2m/ P ¢ 1—8aM?’ SM?2’

72
where ¢/ = 343290 160 2BV Therefore,

6m’a

R(Twn fP4) — R(f.) = E(Z"V)

1 1 m’ (@A) ¢
PO I C
_1—804M2m’z; v +1—8aM2

1+ 8aM? (d,\) 2¢
——E(Z"™ _
—1-8aM? (Z; )+1—8aM2

N ~ o~ I ’ A7 2
Then, since (d, A), (d, A) € I and (d, \) is the minimizer of -1, >, (TMffd (xf) — yg) ,

’

B oo L 1Ssoan, €
R(TMf)\ ) R(f*)— 1—8O¢M2m'ZZ7' +1—80¢M2

!

With the choice of o = 1/(24M?), we get that

B B 52M?  2DN
R(Tar f{) = R(S) < 2R(Tufy ) = R(1)) + = log =
2B, 52M? 2DN
<2(R(Tm f5 )—R(f*))‘*‘TlOgT
B, 52M?2 2DN

<AR() = R(£)) + 2 log

- B52M? 2DN
<2U(A) + ———log ,
m 1)

5
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where U () is the right-hand side of equation The second and third steps are obtained from the definition of
(d, A) and the fact that, for any function f,

R(Tamf) = R(f) S R(f) = R(f+)-
As in (Chirinos-Rodriguez et al., 2024, Lemma 2), by the definition of the grid A, there exists ¢ € [1, Q] such that
A = g\, where A, is the optimal parameter choice according to the bound in equation namely

A = argminU(\) = m™¢.
A>0
Furthermore, one can easily show that
Ulgh) < ¢"U(N)
for a suitable 8, so that

52M? 2ND
log ——.

R(Tar f%) = R(f.) < 20°U () + = log =

C TECHNICAL DETAILS ON OPTIMIZATION FOR HKRR

In this section, we provide further insights into the optimization procedure introduced in Section

We start by presenting the complete versions of Algorithms [T and 2] which include additional implementation
specifics:

* a non-monotone Armijo backtracking strategy to automatically tune the learning-rates s, and sp. This
classical approach, featuring a contraction parameter p € (0, 1), a dilatation parameter § € (0, 1] and a decay
rate parameter ¢ > 0, allows avoiding fine-tuning while adapting to the local behavior of £ thanks to its non-
monotonicity (Calatroni & Chambolle, 2019).

* a projection step in B to handle the constraint B € B. At each iteration, B’ is obtained through a projected
gradient step involving the projection operator Pp. In practice, this step consists in thresholding the singular
values of the matrix B*.

Variable Projection (VarPro) The complete version of the method is specified in Algorithm [3|below.

Algorithm 3 VarPro

Require BY, sp 1 > 0, $;n4z > 0, p € (0,1),6 € (0,1] and ¢ > 0.
a’ = arg min L (Bo,a)
ae]RﬁL
for:in0,1,... do
$p,i = min { sBp”;{l , smw}
repeat
SB,i = PSB,i
B = Py (Bl — 55,V 5L (Bl o) )

until £ (B, at) — L (B',a') < —csp,

i+1 s p i+1
alt fargIn}nE(B’+ ,a)
acR™

‘ 2

Vil (Bi,ozi)

end for _
return (B! o)

This method involves a linesearch strategy for determining the sequence of learning-rates (sp,;),.y- The fol-
lowing lemma guarantees the well-posedness of this procedure under continuity conditions on the kernel and a

boundedness assumption on the sequence (;); -
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Lemma 7. Let k(-,-) be a continuous, twice differentiable kernel with continuous second order derivatives, and
(al)i N be a bounded sequence. Then, there exists L1 > 0 such that,

VBeB VieN, |ViL(B,a')

\2 <Ly, (36)

implying that for any i € N, B L (B, ai) is Li-smooth. It follows that the linesearch procedure used to
generate (sBai)iEN in Algorithm 3| and Algorithm 4| is well defined, and sp; > min {%1—0)7 SB,—1 } for any
te N

Proof of Lemmal[7] Since we consider a dataset of dimension m < oo, we can ensure that there exists C' < +00
such that for any j € {1,...,m}, ||z;|| < C. As a consequence, for any B € B,

1Bl < [[Blloollz; |l < C-.
From the above inequality and the continuity of k£ and its first and second order derivatives, we get that
k(Bzj,, Bx;,), ||kp(Bzj,, Bxj,)| and ||kpy(Bz;,, Bxj, )|, where (p,q) € {1,2}?, can be bounded indepen-
dently from B and (j1,j2) € {1,...,m}%

It is then straightforward to show that HV%ﬁ (B,at)

depends on (k(ijl s Brj, ));T_,jgzp (kP(Bxh » Bxj, ))x,j2:1 > (kl)q (Bx]i » Bxj, ))Z,j2:1 > (yj);'n:1 and o' which

can be bounded independently from ¢ by assumption.

The Lipschitz continuity of B — L (B , o/) directly ensures that the Armijo backtracking procedure in Algorithm

His well defined. In particular, if B’ is not a critical point of ¥ : B — £ (B, o) + ip(B), the Armijo condition

2(1—c)
L

, can be bounded independently from B and 7 since it only

is satisfied for any step size s < —. Since the sp ; is updated by multiplying it by p until the condition is
satisfied, we can deduce the desired lower bound. [

We can then exploit this lemma to prove the convergence of Algorithm 3] using the Kurdyka-F.ojasiewicz property
of L.

Theorem 8. Let k(-,-) be an analytic kernel. Let (Bz) and (ai)i N be the sequences generated by Algorithm

€N
and suppose that for any © € N, \in (KﬁBwh) > o > 0 where \pin denotes the smallest eigenvalue. Then,

the sequence (Bi, ozi) converges to a critical point of V : B, o — L(B, ) + ig(B) as i goes to infinity. In

ieN

addition, the sequences (Bi)ie and (o/)ieN have finite length, i.e.

N

—+o00 —+o0
YIB! = Bl < 400, Yo't —al| < 400,
i=0 i=0
and there exists C > 0 such that after N iterations, (BN caN ) is a critical point of ¥ or

’ < ¢ 37)

min ‘VBﬁ (Bi,ozi) N

0<i<N

Proof of Theorem@ The proof of this theorem relies on (Attouch et al.l |2013| Theorem 2.9) stating convergence
towards critical points for algorithms minimizing functions having the Kurdyka-t.ojasiewicz property under several
assumptions. It requires to prove the following points:

(a) the function ¥ : B, a — L(B, ) + ig(B) has the Kurdyka-t.ojasiewicz (KL) property,
(b) there exists a > 0 such that for each i € N,
N (Bi+17ai+1) +a (HBiJrl _ BiH2 i ||ai+1 _ O‘iHZ) < v (Bi,ai) ’ (38)
(c) there exists b > 0 such that for each i € N, there is g'™ € 9 (B!, o/ 1) satisfying,
o < b (1B~ B + ot — ). )
where O denotes the convex subdifferential of ¥ which is defined for any (B, a) € R4*P x R™ as

dV(B,a) = {s e R*P x R™ |V (B',a') € R™P x R™ W (B, a/) > ¥ (B,a) + (s, (B, ) — (B,a)>}.

27



Under review as a conference paper at ICLR 2026

(d) the sequence (Bi, ai)i cny admits a converging subsequence.

Before proving each point above, we first show that the sequence (ai)i ey In Algorithm 3{is well defined and
bounded. According to the assumptions of the theorem, there exists o > 0 such that for any + € N, we have

mm mm

: : 1 (iB*
This ensures that the matrix (E (K5

)TKB. + AKB, ) is invertible at each iteration 7 and thus that o’ is well
defined. In addition, we have that for any ¢ € N,

|2, 1wl

: 1, ~pi ~ i ~ i -1 A i
ol < ((Kﬁmfﬁmmﬁm) H | &2 1ol < 50—
m 5 2 g

and since k is continuous (because analytic), B € B and the dataset is bounded, we can conclude that HK 7%7?1‘

s

and consequently the sequence (ai)i cny» are bounded. In addition, k is analytic and therefore continuous, twice
differentiable with continuous second-order derivatives. Consequently, we can apply Lemmal[7]
We now prove the four properties stated at the beginning of the proof:

1. The analyticity of k directly ensures that L is analytic (and therefore has the KL property) in both variables.
Moreover, the indicator function iz where B = {B € R4*P || B||o < 1} is semi algebraic and also has the KL
property. As a consequence, the first statement is directly satisfied.

2. First, notice that since BY € B and the sequence (Bl)z N is built via the step

B =Py (B~ 55, VL (B a)).
where sp ; > 0, we have that B ¢ Bforany i € N. It follows that for any i € Nand a € R™,

¥ (B',a) = £ (B',a). (40)

‘ 2

Lemma guarantees that for each i € N, Algorithmprovides sp,; such that

L (BH'I, ai) s (Bi,ai) < —cSB,i VBﬁ (Bi, ai)

Note that due to the firm non-expansiveness of Pz, we have that for any ¢ € N,

| = B = [P (B~ 55V 5L (Ba')) = Pis (BY)| < s [ VL (B 0)].
Consequently, at any iteration ¢ € N,
/ (BiJrl,ai) _7 (Bi’ai) < 7% ||Bi+1 _ BiH2 < 7% HBiH _ Bi||2. (41)
B, max

Since it is assumed that there exists some ¢ > 0 such that for any ¢ € N we have A, (K' gm) > 0, We can prove

that o+ £ (B, @) is Ao-strongly convex for any i € N. From the definition of (a*) oy and this property, we get

that
Ao

E(Bi+1,ai+1)+ 5

Hai+1 . o/HQ < i (BiJrl’ai) '
We can deduce that

BB ) £ (Bal) <~ B B ot @
Smazx 2

which leads to the desired inequality. _ _ _
3. We aim at showing that for a well-chosen b > 0, for any i € N, there exists '™ € OV (B! a'T1) (e.

gt = (g4t gitt) where gif ! € 9p T (B a't!) and git! € 9, U (B!, i) such that

i 2 i i12 i il|2
o * < b (B4 = B + [l = a'[*)
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Due to the structure of W, it is then sufficient to show that for some v+l € dig(B™Y), the choice gt =
(vt + VBL(B™, o t1), Vo L(B, ait1)) is valid for the above equation.
From Algorithm the sequence (Bz)l N is defined via a step which can be seen as a proximal gradient step on
B+ L(B,a) +ig(B). As a consequence, we can write that

B — B — 55, VL(B',a") € dig(B™),
and we will choose v'™! = - (B — B'!) — VL(B*,a') € dig(B™™!) (due to the properties of dip which

SB,i
is the normal cone onto 13). It follows that

ng'+1“2 _ Hvi+1 + VBE(Bi+17ai+1)H2 + ||Va£(Bi+17ai+1)H2
1

SB,i

2 , , (43)
+ Hvaﬁ(BzH7 az+1)H2 .

(B — B"™Y) + VL(B™, o' th) = VpL(B', o)

Elementary computations ensure that

2 2

1

SB.,i

Bitl _ pgi

2
< =
SB,i

(Bi - B“’l) + VLB, o) — VpL(BY o)

. . . . 2
42 HVBL(BZ“, oty - VpL(B',al)

By using similar arguments to that in the proof of Lemmanamely boundedness of (B),_ and (o), ., and

continuity of the second order derivatives of k, we can show that L is jointly Lipschitz smooth in (B, «) on a
compact containing (B, oﬂ)i cn- We can deduce that there exists L > 0 such that for any (B1, a1) and (Ba, as):

IVBL(Br,a1) = VLB, a2)|* + [ VaL(Br,a1) = Val(Bz,a2)* < L (IB1 = Bal + o — a2l
We can then use the above inequality and the lower bound on sp ; from Lemma[7to write

? Ly 1 i+1 |2
< 2 (max{m,s;_l} +L> HBH _ B

2

1

SB,i

(Bi - Bi“) L VLB, oY) — VEL(B ')

+2L’ai+1 —a

In addition, since o' minimizes the function o — £ (B i+l a), we directly get that
Hvaﬁ(Bi+17 ai+1) || =0.

Therefore, we get that

<2 (e { gy it 2 )70 - 2 e

2

b

which implies equation ' _
4. This point is trivially satisfied as both (B’) oy and (oﬂ)i oy are bounded.

We have proved the convergence of Algorithm towards a critical point of . We now demonstrate that equation[37]
holds after IV iterations if (BN caN ) is not a critical point. From the definition of the method, for any 7 €

{0,...,N},

HVB/:' (Bi,ozi) ‘2

< (£(Ba") = £(B*,a"))

CSB,i

< ¢V max {2/)(51_6)753}1} (ﬁ (B',a') - L (Bi+17ai)) :

By summing this inequality on i € {0, ..., N}, we get that

N N
S [[ot (B.0) | < o max {%(flc) sB}l} (£ (B af) - £ (B1.a"))
1=0 L

‘ 2

We can then deduce equation ]
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Alternating Gradient Descent. The complete version of the scheme can be found below.

Algorithm 4 Alternating Gradient Descent

Require B® € B,a® € R™, sp 1 >0, 84,1 > 0, Smaz > 0, p € (0,1),5 € (0,1], ¢ > 0 and n,, € N*.
for;in0,1,... do
$p,i = min { SBf;g’l , smam}
repeat
SB,i = PSB,i
Bt = Py (B = 55Vl (B, ')

until £ (B o) — L (Bt a') < —csp,i
a0 — o

Sa,i,—1 = Sa,i—1

for jin0,1,...,n, — 1 do

o seig1
Saij = mln{ O‘;g ,smm}
repeat

Vil (B o)

‘ 2

Sayi,j = PSai,j
az,JJrl = abl — Sa,i,jvaﬁ (BZ+17QZ"])
. . L 2
untl £(B74 004 — £ (B,09) < —eso |Vl (8,079
end for
Sa,i = Sai,ng—1
ai+1 — ai{ﬂa—l
end for
return (B! o)

Similarly to Algorithm Algorithm leverages a backtracking strategy to set both (s B7i)iEN and
(Soui, j)(i SENK{0,.o a1} In addition to Lemma (7| we introduce the following lemma guaranteeing that these
sequences are well-defined.

Lemma 8. Ler k(-,-) be a continuous kernel and (Bl)l such that B* € B for any i € N. Then, there exists

Lo > 0 such that,

eN
Va € R™, Vi € N, Hviﬁ (B',a) H2 < Lo, (44)

implying that for any i € N, o — L (Bi, a) is Ly-smooth.

More precisely, Viﬁ (Bi,a)H = H%(IA{B )Tf(rgﬁz + )‘Kﬁbw’ih
2

mm

‘ < Ls. It follows that the linesearch proce-
2

dure used to generate (Sa,i,j) in Algorithmis well defined, and s, ; ; > min {%{:C)’ sm,l}

4,JENX{1,...,no }
foranyi € Nand j € {0,...,no — 1}.

Proof of LemmalS} Elementary computations show that for any o € R™ and B € B,
o 1 - N N
Val (Bya) = —(Kpm) Ko +AKE 5
m

Notice that K2 and K2 . are submatrices of K defined as (KB> = k(Bu;, Bx;). Since K is a positive
i.j

mm mm
semi-definite matrix, we have that || K52 . |lo < [|[KZ ||y and || K2 . |l2 < | KP]/2.
We can then use the continuity of k, the boundedness of (z;);" , and the inequality || B||s < 1 (see more details in
the proof of Lemma to show that there exists C' < oo such that || K7 ||, < C. This leads to equation 44| with
Ly=< +)C.

Since B® € B for any i € N, the Lipschitz continuity of o + L (Bi, a) directly ensures that the Armijo back-
tracking procedure in Algorithm @]is well defined. In particular, the Armijo condition is satisfied for any step size
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s < @ Since the s, ; ; is updated by multiplying it by p until the condition is satisfied, we can deduce the

desired lower bound. O
Remark 10 (Backtracking strategy on (Sq,i,;) (1,)ENX{0,.. _1}) For any iteration © € N, the function o —
L (B", a) is L;-Lipschitz where L; H pon KBL TKBQ +AKB

) Ko s oS H can be computed directly. It is therefore
possible to replace the linesearch procedure for setting (Savi7j)(i7j)eN><{0,...,na—1} by the rule so;; = 1/L; in
Algorithm {| (the convergence guarantees would be the same). It is worth noticing that this strategy involves
computing the largest eigenvalue of %(Kﬁm)Tf( gm + )\IA(Q;;L which can be costly depending on the parameter
m.

By applying the same strategy as that of the proof of Theorem [8] we demonstrate similar convergence properties
of Algorithm 4]

Theorem 9. Let k(-,-) be an analytic kernel. Let ( B') ien
and suppose that ('), _ is bounded. Then, the sequence (B', o). _ converges to a critical point of V : B, «

1€EN
L(B,«a) +ig(B) as i goes to infinity. In addition, the sequences (Bi)iEN and (ai)ieN have finite length, i.e.

and (ai) ieN be the sequences generated by Algorithm

+oo +oo
S IBT =B <400, > [la" — o] < 400,

and there exists C > 0 such that after N iterations, (BN ,aN ) is a critical point of ¥ or

P 4s)

min HVBf (Bi7ai) N

0<i<N

Proof of Theorem[9] Similarly to the proof of Theorem [8] we adapt (Attouch et al} 2013 Theorem 2.9) to our
framework to show the desired convergence results. Therefore, we need to show the 4 assertions enumerated in
the aforementioned proof.

1. The Kurdyka-Lojasiewicz property of Lis already shown in the proof of Theoreml
2. As stated in the proof of Theorem |8} it is trivial that B* € B for any i € N, and consequently for any a € R™,

v (Bl, a) =L (317 a) . (46)

In addition, similar computations allow to show that

L (B, oY) = L (B',a') < fﬁ |B+! - BY|”. (47)
Lemma|]ensures that at each step i € N and substep j € {1,...,n.},
£(B*aM4) — £ (B a') < —esas || Val (B,a%9) 48)
which directly implies that
LB at) — (B 0) < - ot o st ot

Since o = Y and a't! = a¥me~1 we get that

£(B,0%) - £ (B7h0) < - S [t —
and since for any sequence (z1)icr, |0, 27> < n S0, [,
£(Bat) — £ a0) < - fla -, (49)
From equation 48| and equation 49] we can prove that
£(B,at) ~ £(Bla) <~ (HB”l [ P ai|‘2> 7
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which leads to the desired conclusion, taking a = < =) and using equation

Smaz (Mo

3. We aim at showing that for a well-chosen b > 0, for any ¢ € N, there exists g’ € 0¥ (B!, o't (i.e.
g+t = (g4, gitt) where gif ! € 9p T (B a't!) and g5t € 9, U (B!, i) such that

lo 1 < b (1B = B + fla* o).

By taking ¢'t! = (m+1JrVBE(Bi+1’OLi+1),vaL(Bi+1’ai+1)) with vitl = s;i (BiiBiqu) _

VL(B', a'), we can apply the same reasoning as that of the proof of Theorem [8| to demonstrate that there
exists L > 0 such that:

o7+ <2 (e { gy st p+ 1) (B0 = B+ 22 o — o

[ Val(BF 0|

(50)

By rewriting the second term of the above inequality,

[Val(BH, ot )|* < ||Val(B™ ath) = Vo £(BHY, aime1)||* + || Vo (B ab 1)

From the joint Lipschitz smoothness of £ and the definition of the sequence (ai)i en e get that

s L

Soyiyng—1

L _ i in2
S 2 (L"‘max{?p(l2c),sa}l}) ||a +1 — H ,

where we use the lower bound on s, ; ; from Lemma@ Combining the above inequalities, we can conclude that
et P <2 (L tmaxd 20t V) B - B
- 2p(1 —¢) "Bt

L _ i in2
+ 2 (2L+max{2p(12_c),sa}_l}) ||a +1_ 4 ||

which implies the desired inequality for

= L -1 L -1
b—max{2 (L+max{2p(1c),sB7_1}) ,2 <2L+max{2p(lc)’s“’_l})}'

4. This point is trivially satisfied as both (Bi)i o and (ai)i oy are bounded.

We demonstrated above that the method converges to a critical point. Inequality (45) can be obtained using the
same computations as in the proof of Theorem 8] O

IV LB, o) < 2 (L 4

Remark 11 (On the boundedness of (ai)i eN)‘ Theorem E] relies on a boundedness assumption on the sequence
(ai)i N’ This can be enforced in different ways:

1. by applying the same hypothesis as in Theorem ' suppose that for any i € N, \pnin (IA(EM) >0 >
0. The boundedness of the sequence can be obtained directly as Algorithm {4|is a descent method and

consequently the term /\(ozi)Tf( ,];S’L:ho/ can not grow indefinitely.

2. by directly adding a constraint on o to the problem. The convergence analysis for Algorithm 4| would
remain the same.

Remark 12 (On § and s;,4z). Algorithm|3|and Algorithm | involve a non-monotone backtracking procedure for
defining the learning rates. The non-monotonicity, which occurs when § < 1, allows for more aggressive step sizes
that better adapt to the local geometry of the objective function. For technical reasons, the proofs require to set a
maximum learning-rate Sp,q, > 0 which, in practice, is not necessary. Note that in the monotone case, i.e. § = 1,
the sequences of learning-rates are directly bounded by the initial value.
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D SUPPLEMENTAL MATERIAL ON NUMERICAL EXPERIMENTS

D.1 EXPERIMENTS SETTING
Experimental setting. The experiments presented in Figure [Tal Figure [Tb] Figure [Tc| and Appendix were
performed in Python on a 2,4 GHz Intel Core i5 quad-core laptop with 8 Gb of RAM. The remaining experiments

were performed on a server on #99-Ubuntu SMP with 2 x AMD EPYC 7301 16-Core Processor and 256 Gb of
RAM.

Datasets. Two synthetic datasets are generated for the experiments presented in the paper. The first dataset is
generated by sampling z; ~ U ([—1, 1]) and setting the output as follows:

d .
yi = j;sin ((1 + 2) T (B:Ui)j) +e;, &~ /\/’(0,02) , (51)

=z

where o depends on the variance of (2;);cy  (i-e. 0® = Var(2)/100). The matrix B is sampled randomly in
B (for any (i,7) € {1,...,d} x{1,...,D}, B; ; ~U([0, 1])).
The second dataset is generated taking z; € U(|—10, 10]) and

d
. . 1 .
yi = Zsm <0.5 (Bzi); — ]) + 5 (B;) ;. cos (0.4 (Bxi); o —J+ 1) +ei, (52)
=1

=z

where ¢; ~ N(0,02) and 0? = Var(z)/100. We sample B randomly as done for the first dataset.

Methodology. The convergence graphs of Figure |la] were obtained by running VarPro and AGD on the first
dataset introduced above, setting D = 300 and d = 2, and the true value of B manually to B; ; = 1 for (i,5) €
{(1,1),(2,2)}, i.e. selecting only the first two components. We used - = 5 Nystrom centers from the training set
of size m = 300.

The experiments presented at the top of Figure [2] were performed using VarPro and AGD on 5 Nystrom centers for
A = 1077 and adjusting the parameter + to the initial matrix B° (sampled randomly in 3):
1

’y:ﬁa

where i = median{|| B®(x; —x;)||,i # j}. We then solve HKRR without the Nystrom approximation setting B as
the approximation given by the method, and setting the parameters v and A with cross-validation (on a validation
set of size m = 600). The resulting B and « are used to compute the R2 score on a test set of size 8m = 4800. For
the graph on the left, we consider the first dataset with D = 50 and d, = 3, while the left one is obtained based on
the second dataset with D = 50 and d,. = 3. The methods are stopped after 60 seconds of computations and run 5
times per set of parameters.

The bottom graph in Figure [2] was obtained by applying the same process, running AGD and VarPro on m =
25 Nystrom centers and setting A = 1078, For each dataset size m in {1000,4000, 8000, 12000, 16000}, we
performed each algorithm 10 times, stopping after 80 seconds.

D.2 A 2D EXAMPLE FOR ALTERNATING MINIMIZATION
Recall that we consider the function f : z,y — (z — y2)2 + cos(my) + (1 — y)? + 1. Despite its simplicity, this

2
. . . ‘. . 4 1 ~ A~ .
function shares several similarities with £ : B, o +— o H K fbma — yH + a7 Kgm :

* it is strongly convex w.r.t. its first variable 2 and minimizing z — f(z,y) can be done directly (z* = y?).

* it is non convex in its second variable, with potentially local minimizers.
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Because of this structural similarity to the HKRR objective function, we use Variable Projection (VarPro) and
Alternating Gradient Descent (AGD) to minimize f. Note that f has a unique global minimum in (z*, y*) = (1, 1).

Figure [3] shows the behavior of both methods applied to f. For the chosen initialization point, it highlights the
advantage of taking in account the geometry of f in both = and y since VarPro provides a local minimizer while
AGD goes to a global one. This phenomenon occurs not only for cherry-picked initialization points as shown in
Figure[d} the attraction basin of the global minimizer of f is significantly larger for AGD on this function.

Optimization Paths on flx, y) = (x ~y?)? +coslmy) + (1 =y)* + 1

o510 — aoo

0500
1510057 000 2000 2000
10,203 T e

Figure 3: Left and center: Trajectories of the iterates of VarPro (in red) and AGD (in blue) for f : z,y —

(z— y2)2 + cos(my) + (1 —y)? + 1 (taking (0, o) = (—1.5, —1.5)). Right: Value of the loss function w.r.t. the
number of iterations.

Figure 4: Convergence map of VarPro and AGD for minimizing f : z,y — (z — y2)2 +cos(my) + (1 —y)? + 1.
Purple = both methods converge to the global minimum from the corresponding initialization point; Red = only
VarPro converges to the global minimum; Blue = only AGD converges to the global minimum; Gray = no method
converges to the global minimum. The white star is the global minimizer of f and the yellow '+ crosses are local
minimizers.

We can observe a similar behavior on the function f : z,y — (x — o(y))* + cos(my) + (1 — y)? + 1 where

oYy H% is the sigmoid function as illustrated in Figureand@

—— VarPro

—— AGD

@ First iterate

% Last iterate (VarPro)
a & Lastiterate (AGD)

Optimization Paths on fix, y) = (x = y?)? + cos(y) + (1 =y)” + 1

Function Value vs. lterations

Figure 5: Left and center: Trajectories of the iterates of VarPro (in red) and AGD (in blue) for f : z,y —

(z — o(y))* 4 cos(my) + (1 — y)2 + 1 (taking (z0, yo) = (5, —1.75)). Right: Value of the loss function w.r.t. the
number of iterations.
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Figure 6: Convergence map of VarPro and AGD for minimizing f : z,y — (z — o (y))> + cos(my) + (1 — y)2.
Purple = both methods converge to the global minimum from the corresponding initialization point; Red = only
VarPro converges to the global minimum; Blue = only AGD converges to the global minimum; Gray = no method
converges to the global minimum. The white star is the global minimizer of f and the yellow *+ crosses are local
minimizers.

E THE USE OF LARGE LANGUAGE MODELS (LLMS)

We made minor use of LLMs to assist with typo detection and language polishing.
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