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Abstract

Efficient sampling from Boltzmann distributions is central to modelling complex physical
systems. Markov Chain Monte Carlo (MCMC) methods suffer from critical slowing down,
high autocorrelation, and poor mode-mixing, limiting their scalability. Recent advances,
like Boltzmann Generators, offer a promising alternative but remain constrained by costly
MCMC-based training, inefficient sampling, and poor ergodicity. We introduce an algorithm
for learning Boltzmann distributions that does not require any true samples for training.
Our approach draws inspiration from flow matching but departs fundamentally from sample-
trajectory matching to distribution-trajectory matching. The algorithm iteratively reshapes
the target distribution, using model generated samples to guide learning and ensure com-
prehensive mode coverage. We validate our method on challenging benchmarks, including a
2D Gaussian mixture, Many-Well distributions, and high-dimensional scalar ¢* theory. Our
approach not only outperforms traditional MCMC and flow-based methods in efficiency and
accuracy but also establishes a new paradigm for sample-free learning of complex physical
distributions.

1 Introduction

Sampling from unnormalized probability distributions plays a crucial role in understanding and characterizing
the behavior of physical systems. In many scientific disciplines, including statistical physics
[Goto et all [2018), quantum mechanics (Temme et all,2011)), computational chemistry and
biological sciences (Frauenfelder et all) [1991; Bryngelson et al., 1995), these systems are often represented
by Boltzmann distributions, which capture the probabilistic structure of states based on their energy levels.

Sampling such distributions defined as p(x) o e #*) with complex energy landscapes in high dimensions
pose significant challenges. Traditional samplers such as Markov chain Monte Carlo (MCMC) (Hastings,
[1970; |Andrieu et al) [2003; [Neal, 2011) and Molecular dynamics (MD) (Leimkuhler & Matthews| 2012)
proceed via local perturbations, often resulting in slow convergence, high computational cost and poor mode
mixing due to a high energy barrier between metastable states. Advances in deep generative models (Song &
Ermonl, 2019} [Song et all, [2020; [Wang et all, [2021}; [Papamakarios et al) [2021} [Kobyzev et all, 2021} [Lipman
et al.| 2022} [M4té & Fleuret) 2023} |Cao et al., [2024; |Zhang et al.| 2025) have enabled efficient sampling from
such distributions and improved the fidelity of generated samples, across several applications in statistical
mechanics and biological sciences (Noe et al.| [2019; |Albergo et al., 2019; Nicoli et al.l 2021} Hoogeboom et al.,
2022; [Watson et all 2023} [Midgley et all 2023; [Akhound-Sadegh et al, 2024, [Kanaujia et all, [2024} [Zheng]
et al., [2024; Wang et al., [2024; Njirjak et al., 2024 Unlii et al., 2025). However, these models typically based
on likelihood estimation (Kingma & Welling}, 2014} [Van den Oord et al.,[2016; Dinh et al.,|2017; Papamakarios|
2021)), adversarial learning (Goodfellow et al., 2014} |Arjovsky & Bottou, 2017; |Singh et al. 2021), or
stochastic regression (Ho et al., 2020; |Song et al., 2020) remain highly data-intensive, requiring large training
datasets to achieve reliable performance. This limitation is often mitigated by falling back to MCMC or MD
methods to generate the training data.

Among these approaches, Normalizing flows (NFs) (Papamakarios et al., [2021)), which support exact likeli-
hood evaluation and efficient sample generation, are particularly well suited for approximating Boltzmann
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distributions. Their flexibility allows training either from samples of the target distribution (p(x)) or di-
rectly from the underlying energy function. When samples are available, NFs are typically optimized via
the forward KL divergence (KL(pl||qo)), which encourages coverage of all modes but tends to overweight
low-probability configurations, a well-known mode-covering effect (Nicoli et al., [2023} |[Kanaujia & Aroral,
2025). In the absence of samples, NFs can instead be trained by minimizing the reverse KL divergence
(KL(ggllp)), requiring only energy evaluations up to an additive constant. While this energy-based objective
allows learning without data, it biases the model toward a few low-energy regions and the samples generated
from the model fail to be ergodic. This phenomenon is referred to as mode collapse (Kanaujia et al., [2024;
Midgley et al.} [2023). Consequently, despite their advantages, conventional NF training objectives often fail
to fully capture the complexity of high-dimensional Boltzmann distributions.

These limitations have prompted growing interest in training strategies that bypass the need for target-
distribution samples and rely instead on direct evaluations of the underlying energy function. Such methods
aim to build more accurate approximations of the target distribution that can then be used as high-quality
proposal distribution. Within this research direction, leading approaches include Flow Annealed Impor-
tance Sampling Bootstrap (FAB) (Midgley et al., [2023) and Iterated Denoising Energy Matching (iDEM)
(Akhound-Sadegh et al., 2024), both of which employ energy-driven objectives to iteratively enhance the
accuracy of the model. FAB couples normalizing flows with annealed importance sampling (AIS), using AIS-
generated samples to progressively learn the modelled distribution. While effective in moderate-dimensional
settings, this reliance on AIS introduces substantial computational overhead and limits scalability to high
dimensions. In contrast, iDEM relies on Monte Carlo (MC) sampling to estimate score. For sampling, it
requires solving a reverse SDE, which is computationally expensive. Additionally, iDEM does not yield
likelihoods directly: it trains a separate optimal-transport conditional flow-matching model (Tong et al.,
2023) on its generated samples, and the reverse ODE of this model is then used to compute negative log-
likelihoods (Akhound-Sadegh et al., 2024]). This two-stage pipeline is computationally expensive. Moreover,
the likelihoods are only approximate and do not ensure bias correction when used with importance weighting
or Independent Metropolis Hastings (Kanaujia et al., |2024; [Noe et al., |2019).

In this work, we draw inspiration from the framework of Flow Matching (FM) (Lipman et al., [2022]) which
models the path that a point takes through the evolving probability distribution. This point is realized as
a sample that can be seen as carrying a portion of the probability mass. In other words, FM models a
way of diffusing or transporting the probability mass from one distribution to another through a continuous
transformation using per sample paths.

Here, we use this idea of continuous transformations and sample paths to train a tractable sampler ¢(x),
without using any true samples. Let p;(x) be the continuous density transformation, with p;(x) = p(x),
the given target distribution, and pg(x) be a unimodal initial distribution which is easy to sample. Instead
of modeling the trajectory of samples with respect to ¢ (as in flow matching), we model the density ¢; as a
function of ¢ so as to obtain accurate and efficient computation of model density during inference.

Our approach proceeds iteratively, gradually advancing from t — 0 to t = 1. At any ¢ + Jt, we generate
samples from ¢; and re-weight them to learn the distribution p;4s: in a supervised way, for example, using
weighted FKL or score matching. In addition, we also use sample free objective to learn from the target
distribution psis:, for example, RKL. The density trajectories p; are constructed in such a way that the
modes separate gradually. We start with a single mode at ¢ — 0. As t increases, these modes sharpen and
separate and our proposed method ensures that ¢; learns all the modes. The reweighted samples stabilize
the learning as t evolves.

We evaluate our proposed approach on three families of unnormalized distributions. The results demonstrate
that our method substantially improves deep learning—based sample generation for unnormalized targets,
enabling efficient training without access to true samples— that would otherwise require computationally
expensive MCMC or molecular-dynamics (MD) simulations.
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Figure 1: Schematic diagram illustrating learning of successive intermediate distributions through iterative
sample reuse within a unified model.

2 Proposed Method

In this section, we outline the proposed approach. We build on the NF framework (Papamakarios et al.|
2021) to model complex target distributions by continuously transforming samples drawn from a simple prior
into those of the desired distribution through a smooth and invertible mapping. Let z ~ ¢.(z) be sampled
from the prior distribution, and let its continuous transformation be f;(z;6),t € [0, 1] such that x = f;(z;0)
should follow p;(x). The modelled density ¢; is given by

w(x:6) = a:(77 (0 et 222 B )

In contrast to traditional flow-matching methods, which learn the time-dependent trajectories of individual
samples, we instead model the evolving density ¢; directly as a function of ¢t. This formulation enables
accurate and computationally efficient evaluation of the model density during inference. To learn the corre-
sponding transformation, we train f; by minimizing the loss

L(0) = Exp, [d(pi (%), 4:(x))] (2)

where 0 parameterizes f;, thereby determining ¢;, and d denotes a distance measure between the densities p;
and ¢;. For d, we can use f-divergence or the Fisher divergence. Since samples from p;(x) are not directly
available, we use importance weighting on the samples from ¢y (x),t’ < t.

L(0) = Exrg,, [w(x)d((pe(x), :(x)))] (3)
pe(x)

where w(x) = o is learnt inductively starting from qo. Keeping t' closer to ¢ ensures that w(x)
t,
remains close to unity, thereby improving numerical stability.

Likelihood- and score-driven objectives typically encourage mode-covering behaviour (Lyu, 2009; [Midg-
ley et all [2023} [Kanaujia et al. |2024; Kanaujia & Arora, 2025)), often diluting the representation of high-
probability regions. To counterbalance this tendency, we introduce an additional reverse KL term in the loss,
whose intrinsic mode-seeking behaviour encourages concentration around dominant regions of the distribu-
tion. By combining these opposing tendencies, the overall objective balances exploration and concentration,
ensuring that all modes are effectively captured.
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In this expression, the coefficients A\; and Ay correspond to hyperparameters, the specifics of which are
elaborated in Section [2.3] The overall learning procedure proceeds as follows. Starting from a simple
unimodal distribution ¢ (z), we define a continuous family of densities {p;(x) };¢(0,1) that transforms smoothly
into the target distribution. The target distribution p;(x) may be highly multi-modal, but the flow is
designed so that its modes appear gradually as t increases (see Figure . The model then propagates
samples through these intermediate distributions and learns progressively, beginning with lower values of ¢
and advancing toward t = 1.

At t = 0, the distribution ¢ contains only a single mode. As t increases, additional modes gradually emerge,
capturing the increasing complexity of the evolving distribution. Samples drawn from ¢; carry information
from all these modes, ensuring a smooth transition between distributions over time and effectively preventing
mode collapse. In the following, we detail the main components of the proposed method, FUND.

2.1 Designing Intermediate Distribution p;,

FUND uses a normalising flow to gradually transform the prior as defined in Eq. . Rather than modelling
individual sample trajectories as in flow matching, FUND models the trajectory of distributions ¢;(z;6).
It learns ¢; iteratively using samples from the learnt distribution g (with ¢ < ) weighted by importance
weights. ¢ and t are kept sufficiently close to maintain low-variance estimates. We define target trajectory
as pi(z) o p(x)t, where p(z) denotes the target distribution. This construction suppresses the peaks and
smoothes out the modes for small ¢, substantially reducing the complexity of the distribution and making it
easier to learn without missing any mode. As t gradually increases, the modes of p; sharpen and separate.
Figure [2] shows the intermediate target distributions p; for the 1-D Gaussian mixture, demonstrating the
progressive sharpening and separation of modes as t grows.

In our experiments, we approximate the continuous time parameter by discretising the interval (0, 1] into NV
ordered points 0 < t] <ty < --- <ty =1.

2.2 Distance Measure with Importance Weighting

To learn each intermediate distribution, we employ distance measures (refer Eq. ) defined with respect to
pt, specifically the forward KL divergence and the Fisher divergence. Since direct samples from p; are not
available, we adopt an importance-weighting strategy based on samples drawn from the previously learned
distribution ¢y ,t < t. For sufficiently small increments in ¢, the distribution ¢ closely approximates py,
ensuring adequate support overlap and stable importance weights. This enables reliable estimation of both
divergence objectives and facilitates the sequential learning of the model across time. Using importance
weighting, the forward KL objective can be estimated as

Lrrr(0) = —Eqpeg, (@) [w(z)log g (z)] (6)

where w(z) = (Z”,((Z))

2005) can be written as

denotes the importance weight. Similarly, the Fisher divergence objective (Hyvarinen,

1
S By, () |w(@) | Vi log g (23 0) — V, log pe ()] - (7)

Escore (9) - 2

Here, V. log g:(x; 6) is computed via automatic differentiation of the model likelihood.



Under review as submission to TMLR

2.3 Sequential Modeling Strategy

Several implementation choices exist for FUND. One possible implementation is to construct the model
incrementally: A new NF coupling block is appended whenever ¢ is incremented and is trained to minimise
the loss in Eq. while the previous blocks are frozen. This design is memory-inefficient and fails to learn
all modes of the target distribution as detailed in the Appendix

Another implementation is a single-block architecture refined across all time steps. Training proceeds se-
quentially: the model is first optimised as ¢;, with p;, as the target. At subsequent ¢, the same model
is optimised as ¢; with p; as the target. This strategy enables significant memory savings and facilitates
incremental learning (Figure [1)).

Initial training: Learning begins at t; > 0, where £(0) is unknown due to the absence of training samples
from p;,. We therefore set A; = 0 and optimize only Lrx . The choice of a small ¢; results in a unimodular
density p;, with broadened support, and is easy to learn.

Sample Buffer: To ensure efficient reuse of samples during the progression from ¢; to ¢y, we implement a
persistent buffer of size B maintained throughout training. At t;, the buffer is populated by transforming
prior samples into the intermediate distribution ¢;, and saving both the transformed samples and their
corresponding log-likelihoods logg:,. These stored pairs enable the computation of importance weights
when training the subsequent distribution g, .

Reusing the samples of gy to learn q;, ¢ > t' can be made efficient and effective by using a prioritised replay
buffer (Schaul et al., |2016|), which tends to retain samples from different modes and reduces computations.
However in FUND, since £(#) discourages catastrophic forgetting, we did not need a prioritised replay
buffer. We use a uniform replay buffer to store the samples and log-likelihood of ¢;-. While incrementing
t’ — t, the buffer is updated with samples from gy .

Hyperparameter annealing: The training objective incorporates a weighted combination of £(6) and
Lrrr(0). The optimization begins in a sample-driven regime with A; > Ao, enabling propagation of the
modal structure encoded by samples from ;. At each ¢, an annealing schedule gradually reduces A\; and
increases Ay based on —E,, log p;(x), thereby transitioning toward a mode-sharpening phase in which the
RKL term enhances mode separation and corrects residual density discrepancies. For more details, refer

Appendix [C]

Algorithm [T outlines the training procedure of FUND, which progressively learns a sequence of intermediate
distributions. The method employs buffering to compute importance weights and reuse samples for learning
at subsequent time steps. During training, the hyperparameters A\; and Ay, which weight the loss components
L(0) and Lrk1(0), are annealed to ensure stable and accurate convergence at each time step.

3 Results

We assess the proposed approach using three metrics: Negative Log-Likelihood (NLL), Reverse Negative
Log-Likelihood (RNLL), and Effective Sample Size (ESS).

NLL measures how effectively a model fits the observed samples via predicted likelihoods. Lower NLL
estimates indicate a model closer to the true distribution.

NLL = —Ey., log ¢(x) (8)

RNLL, in conjunction with NLL, provides insight into the model’s behaviour across modes. A high NLL
accompanied by a low RNLL suggests mode collapse, whereas low NLL and high RNLL reflects broad mode
coverage. When both metrics attain low values, the model is well aligned with the target distribution.

RNLL = —Ey., log p(x) (9)
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Figure 2: Visualisation of intermediate annealed target distributions ps(x) o p(x)! for a 1-D Gaussian
mixture model. As t increases, the density gradually transitions from a smoothed, low-contrast form to the
fully resolved target distribution. The panel shows 1-D plot for: (A) t; = 0.01, (B) t2 = 0.1, (C) t3 = 0.2,
and (D) ty = 1.

ESS quantifies how much independent information is effectively represented by a weighted sample set and
is defined as

(xi))
(xi))?

Z )
(p(xi)

ESS = (10)

v

2. P(xi)/q
2 /4

Higher values indicate improved sample diversity and independence.

We compare the proposed framework against four established baselines. (A) FKL: An NF model trained by
minimising the forward KL divergence (FKL), equivalent to maximum-likelihood estimation and therefore
requiring direct samples from the target distribution. (B) RKL: An NF model trained using the reverse
KL divergence (RKL). (C) FAB (Midgley et all [2023) trains the flow by minimising an a-divergence, with
expectations approximated using samples generated via AIS. (D) iDEM (Akhound-Sadegh et al.| 2024)) uses
stochastic score-matching objective to learn the model. As IDEM does not provide closed-form likelihoods,
we approximate its NLL by training an optimal transport conditional flow matching (OT-CFM) model
on the empirical distribution of iDEM-generated samples.

For the proposed method, we investigate two variants distinguished by the choice of distance measure (d) in
Eq. (2): FUND(FKL), which employs the forward KL divergence, and FUND(SCORE), which adopts a
score-matching based objective. We evaluate the methods across three benchmark Boltzmann distributions
as follows:
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Algorithm 1 Training of FUND

1: Initialize flow ¢(x;0) parameterized by f
2: Discretize t into N steps: {t1,t2,...,tn}
3: Initialize buffer B + ()

4: for i =1to N do

5 if i =1 then
6: Set /\1%0, Ao 1
7: while —E,, logpy, (z) not converged do
8 Sample minibatch {z(3™)} ~ ¢.(z)
9: Compute Lena(6)
10: Update parameters:

0+ 60— T]Vg[:ﬁnal(e)
11: end while
12: Sample latent variables z ~ ¢, (z)
13: Compute x = f, (2;0)
14: Store (z,log ¢+, (x)) in buffer B
15: else
16: Compute importance weights for z; € B:

P, (l‘])
) = @)

17: Normalize weights:

w(z;) IBU)\(#)

> ke1 (k)

18: Initialize hyperparameters: )\gl) + 1.0, /\gl) +~ 0.1
19: for j=1to K do
20: while —E, logp, (z) not converged do
21: Sample minibatch {2} ~ ¢, (z)
22: Compute Lapa(0) using )\(1])7 )\gj)
23: Update parameters:

0« 60— nv0£ﬁnal(9)
24: end while 4 4
25: Anneal hyperparameters: decrease )\gj ), increase )\g )
26: end for
27: Sample latent variables z ~ ¢, (z)
28: Compute z = f,(2:6)
29: Update buffer B with (x,log g, (z))
30: end if
31: end for

> Initial time step

> Subsequent time steps

> Annealing stages

3.1 Mixture of Gaussian (MOG-40)

The MOG-40 benchmark comprises a 2-D mixture of 40 Gaussian components with modes scattered over
the range [—50,50] in both dimensions. This produces a complex, widely separated modal structure that
can be clearly visualised from the sample plots. Further information, including the analytical definition of
the distribution, is provided in Appendix [AZT]

We report the results for the MOG-40 benchmark in Table Both FUND variants perform better than

competing methods on MOG-40.

FUND(FKL) provides the best likelihood fit—achieving the lowest

NLL—and simultaneously delivers the highest ESS, signifying strong coverage of the multimodal landscape.
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Table 1: Evaluation results for the MOG-40, MW-8, and MW-16 distributions, using the metrics described
in Section [3] Best results are highlighted in bold and second best are underlined.

| MOG-40 | MW-8 | MW-16
Method NLL,  RNLL| ESSt|NLL|  RNLL| ESSt|NLL, RNLL| ESSt
FKL 7.17 792 064 [ 754 -32.47 037 [ 17.23 -47.56  0.01
RKL 3513.80 6.72  0.28 | 181.10  -35.40 0.93 | 688.93  -70.86  0.74
FAB 7.16 8.50  0.23 | 7.02 -33.73  0.79 | 14.27  -66.49  0.30
IDEM 7.16 752 0.4 | 7.52 -34.83 052 | 14.71 -69.57  0.27
FUND(FKL) 7.07 741 0.71 | 6.96 -34.20  0.89 | 14.00 -68.16  0.74
FUND(SCORE) | 7.08 752 0.67 | 6.94 -34.18 091 |13.95  -68.44  0.77
t=11,q4 t=12,q, . t=1N,qi,, =4 ; P

£y,

(A) B) (] (D)

e :>? ?f | BF

Figure 3: Sample plots of intermediate distributions ¢; learned for the MOG-40 distribution, illustrating the
gradual transformation induced by the flow model over ¢. Panels show sample plots for distribution : (A)
qt, at t; = 0.01 (B) ¢, at t2 = 0.05 (C) ¢¢, at txy = 1.0 and (D) the target distribution p.

FUND(SCORE) achieves comparable performance, which is slightly poorer in NLL and ESS values as com-
pared to FUND(FKL) but is substantially higher than all baselines. While FKL, FAB, and IDEM obtain
moderate NLL values, their ESS scores reveal high correlation among the generated samples. RKL exhibits
severe degradation in NLL, consistent with its strongly mode-seeking behaviour. Although RKL yields the
lowest RNLL values, this result is meaningful only when considered alongside the corresponding NLL. The
combination of poor NLL and good RNLL reveals mode collapse, where the model generates samples from
only a few modes, inflating RNLL performance. FUND variants achieve better RNLL scores as compared
to those of FKL, FAB, and IDEM, reflecting better alignment with the target distribution. In Figure [3] we
illustrate the progression of training using sample plots drawn from the intermediate distributions. At an
early time step (t; = 0.01), the distribution exhibits overlapping modes with a broadened support compared
to the target. As training proceeds to to = 0.05, the samples from ¢;, are used to learn the next intermediate
distribution. The sample plot of g, shows increasingly sharper and more distinct modes, indicating that the
flow gradually refines and preserves the underlying structure.

3.2 Many-Well Potential

In sampling tasks, Many-Well Potential (Midgley et all [2023) represents a benchmark distribution with
an energy function characterized by several metastable wells. Sampling from the associated Boltzmann
distribution becomes challenging as transitions between wells require overcoming energy barriers, leading
to slow mixing and pronounced multimodality. We evaluate our method on 8- and 16-dimensional Many-
Well distributions. Appendix [A-2] provides the analytical form of the distribution along with other details
regarding quantitative evaluation.

Across all baselines, and as demonstrated in Table |1} the proposed method, FUND(SCORE) consistently
attains the best well-rounded performance in terms of NLL, RNLL, and ESS. The FUND(FKL) variant
performs at par with FUND(SCORE), demonstrating its effectiveness as well.
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Table 2: Scalar ¢* distribution results, with metrics described in Section [3| Best results are highlighted in
bold and second best are underlined.

\ 8 x 8 \ 10 x 10 \ 12 x 12
Method NLL,  RNLL| ESSt|NLL|  RNLL| ESSt|NLL|  RNLL| ESSt
FKL 13.33 -10.12° 0.04 | 21.90 -17.41 0.02 | 29.80 -32.06  0.01
RKL 23.30 -18.25  0.14 | 30.23 -2821  0.73 | 50.26 -41.11 029
FAB 13.48 -4.31 007 |21.23 -1.58  0.02 | 32.29 -19.44  0.02
IDEM 24.66 -20.59  0.01 | 35.20 -16.08  0.01 | 60.84 -13.72 0.01
FUND(FKL) 12.34 -15.68  0.15 | 19.55 -17.47  0.13 | 28.68 -36.51  0.52
FUND(SCORE) |12.22  -14.73 0.32 | 19.46  -1430 0.17 | 28.66  -36.58 0.55

3.3 Scalar ¢* Theory distribution

Scalar ¢* theory (Albergo et al) 2019; [Singha et al., 2023) is a classical benchmark model in statistical
physics and quantum field theory, characterized by a quartic term in its potential. The resulting Boltzmann
distribution is highly multimodal, making it a challenging testbed for evaluating sampling algorithms. The
corresponding energy function is specified in Appendix [A.3] For quantitative analysis, we generate a test set
comprising 10,000 samples via HMC. The associated hyperparameter settings are described in the appendix.

Results for the scalar ¢* model across different lattice sizes are summarised in Table Across all set-
tings, the proposed framework consistently outperforms established baselines. On the 8 x 8 lattice, the
FUND(SCORE) variant achieves the lowest NLL and the highest ESS, indicating substantially improved
sampling efficiency and mode coverage, while FUND(FKL) also surpasses all baselines on both metrics.
At 10 x 10, the performance gap widens: FUND(SCORE) again attains the best NLL and ESS, with
FUND(FKL) closely following. Although RKL yields a moderately high ESS and RNLL, its NLL remains
significantly worse, highlighting an imbalance between its mode-seeking behaviour and overall distribution
accuracy. In the largest configuration, 12 x 12 (144 dimensional distribution), the proposed method main-
tains strong performance, with FUND(SCORE) achieving the best NLL and ESS, and FUND(FKL)
also outperforming all baselines. By contrast, the baselines degrade substantially with increasing dimen-
sionality: FKL, FAB, and IDEM exhibit severe reductions in ESS, while RKL exhibits poor likelihood fit
despite moderate ESS values and good RNLL values, learning only a few dominant modes. Overall, the
proposed approach, particularly FUND(SCORE), exhibits consistent performance across increasing lat-
tice sizes, thereby demonstrating scalability and superior density estimation capability for high-dimensional
Boltzmann distributions arising in lattice field theory.

4 Discussion

In this work, we introduce the idea of gradually shaping the target distribution over time rather than evolving
sample trajectories. The flow learns a sequence of intermediate distributions, with each providing samples
for the next, resulting in a more accurate approximation of the target distribution. Evaluations on a broad
suite of Boltzmann distributions—MOG-40, Many-Well, and scalar ¢* theory—demonstrate the effectiveness
of the proposed method, with results consistently surpassing existing state-of-the-art approaches.

In general, it is preferable to begin with a small initial value of ¢;, but choosing the small value increases the
computational cost. Hence, there is a trade-off. However, we find that for high-dimensional distributions with
low multimodality, a larger ¢; can be used without affecting performance, offering computational savings.
For example, in Tables[I]and [2] we begin with ¢; = 0.01 for MOG-40, ¢t; = 0.1 for Many well and ¢; = 0.2 for
the ¢* theory. But a larger ¢; may lead to mode collapse in highly multi-modal distributions. For example,
in MOG-40, starting with ¢; = 0.1 results in missed modes, and this early error propagates to later stages,
causing the model to learn only a subset of the modes.
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Test NLL vs. t for ¢* and MW-16
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Figure 4: Test negative log-likelihood (NLL) trajectories over t for the scalar ¢* and MW-16 benchmarks.
The curves compare the performance of FUND(SCORE) and FUND(FKL) across intermediate target
densities.

In our setup, ¢ lies in (0, 1], and we discretize this interval into N steps. Larger values of N allow smoother
progression between intermediate distributions but at a higher computational cost. Smaller values reduce
training time but result in mild performance drops. This trade-off is analysed empirically in Table [5| of the
Appendix [C]

In the Figure [4] we present the evolution of the test NLL with respect to ¢ for the scalar ¢* and MW-16
benchmarks, thereby visualising the learning progression over intermediate distributions. Both the variants
of FUND consistently exhibit monotonic improvement in NLL. In both cases, the most significant NLL
gains occur during the early stages of the transition between successive intermediate distributions, with
improvements gradually tapering off as the model converges toward the target distribution at t = 1.

Our findings indicate that FUND maintains strong efficiency even for high-dimensional probability distri-
butions. In the scalar ¢* theory, where dimensionality grows substantially with lattice size, the method
delivers consistently strong performance across all evaluation metrics. This contrasts with several baseline
approaches, many of which exhibit pronounced degradation as dimensionality increases (Table . The sta-
bility of FUND under rising complexity highlights its robustness and its ability to model high-dimensional,
multimodal Boltzmann distributions without loss of fidelity.

The mode-seeking behavior induced by training with the reverse KL divergence is well documented across
variational inference, generative modeling, and Bayesian learning (MacKay, 2003; Bishop & Nasrabadi,
2006). Such behavior often leads to biased approximations, underestimates uncertainty, and insufficient
exploration of the global structure of complex distributions—limitations that become especially severe in
high-dimensional settings (Blei et al., 2017} |Yao et al. [2018). The framework proposed in this work provides
an alternative mechanism that mitigates these issues: it reduces the risk of mode collapse, preserves broader
support coverage, and enables reliable distribution learning even where reverse KL.—based methods typically
struggle.
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This contribution is also relevant to Bayesian inference, where posterior sampling for complex models is still
dominated by classical MCMC techniques such as Metropolis—Hastings, Gibbs sampling, and Hamiltonian-
based algorithms (Brooks et al., |2011; Neall |2011). While theoretically principled, these methods often
suffer from slow mixing and difficulty in traversing well-separated modes. By supplying a transport-based
mechanism capable of capturing the evolving structure of the posterior, FUND offers a pathway toward
scalable, amortized, and adaptable sampling.

Finally, the methodology resonates strongly with challenges encountered in lattice field theory, QCD, and
gauge-theoretic simulations, where sampling remains highly demanding due to extreme dimensionality, strong
correlations, and gauge constraints (Gattringer & Lang} 2009; DeGrand & DeTar}|2006]). The corresponding
Boltzmann distributions exhibit long autocorrelation times and complex action landscapes, making standard
algorithms—such as Hamiltonian Monte Carlo—susceptible to critical slowing down and topological trap-
ping, particularly near the continuum limit (Schaefer et al., [2011). These persistent difficulties underscore
the need for more flexible sampling strategies that maintain gauge fidelity while improving exploration ef-
ficiency. Our approach directly addresses these requirements and therefore holds significant potential for
future applications in lattice and gauge-theoretic contexts.

The primary constraint of the proposed framework lies in its sequential learning procedure, which requires
the model to progress through intermediate distributions one stage at a time. While computational cost
can be reduced by using fewer intermediates, this must be balanced against the need to maintain smooth
structural evolution of the distribution; overly coarse discretization may disrupt the transition dynamics and
hinder accurate learning.

5 Conclusion

This work presents FUND, a novel learning framework for training NFs on unnormalised target distributions
without requiring access to true target samples. Unlike existing sample-driven approaches, the proposed
method progressively shapes the model distribution through a sequence of intermediate distributions of
increasing complexity. By using importance weighted samples from the intermediate distributions, FUND
achieves stable learning, comprehensive mode coverage, and tractable likelihood evaluation.

The effectiveness of the proposed approach is demonstrated across several challenging benchmarks, including
MOG-40, Many-Well, and scalar ¢* theory. The results show that FUND consistently outperforms state-
of-the-art approaches, particularly in high-dimensional and highly multimodal settings. Overall, this work
establishes FUND as a robust and scalable framework for learning complex unnormalised distributions
without reliance on target samples.
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A Distributions

In this section, we briefly discuss the distributions that we modelled.

A.1 Mixture of Gaussian (MOG-40)

It is defined as a mixture of 40 Gaussian components in R?. The density function is given by
N
p(x) = Zai N (x5 pi, i), (11)
i=1

with mixture weights a; > 0, means p; € R?, and covariance matrices ¥; € R?*2. For the MOG-40
specification, we choose a; = 1/40, sample p; ~ U(—40,40), and set ¥, = I. This produces a structured
multimodal distribution suitable for evaluation. We generate a test set of 5,000 samples following [Midgley
et al.| (2023) with a fixed seed of 2000. In addition, the FKIL baseline requires data for model training. We
therefore also generate 10,000 samples for training, together with 5,000 samples for validation.
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A.2 Many-Well Distribution

It is a synthetic distribution constructed as the product of d/2 independent copies of the two-dimensional
double-well distribution (Noe et al., [2019), where d denotes the dimensionality of the space. This construc-
tion produces an exponentially large number of modes (2%/2), making the distribution challenging for density
estimation and sampling tasks. Its energy function is given by

d/2
H(x) = Z (23;_1 — 623,_y — 0.5m9,_1 + 0.523;), xe€R? (12)

i=1

To study performance across increasing multimodality, we experiment with both MW-8 and MW-16. Using
rejection sampling, as in Midgley et al.| (2023)), we generate 10,000 test samples, along with an additional
10,000 training and 10,000 validation samples for the FKL baseline for each distribution.

A.3 Scalar ¢* theory distribution

It is a fundamental lattice field theory model widely used in computational physics to study interacting
scalar fields, renormalisation, symmetry breaking, and critical phenomena. A real scalar field x defined on
a two-dimensional square lattice with d sites is characterised by the energy function

H(x) = Z e} +ma? 4 2 Z (x? — zp2p) (13)
=1 en(l)

The set n(l) identifies the two nearest neighbours of each site I. Here, A parameterises the quartic self-
interaction, while m specifies the mass term. This is commonly used as a benchmark in numerical simulations
and sampling studies. To study the proposed method across different system scales, we conduct experiments
on three lattice sizes: 8 x 8, 10 x 10, and 12 x 12. Following the setup in |Singha et al.| (2023)), samples are
drawn using HMC (Neal, 2011 with parameters A = 4 and m? = —4. The integrator uses a step size of 0.05
and 20 leapfrog steps per trajectory. We discard the first 1,000 samples on account of thermalization. A
total of 10,000 samples are generated for testing, and for the FKL baseline, we additionally generate 10,000
training and 10,000 validation samples.

B Model details

In this section, we provide an overview of the model architecture used in our experiments. As discussed under
modelling strategy in Section [2| we first explored an incremental modelling strategy. In this setup, with the
increment of the time parameter ¢ , we add new coupling blocks atop the previously trained ones, allowing the
model to progressively learn the intermediate distributions. During training, the model encounters difficulties
at intermediate time instants, leading to missed modes and results in degradation of test NLL. Furthermore,
the incremental construction is inherently memory-inefficient. Besides, each added coupling block required
training from scratch, while previously learned blocks remained frozen, limiting overall training efficiency.
Hence, we adopt another efficient implementation that employs a single-block model (see in Figure [1)) refined
across all time steps. Starting with the optimisation of ¢q;, toward p.,, the same block is subsequently
updated for each later t. This approach greatly reduces memory usage and enables incremental learning.
Our experiments on the MOG-40 distribution also support this. The incremental modelling strategy produces
a considerably higher NLL, while single block implementation delivers improved performance, as summarised
in Table |3} Throughout the paper, we use the single block implementation for FUND.

We implement the model using the RNVP architecture as in [Dinh et al.| (2017)) using Affine coupling blocks.
For the MOG-40 and Many-Well distributions defined in R? space, the affine coupling block is realized using
fully connected (dense) networks. Each coupling block consists of two dense layers, each comprising D
hidden units equipped with ReLU activation functions. The network then branches into two output layers
corresponding to the scale s and translation ¢. The scale layer uses a tanh activation to output the scaling
factors, while the translation layer provides a linear output.
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Table 3: Comparison between incremental modelling and single block modelling on MOG-40.

Modelling strategy | NLL(])
Incremental Modelling 7.69
Single Block Modelling 7.07

Table 4: Summary of the NF architecture configurations used across different distributions.

Distribution ‘ # Affine Coupling Blocks ‘ ForD
MOG-40 16 320
MW-8 12 512
MW-16 12 512
Scalar ¢*(8 x 8) 10 256
Scalar ¢*(10 x 10) 12 256
Scalar ¢*(12 x 12) 12 256

For the scalar ¢* distribution, the field z is defined on a 2D square lattice with d = Ny x Ny sites. The affine
coupling block is implemented using convolutional layers: two convolutional layers with F filters of size 3 x 3,
periodic padding, and ReLU activation. The output then branches into two layers—one producing the scale
s and the other the translation t. Each layer uses a single 3 x 3 filter, with tanh activation applied to the
scale and a linear activation applied to the translation. Table [d]summarizes the affine coupling configurations
used across all distributions, including the number of coupling blocks and the corresponding filter count F'
(for convolutional layers) and neuron count D (for dense layers).

For MOG-40, MW-8, and MW-16, we adopt a batch size of 512, whereas for the scalar ¢* theory distribution
we use a batch size of 256. All models are trained with the Adam optimizer and an initial learning rate of
1 x 1075. The learning rate is lowered during the final stages, specifically for the last two time instants,
tN—l and tN.

C Hyperparameter Selection and Tuning

The proposed approach introduces several hyperparameters that shape its learning dynamics, including the
number of intermediate distributions that determine the transition path, the initial timestep that affects
early-mode coverage, the buffer size used for storing training samples, and the weights that govern how the
two loss terms contribute at different stages of optimization (Eq. )

The selection of N is particularly impactful and plays an important role in shaping of intermediate distri-
butions. It determines how finely the ¢ € (0, 1] is discretized. Larger N allows for smoother interpolation,
albeit at increased computational cost. Smaller values improve efficiency but lead to reduced performance.
In Table [5] we report the impact of different values of N on the 8 x 8 scalar ¢* theory distribution. As N
increases, performance consistently improves across metrics, highlighting that smoother transitions between
intermediates enhance both fidelity and sampling efficiency.

Table 5: Results for the scalar ¢* model distribution on an 8 x 8 lattice, illustrating the effect of varying the
number of intermediate distributions N on model performance.

N | NLL(}) | RNLL()) | ESS(1)
4 | 15.04 3.25 0.02
6 | 13.13 -9.75 0.02
9 | 12.34 -15.68 0.15
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As discussed in Section [d] the initialization of ¢ is central to ensuring that the model captures all the modes
of the target distribution before progressing through the intermediate stages. Although very small starting
values are often ideal, our empirical findings demonstrate that in high-dimensional scenarios, starting from
a moderately larger ¢; does not degrade performance. This provides a practical advantage by lowering
computational requirements while maintaining reliable distributional learning. We tune this parameter via
grid search to ensure stable learning across all distributions. Table [6] provides the number of intermediate
distributions N selected and the specific discretized t values used for each target distribution during training.

Table 6: Intermediate distribution parameters N and t-schedules used in training.

Target Distribution ‘ N ‘ t

MOG-40 7 | {0.01,0.05,0.1,0.25,0.50,0.75,1.0}
MW-8 6 | {0.1,0.2,0.4,0.6,0.8,1.0}

MW-16 6 | {0.1,0.2,0.4,0.6,0.8,1.00}

Scalar ¢*(8 x 8) 9 | {0.2,0.3,0.4,0.5,0.6,0.7,0.8,0.9,1.0}
Scalar ¢*(10 x 10) 9 | {0.2,0.3,0.4,0.5,0.6,0.7,0.8,0.9,1.0}
Scalar ¢*(10 x 10) 9 | {0.2,0.3,0.4,0.5,0.6,0.7,0.8,0.9,1.0}

Since training at stage ¢ depends on samples generated at the previous intermediate distribution as detailed
in Section [2] the size of the buffer B directly influences the quality of the learned transitions. A sufficiently
large buffer helps maintain broad support and prevents the loss of modes, particularly in high-dimensional
or strongly multimodal settings. While smaller buffers reduce computational overhead but may compromise
stability if mode structure is complex. For the experiments conducted in this work, we set the buffer size to
10,000 for MOG-40, MW-8, and MW-16. For the ¢* model, we used 10,000 samples for the 8 x 8 lattice and
increased the buffer to 25,000 for the 10 x 10 and 12 x 12 cases to preserve sample diversity.

Within our framework, training proceeds using a composite loss involving £(6) and Lrkr (), weighted by
the hyperparameters A\; and As. At the first intermediate level ¢ = t;, samples are unavailable, necessitating
the use of the reverse KL term only by setting Ay = 0 and Ay = 1. For all subsequent ¢, optimization
leverages samples generated at the previous time step, with A; initially assigned a larger value to maintain
high fidelity to the previously learned mode structure. This configuration is retained until improvements in
the monitored reverse NLL objective begin to plateau. Beyond this point, an annealing schedule gradually
lowers A1 while increasing Ao, thereby transitioning the algorithm toward a refinement phase in which the
reverse KLi term promotes sharper mode resolution and fine-scale correction of residual density mismatches.

D Robustness analysis

To ensure that the results reported in this work are not the outcome of a particular random initialization,
we evaluate the reproducibility of both FUND variants by conducting three independent runs initialized
with distinct random seeds. For each seed, we compute the relevant performance metrics and present them
in seed-wise form for the MW-16 system as well as the scalar ¢* distribution. The results in the Tables
& [8] demonstrate that both approaches exhibit stable and consistent behavior across random initializations.

Table 7: Experimental results for the 16-dimensional Many-Well potential across three independent
seeds,demonstrating the robustness of the model across random initialization.

| FUND(FKL) | FUND(SCORE)
Seed # | NLL,  RNLL| ESSt |NLL, RNLL| ESSt
0 1400  -68.16 0.74 1395 6844  0.77
1 1400  -68.08  0.75 1391 -68.42  0.80
2 1411  -67.60  0.65 1394  -68.18  0.76

17



Under review as submission to TMLR

Table 8: Experimental results for the scalar ¢* theory distribution (lattice size 8 x 8) across three independent
seeds,demonstrating the robustness of the model across random initialization.

| FUND(FKL) | FUND(SCORE)
Seed # | NLL,  RNLL, ESSt |NLL, RNLL| ESSt
1 1277 -11.97  0.08 1236 -15.94  0.34
3 1232 -14.17  0.19 1228 -14.17  0.30
4 1234 -1568  0.15 1222 -14.73  0.32
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