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ABSTRACT

Policy gradient methods are known to be highly sensitive to the choice of pol-
In particular, the widely used softmax parameterization
can induce ill-conditioned optimization landscapes and lead to exponentially slow
convergence. Although this can be mitigated by preconditioning, this solution
is often computationally expensive. Instead, we propose replacing the softmax
with an alternative family of policy parameterizations based on the generalized
f-softargmax. We further advocate coupling this parameterization with a reg-
ularizer induced by the same f-divergence, which improves the optimization
landscape and ensures that the resulting regularized objective satisfies a Polyak—
Lojasiewicz inequality. Leveraging this structure, we establish the first explicit
non-asymptotic last-iterate convergence guarantees for stochastic policy gradient
methods for finite MDPs without any form of preconditioning. We also derive
sample-complexity bounds for the unregularized problem and show that f-PG
with Tsallis divergences achieves polynomial sample complexity in contrast to the
exponential complexity incurred by the standard softmax parameterization.

icy parameterization.
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Figure 1: Regularized value landscapes
(with temperature A = 1) for a one-
state, two-action MDP: softmax with en-
tropy (left) versus a-Tsallis SoftArgmax
with a-Tsallis regularization (right, « =
0.1). The value of the classical cou-
pling Entropy—Softmax is much flatter
than for our proposed coupling Tsallis—
Tsallis. Using the latter removes flat ar-
eas that are far from the solution, allow-
ing policy gradient methods to escape
the gravitational pull.

Policy gradient methods are a cornerstone of modern reinforcement learning (RL) and underpin
many of its most notable successes. Algorithms such as Trust-Region Policy Optimization (TRPO;
Schulman et al., 2015) and Proximal Policy Optimization (PPO; Schulman et al., 2017) have demon-
strated strong empirical performance across a wide range of domains (Berner et al., 2019; Akkaya
et al., 2019). Despite these successes, it has become increasingly clear that the performance and
convergence behavior of policy gradient methods are highly sensitive to seemingly low-level design
choices, among which the choice of policy parameterization plays a central role (Hsu et al., 2020).
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Table 1: Comparison of the performance of scalable™) policy gradient methods with global conver-
gence guarantees on the unregularized objective.

Configuration Stochastic ~ Last iterate  Explicit Rates®)
Parameterization.  Regularization.
Mei et al. (2020b) softmax X X v X
Mei et al. (2020a) EscortTransform X X v X
Zhang et al. (2021) softmax Log-Barrier v X v fﬁl)y
Liu et al. (2025) Hadamard X X v X
Ours (Corollary 4.6) softmax Entropy v v v
Ours (Corollary 4.7)  f,-softargmax(? a-Tsallis v v v

poly

(1) We refer by scalability to policy gradient methods that do not use any form of preconditionning; (2) refers
to the parameterization induced by using the «-Tsallis divergence generator (see Table 2); (3) Explicit rates
means an explicit dependency on all problem parameters and not on intractable quantities; (4) vpoly indicates
an explicit convergence rate with explicit polynomial dependency on all problem parameters; (5) v/exp indicates
an explicit convergence rate with exponential dependence on at least one parameter.

In discrete control scenarios, the default choice is the softmax parameterization, typically coupled
with entropy regularization. While ubiquitous, several recent results have revealed fundamental lim-
itations of softmax-based policy gradient methods (Mei et al., 2020a; Li et al., 2023). In particular,
in the absence of regularization, the softmax parameterization can induce extremely flat regions in
the optimization landscape, leading to an unavoidable exponential lower bound on the rate of con-
vergence (Li et al., 2023). Although entropy regularization is sometimes introduced in an attempt to
mitigate this issue, no polynomial convergence guarantees are currently known in this setting. Even
with entropy regularization, the landscape remains flat (see Figure 1a for an illustration). These ob-
servations motivate treating the policy parameterization itself as a design choice: rather than varying
the regularizer within softmax, we ask whether moving beyond softmax can fundamentally improve
the conditioning of policy gradient methods.

In this paper, we follow the line of work of (Mei et al., 2020a; Liu et al., 2025) and propose a new
flexible family of alternative parameterizations induced by divergence generators (denoted f in the
following), which we refer to as f-softargmax parameterizations. We regularize the objective with
the corresponding f-divergence, and we refer to this as a coupled parameterization—regularization
pair (i.e., the same generator f induces both the parameterization and the regularizer). This view-
point generalizes the classical softmax—entropy pairing, in which the policy is both induced and
regularized by Shannon entropy. Similar constructions have recently shown theoretical and prac-
tical benefits for supervised learning (Blondel et al., 2020; Roulet et al., 2025), but remain largely
unexplored in reinforcement learning. This takes policy gradient methods beyond the softmax and
its coupled entropy regularization, yielding a better conditioned optimization landscape (see Fig-
ure 1b). In particular, we show that when these parameterizations are coupled with the regularizer
induced by the corresponding f-divergence, policy gradient methods enjoy improved convergence
rates. Remarkably, for the Tsallis divergence, this leads to convergence rates exponentially faster
compared to the softmax—entropy pairing.

Formally, we study the f-regularized value function under the f-softargmax parameterization. We
show that it satisfies a non-uniform Lojasiewicz inequality and a monotonicity property. This mono-
tonicity allows us to restrict the optimization to regions that are easy to project onto and in which
the Lojasiewicz coefficient is uniformly lower bounded, resulting in the uniform Polyak-Lojasiewicz
inequality over the region of interest. Building on these observations, we establish global last-
iterate convergence guarantees for stochastic policy gradient methods in the tabular setting, with
fully explicit constants. To the best of our knowledge, these are the first guarantees of this type
for policy gradient methods, even with entropy regularization and softmax parameterization, that
do not rely on preconditioning or exponentially large batch sizes. For the KL-induced parameter-
ization—regularization pair (softmax—entropy), the resulting uniform Polyak—f.ojasiewicz constant
is exponentially small in the problem parameters, recovering known exponential convergence rates
(Ding et al., 2025; Labbi et al., 2026). In contrast, for Tsallis divergence generators, this constant
scales only polynomially, reflecting a substantially better-conditioned optimization landscape. Addi-
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tionally, our analysis shows that moving beyond the entropy-softmax pairing yields a better trade-off
between regularization bias and sample complexity. In particular, Tsallis-type couplings yield poly-
nomial last-iterate convergence guarantees even for the unregularized objective, improving upon the
worst-case guarantees known for the standard softmax (see Table 1).

Opverall, our contributions are threefold:

We introduce f-softargmax policy parameterizations and study the regularity of the associated f-
regularized value function as a function of the policy parameters. We show that it is smooth, satisfies
a non-uniform Lojasiewicz inequality, and, by exploiting a monotonicity property, admits a uniform
bound on a Polyak-t.ojasiewicz constant on a region of interest that is easy to project onto.

We prove global last-iterate convergence guarantees for stochastic tabular policy gradient, with fully
explicit sample complexity bounds that apply to both regularized and unregularized objectives.

We demonstrate that alternative couplings beyond entropy—softmax lead to improved sample com-
plexity for an unregularized problem both theoretically and empirically. In particular, the Tsallis
coupling yields polynomial dependencies on problem parameters, resulting in an exponential im-
provement over softmax, and provides additional flexibility for practical adaptation.

The paper is organized as follows. Section 2 introduces the necessary background. Section 3
presents the f-softargmax parameterization and the properties of the f-regularized value under this
parameterization. Convergence rates for policy gradient are established in Section 4, and numerical
experiments are reported in Section 5.

Related work. (Policy gradient methods.) Global convergence guarantees are known to hold for
unregularized policy gradient methods with deterministic gradients, achieving sublinear rates with
constant step-sizes (Mei et al., 2020b; Liu et al., 2024). However, the convergence rates of softmax-
based policy gradient methods is exponential in the problem parameters (Mei et al., 2020a; Li et al.,
2023). Two strategies were proposed to mitigate this issue: first, preconditioning, most notably
through natural policy gradient methods (Kakade, 2001), which can alleviate ill-conditioning, but
scales poorly to larger problems due to the nature of the updates. Second, log-barrier regularization
(Zhang et al., 2021), which yields polynomial rates but has no last iterate convergence guarantees
and is unstable in practice. In contrast, our approach avoids preconditioning altogether and there-
fore retains the scalability of standard policy gradient methods, while providing explicit polynomial
convergence guarantees for the last iterate.

(Alternative Parameterizations.) Alternatives to softmax have been proposed and studied in opti-
mization (Martins & Astudillo, 2016; Peters et al., 2019; Roulet et al., 2025). In RL, the study of
alternative parameterizations is still in its early stages. The escort transform of Mei et al. (2020a)
avoids exponential slowdowns in deterministic settings, but its guarantees rely on increasing step-
sizes and do not extend to stochastic gradients. The Hadamard parameterization (Liu et al., 2025)
yields local linear convergence in deterministic regimes, but without explicit constants. In this work,
we propose a more flexible family of parameterizations that can adapt to various problems and pro-
vide explicit guarantees in the stochastic setting.

2 BACKGROUND

Reinforcement learning. Consider a discounted Markov decision process M = (S, A,~,P,r,p)
with finite state and action spaces S and A, discount factor v € (0, 1), transition kernel P: S x A —
P(S), bounded reward function r: S x A — [0, 1], and initial distribution p. The value of a policy
w: 8 — P(A) is defined by

vals) == EZ |3 4'r(Si, Al (M

where Sy = s, Ay ~ 7(:|S¢), and Syy1 ~ P(:|Ss, Ay). For p € P(S), we define v,(p) =
> p(8)vx(s). For any 7, we define a corresponding discounted occupancy measure

&3 () o= T E} (Y rs]
t=0

Parameterizations on the simplex. Following Roulet et al. (2025), we study a family of parame-
terizations of the simplex based on divergence generators. For a given generator f: (0,00) — R
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Table 2: Example of classical divergence generators f included in our framework and their associ-
ated f-softargmax operators.

Name f(u) f-softargmax(z, vrer ) [a] ¥
KL ulogu — (u—1) Vret (@) exp(w(a))/(EbeA Vret (b) exp(z(D)))
Tsallis O < a <1) (u*—ou+a—1)/a(a—1) Veet (@) (1 + (o — 1) (z(a) — p&))Y/ (=D

Jensen-Shannon ulog(u) — (u+ 1)log(“EL)  trer(a) exp(2(z(a) — pa))/(2 — exp(2(z(a) — pa)))

(1) Here ug and p, are normalization factors that ensures that the weights sum to 1.

strictly convex with f(1) = 0, and reference distribution ¢ with full support, we define

f-softmax(z, q) := Vg%)a()i‘) {(V, x) — Df(u||q)} ,

f-softargmax(z, q) := argmax { (v, z) — Df(y||q)} )
veP(A)

where DY (p||q) is the f-divergence between p and q (see Csiszdr, 1967, or Appendix A). Since
D7 (p||q) is strictly convex in its first argument on the simplex, the output of the f-softargmax
operator is well defined and unique, as it corresponds to the arg max of a strictly concave function
over a compact set. This construction recovers the classical softmax as a special case and yields
a rich family of alternative parameterizations (see Table 2). Computing f-softargmax reduces to
solving a one-dimensional root-finding problem, which can be done efficiently by dichotomy; see
Roulet et al. (2025) and Lemma B.1 for details.

f-regularized value functions. Given a reference policy 7., temperature A > 0, and a divergence
generator f, the f-regularized value function of 7 is defined by

va(s) =B évt(r(Stht)—ADf (7 (1) et (1S) |

A key result (Geist et al., 2019) is that the optimal regularized value v{ (s) := max, v/ (s), together
with optimal policy 7{ admits a closed-form Bellman characterization:

vi(s) = e (v, ql(s,-)) = A DI (v]lmes (-]3)) }, (2)
m! (|s) =argmax{ (v, ¢{(s,)) =2 D! (v||met (-[))}, 3)
veP(A)

where ¢/ (s,a) :=r(s,a) + yPvi(s,a).

3 COUPLING PARAMETERIZATION & REGULARIZATION

We introduce a new class of policy parameterizations for reinforcement learning, which we refer to
as f-softargmax policies. Let my.¢ denote a full-support reference policy. For 6 € RISIAI we define
the f-softargmax policy by

7r£(|s) := f-softargmax(0(s, -), met (+|s)), Vs € S. “4)

This parameterization can be directly used within unregularized policy gradient methods (see Ap-
pendix G). However, in practice, unregularized methods tend to over-exploit and converge prema-
turely to suboptimal policies. This suggests that the choice of parameterization should be guided by
the geometry of a suitably regularized objective, rather than considered in isolation.

To understand which regularization is naturally associated with the f-softargmax family, we exam-
ine the structure of the f-regularized problem (3). The optimal policy of this problem admits the
following representation:

i (|s) = f—softargmax(q’:(s, VA, et (o))

In particular, if we choose logits 6 (s,-) = ¢/ (s,-)/A + b(s), where b: S — R is an arbitrary
state-dependent baseline, then the f-softargmax mapping exactly recovers the optimal f-regularized

policy, i.e., 71'5* = wf.
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This shows that the f-softargmax parameterization is not arbitrary: it is precisely matched to the ge-
ometry of the f-regularized problem. Under this parameterization, learning the policy is equivalent
to learning the regularized optimal Q)-function, and the associated f-divergence regularizer arises
naturally from the variational characterization of the optimal policy.

To further formalize the benefits of such coupling, we now establish the smoothness, as well as a
Polyak-Lojasiewicz inequality, of the f-regularized value with coupled parameterization v{; = vfr Py

0
We derive these properties under the following two assumptions on f and 7ryf.

Assumption P(7,c;). There exists a number Tyet > 0 such that min , o) Teet(als) > et

Assumption A ¢ (7.et). The generator function f satisfies:
(i) [ is bounded, strictly convex on [0; 1/met], f(1)=0, and f is thrice differentiable on (0, 1/Tyef);
(ii) lim, o+ f'(u) =—00, and lim, o | f'(u)/ " (u)| < oo,
(iii) there exists wy € [1,00), and Ky € (0,00), such that for any u € [0;1/myet], we have
1/(uf"(u) < wy, and |f" (u)/ " (u)?] < kg,
(iv) there existsiy € (0,1] such that f" decreases on [0; v¢] and foru € [vg;1/meet], [ (1) > f" ().

These conditions are met by a broad class of commonly used divergence generators, like the KL,
Tsallis with o < 1, and Jensen-Shannon (see Appendix F).

Remark 3.1 Tsallis divergences with o > 1 violate condition (ii): since f'(0) is finite, the induced
policies are sparse, leading to non-smooth parameterizations.

Under P(7r,er) and A ¢ (mer), we can define the weights wg (als) and the sum Wg (s), defined as

1 Tret(a]$) f( ) Z Tref(als) (5)

w(als) = , Wo(s): )
olo}s) W/ (s) f7(x} (als)/met(als)) ’ = () (als) /mer(als))

which will play a central role in our analysis. In the KL divergence case, we recover simple expres-
sions w£(a|s) = wg(a\s) and W{;(s) = 1. Using the notations in (5), we can express the gradient
of the regularized value.

Lemma 3.2. Assume that, for some Te > 0, f and myer satisfy A ¢(mrer) and P(mye). For any
s € S, we have

v} (p)
90(s, )

= (1= )" WY ()0 () H(w] (1)) [ah(s,) = M(s.)]

ol
where for any vector u € RIAI, H(u) := diag(u) —uu', ¢/ :=r + WPvg, and df(s) 1= d,° (s).

Next, we introduce three quantities that that arise naturally in the expression of the Hessian of vg (p).

5 |7 (vla)/mees(als))] /
= re 1" ’ = D re ’ ’ 6
VIS B 2Tt T maary 0 = max DI wlime () (6)

o : 7Tref(a‘S)
CFi= D, ) Laed Flta) frartale) > 0 0

Since they are bounded under A f (¢ ) and P(m.¢ ), we can establish the smoothness of vg (p).

Theorem 3.3. Assume Aj(met) and P(mer) for some met > 0. For any 0 € RISIAL
V205 (p)lly < Ly with

Ly =0 <°"J2° +wpky 4 A (Widy +wp(spds +yy) +wr +26537)
' (1-7)°

We refer to Appendix B.4 for a proof and a complete expression of Ly. We now introduce the
classical exploration assumption (Mei et al., 2020a;b; Agarwal et al., 2021).

Assumption A .. The coefficient pyin = mingcs p(s) of the initial distribution p satisfies pmin > 0.

Next, we derive a Non-Uniform Lojasiewicz inequality.
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Theorem 3.4. Assume that, for some et > 0, Af(Trer) and P(myet) hold. Assume in addition that
the initial distribution p satisfies A ,. Then, it holds that

Vo) (013 = 1s(0)(vh(p) — v](p))
with p17(60) = A1 = 7)p2n (C /wp)? ming o w)(als)2.

We prove this theorem in Appendix C. To highlight the main steps of the proof, we give a sketch of
the proof in the bandits setting, where the state space is a singleton.

Sketch of the proof in the bandits case. The proof consists of two steps: (1) we bound the sub-
optimality gap by the distance between the logit and the rescaled reward; (2) then link it to the
gradient of the function.

Step 1: By (2), the optimal regularized value is equal to vl =\ f-softmax(r/\, 7). Next, since
f-softmax (0, mref) = <7r0 ,0)— (7T9f||77ref), and vg = <7r9, r)— )\Df(ﬂ(, ||7rvet ), the suboptimality
gap rewrite as

of — Ue =X\ fsoftmax(; 7rref)7<7rg, )+ Df(ﬂ'gHﬂ'ref)

= A[ f-softmax( L, myer) — f-softmax (6, me) — (15, £ —0)].
Combining ﬂg = Vf-softmax(f, mt), and that for a € R, f-softmax(0 + al| ), Tet) =
f-softmax (6, mer) + « yields

vl Ue = )\[f—softmax()\,wref) f—SOftmaX(9+Kg1|A|,7Tref)

— (V f-softmax (6 + Kglw,mef% r/A—6— Kgl\AM’

where we have defined Kg = (r/A—=0,1,4))/|A|. Defining C(;f =r/A—0-— Kglw and using a
second-order Taylor expansion of the function f-softmax(-) between, we obtain

v —v) = 2(¢))TV? t-softmax (€)¢], (®)

for some ¢ on the segment joining 6 + Kflw and r/A. Next, by Lemma B.5, it holds that

|| V2 f-softmax(€) ||, < 2wy, which implies vl — ’ug < )\wf||§gH§.

©ll, =
Step 2: Using Lemma 3.2, we have Vué = Wg H(we) [r — A0]. Next, applying Lemma 23 of Mei
et al. (2020b) (see Lemma 1.4) gives

IVogl3 = Wy mlnwg 6o 115 = ¢ mane g 15 -

where by Lemma B.6, we have W(’; > (¢. Combining the two bounds concludes the proof O

For softmax parameterization coupled with entropy regularization, we retrieve a property outlined
by Mei et al. (2020b). However, their proof is highly specific to the entropy-softmax pairing case and
cannot be extended to general f-divergences, because it relies in an essential way on the logarithm’s
special properties. Indeed, their proof require rewriting the soft sub-optimality gap v5"“(p) — vg"(p)
as ﬁ >ses d5(s") DX (h(-|s") [ K- (-] s)) which is not possible for a general f. Our proof is
more natural, as it simply relies on Taylor expansion to obtain the inequality (8).

From Non-Uniform Lojasiewicz to Polyak-Y.ojasiewicz. To obtain a Polyak-Lojasiewicz bound,
we need to bound the coefficient r(6) uniformly. To this end, we restrict the optimization to a
smaller subspace, eliminating policies for which the regularization is too large. Given a policy 7
and 0 < 7 < Tet/2, we define the projection-like operator U, for every (s,a) € S x A, as

Tret (@]$)T, if (a|s) <mret(als)r/2,
Ur(m)(als)=< m(als) — br(s), ifa=al*>(s),
m(als), otherwise,

where we define bz (s)= 3 _yc ax(s) Tret (b]8)T — m(b]s), ai®(s) = arg max, e 4{m(als)/met(als)},
where ties in the arg max are resol) ed arbitrary, and

AT(s) :={a € A,m(als)/met(als) < 7/2} .
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Algorithm 1 f-SoftArgmax Policy Gradient

1: Initialization: Learning rate > 0, initial parameter 6, divergence generator f, batch size B.
2: fort=0toT —1do

3: Collect Z; := (S} .5y 1?A?,0:H71)Z)B:_01 using 7,

4:  Compute the gradient g7, 7, (0¢) using (11)
5
6

Update 6,41 = T+, (6 + Wgét (0+))
: Return 01

This operator prevents policies from becoming “too deterministic”: if the probability of any action
gets too close to zero, it is increased above a threshold that depends on 7 and .. For a proper
choice of 7, applying this operator on a policy returns a policy with a higher regularized value.

Theorem 3.5. Assume that, for some s > 0, f and me satisfy A f(mret) and P(myet), and that p
satisfies A ,. Let

T =min([f'] 7 (= et ), [ (=4l (D)), 552 -

1
2
Then, for any policy m and for @ = U, (), it holds that vf;(p) vl (p) and that T(a|s) > TpefTh-

Since U, operates in the space of policies, we lift it to the parameter space by defining an operator
T such that for € RISIAI we have wfr o = U 71'9 (see Appendix D for an exphc1t construction).
Finally, we show that with the choice of threshold from Theorem 3.5, we can give a uniform lower
bound of 1 on the set of restricted logits. This shows how the non-uniform tojasiewicz inequality
is upgraded to a Polyak—}t.ojasiewicz condition: it suffices to restrict the search to parameters that
encode non-degenerate policies, since such policies are provably suboptimal.

Corollary 3.6. Assume that, for some Tyt > 0, f and myer satisfy A f(mret) and P(7yer) and that p

1 : 1 1 1 . .
satisfies A, If A S =% min( TADIE \f’(%)\ 7l wrcf)l) where Ty, is defined in Theorem 3.5.

Under this condition, it holds that infgcga p17(77,60) > Ly where

—16—8~yAd
By = AL = 7) P2inC Fvet (f*)"(ﬁzpmfn) /w3

where f* is a convex conjugate of f.

4 CONVERGENCE ANALYSIS OF f-PG

In this section, we aim to optimize the f-regularized value under f-softargmax parameterization.
1) =o' .
max{J/(6) := v_(p)} ©)
The f-PG algorithm. We introduce f-PG (Algorithm 1), an f-SoftArgmax policy gradient

method with coupled regularization. At each iteration of f—PG, the agent samples a batch of in-
dependent truncated trajectories of length H from v(7;-) defined for a single truncated trajectory

2 = (sn,an)fsy € (S x A by v(m;2) = p(so)m(aolso)[Th—o P(snlsn—1,an—1)m(anlsn).
Then, the agent performs the update
Op1 = Tra (0 +1 -8} (0,) , fort>0, (10)

where n > 0 is a learning rate, 7, : RISIAI - RISIAL s the projection-like operator defined in Sec-
tion 3, and g7, 7,(01)isa REINFORCE-like estimator (Williams, 1992) of Vo 0,(p 2 that uses a batch of
B independent trajectories Z; ~ [v/(6;)]®5. For a batch of trajectories z = (S5m0 )
this estimator is defined

Iy 810%775(@%32) hfrb b hiaf (&b
gl(0) := B {ZT7 ro(sp,an) — Ay Fe(sh)} ) 1L
b=0 h=0 = (=0
where r] (s%,ab) = r(sh,ab) — ADY (7] (-|2) || mret (-]52)), and Ff( ) € RISIIAl is defined by
7, (bls s
[F] (5] (o) = 1ar(5) W (5) W} (b|s)( m‘;((b'\ =S wi(al w((jls)))),ws’,b) ESxA.
acA
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Remark 4.1 (Connection with (Lazy) Mirror Descent.) We stress that f—PG is fundamentally dif-
ferent from mirror descent. Let ®(m) =) DY (w(-|s)||7cet (-] 5)), mirror descent iterations are

v@(%t+1):vq)(%t) + ’I’]vwvi(p”ﬂ—:ﬂ—t, 41— alrg mln{fb(w) - <V(I)(%t+1), mw — %t+1>}~ (12)
where = € P(A)S! is a policy. Denoting 6, = V®(7,;), one obtains updates that re-
semble (10) (without T.,), with one key difference: the gradient in (12) is taken with re-
spect to the policy m whereas in (10) it is computed w.r.t the "dual” parameter 0 (in the mir-
ror descent termzpology) Moreover, the update (12) can be expressed as, by the chain rule,

01 = 0; + [ 58 !Q 5, 171V J7(6;), which have an additional preconditioning term given by the
inverse of the policy Jacobian. See Appendix H for more details.

Next, we bound the bias and variance of the gradient estimator (a proof is provided in Appendix E.1).

Lemma 4.2. Assume that, for some me¢ > 0, f satisfy A (yet). For any 0 € RISIAL we have

ov o
Ie(6) - 2520, <85, Ez[lls’6) - 5 03] < %
where Z ~ [v(0)®P, and where

0% =iy Wi+ A%2udad + N2 (1-9)%wvd| By = By 2420, A=)y -

Convergence analysis. We now present our main result for this section, which gives a conver-
gence rate for f—PG with explicit constants for the regularized problem. This result is based on the
regularity properties of the regularized value function, which we developed in Section 3.

Theorem 4.3. Assume that, for some et > 0, f and me satisfy A f(mret) and P(myet ), and that p

satisfies A ,. Fixn < 1/(2Ly¢), and X and 7 as in Corollary 3.6. Then, for any t > 0, the iterates of
f—PG satisfy

Efa] < ( —”ﬁf) Ao+6""f+6ff ,
—f

with Ay = vl (p) — vgt (p), and 0]20 and B]% Jfrom Corollary 3.6 and Lemma 4.2 respectively.

We provide a proof of this result in Appendix E.2. A crucial feature of this theorem is that it is
explicit, as all the terms that appear can be expressed using problem-dependent constants. This
allows us to derive the following sample complexity result for optimizing the regularized value.

Corollary 4.4. Let ¢ > 0 and set H < (1 —7)% - log(l/ﬁf), andn < min(L?l,eBﬁf . 0;2).

Under assumptions of Theorem 4.3, the final iterate of f—PG satisfies E[vf(p) - ng (p)] < e with

F(p)—uvf
T< maX(ff’e;/J: )log(v*(p) :90(’))).

Importantly, Corollary 4.4 shows that f-PG achieves convergence rates comparable to stochastic
gradient ascent in the strongly convex regime: O(k log(1/€)) in the low-variance setting, with con-
dition number £ > 0, and O((1/€)log(1/€)) in general.

Convergence for unregularized objective. A natural question is then how to compare different
choices of regularizers, since each method optimizes a distinct regularized objective. By appropri-
ately tuning the temperature A, we recover the final sample complexity bound for the unregularized
problem. We give a precise statement and proof of this result in Corollary E.10.

Corollary 4.5. Let0 < ¢ < (1 — ) 3pL min(| /(¢ ), (% |71 , ’f’(%)rl) Define cy =
min(1/ds,1/ys,1), and set A = (1 —v)e/4 - cy. Under assumptions of Theorem 4.3, the final
iterate of f—PG satisfies E [v4(p) — vo, (p)] < € with

(f*)”(m>_4 (G(Ui(P) —U‘go(/)))>

T< — 1 ;
¥ EBU =) phme® €
H<(1—7)72 ~log(1/gf), andn < aNbwitha = (1—7~)3 and b = 62(f*)//(m)2(1—

v)3Bp? . met?, where f* is a convex conjugate of f.



Published as a conference paper at ICLR 2026

This corollary shows that the convergence rate to the unregularized optimum is primarily controlled
by the asymptotic behaviour of (f*)”. As the target precision € — 0, divergences for which (f*)”
grows faster yield better conditioning, which in turn results in faster convergence.

Sample complexity for specific choices of f. We now provide a more complete interpretation of
these results by stating sample complexity bounds for specific choices of f.

Corollary 4.6 (Complexity for Softmax-Entropy). Let f be the Kullback-Leibler divergence gener-
ator. Let € > 0. Under the choice of n, A\, H, Ty, and T of Corollary 4.5, the final iterate of f-PG

3 .
achieves Elv,(p) — vg,.(p)] < einTBH < |log(mrer)| exp( | og(mser)| ) samples.

~ 64(1_7)12f)ijin771"ef4 5(177)3Pmin

This corollary shows that the number of samples required by the softmax policy gradient method is
exponential in 1/(1 — ~). This is in line with recent work on vanilla softmax policy gradient, which
demonstrated that the number of steps is at least exponential in 1/(1 — ) (Li et al., 2023).

Corollary 4.7 (Complexity for a-Tsallis SoftArgmax with «-Tsallis regularization). Let f be the
a-Csiszdr-Cressie—Read divergence generator for a € (0, 1) (see Table 2 for its expression). Let
€ > 0. Under the choice of n, A\, H, Ty, and T of Corollary 4.5, the last iterate of f—PG achieves
E[v.(p) — vo,(p)] < € in a number of samples

a4
S (et (= ) log(man) |\ T
~ etab(1 — 7)120}1111@4”(1*“) €a?(1 =) pmin .

We give detailed versions and prove these corollaries in Appendix F. These corollaries show that
Tsallis SoftArgmax parameterization with coupled regularisation allows for faster learning, reducing
the dependency on (1—+)~! from exponential in Corollary 4.6 to polynomial in Corollary 4.7. Next,
we approximate the choice of « that achieves the fastest convergence (according to our bounds).

Corollary 4.8. Assume the conditions of Corollary 4.7 hold. The value of « that minimizes the
sample complexity in Corollary 4.7 is given by o*(€) = 11/(2log(1/¢))+o0(1/log(1/€)). More-
over, for € sufficiently small, choosing o = o*(¢) yields a sample complexity e *?poly(1/(1 —
Y)s 1/ pmin, 1/Tre) up to logarithmic factors.

These results show that the best choice of o is not & = 0 nor & = 1, but depends on the desired
precision level. This corroborates results from the bandit literature (Zimmert & Seldin, 2021), and
gives strong evidence that Tsallis-SoftArgmax with coupled regularization has the potential to ac-
celerate RL algorithms. It also highlights the strength of our framework: one can choose, among
multiple parameterizations, the one that is best suited for the problem at hand.

5 EXPERIMENTS

In this section, we demonstrate the generalizability of our framework by showing that our class of
parameterizations, with its coupled regularization, can be readily integrated into modern on-policy
reinforcement learning algorithms. For this purpose, we introduce and evaluate a-Tsallis PPO,
a simple yet principled extension of Proximal Policy Optimization (PPO; Schulman et al. 2017).
Our approach is obtained by replacing both the policy parameterization and the entropy regular-
ization in PPO with their Tsallis counterparts (see Appendix J for full experimental details). We
compare the performance of a-Tsallis PPO against the standard PPO baseline (Schulman et al.,
2017) on two families of environments that we describe below. Our code is available on GitHub:
https://github.com/Labbi-Safwan/f-regularised-policy—gradient.

Noisy CartPole (Osband et al., 2020). This environment is a variant of the classic CartPole
control task in which additive noise is injected into the reward signal. The underlying dynamics is
unchanged: at each time step, the agent applies a left or right force to a cart in order to keep an
inverted pendulum balanced, receiving a base reward of +1 for each step the pole remains upright,
and the episode terminates when stability is lost or after a time limit. However, the reward returned
by the environment is perturbed as 7y = r; + 0 &, & ~ N(0,1), where ¢ > 0 controls the noise
level. This preserves the dynamics and optimal policy, but increases the variance of observed returns.

! Additional experiments on the exact f—PG algorithm are provided in Appendix J.


https://github.com/Labbi-Safwan/f-regularised-policy-gradient
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Figure 2: Learning curves for Noisy CartPole (top row) and DeepSea (bottom row) under
different choices of the Tsallis parameter . For Noisy CartPole, we report the standard un-
noised CartPole environment (a) and reward—noisy variants with increasing noise levels (b—d).
For DeepSea, we consider grid sizes L € {20, 30, 40,50} (e-h). Each curve corresponds to the
best temperature and step-size for a given «, and shaded regions indicate + one standard error over
25 seeds. On Noisy CartPole, values o < 1 consistently improve performance over the PPO
baseline in the standard and low-noise settings, with the gap increasing as the reward noise grows.
On DeepSea, the improvement over the PPO baseline becomes more pronounced with increasing

L, where o = 0.7 achieves the highest returns and the fastest learning.

DeepSea (Osband et al., 2019). DeepSea is an RL environment designed to study deep explo-
ration under sparse rewards. The environment is a directed grid of size L x L. The agent starts in the
top-left corner (0, 0) and, at each step, moves downward while choosing between two actions that
shift agent’s position either left or right. Thus, each episode lasts exactly L steps and corresponds to
selecting a binary action sequence of length L, which defines a unique path through the grid. Only
a single trajectory, the one that selects the hidden correct (right) action at every depth reaches the
rewarding terminal state at (L—1, L—1). However, selecting the right action is not free: every time
the agent moves right, it incurs a small movement cost 0.01/ L.

Problem-adaptive couplings yield better performance. Figure 2 illustrates that no single choice
of « is uniformly optimal, and that different tasks favor different couplings of parameterization and
regularization. On Noisy CartPole, the standard setting (Figure 2a) and the mildly noisy variant
(Figure 2b) show a small but systematic advantage for o < 1 over the PPO baseline, which becomes
more pronounced as the reward noise increases (Figures 2c and 2d). By contrast, on DeepSea,
where performance depends on discovering a single sparse-reward trajectory, the hardest instances
(Flgures 2g and 2h) favor an intermediate value o« = 0.7. These observations suggest that highly
noisy environments and deep exploration problems may benefit from different regions of the Tsallis
family, supporting the need for a tunable parameterization—regularization pair.

6 CONCLUSION

We proposed a new class of policy parameterizations based on operators induced by f-divergences.
Equipped with a matching f-divergence regularizer, this framework generalizes the classical soft-
max—entropy pairing and allows flexible alternative parameterizations. Using Tsallis divergence
instead of Shannon entropy, we showed that the resulting algorithm yields polynomial, rather than
exponential, convergence guarantees for the unregularized RL problem. Empirically, this choice
leads to improved performance in exploration-heavy and noisy environments. An important direc-
tion for future work is to extend these guarantees for adversarial MDPs, where Tsallis regularization
has already proven effective in the bandit setting (Zimmert & Seldin, 2021).
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A  NOTATIONS

f-Divergence. Let f: (0,00) — R be a strictly convex generator with f(1) = 0. Its adjoint
(or reverse generator) is fi(u) := u f(1/u), u > 0, which is convex, strictly convex if f is, and
satisfies f;(1) = 0. Boundary conventions are f(0) := lim, o f(u) € (—o0,00] and f;(0) :=
limy o fi(u) = limeoo f(t)/t € (—00,00]. For p, q € P(A) over finite A, the f—divergence is

D'(pllg) == > ala)f(p(a)/q(a)) + f(0)- > pla), (13)
acA:q(a)>0 acA:q(a)=0

with conventions: ¢(a) f(0) if g(a) > 0,p(a) = 0, and 0 if p(a) = ¢(a) = 0 (Rényi, 1961; Csiszdr,
1967; Liese & Vajda, 2006). f—divergences satisfy D7 (p||q) € [0, oc], are jointly convex (Csiszar,
1967), vanish iff p = ¢, and are not symmetric (D’* (p||q) = D7 (p||q)).
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Pr Transition kernel induced by policy 7 Section 2
ql Regularized Q-function of a policy m 47)
dy discounted state visitation of a policy m (48)
0 Parameter of the policy (element of RIS!I41) Section 3
7r£ The soft- f-argmax policy associated with 6 @
w) A matrix of size RS*# such that for any s € S, w} (:|s) € P(A) Q)
o(als) shorthand notation for f' (7] (a|s)/mret(als)) (35)
o (als) shorthand notation for f” (7] (a|s)/mret(als)) (36)
1o (als) short hand notation for /(] (a|s)/mret(als)) 37N
W (s) A function of f'(-|s) (38)
Y (s) A function of fy(-|s) and fo'(+|s) (38)
T Number of iterations performed by f-PG Algorithm 1
gl (0) Stochastic estimator of the gradient at 0 (11)
H Truncation horizon in f-PG Algorithm 1
gl (0) Stochastic estimator of the gradient at 6 (11)
I Bias of the stochastic estimator at 6 Lemma 4.2
of Variance of the stochastic estimator at 6 Lemma 4.2
Ly Local smoothness of the objective at 6 Theorem 3.3
P(A) Set of probability measures over A Section 2
D7 (pllq) f-divergence between two probability measures p and ¢ (13)

Distribution of the state-action sequence. The state—action sequence (S, A;):>o defines a
stochastic process on the canonical space (S x A)N. For any initial state so € S, we denote by
IP7  the law of this process. That is, for any 7 € N and any subset B C (S x A)",

n—1
PL(B)= > 1((s0,a0) -5 (sn-1,an-1)) ] mlaslsi) P(sitalsi, ai),
(ag,...,an—1)EA™ (81,...,8p—1)ES" 1 i=0

with the convention s is the given initial state. We denote by EY the corresponding expectation
operator. In particular, the state sequence (s;);>o defines a Markov reward process (Section 2.1.6 in
Puterman (1994)) with transition kernel

Pr(s'|5)=> P(s'|s,a)m(a]s) .

acA

Norms. For z € R%, we define the norms

d d 1/2
leloe = _max ol . el =3 ol x||2:<z|xi|2>

i=1
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For a d x d matrix M, we denote by || M ||, and || M || respectively the max row sum, and the
spectral norm:

d

IM|loo = sup{| Mz, /llzll.} = sup > [Mij| , [ M|z =sup{||Mz|,/|z],} .
20 i€{1,d} S 2£0

(14
Recall that, for any 2 € RY, | M2||so < || M| oo |Z|eo and || M x|z < || M ||2]|2]|2.

Functional and matrix forms. For notational convenience, we also view P as a (|S| - |A]) x |S]
matrix with entries P (5 ,) o = P(s' | s,a). Similarly, v/ is a vector of size |S| and ¢/ a vector
of size |S| x |.A|. Finally, we identify the parameter § € RS*“ with its matrix representation

6 € RISIIA indexed by (s,a) € S x A. This slight abuse of notation allows us to conveniently
switch between functional and matrix views.

B SMOOTHNESS OF THE OBJECTIVE

In this section, we establish the smoothness of the regularized value function v’; = vl ,(p) with

respect to the parameter 6. As a first step, we show that the policy ﬂ'g is smooth under suitable
assumptions on the divergence generator f and compute its first and second derivatives. To do so,
we start by studying the properties of the soft- f-argmax operator and then apply the obtained results

to derive properties of the policy 7r£ .

B.1 PROPERTIES OF THE SOFT—f—ARGMAX

In this Section, we compute the derivative of v/ (+) := f-softargmax(z, v;¢f) and x-softmax(-) :=
f-softmax(x, yef ), Where

f-softmax(z, Vyef) := H%)zaz};) {(V, x) — Df(l/HVref)} . (15)
ve

The function x-softmax(-) is the Fenchel-Legendre transform of DY (||vet), and the results in
this section are therefore standard results from convex analysis, statements of which can be found
in various forms in Hiriart-Urruty & Lemaréchal (2004); Mensch & Blondel (2018); Geist et al.
(2019); Roulet et al. (2025).

In this section, we fix a reference probability distribution v, € P(A) such that for any a € A, we
have vyes(a) > Vrer for some ming e 4 Vyet(a) > et > 0. For a given x € RIMI, we define

vl () := f-softargmax(x, v4ef) = arg max {(1/, ) — Df(l/lll/ref)} . (16)
veP(A)

The following result is a simplified version of (Roulet et al., 2025, Proposition 1). For the sake of
completeness, we provide a full proof.

Lemma B.1. Assume that f is strictly convex on [0,1/v,], differentiable on (0,1/v,y), with
lim, o+ f'(u) = —o0, for some vy > 0. Let vyt be a policy such that minge A Vet (@) > Uy

Forany z € RNl and a € A, we thve 0< Vg(a). Moreover, for all x € R‘AL there exists a unique
po € 1,,(x), where

1, (#) = (max(a) = f(1/vg), maxz(a) = (1)), a7)
such that
V:{(Co :Vref(a)[f/]_l(x(a) — M) - (18)
Moreover, i1, € R is the unique root of the equation
Fa,p) =Y het(@)[f] (@(a) =) =1=0 for p € I, (x). (19)
a€A
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Proof. Under the stated assumption, the map f’ is strictly increasing on (0, 1 /14, hence injective;
therefore it is invertible onto its image. Moreover,

Dom ([f'171) = J'((0,1/vrer]) = (=00, f'(1/ther)], (20)
which is an interval and the function [f’] = is strictly increasing.
Fix € A, and (a,b) € A x A. Recall from (16) the definition of the soft- f-argmax ,
vl = argmax {(u, x) — Df(l/Hl/ref)}
veP(A)

This is a strictly concave optimization problem over the probability simplex P(.A) so it admits a
unique maximizer. We now characterize the maximizer via the KKT conditions. Introduce multi-
pliers 1 € R for the equality constraint ) . 4 v(c) = 1, and for every ¢ € A, X(c) € R for the
non-negativity constraints (c) > 0. The Lagrangian reads

L, 1 AN }een) = 32 v©) 2(0) = D (vnet) + (1= D w(e) ) = D M) wle)

ceA ceA ceA

By the differentiability of f, differentiating the Lagrangian with respect to v(a) gives

oL , ( v(a) )

—— =z(a) — —p—Xa) . 21
ov(a) (a) =/ Vret (@) n=Aa) @D

At the optimum (v, 1., {\z(c)}cea), the KKT conditions yield:
vi(c) Xa(c) =0,  Vee A, (22)

1()
x(c) — '(V‘” )— z— Az(c) =0, Ve € A. 23)
=) ~* () (

Under the stated assumptions, lim,_,o+ f’(z) = —oo. Hence, if v (c) = 0 for some c, the station-

arity condition (23) cannot hold with finite multipliers. Therefore v/ (c) > 0 for all ¢ € A, which
by (22) implies A, (c) = 0. Thus, for each ¢ € A the stationarity condition reduces to

- ()

Note also that (24) also implies that for all a € A, z(a) — 1 € Dom( f"), which implies, using (20)
that max,e 4 z(a) — f'(1/Vret) < 1o Together with (24), this shows (18). Note that 1, is a root of
(19), since using (18),

S (@)l @) — ) = 3 v @) = 1,

acA acA

Because [f/]1 is strictly increasing on (—o0, f'(1/ver)], for each z € R, the function pu
F(z,u) (see (19)) is strictly decreasing on (—oo, f’(1/vs)]. Strict monotonicity gives the unique-
ness of p,. Note finally that if 4 > max,cqx(a) — f'(1), then z(a) — p < f'(1), and since
[f']~1 is strictly increasing, [f’]~!(x(a) — u) < 1, showing that F'(x, 1) < 0, which concludes the
proof. O

Remark B.2 Let f : (0,7) — R be a strictly convex and differentiable on (0, 7), Dom(f’) = (0,7),
and ' is strictly increasing and continuous on (0, 7). Let o := lim,_,o f'(z) € [—00,+00) and
B :=limy_,- f'(z) € (00, 400]. Then f'((0,7)) = (a, B), ice., f': (0,7) = (a, B) is a strictly
increasing bijection (hence admits a continuous inverse [f']™1 : («, 8) — (0,7)). Define the convex
conjugate of f,

()= sup {zy— f(x)} . (25)

z€(0,7)

The two following properties hold,

(i) Foreveryy € («, ), the supremum is attained at a unique point x = (f')~1(y).

17
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(ii) Dom(f*) C [«, 8] (with the convention that an infinite endpoint is excluded). Specifically,
Dom(f*)N(«, B8) = («a, B), and f*(y) = oo fory ¢ [, B]. At an endpoint y = « (resp.
y = B), if finite, f*(y) = limyo(yx — f(x)) (resp. limg4, (yx — f(x))), so f*(a) (resp.
F*(B)) is finite iff the corresponding one—sided limit is finite.

On the open interval («, B), the function [* is differentiable and

YW =11"0, ye(p),
We retrieve the statement in Proposition 1 of Roulet et al. (2025) by replacing [f']~1 by (f*). In
most examples, there is no need to resort to the convex conjugate to compute the inverse.
Lemma B.3. Assume, in addition to Lemma B.1, that f is two-times continuously differentiable on
(0, Vyef. Then, the function x — [1, is continuously differentiable on R and for all a € A,
0 0
a7 Mz = ——F y M = F y M 26
u(a)” () (@, 1 )/au (@, pa) (26)
Proof. The function (x, ) — F(x,u) is two-times continuously differentiable on the open set
U:= {(z,p) : 2 € RM € L, (7)} C RMI x R. Let x5 € Rl Since [f/]~" is strictly
increasing,
O ) = Y ! >0
- l‘ ,U, Vr f .
o) = 2 et ) T ) — )
Hence, we may apply the implicit function theorem, which shows that there exists an open neigh-

borhood V,, and a unique function = — p, on V,,, such that for all z € V,,, F(x, ) = 0 and
(26) holds. 0

We now introduce some compact notations that will be used throughout the sequel. For any a € A,
define the first three derivatives of f evaluated at the probability ratio v} (a) /vet(a):

fala)i= 1 (l:ff((il)))  Jela)= 1 (Vyrff((czl))) =1 (Ver((C;))> - D

In addition, we introduce the quantities

Vref
Z f// : (28)
Importantly, as f is strictly convex, its second derivative is strictly positive, making the preceding

quantity well-defined. For any a € A, we also define the following normalized weights

f _ Lyref(a)

Lemma B.4. Assume A (Vyr). Then the soft- f-argmax vf is twice continuously differentiable with

(29)

respect to . Moreover, for any x € Rl and (a,b) € A2, we have
1 ovi(a)
W/ 9x(b)
,b,c) € A3, the second derivative satisfies
) 2@ NN 20

Fra)? 1(a) +1c(b) wi(a) wi(b )f” e
12 (a) ety 2 0)
" (a)? 1e(a)wy(a) " (a)?

fi'(a) | £ (b) f’”( )

- Wf(a) : Wf(b) 'Wf(c) ) [fg/g/(a)z + 17(b)? + 17(c)?

Wf ) W f/// (d)
+wl(a) w ;,:4 f,,(d)z :

= Lp(a) wi(a) = wi(a) wi(b) ,

In addition, for any (a
f

1 owj(a)
WI Ba(on(e) ~ @@

+ Ly(a) w(a) w(e)

18
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Proof. Fix z € R4 and (a,b, c) € A>. Define
W) = Z Vref(“)[f/}_l(x(a) - M:v) -1.

acA

First derivative. Importantly, using Lemma B.1 we have that
F(z;pg) =0 .

Differentiating the previous identity with respect to x(b), yields

8F (z; um 1 B Olfby
= 2 i) A )~ ) (lb(“) ax<b>) ’

where we used that the derivative of [f’]~! is 1/f”([f/]~!). Next, using from Lemma B.1 that
vi(a) = vrer(a) ('] (x(a) — pa) yields

aF (z; ,U;r Zyref f” o (1 (a) - ai;zx)) _o .

where f!/(a) is defined in (27). This implies

Opts _f

where w (b) is defined in (29). Now that we have computed the derivative of the normalization
factor 1, we can compute the derivative of the policy. Starting from Lemma B.1, we have that

vi(a) = vret(a)[f'] 7 (x(a) = pz) -

Differentiating the previous identity with respect to (b), yields
ovl(a) _ Vref(a) Otz | Vret(a) f
o et (240~ | = ey (o) 0]

where in the last identity, we used the expression of the derivative of p, given in (30). Finally, using
the definition of Wi given in (28) gives

3%{((1) 1(a Vet (@) B Vret (@) Vyet (D) i
outt) ~ ey T ) F70) W G

Second derivative From (31), we aim to differentiate once more with respect to x(c). First, note
that it holds that

0fif(a) _ fi'(a) ovi(a) _ fi' (@) _ we(e) i (a) 1

2r()  heela) &v(c) ~ O e " RER W (2)
8Wf Vref f// ) Vref( ) Vref Vref )f///( )
T ,  (33)
Z f// f”( W£ g‘t f” ) f”( )

Now computing the second derivative of v gives

a’/a{(a) o o(a )Vrcf( a) f”( )Jr Vref (@) Vet (D) .iaf;,(a)
0x(b)dx(c) fi(a)? dz(c) — [f(a)?f7(b) W1 Oz(c)
Vret (@) Vret (b) iaf;/( ) + Vret (@) Vret (b) 1 8W£
fa) 702 Wi dx(e) — fI(a)f(b)  (W])2 0x(c)

Plugging in (32), and (33) in the preceding inequality yields
dvia) Vret (0) (@) ve(Q)f2 () 1

505 - Oy e " @ W

x
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Vret()Tret(b) 1 0\ fi' (@) wret(0)fy"(a) 1
e W 0% e W)
Vpet (@) e (b) 1 {1 ) 2 (0)  mee(c)fy (b) ,1}
flla)fy®)? Wi "7 frd) o) fre) Wi
Vref(a)yref(b) . 1 _Vref(c)f;;” 1 Vref(c Vref )fm( )
[la)f1®) (Wl l 7P Wl ; @R f (o) ] ’
which concludes the proof. O

The following lemma links the gradients f-softmax and f-softargmax operators.
Lemma B.5. Assume A‘f(y,.qf). For any x € RIAL it holds that

3 re 2 f— ft re
0 f-softmax(x, Vyer) _ Fsoftargmax(z, vee)  and 0% f-softmax(x, Vyef )] < 2W£
Ox 0x? 5 '
Proof. For any x € Aand v € P(A), define
hf(x, v)=(v,z) — Df(l/”l/ref) . (34)
Fix b € A and note that
oht (z,v)
— 2 =y(d) .
0x(b) v(b)

It holds that f-softmax(x) = max,ep(a) hf (z,v). As h' is continuous in its two variables, P(A)

is a compact set, and for every 2 € R4, the function A/ (z, -) admits a unique optimizer in P(A),
then by Danskin’s theorem (Lemma 1.5)

Of-softmax(x,vrer)  OhS (z,v* (1))
= = v*(x) , where v*(z) = argmax h'/ (z,v) .
82(0) o () (z) Tg > (z,v)

Finally, using that

v*(x) = f-softargmax(x, vyef)

Rdxd

establishes the first identity of the lemma. Using the fact that for any matrix A € , we have

d d . .
[Ally <3254 Z_j:l |a;,; |, implies

H 0? f-softmax (x, Vyet )] Z Z

Ox?
2 acAbeA

<> WiL(a) —wl(a) wi(b)]

633 acAbeA

where in the last equality, we used Lemma B.4. Finally, applying the triangle inequality establishes
the second claim of the lemma. O

B.2 SPECIFICATION TO THE f—DIVERGENCE GENERATORS OF TABLE 2

We now specify the particular forms that these quantities take under three choices of the function
f: the KL divergence generator(f(u) = ulogu), the a-Csiszar-Cressie-Read divergence generator
for 0 < o < 1, and the Hellinger divergence generator

KL case (f(u) = ulogu). Since f'(u) =logu + 1, f”(u) = 1/u, and [f'] "} (y) = exp(y — 1),
the soft- f operators specialize as follows (with base measure vyt € P(A)):

vit(a) = Vref(a)[f/]_1< (@) = pa) = Zbl:jflrjf(eb);péjl(f(g)(b)) ’ neA

where the normalizer is

fo = —1+10g<z Vret (b) exp(x(b))).

be A
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The associated softmax function is the log-partition:

KL-softmax (x, Vyet) log(z Vret(a) exp(z(a )))

acA
For the curvature quantities in (28)—(29), since
f,,(V§L(a)) _ (V.L?L(a))—l _ ret(a)
Vret (@) Vret (@) vk (a)’

we obtain

KL _ Vret (@ 7 KL 7
W, Z "a) Z vy(a)=1
acA 95 acA
and the corresponding normalized weights are

wht(a) = VVlKL l}r/e,f((;)) =vi(a), a € A.

u* —ou+a—1

Tsallis-« case (0 < o < 1). Let f(u) = ——————, so that
ala—1)
w1 " 2 1 =
f(u) = W1 [ u) =u77, F7 ) = [1+ (a—1)y] ot

The soft- f operators specialize (with base measure v € P(A)) to

V() = et (@)[f') " (@(a) = p2) = vresa) [1+ (@ = 1) (z(a) — )] /7Y, a e,

where (1, is the unique normalizer satisfying the constraint

3 vretla) [L+ (@ — 1) (2(a) — ua)] 71 = 1,

acA
with the domain condition 1 + (o — 1) (z(a) — pz) > Oforalla € A.

The associated softmax is
(e}

U3 vrarla) [1 4 (0= 1)) — )] 7T

aeA

1
Ts-softmax (z, Vret) = g E
For the curvature quantities in (28)—(29), set

TS 1

Ve (a) o
= =1 -1 — a-1,
Uz (a) (@) [1+ (a=1)(z(a) - pa)]
Since f” (ug(a)) = ux(a)‘l_2 we have

W = Z V;if Z Vret (@ 1 + (a— 1)( (a) — uz)](%a)/(afl)v

a€A
and the correspondlng normahzed weights are, for a € A,
(2=a)/(a—1)
1 Vref(a) Vref(a) [1 + (a - 1)( ( ) )}

wi(a) = — =

Wo @) S atrer() [1+ (o = () — ) |7

Jensen-Shannon. Let f(u) = 3 (ulog(u) — (u + 1)log(*)). In this case, we have

! _ 1 2u 1" . 1 -1 _ exp(2u)
rw=zlog(25) W= gy o 0= g
The JS-softargmax operator specialize (with base measure vt € P(A)) to
v15(0) = et (@) (0(0) — p12) = vrerla) s LD —H2) ¢y

2 —exp(2(z(a) — pz))
where u,, is the unique normalizer satisfying the constraint

exp(2(z(a) — pz))
2 vier(a) 2~ exp(2(a(a) — )
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B.3 DERIVATIVES OF THE POLICY

Next, we exploit the expression of the derivatives of the soft- f-argmax derived in Lemma B.4 to
compute the first and second derivatives of the policy. We begin by extending the notations defined
in (27), (28), and (29) to encompass a dependence on the state. For any pair (s,a) € S x A, define

the first three derivatives of f evaluated at the likelihood ratio wg (a|s)/mret(als):

f
/ als) = / . a) = [ T (a|s) ; 35
f&( | ) f@(s,»)( ) f <7Tref(a|3) (35)
f
1" als) = " a) = n[ Mg (a|s) , 36
0( | ) 9(5,»)( ) f (Wrcf(as) (36)
f
" als) = " a) = " Ty (a|s) . 37
0 ( | ) 9(s,~)( ) f (Wref(a|5) (37
In addition, for every s € S we introduce the quantities
7Tre 7rre
Wh(s) = Wh, = Tenal) f ,and Yf(s) = Y SEE f |f9( DI
acA o ( acA o

For every (s,a) € S x A, we define the normalized weights

1 met(als)

f o ref

wy(als) = — - (39)
Wi(s) J4(als)

The following lemma provides bounds on several key quantities that will appear in the appendix.

Lemma B.6. Assume that, for some et > 0, f and mye satisfy A j(ver) and P(myef ), respectively.
For any parameter 0 € RISIIAl it holds that

f
wy(als)
WfH < wy, HYfH Sy,mafowf-s Tret(+|8)) < dg, max <ws .
H o 0o ! o 0o ! SES ( 9(| )” (‘ )) ! (s,a)eSxA ﬂf(a‘s) !
Proof. The proof follows from the definition of the different quantities and A ¢ (7ryer) O

Using Lemma B.4, we get the following expression for the derivatives of the policy.

Corollary B.7. Assume that, for some T.es > 0, f and Tyer satisfy A ¢(7eer) and Pyt ), respec-

tively. Then the policy ﬂg is twice continuously differentiable with respect to 0. Additionally, for all

0 € RISIAl and s € S, there exists a unique pg(s) € R such that for any a € A, we have
7 (als) = Tret(als) ('] (B(s,a) — po(5))) (40)
Forany s € S, the 0 — ug(s) is continuously differentiable. For any s' # s, 9/900(s’, )ug(s) =0

and Do)
Hols) _ fo
005, ~ "olls) -
Moreover, for any 6 € RISIMl s € S, and (a,b) € Ax A, we have
1 9n)(als)
Wi(s) 00(s,b)

In addition, for any (a, b, c) € A3, the second derivative satisfies

L _omlals) o g detals) ) o (bl J8 (015)
T T = e 1) S5 whals) + 1.0) el wh )
+1y(a) w(als) ! <>9((|')> T 1o(a) wh(als) ) <bs>,0,((7'5))2
0 al|s 0 al|s
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—W%”%Wﬁmfwﬂw%[Z&Sl aﬁW Aff
+wj (afs) - wy (bls) - wh(els) - > wi(d]s) %ﬁ?
de A 0

Lemma B.8. Assume that, for some et > 0, f and myet satisfy A ¢ (o) and P(myet ), respectively.
Then, it holds that

3 om(als)
(a,b)€A2 96(s,%)

ngg(a\s)

89(8,1))89(3,0)‘ < 8k Wy(s) -

<2Wi(s) . Y

(a,b,c)€A3

Proof. Using the expression of the derivative of the policy provided in Corollary B.7, we have by
the triangle inequality

>, =2 Wils)w(als)

beA beA

87r9

aasb = 2W}(s) wj(als)(1 — wj(als)) .

Ly(a) — wj(bls)

where we used that

3 ]11,(@) —w£(b|s)‘ =201 - wl(als)) . 41)
be A
Hence, we have
o] (als) ;
2 oy | =2Vl
(a,)eA2

Fix a € A. By using the expression of the second derivative of the policy provided in Corollary B.7
combined with the triangle inequality and (41), we get

9%n) (als)

oot le) | <o) 2 1) oty +awh o) whals) 3 250w o)

£y als)? 2 gy

(b,c)eA?

Next combining A ¢ (7c¢)and (41), we obtain

>

(b,c)e.A2?

0y (als)

5&?6%675§8Wﬂwwﬂﬂﬁw'

Finally, summing over the actions concludes the proof. O

B.4 SMOOTHNESS OF OBJECTIVE
Firstly, we recall that the regularized value satisfies the following fixed-point equation Geist et al.
(2019):
vi(s) =Y mlals)r(s,a) = A DI (x(-|s)[mec(ls)) +7 D wlals)P(s'|s,a) v (s) -
acA (a,s")EAXS
42)

In order to prove the smoothness of the objective, we will prove that the all the second-order di-
rectional derivatives are bounded. Denote 6, = 6 4+ au where & € R and u € RISIMI By
Equation (42), for any s € S it holds that

vga(s) = eIM(a)rga , (43)

where M () is a matrix of RS> defined by

M(a) = (Id = 4Py, )",
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and where rga, and Py_ are defined in Section 2. Taking the derivative of (43) with respect to «

yields

8”5 (s) T 0Py T arg
5 =7e] M(a) =5 = M(a)r) +e]M(a)—5
Taking the derivative of the preceding equation with respect to o gives
9*v} (s) P P 2P
a 2T O 0o T 0o
2 = 2yPe] Ma) UM (a) 50 M), + el Ma) oy 2 M(a)r],
f 2, f
0Py Or 0°r
T (e 9(1 T 9(!

In order to control the second-order directional derivative of the regularised value function, we
establish first several properties of the quantities that appear in the preceding equality.

Lemma B.9. Assume that, for some met > 0, f and myet satisfy A ¢ (mrer) and P(myet ), respectively.
We have

OP
HaZ | S 2max W)} el
Similarly, we have
0?Py, 2
H 5 < 8kf max{Wg(S)} [[wlls
« a=01llco ®

Proof. Bounding the first-order directional derivative. The derivative with respect to « is

E s e I L

(0%
0 acA

a=0

Fix s € S. Because ﬂga (a|s) depends only on 6(s, -), by the chain rule

orl (als L (als 7 (als
I W R pl L NER B ol e ORI
acA acA ’ acA ) 1

where in the last inequality we used Cauchy-Schwarz inequality and the fact that the L; norm
dominates the Ly norm. Now using Lemma B.8, we get that

o) (als)
a; 90(s,-)

a=0

‘ lu(s, )l < 2 ull, Wh(s) -
1

Bounding the second-order directional derivative. Similarly, taking the second derivative with
respect to « yields

9%} (als)

a—0:|s,s’ B Z l Pa

acA

82P9a
0«

Fix s € S. It holds that

9%l (als)
N e Y =¥

0%«
acA acA acA

where in the last inequality, we used the Cauchy-Schwarz inequality and the definition of the matrix
operator norm. Additionally, using that for any matrix A € R?*?, we have

d d
1Al <32 laiy

i=1 j=1

] P(s'|s,a) .

a=0

9%} (als)

<WU(57 ), u(s,-))

827rg(a |s)
0%0(s,-)

a=0

2
[us; )z
2

combined with Lemma B.8, we get that

Z 327rga(a,|s)

2
acA 0o

which concludes the proof. O

2
< 8Ju(s, )15 5y max Wy (s) .

a=0

24



Published as a conference paper at ICLR 2026

Lemma B.10. Assume that, for some et > 0, f and Tyt satisfy Ay (et )and P(Tyet ), respectively.
Then, the regularized reward satisfies

Irf lloo < 14 Amax DY (7 ([s) e ([s)) -

Additionally, we have that

3r£a ; ,
S| || = 2max{Wie) £}l
and that
82rg
2 I f 2
Z 0a < |
‘ Pa? || es {4(2Hf +A) Wy (s) +8Ary Yy (5)} [Jull5

Proof. The bound on ||r£ |loo is immediate.

Bounding the first derivative. It holds that

ar}. g (s)

ol (s)
o (g

<(%)?87.),u(s,-)>| < max

= max
seS

= max
seES

a=0

Computing the derivative of rg (s) with respect to (s, b) yields

Ay (s) <= Omj(als) .\ Onf(als) ., [ 7} (als)
0(s,b) ~ 2= 00(s,b) "(5:0) = A 5050 T\ merals)

Plugging in the expression of the derivative of the policy of Corollary B.7 in the preceding identity
yields

6F0(8) o 7Tref(b|5)r s Wref(b‘ 7Tref a s 7Tref b| ) ) r(s,a)
56(s,b) ~ "w@ (5:0) = A1) 9009 = 2 Trai o) Wite)

re: re b !
Z T f ) f |5 )fg(a|s) . 45)

aEA 9 ‘)

Taking the absolute value, applying the triangle inequality, and using that the rewards are bounded
by 1 gives

ol (s)
00(s,b)

<2W)(s) +20Y)(s) .

>

beA

Bounding the second derivative. It holds that

%) B 0%r) (s) B 0%rl (s) 2
92 | _ |l T eS| Tz | _,| = 5EE || 00(s, )2 ” Iz
where in the last inequality, we used the Cauchy-Schwarz inequality and the definition of the matrix
operator norm.. We now compute the second derivative of rg (s). Starting from (45), we get
2.f " ///
9 M (s) _ _Wfff(blsg 1.(b) 9// (b]s) . 7Tr/(jf(c|8) (b]s ) } r(s,b)
90(s,0)90(s, c) 5 (0]s) §(tls) — f5 Ols) f (cls) ~ Wi(s)
Trer (0] 5) f5(bls) o' (bls) — met(cls)fg" (bs) 1
+A 1} 92 1C(b) (} O f
g (]s) £7 Ols) — f7 Ols) £ (cls)  Wi(s)
Tret (D]5) 7rref(b‘ )ﬂref(d ) 1
- A 1{,(6) .
l 7ls) S wis)
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|
7als) ~ F7(als) £ (els) WI(s)

+Zw wref b| )| (, ) ll () f8 al2) wref«:s)f'"( 5) 1 ]

acA | ) (S)
7rrcf(a|s Tret (bs) r(s,a) o (bls) 7rrcf(0|s)f”’ (bs) 1
+; o (als)fy (bls)®  W}(s) ll O 7 (bls)  fy (bls) £y (cls) W.g(s)]

ﬂ'ref als)mrer(b]s) (s a) | —met(cls)fy (cls) Tret (¢[8) Trer (dls) £ (dls)
+a§ o (als)fg (bls) W(s )2l fo (cls)? +d§ W (s) 2 (d)s)® £} (c|s )]

Y 7Tref als)mret (bls) fé(bl ) [—Wref(w) o (cls )+Z Tret (] 8)mret (d] s) fo” (d]s )]

= folals)fg (bls) Wj(s)2 fy (cls)? =0 W) (dls)’ £ (cls)

_ 7T-1ref(CL|S 7Tref b| ) (b|5) a é// (G|S) _ Wref(c|8) H/( | ) ) 1
A2 Tl PR 0) Wiie) [1* Vi) T 1 als) 57 () wg<s>]
— 7Tref(a|5 7Tref b| ) (b|5) /// (bl ) 7Tref(c| ) /// l ) 1
A2 Tl 07 W) [16“’) 7o) 7 O 17 (cls) wg‘(s)]
7Tref c Wref(b‘s) Wref(b| )ﬂ-ref(ds) . 1
“aze; i 9<s> [“” T0ls) 0 (s) W)

Taking the absolute value, applying the triangle inequality, using that under A ¢(7,c¢), for all z €
R+, we have | f"'(x)/ " (x)?| < ky, and using that the rewards are bounded by 1 gives

ZZ rg“( *) < 8k Wi(s) +8\ky Y (s) +4AWI(s)
20(s,b)00(s, c) o o o
beAceA
which concludes the proof. O

Lemma B.11. Assume that, for some Tres > 0, f and myes satisfy A p(mrer) and P(myof) respectively.
Then, for any 6 € RISIAL gnd v € RISIAL

vl > i +(0)
T 0 2
u 692 ’ (Z )z) HUHQ ’

1

where fori € {1,2,3}, L() +(0), are defined as
LS 0) =42k + ) [WH||+8xmg 5|
L2} (6) =8y [ Wi (mf{lﬂmafo(wg(-s>|mef<-|s>>}+ Wi+ ]| )
o0 sES o o

2
01(0) = 82| Wh||_ (1 4+ AmaxD (n] ([s) [ mres (1s)) -

Proof. By construction, we get

rPf(s) [ |00, (0)
062 0 |,
Using (44), we get that
&} (s) oP op
o <272l M(O0)=22 | M(0)=2=|  M(0)r)
e <ereran0 e % o

(A)
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92P oP or]
T 0o f T Oa 0o
. M(0 M(0 2ve, M(0)—= M(0
+hel MO MO|+ el M@ | MO
(B) (©)
aQrf
T 0
M(0 =
el MO) |
(D)
We now bound each of these terms separately
Bounding (A). First note that, for any vector = € RS and a € R, we have
1
1M(@)le < = lello - 6)
This yields
IPyg Py 272 || 9Py 2
A) <292 | MO)Z2| MO M)y < = Moo
(8 2297 |MO) G| MO MO < g ||l

By using again (46), Lemma B.9, and Lemma B.10 we get
2
_ 892 max, (W (s))2 Jul]?
- (1=
Bounding (B). Using (46), Lemma B.9, and Lemma B.10 we get

2Py,
0%a

(A)

(1+ Amax DY (] ([3) [ (]5)) -

2l
(1—9)?

8y 2
5o max{WJ (s) 3 {1+ A max DY (] (-

< _
)]
Bounding (C). Similarly, using (46), Lemma B.9, and Lemma B.10 we get

g W (o)) e { W () + AYH ()

(B) < (A

a=01lco

5)||7Tref('|8))} .

(C) <

Bounding (D). Using (46), Lemma B.9, and Lemma B.10 we get
0? rga
02«

1
(D)Sﬁ

1 2
< o ma {4y + 2 Wh(s) +8Xsp Y] (5) } lull3

oo

a=0
The proof is completed by collecting these upper bounds. O

Theorem B.12. Assume that, for some Tye > 0, f and Tyer satisfy Ay (meer) and P(myef) respec-
tively. Then for any 0,0" € RISIIAl it holds that

vl
ohio) —vfio) — (8 gy

L 2
<Ly .

where
8wy (ywp+(1 = 7)ky) a) 2ywidp+2y(1 — y)wy [kpdy + y s+ (1 —7)? [wy + 265y]
B (1—9)? (1—9)?

Ly:

Proof. Fix any vector u € RIS!IAl and § € RISII4 Using Lemma B.11, it holds that

2, f 319 (g
uTa”e(s)u‘< (Z *’”f) Jul
i=1

962 1—~)
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where for ¢ € {1,2, 3}, Lf\i,)f(H), are defined as

L{(6) = 4(265 + V) ngj”w + 8\ky HY{;HOO ,

20 = 0 W] _ (0 + N D fClolmancls + W58 )

8)|[eer (+[5)) -

Using Lemma B.6 combined with Lemma I.1 concludes the proof. O

2
L (0) = 842 HWétHOO (1+ /\gleang(ﬂg(~

C NON-UNIFORM LOJASIEWICZ INEQUALITY

Firstly, define respectively qé and dz as the regularized Q-function and discounted state visitation
associated with the policy 7r£ , 1.e.

gh(s,a) =r(s,a) +7 Y P(s|s,a)v)(s) 47)
s'eS
dy(s) = (1-7) thppfrg (s) - (48)
t=0

The goal of this section is to prove that the global objective satisfies a non-uniform Lojasiewicz
inequality, i.e we aim to show the following theorem

Theorem C.1. Assume that, for some Tyt > 0, f and Tyer satisfy A §(ver) and P(myes) respectively.
Assume in addition that the initial distribution p satisfy A ,. Then, it holds that

2
vy (p)
> F(p) — of
20 > g (0) (v*(p) ve(p)) :
where
0) = AL =) piinCF min wl(als)?
Hpo) = wj% (s,a)ESXA '

One of the main challenges in establishing such an inequality lies in connecting global information
(the suboptimality gap) to local information (the gradient norm). Recall from Section 2 that if

H(S,a):q{(s,a)/)\, Vae€ A,
f _ _f

then m; = my. This observation highlights that, under this parameterization and regularization,
the key quantity is the closeness between 6 and qg /. Formally, we will show that both the sub-
optimality gap and the gradient norm can be upper and lower bounded, respectively, by a quantity
proportional to ||(s(s)||2, where we define

G (s) = apls,)/A— 0(s,-) = K7 (s) La, (49)
pon Aah(s, )/ X =0(s,0), 1a)
K] (s) = 2 ¥ (50)

Note that Cg is the projection of qg (s,-)/A —0(s, ) onto the subspace orthogonal to 1| 4.

The proof proceeds in three steps:

1. Derive an explicit expression for the gradient of the objective and establish a lower bound
in terms of ||Cg Il

2. Upper bound the suboptimality gap by a quantity directly related to H(g Il

3. Combine these two bounds to identify the corresponding non-uniform PL coefficient.

We now detail each step in turn.
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C.1 LOWER BOUNDING THE NORM OF THE GRADIENT
Before deriving a lower bound on the norm of the gradient, we start by deriving an expression for
the latter.
Lemma C.2. Assume that, for some Tyt > 0, f and et satisfy A §(myer) and P(7yer) respectively.
Forany s € Sand b € A, we have

A RAC)
W(s)00(s,b)  1—7

Wg(b|8) lq‘g(&b) — M0(s,b) — Z W(];(a|s) [q‘;(s,a) - )\O(s,a)w

acA
Proof. Fix s € § and b € A. Additionally fix any § € S. Using (42), we have
vh(3) =Y i (ald)r(3,a) = ADI (x] (1) Imet (13) +v Y D 7h(ald)P(5'[5, a)vh(5)

acA acA3'eS

Deriving the preceding recursion with respect to (s, b) yields

vl (5 L (als 7l (a3
20() _ ~Omfald) | o <e<|>>ﬂzp(;g,a>v5<y>

00(s,b) = 00(s,b) Tret(@]8) 55
Z(5)
B ovl (5
21 Y Y @l P s, G
a€A3'es ’

Using the definition of the regularized Q-function and writing the preceding recursion in a vector
form yields
v} ()

90(s,b) =Z(-)+~Ps

vy ()
90(s,b)

which implies

() _ ouhle) _
00(s,b)  00(s,b)

Next, using the definition of the discounted state visitation (48) and the regularized Q-function (47)

implies
(o) _ LN~ g0y S Om@ls) |y alals) 1)
90(s,b)  1—~ &7 2 Tan(s.p) |10 Tet(als) )|

pT(Id —~P) ' Z(") .

f f ’
Using that Y-, . 4 % = 0 and that for s # s, we have ng((:’lbs)) = 0 yields

8vf(p)_ 1 37rf(a\s) ) 7rf(a|s)
aﬁ(i,b)_ﬁdg(s)aa‘m gh(s,a) = Af sy | )

where 19(s) is defined in Corollary B.7 and satisfies for any a € A
f
) (als
0(s.a) ~ f (M) = pols)

Tret(a$

Thus, we obtain

3Uf(p) 1 3ﬁf(a|5)
P6(s,8) ~ 1= () 2 (5.5 (a}(s,a) = 20(s,a)]

Finally, plugging in the expression of the derivative of the policy derived in Corollary B.7 in the
previous equality concludes the proof. [
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Using the previous lemma, we prove the following lower bound for the norm of the gradient.

Lemma C.3. Assume that, for some et > 0, f and et satisfy A ¢(myet) and P(myet) respectively.
Assume in addition that the initial distribution p satisfy A ,. We have

2
v} (p)
B2 = min {wf(als)?ymin{WE (s} 2 1)1
2 SES
Proof. 1t holds that
Fevll? feyll?
3’09(/)) _ Z ﬁvg(p)
00 90(s, )
2 seS 2

Fix s € §. Using Lemma C.2, we observe that
L vh(p) _ dp(s)
W(s)90(s,)  1—v

where for any vector u € RI“I, we define H(u) := diag(u) — uu". Thus, we get that

H(wh(15)) |ah(s.) = M(s, )]

ar o] o asgron e 00
= Adf (s ’Hwe 1)) [qf(s,)/Afa(s,-)ng'(s)l‘AdH2 (using H (u)1].4 = 0 and (50))

> )\dg( ) m1Jr41 Wy T(als) [1¢o(s s)|l,  (where (g(s) is defined in (49) and using Lemma I.4) .
€
Finally, using d,‘j(s) > (1 —)p(s) and A, concludes the proof. O

C.2 BOUNDING THE SUBOPTIMALITY GAP

The first step is to connect the suboptimality gap to information localized at 6. This is achieved via
the performance difference lemma for the regularized value function yields (see Lemma 1.3)

ﬂ'{ S " S,a 'Uf S
o) = of() = X M50 w0l 26 D o) ranlhe) - 247 | 52

seS 1 -7 acA A

(A(s))

Fix s € S. Using the definition of the regularized value functions and Q-functions combined with
Equation (42), we have

vy(s) = (g (1s), @ (s,-)) = ADY (mj ([s) e () -

This implies A(s) = A1(s) — Aa(s
As(s) = (w] (), qg(s.)/X) = DI (7] (-|s) [ mer (-]s))
Ax(s) = (m) (1), 0(s,-)) — DY (mj ([s)lImrer (-]s) (53)
As(s) = (mh ([s), ah (s, ) /A = 0(s,)) -
Using (4) and (15), combined with Al(s) < f—softmax(qg(s, )/, Tret(+]s)) and the fact that
As(s) = f-softmax(6(s, -), met(+]8)), gives

A(s)< fsoftmax(qe( /A et (+8)) — f-softmax(0(s, -), mrer(+|s)) — As(s)
= f—softmax(qa( /A, et (4] 8)) — f-softmax(0(s, ) + (s)lw) (54)
—(my (ls)sap(s,) /A = 0(s,-) = K (s)L1a)
where in the last equality we used that, for any = € Rl and o € R,

f-softmax (z 4+ alj 4], Tret(+|5)) = f-softmax(x, T (-|5)) + a .
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The structure of (A(s)) closely resembles that of a first-order Taylor expansion as by Lemma B.5,
we have that

9 f-softmax(0(s, ), met(+|8))
09(s,-)

= f-softargmax(6(s, -), Trer(-|s)) = 75 (-|s) (55)

Lemma C.4. Assume A ;(7yet). It holds that
by 2
vl = v < T2 s (Wl 3 Y [l

1 =7 gerisial =

Proof. In this proof, we denote by g, (z) = f-softmax(x, mc¢(:|s)). Combining (52) and (54) yields
A ot
ol(p) = vy(p) < 752D dp* (5)B(s) (56)
-7 seS
where we have defined
B(s)=gs(q)(s,)/N) —gs (0(s, ) + K (s)11.4)) = (7] ([5), q) (s, ) /A = 0(s,-) — K[ (s)114)) -
Next, by Lemma B.5, it holds that

dgs (z)
or

=7 (]s) -
I:9(87-)+K9(8)1‘_A‘

Standard one-dimensional Taylor theorem with Lagrange remainder shows that there exists y € R/
which belongs to the segment between 6(s, ) + Kp(s)1 4 and q’(;(s7 -)/ A such that

0?95 ()

1
2" Ox2

B(s) =

¢ (s),¢)(5))

=y

Using the bound on the spectral norm of the Hessian of g, derived in Lemma B.5, we obtain

_1,0%,() 0%gs(x)

B(s) 2< 02 0x?

¢t <

H o] < wie o]

Finally, bounding the discounted state visitation measure in (56) by 1 and plugging in the preceding
bound on B(s) concludes the proof. O

The proof of Theorem C.1 follows immediately from Lemma C.3, Lemma C.4, Lemma B.6, and

).

D MONOTONE IMPROVEMENT OPERATORS

A key challenge in analyzing stochastic policy gradient methods is that the Lojasiewicz inequality
depends on # and degenerates whenever the probability of an action becomes small. The goal of this
section is therefore to show the existence of an operator IMP/ with two crucial properties: (i) for
any policy, applying this operator produces a new policy with higher objective value, and (ii) every
policy generated by this operator assigns at least a fixed minimum probability to every action. The
main idea is to build the improvement operator such that it slightly augments the smallest probability
weights, such that for any state action pair (s,a) € S x A the probability ratio w(a|s)/myet(a|s)
stays above a certain threshold. We will show below that this procedure improves the global objec-
tive while keeping the probabilities uniformly bounded away from O when the threshold is properly
chosen. Let m.s > 0 be such that A f(mer) and P(mer) hold. For any policy «, state s € S,

T < Tref /2, we respectively define A7 (s), and . (s) as

Az (s)i=H{a € Amlals)/merlals) < 7/2} - ahax(s) = argmax{m(als)/mer(als)}
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where the arg max is chosen at random in the case of ties. Note that the definition of 7 ensures that
a’ .. (s) does not belong to the set AT (s) as
m(als
max (7|) >1.
a€A Tret(als)

Finally, we define the improvement operator as follows:

U, : P(A)°S — P(A),

T — U (), >7)

where for every (s,a) € S x A,

Tret(a|8)T, if m(als) < met(als)r/2,

U (m)(als) = {mals) = D (Teet(bls)T —w(bls)), ifa = af,.(s),
beAT(s)
w(als), otherwise.

The operator U, builds U, (7)(a|s) by (statewise) raising each a € AT(s) to meef(a|s)7, substract-
ing the total added mass from the single action a7, (s), and leaving other actions unchanged. If
AT (s) = 0, for all s € S, then IMP/ (1) = 7. Note that mass conservation is immediate from the
definition and the fact that 7 < m.¢/2. Non-negativity of U, (m)(aZ . (s)|s) follows because the

. max
removed mass is

Z {met(als)T —7m(als)} <7 Z mret(als) <7

a€AT(s) a€AT(s)

7/2. This in particular shows that I/, () is a policy. As by A () we have lim, o+ f/(x)
—o0, we consider [f'] 7! : (—oo, f'(1/mrer)] + Ry the inverse of f” and define
: _ 16 4 8vAd; ~ 1 1
= n-1 Y 5 -1 *4 ! o o .
= min (171 (=5t ) 17 (a7 (5)]) et 58)
The following lemma establishes the crucial improvement property when 7 = 7.

Since m(al, . (8)]|s) > Tret(al,(8)]8) > Trer, and T < e /2, we get that U () (al, (s)]s) >

Lemma D.1. Assume that, for some mrer > 0, f and Tyeg satisfy A (ier) and P(myep) respectively.
Assume in addition that the initial distribution p satisfies A ,. For any policy m, it holds that

oy m(e) = vkp) -
Additionally, for any policy m, we have that
UT/\ (ﬂ—)(a‘s) > TrefTh -

Proof. Set an arbitrary policy 7. For avoiding heavy notations, we will, through this proof, denote
by AT = AT . We consider the case where there is s € S such that AT(s) # 0 (alternatively
U, () = m, which makes the previous inequality immediately valid). Define 7 = U, (7). The
following applies

)= oLl = 3 a5(6) I [Ftalsiee o) mtalo)s (2555 )]

2 2 Tret(als)
_ ;Sdg(s) L;L‘ |:7T(CL|S)I’(S,CL) — Amret(als) f (M)]
P CCRLDDY #alar(e,0) = dmtal) (G0
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FAD di(s) D metlals) [f (7;(:552)) -f (7%)]

seS acA

(III)

We now lower-bound each of the three terms separately.

Bounding (I). Using Lemma 1.2, we have

> [fr(aS)r(Saa) = et (als) f (W)H

(ol

>~ sup[Cls) = wC[s)lly sup (14 AD (7|5 limer :15))|

1) 2 - [|df — d7 |, max

2
> — v Ty Max Z Tret(@]8) sup sup [1 + )\Df(yHmef(-\s))} ,
1—v 7 ses aeAz(s) veEP(A) s€ES

where in the last inequality we used that (because we increase the probability of the actions in AT (s)
by 7, and remove the total added mass from the probability of 7(a” . (s))

—_ (. <9 o .
sup [7([s) = 7(1s)], < 2max D merlals) p

s
s€S a€AT(s)

Bounding (IT). Using the triangle inequality yields

II) > — m(-|s) — > -2 re .
() 2 s (1) ~ ()l 2 2y 32 malel®) 7

Bounding (III). All the state-action pairs on which the original 7 allocates the same probability
then the policy 7 are equal to 0 in (IIT) allowing us to simplify this term

(L) = 2 d7(s) > met(als) [f (%) -/ (7%)]

s€S acA
— )\gd;(S)ae;(S)ﬁref(a'S) {f (%) - (%ﬂ

AT UAL) £ 085 (o)) | (TRl (TRl l) )

ses Tref (Afax (8)]5) Tref (Aax (8)]$)
Since f is convex, for all u,v € [0;1/me], f(u) — f(v) > f'(v)(u — v), we have

(IIT) > A ng(s) Z (m(als) — @(als))f'(ma) (since 7(a|s)/mret(a|s) = T2)

sES a€AT(s)

AL 1AT(6) # 076 I o))~ Flahallo)] £ (Y

seES ﬂ-ref(a’&ax(sﬂs)
Next, using that

ﬁ-(aglax(sﬂs) ﬂ-(a’glax(sﬂs) — TX W(afnax(sﬂs) - M/Q _ 1 _ 1
Tt (@ (5)15) — Tt (@ ()]5) © aet(@)ls) 32
s) —m(al . (s)]s) > 0yields
(IID) > A "dr(s) Y (w(als) —#(als))f'(ra)  (since 7(als)/mer(als) = 72)

sES a€AT(s)

combined with the monotonicity of f” and the fact that (a7, (s)
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AT L(AT(s) # 0)T(5) [T(0fme ()]5) — F(aTsae()]5)] F (W) ,

seS ﬂ—rCf(agax(S”S)
Additionally, since

0 < m(afax(8)]8) = T(amax(s)ls) < D (wlals) —7(als)) <7 Y merlals)

a€AT(s) a€AT (s)
implies

(111)2_3201;(5)1(,42(3)#@) S metlals) | oS ()

seS a€AT(s)

FAD_ATOUAT() A 0) | > merlals) | a1 (1/2)

seS a€ A7 (s)

> I EUAT) £0) [ XD merlals) | mf (1)

seS a€AT(s)

where in the last inequality, we used that f’(7x) < —4|f/(1/2)|. Hence, by using A ,, we can lower
bound this term as follows

() > 21 minfp(s)hmax {7 mrlals) S ()

seS
a€AT(s)
Collecting these lower bounds and using that
16 + 8yAdy
() < <
( ) >‘(1 - ’7)2pmin
concludes the proof. O

Finally, we define the operator that maps each policy to one corresponding parameter
M-I — RISHAI
by
m(a|s m(a4|s
MY (m)(s,a) = f/(7rre(f(a||<)s)) — f’(m) , VY(s,a)eSxA. (59)
Finally, we define the improvement operator on the logitspace as
T =M ol, .

The following lemma shows that M7 successfully recovers a parameter that gives the policy and
that 7. improves the value of the objective when A = 7).

Lemma D.2. Assume that, for some mrer > 0, f and Tyeg satisfy A (mier) and P(myep) respectively.
Assume in addition that the initial distribution p satisfies A ,. For any policy m, it holds that

f _
Mty =T

Additionally, for any 0 € RISIAl and (s,a) € S x A, we have that

f f f
UTT)\(G) > vy, 777—“(9) 2 TrefTA -

Proof. The proof follows immediately from a combination of equality (40) in Corollary B.7, (59),
and Lemma D.1. O
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E CONVERGENCE ANALYSIS OF STOCHASTIC POLICY GRADIENT

In this section, we aim to derive under A ¢ (m,e) and A, non-asymptotic convergence rates for f-PG.
First, we establish a bound on the bias and variance of the REINFORCE estimator defined in (11).

E.1 BOUNDING THE BIAS AND VARIANCE OF THE STOCHASTIC ESTIMATOR

First, recall the expression of the stochastic estimator of the gradient

B-1H-1 h

1 8log7rf(a4|84)
fioy _ ) h
gl(0) = B bE hE ;:0 o8 7"t (8h, an)

ey (60)
\ BolH-1h- 1810g7rf(ae|se) hnf B-1H-1 ) f
0
> 0BT G D (] o) e Clon) = A S S 7' (sn),
b=0 h=0 ¢=0 2o s

where z = (s0. 51, ab. ) 25! € (S - A)TB, and we recall that for any s € S, F} (s) is a vector
of size |S| x |.A| defined as

7Tf als
[Mﬂw>hwwmmeV< ) S i <GV&N
7Tref acA Tref (A ]S

and where Wg s Y(’; , and Wg are defined in (38) and (39). Finally, define the expected gradient
estimator as

g/ (0) =Bz p(oyen [gé(ﬁ)} ; (61)

Before bounding the bias and the variance, we give an explicit expression of the derivative of the
log probability that appears in the expression of our stochastic gradient estimator. We also provide

a bound on the derivative of the log probabilities and on the matrix Fg (s) for any state s € S.

Lemma E.1. Assume that, for some Tyt > 0, f satisfy A ¢ (Tyer). Forany 0 € RISIAL (55" a,b) €
82 x A2, we have

alogﬂ'f(a|5) B
Wg’,b) = 15/(8)7Tg(a|s) {1b(a)wg(a|s) - W£(a|s)wg(b|s):|

Additionally, we have that

810g7r£(a|s)
06

’ _ 2Wi(s) w(als)
T mylals)

Proof. The proof follows from the log-derivative trick and the expression of the derivative of the
policy provided in Corollary B.7. O

Next, we establish a REINFORCE-type formula for the gradient of the objective.
Lemma E.2. Assume that, for some .t > 0, f satisfy A (et ). It holds that

a dlogmf (AelSy) _,
ZZ 00(s,b) Y'r(Se, Ar)
t=0 ¢=0
oco t—1
alogwe (Ag]Se) t f
- ;;% d0(s,b) DY (7 (-[Se) | 7rvet (+St))

—\E

]

7%@W%NMMVWM))Z%MW%MHﬂ]

Tret (B]8) = Tret(a]$)
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Proof. Fix a parameter § € RISl a horizon T, and a divergence generator f. For any truncated
trajectory z = (s¢,a:)1—" € (S x A)T, we define its probability as

T—1
V%(&Z) = P(SO)W£(00|SO) H P(8t|5t717at71)ﬁg(at|8t) )
t=1
and the regularized return
T—1 f
RefT 0 ( St, at) )\m;f(at|st)f WACICY )) (62)
P ) (ag|se) © et (ae|st)

The finite-horizon objective is
HEO) = Y. B2 () -
2€(SxA)T

Fix (s,b) € S x A. Differentiating this finite-horizon objective gives

f
AQ) ovp(0;2) ro OR)1(2)
) = 2= dosp) D@t D v (63)
’ 2€(SxA)T ' 2€(SxA)T ’
(A) (B)

We now treat these two terms separately.

Term (A). Using the log-derivative trick and the fact that the only terms that depend on 6 in
V{,i (0; z) are the ones that depend on the policy itself, we obtain

WhB;2) ;= Dlogm)(ails:)
96(s, b) =vr(0:2) ) 90(s,0) ©4)

t=0

Plugging expressions (62) and (64) in (A) then gives

(A) Z TZ:ITXS 810g7rl9 (aelse) (r( ) /\mef(at|st)f( 7 (as|se) ))
= Y.y s Sty Qt) — .
ze(SxA)T t=0 ¢= 96(s,b) o Wg(at\st) Tref (at|st)

Now observe that for £ > t, the sum of the log-gradient derivatives over z € (S x A)T
Therefore (A) reduces to

T-1 ¢ ¥
dlog ) (arlse) Teet(at|se) ., ™y (ar|se)
(A) = v(6; 2) —— =y (s, a0) — A f( )) - (65
Ze(gA)TT tz ZO 06(s,b) ( ﬂ-g(at|5t) Tref (at|St) )
Term (B). Taking the derivative of (62), we have
7} (aslse)
6

OR) r(2) _ Tf t(aw;”(atst)wref(aﬂst) ) (asse) )_awg’(at\st) f’(memm))_
00(s,b) 06(s,b) ﬂ-g(at|5t)2 Tret (Gt |St) 06(s,b) Wg(at|5t)

Summing over z € (S x A)T and using the log-derivative trick gives

N Z VT Z alogﬂ'g(atlst) |:7Tref(at|$t) Wg(at‘st) g 775(%6&5)))}. (66)

e(SrA)T part 90(s,b) Wg(at|st) Tref (t|st) Trref (at| St

Plugging the expressions (65) and (66) in (63) gives

AILO) [ = <= dlog ) (Al Se) r et (AdSe) L [ 7 (AdS))
89(s,b)7E ;;—89(8,1)) YL r(Se, Ar) >\7T9f(At|St)f oot (Af]S0)
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+AE

T—
3 1 21084 (AS) (el AulSe)  (w (AdS) ) s (n(AS) ) ) |
P 96(s,b) 7T£(At |S¢) Tret (At|St) Tret (At |St)
The previous term can be rewritten as

aILO) — < dlog ) (Al Se)
55,5y~ Pk | 2 2 gpe gy 0 TS A)

t=0 £=0
TZZ Ologm] (AdSe) 4 Ter(AilS1) | ( ] (Ai]S)
By s 00(s, b) 73 (A|Sh) Tref (At|St)
T-1 f
8log7r (A¢|St) my (Ae|St)
—\E t [ ! 0
ZNij"(e) [;7 89(S,b) f Wref(At|St)
Next, we apply the tower property by taking the conditional expectation with respect to G; :=
a(So, Ao, - - . St) on the second expectation and using Lemma E.1 in the third expectation, gives
aJ < dlog mf (AdlSp) _,
Z Z 09(s,b) 7r(Se A
t=0 ¢=0
T—1¢—1
610%”9 (Ag|Se) t fof
o [Z Y ey D IS0l 1)

T—1 ¥
_ 11, (5,) Vo (50) w5 (01S1) _wl [ ma(AdSe)
)\]ELZ_;V 15(Se) Wg(At|St) {1b<At) O(At|5t)} f <Wrcf(AtSt)>]

Applying the tower property again by taking the conditional expectation with respect to G; in the
third expectation gives

aJ o = dlog ) (Al Se)
_Elzz 805 b F(St,At)
t=0 =0
T—1t-1
dlog ) (Ac|Se) D (]
~_\E Z o R MR Lt . cof (¢
A | S0 S S (] (180l mees(150)
t=0 =0
T—1 f
b|St us (Q‘St)
~AE ", 1 (S)wh (b e Zp 2%
*:07 (St)WQ(St)WO( |St) |:f <7Tref b‘St ;WG |St Wref(a|5t)
Taking T' — +oo and applying the dominated convergence theorem concludes the proof. O

The following lemma establishes a bound on the variance and bias of the stochastic estimator.
Lemma E.3. Assume that, for some mer > 0, f satisfy A ;(met). There exists a constant By > 0
such that, for any parameter € RISIIAl we have

where (7 is an upper bound on the bias defined as

yH(H +1)
(1=79)?

where wy is defined in A ¢ (myet) and dy, and y ¢ are defined in (6).

By wr [24+2Mdy + A1 =v)yy]

Proof. Using the expression of the gradient truncated at H from (60) and (61), of the true gradient
from Lemma E.2, and the triangle inequality, we have

v} (p) gt [mogwg (Ar|Se)
P

oo t

’Yt r(Se, Ar)

2 t=H £=0

f _
&' (0) — =5 06

2
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= s _810g7rf(A |S)
t T ] A4 7r9 f
th:E ;:O M E, — a0 DY (x (|St)||7rref -151)) +)\ g 7 [F St)} )

Next, applying Lemma E.1 combined with the triangle inequality ylelds

o' o ~ | 2WI(S,)wl(A,lS
#0) - 72| < thw[ B Wo L) | (s,, 4,
9 t=H (=0 mp (Al Se)
oo t—1 f
xd 2W (S@) WH(AAS(Z)
+ M'Ep° ( ( |SE)lIrer (+|St))
;zzo ’ [ ) (A¢|Sp)

o0 ﬂ_f
A AES [2WH(S) Yh(S)
t=H
We define the following filtration, for ¢ > 0,
gt = O’(SQ,Ao,...,St) 5

Next, applying the tower property of the conditional expectation by conditioning on G;, bounding the
reward and the divergence respectively by 1, and maxses sup, cp () DY (v|| 7t (-]5))}, and using
that w} (-|s) € P(A) for any s € S yields

81] oo t
(0) - 280 <o 2.2
2
sup DI (v]|myer(+]5)) o HY5H
t=H ¢=0 (s,v)ESXP(A) — 0 S
Finally, using that
t t H t H
o< ——, Y At-D<H—, D At ——,
= -7 &= (1=2) = (1=7)
combined with Lemma B.6 completes the proof. O

Lemma E.4. Assume that, for some Tyt > 0, f satisfy A (mret). For any 6 € RISIAL it holds that

Ez w@)es [Hgf(e) - g%(e)Hz] < ﬁ

where we have defined

o 12
Py

and where wy, dy, and y ¢ are defined in A §(yer) and (6).

i + X2} + 2201 Pid]

Proof. Firstly, define for & = (sp, an)r—y € (S x A

dlog 7! (agls
ZZ g 0 (a Z)'th(shaah)

h=0 ¢=0
H—1h— 1810g7r (aclse) - H-1 -

— A SRR D (] (sl Clsn) = A D " F (s)
h=0 £=0 h—0

Importantly, for a given Z ~ [v(6)]®5, denoting by Z = (Zy, ..., Zp_1), it holds that
| Bl
gL(0) = £ Y uz(0) . ande! (6) = Esoyip fux(0)]
b=0
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Using that the variables (Zo, ..., Zp_1) are independent and identically distributed, we get

2
Z qu )

Ez w@)es [Hgf(e) H } Ez poye
2

- %Ezw(e) [lux(® - & @)}

1
< =Bz [lus O] (67)

where in the last inequality, we used that the second moment of a random variable dominates its
variance. Next, using Jensen’s inequality combined with the convexity of the square function, we
have

2

H-1 h
dlog ! (Ag|S
Esu(0) NU‘I( ) 3} < 3Eg Z Z & 9 (150 n +"r(Sh, An)

— =0 2
2
H—1h-1
alogw (Ay]S

+3A2Ew<e> DD IS0 108 (f (150t (151))
h=0 (=0 2
H—-1 2

+ 33’ Ex (o) thFg(Sh) ,
h=0

Applying the triangle inequality and the fact that the reward and the divergence are positive yields

2
| F(Sh,Ah))
2

Df(ﬂg('sh)H?Tref('Sh)))

H-1 h

Exewio) |Juz(®)]13] < 3Exmnio) (Z > "

h=0 £=0

0log 71'(9 A¢|Sg)

8log ﬂ—(f Ae|S@)

H—-1h-1
+ 3A2Ex.pp) (ZZ

h=0 (=0

- H—1 2
+ 3N Exy(0) (Z 7" HFg(S") Hz) ’
i h=0

Combining Lemma E.1 and the fact that the reward is bounded between 0 and 1 gives

H-1 h ¥ 2
W (Se) wy (Ap|Se
g[nw(a)ng} < 3By (o) (Z S 9y 2 7 (S))wh (A 1,))
h=0 (=0 ™) (Al Se)

4 2
H—-1h-1 f
Wy (Sp AylS,
B (Z S oy e VeSS, Df<u||mef<-|s)>>
h=0 =0 5 (AdlSe) (s.)ESXP(A)

[ /-1 2
3V Esnuo) (Z27h/2'7h/2HW£HOOHY£HOO> ’
h=0

Next, applying the Cauchy-Schwarz inequality gives

H-1 h H—1 h Wf )
Bevvio [luzOI2] < 3Exmnco KZ Sy ) (ZZ W Wh(52) 5wl )]

h=0 ¢£=0 h=0 £=0

H-1h-1 H-1h-1 ‘ 9
+3/\2E‘:~V lz 247 <ZZ hW (Se) AWTS(,IZ;Z'SE) sup Df(V||Wref('|8))2>]
0]Se

0 (=0 h=0 =0 (s,v)ESXP(A)

2 2
e | St (30w vaum)]
h=0 h=0
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We define the following filtration, for ¢ > 0,
gt = O'(SQ,Ao,...,St) 5

Next, applying the tower property of the conditional expectation by conditioning on G;, and using
that w£(|s) € P(A) for any s € S yields

2 |3
Exvo [lus@)3] < 2[wi[_ - H)lgA{ als) }(Zv h+1>
2 w}(als)
+12)2 HWfH max U sup Df Tre fyhh
0 oo (s,a)ESXA g(a|s) (s,V)ESXP(A){ ( || f } Z

12 2 [HZL 2
e i ]’ ()
h=0

Next using
H—1 1 H—-1 H—-1 1
t
7" < , 7't 2 0+ 1) < ,
XS Bt BT iy

and plugging in the obtained bound in (67), combined with Lemma B.6 concludes the proof. O

E.2 SAMPLE COMPLEXITY OF STOCHASTIC f-PG

We now derive convergence rates for f-PG. First, we define the following quantity, which will
be the Polyak-t.ojasiewicz constant of our function over the optimization space, where policies are
guaranteed not to be too ill-conditioned, i.e., all their entries are larger than the 7, defined in (58),

A1 —~)p2. (2
— M= )Py V)f mintl 2 i () (68)
=f wf — z€[m, #]

" Tref

As we will prove in this subsection, this quantity represents a lower bound of the non-uniform
Lojasiewicz coefficient along the trajectory. In the following lemma, we give a simpler lower bound
of u y provided that ) is not too large.

Lemma E.5. Assume that, for some et > 0, f and Tyer satisfy A y(mrer) and P(myer) respectively.
Assume in addition that the initial distribution p satisfies A, and that \ satisfies

A< $min 1 ! 4
~ (1= 9)?pmin ‘]U(Lf”7 |f/(%)|’ ‘f«%@)!

In this case, it holds that

AL = )pmindE 2 pryr (16 8yAds >
By = w2 Tref AT = 7)2pmin

Additionally if A < 1/dy, then it holds that
2 2 2
1 > )‘(1 - V)pmincfﬂ_ fQ(f*)// _ 24
== WJQI - AL = 7)?Pmin

Proof. First note that the first condition on A implies that 7, < ¢, with ¢7 defined in A f (¢ ), and
thus

min  f"(z)7% = f"(m\) "%

xe[ﬂ,ﬁ]
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Additionally, the second and third conditions on A\ guarantee that the minimum of 7, in (58) is
attained in the first term, that is

e _ 16+8’7/\df
T)\_[f] 1( )\(]—')’)2Pmin>

Finally, we recall that the convex conjugate of the divergence generator f defined in (25) satisfies,

forany y € (—o0, (7)),
1
' W) = =y -
U w)
Thus, we obtain that f” (1)) ~2 = (f*)”(;(iﬁfszjdf )2 which concludes the proof. O

In the following, we define the filtration adapted to the iterates of f—PG as
Fi ::a(zt te {O,...,T—l}) .

The following theorem gives convergence rates of f-PG.

Theorem E.6. Assume that, for some s > 0, f and Tyer satisfy A j(myer) and P(m.er) respectively.
Assume in addition that the initial distribution p satisfies A,,. Fixn < 1/2Ly, a given temperature
A, and consider the iterates (01)52, of the algorithm f—PG. It holds almost surely that

i >
inf pp(0) = pp (69)

Additionally, for any t > 0 we have that
6no? 632
ol(p) —E v}, ()] < (1= p /0" (p) = vf, () + 5 =+~ .
By Hy
Proof. Recall that for any ¢t € [T, we have that
0t = 7;')\ (a_t) .
Hence, by Lemma D.2, for any ¢ € [T7] it holds that
T, > Tayet -

Combining the previous inequality with the expression of the coefficient y1y provided in Theo-
rem C.1 proves the first statement of the lemma. Next, using Theorem B.12 gives

n*L 2
oh,, () = 0], (0) + 20(V], ()., (6)) — T ||, (60)

Next, taking the conditional expectation with respect to F; and addmg and subtracting vat (p) in
the dot product gives

E[e ‘ﬂ]w@( 20| 9o, ()| + 20(90, (0), 67 6) — ()

(K1)
2L 2
Lo o

(Kz2)

(70)

We now bound each of these terms separately.

Bounding K;. Using the Cauchy-Schwarz inequality, yields
20(V0}, (), 87 (00) = Vvh, () = =20|| Vo, (0)]|_||&7 0) = v, (o)

nt2B;

where in the last inequality we used Lemma E.3. Next, using Young’s inequality gives

2
20(Vv}, (p), 87 (0,) — V), (p)) > —n HW& (/))H2 —nB7 . (71)

2
= =252 || Vol (p)|
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Bounding Ks. Using the convexity of the square function with Jensen’s inequality gives

f 2
Eﬂk@woh

]:f} =B {Hgét(ot) — &/ 24(61) + &7 Z4(6:) — Vo), (p) + Vv, (P)Hz ‘]‘J

30'f
<383 +3|| Vol (o H , (72)

where we used Lemma E.3 and Lemma E.4. Plugglng in the bounds (71) on K; and (72) on Kj in
(70) gives

2 3772Lf 377 Lf 2 3772Lf(7j2£
& [ud 7] 2ot 0 - o 250) - 25 ot o - 2507
Taking the expectation with respect to all the stochasticity, multiplying both sides by —1, and adding
vl (p) gives

vi(p) —E {vﬁm(p)} <vi(p) ~E [05,, (p)] - n(l 3an> HV vg, (P H2

3772Lf )BQ 37’ Lfgl%
2B '

+ (n+

Next using Theorem C.1 combined with (69) yields
3nL
o)~ & [, 0] = (1=, (1= 252) ) (o100) - B [o4,0)))

37}2Lf 0’?

2B ’
where we used 3nL;/2 < 1. Finally, using that 7 < 1/2L to bound 1 — 3nL /2 and unrolling the
recursion concludes the proof. O

+ 2087 +

Next, we provide the sample complexity of f—PG for solving the f-regularized objective.

Corollary E.7. Assume that, for some mes > 0, f and met satisfy A f(mret) and P(Tyet) respec-
tively. Assume in addition that the initial distribution p satisfies A,. Fix any ¢ > 0 and X\ > 0.
Setting

4 1 216w?
H> + log 4440242 + X2(1—v)%%] ), (73)
(1-7?2 1-7 <€uf(1v>4[ PN =)y
and
1 B,
< mi 4
1= <2Lf 180f> ’ 74
and
4 180 3(vi(p) = v)
szw<%ﬁ f>d%<<xm emm>7 -
Ky Bp, €

guarantees that
ol(p) ~E [v,(n)] <.

Proof. Asm < 1/2Ly, then by using Theorem E.6, it holds that

0.2 2
() ~E [uh, (0)] < (1 iy n/ )" 0L0) — vy (o) + i 421

Bu, — uy
(U) AV
V) (W)

Next, we aim to show that under our conditions on 7', H, and 7, each of these terms is smaller than
€/3.
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Bounding V. We start with the term V, which gives a condition on the step-size. In particular,
setting

GBHf
2
180f

n<

guarantees that V < ¢/3, which, together with n < 1/(2L), gives the condition (74).
Bounding U. In order to ensure that U is smaller then ¢/3, we need T to satisfy

4
T>—Ilog €

ity \ 3 (vl(o) = b (0)

which, combined with the inequality log(1+ ) < z for 2 > —1, ensures that U is smaller than ¢/3,
and the condition (75) follows from (74).

Bounding W. Using Lemma E.3 and Jensen’s inequality, it holds that

4 (H +1)?
we< . Li)%% (12 +12X2d3 + 302 (1 — 9)%yF]
py o (1=7)

Next, we remark that for any a > 0, we have ay?H (H + 1)% < ¢/3 for

1 4
H > —— max (,log (3@))
1—7v 1—7v €
ﬁ% . ﬁw? 12+ 12)0%d3 + 30 (1 - 'y)Qyﬂ gives W < ¢/3, provided that (73)
holds. ' O

Taking a =

E.3 GUARANTEES ON THE NON-REGULARIZED PROBLEM

A key criterion for evaluating the quality of a reinforcement learning algorithm is its sample effi-
ciency in solving the original, unregularized objective. To this end, we recall a result from Geist
et al. (2019), which establishes a connection between regularized and unregularized value functions,
and further characterizes the performance of the optimal f-regularized policy when evaluated in the
original unregularized MDP.

Lemma E.8 (Proposition 3 and Theorem 2 of Geist et al. (2019)). For any policy w, and state s € S
it holds that

Ad
[ (s) = va(s)] < =5
L—x
Additionally, denote by i the optimal regularized policy. For any state s € S, It holds that
Ad
vl(s) —v_s < S B
Ty 1 _ ,.y
The following theorem gives the convergence rate for the non-regularised problem.

Theorem E.9. Assume that, for some s > 0, f and Tyer satisfy A j(myer) and P(m.ef) respectively.
Assume in addition that the initial distribution p satisfies A,,. Fixn < 1/2Ly, a given temperature
A, and consider the iterates (0)$2, of the algorithm f—PG. For any t > 0 we have that

6o} N 657 L2

E [0 (0) = v, (0)] < (1= 12,n/4)' (0L(p) = (o)) + ot + =+ 2L
By By

Proof. The proof holds from Theorem E.6 and Lemma E.S. O

Finally, we give the sample complexity of f-PG to solve the unregularised problem.
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Corollary E.10. Assume that, for some et > 0, f and mer satisfy A ¢ (Trer) and P(myes) respec-
tively. Assume in addition that the initial distribution p satisfies A ,. Consider any constant cy > 0

such that
. 1 1
¢y <min | —,—,1
df vy

Fixany (1 —~)~! > € > 0 such that

16 4 1 4 1-—
E< ————m ( ) , andset)\:@cf. (76)

(1 —=7)3pmin Lf/ ()l ‘f’ % (é@)’ 4

Define

_ 2 () — of

Additionally, define the three following constants which depend only on f as

16w?2 34565
C’(l)zif, 0(2):48w-fyw'+ 1—9)kys) c®=""""1 (78)
f CfCJQv f f ( f ( ) f) f C?Cf
Setting
4 1 207w3CY
H > 1
SNCEER i <ed<e><1 ) P et?
and
1— 3 2d 1— GB 2 X . 2
77 S Inin <( (2’})/) , € (6)( 723) pmlnM , (79)
Cf Cf
and
(1) (2) (3)
16C; " L(e) - Cy Cy 80)
ed(€)(1 — )2 ppin Tret? (1—=7)*" ed(e)(1 = 7)BpgTrer® )
guarantees that
v4(p) — Elvg, ()] < c .
Proof. First, note that the conditions (76) on € and A guarantee that
4 4 1 4
AL — ;
(1_’7)2pmin <fl Lf |fl | |f '/Trcf |>
Thus, using Lemma E.5, and the fact that € < (1 — v)~!, we have that
AL = 7)P5inC} —24 ?
By 2 —2fM2(f*)" ()\12> .
Wy ( - ’Y) Pmin
Plugging in the expression of A from (76) yields the following simplified expression
6Cf(l - V)ZPiﬂnCQ —96 2 46(1 - 7)2p?nin7rrcf2
= 2 () - = SRR d(e) L (81)
I 4‘*)f ch(l =) pmin CJ(c )

where d(¢) and C}l) are defined respectively in (77) and (78). Additionally, combining Lemma E.3,
Lemma E.4 and Theorem B.12 and the expression of A yields
24 6y H 13 1—-
A 2wt < = B LEe) )
(1—=7) (1=9) (1-7)

where we used that under Ay (M) we have wy > 1. Using Theorem E.9 and the fact that A <
(1 —y)e/4dy, we have that

6no? 652
0a(p) ~Efva, (o)) < (1= /) 0l(p) = vj, (0)) + 55+~ 45
= =f
(u” N~ =~
vn (W)

Next, we aim to show that under our conditions on T', H, and 7, each of these terms is smaller than
€/6.
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Bounding V’. We start with the term V’ which gives a condition on the step-size. Using (81) and
(82), it holds that

144770.)? 576nw? 1

S A= By SO—~9B = ’
(L =7)*Bp, =~ (1 —7) GCfP?ninQ%MQ(f*)H(eCf(l—%)

’

_ i’
~ Ged(e)(1 — 7)°Bpk i eer?’

where C}S) is defined in (78). In particular, setting
_ Ed©)(1 =) By me?
) ¢y

guarantees that V>’ < ¢/6, which together with the condition n < 1/(2L ), gives the condition (79).

Bounding U’. In order to ensure that U’ is smaller then €/6, we need T to satisfy

1 log €
) 6 (vf(p) — vl (p)>

T> —————
— log(1 —np /4
which combined with the inequality log(1 + z) < x for x > —1, ensures that V*' < ¢/6 and the
condition (80) follows from (79).

Bounding W’. Using (82), it holds that
2H 2
woo 8 B
Next, using that for any a > 0, we have ay? (H + 1)? < ¢/6 for
1 4
H> —max | ——,log ba ,
1—7 1—7 €

shows that under our condition on H, we have W’ < €/6. O

F APPLICATION TO COMMON f-DIVERGENCES

In this section, we apply the results of the preceding section to two commonly used f-divergences,
which are Kullback-Leibler and a-Tsallis.

F.1 KULLBACK-LEIBLER

Lemma F.1. Assume that, for some Tyt > 0, Tyt satisfy P(me). The function f defined by
f(u) = ulog(u) satisfies A y(yer), with

wrp=1, k=1, 1y=1.
Additionally, under the condition that

4
< , 83
= =2 1082/ ) + 1) ®
we have
8 3+ 4] log(myet)|
Cr=1, df < |log(met)|, vr <1+ 2|log(mpet)|, L= +4X —
f £ < [log(met)l, v | log(mret )| f (1— )3 (1—~)3
27H H+1 12
ﬁf — (1(_,7)2) [2 + A =+ 4A| 10g(@)” s O'?- S W |:1 + )\2 (2 + 5| lOg(M)Fﬂ s

32 4 167 10g(Wref)> /9

> AL =) P Tret” exp | —
Hf = ( fY)pmmM eXp( )\(1 - ’Y)2,0min
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Proof. Firstly, note that we have
f(u) =wulog(u) , f'(u)=logu)+1, f'(u)=u?t, f"u)=-u?.

Satisfying A ¢ (m.r). Observe that () and (i7) are immediately valid from the expression above of
the derivatives of f. Moreover, we have

e /()]
Vuf"(u) =1, Wfl
showing that (i47) of A ;(myef), is satisfied with wy = ky = 1. Finally, as f” is a strictly decreasing
function on R then (4v) is valid with ¢y = 1.

Bounding the constants. Next, we bound sequentially each of the constants that appear in the
statement of the lemma. For any s € S and v € P(A), we have that

P ) DIORTE

acA f//(wref(a|s)) acA
Thus using (7), we have that (¢ = 1. It holds that

v(a)
dy =  max Tret(a]8) f(———
f (s,u)ESXP(A)(; t(al )f(ﬂrcf(a|8))

v(a

= max v(a)log(————
(s,u)GSXP(A)%A (@) g(mef(a|8))

> v(a)log(v(a)) — v(a)log(mer) .

acA

< max
(s,)ESXP(A)

which gives dy < —log(7yef). Next, we have

o Tref(als) / v(a)
Vi= (s,u)g}?afp(A); f// ( V((a)l )) f 7Tref(G,|S)
Tret(als

s (dtem) |

— 1 - log(r, _ 1
og () +  max ;V(a) og(v(a))

= max via
(s,z/)GP(.A)(%}4 ( )

<1+ 2[log(mrer)|

where in the last inequality, we used that the entropy of a distribution on A is bounded by log(|.A])
and the fact that m..s < 1/|.A|. Next, using Theorem B.12 and the bounds above, we have

L, 8wr Qwt(L=kp) 29%widy+29(1 = y)wy [kpdy +ys]+(1—7) [wy + 265y4]

(L—9)? (1—~)?
4|1 -
< a2 Og(%)‘
(1=7) (1—7)

Using Lemma E.3 gives

29" (H +1 9y H (H +1

5}” = (1(_7)2)0.)1‘ [2 + 2)\df + )\(1 — ’}/)yf] < (1(_7)2) [2 + A +4>\| IOg(M)\]

Using Lemma E.4 gives

12 . 19
7= [ [w} + NPwid} + N (1 = y)°wiyF] < T [1+ X2(2 + 5| log(mrer) )]

Next, note that (83), guarantees that we have

A< $min 4 ! 4
(1 =7)?Pmin LF' )l | 7] (Gt |
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Thus, using Lemma E.5, we have

A *v)pﬁﬁnéﬁﬂ 2oy (- 16 +8yAd; >
By= wj% —ref A1 = )2 Ppmin

32 + 1679 log(ﬂref)|> /9
A(l - 7)2pmin ’

where in the last equality, we used that the convex conjugate of f(u) = ulog(u)is f*(y) = exp(y—
1) and that exp(—2) > 1/9. O

Z )‘(1 - 7)pfninM2 exXp <_

In the next two corollaries, we apply Corollary E.7 and Corollary E.10 to get more explicitly the
sample complexity of f-PG with entropy regularization.

Corollary F.2. Assume that, for some 1/4 > Tyt > 0, Tyef satisfy P(Tyet). Assume in addition that
the initial distribution p satisfies A ,. Fix any (1 — )"t > € >0, A\ > 0 and B such that

48| log(mret)|
A 5 216|10g(M)|eXP(A<1—05%)

> i (g @) + 1) AT =P
Setting
> 1 o ( 29160 log(myer)? ) 52| log (et )| ’ 84)
L=y "\l = 9)°phinmet® ) AL =) pmin
and
eBA(1 — ¥)%p2 ; Trer? 48| log(mret)|
"= 15552  log(mrer) P <_ M1 7)2,0min>

and

T>
= NeB(1— )0 pt et

550872 10g (meer )| ( 961 10g (e )| )
)‘(1 - ’7)2Pmin '

guarantees that
ol(p) ~E [v],(n)] <,

where f is the Kullback-Leibler divergence generator. Thus, the sample complexity of f —PG to learn
an e-solution of the entropy regularized problem is

TBH ~ L |10g(%)|3 oy [ 108 (et )|
)‘SEB (1 - ’7)9pmin7rref4 )‘<1 - ’Y)QPmin

Proof. To prove this corollary, we show that the assumptions of Corollary E.7 hold. First, A f(myer)
holds as a consequence of Lemma F.1. Then, we show that the condition (73) in Corollary E.7 holds,

2
thatis H < ﬁ + ﬁ log <m {4 + 4/\2(1?0 + 21— 7)2},?]). To this end, we remark
that
4 1 216‘*’12’ 212 2 2.2
=L + 1_’ylog <€/$ A=) [4+4/\ di + A% (1 —7) yf]
=f
4 1 216 9 9
< e + 1 _Wlog <€Nf(1 — [4+ A\*(5 + 61og(mrer) )])
4 N 1 1944 [4 4+ X2(5 4 6 log(meet)?)] N 32 4 167A| log(ryet)|
Ty 1- AL = 7)®Pinret AL =) pmin

IN

1 29160 log(7yef)? 52| log (et )|
log 5 —— <H ,
-y AL =) piinTret® ) A(L = 7)?Prmin
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where we used the lower bound on f provided in Lemma F.1 in the second inequality, as well as
A < 1 and mer < 1/4 in the last two inequalities. Furthermore, Lemma F.1 with A\ < 1 gives

36| log(mrer) |

b= ")
96| log (et )|
2 Tref
9= (1 — 7)4 ) (86)
/\(1 - ’Y)przninﬂ-refQ 48| log(ﬂ-ref”
> ret _ Href
£ = 9 PN omin &7

Using these three bounds on smoothness, variance and Polyak-t.ojasiewicz coefficients, we obtain

5 48| log(mrret)|
(G ) POt el )

2L¢° 180]20 72| log(mret)|’ 15552| log (et )|?

_ eBA1 —7)°pl et 48| log(rrer )| (88)
— 15552[log(mer) |2 A1 = 7)2pmin

where in the last identity, we used the fact that € < (1 —~)~! and that
216[log(mrer)] ( 48[10g(Trer)|
T A = )P et i AL =) prmin

This shows that our condition on 7 guarantees that the one set in Corollary E.7 is satisfied. Finally
using (88) and (87), we have

A (2, 1391 ) o 415552 og(mer) e
By €Bp, | 7 iy €BAL =) PinTret? AL = 7)2pmin

559872 log(Trer) 06/ log (e
N )‘268(1 - 7)6pfninM4 P >‘(1 - 'Y)QPmin

which concludes the proof. O

Corollary F.3. Assume that, for some ot € (0,1/4], ot satisfy P(myef ). Assume in addition that
the initial distribution p satisfies A, and fix f to be the Kullback-Leibler divergence generator, i.e.
f(u) = ulog(u). Fixany e € (0,(1 —~)~%, such that

16 (1—7)e
€< , and set \ = ———— . (89)
(1 = 7)%pumin(log(2/mer) + 1) 12log(|mvet|)
Additionally set any B such that
1 576 log(mret)]
B < — 90
el 7>3p?ninM2 P <€(1 = 7)%Pmin 0
Setting
1 1 r 586|1 .
1 g (L@l st
1—v (1 =) PpyinTrret €(1 = 7)*Pmin
and
2(1 = 4)8Bp2 . Tret? —576]1 re
77 S € ( ’y) pmlnu X | Og‘(u)‘ , (91)
93312| log(mret)| €(1 — ) pmin
and
644972544 log (Tryef )2 1152 log (et )| 6(vl(p) — vl (p))
= T ap & —— | log s ) 92)
(1 = 7)®prinTret* B (1 = 7)pmin €
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guarantees that

v.(p) — E [vg, ()] < ¢ .

Thus, the sample complexity of f—PG, where f is the Kullback-Leibler divergence generator, to
learn an e-solution of the non-regularized problem is

| log (rret ) |* exp(e(log(w” )

TBH ~ -
64(1 - ’Y)lzpfninMAl 1- V)SPmin

Proof. This result follows from Corollary E.10, whose assumptions we check now. First, note that
(89) implies that

€< 716 min 4 1 4
(1= %)% Prin L)l [P D] | (5eer) |

Additionally, we can rewrite the constants from Corollary E.10 using Lemma F.1, which gives

O < 48|log(mer)l, OV <48, O = 10368| log(mer)|;
—576| log(mret)| ) (93)
d(e) > eXp( 9.
© €(1 =) pmin

where C’J(cl), 0}2), C’](c?’), and d(¢) are defined in (78) and (77). Next, the condition on H in Corol-
lary E.10 holds since

(N N ( 297w3C{ )
(1-7)?% 1-9 ed(e) (1 — )0 P20 Trrer?
< 4 N 1 ( 128304 log (et )| ) 576|log (et )|
T(1-7)? 1- (1 =7)0phinmmret? ) €(1 = 7)*pmin
1 < | log (Trvet)| ) 586| log(mrer)| _
T 1-9 (L= me?) €1 =) *pmin —

where in the second to last inequality, we used that ..+ < 1/4 and that log(128304) < 6. Using
(93), we have

. ((17)3 e?d(e)(l—v)ﬁBpiﬁnmef)
min —

(2) 7’ (3)
Cf Cf
. (1—9)?° 62<1 - V)GBprQninﬂrefQ —576log (et )|
> min , —— ex —
48 93312| log(mryet)| €(1 — )2 pmin

(94)

€2(1 — 7)5Bp2,;, Trer? —576|1log(myet)|
Tref o Tref

~ 93312 log(mret)| €(1 — )3 pPmin ’
where in the last inequality, we used the condition on B introduced in (90). Hence our condition on

the step-size ensures that the one assumed in Corollary E.10 is satisfied. Next, using (93) and (94)
yields

16057 ¢(e) o o
A1 = Popmra® ((1 — ) Ed(e)(1 - v)GBp;inwref2>
160}1@(6) - 93312|log(mret)| o 576] log(mpef)|
= (O~ 1) et AL —7)BoR et T\ el = 1)

6912| log(mrer)[£(€)  93312| log(rer)| 1152] log (e )|
= )2 e (1= ) B et® -\ e(L =) pmin
644972544| log(rser) | (nsz| logmef)) log <6<v£<p> — Vg, <p)>>

N 63(1 - ’Y)SpfninMZLB 6(1 - 7>3pmin €

which proves that under our condition on 7' the one assumed by Corollary E.10 is satisfied. [
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F.2 «-TSALLIS

Lemma F.4. Assume that, for some s € (0,1/4], et satisfy P(mye). For any o € (0;1), the
function f,, defined by

u* —ou+a—1

falu) = ala—1) ’
satisfies A (Tyet ), with
wp=me® Ky =2me® =1
Additionally, under the condition that
4 11—«
A< : ) 95)
(1 =9)2pmin  (mrer/2)*7 1 — 1 (
we have
4] log(Tref )| 167y ™™ Tret 2 %] 10g(yer )|
C:Ldg;aygzllogﬂ—re ;in + 180A=== ’
f f 02 f | (7f)| f (1 — ’7) (1 — ’)/)
4" (H +1) | log (7rrer )| 2 12@“‘3 1672 )

42«

16 + 327 log(mef)/o?)

B, > A1 — ’Y)Wrcf272apfnin7rrcf2 €XPy (
= - - )‘(1 - ’Y)mein

Proof. Fix any a € (0,1) and set f = f,,. Firstly, note that we have

u* —ou+oa—1
ala—1)

a—1
U —1 a—2

fu) = , f(u) = ) =ut? () = (a - 2)ut

a—1

Satisfying A ;(7m.r). Observe that () and (i7) are immediately valid from the expression above of
the derivatives of f. Moreover, we have

1/ (ufl(u)) = u'™

/" (w)
f”(u)2
showing that (i) of A f(mreer), is satisfied with wy = Tef® 1, and ry = 2mer® ', Finally,as f”
is a strictly decreasing function on R then (iv) is valid with ¢y = 1. Next, we bound sequentially
each of the constants that appear in the statement of the lemma.

= | —2ul™ |

Bounding ;. Forany s € S and v € P(A), using Jensen’s inequality we have that

7Tref (a’) e ( ) o _
T gty = T (i) = (Sregli) =1

acA f/,(ﬂ'!ef(a,l )) acA acA

Thus using (7), we have that (¢ = 1.

Bounding ds. For any state s € S and v € P(A), it holds that

DY (vl mar(t5) = s 3 murlols) [(ZA0-) -0 1)

aE.A

Next, for y €]0; — } define the function p,,: [a; 1] — R which satisfies

py(ﬁ)Zyﬂ—ﬁy—(l—ﬁ) ;P (B) =log(y)y’ —y+1 .

It holds that
y*—ay— (1 —a) pyla)—p,(1 o
( ) _pul(@) By )< sup |py, (B)| <y+1+yllog(y)[1y>1 + [log(y)ly* 1 <.
04—1 a—1 ,@E[a 1]
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Applying the previous inequality with y = v(a)/mct(als) yields
v(a v(a v(a
D (VH'/Trcf < - Z 7Trcf |: ( ) + ( ) |10g( ( )

a ‘= Wref(aIS) Tref(als) Tref(a]s

))|1y(a)/77ref(a|3)21

v(a) v(a) )a
+ 10 1u a)/m als
| g(ﬂ-ref(a|5))‘ (Wref(a|8) (a)/mres(als)<1
1 1
T a > v(a)log(v(a)ly(a)/murals)zt — — O ¥(a)108(Tret (a]$)) 1y (a) /mper(al )1

«
acA acA

7Tref((1|5) 7Tref(CL|$) v(a)/mrer(als)< P

where in the last equality, we used that if © > 1, then log(z) > 0. Next using that log(v(a)) < 0
yields

+ L max | log(
— ma. O
Ozaejl{ g

1 1 2
D7 (v]|mret (]5)) < —E;V(a)log(mef( als)) + o max [log(x)lz® + =,

1 2
< ~log{mer)] + 7 max [log(a)ja” + = |

where in the last inequality, we used that the entropy of a probability measure on A is bounded by
| log (et )|. Next using that max,eo;1) |log(z)]z® < e /ar combined with max(1,log(|Al)) <
| log(mer)| gives

Sllog(rer)| | 1 _ 4llog(mer)]

f
DY (v[mret () < o 2SS T

Thus, it holds that

4| log(rrer )|
a? '

df<

Bounding y;. For any policy v € P(A) and s € S, we have

2 Al ()l el )

Next, define the function g, for y €]0;

L1 which satisfies

! Tref

9y(B) =771, gl (B) =log(y)y” " .

It holds that
a—1
v =1 |gy(a) —g,(1) a-1
— ‘ o BSE)]'% )| < log(y)| 1y<1 + |log(y)y* " | 1y>1
Hence, applying the previous inequality with y = v(a)/mer(a|s) gives
Z 7Tref( | ) f/< V(a) )’
e T >) mret(als)
v(a)®~ < v(a) > ( m(als) >' <7rref(a|s)>1°‘
<N 2 llog [ —— ) | Lrar<n + |lo
a;w( e |10 \marlals) )| @5l T 57 als) |\ vla)
-«
v(a als
< < @) ) v(a) log< @) ) v(a)<mpet(als) T Z ) log ((H)‘
acA 7Tref a 7T-ref(a|5) acA 7Tref( | )

< Z v(a)

) |log () ‘ + 2| log(mref)]| s
2O a2 et

where in the last inequality, we used for the first term that for any v € R, ul,<; < 1 that the entropy
of a probability distribution on A is bounded by log(|.A|), the fact that mef < 1/|.A|. Using the same
argument again to bound the first term gives

v < 4|log(myer)| -
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Bounding L. Next, using Theorem B.12 and the bound on the constants previously computed,
we have

8wy (ywp (1 —y)ky) +4/\272W?df+27(1 —Ywy [kpdy +ys]4+(1 =) [wy + 265y7]

L
! (T—=9)? (1—~)3
16 re: a_l re: 2a_2 1 re:
< M0met® T gy Tt | log (et | 7
(1—79)? a?(1—~)3

where in the last inequality, we used that m..f < 1/4.

Bounding 3¢. Using Lemma E.3 gives

Q’YH(H —+ 1) 4’7H<H -+ ].) ‘ log(ﬂ-ref”
B = ———5—wr 2+ 2Md; + A1 = y)yf] £ —F——5= |1 + A—F—
f (1_7)2 f[ f ( ) f] (1_7)2 )
Bounding oy. Using Lemma E.4 gives
12 1275323 162
o} = T [w} + X2?wid} + N (1 —7)wiyF] < 1) {1 + 3 1og(7rref|2)] )

Bounding 1 - Next, note that as f/, is an increasing function then f/ (mes/2) < fL(1/2) <

fo(ey) = fL(1) = 0. Thus, we have |f/ (¢f)| < [fL(1/2)] < |f)(met/2)|. This proves that (95),
guarantees that

A< $min 4 ! 4
~ (1 =7)?pmin L)l [P D] (5eer) |

Thus, using Lemma E.S, we have

2 2 2
. A(l—’y)pmin(ffﬁ fz(f*)/, B 16+8’y)\df (96)
=f wj% = )‘(1 - 7)2pmin
Next, recall from proposition 8 of Roulet et al. (2025) that
1 —z) =T 1 1
fo(x) = (1+(a o) , forx < .
« l1-«a
Thus, we have
1
(fa) (@) = (1+ (a0 = D)z) o1 = exp,(2) ,
where we have originally defined exp,, in Section 2. Finally, it holds that
(fa)"(x) = expy (2)*7* .
Thus,
42«
16 + 327\| log(mpef)| /¢
> _ 2-2a 2 2 _ Mref.
fp 2 AL = 7)Mret™ " Pruin et~ €XPg, ( N =2 7
O

In the next two corollaries, we apply Corollary E.7 and Corollary E.10 to get more explicitly the
sample complexity of f-PG with entropy regularization.
Corollary F.5. Assume that, for some 1/4 > myor > 0, et satisfy P(myer). Assume in addition that

the initial distribution p satisfies A,. Fix any (1 —~v)™!' > ¢ >0, a € (0,1), A > 0, and B such
that

48| log(myet )| max(X,a?) 2a—d
4 1—a €XPq (7 Aa2(1=7)2 pmin )
2 ' -1 1), B< 2,2
(]' - ’Y) pmin (WTEf/2)a - ]‘ M pmin

)\gmin(
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Setting
da—4 2
H > iv o ( 23?;(?1 v);gmgjﬁg ® nax(a?, A)2> n m max(o?, )
o7
and
eBA(L = 7)°a et > i Tret” 48 log (et ) | S\
1S 36T log(mer)? max(a?, A2 P (‘Aauw max(}, )> ’

and

14688 log (e )2 max(a?, X)? 48] log(mryef)| S\
> P 16XDo | — T3 . — max(A, a”) ;
)‘263(1 - ’7)6a4@7 7OtpminTrlfEf Aa (1 - 7) Pmin

guarantees that

ol(p) ~E [v],(n)] <,

where [ = f, is the a-Csiszdr—Cressie—Read divergence generator. Thus, the sample complexity of
f—PG to learn an e-solution of the o-Tsallis regularized problem is

| 1og (Tryer ) |* max(a ™%, A 7%) . < | log (7ret )|

TBH ~ __ loalmet)]
€B(1 = 7) et~ i rer Aa?(1 = 7)?prin

4a—8
max(A, a2)) .

Proof. To prove this corollary, we will show that under the conditions of this corollary, the assump-
tions of Theorem E.6 holds. Firstly, note that by using Lemma F.4, the assumption A ¢ (¢ )holds.
Secondly, using Lemma F.4 note that

4 1 216%%
+ lo 44+ 4X2d% + X2 (1 — 7)%y?
1-72 " 1-v g( | PN =]

4 1 216m,0¢2 2 5 | log(Trer) |?
—<1v>2+1v°g<wf<1v>4{ " ol

4 1 864614 [1 4 32X%| log(myer)|? /]
< + log == ==
(1-7)2% 1 (L = 7) P Tret?

1, 16 + 329A| log(mer) |\ '
1—7v o8 | P A (1 = 7)? puin ’

where in the last inequality, we used the lower bound on p f provided in Lemma F.4. Next using the

definition of exp,, (see Section 2) and the fact that A < 1, we have

4 1 216%%
1 44+ 4X2d% + N2(1 — ~)%y2
(1—7)2+1—70g<wf(1—7)4[ AN+ A=)

4 1 2815270 14| log (Tyer) |2

< 1 _ret _Tret 2 )\ 2
S—qp2 1o 8 ( exat (1 = 7)°pf i Trver® max(a, 3)

4—-2a 1 48| log(7rret) | 5

1 14 (1 — _ oo\ frel)] Y
+1_a1_7 og( +( a)(/\QQ(l_W)zpminmax(a, )
1 281527Tref40‘_4| log(wref)P

< og 3

1= i1 =

196 log(rret )|
A% (1 = )3 pmin

max(a?, )\)2> + max(a?, ) ,
where in the last inequality, we used that for x > 0, we have log(1 + x) < z. This shows that our
condition on H guarantees that the one set in Theorem E.9 is satisfied. Next, using again Lemma F.4
observe that

7Tref2a -2 ‘ IOg(M) |

2047,0:3% 3 log (et )
Ly =196 182 oot * " log{ret)
a?(1—79)

at(l—v)*

max(a?, \) | oj%g max(a?,\)? (98)
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Hence, we have that
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where in the last identity, we used the fact that ¢ < (1 —)~! and that

48| 1og(mrret )|
B< —— _ e\ el
N MQP?nin “Pa < )‘0‘2(1 - V)QPmin

This shows that our condition on 7 guarantees that the one set in Theorem E.O is satisfied. Finally
using (101) and (99), we have
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which concludes the proof. O

Corollary F.6. Assume that, for some mef € (0,1/4], mpor satisfy P(mef). Assume in addition
that the initial distribution p satisfies A, and fix f to be the a-Csiszdr—Cressie—Read divergence
generator, i.e.

u® —ou+a—1

f(u):fa(u): a(a—l)
Fix any € € (0, (1 —~) ™|, such that
16 1-—« (1 —7)a2e
< . , dset \ = ————— . 102
S T /DT =1 N T I0g () 1o
Additionally set any B such that
1 384 log(mee)| \ 2
B < - R P 103
~ e2a?(1 -~ '7)3p12ninw2 “Pa ( ea?(1 = )3 pmin (109)
Setting
1 1900870t 2| log (et )| 1540| log(7ryef)|
H= log 201 _ R 2 i,
1—7 ew (1 - 7)6pminM € (1 - 7) Pmin
and
€2a?(1 — )5 Bp2 i, ret> 384 log(mryer)| 42
n < — —— eXPy | ——5 73— ) (104)
138247655 log(Tret ) | €a2(1 — )3 prin
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and

= Bat (1) phmet'B T\ ea?(1—2) pin

127706t 77| Tog (yer )2 ( 384] log(mer )| >4"‘810g <6(vf(p)—v£0(p))

guarantees that

ve(p) —Efve, (p)] <€ .

Thus, the sample complexity of f —PG, where f is thea-Csiszdr—Cressie—Read divergence generator,
to learn an e-solution of the non-regularized problem is

Tret 7| log (ret ) > ( 384/ log (ryer) | >4a_8
1 €XDg, .

TBH =~ __woriTe\ el
a0 (1= 7)1 Tret (1= )" pmim

Proof. To prove this corollary, we will show that under the conditions of this corollary, the assump-
tions of Theorem E.9 holds. Firstly, note that (102) implies that

1 4 1 4 1-—
€<(6min<fl > , )\:&Cf,

1 —7)3pmin (Lf)|’ |f’(%)|’ |f’(%M)| 4
with ¢ = a? /4| log(myer)|. Additionally, observe using Lemma F.4 that we have
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where C)(cl), 0}2), C}(CS), and d(e) are defined in (78) and (77). Next, observe that
4 1 297w3CY{
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where in the last inequality, we used that log(1 + u) < x for u > —1. This shows that our condition
on H implies the one assumed in Theorem E.9. Using (106), we have

i (=) €A =) BpfiinTret”
0}2) ’ 0;3)

o (1=9)®  Ea’(1—9)°Bpp et 384| log(mer)| 7
Z min , eXpy | ——5——
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202(1 — )0 Bp2. myos? 384/ log(Tre -2
o €1 = 7)" BppinTret a( | log(rver )| ) , (107)

= 13824me ™ log(mer)| 7\ €02(T = %) pruin

where in the last inequality, we used the condition on B introduced in (103). Hence our condition
on the step-size ensures that the one assumed in Theorem E.9 is satisfied. Next, using (106) and
(107) yields

(1) (2) (3)
16C}¢(e) - < C} Cy
(1
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€
which proves that under our condition on 7" the one assumed by Theorem E.9 is satisfied. O

Corollary F.7. Assume the same condition of Corollary F.6. For any (1 —~)™! > ¢ > 0 and
a € (0, 1), denote respectively by T'(€, ), B(e, o), and H (€, ov), the thresholds set in Corollary F.6
onT, B, and H, to learn an e-solution of the unregularized problem. Addtionnaly, denote by o*(¢)
the minimizer of T (¢, &) B(e, o) H (¢, ). It holds that

| 1 1
D=7 ogr/g 7O (1og<1/e>> ‘

Additionally, for e < e~ 'L, it holds that

~ o0g (et )| v{ — !
T(e,a*(e))B(e,a*(e))H(e,a*(e)) -0 (612(1“ g(7f)| - log (( (P) 90(/)))>>

36 14 1
— )20 pin et €

Proof. We first provide an equivalent of the « that optimises the sample complexity provided in
Corollary F.6 and then bound the sample complexity obtained by using this a.

Finding the best a. Firstly, note that using Corollary F.6, we have
S(e, ) = log (T(e, a) B(e, a) H(e, )
( 1277rref7a_7| log(ﬂ—ref) ‘2 )
= log — —

ot (1 — )8 piin Trer?

N 45_—18 log (1 -0 < 384) log (Tryer)| ))

ea?(1 = )3 pmin

Lo — ot
L oe (k)g <6<v*<p> : 90<p>>>>

o 1 o 190087,6¢ 2| log (yer )| 1540| log (mryef )|
BTy B )5 e ) (1 7) pm

Firstly, observe that for any function k(¢) which does converge to a different value from 0, we have

lim S(e,1/log(1/¢))
e=0  S(e, k(e))

which establishes that a*(€) — 0. This allows, to rewrite S(e, «) as

S(e,oz):log<641aG>+84alog< ! >+¢(a,e) ,

<1,

l1-«a ea?
where 1(q, €) is defined as

1277Trcf7a77| log(ﬂ_rcf”2
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ea? 1900870t 2| log (et )| 1540| log(mryef)|
+ log log T e o TP
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Importantly, observe that 1(c, €) is dominated by log(1/¢) when (o, €) — 0 and that

51/’(;2 ), <a10g1(§a))

Computing the derivative of this function with respect to « yields

95(c,0)  —6 1 1 1 1\ 8 1 (e, @)
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(108)
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a € alog(=)
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0S(e, @) _o
0o Nacari

Then this implies that

| 1 1
D=7 ogt/g 7O (1og<1/e>> ‘

Next, we provide a bound on the sample complexity given by this a* (¢).

Computing the sample complexity. Firstly, note that for « < 1/2 and € < 1, we have
T(e,)B(e, ) H (e, )
12! et log(mer)|* (384 log(mer)] \* 7", (6(vl(p) — G, (0))
= b (1= 1) 120t O\ €a(1— )% pmin &

Tret 7| log (myer)|? < | log (et )(8—4a)/(1—a) (6(01(0)‘@50@))) . (110)

< log
64046(1 - 7)12pilinﬂ-ref4 6a2(1 - 7)3pmin €

€

Next, note that for € < e~ 11, we have o = ﬁé/e) < 1/2. Thus, using that 1/(1 — a) < 1+ 2«
yield

(8—4a)/(1—a)
1 8 — 4o 1 1 1
(ea2> = exp ( a -log (€a2)> < exp ((8 + 8a) - log (ea2)) < TR

Plugging in the previous bound in (110) concludes the proof. O

G DISCUSSION ON UNREGULARIZED POLICY GRADIENT WITH
f-SOFTARGMAX PARAMETERIZATION

In this section, we show that it is possible to derive Non-Uniform Lojasiewicz inequalities on the

unregularized objective vg(p) := v_s(p) under f-SoftArgmax Parameterization in the bandit set-
6

ting. We expect the analysis to extend to the RL setting using similar arguments to those of Mei

et al. (2020b;a); Liu et al. (2025).

Theorem G.1. Consider the bandit case, i.e. |S| = 1. Assume that, for some s > 0, f and myer

satisfy A f(Tyet) and P(myes ) respectively. We also assume that the function 1/ f" is convex and that
the initial distribution p satisfies A ,. Then, it holds that

fro%\2
v 2 Wy (a ) 1 g ’U*(p) —U@(p)
IVeololz 2 = e o = omo) (v*<p> —vmexp)) |
where v, (p) = Wen;?i()s v (p).

57



Published as a conference paper at ICLR 2026

Proof. Subsequently, we drop the dependency on the state for more clarity. Using Lemma C.2 (with
v =0and |S| = 1), for any a € A, we have

e =@ (@) = Sl o)

Denote by a* any optimal action, and r* = r(a*). We have

IVue(p)ll3 =D wh(a)?®- (f(a) - ng(b)r(b)> > wy(a*)? <Z wj (b)(r* f(b))> ;
a b

b
Using that A(a) = r* — r(a) > 0, and also

wlla) = . Trof (@) Wi — Tt (@)
IR T @@ béf«wg (b)/mret (b))
yields
Wl (B)AD) = —— 57 A (b) - ! .
2 maDAN =y Z;t Ot ®) T ) v ®)
Let’s introduce a distribution y(a) = A(a)mrer(a)/ (D _pes A(b)Tret (b)), then we have
w = L "(wd(¢) /et (c
2w HAD) = e /(" () res ()]

Next, we use that a map x — 1/ f”(x) is convex, and thus was have
By [/ (@) Tt (@))] 2 1/ (Bonsy [ () mees(€))])
f
_ 1/f// ( ZceAA(C)ﬂ-e (c) > .

ZCGA A(c)mret(c)

Overall, we have

1 1
f il
Zﬂe (b)A(b) Z Wg , EceAA(C)Trg(C)
beA (ZCGA A(C)’]Tref(C)) f m
Finally, using that Wg < (¢ concludes the proof. O

Similarly, to Mei et al. (2020b); Liu et al. (2024; 2025), this Lojasiewicz inequality depends on
the probability of the optimal action, which is very restrictive. Although extending the analysis of
Mei et al. (2020b); Liu et al. (2024; 2025) in the deterministic setting is possible, addressing the
stochastic setting for this type of Lojasiewicz inequality appears very challenging. This justifies
adding a regularizer to the objective to ensure better PL inequalities, and on which the minimal
coefficient can be lower bounded on the trajectory by leveraging a proper projection operator.

H LINKS WITH MIRROR DESCENT

We stress that our proposed method is fundamentally different from mirror descent. Let us define
a mapping ®(7) = > . s DY (7 (-|s)||mret (-] 5)). For the functions f that we consider, ® is Leg-
endre on the positive orthant and separable across states (Bubeck et al., 2015). In this case, the
f-regularized value function v7 (p) can be optimized directly in the policy space via the Lazy Mir-
ror Descent algorithm (or dual averaging; see Nesterov (2009); Xiao (2009); Juditsky et al. (2023))
with ® as mirror map. Denoting by 7, the policy at step ¢ and 7; by the unnormalized policy at step
t, the lazy MD updates reads:

VO(Tii1) = VOTL) + Vvl (p)ner, s  Tep1 = arg rgin Bg (m||Te41) - (111)
e
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where IT = P(A)!S! is a policy space and By (r||7') = ®(7) — ®(7') — (V®(7'), ™ — 7' is the
corresponding Bregman divergence. Since ® is separable over states, the Bregman projection can
be written state-wise as 11 (+|s) = f-softargmax(V®(741) (s, -), Tret (+|5)).

By denoting ; = V®(7;), one obtains updates that resemble those of (10) (after the removal of T),
with one important difference: the gradient in (111) is taken with respect to the policy m whereas in
(10) it is computed w.r.t the ”dual” parameter 6 (in the MD terminology). Even more important, the
update (111) can be expressed as, by the chain rule

-1
ol
041 =9t+77[ Floz 0} Vo7 (6:),
which have an additional preconditioning term given by the inverse of the policy Jacobian.

A crucial feature of (10) is that it performs a gradient ascent in the “dual” space directly. This
algorithm can be extended in the non-tabular setting directly, by parameterizing the function 6(s, a),
allowing extensions to deep RL. This is in contrast with Lazy-MD methods (Nesterov, 2009; Xiao,
2009; Juditsky et al., 2023), due to preconditioning, which cannot be expressed as direct parameter-
space gradient steps. This remark has several important implications, which we leave for future
work.

I TECHNICAL LEMMAS

Lemma I.1 (Lemma 1.2.3 in Nesterov (2004)). Let f : R® — R be twice continuously differen-
tiable. Suppose there exists L > 0 such that for all x € R% and v € RY,

[T V2f(x) o] < Lol
Then f has an L-Lipschitz continuous gradient (i.e., f is L-smooth); in particular,
IVf(y) = V@) < Ly — =,
and
fly) = fl@)+(Vf(@)y—2) - 5ly |
forall x,y € R%.
Lemma 1.2. Consider any two policies 7r,~, i =1, 2. It holds that

a5t = dz2]l, <

> 8P [l (-fs) = ma(ls)lly
€s

Proof. Let us start from the definition of flow conservation constraints for the discounted state visi-
tation (Puterman, 1994), for i € {1, 2}, we have

dri(s) =(1- +72P s|s')dTi(s) .

Then, we have

DoldE(s) —dpi(s) < v Do DO |P(sls’ a)ma(d|s)d(s) — P(sls', a)mu(d']s)dg (s')]

s€S (s',a’) s
<Y Y Psls'a) ma(d|s') — mi(a'ls) dj2(s)
+v Z S P(sls!sa)mi(a']s) [d7 (s') — 72 ()|
<v§égll7r1(-| ) —m2(Is)ll4 +WZId’” —dy*(s)]
which concludes the proof. O

Lemma 1.3 (Performance Difference Lemma). It holds that

vl(p) = vhlp :72 {Z ] (als)a (s, a) = ADY (w] ([s) et (-|)) = vf () |-

SES acA
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Figure 3: Regularized value landscapes for a one-state, two-action MDP (rewards 0, 1) for different
coupling between parameterizations and regularizations.

Proof. Fix 0 € RISIIAl and any state s € S. It holds that

vl (s) —vfre(s) = Z 7! (als)ql(s,a) Z 7 (a qe s,a)

acA acA
- >\Df(7ff('|8)|\7fref('|5)) +AD (7] (1) | mrer (-]))

= 3" wl(als) (el(s.0) = af(s.@)) + 3 (vl (als) = ] (als)) a} (5. )

acA acA
— ADI (] (-|)|mer (-]s)) + AD (] (-|) | mret (-]5))

=9 Y wl(als) Y- P(sls.a) (vl(s) = vf(s)) + 3 (vl (als) = 7 (als)) af(s.a)

acA s'eS acA
— ADI (L ([s) et (-|5)) + ADY (] (L) et (-]5))

where in the last equality, we used the definition of the regularized Q-function (2). Expanding the
recursion yields

vl (s) =l (5) = —— Y di(s) [Z (! (als") — =] (als)) qf;(s',a)]

acA

o 3 () D (] (1)l moer (157) = ADY (5 (13" e (1))

=== 2 di() [Z ! (als')af (s’ a) - /\Df(?ff(~|$’)||7Tref(~|8'))]

acA

1
15 246D [Z m (als')ap(s',a) = ADY (] <-|s’>||mef<~|s’>>] :
acA

which concludes the proof. O

Lemma 1.4 (Lemma 23 of Mei et al. (2020b) ). Let 7 € P(A). Denote H(w) = diag(m) — 7r '.
For any vector x € R

o (== =)

Lemma LI.5 (Danskin 1966). Let Z C R™ be compact and let ¢ : R™ x Z — R be continuous.
Define

> minw(a) -
acA

flx) = rzneaéi o(x, z), Zo(z) = argrzneaéc o(z, 2).

Assume that for each fixed z € Z, the map x — &(z, z) is differentiable. If Zy(x) = {z} and
x — ¢(x, Z) is differentiable at x, then f is differentiable at x with

0f(x) _ 09(x,2)

ox ox
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Figure 4: Average return as a function of training iterations on NChain (top row: sizes 10, 15, 20)
and DeepSea (bottom row: sizes 10, 15). For f-PG, we report the best configuration for each
divergence parameter «; for all other methods, we report the best-performing configuration over
their respective hyperparameters. Curves show the mean performance over 15 independent seeds,
with shaded regions indicating one standard deviation.

J  EXPERIMENTS

J.1 UNCOUPLING THE PARAMETERIZATION AND THE REGULARIZATION

Figure 3 compares the regularized value landscapes induced by different couplings between policy
parameterizations and regularizers. Both Softmax / Entropy Regularization (Figure 3a) and Softmax
/ 0.1-Tsallis Regularization (Figure 3b) produce highly ill-conditioned objectives, characterized
by wide flat plateaus separated by extremely sharp ridges. These geometries create large regions
with vanishing gradients together with nearly singular directions, which are known to slow down
and destabilize policy—gradient methods. Switching to the Tsallis SoftArgmax parameterization
already improves the situation: under Entropy Regularization (Figure 3c), the flat directions are
reduced and the basin around the optimum becomes more pronounced. However, the most favorable
geometry is obtained when Tsallis SoftArgmax is coupled with Tsallis regularization (Figure 3d).
In this matched Tsallis—Tsallis regime, the landscape becomes smooth, strongly curved, and well—
conditioned, with a single broad basin leading to the optimum and no spurious flat regions or steep
barriers. This alignment between the geometry induced by the parameterization and that of the
regularizer yields an almost quadratic objective in logits, explaining why the Tsallis—Tsallis coupling
provides the best convergence behavior.

J.2  TABULAR EXPERIMENTS

We evaluate the empirical performance of f-PG equipped with a-Tsallis regularization, with the
goal of assessing how our coupled parameterization—regularization framework compares to the base-
lines summarized in Table 2. All methods are evaluated on the unregularized return objective, and
we report learning curves as a function of training iterations. For each value of the Tsallis parameter
«, we tune both the temperature parameter A and the step-size 1 over the grid

Ae {1073 1072 107!, 1.0}, ne {107 3 x107* 1073},

For the baseline methods, we analogously select the best-performing configuration over their respec-
tive hyperparameter grids. All curves are averaged over 15 independent random seeds, and shaded
regions indicate one standard deviation.
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NChain and DeepSea. We consider two canonical tabular exploration benchmarks. NChain isa
long-horizon chain environment in which the agent must repeatedly move in one direction to reach
a terminal state with a large 41 reward, while a small immediate reward equal to +0.01 is available
for moving in the opposite direction. As the chain length increases, the probability of discovering
the optimal policy decays exponentially unless sufficient structured exploration is induced. The
DeepSea environment, described in Section 5, is a two-dimensional sparse-reward navigation task
in which the agent must follow a precise sequence of actions to reach a distant rewarding state. Both
environments therefore test the ability of a policy-gradient method to propagate credit over long
horizons and through sparse feedback.

Results. Figure 4 reports learning curves on both environments. On NChain (top row, Figures 4a
to 4c), the standard softmax—entropy policy gradient baseline performs competitively for the small-
est instance (Size 10), but its performance degrades markedly as the chain length increases. In
particular, for Size 15 a substantial performance gap opens up, and for Size 20 softmax converges
slowly and remains far from optimal. In contrast, f-PG with a < 1 achieves substantially higher
returns and converges much faster for intermediate horizons, most notably for Size 1,5 where a clear
performance gap with the softmax entropy-regularized policy gradient emerges. For the longest
chain (Size 20), Tsallis regularization continues to outperform the other baselines but exhibits a
similarly slow convergence trend to softmax—entropy, reflecting the difficulty of the problem at this
scale. Moreover, alternative regularization schemes fail completely on the longest NChain of size
20. Additionally, Escort policy gradients and Hadamard parameterizations plateau at very low re-
turns across all chain lengths, indicating the need for additional exploration.

A similar pattern is observed in DeepSea (bottom row, Figures 4d and 4e). For Size 10, Tsallis-
regularized policies perform on par with the softmax—entropy baseline and in some cases converge
faster. For the more challenging Size 15 instance, Tsallis policies with o < 1 remain competitive.
In this environment, f-PG dominates all other baselines, which fail to make meaningful progress
toward high-return policies.

Although no single Tsallis parameter & < 1 is uniformly optimal across all problem sizes, a clear
and robust trend emerges across both NChain and DeepSea: for every environment, there exists
an a < 1 that strictly outperforms all alternative schemes and matches or exceeds the performance
of softmax—entropy. These results corroborate the observations of Section 5 and confirm that jointly
tailoring the policy parameterization and the regularization to the structure of the problem leads to
improved empirical performance.

J.3 FULL DESCRIPTION OF THE DEEPRL EXPERIMENTS

We provide here a full description of the «—Tsallis PPO algorithm and the experimental setup
of Section 5.

Algorithm description. «-Tsallis PPO follows the same overall algorithmic structure as stan-
dard PPO, with only minor modifications: the softmax policy parameterization and entropy regular-
ization are replaced by their Tsallis a-softargmax and Tsallis a-regularization counterparts. Specif-
ically, the policy network outputs unnormalised action logits, which are mapped to a probability
distribution via the Tsallis a-softargmax instead of a usual softmax (see Section 3). At each interac-
tion step, we compute the Tsallis divergence between the current policy and the uniform distribution
over actions using the same coefficient cv, and subtract A - D’ (7(-|s)||uniform) (see Table 2 for the
expression of f,,) from the received reward.?. All other components, including the clipped surrogate
objective, value loss, and advantage normalization, remain unchanged.

Training pipeline. At each update, we collect trajectories from 16 parallel environments for 32
steps, followed by 16 epochs of PPO optimisation over 4 minibatches. We use a discounting factor

’This regularized reward is used in the computation of advantages and value targets for the DeepSea
environment. The reason is that adding entropy to the rewards turns out to be critical for the method’s final
performance, since the original softmax-PPO fails even in DeepSea of size 20. Notice that it contrasts with
an original PPO that adds entropy regularization only to a loss function and not to a reward. For Noisy
Carpole, we use a standard implementation of PPO as a baseline.
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v = 0.99 and GAE )\ = 0.95, and apply gradient clipping at norm 0.5. Both actor and critic are two-
layer multilayer perceptrons with 64 hidden units and tanh activations. Optimization is performed
using Adam (Kingma, 2014), and we perform a grid search over

Ae{1073,1072, 1071, 1.0}, n€{107* 3x107* 1073},

Each configuration is evaluated across 25 seeds. Episode returns are aggregated per configuration
and reported as mean =+ standard error. For each «, we select the configuration that produces the
highest last reward on average.
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