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ABSTRACT

We present a probabilistic model for point cloud generation, which is critical for
various 3D vision tasks such as shape completion, upsampling, synthesis and data
augmentation. Inspired by the diffusion process in non-equilibrium thermody-
namics, we view points in point clouds as particles in a thermodynamic system
in contact with a heat bath, which diffuse from the original distribution to a noise
distribution. Point cloud generation thus amounts to learning the reverse diffusion
process that transforms the noise distribution to the distribution of a desired shape.
Specifically, we propose to model the reverse diffusion process for point clouds
as a Markov chain conditioned on certain shape latent. We derive the variational
bound in closed form for training and provide implementations of the model. Ex-
perimental results demonstrate that our model achieves the state-of-the-art perfor-
mance in point cloud generation and auto-encoding.

1 INTRODUCTION

With recent advances in depth sensing and laser scanning, point clouds have attracted increasing
attention as a popular representation for modeling 3D shapes. Significant progress has been made
in developing methods for point cloud analysis, such as classification and segmentation (Qi et al.,
2017a;b; Wang et al., 2019). On the other hand, learning generative models for point clouds is
powerful in unsupervised representation learning to characterize the data distribution, which lays
the foundation for various tasks such as shape completion, upsampling, synthesis, etc..

Generative models such as variational auto-encoders (VAEs), generative adversarial networks
(GANs), normalizing flows, etc., have shown great success in image generation (Kingma & Welling,
2013; Goodfellow et al., 2014; Chen et al., 2016; Dinh et al., 2016). However, these powerful tools
cannot be directly generalized to point clouds, due to the irregular sampling patterns of points in
the 3D space in contrast to regular grid structures underlying images. Hence, learning generative
models for point clouds is quite challenging. Prior research has explored point cloud generation via
GANs (Achlioptas et al., 2018; Valsesia et al., 2018; Shu et al., 2019), auto-regressive models (Sun
et al., 2020), flow-based models (Yang et al., 2019) and so on. While remarkable progress has been
made, these methods have some inherent limitations for modeling point clouds. For instance, the
training procedure could be unstable for GANs due to the adversarial losses. Auto-regressive mod-
els depend on the generation order, and thus lack flexibility. In flow-based models, the constraint of
invertibility might limit the expressive power of the model, and the training and inference are slow
especially when the flow is continuous.

In this paper, we propose a probabilistic generative model for point clouds inspired by non-
equilibrium thermodynamics, exploiting the reverse diffusion process to learn the point distribution.
As a point cloud is composed of discrete points in the 3D space, we regard these points as particles
in a non-equilibrium thermodynamic system in contact with a heat bath. Under the effect of the
heat bath, the position of particles evolves stochastically in the way that they diffuse and eventually
spread over the space. This process is termed the diffusion process that converts the initial distri-
bution of the particles to a simple noise distribution by adding noise at each time step (Jarzynski,
1997; Sohl-Dickstein et al., 2015). Analogously, we connect the point distribution of point clouds
to a noise distribution via the diffusion process. Naturally, in order to model the point distribution
for point cloud generation, we consider the reverse diffusion process, which recovers the target point
distribution from the noise distribution.
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In particular, we model this reverse diffusion process as a Markov chain that converts the noise
distribution into the target distribution. Our goal is to learn its transition kernel such that the Markov
chain can reconstruct the desired shape. Further, as the purpose of the Markov chain is modeling the
point distribution, the Markov chain alone is incapable to generate point clouds of various shapes.
To this end, we introduce a shape latent as the condition for the transition kernel. In the setting of
generation, the shape latent follows a prior distribution which we parameterize via normalizing flows
(Chen et al., 2016; Dinh et al., 2016) for better model expressiveness. In the setting of auto-encoding,
the shape latent is learned end-to-end. Finally, we formulate the training objective as maximizing the
variational lower bound of the likelihood of the point cloud conditional on the shape latent, which
is further formulated into tractable expressions in closed form. We apply our model to point cloud
generation, auto-encoding and unsupervised representation learning, and results demonstrate that
our model achieves the state-of-the-art performance on point cloud generation and auto-encoding
and comparable results on unsupervised representation learning.

Our main contributions include: (1) We propose a novel probabilistic generative model for point
clouds, inspired by the diffusion process in non-equilibrium thermodynamics. (2) We derive a
tractable training objective from the variational lower bound of the likelihood of point clouds condi-
tioned on some shape latent. (3) Extensive experiments show that our model achieves the state-of-
the-art performance in point cloud generation and auto-encoding.

2 RELATED WORKS

Point Cloud Generation Early point cloud generation methods (Achlioptas et al., 2018; Gadelha
et al., 2018) treat point clouds as N × 3 matrices, where N is the fixed number of points, convert-
ing the point cloud generation problem to a matrix generation problem, so that existing generative
models are readily applicable. For example, Gadelha et al. (2018) apply variational auto-encoders
(Kingma & Welling, 2013) to point cloud generation. Achlioptas et al. (2018) employ generative
adversarial networks (Goodfellow et al., 2014) based on a pre-trained auto-encoder. The main de-
fect of these methods is that they are restricted to generating point clouds with a fixed number of
points, and lack the property of permutation invariance. FoldingNet and AtlasNet (Yang et al., 2018;
Groueix et al., 2018) mitigate this issue by learning a mapping from 2D patches to the 3D space,
which deforms the 2D patches into the shape of point clouds. These two methods allow generat-
ing arbitrary number of points by first sampling some points on the patches and then applying the
mapping on them. In addition, the points on the patches are inherently invariant to permutation.

The above methods rely on heuristic set distances such as the Chamfer distance (CD) and the Earth
Mover’s distance (EMD). As pointed out in (Yang et al., 2019), CD has been shown to incorrectly
favor point clouds that are overly concentrated in the mode of the marginal point distribution, and
EMD is slow to compute while approximations could lead to biased gradients.

Alternatively, point clouds can be regarded as samples from a point distribution. This viewpoint
inspires exploration on applying likelihood-based methods to point cloud modeling and generation.
PointFlow (Yang et al., 2019) employs continous normalizing flows (Chen et al., 2018; Grathwohl
et al., 2018) to model the distribution of points. PointGrow (Sun et al., 2020) is an auto-regressive
model with exact likelihoods. More recently, Cai et al. (2020) proposed a score-matching energy-
based model ShapeGF to model the distribution of points.

Our method also regards point clouds as samples from a distribution, but differs in the probabilistic
model compared to prior works. We leverage the reverse diffusion Markov chain to model the
distribution of points, achieving both simplicity and flexibility. Specifically, the training process
of our model involves learning the Markov transition kernel, whose training objective has a simple
function form. By contrast, GAN-based models involve complex adversarial losses, flow-based
methods involve expensive ODE integration and score-matching-based methods involve second-
order gradients. In addition, our model is flexible, because it does not require invertibility in contrast
to flow-based models, and does not assume ordering compared to auto-regressive models.

Diffusion Probabilistic Models The diffusion process considered in this work is related to the
diffusion probabilistic model (Sohl-Dickstein et al., 2015; Ho et al., 2020). Diffusion probabilistic
models are a class of latent variable models, which also use a Markov chain to convert the noise
distribution to the data distribution. Prior research on diffusion probabilistic models focuses on
the unconditional generation problem for toy data and images. In this work, we focus on point
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Shape Latent

Figure 1: The directed graphical model of the diffusion process for point clouds. N is the number
of points in the point cloudX(0).

cloud generation, which is a conditional generation problem, because the Markov chain considered
in our work generates points of a point cloud conditioned on some shape latent. This conditional
adaptation leads to significantly different training and sampling schemes compared to prior research
on diffusion probabilistic models.

3 THE DIFFUSION MODEL FOR POINT CLOUDS

In this section, we first formulate the probabilistic model of both the forward and the reverse dif-
fusion processes for point clouds. Then, we formulate the objective for training the model. The
implementation of the model will be provided in the next section.

3.1 FORMULATION

We regard a point cloudX(0) = {x(0)
i }Ni=1 consisting ofN points as a set of particles in an evolving

thermodynamic system. As discussed in Section 1, each point xi in the point cloud can be treated
as being sampled independently from a point distribution, which we denote as q(x(0)

i |z). Here, z is
the shape latent that determines the distribution of points.

Physically, as time goes by, the points gradually diffuse into a chaotic set of points. This process is
termed the diffusion process, which converts the original meaningful point distribution into a noise
distribution. The forward diffusion process is modeled as a Markov chain (Jarzynski, 1997):

q(x
(1:T )
i |x(0)

i ) =

T∏
t=1

q(x
(t)
i |x

(t−1)
i ), (1)

where q(x(t)
i |x

(t−1)
i ) is the Markov diffusion kernel. The kernel adds noise to points at the previous

time step and models the distribution of points at the next time step. Following the convention of
(Sohl-Dickstein et al., 2015), we define the diffusion kernel as:

q(x(t)|x(t−1)) = N (x(t)|
√

1− βtx(t−1), βtI), t = 1, ..., T, (2)

where β1 . . . βT are variance schedule hyper-parameters that control the diffusion rate of the process.

Our goal is to generate point clouds with a meaningful shape, encoded by the latent representation
z. We treat the generation process as the reverse of the diffusion process, where points sampled
from a simple noise distribution p(x(T )

i ) that approximates q(x(T )
i ) are given as the input. Then, the

points are passed through the reverse Markov chain and finally form the desired shape. Unlike the
forward diffusion process that simply adds noise to the points, the reverse process aims to recover
the desired shape from the input noise, which requires training from data. We formulate the reverse
diffusion process for generation as:

pθ(x(0:T )|z) = p(x(T ))

T∏
t=1

pθ(x(t−1)|x(t), z), (3)

pθ(x(t−1)|x(t), z) = N
(
x(t−1)

∣∣µθ(x(t), t,z), βtI
)
, (4)
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whereµθ is the estimated mean implemented by a neural network parameterized by θ. z is the latent
encoding the target shape of the point cloud. The starting distribution p(x(T )

i ) is set to a standard
normal distributionN (0, I). Given a shape latent z, we obtain the point cloud with the target shape
by passing a set of points sampled from p(x

(T )
i ) through the reverse Markov chain.

For the sake of brevity, in the following sections, we use the distribution with respect to the entire
point cloud X(0). Since the points in a point cloud are independently sampled from a distribution,
the probability of the whole point cloud is simply the product of the probability of each point:

q(X(1:T )|X0) =

N∏
i=1

q(x
(1:T )
i |x(0)

i ) and pθ(X(0:T )|z) =

N∏
i=1

pθ(x
(0:T )
i |z). (5)

Having formulated the forward and reverse diffusion processes for point clouds, we will formalize
the training objective of the reverse diffusion process for point cloud generation as follows.

3.2 TRAINING OBJECTIVE

The goal of training the reverse diffusion process is to maximize the log-likelihood of the point
cloud: E[log pθ(X(0))]. However, since directly optimizing the exact log-likelihood is intractable,
we instead maximize its variational lower bound:

E
[

log pθ(X(0))
]
≥ Eq

[
log

pθ(X(0:T ), z)

q(X(1:T ), z|X(0))

]
= Eq

[
log p(X(T )) +

T∑
t=1

log
pθ(X(t−1)|X(t), z)

q(X(t)|X(t−1))
− log

qϕ(z|X(0))

p(z)

]
.

(6)

The above variational bound can be adapted into the training objective L to be minimized (the de-
tailed derivation is provided in Appendix A):

L(θ,ϕ) = Eq
[

log pθ(X(0)|X(1), z) +

T∑
t=2

log
pθ(X(t−1)|X(t), z)

q(X(t−1)|X(t),X(0))
− log

qϕ(z|X(0))

p(z)

]
= Eq

[ T∑
t=2

DKL

(
q(X(t−1)|X(t),X(0))‖pθ(X(t−1)|X(t), z)

)
− log pθ(X(0)|X(1), z)−DKL

(
qϕ(z|X(0))‖p(z)

)]
.

(7)

The objective L allows efficient training as all the terms have closed-form expressions, which we
will show later.

Since the distributions of points are independent of each other as described in Eq. (5), we further
expand the training objective:

L(θ,ϕ) = Eq
[ T∑
t=2

N∑
i=1

DKL

(
q(x

(t−1)
i |x(t)

i ,x
(0)
i )‖pθ(x

(t−1)
i |x(t)

i , z)
)

−
N∑
i=1

log pθ(x
(0)
i |x

(1)
i , z)−DKL

(
qϕ(z|X(0))‖p(z)

)]
.

(8)

Next, we elaborate on each term in the above objective in order to show its tractability.

The q(x(t−1)
i |x(t)

i ,x
(0)
i ) in the first term can be computed with the following closed-form Gaussian

(Sohl-Dickstein et al., 2015):

q(x
(t−1)
i |x(t)

i ,x
(0)
i ) = N (x

(t−1)
i |µt(x(t),x(0)), γtI), (9)

where, using the notation αt = 1− βt and ᾱt =
∏t
s=1 αs:

µt(x
(t),x(0)) =

√
ᾱt−1βt

1− ᾱt
x(0) +

√
αt (1− ᾱt−1)

1− ᾱt
x(t) and γt =

1− ᾱt−1

1− ᾱt
βt. (10)
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<latexit sha1_base64="JN6gl9CWZxcYkDaSHbUNQ5OXrtI=">AAACBXicbVC7SgNBFL0bXzG+4qOzGQxCbMKuBNQuYGMlEfKCZBNmJ5NkyMzuMjMrhmVrf8FWezux9Tts/RInyRYm8cCFwzn3ci7HCzlT2ra/rcza+sbmVnY7t7O7t3+QPzxqqCCShNZJwAPZ8rCinPm0rpnmtBVKioXHadMb30795iOVigV+TU9C6go89NmAEayN1O14In5KevfduFi7SHr5gl2yZ0CrxElJAVJUe/mfTj8gkaC+Jhwr1XbsULsxlpoRTpNcJ1I0xGSMh7RtqI8FVW48+zpB50bpo0EgzfgazdS/FzEWSk2EZzYF1iO17E3F/7x2pAfXbsz8MNLUJ/OgQcSRDtC0AtRnkhLNJ4ZgIpn5FZERlphoU9RCiieSnCnFWa5glTQuS065dPNQLlRO0nqycApnUAQHrqACd1CFOhCQ8AKv8GY9W+/Wh/U5X81Y6c0xLMD6+gWg2pjN</latexit>

Forward 
Diffusion

Prior Flow

µ✓

<latexit sha1_base64="US9p35jbeTwcM05EAEJ/aWiNHCg=">AAACCHicbVDLSsNAFJ3UV62PRl26CRahq5JIQd0V3LisYB/QhDCZTtqhM0mYuSOU0B/wF9zq3p249S/c+iVO2yxs64ELh3Pu5VxOlHGmwHW/rdLW9s7uXnm/cnB4dFy1T067KtWS0A5JeSr7EVaUs4R2gAGn/UxSLCJOe9Hkbu73nqhULE0eYZrRQOBRwmJGMBgptKt+JHJf6NCHMQU8C+2a23AXcDaJV5AaKtAO7R9/mBItaAKEY6UGnptBkGMJjHA6q/ha0QyTCR7RgaEJFlQF+eLxmXNplKETp9JMAs5C/XuRY6HUVERmU2AYq3VvLv7nDTTEN0HOkkwDTcgyKNbcgdSZt+AMmaQE+NQQTCQzvzpkjCUmYLpaSYnErGJK8dYr2CTdq4bXbNw+NGutelFPGZ2jC1RHHrpGLXSP2qiDCNLoBb2iN+vZerc+rM/laskqbs7QCqyvX8Ubmgs=</latexit>

µ✓

<latexit sha1_base64="US9p35jbeTwcM05EAEJ/aWiNHCg=">AAACCHicbVDLSsNAFJ3UV62PRl26CRahq5JIQd0V3LisYB/QhDCZTtqhM0mYuSOU0B/wF9zq3p249S/c+iVO2yxs64ELh3Pu5VxOlHGmwHW/rdLW9s7uXnm/cnB4dFy1T067KtWS0A5JeSr7EVaUs4R2gAGn/UxSLCJOe9Hkbu73nqhULE0eYZrRQOBRwmJGMBgptKt+JHJf6NCHMQU8C+2a23AXcDaJV5AaKtAO7R9/mBItaAKEY6UGnptBkGMJjHA6q/ha0QyTCR7RgaEJFlQF+eLxmXNplKETp9JMAs5C/XuRY6HUVERmU2AYq3VvLv7nDTTEN0HOkkwDTcgyKNbcgdSZt+AMmaQE+NQQTCQzvzpkjCUmYLpaSYnErGJK8dYr2CTdq4bXbNw+NGutelFPGZ2jC1RHHrpGLXSP2qiDCNLoBb2iN+vZerc+rM/laskqbs7QCqyvX8Ubmgs=</latexit>

Encoder'

<latexit sha1_base64="6cZXsWsFXAVd9nz9tLp2km/GUlM=">AAACBHicbVA9SwNBFHwXv2L8ilraLEbBKtxJQO0CNpYRTCIkR9jb7CVLdvfO3b1AONL6F2y1txNb/4etv8TN5QqTOPBgmHmPeUwQc6aN6347hbX1jc2t4nZpZ3dv/6B8eNTSUaIIbZKIR+oxwJpyJmnTMMPpY6woFgGn7WB0O/PbY6o0i+SDmcTUF3ggWcgINlbyu4FIu2Os4iGblnrlilt1M6BV4uWkAjkavfJPtx+RRFBpCMdadzw3Nn6KlWGE02mpm2gaYzLCA9qxVGJBtZ9mT0/RuVX6KIyUHWlQpv69SLHQeiICuymwGeplbyb+53USE177KZNxYqgk86Aw4chEaNYA6jNFieETSzBRzP6KyBArTIztaSElEFkp3nIFq6R1WfVq1Zv7WqV+ltdThBM4hQvw4ArqcAcNaAKBJ3iBV3hznp1358P5nK8WnPzmGBbgfP0CMIGYow==</latexit>

L

<latexit sha1_base64="6MYX0a2y/yiaAnUKnVGEWgGJmu0=">AAAB+HicbVA9SwNBEJ2LXzF+RS1tDoOQKtxJQO0CNhYWCZgPSI6wt5lLluzuHbt7Qgz5Bbba24mt/8bWX+ImuUITHww83pthZl6YcKaN5305uY3Nre2d/G5hb//g8Kh4fNLScaooNmnMY9UJiUbOJDYNMxw7iUIiQo7tcHw799uPqDSL5YOZJBgIMpQsYpQYKzXu+8WSV/EWcNeJn5ESZKj3i9+9QUxTgdJQTrTu+l5igilRhlGOs0Iv1ZgQOiZD7FoqiUAdTBeHztwLqwzcKFa2pHEX6u+JKRFaT0RoOwUxI73qzcX/vG5qoutgymSSGpR0uShKuWtid/61O2AKqeETSwhVzN7q0hFRhBqbzZ8toZgVbCj+agTrpHVZ8auVm0a1VCtn8eThDM6hDD5cQQ3uoA5NoIDwDC/w6jw5b86787FszTnZzCn8gfP5A8sjk2g=</latexit>

q(x
(t)
i |x(t�1)

i )

<latexit sha1_base64="GWiJUOELu0NZ/cpalUSKpct+b5A=">AAACHXicbVDLSsNAFJ3UV62vqBvBzWAV2oUlkYK6K7hxWcE+oI1hMp20Q2eSODMRS8wP+BP+glvduxO34tYvcfpY9OGBC4dz7uXee7yIUaks68fILC2vrK5l13Mbm1vbO+buXl2GscCkhkMWiqaHJGE0IDVFFSPNSBDEPUYaXv9q6DceiJA0DG7VICIOR92A+hQjpSXXPL4vtD2ePKYuvUsKqpjCJzgtnNrFtOiaeatkjQAXiT0heTBB1TV/250Qx5wECjMkZcu2IuUkSCiKGUlz7ViSCOE+6pKWpgHiRDrJ6JsUnmilA/1Q6AoUHKnTEwniUg64pzs5Uj057w3F/7xWrPwLJ6FBFCsS4PEiP2ZQhXAYDexQQbBiA00QFlTfCnEPCYSVDnBmi8fTnA7Fno9gkdTPSna5dHlTzlcOJvFkwSE4AgVgg3NQAdegCmoAg2fwCt7Au/FifBifxte4NWNMZvbBDIzvPw3IoXM=</latexit>

N (0, I)

<latexit sha1_base64="ktIphggetugAzP/gHcADzy0ccGc=">AAACFHicbVDLSsNAFJ3UV62vqBuhm8EiVJCSSEHdFdzoRirYBzShTKaTduhMEmYmQglZ+BP+glvduxO37t36JU7aLGzrgWEO59zLvfd4EaNSWda3UVhZXVvfKG6WtrZ3dvfM/YO2DGOBSQuHLBRdD0nCaEBaiipGupEgiHuMdLzxdeZ3HomQNAwe1CQiLkfDgPoUI6Wlvll2OFIjjFhyl1YdjydWegaz/zY97ZsVq2ZNAZeJnZMKyNHsmz/OIMQxJ4HCDEnZs61IuQkSimJG0pITSxIhPEZD0tM0QJxIN5kekcITrQygHwr9AgWn6t+OBHEpJ9zTldnKctHLxP+8Xqz8SzehQRQrEuDZID9mUIUwSwQOqCBYsYkmCAuqd4V4hATCSuc2N8XjaUmHYi9GsEza5zW7Xru6r1caR3k8RVAGx6AKbHABGuAGNEELYPAEXsAreDOejXfjw/iclRaMvOcQzMH4+gWcMJ4Z</latexit>

q'(z|X(0))

<latexit sha1_base64="ObvscTdKX6xU7RZ2uemS0S/iY8M=">AAACIHicbZC7TsMwFIYdrqXcAixILBYVol2qBFUCtkosjEWiF6kpkeM6rVU7CbZTqYQ8Ai/BK7DCzoYYYeRJcNoOtOWXLH3+zzk69u9FjEplWV/G0vLK6tp6biO/ubW9s2vu7TdkGAtM6jhkoWh5SBJGA1JXVDHSigRB3GOk6Q2usnpzSISkYXCrRhHpcNQLqE8xUtpyzdN7N3E8njhDJKI+TdNidntI4SPMoJXeJUWrlJZcs2CVrbHgIthTKICpaq7543RDHHMSKMyQlG3bilQnQUJRzEiad2JJIoQHqEfaGgPEiewk4w+l8EQ7XeiHQp9AwbH7dyJBXMoR93QnR6ov52uZ+V+tHSv/opPQIIoVCfBkkR8zqEKYpQO7VBCs2EgDwoLqt0LcRwJhpTOc2eLxNK9DsecjWITGWdmulC9vKoXq4TSeHDgCx6AIbHAOquAa1EAdYPAEXsAreDOejXfjw/ictC4Z05kDMCPj+xfUMqOG</latexit>

F↵

<latexit sha1_base64="TesC2+HX3izpepuf5ggwJk21FD4=">AAACCHicbVDLSsNAFJ3UV62PRl26CRahq5JIQd0VBHFZwT6gCeFmOm2HzkzCzEQoIT/gL7jVvTtx61+49Uuctllo64ELh3Pu5VxOlDCqtOt+WaWNza3tnfJuZW//4LBqHx13VZxKTDo4ZrHsR6AIo4J0NNWM9BNJgEeM9KLpzdzvPRKpaCwe9CwhAYexoCOKQRsptKu3YeZHPPOBJRPI89CuuQ13AWedeAWpoQLt0P72hzFOOREaM1Bq4LmJDjKQmmJG8oqfKpIAnsKYDAwVwIkKssXjuXNulKEziqUZoZ2F+vsiA67UjEdmk4OeqFVvLv7nDVI9ugoyKpJUE4GXQaOUOTp25i04QyoJ1mxmCGBJza8OnoAErE1Xf1IinldMKd5qBeuke9Hwmo3r+2atVS/qKaNTdIbqyEOXqIXuUBt1EEYpekYv6NV6st6sd+tjuVqyipsT9AfW5w+qP5n7</latexit>

x
(0)
1

<latexit sha1_base64="sSfXxyO2sZkvAfK05xXXfSZa77M=">AAACBXicbVC7SgNBFL0bXzG+4qOzWQxCbMKuBNQuYGMZwTwg2YTZyWwyZGZ2mZkVw7K1v2CrvZ3Y+h22fomTZAuTeODC4Zx7OZfjR4wq7TjfVm5tfWNzK79d2Nnd2z8oHh41VRhLTBo4ZKFs+0gRRgVpaKoZaUeSIO4z0vLHt1O/9UikoqF40JOIeBwNBQ0oRtpIva7Pk6e07/aSsnOR9oslp+LMYK8SNyMlyFDvF3+6gxDHnAiNGVKq4zqR9hIkNcWMpIVurEiE8BgNScdQgThRXjL7OrXPjTKwg1CaEdqeqX8vEsSVmnDfbHKkR2rZm4r/eZ1YB9deQkUUayLwPCiIma1De1qBPaCSYM0mhiAsqfnVxiMkEdamqIUUn6cFU4q7XMEqaV5W3Grl5r5aqp1k9eThFM6gDC5cQQ3uoA4NwCDhBV7hzXq23q0P63O+mrOym2NYgPX1CzlQmIw=</latexit>

x
(0)
2

<latexit sha1_base64="OYSABPXFzbQVXxV8IOspDsZVdqc=">AAACBXicbVC7TgJBFL2LL8QXPjqbjcQEG7JLSNSOxMYSEwETWMjsMAsTZmY3M7NGstnaX7DV3s7Y+h22fokDbCHgSW5ycs69OTfHjxhV2nG+rdza+sbmVn67sLO7t39QPDxqqTCWmDRxyEL54CNFGBWkqalm5CGSBHGfkbY/vpn67UciFQ3FvZ5ExONoKGhAMdJG6nV9njyl/WovKTsXab9YcirODPYqcTNSggyNfvGnOwhxzInQmCGlOq4TaS9BUlPMSFroxopECI/RkHQMFYgT5SWzr1P73CgDOwilGaHtmfr3IkFcqQn3zSZHeqSWvan4n9eJdXDlJVREsSYCz4OCmNk6tKcV2AMqCdZsYgjCkppfbTxCEmFtilpI8XlaMKW4yxWskla14tYq13e1Uv0kqycPp3AGZXDhEupwCw1oAgYJL/AKb9az9W59WJ/z1ZyV3RzDAqyvXzrqmI0=</latexit>

x
(0)
N

<latexit sha1_base64="6VRyqRvOtyqOnRjltpCD4WegoMs=">AAACBXicbVC7SgNBFL3rM8ZXfHQ2g0GITdiVgNoFbKwkgnlAsgmzk9lkyMzuMjMrhmVrf8FWezux9Tts/RInyRYm8cCFwzn3ci7HizhT2ra/rZXVtfWNzdxWfntnd2+/cHDYUGEsCa2TkIey5WFFOQtoXTPNaSuSFAuP06Y3upn4zUcqFQuDBz2OqCvwIGA+I1gbqdvxRPKU9u66Sck+T3uFol22p0DLxMlIETLUeoWfTj8ksaCBJhwr1XbsSLsJlpoRTtN8J1Y0wmSEB7RtaIAFVW4y/TpFZ0bpIz+UZgKNpurfiwQLpcbCM5sC66Fa9Cbif1471v6Vm7AgijUNyCzIjznSIZpUgPpMUqL52BBMJDO/IjLEEhNtippL8USaN6U4ixUsk8ZF2amUr+8rxepxVk8OTuAUSuDAJVThFmpQBwISXuAV3qxn6936sD5nqytWdnMEc7C+fgFnwpip</latexit>

x
(1)
1

<latexit sha1_base64="Ao/MwCiQ7NfoMIY8ChKqR45IceU=">AAACBXicbVC7SgNBFL0bXzG+4qOzWQxCbMKuBNQuYGMZwTwg2YTZyWwyZGZ2mZkVw7K1v2CrvZ3Y+h22fomTZAuTeODC4Zx7OZfjR4wq7TjfVm5tfWNzK79d2Nnd2z8oHh41VRhLTBo4ZKFs+0gRRgVpaKoZaUeSIO4z0vLHt1O/9UikoqF40JOIeBwNBQ0oRtpIva7Pk6e07/aSsnuR9oslp+LMYK8SNyMlyFDvF3+6gxDHnAiNGVKq4zqR9hIkNcWMpIVurEiE8BgNScdQgThRXjL7OrXPjTKwg1CaEdqeqX8vEsSVmnDfbHKkR2rZm4r/eZ1YB9deQkUUayLwPCiIma1De1qBPaCSYM0mhiAsqfnVxiMkEdamqIUUn6cFU4q7XMEqaV5W3Grl5r5aqp1k9eThFM6gDC5cQQ3uoA4NwCDhBV7hzXq23q0P63O+mrOym2NYgPX1CzrmmI0=</latexit>

x
(1)
N

<latexit sha1_base64="EdMIpBO3uRsvmrKlEZliFAPJzpw=">AAACBXicbVC7SgNBFL3rM8ZXfHQ2g0GITdiVgNoFbKwkgnlAsgmzk9lkyMzuMjMrhmVrf8FWezux9Tts/RInyRYm8cCFwzn3ci7HizhT2ra/rZXVtfWNzdxWfntnd2+/cHDYUGEsCa2TkIey5WFFOQtoXTPNaSuSFAuP06Y3upn4zUcqFQuDBz2OqCvwIGA+I1gbqdvxRPKU9u66Sck5T3uFol22p0DLxMlIETLUeoWfTj8ksaCBJhwr1XbsSLsJlpoRTtN8J1Y0wmSEB7RtaIAFVW4y/TpFZ0bpIz+UZgKNpurfiwQLpcbCM5sC66Fa9Cbif1471v6Vm7AgijUNyCzIjznSIZpUgPpMUqL52BBMJDO/IjLEEhNtippL8USaN6U4ixUsk8ZF2amUr+8rxepxVk8OTuAUSuDAJVThFmpQBwISXuAV3qxn6936sD5nqytWdnMEc7C+fgFpWJiq</latexit>

x
(1)
2

<latexit sha1_base64="Jf47fYI2FJoBk0Jh8cEqf7wvR48=">AAACBXicbVC7TgJBFL2LL8QXPjqbjcQEG7JLSNSOxMYSEwETWMjsMAsTZmY3M7NGstnaX7DV3s7Y+h22fokDbCHgSW5ycs69OTfHjxhV2nG+rdza+sbmVn67sLO7t39QPDxqqTCWmDRxyEL54CNFGBWkqalm5CGSBHGfkbY/vpn67UciFQ3FvZ5ExONoKGhAMdJG6nV9njyl/WovKbsXab9YcirODPYqcTNSggyNfvGnOwhxzInQmCGlOq4TaS9BUlPMSFroxopECI/RkHQMFYgT5SWzr1P73CgDOwilGaHtmfr3IkFcqQn3zSZHeqSWvan4n9eJdXDlJVREsSYCz4OCmNk6tKcV2AMqCdZsYgjCkppfbTxCEmFtilpI8XlaMKW4yxWskla14tYq13e1Uv0kqycPp3AGZXDhEupwCw1oAgYJL/AKb9az9W59WJ/z1ZyV3RzDAqyvXzyAmI4=</latexit>

µ

<latexit sha1_base64="RmUEhPSo2wYB2qyfAQSYclhhflU=">AAAB/3icbVA9SwNBEJ2LXzF+RS1tFoNgFe4koHYBG8sI5gNyR9jb7CVLdveO3T0hHFf4F2y1txNbf4qtv8RNcoVJfDDweG+GmXlhwpk2rvvtlDY2t7Z3yruVvf2Dw6Pq8UlHx6kitE1iHqteiDXlTNK2YYbTXqIoFiGn3XByN/O7T1RpFstHM01oIPBIsogRbKzU80OR+SLNB9WaW3fnQOvEK0gNCrQG1R9/GJNUUGkIx1r3PTcxQYaVYYTTvOKnmiaYTPCI9i2VWFAdZPN7c3RhlSGKYmVLGjRX/05kWGg9FaHtFNiM9ao3E//z+qmJboKMySQ1VJLFoijlyMRo9jwaMkWJ4VNLMFHM3orIGCtMjI1oaUso8ooNxVuNYJ10rupeo3770Kg1URFPGc7gHC7Bg2towj20oA0EOLzAK7w5z8678+F8LlpLTjFzCktwvn4BtE+Wuw==</latexit>

�

<latexit sha1_base64="p8XO8+VGnZsbengv1PV58OVGaQM=">AAACAnicbVA9SwNBEJ2LXzF+RS1tFoNgFe4koHYBG8sI5gPujrC32SRLdm+P3T0hHNf5F2y1txNb/4itv8RNcoVJfDDweG+GmXlRwpk2rvvtlDY2t7Z3yruVvf2Dw6Pq8UlHy1QR2iaSS9WLsKacxbRtmOG0lyiKRcRpN5rczfzuE1WayfjRTBMaCjyK2ZARbKzkB5HIAs1GAuf9as2tu3OgdeIVpAYFWv3qTzCQJBU0NoRjrX3PTUyYYWUY4TSvBKmmCSYTPKK+pTEWVIfZ/OQcXVhlgIZS2YoNmqt/JzIstJ6KyHYKbMZ61ZuJ/3l+aoY3YcbiJDU0JotFw5QjI9HsfzRgihLDp5Zgopi9FZExVpgYm9LSlkjkFRuKtxrBOulc1b1G/fahUWuiIp4ynME5XIIH19CEe2hBGwhIeIFXeHOenXfnw/lctJacYuYUluB8/QIMvpgI</latexit>

z

<latexit sha1_base64="qgejU+66xZlpck7ng98qFgXeCNg=">AAAB/XicbVA9SwNBEJ2LXzF+RS1tFoNgFe4koHYBG8sI5gOSI+xt9pI1u3vH7p4Qj8O/YKu9ndj6W2z9JW6SK0zig4HHezPMzAtizrRx3W+nsLa+sblV3C7t7O7tH5QPj1o6ShShTRLxSHUCrClnkjYNM5x2YkWxCDhtB+Obqd9+pEqzSN6bSUx9gYeShYxgY6VWLxDpU9YvV9yqOwNaJV5OKpCj0S//9AYRSQSVhnCsdddzY+OnWBlGOM1KvUTTGJMxHtKupRILqv10dm2GzqwyQGGkbEmDZurfiRQLrScisJ0Cm5Fe9qbif143MeGVnzIZJ4ZKMl8UJhyZCE1fRwOmKDF8YgkmitlbERlhhYmxAS1sCURWsqF4yxGsktZF1atVr+9qlTrK4ynCCZzCOXhwCXW4hQY0gcADvMArvDnPzrvz4XzOWwtOPnMMC3C+fgEvvZXj</latexit>

x
(T�1)
N

<latexit sha1_base64="8X4J5Sa4URcuWX7sZWLZktASImk=">AAACCXicbVDLSgMxFM3UV62v8bFzEyxCXVhmpKDuCm5cSYW+oB2HTJppQ5PMkGSKZZgv8Bfc6t6duPUr3Polpo+FrR64cDjnXs7lBDGjSjvOl5VbWV1b38hvFra2d3b37P2DpooSiUkDRyyS7QApwqggDU01I+1YEsQDRlrB8Gbit0ZEKhqJuh7HxOOoL2hIMdJG8m27G/D0MfPvHtJS/dw9y3y76JSdKeBf4s5JEcxR8+3vbi/CCSdCY4aU6rhOrL0USU0xI1mhmygSIzxEfdIxVCBOlJdOP8/gqVF6MIykGaHhVP19kSKu1JgHZpMjPVDL3kT8z+skOrzyUiriRBOBZ0FhwqCO4KQG2KOSYM3GhiAsqfkV4gGSCGtT1kJKwLOCKcVdruAvaV6U3Ur5+r5SrB7N68mDY3ACSsAFl6AKbkENNAAGI/AMXsCr9WS9We/Wx2w1Z81vDsECrM8fA1WZcA==</latexit>

x
(T�1)
2

<latexit sha1_base64="bEiQP6wHAs9lz/0jOggYj8fzJZs=">AAACCXicbVDLSgMxFM3UV62v8bFzEyxCXVhmSkHdFdy4rNAXtOOQSTNtaJIZkkyxDPMF/oJb3bsTt36FW7/E9LGw1QMXDufcy7mcIGZUacf5snJr6xubW/ntws7u3v6BfXjUUlEiMWniiEWyEyBFGBWkqalmpBNLgnjASDsY3U799phIRSPR0JOYeBwNBA0pRtpIvm33Ap4+Zn7lIS01Lt2LzLeLTtmZAf4l7oIUwQJ13/7u9SOccCI0ZkipruvE2kuR1BQzkhV6iSIxwiM0IF1DBeJEeens8wyeG6UPw0iaERrO1N8XKeJKTXhgNjnSQ7XqTcX/vG6iw2svpSJONBF4HhQmDOoITmuAfSoJ1mxiCMKSml8hHiKJsDZlLaUEPCuYUtzVCv6SVqXsVss399Vi7WRRTx6cgjNQAi64AjVwB+qgCTAYg2fwAl6tJ+vNerc+5qs5a3FzDJZgff4A1jaZVA==</latexit>

x
(T�1)
1
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(a) Training (b) Sampling

Figure 2: The illustration of the proposed model. (a) illustrates how the objective is computed during
the training process. (b) illustrates the generation process.

In both the first and the second term, {pθ(x
(t−1)
i |x(t)

i , z)}Tt=1 are trainable Gaussians described in
Eq. (4). In the last term, qϕ(z|X(0)) is the approximate posterior distribution. Using the language
of variational auto-encoders, qϕ(z|X(0)) is an encoder that encodes the input point cloudX(0) into
the distribution of the latent code z. We assume it a Gaussian following the convention:

q(z|X(0)) = N
(
z|µϕ(X(0)),Σϕ(X(0))

)
. (11)

The last term p(z) is the prior distribution. The most common choice of p(z) is the isotropic Gaus-
sian N (0, I). In addition to a fixed distribution, the prior can be a trainable parametric distribution,
which is more flexible. For example, normalizing flows (Chen et al., 2016; Dinh et al., 2016) can be
employed to parameterize the prior distribution.

Consequently, all the terms in Eq. (8) can be computed with closed-form expressions, which enables
efficient training. Further details about the derivation and optimization are provided in Appendix A
and Appendix B.

4 MODEL IMPLEMENTATIONS

The general training objective in Eq. (8) lays the foundation for the formulation of specific point
cloud tasks. Next, we adapt the training objective to point cloud generation and point cloud auto-
encoding, respectively.

4.1 POINT CLOUD GENERATOR

Leveraging on the model in Section 3, we propose a probabilistic model for point cloud generation
by employing normalizing flows to parameterize the prior distribution p(z), which makes the model
more flexible (Rezende & Mohamed, 2015; Chen et al., 2016).

Specifically, we use a stack of affine coupling layers (Dinh et al., 2016) as the normalizing flow (the
detail of affine coupling layers is provided in Appendix C). In essence, the affine coupling layers
provide a trainable bijector Fα that maps an isotropic Gaussian to a complex distribution. Since
the mapping is bijective, the exact probability of the target distribution can be computed by the
change-of-variable formula:

p(z) = pw(w) ·
∣∣∣∣det

∂Fα
∂w

∣∣∣∣−1

where w = F−1
α (z), (12)

where p(z) is the prior distribution in the model, Fα is the trainable bijector implemented by the
affine coupling layers, and pw(w) is the isotropic Gaussian N (0, I).
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Chairs

Airplanes

Figure 3: Visualization of our generated samples.

Substituting Eq. (12) into Eq. (8), the training objective for the generative model is:

LG(θ,ϕ,α) = Eq
[ T∑
t=2

N∑
i=1

DKL

(
q(x

(t−1)
i |x(t)

i ,x
(0)
i )‖pθ(x

(t−1)
i |x(t)

i , z)
)

−
N∑
i=1

log pθ(x
(0)
i |x

(1)
i , z)−DKL

(
qϕ(z|X(0))

∥∥∥pw(w) ·
∣∣∣det

∂Fα
∂w

∣∣∣−1)]
.

(13)

Specifically, we adopt PointNet (Qi et al., 2017a) as the architecture for µϕ and Σϕ of the encoder
qϕ(z|X(0)), and employ a modified MLP as the function approximator for the mean µθ of the
kernel pθ(x

(t−1)
i |x(t)

i , z). The detail of the architecture is presented in Appendix D.

To sample a point cloud, we first draw w ∼ N (0, I) and pass it through Fα to acquire the shape
latent z. Then, with the shape latent z, we sample some points {x(T )

i } from the noise distribution
p(x(T )) and pass the points through the reverse Markov chain pθ(x

(0:T )
i |z) defined in Eq. (3) to

generate the point cloudX(0) = {x(0)
i }Ni=1.

4.2 POINT CLOUD AUTO-ENCODER

Also, we implement a point cloud auto-encoder based on the probabilistic model in Section 3. We
employ the PointNet as the representation encoder, denoted as Eϕ(X(0)) with parameters ϕ, and
leverage the reverse diffusion process presented in Section 3.1 for decoding, conditioned on the
latent code produced by the encoder.

Leveraging on Eq. (8), we train the auto-encoder by minimizing the following adapted objective:

L(θ,ϕ) = Eq
[ T∑
t=2

N∑
i=1

DKL

(
q(x

(t−1)
i |x(t)

i ,x
(0)
i )‖pθ(x

(t−1)
i |x(t)

i , Eϕ(X(0)))
)

−
N∑
i=1

log pθ(x
(0)
i |x

(1)
i , Eϕ(X(0)))

]
.

(14)

To decode a point cloud that is encoded as the latent code z, we sample some points {x(T )
i } from

the noise distribution p(x(T )
i ) and pass the points through the reverse Markov chain pθ(x

(0:T )
i |z)

defined in Eq. (3) to acquire the reconstructed point cloudX(0) = {x(0)
i }Ni=1.

5 EXPERIMENTS

In this section, we evaluate our model’s performance on three tasks: point cloud generation, auto-
encoding, and unsupervised representation learning.
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Table 1: Comparison of point cloud generation performance.

MMD (↓) COV (%, ↑) 1-NNA (%, ↓) JSD (↓)
Shape Model CD EMD CD EMD CD EMD -

Airplane

PC-GAN 3.819 1.810 42.17 13.84 77.59 98.52 6.188
GCN-GAN 4.713 1.650 39.04 18.62 89.13 98.60 6.669
TreeGAN 4.323 1.953 39.37 8.40 83.86 99.67 15.646
PointFlow 3.688 1.090 44.98 44.65 66.39 69.36 1.536
ShapeGF 3.727 1.061 46.79 44.98 62.69 71.91 1.314

Ours 3.276 1.061 48.71 45.47 64.83 75.12 1.067

Chair

PC-GAN 13.436 3.104 46.23 22.14 69.67 100.00 6.649
GCN-GAN 15.354 2.213 39.84 35.09 77.86 95.80 21.708
TreeGAN 14.936 3.613 38.02 6.77 74.92 100.00 13.282
PointFlow 13.631 1.856 41.86 43.38 66.13 68.40 12.474
ShapeGF 13.175 1.785 48.53 46.71 56.17 62.69 5.996
Ours 12.276 1.784 48.94 47.52 60.11 69.06 7.797

5.1 EXPERIMENTAL SETUP

Datasets For generation and auto-encoding tasks, we employ the ShapeNet dataset (Chang et al.,
2015) containing 51,127 shapes from 55 categories. The dataset is randomly split into training,
testing and validation sets by the ratio 80%, 15%, 5% respectively. For the representation learning
task, we use the training split of ShapeNet to train an encoder. Then we adopt ModelNet10 and
ModelNet40 (Wu et al., 2015) to evaluate the representations learned by the encoder. We sample
2048 points from each of the shape to acquire the point clouds and normalize each of them to zero
mean and unit variance.

Evaluation Metrics Following prior works, we use the Chamfer Distance (CD) and the Earth
Mover’s Distance (EMD) to evaluate the reconstruction quality of the point clouds (Achlioptas et al.,
2018). To evaluate the generation quality, we employ the minimum matching distance (MMD), the
coverage score (COV), 1-NN classifier accuracy (1-NNA) and the Jenson-Shannon divergence (JSD)
(Yang et al., 2019). The MMD score measures the fidelity of the generated samples and the COV
score detects mode-collapse. The 1-NNA score is computed by testing the generated samples and
the reference samples by a 1-NN classifier. If the performance of the classifier is close to random
guess, i.e., the accuracy is close to 50%, the quality of generated samples can be considered better.
The JSD score measures the similarity between the point distributions of the generated set and the
reference set.

Architectures In order to make fair comparisons, the encoder architecture of our model is identical
to that of the PC-GAN, PointFlow and ShapeGF. Other details about the architecture of our model
are discussed in Appendix D.

5.2 POINT CLOUD GENERATION

We quantitatively compare our method with the following state-of-the-art generative models: PC-
GAN (Achlioptas et al., 2018), GCN-GAN (Valsesia et al., 2018), TreeGAN (Shu et al., 2019),
PointFlow (Yang et al., 2019) and ShapeGF (Cai et al., 2020). Following the convention of prior
works, we train each model using point clouds from two categories in ShapeNet: airplane and
chair. Each of the baseline models is trained and tested using the setup reported in their papers.
Following ShapeGF (Cai et al., 2020), during the evaluation, we normalize the point clouds in both
the generated set and the reference set into a bounding box of [−1, 1]3, so that the metrics focus on
the shape of point clouds but not the scale. We evaluate the point clouds generated by the models
using the metrics in Section 5.1 and summarize the results in Table 1. Our model outperforms the
state-of-the-art methods under most evaluation metrics, and achieves comparable performance to
PointFlow and ShapeGF under the 1-NNA score. We also visualize some generated point cloud
samples from our method in Fig. 3 and present more visualizations in Appendix E.
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Table 2: Comparison of point cloud auto-encoding performance. Atlas (S1) and Atlas (P25) denote
1-sphere and 25-square variants of AtlasNet respectively.

Dataset Metric Atlas (S1) Altas (P25) PointFlow ShapeGF Ours Oracle

Airplane CD 2.000 1.795 2.420 2.102 2.118 1.016
EMD 4.311 4.366 3.311 3.508 2.876 2.141

Car CD 6.906 6.503 5.828 5.468 5.493 3.917
EMD 5.617 5.408 4.390 4.489 3.937 3.246

Chair CD 5.479 4.980 6.795 5.146 5.677 3.221
EMD 5.550 5.282 5.008 4.784 4.153 3.281

ShapeNet CD 5.873 5.420 7.550 5.725 5.252 3.074
EMD 5.457 5.599 5.172 5.049 3.783 3.112

Table 3: Comparison of representation learning in linear SVM classification accuracy.

Dataset AtlasNet PC-GAN(CD) PC-GAN(EMD) PointFlow ShapeGF Ours

ModelNet-10 91.9 95.4 95.4 93.7 90.2 94.2
ModelNet-40 86.6 84.5 84.0 86.8 84.6 87.6

5.3 POINT CLOUD AUTO-ENCODING

We evaluate the reconstruction quality of the proposed auto-encoder, with comparisons against state-
of-the-art point cloud auto-encoders: AtlasNet (Groueix et al., 2018), PointFlow (Yang et al., 2019)
and ShapeGF (Cai et al., 2020). Four datasets are used in the evaluation, which include three cate-
gories in ShapeNet: airplane, car, chair and the whole ShapeNet. We also report the lower bound
“oracle” of the reconstruction errors. This bound is obtained by computing the distance between two
different point clouds with the same number of points and the identical shape. As shown in Table 2,
our method outperforms other methods when measured by EMD, and greatly pushes closer towards
the lower bounded “oracle” performance. The CD score of our method is comparable to others.
Notably, when trained and tested on the whole ShapeNet dataset, our model outperforms others in
both CD and EMD, which suggests that our model has higher capacity to encode different shapes.

5.4 UNSUPERVISED REPRESENTATION LEARNING

Further, we evaluate the representation learned by our auto-encoder. Firstly, we train an auto-encoder
with the whole ShapeNet dataset. During the training, we augment point clouds by applying random
rotations along the gravity axis, which follows previous works. Then, we learn the feature repre-
sentations of point clouds in ModelNet-10 and ModelNet-40 using the trained encoder, and train a
linear SVM using the codes of point clouds in the training split and their categories. Finally, we
test the SVM using the testing split and report the accuracy in Table 3. We run the official code of
AtlasNet and ShapeGF to obtain the results, since the results are not provided in their papers. For
PC-GAN and PointFlow, we use the results reported in the papers. The performance of our encoder
is comparable to related state-of-the-art generative models.

6 CONCLUSIONS

We propose a novel probabilistic generative model for point clouds, taking inspiration from the
diffusion process in non-equilibrium thermodynamics. We model the reverse diffusion process for
point cloud generation as a Markov chain conditioned on certain shape latent, and derive a tractable
training objective from the variational bound of the likelihood of point clouds. Experimental re-
sults demonstrate that the proposed model achieves the state-of-the-art performance in point cloud
generation and auto-encoding.
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A DETAILED DERIVATIONS

We present the detailed derivations of the training objective in Eq. 7.

Eqdata

[
log pθ(X(0))

]
=

∫
qdata(X

(0))

[
log

∫
pθ(X(0:T ), z) dX(1:T ) d z

]
dX(0)

≥ log

∫
qdata(X

(0))pθ(X(0:T ), z) dX(1:T ) d z dX(0) (Jensen’s inequality)

≥
∫
qdata(X

(0))q(X(1:T ), z|X(0)) log
pθ(X(0:T ), z)

q(X(1:T ), z|X(0))
dX(1:T ) d z dX(0) (ELBO)

Note thatX(1:T ) and z are conditionally independent onX(0),

=

∫
qdata(X

(0))q(X(1:T )|X(0))qϕ(z|X(0))
[

log p(X(T )) + log p(z)

+

T∑
t=1

log pθ(X(t−1)|X(t), z)− log qϕ(z|X(0))

−
T∑
t

log q(X(t)|X(t−1))
]

dX(0:T ) d z

=

∫
qdata(X

(0))q(X(1:T )|X(0))qϕ(z|X(0))
[

log p(X(T )) + log p(z)

+

T∑
t=1

log
pθ(X(t−1)|X(t), z)

q(X(t)|X(t−1))
− log qϕ(z|X(0))

]
dX(0:T ) d z

Since q(X(t)|X(t−1)) is intractable, we rewrite it using Bayes’ rule,

=

∫
qdata(X

(0))q(X(1:T )|X(0))qϕ(z|X(0))
[

log p(X(T )) + log p(z)

+

T∑
t=2

log
pθ(X(t−1)|X(t), z)

q(X(t−1)|X(t),X(0))
· q(X

(t−1)|X(0))

X(t)|X(0)

+ log
p(X(0)|X(1), z)

q(X(1)|X(0))
− log qϕ(z|X(0))

]
dX(0:T ) d z

=

∫
qdata(X

(0))q(X(1:T )|X(0))qϕ(z|X(0))
[

log
p(X(T ))

q(X(T )|X(0))

+

T∑
t=2

log
pθ(X(t−1)|X(t), z)

q(X(t−1)|X(t),X(0))
+ log pθ(X(0)|X(1), z)

+ log p(z)− log qϕ(z|X(0))
]

dX(0:T ) d z

=

∫
qϕ(X(0:T ), z)

[
log

p(X(T ))

q(X(T )|X(0))
+

T∑
t=2

log
pθ(X(t−1)|X(t), z)

q(X(t−1)|X(t),X(0))

+ log pθ(X(0)|X(1), z) + log
p(z)

qϕ(z|X(0))

]
dX(0:T ) d z

11



Under review as a conference paper at ICLR 2021

On the right hand side, all the terms except log pθ(X(0)|X(1), z) can be rewritten into the form of
the KL divergence. We show how to do it on one of the terms. For other terms, it is similar.∫

qϕ(X(0:T ), z) log
pθ(X(t−1)|X(t), z)

q(X(t−1)|X(t),X(0))
dX(0:T ) d z

=

∫
qϕ(X(0),X(t−1),X(t), z) log

pθ(X(t−1)|X(t), z)

q(X(t−1)|X(t),X(0))
dX(0,t−1,t) d z

=

∫
q(X(t−1)|X(0),X(t))qϕ(X(0),X(t), z) log

pθ(X(t−1)|X(t), z)

q(X(t−1)|X(t),X(0))
dX(0,t−1,t) d z

= −
∫
qϕ(X(0),X(t), z)DKL

(
q(X(t−1)|X(t),X(0))

∥∥∥pθ(X(t−1)|X(t), z)
)

dX(0,t) d z

= −EX(0),X(t),z∼qϕ

[
DKL

(
q(X(t−1)|X(t),X(0))

∥∥∥pθ(X(t−1)|X(t), z)
)]
.

Next, notice that log p(X(T ))
q(X(T )|X(0))

has no trainable parameters, so we can ignore it in the training
objective. Finally, by negating the variational bound and decomposing the distributions, we obtain
the training objective in Eq. 7 as follows:

L(θ,ϕ) = Eq
[ T∑
t=2

N∑
i=1

DKL

(
q(x

(t−1)
i |x(t)

i ,x
(0)
i )‖pθ(x

(t−1)
i |x(t)

i , z)
)︸ ︷︷ ︸

L
(t−1)
i

−
N∑
i=1

log pθ(x
(0)
i |x

(1)
i , z)︸ ︷︷ ︸

L
(0)
i

−DKL

(
qϕ(z|X(0))‖p(z)

)︸ ︷︷ ︸
Lz

]
.

(15)

B TRAINING ALGORITHM

The training algorithm can be formulated according to the generator’s training objective in Eq. 13:

Algorithm 1 Training
1: repeat
2: SampleX(0) ∼ qdata(X(0))

3: Sample z ∼ qϕ(z|X(0))
4: for t = 1 . . . T do
5: SampleX(t) ∼ q(X(t)|X(t−1))
6: end for
7: Compute ∇LG(θ,ϕ,α) using samples X(0:T )

and z; Then perform gradient descent.
8: until converged

Algorithm 2 Sampling

1: Samplew ∼ N (0, I)
2: z ← Fα(w)

3: X(T ) ← {x(T )
i } ∼ N (0, I)

4: for t = T . . . 1 do
5: SampleX(t−1) ∼ pθ(X(t−1)|X(t),z)
6: end for
7: returnX(0)

Ho et al. (2020) proposed a simplified training algorithm. We also adapt the simplified algorithm for
our model. Before formulating the simplified algorithm, we should further analyse L(t−1)

i . Since
both q(x(t−1)

i |x(t)
i ,x

(0)
i ) and pθ(x

(t−1)
i |x(t)

i , z) are Gaussians (Eq. 4, Eq. 10), the term L
(t−1)
i can

be expanded as:

L
(t−1)
i = E

x
(0)
i x

(t)
i z

[
1

2βt

∥∥∥∥√ᾱt−1βt
1− ᾱt

x
(0)
i +

√
αt (1− ᾱt−1)

1− ᾱt
x

(t)
i − µθ(x

(t)
i , t,z)

∥∥∥∥2
]

+ C. (16)

Evaluating L(t−1)
i requires sampling x(t)

i from q(x(t)|x(0)). In principle, it can be done by sam-
pling iteratively through the Markov chain. Fortunately, Ho et al. (2020) showed q(x(t)|x(0)) is a
Gaussian, thus allowing us to sample x(t) efficiently without iterative sampling:

q(x(t)|x(0)) = N (x(t)|√ᾱtx(0), (1− ᾱt)I). (17)
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Using the Gaussian above, we can parameterize x(t)
i as x(t)

i (x
(0)
i , ε) =

√
ᾱtx

(0)
i +
√

1− ᾱtε, where
ε ∼ N (0, I):

L
(t−1)
i = E

x
(0)
i ,ε,z

[
1

2βt

∥∥∥∥ 1√
αt

(
x

(t)
i −

βt√
1− ᾱt

ε

)
− µθ(x

(t)
i , t,z)

∥∥∥∥2
]

+ C. (18)

The above equation reveals that µθ(x
(t)
i , t) must predict 1√

αt

(
x

(t)
i − βt√

1−ᾱt
ε
)

given x(t)
i . Thus,

µθ(x
(t)
i , t) can be parameterized as:

µθ(x
(t)
i , t) =

1√
αt

(
x

(t)
i −

βt√
1− ᾱt

εθ(x
(t)
i , t,z)

)
, (19)

where εθ(x
(t)
i , t,z) is a function approximator (i.e., neural network) intended to predict ε from x(t)

i .
Finally, L(t−1)

i can be simplified as

L
(t−1)
i = E

x
(0)
i ,ε,z

[
β2
t

2βtαt(1− ᾱt)
∥∥∥ε− εθ(

√
ᾱtx

(0)
i +

√
1− ᾱtε, t,z)

∥∥∥2
]

+ C. (20)

The simplified algorithm proposed in Ho et al. (2020) suggests choosing a random term from
{∑N

i=1 L
(t−1)
i }Tt=1 to optimize at each training step. In addition to that, the prior loss term Lz

in our objective function should also be considered. Since only one term in {∑N
i=1 L

(t−1)
i }Tt=1 is

optimized at each step, we re-weight Lz with 1
T . The adapted simplified training algorithm is as

follows:

Algorithm 3 Training (Simplified)
1: repeat
2: SampleX(0) ∼ qdata(X(0))

3: Sample z ∼ qϕ(z|X(0))
4: Sample t ∼ Uniform({1, . . . , T})
5: Sample ε ∼ N (0, I)

6: Compute∇
[∑N

i=1 ‖ε−εθ(
√
ᾱtx

(0)
i +
√

1− ᾱtε, t, z)‖2− 1
T
DKL(qϕ(z|X(0))‖p(z)

]
; Then perform

gradient descent.
7: until converged

C AFFINE COUPLING LAYERS

In affine coupling layers (Dinh et al., 2016), both the input w` and the output w`+1 are partitioned
into two segments with the same length: w` = [w`

1,w
`
2], w`+1 = [w`+1

1 ,w`+1
2 ]. The first segment

of the inputw`
1 is unchanged, and is used to update the other segmentw`

2 by scaling and translation
(affine transform):

w`+1
1 = w`

1,

w`+1
2 = w`

2 � F (w`
1) +G(w`

1),
(21)

where F (·) and G(·) can be arbitrary (non-invertible) neural networks, and “�” denotes element-
wise multiplication. The inverse of the above affine transform is trivially obtained by subtraction
and division, since w`+1

1 = w`
1. Several affine coupling layers can be stacked with alternating

partitioning to construct a complex invertible flow.

D MODEL ARCHITECTURES

PointNet Encoder The architecture of our encoder follows that of PC-GAN, PointFlow and
ShapeGF (Qi et al., 2017a; Achlioptas et al., 2018; Yang et al., 2019; Cai et al., 2020). Specifi-
cally, we feed point clouds into a 3-128-256-512 MLP with the ReLU nonlinearity followed by a
max-pooling to obtain a global 512-dimension feature. Then, the feature is fed into a 512-256-128-
256 MLP with the ReLU nonlinearity and we obtain the latent code of 256-dimension.
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Figure 4: The t-SNE clustering visualization of latent codes obtained from the encoder.

Prior Flow We stack 14 affine coupling layers to construct the prior flow. The dimension of
hidden states is 256, identical to the dimension of latent codes. Following each of the layers, we
apply moving batch normalization (Ioffe & Szegedy, 2015; Grathwohl et al., 2018). Both the scaling
and translation networks F (·) and G(·) are 128-256-256-128 MLPs with the ReLU nonlinearity.

Diffusion Process The number of steps T in the diffusion process is 200. We set the variance
schedules to be β1 = 0.0001 and βT = 0.05, and βt’s (1 < t < T ) are linearly interpolated.

Reverse Diffusion Kernel The reverse diffusion kernel in Eq. 4 is paramtereized by εθ(x
(t)
i , t,z),

as derived in Appendix B. We implement it using a variant of MLP, which consists of a series of
concatsquash layers (Grathwohl et al., 2018) defined as:

h`+1 = CS(h`, t,z) = (W1h
` + b1)� σ(W2c+ b2) +W3c, (22)

where h` is the input to the layer and h`+1 is the output. The input to the first layer is the 3D posi-
tions of points x(t)

i . c = [t, sin(t), cos(t), z] is the context vector, and σ denotes the sigmoid func-
tion. W1,W2,W3, b1 and b2 are all trainable parameters. The dimension of the concatsquash-
MLP used in our model is 3-128-256-512-256-128-3, and we use the LeakyReLU nonlinearity be-
tween the layers.

E ADDITIONAL VISUAL RESULTS

We project the latent codes of ModelNet-10 point clouds produced by the encoder trained by
ShapeNet into the 2D plane using t-SNE (Maaten & Hinton, 2008), and present it in Figure 4.
It can be observed that there are significant margins between most categories, which indicates that
our model manages to learn informative representations. In Figure 5, we visualize the interpolation
and extrapolation between latent codes. In Figure 6, we present more generated samples obtained
from our model.
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Figure 5: Latent space interpolation and extrapolation.

Figure 6: More generated samples from our model.
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