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Abstract

CVaR optimization is an important topic, and there are additional complications for
defining and optimizing CVaR for sequential decision-making. This paper investi-
gates the relation between CVaR optimization for an MDP with total discounted
costs and a specially constructed Robust MDPs (RMDPs). This RMDP was intro-
duced to the literature 10 years ago. It was proposed for efficient calculations of
optimal CVaR values and is broadly used for this purpose. About two years ago it
was understood that these calculations lead to lower bounds of the minimal static
CVaR. This paper provides additional links between static CVaR and the RMDP.
It shows that the optimal value of static CVaR is another characteristic for the
RMDP rather than its value. Based on this understanding, this paper introduces the
Dynamically augmented CVaR (DCVaR) risk measure, which is more natural than
static CVaR. Unlike static CVaR, DCVaR does not sufferer from time inconsistency.
In addition, DCVaR’s value function is equal to the value function of the RMDP,
and it can be efficiently computed by value iterations. Optimal policies minimizing
DCVaR exist, and they can be computed efficiently by the algorithm proposed
three years ago. DCVaR has certain similarities with nested CVaR, and DCVaR
can be viewed as a flexible version of nested CVaR in which tail risk levels can be
adjusted depending on achieved gains or losses.
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1 Introduction

Conditional Value-at-Risk (CVaR), also sometimes called Average Value-at-Risk (AVaR), is one of
the most important and popular risk measures [13–15, 22]. However, for sequential decision-making
and, in particular for Markov Decision Processes (MDPs), the situation is more complicated because
of several reasons. One of them is that, while a risk measure is defined for a probability space,
MDPs deal with families of probabilities depending on strategies. Static CVaR optimization [1]
deals with optimization of CVaRs for probabilities defined by strategies, but this approach leads to
computational and time inconsistency issues. Another popular approach, nested CVaR, is based on
nested optimization of CVaR applied to backward equations [16, 21].

Chow et al. [2] introduced a Robust Markov Decision Process (RMDP) for computing optimal CVaR
values by value iterations. The states of this RMDP are the original states of the MDP augmented
with risk levels, which change over the history of the process. This is an elegant approach motivated
by the CVaR decomposition theorem [12], and it was later used in numerous papers. How et al. [7]
showed that these value iterations do not compute values of static CVaR. Here we introduce a natural
risk measure, called Dynamically augmented CVaR (DCVaR), whose optimal values were computed
in [2].

This paper studies the RMDP introduced by Chow et al. [2] and characterizes the minimal value of
static CVaR in terms of this RMDP. Though its value function is not equal to the minimal values of
static CVaR, the minimal value of static CVaR is the value function for the class of nonrandomized
risk-independent policies for the Decision Maker (DM) in this RMDP, when the DM does not know
risk levels assigned by Nature (the second player in the RMDP), and Nature plays a policy, which is
the worst for the DM if Nature knows the policy played by the DM. This characterization clarifies the
gap between the minimal value of static CVaR and supports claims on time inconsistency of static
CVaR for MDPs [10, 17–21] since, in order to achieve CVaR, Nature should know future decisions
of the DM.

For DM’s policy, DCVaR is the worst expected total discounted costs for the DM in the RMDP
defined in [2] if Nature plays its optimal policy. Thus different uncertainty quantifications for this
RMDP lead to different meaningful risk measures. DCVaR provides a lower bound for static CVaR,
and the optimal value of DCVaR is equal to the optimal value for the RMDP computed in [2]. An
algorithm for computing optimal DCVaR policies is presented in [3–5]. There are some similarities
between optimality equations for DCVaR and nested CVaR, and nested CVaR looks like a projection
of DCVaR, when the risk levels should remain unchanged during the history of the process.

2 Static CVaR, Robust MDPs, and Dynamically Augmented CVaR

For an MDP (X,A, A(·), c, p) with finite state and action sets X and A, the optimal value of static
CVaR is

CVaRα(ZN ;x) := inf
π∈Π

CVaRα(ZN ;Pπ
x ), x ∈ X,

where CVaRα(ZN ;Pπ
x ) is CVaR of the total N -horizon discounted costs ZN with the tail risk level

α ∈ [0, 1] for an initial state x ∈ X and a policy π from the set of all policies Π; N = 1, 2, . . . ,∞.

The following theorem states the existence of nonrandomized optimal policies and convergence of
finite-horizon optimal values of static CVaRs to the optimal infinite-horizon value.

Theorem 2.1. For every N = 1, 2, . . . or for N = ∞, there exist a nonrandomized optimal policy
ϕ ∈ Π for the CVaR optimization problem for which CVaRα(ZN ;Pϕ

x ) = CVaRα(ZN ;x) for all
x ∈ X. In addition,

CVaRα(Z∞;x) = lim
N→∞

CVaRα(ZN ;x), x ∈ X. (2.1)
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Let us consider the RMDP introduced in Chow et al. [2]. This RMDP is defined by a tuple
(X,A,B, A(·), B(·, ·, ·), c, q), where the state space is X := X× [0, 1], action space is A, uncertainty
space is B := RM with M being the number of states in X, action sets for the DM at states (x, y) ∈ X

are A(x, y) := A(x), uncertainty sets for Nature are

B(x, y, a) := U(x, y, a) ∩ {b ∈ RM : bx′ = 0 if p(x′|x, a) = 0},

where, for x ∈ X, y ∈ [0, 1], a ∈ A(x),

U(x, y, a) := {b ∈ RM : bx′ ≥ 0, ybx′ ≤ 1, x′ = 1, 2, . . . ,M,

M∑
x′=1

bx′p(x′|x, a) = 1}, (2.2)

one-step costs c((x, y), a, b, (x′, y′)) := c(x, a, x′) for (x, y), (x′, y′) ∈ X, a ∈ A(x), b ∈
B(x, y, a, ), and transition probabilities q(x′, D|x, y, a, b) := bx′p(x′|x, a)δybx′ (D), x, x′ ∈ X, y ∈
[0, 1], D ∈ B([0, 1]), a ∈ A(x), b ∈ U(x, y, a), where δz(·) is the Dirac measure on the interval
[0, 1] concentrated at the point z ∈ [0, 1]. States for this RMDPs are denoted by (x, y) ∈ X, and
we shall use the notation vN (x, y, πA, πB) := vN ((x, y), πA, πB) for the expected total discounted
payoffs over the horizon N. Value functions for this RMDP are denoted by vN (x, y). Let ΠA be the
set of policies for the DM, and ΠB be the set of policies for Nature. Then Π ⊂ ΠA, where Π is the
set of policies for the MDP. General results on RMDPs can be found in [5, 8, 9, 11].

The following theorem establishes the relations between the RMDP introduced in [2] and CVaR of
the total discounted cost. It illustrates time inconsistency of static CVaR for an MDP: Nature may
need to use information about future decisions of the DM in order to achieve static CVaR.

Theorem 2.2. For each DM’s policy π ∈ Π in the MDP and for each N = 1, 2, . . . or N = ∞,

there exists a nonrandomized policy for Nature ϕB = ϕB[N ] ∈ ΠB such that

vN (x, α, π, ϕB) = max
πB∈ΠB

vN (x, α, π, πB) for all x ∈ X, α ∈ [0, 1].

The following theorem establishes the relations between the RMDP introduced in [2] and CVaR of
the total discounted cost.

Theorem 2.3. For each nonrandomized policy ϕ ∈ Π for the DM, for each initial risk level α ∈ [0, 1],
and for each N = 1, 2, . . . or N = ∞,

CVaRα(ZN ;Pϕ
x ) = sup

πB∈ΠB
vN (x, α, ϕ, πB), x ∈ X.

The following statement characterizes the optimal value of static CVaR in terms of the RMDP.

Corollary 2.4. For every N = 1, 2, . . . or N = ∞, every x ∈ X, and every α ∈ [0, 1],

CVaRα(ZN ;x) = min
ϕ∈ΠNR

max
πB∈ΠB

vN (x, α, ϕ, πB),

where ΠNR is the set of nonrandomized policies for the DM in the MDP, ΠNR ⊂ Π ⊂ ΠA.

For N = 0, 1, . . . or N = ∞, for x ∈ X, and for α ∈ [0, 1], the gap between the optimal value of
CVaR and the value of the RMDP is

∆N (x, α) : = CVaRα(ZN , x)− vN (x, α)

= min
ϕ∈ΠNR

max
πB∈ΠB

vN (x, α, ϕ, πB) − min
ϕA∈ΠA

sup
πB∈ΠB

vN (x, α, ϕA, πB) ≥ 0.

It is shown in [7] that this gap can be positive for N > 1; see also [6] for additional comments.

Since optimal policies for Nature do not depend on policies of the DM, the following definition
removes the time inconsistency explained above Theorem 2.2.
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Definition 2.5. For a policy πA ∈ ΠA, initial state x ∈ X, risk level α ∈ [0, 1], and time horizon
N = 1, 2, . . . or N = ∞, the Dynamically augmented CVaR (DCVaR) is

DCVaRα(ZN ;x, πA) := sup
πB∈ΠB

∗

vN (x, α, πA, πB),

where ΠB
∗ is the set of optimal policies for Nature.

Since Π ⊂ ΠA, this definition also applies to policies πA ∈ Π. If the DM plays a nonrandomized
history-dependent policy ϕ ⊂ Π, then Theorem 2.3 and Definition 2.5 imply that

DCVaRα(ZN ;x, ϕ) ≤ CVaRα(ZN ;Pϕ
x ).

Thus, in addition to being a more natural objective function than CVaR, DCVaR can be used for
establishing performance guarantees for CVaR. In addition,

vN (x, α) = min
πA∈ΠA

DCVaRα(ZN ;x, π). (2.3)

This is true because every optimal policy in the RMDP for the DM minimizes DCVaR, and for each
πB
∗ ∈ ΠB

∗

vN (x, α) = min
πA∈ΠA

vN (x, α, πA, πB
∗ ) ≤ min

πA∈ΠA
DCVaRα(ZN ;x, π) ≤ vN (x, α),

where the equality follows from the existence and definition of an optimal policy for the DM in the
RMDP, and the inequalities follow from the definition of the DCVaR and from the properties of the
RMDP. Thus all inequalities in the last formula hold in the form of equalities.

Theorem 2.6. For N = 1, 2, . . . or N = ∞, x ∈ X, and α ∈ [0, 1], there is a nonrandomized
risk-independent policy ϕ ∈ Π such that

DCVaRα(ZN ;Pϕ
x ) = vN (x, α) = min

πA∈ΠA
DCVaRα(ZN ;PπA

x ) = min
π∈Π

DCVaRα(ZN ;Pπ
x ).

The fundamental difference between a policy π ∈ Π ⊂ ΠA and a policy πA ∈ ΠA is that π is DM’s
policy from the MDP, and it does not know risk levels assigned by Nature, while πA is DM’s policy
from the RMDP, and it knows risk levels assigned by Nature. An algorithm for computing an optimal
nonrandomized policy ϕ ∈ Π whose existence is stated in Theorem 2.6 is presented in [3–5]. This
algorithm is based on learning estimations of risk levels from the history of the process, and these
estimations are sufficient for making optimal decisions. These estimations are based on properties of
specific mass transfer problems.

For N = 1, 2, . . . or N = ∞, x ∈ X, and y ∈ [0, 1], the optimality equation for the DCVaR is

vN (x, y) = min
a∈A(x)

max
b∈B(x,y,a)

∑
x′∈X

[c(x, a, x′) + βvN−1(x
′, ybx′)]bx′p(x′|x, a), (2.4)

where β ∈ [0, 1) is the discount factor. Values of vN (x, y) can be computed by value iterations starting
with the terminal value v0(x, y) being continuous in y ∈ [0, 1]. In addition, vN (x, y) → v∞(x, y)

uniformly in y as N → ∞, and v∞ is the unique bounded solution of (2.4) with N = ∞. The
functions vN (x, y) are continuous in y ∈ [0, 1].

There is a relation between DCVaR and nested CVaR [16–22]. For nested CVaR, values vN (·) and
vN−1(·) are functions of one variable x ∈ X, and the tail risk level y is fixed, that is y = α. If we
set y ≡ α, then (2.4) is the optimality equation for nested CVaR. Similarly to nested CVaR, DVaR
optimality equations also minimize CVaR of optimality operators, but tail risk levels are not constant.
According to the algorithm presented in [3-5], the DVaR risk level depends on the value function
and previous gains and losses. Contrary to this, for nested CVaR, the risk level α is constant. In this
sense, DCVaR is a more flexible risk measure than nested CVaR.
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