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ABSTRACT

Diffusion models often generate novel samples even when the learned score is
only coarse—a phenomenon not accounted for by the standard view of diffusion
training as density estimation. In this paper, we show that, under the manifold
hypothesis, this behavior can instead be explained by coarse scores capturing
the geometry of the data while discarding the fine-scale distributional structure
of the population measure j4,... Concretely, whereas estimating the full data
distribution p,,,, supported on a k-dimensional manifold is known to require
the classical minimax rate @(N ~1/F), we prove that diffusion models trained
with coarse scores can exploit the regularity of the manifold support and attain a
near-parametric rate toward a different target distribution. This target distribution
has density uniformly comparable to that of p,,,, throughout any o (N =B/ (4"'))-
neighborhood of the manifold, where 3 denotes the manifold regularity. Our
guarantees therefore depend only on the smoothness of the underlying support,
and are especially favorable when the data density itself is irregular, for instance
non-differentiable. In particular, when the manifold is sufficiently smooth, we
obtain that generalization—formalized as the ability to generate novel, high-fidelity
samples—occurs at a statistical rate strictly faster than that required to estimate the
full population distribution fi4,,.,.

1 INTRODUCTION

Diffusion and score-based generative models deliver striking sample quality in high-dimensional
domains (Ho et al.l 2020; Song et al.l 2021; [Dhariwal & Nichol, 2021} Rombach et al., 2022} Karras
et al.} [2022). Yet a persistent empirical pattern is that genuinely novel samples—outputs that are
not mere near-duplicates of the training set—often emerge only when the learned score is coarse,
for instance under early stopping or limited model capacity (Gu et al., 2023 |Somepalli et al., 2023}
Bonnaire et al., 2025; |Achilli et al., 2025b)). This seems at odds with the dominant theoretical
paradigm, which treats diffusion training as a density estimation problem and establishes sampling
or convergence guarantees under sufficiently accurate score/denoiser estimation, typically in large-
sample regimes (Tang & Yang, [2023; Lee et al.,|2023; De Bortolil, 2022} |Oko et al.,|2023; |Azangulov
et al.| [2024; Chen et al.,2023)). In that view, improving score accuracy should monotonically improve
approximation to the population distribution. We therefore ask:

How can an inaccurate score still yield non-memorized, high-quality samples?

We study this question under the manifold hypothesis (Fefferman et al.,[2016): data concentrate on
a k-dimensional C® submanifold M* C R? with k < D. Our thesis is that the relevant objective
behind “generalization” is often not minimax recovery of the full density fi.,., but rather coverage
of M* at a nontrivial spatial resolution.

A coverage criterion. Fix 6 > 0. Informally, we say that a distribution p has d-coverage of fi4,,.
if there exists a constant ¢ > 0, independent of the sample size, such that for every y € M* :=

SUPP (Hdata)s
1(BX(Y) = ¢ pawa(B()),

*Equal contributions.



GRaM workshop at ICLR 2026 Proceedings Track

where B (y) is the geodesic ball of radius § on M*. This formalizes the requirement that £ does not
“miss” any region of M™ that is non-negligible under p,,,, at resolution . In this light, the empirical
distribution ..., faces a fundamental obstruction: the smallest ¢ for which g, (B (y)) > 0 for all

y scales as O(N~1/k),

In contrast, our main finding is that diffusion sampling with a coarsely learned score can nonetheless
yield distributions with much finer on-manifold coverage.

Theorem 1.1 (Main; informal) Assume pi,... is supported on a k-dimensional Cch submanifold
M* C RP and satisfies mild regularity conditions. Given N i.i.d. samples from ..., consider
a diffusion model trained only to coarse score accuracy. Then, with high probability, the induced
sampling dynamics is O(N ~1)-close in squared Hellinger distance to a distribution that achieves
d-coverage at the scale

§ = O(N-P/k),

In particular, when the smoothness parameter 8 > 4, diffusion sampling achieves strictly finer
on-manifold coverage while learning only a covered surrogate at a near-parametric rate @(N —1/2),
Operationally, this means that the resulting samples lie (approximately) on the underlying data
manifold while remaining far from any individual empirical datapoint. In this sense, diffusion models
achieve generalization: they produce novel, high-quality samples without memorizing the training
set.

To put our result in perspective, it is natural to compare it with the classical minimax rate for
estimating the full data distribution y,,,. For an a-smooth density supported on a k-dimensional
domain, the optimal rate scales as 0 (N —a/ k) (Divol, 2022} |Achilli et al.,|2025a; Tang & Yang| [2024).
This benchmark assumes that fi,,,. itself admits an a-smooth density, whereas our guarantees instead
rely on the geometric regularity of the underlying manifold. In particular, the density smoothness o
is typically smaller than the manifold regularity /3, and in the regimes of interest one may even have
a < 3. Consequently, even relative to smooth-density benchmarks, our rate is significantly sharper.
The high-level message is thus that generalization does not require density estimation.

Intuition and technical highlights. Let p; = pg... * N (0,tIp) denote the Gaussian-smooth
data measure and let Proj,, be the nearest-point projection onto M* (well-defined on a tubular
neighborhood of M*). A central object in our analysis is the smooth—then—project distribution

s = PrOjyy e = Projy, (Jawe * N(0,t1p) ). (e

Intuitively (and will be made precise in[Theorem 2.4), when ¢ lies in a moderate regime, fi,,,.; Serves
as a canonical covered surrogate for [i4,.,. Moreover, the two operations defining (,.,;—Gaussian
smoothing and geometric projection—each enjoy favorable statistical properties:

1. Smoothing is statistically cheap. Although ..., is a poor proxy for p4,.. at fine scales,
Gaussian smoothing makes the estimation problem essentially parametric: for any fixed t > 0,

KL(ft¢ || fromy * N'(0,Ip)) = O(N),

where (5() hides constants depending on ¢ and M*; see[Theorem 1. ll This estimate in turn im-
plies that the diffusion model can be learned quickly, in Hellinger distance, toward a distribution
that approximates fi,,.; defined in (u.,.;); see[Theorem 2.1}

2. Geometry is easier than full density estimation. Approximating .,.; primarily requires recov-
ering the projection map Proj,,, a geometric object that can be estimated at rates significantly
faster than recovering fi4,...

Together, these suggest that learning f,,; can be substantially easier than learning fi4.., in the
minimax sense, while still being sufficient for producing non-memorized, high-quality samples.

Our approach. Motivated by these observations, we decompose the analysis into two noise regimes.
In the moderate-to-large noise regime (¢ > to for a manifold-dependent threshold ¢;), we assume
sufficiently accurate score learning. In this range, training effectively targets the Gaussian-smoothed
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Figure 1: Geometry precedes memorization in diffusion training. 7op row: training dynamics
across three regimes. The manifold error (dark, left axis) decreases rapidly, while the memorization
rate (light, right axis) stays low for coarsely optimized scores. The “generalization” window is the
regime where both manifold error and memorization are small. Bottom row: our diagnostic for
manifold learning. Alongside the training loss (dark, left axis), we report the mean alignment (light,
right axis) between the learned score s? and the projection direction, (Proj ,,, s%) /(|| Proj ., || [|s°]).
Across regimes, alignment rises quickly and saturates early, suggesting that the coarse score network
first recovers manifold geometry, while memorization is a later-stage effect.

empirical law fi.,,, * N(0,toIp) and thus yields a near-parametric approximation of y;, by the
preceding discussion; this is the “easy” regime.

Our main technical contribution is in the small-noise regime, where the objective is geometric

recovery rather than distributional learning (see for empirical evidence and for

experimental details): For a function class chosen to reflect both theory and this empirical behavior,
we show that a coarsely learned score—when coupled with the ODE integrator most commonly
used in practice (rather than the elementary reverse-time SDEs)—implicitly realizes an approximate

projection map Proj . Quantitatively, this yields a manifold estimator M with Hausdorff and

projection accuracy (Theorem 2.2] and [Theorem J.1))
du (M, M*) = O(N"#/%), || Proj,, — Projg [« = O(N-#/CM),

A geometric transfer step then converts projection accuracy into J-coverage at intrinsic scale § =
O(N*f@/(‘*k)); see[Theorem 2.4

Literature Review and Preliminaries. To our knowledge, this approach is original and has few

direct precursors in the existing literature. We provide a detailed review in In addition,

due to space constraints, we defer the necessary background material to

2 FAST COVERAGE VIA MANIFOLD GENERALIZATION WITH COARSE SCORES

After a simple reduction to the small-noise regime via[Theorem 2.1} our key technical ingredient is
which shows that, in the small-noise regime, a coarsely learned score implicitly yields
a minimax-optimal estimator of the data manifold—equivalently, an estimator of the projection map.

We prove our main coverage guarantee in|I’heorem 2.4

2.1 DIFFUSION SETUP: DENOISING SCORE MATCHING

Gaussian corruption and marginals. Let p,.., be the data-generating distribution supported on
M* C RP. For t > 0, define the Gaussian corruption kernel

qi(z | xg) = N(z;z0,tIp),
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and the corresponding corrupted marginal
/’Lt = /Qt( | xo) dudata(mo) = Mdata*N(OatID)' (])

For the simplicity of notation, we identify j; with its density w.r.t. the Lebesgue measure on R”.
Note that such density exists for all £ > 0. The corresponding true score is

s*(z,t) = V,logu(x), r e RP. 2)
For the Gaussian kernel, the conditional score has the closed form
r — X

; 3

Velogqi(z [ zo) = —
Denoising score matching (DSM). Let S be a class of time-indexed vector fields, and let p..,,
denote the empirical measure of N i.i.d. samples from pi,,.,. For any s € S, define

DSM¢(8;20) = Eqmg, (|z0) [Hs(m,t) — Vlog g (x| xo)H2] 4)

At each noise level ¢, diffusion models are commonly trained by denoising score matching, i.e. by
regressing onto the average conditional score:

DSM;(5) = Eggmpem, [DSMe(8;20)]. 5)

At the population level (replacing fie,., by fi4a..), the minimizer over all measurable s(-,¢) is the
marginal score s*(-, ) in (2), and the excess risk admits the standard identity

DSM(s) — DSMy(5%) = [|s(8) = 5 ()3 ) = Eampe [Is(a 1) = s* @ DIP). (©)

Hybrid sampling dynamics. Let $(-,¢) be a learned score. We analyze a two-stage sampler that
mirrors common implementations: a reverse-time SDE is run from large noise down to a terminal
level ¢y, and the final segment is integrated via the probability-flow ODE. Concretely, for an arbitrary
cutoff time 7 > 0, consider

(SDE stage)  dX; = — (X, t)dt + dW, t: T\, to, (7
(ODE stage)  dX;, = —3 5(X,,t)dt, titg \y T, (8)

where W, is a standard Brownian motion run backward in time, so (7) is a reverse-time SDE[T| This
SDE-then—ODE strategy is widely used in practice and is empirically more numerically stable than
naive reverse-SDE discretizations, especially at small noise (Ho et al., 2020; [Song et al.l 2020; [Karras
et al., [2022).

Flow map and induced projection surrogate. Let ®,, ;, : RP? — RP denote the flow map of the
ODE stage (8): for any z € R?, &, (z) is the solution at time 7 with initial condition X;, = .
We define the induced projection surrogate

Projg = Pret,- )

2.2 LARGE-NOISE REDUCTION TO A SMOOTHED EMPIRICAL LAW

Fix a terminal noise level ¢y > 0, which is to be specified later as a constant depending only on the
manifold. A guiding object throughout our analysis is the smooth—then—project surrogate fi,,.; in
(t4r0;)- In line with the hybrid sampler of [Section 2.1} we first isolate the large-noise regime t > t,
where score estimation is statistically and algorithmically easier under a standard condition on the
training error for DSM.

Assumption 1 (Large-noise DSM; ¢, -accurate training) Fix to > 0 and a large terminal time
T > tg for the SDE stage. Assume the learned score §(-,t) satisfies the integrated excess DSM bound

T
/ (DSMt(é) — i(ng)DSMt(s)> dt < e (10)

to

"For simplicity we present the VE-style form above (Song et al.,2021); the same decomposition (reverse-time
SDE and probability-flow ODE) holds for standard VP/VE schedules with drift/diffusion coefficients, and our
arguments extend to those settings with notational changes.
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Our main result in this section, whose proof is deferred to shows that in this regime,
accurate score learning ensures that the reverse-time dynamics at time £y approximately recovers the
smoothed distribution 4, * N (0,%0Ip). The problem is therefore reduced to understanding the
terminal ODE map Proj 5.

Theorem 2.1 (Large-noise reduction) Let pi\ be the output distribution of the hybrid sampler

(-@). and recall Projg = ®ry, from Q). Then, under[Assumption 1| for any a > 0, with

probability at least 1 — N~ over the N samples and any algorithmic randomness,

alog N
N

where H*(P, Q) = J(/p— \/5)2 denotes squared Hellinger distance (for densities p, q).

H2( Projﬂ# (Mdaca *N(O,to[p)) s MDM) = O( ) + O<5LN)a (11)

2.3 SMALL-NOISE COARSE SCORES AND (9) AS (NEAR-)MINIMAX PROJECTION MAPS

We now turn to the most delicate regime, namely the small-noise interval ¢t € [7,tg]. Our goal in
this section is to show that the estimator (9) is minimax-optimal for recovering the projection map
onto the data manifold M™*. Following the standard setup of (Aamari & Levrard, [2019; |Divol, [2022),
we work over the class of manifolds whose reach is uniformly lower bounded by (i, (defined in

Equation (B.3)). For the remainder of the paper, we fix to := (min/4.

Key intuition: geometry dominates density at small noise. Our guiding intuition is provided by
the following small-noise expansion of the population score, recently derived by [Li et al.| (2025)); Liu
et al|(2025)

Ve e M*, si(z,t) = f%(forojM(z)) + Vs logp(ProjM(x))wL%H(z) + (), (12)

where p is the density of 114, on M* (w.r.t. volume), Vo denotes the Riemannian gradient on M™,
H is the mean curvature of M*, and r;(x) = o(1) as ¢ | 0 (uniformly on a fixed tube around M*
under the regularity assumptions of |Li et al.| (2025); Liu et al.| (2025)).

The expansion highlights a sharp scale separation: the normal “projection” term —(z — Proj ,,(z))/t
has magnitude ©(¢~1), while the tangential density term V-« log p(Proj,,(z)) remains O(1).
Consequently, recovering only the leading ¢t ! term is enough to capture the geometry of M*: even
if the score error diverges as ¢t~ for some v € (0, 1), the leading-order component can still faithfully
encode the projection direction Proj , .

Technical challenges and contributions over prior work. To our knowledge, the only exist-
ing minimax-optimal manifold estimators are the local polynomial procedures of (Aamari & Lev-
rard, 2019) (and subsequent refinements such as (Azangulov et al., [2024))). While our analysis
draws substantial inspiration from these works, translating minimax manifold estimation into the
diffusion/score-learning setting requires overcoming two obstacles:

(i) From nonparametric geometry estimation to score learning with coarse accuracy. The
estimators in (Aamari & Levrard, [2019) are not tied to diffusion models and do not arise from (or
naturally interact with) score learning. In particular, they are nonparametric and therefore do not
suggest a direct route to implementations compatible with standard neural architectures or to analyses
driven by coarse score accuracy.

(ii) Smoothness is essential for downstream coverage. As noted in (Aamari & Levrard, [2019),
the estimator is constructed as a collection of local polynomial patches, and in general there is no
guarantee that the resulting set forms a globally smooth submanifold. While such nonsmoothness is
acceptable for certain geometric risk criteria, it is incompatible with the coverage guarantees proved
in[Section 2.4] where smooth projection-like dynamics play a central role.

Our approach addresses these challenges on two fronts.

2This expansion is included only as heuristic motivation for the discussion and for the choice of function
class below. Its derivation in|Li et al.|(2025)); |[Liu et al.| (2025) requires additional regularity on the density p (in
particular, p € C*). Our analysis does not rely on (12) and imposes no such regularity assumption on p.
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Front 1: a PDE-based function class for smooth manifold recovery. Motivated by the small-noise

expansion (T2), we capture the leading geometric term —1 (z — Proj,,(z)) through a distance
potential 1. A key ingredient is the Eikonal equation satisfied by the squared distance-to-manifold

potential (recall for notation): n*(z) := 3 dist(x, M*)?. On any tubular neighborhood where
Proj,, is well-defined, n* verifies the key relatio

IVa@)|I* = 2n(z). (Eik)
This viewpoint has two advantages. First, as a differential constraint, admits principled para-
metric approximations—for instance via physics-informed architectures that enforce PDE structure
during training (Raissi et al., 2019). Second, and more importantly for our theory, we show that
under the boundary and regularity conditions specified in (D.4)), the eikonal constraint is (in a precise
sense) necessary and sufficient for 1 to be locally the squared distance to some smooth submanifold.

Consequently, unlike (Aamari & Levrard, 2019)), our estimator targets a smooth manifold surrogate
and hence induces a smooth projection map. We develop this correspondence in to[Gl

Front 2: from coarse DSM control to minimax projection estimation. Once the function class is fixed
and shown to be well-defined, the remaining task is to connect coarse score learning to accurate
projection estimation. Our central observation is that a uniform control of the DSM objective—
formalized in [Assumption 2}—implies accuracy for a nonlinear analogue of PCA that we term
Principal Manifold Estimation (PME); see (H.4) for the loss definition. We then show that any
sufficiently accurate PME estimator yields a projection estimator that achieves the same minimax
rate as the local polynomial estimators of (Aamari & Levrard, 2019).

We defer the details to

Local denoising score matching. Having specified the score class, we now formalize what it means
to optimize coarsely in the small-noise regime. The key point is that we impose control uniformly
over local neighborhoods of the empirical support—rather than only in expectation under ., as in
the classical DSM objective in (3)—while allowing this control to deteriorate (and possibly blow up)
as ¢ — 0. To this end, we introduce a localized variant of DSM as follows. Recall the per-sample
loss DSM,(s; o) from [Equation (4)] Fix a bandwidth h > 0 (to be specified in[Theorem 2.2). For
each reference point z,.; € SUPP(ftem; )> define the localized empirical measure

Tref,h .
/"Lemep = ]]-B%‘C(xref,h) Memp s

i.e., the restriction of y,,,, to the Euclidean ball B} (z,.., k). We then define the local DSM objective
at noise level ¢ by
LDSM;(8; &) = E zref,h[DSMt(s;mo)]. (13)

Zo~ Hemp
The following assumption formalizes our coarse optimization requirement on the score error.

Assumption 2 (Local-DSM coarse optimality in the small-noise regime) Fix to = (yin/4 and a
bandwidth h > 0. For each t € (0,tg], let S denote the candidate class in (D.3), and let §(-,t) € S
be the learned score at time t. Assume that there exist constants C' > 0 such that, for all t € (1, to}ﬂ

sup {LDSMt(§(~7t);m,.ef) — inf LDSMt(s;asl.ef)} < Cct L (14)
xrefESUPp(.uemp) seS

Remark. [Assumption 2|is intentionally coarse: it only asks §(-, ) to capture the leading projection
component of the small-noise score,

z — Proj ., (x
S*(Iat> ~ - tJM( )7
and places essentially no constraint on the lower-order, data-dependent contribution (e.g., tangential
density information along M*). As a result, the assumption is calibrated for learning geometry (a
projection-like drift), but is too weak to imply full recovery of the data distribution in the small-noise
regime—which, as we shall see in[Section 2.4] is not required to explain the kind of “generalization”

empirically observed in diffusion models.

We are finally ready to state our main result, whose proof is deferred to[Section E]

3While the Eikonal equation is necessary condition for n* to be a squared distance function to M?*, it alone
is insufficient, e.g. a constant O function also satisfies
*Here, the factor 1/t can be replaced by 1/t for any v € (0, 2); we take v = 1 for notational simplicity.
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Theorem 2.2 (Hausdorff recovery and projection accuracy) Assume that [i4,.., is supported on a
compact, connected, boundaryless, k-dimensional C? submanifold M* C RP with 3 > 2, and
that reach(M*) > (Cuin > 0. Suppose that the parameter L in D’Z is chosen sufficiently large
such that n* € Dy, where n* is defined in Equation (B.l)l Pick h = O((log N/N)'/*). Let § be a
score estimate learned from N i.i.d. samples satisfying |Assumption 2} For a sufficiently large N, the

— B
estimator M := {x € U : §(x, t) = 0} satisfies with probability 1 — O ((]{,) k ) :forallt € (1,1),

d(M, M*) = O(N-F/F), (15)
T = Cmin/47 (16)

|
G
=

|

@®
~
©
Z
~—

sup ||t 8(z,t) — Proj,,(2)|| =
€T (M*)

where O(-) hides polylogarithmic factors in N and constants depending only on (k, D, 3, Cin)-

As alluded to above, the main contribution of is to show that—in contrast to the nons-
mooth, piecewise-polynomial estimators of Aamari & Levrard| (2019), which are fully nonparametric
and not tied to diffusion models—a score that is only coarsely optimized under the local DSM
objective already suffices for near-optimal projection estimation, provided we restrict attention to the
geometry-motivated class (D.J). In particular, the resulting estimator matches the rate of [Aamari &
Levrard (2019) up to at most a polylogarithmic factor, and is therefore (nearly) minimax-optimal.

2.4 FROM PROJECTION DYNAMICS TO COVERAGE

Having established that a coarse score implicitly learns the manifold, we now show that this geometric
recovery already suffices for strong coverage guarantees. Specifically, we prove (in the sense
formalized in[Theorem 2.3) that the diffusion output distribution s, produced from coarsely learned
scores achieves an on-manifold coverage resolution that is strictly finer than what an empirical
measure supported on [NV atoms can provide. This formalizes the message that “generalization”—in
the operational sense of producing a novel point on the manifold—is statistically much easier than
full density estimation. Deferred proofs are collected in [Sections J|to K]

Key intuition: restricted tangential shifts imply good coverage. Recall from|Theorem 2.1|that
Loy converges at a fast rate to the population surrogate

,Uf/pr\oj = Projﬁ#(,udata *N(OatOID))y (17)

where Proj g is the flow map associated with the ODE (8); see (9). Thus, it suffices to prove coverage
for fi,o;-

Our theory in[Section 2.3|suggests modeling the learned score in the terminal regime ¢ € [7, to] as
the sum of a leading-order projection term and a (coarse) remainder error:

x — Proj ., (x e(x,t
juule) |, elo.)

) — —
5(,1) t t

t € [7,to). (18)

‘We will use the shorthand

ei= sup  sup le(z,0)], (19)
te[r,to] z€TH(M)

for some tubular radius r < (ypin/4 (so that Proj,, is single-valued on 7,.(M*)).
The high-level intuition is that running (8) with a score of the form (I8)—(I9) (for appropriately

chosen ¢y and 7) produces samples for which:

* Normal contraction. The output lies @(5)—close to M* (in ambient distance), by a direct
contraction estimate for dist(-, M*) along the terminal-time ODE (Theorem J.1).

* Restricted tangential drift. More importantly, the induced displacement along the manifold

is also small: the “tangential shift’—i.e. the geodesic deviation of Proj,, (Proj s (z)) from
Proj ., (xz)— scales like O(,/¢) via an ambient-to-geodesic transfer bound (Theorem 1.4).
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Therefore, it is natural to separate the argument into a “baseline” and a “stability” step. As a baseline,
we first analyze the idealized distribution obtained by projecting the smoothed population measure
with the frue projection,

Hproj *= ProjM#(p'daca *N(OatOID))7 (20)
and show that it has good coverage of ji4,.. (via the local-trivialization lower bound in[Theorem K.2).
The remaining step—replacing Proj ,, by Proj  in (20)—is then purely geometric: given a map on
M that moves each point geodesically by at most O(4/€), how large a “hole” (a region of vanishing
mass, hence failed coverage) can it create? Intuitively, such a map can only deform sets at the /2
scale, so the worst-case loss of coverage is controlled at a comparable resolution. Finally, plugging in
the minimax estimate /e = @) (N —B/ (4k)) from completes the picture. See

for details.

Restricted normal and tangential shifts lead to good coverage. We are now ready to show that
diffusion models equipped with a coarse score, when sampled via (7)—(8)), achieve substantially better
coverage of the data manifold than the empirical measure. For parameters (0, «) > 0 and y € M*,
define the a-thickened geodesic ball

B () i= {& € Toy, (M*) 1 dist(z, M) < a, Proj,(z) € B (y) }, @)

where B} (y) C M™* denotes the intrinsic geodesic ball of radius ¢ centered at y. Our notion of
coverage is as follows.

Definition 2.3 (Covering) Let ¢ > 0. We say that a probability measure i (e, 0, ¢)-COVers [i,,,., if,

for every y € M*,
(B (Y)) = € pana (B4 (y))

Remark. Since pg,,, is supported on M*, thickening does not change its mass:
Hdata (B?fl (y)) = Udata (ng (y))7 for all @ > 0.

Intuitively, p (v, d, ¢)-covers fi4.,. if it places mass comparable to ... on every geodesic ball of
radius 9, after robustifying that neighborhood by an a-thickening in the normal direction, uniformly
over all centers y € M*.

This notion highlights a fundamental limitation of empirical measures: If ..., is supported on
N samples on a k-dimensional manifold, then its support can form at best an O(N -1/ *)-net.
Consequently, for any § = o( N~!/*) there exists y € M* such that p,.,,(B (y)) = 0 while

o,
Haaea(B(Y)) > 0, 8O fhomp cannot («, d, ¢)-CoOVer fiq,,, for any ¢ > 0 at that resolution. In contrast,
the following theorem shows that /i,,; does (, §, ¢)-COVer iq... at an intrinsic resolution far finer
than what (., can achieve, provided the manifold is sufficiently smooth (e.g. 5 > 1 under our

regularity assumptions).

Theorem 2.4 (Coverage of the population surrogate) Let to = (nin/4, and let i, be the surro-
gate measure defined in (7). Assume the coarse-score conditions of[Assumption 2| and the function
class specification in[Section 2.3} Then there exist constants ¢y (explicitly given in|Equations (K.15)
10[(KI6)) and Ny € N, depending only on prin, Pmax and geometric parameters of M*, such that

forall N > Ny, the measure [io; (Qt, 0, Crnin ) -COVEFS [iaen With

a = O(NPE 5 = O(NP/UR), (22)

As discussed at the beginning of this subsection, the result is essentially an immediate consequence

of to[J.2} the remaining steps are largely tedius calculations; see
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Appendix

A LITERATURE REVIEW

Minimax manifold estimation vs. diffusion theory. A classical line of work develops minimax-
optimal rates for estimating (i) an embedded manifold M™* and its local geometry (Aamari & Levrard|
2019) and (ii) measures supported on M*, under reach and C* regularity assumptions; see, e.g.,
(Divol, 2022). More recent diffusion theory adapts parts of this minimax toolkit to obtain sharp
distributional recovery guarantees for diffusion models (Oko et al.l [2023;|Azangulov et al., [2024;
Tang & Yang| [2024). However, this literature does not address our motivating puzzle—why only
coarse scores can still yield novel, high-quality samples—and it does not provide finite-sample
guarantees phrased in terms of on-manifold coverage. In particular, to the best of our knowledge, no
existing work establishes minimax-style rates for manifold (or projection) estimation via diffusion
models. Finally, we emphasize that our coarse-score requirement alone cannot
guarantee distributional recovery, since it may hold for two very different distributions y,,, and p/, .
as long as they share the same support.

Geometry, memorization, and interventions in diffusion models. A growing empirical and
conceptual literature suggests that diffusion models encode salient geometric information, especially
at small noise: score geometry has been used to estimate intrinsic or local dimension (Stanczuk et al.|
2022; Kamkari et al.,[2024), and memorization has been analyzed through the geometry of learned
manifolds or selective loss of tangent directions (Ross et al., [2024b; |Achilli et al.,|2024). Numerous
algorithmic interventions aim to mitigate memorization (often motivated by privacy) without explicit
geometric modeling (Somepalli et al.| [2023; |Gu et al., [2023} |Daras et al.| 2023; Wen et al., [2024;
Daras et al., [2024; Kazdan et al., |2024; [Chen et al., 2024} [Ren et al., 2024 [Wu et al., 2024; Liu
et al.,|2024; Ross et al.| [2024a; Wang et al.| 2024; Zhang et al.| 2024; Jain et al., 2024} |Hintersdorf
et al.l 2025} [Shah et al., |2025). Recent theory further sharpens the memorization/generalization
picture, e.g. by proving separations between empirical and population objectives and corresponding
approximation barriers (Ye et al., 2025) or by linking model collapse under synthetic-data training to a
generalization-to-memorization transition driven by entropy decay (Shi et al.}2025). Complementary
stylized analyses study phase transitions under latent-manifold models (Achilli et al., 2025bga)) or
explain novelty via implicit score smoothing and interpolation (Chen} 2025} |Farghly et al., 2025)).

Despite this progress, we are not aware of results that quantify finite-sample statistical rates separating
the difficulty of learning geometry from that of learning the distribution—a key step in our analysis.
Closest in spirit are [Li et al| (2025); [Liu et al| (2025), which identify a geometry—distribution
separation at the population level: in the small-noise limit, geometric information encoded by the
score is substantially more robust than distributional information. This observation provides key
theoretical motivation for our choice of function class in However, [Li et al| (2023); [Liu
et al.| (2025) do not provide a statistical analysis, whereas our results are explicitly finite-sample and
tailored to coverage, whose proof requires substantially different techniques.

B PRELIMINARIES AND PROBLEM SETUP

We recall standard definitions from statistical estimation of manifolds; see, e.g., (Aamari & Levrard,
2019; Divoll 2022)).

Embedded manifolds. Throughout the paper, we assume that every manifold M C RP” is a
compact, connected, boundaryless, embedded k-dimensional submanifold, where 1 < k < D — 1.
We reserve the notation M™* for the support of fi4,,., that is,

M* = supp(fhaaca)-
Let T, M and N, M denote the tangent and normal spaces at a point y € M. The embedding induces
a Riemannian metric on M; we write d ., for the corresponding geodesic distance and

BM(y) ={y' e M: du(y',y) <5}

13
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for the geodesic ball of radius ¢ centered at y. Let vol, denote the Riemannian volume measure.

(-smoothness. Let 3 > 2 € N. We say that M is $-smooth (i.e. of class C?) if for every y € M
there exist neighborhoods U C R” of y and V C RF of 0, and a C” immersion ¢ : V — R such
that (V) = U N M.

Reach, tubular neighborhood, and projection. For 2 € R” define
1
dist(z, M) := inf ||z —y|| and n*(z):= = dist?(z, M*), (B.1)
yeEM 2

and the tubular neighborhood 7, (M) := {z € RP : dist(x, M) < r}. The reach reach(M) €
(0, o¢] is the largest r such that every point in 7,.(M) has a unique nearest point on M (Federer,
1959)). Equivalently, for any r < reach(,M) the nearest-point projection Proj,, : 7.(M) — M is
well-defined by
Proj = i — Y|l
r0j , ()=arg min ||z — y|

It is well known that every compact C? submanifold has strictly positive reach (Thiile, 2008, Propo-
sition 14). A basic identity linking the squared-distance and the projection, which we will use
repeatedly, is

Vo € ﬂeach(M*)(M*% VTI*(QC) =T — PI‘OJM(Z‘) (B.2)

We note that positive reach is a minimal regularity condition ensuring stability of projection and local
geometric control; see, e.g., (Federer,|1969; [Thile, [2008). From a statstical perspective, (Aamari &
Levrard, [2019, Theorem 1) shows that if the model class allows the reach to degenerate to 0, then
statistical estimation becomes ill-posed. Therefore, throughout this work, we assume some non-zero
lower bound on the reach of M* is known, i.e.

reach(M™) > (pin > 0. (B.3)

The estimator of (i, can be found, for example, in (Aamari et al.,2019).

Set-distance and local geometry metrics. For closed sets A, B C RP, the Hausdorff distance is

dx (A, B) :== max { sup dist(a, B), sup dist(b, A)}
acA beB

For two k-dimensional subspaces U, V' C R, let P;, Py be the orthogonal projections; a common
distance is || Py — Py ||op, Which equals sin(fyax) where 0.y is the largest principal angle between
UandV.

Distributions on M*. We model the data distribution as a probability measure (i,,.. supported on
M™* and absolutely continuous with respect to vol

Haaea(dy) = p(y) volu= (dy).

We assume the on-manifold density is bounded: there exist constants 0 < Pmin < Pmax < 00 such
that pmin < p(¥) < Pmax for all y € M*. Importantly, we impose no additional regularity (such as
smoothness) on p.

C PROOF OF[THEOREM 2.1

In this section, we prove the main result in
Proof. [proof of [Theorem 2.1]

Step 1: identify the empirical DSM minimizer and excess-risk identity. Fix ¢ € (to, 7] and set
o = \/t. Define the empirical corrupted marginal B 7= fhemp * N(0,tIp). Consider the DSM
objective (3):

2
DSM(s) := ]Exo~uempEm~N(a:0,t1D)||S(337t) — V., log N (z; J;O,tID)H , (C.1)
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and let s (-, ) € argming(. ;) DSM;(s) be its minimizer (over all measurable vector fields). Condi-
tioning on x shows the pointwise minimizer is the regression function

s (z,t) = E[Vy log N (z; o, tIp) | 7).
Using Bayes’ rule and differentiating under the integral,
Vo [ N(x;20,tID) dftemy (T0)
JN(@;20,t1p) dptenny (w0)
[ N(@;30,tIp) Vi log N (520, t1p) Afterm, (20)
a SN (@520, tIp) dftemy (@0)
= E[V, log N (z;x0,tIp) | 2],

Vi logul, (v) =

hence 5 (z,t) = V,loguZ, () for ug -a.e. x. Moreover, the usual regression Pythagorean
identity yields the excess-risk decomposition

DSM;(8) — DSMe(s™") = [[3(-,t) = 5™ ( )1 Z2g, - (C2)

Step 2: from excess DSM to a KL bound on the SDE-stage marginal. Let P°™P be the path law
of the reverse-time SDE stage on [to, T'| driven by drift —s®™P (-, ¢), and let P* be the corresponding
path law driven by —3(+, ¢), using the same diffusion coefficient and the same initialization at time 7.
By Girsanov’s theorem,

. 1 T
KL(P™ || P*) = 5 Epems / 5(X1,t) — 5P (X, 1) dt.
to

Under PP, the time-¢ marginal equals ,u‘[ by construction, hence

emp

KLE B = 5 [ 50 =™ 0l 0 dt =5 [ (0sm(s) = Dsin () .

to

where we used (C2). Since DSM,(s“™P) = inf, DSMt(s) gives
KL(P™ | P*) < e

Let v, denote the time-t( marginal under P*, while the time-t marginal under P*™P is p2o (since
00 = v/to). Marginalization is a Markov kernel, so KL data processmg yields

KL (u7°, || vt,) < KL(P™ || P) < L&y (C.3)

(_mp

Step 3: conclude via Hellinger composition and the high-probability smoothing bound. Be-
cause the ODE stage @) is deterministic, (py = Proj g 4 V- Since Hellinger distance contracts
under measurable maps, we have

H( Proj g Hsas NDM) = H(Projﬁ# Hsas Projg 4 Vto) < H(Ng:mv Vto)-
By the triangle inequality for H,
H(p G Vio) < H (T p2,) + H(1E0, vio)-
Squaring and using (a + b)? < 2a? + 2b? gives
H2 (130 vio) < 2H (150, #22,) + 2H (12, v1o)-
Finally use H2(P, Q) < KL(P||Q):
H?(ug8, 0 170,) < KL(ugs, I uls,),  H (20, ve0) < KL(Z, | v1,)-

Therefore,

H? (Proj gy 155, How) < 2 KLY, || 152,) + 2 KL, || v4,). (C4)
By [Theorem I.1|applied at 03 = t, for any a > 0, with probability at least 1 — N~% over the N
samples,

alog N
KL u2,) = o “EY ).
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On the other hand, (C.3) holds deterministically under [Assumption I}

KL(UZSP | vey) < %5LN-

Substituting these two bounds into (C.4), we obtain that, with probability at least 1 — N~ over the
N samples and any algorithmic randomness,

H2(Pr0jﬁ# (Maaa * N(0,t01p)) /U'DM) = O( ) + O(ewx),

which is exactly the claimed bound. ]

alog N
N

Notations in to[H] We introduce some notation that will be used extensively in the
following sections.

For a function f : R™ — R, we use D’[f](z) to denote the j'" derivative of f at z, provided its
existence. For a function g : R™ — R™, D?[g](z) denotes the concatenation of the entry-wise

derivatives, ' ' .

D[g)(z) = [D?[g1] (=), - .., D?[gn](x)] .
Note that D7[g](z) is a j-linear operator, and we denote its operator norm by || - ||,,. We abbreviate
D[] by D[].

D FuNcTION CLASS

Let supp(ftemp) = YN := {y1,...,yn} and recall that (;;,, denotes the minimal reach over the
manifold class under consideration. As in prior work, we assume that the intrinsic dimension k of
M* is known. For each y; € Yy, let W; € RP** have orthonormal columns, and suppose that
span(W;) approximates the tangent space T, M* up to a constant angle:

Omax (span(W;), T,, M*) < 0.1, (D.1)

where 0,,.x denotes the largest principal angle between subspaces (see [Section B)). Such constant-
accuracy tangent estimates are standard and can be obtained, for instance, by local PCA (Aamari &
Levrard, |2018). In the regime we consider, achieving this accuracy requires only a constant number
of samples per anchor point.

Define the localized domain (B7 denotes the Euclidean ball)
N o
U = BE“°( » ﬂ) D.2
i=U1 B (v 5 (D.2)

It is easy to show that U is connected with high probability; see [Theorem G.I] For boundary points
x € OU, we define the set of outward unit normals by

fi(z) = {n €RP ‘ Jy € Yy st [lz — y| = 2= and n = Hx - yH } (D.3)
r—=Yy
Fix smoothness parameters L := (L, ..., Lg), and define the distance-potential class
Dy = {n e C#(U) : (Eikonal) VreU, ||Vn(2)|? = 2n(z); }

(Non-escape) 30 >0, Vz € dU, Vn € 7i(z), (Vn(z),n) > 0;
(Anchoring) Vi e [N], n(y) =0;

(Rank) Vi € [N], rank(V?n(y;)) =D — k;
(Angle) Vi € [N],  Omax (span(Wi), ker(VQU(yi))) <0.1m;
(Smoothness) V5 € [B], [[VInllop < Lj.
(D.4)
Finally, we specify the terminal-time score class as:
S = {s 1 (0,t0) x RP = RP | s(z,t) = —1Vn(z) forz € U withny € D
and s(z,t) = 0 for z ¢ IU}. (D.5)
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Remark. The defining feature of D¥ is the eikonal constraint, which captures the geometry of the
squared distance potential n* = % dist (-, M*)? and hence the leading ¢~! projection term in (12).
Another key ingredient is the (Non-escape) condition in (D-4), whose verification for n* is nontrivial
and is proved in[Section G.5] The remaining requirements are natural: the anchoring constraints
act as boundary conditions; the rank constraint enforces the intended codimension D — k; and the
principal-angle condition holds with high probability when W; is obtained via local PCA (Aamari &
Levrard, 2018)). Finally, for any k-dimensional closed C? embedded submanifold M* C RZ, there
exists a sufficiently large constant L such that n* € D’ﬁ (see, e.g.,|/Aamari & Levrard| (2019)); we
therefore fix such an L throughout. See for details.

E PROOF SKETCH OF [THEOREM 2.2]

Theorem 2.2|is proved in a “bootstrap” fashion: We first show that the estimator MiscP ~1, which
allows us derive a similar result to with a slightly weaker approximation guarantee

(see below); This first step allows us to further show M is C? and the approximation error is further
reduced to O(W) as in [Theorem 2.2| Conditioned on that{Theorem E.l1|is correct, the proof of
[Theorem 2.2lis stated in[Section H.J|

The key ingredient behind this improvement is the following nontrivial fact: if M is close to the
ground-truth manifold M* in Hausdorff distance (as guaranteed by [Theorem E.), then the associated
function 7) (such that § and 7 satisfy [Equation (D.5)) coincides with the squared distance function to

M. In contrast, for a general n € D’E, it is not true that 7 is the squared distance function to its zero
set, M, = {x € U:n(x) = 0}.
With this ingredient, we can then use the Poly-Raby Theorem (see for example (Denkowskil [2019,

Theorem 2.14) or (Salas & Thibault, 2019, Theorem 5.1)) to show that M\ is CP. Once we have this
enhancement, we can reuse the proof of the C®~ again to obtain the improved result.

Theorem E.1 (Weaker version of Assume that 4., is supported on a compact,
connected, boundaryless, k-dimensional C? submanifold M* C RP with f > 2, and that

reach(M*) > (min > 0. Suppose that the parameter L in Dy is chosen sufficiently large such
that n* € Dy, where n* is defined in Equation (B.1)| Pick h = ©((log N/N)Y/*). Let s; be a
score estimate learned from N i.i.d. samples satisfying |Assumption 2| For a sufficiently large N,

— 8
the estimator M := {x € U : sz(x,t) = 0} satisfies with probability 1 — O ((11,) ") Sfor all
te (7’7 t()],

A (M, M*) = O(N~—-1/kY, (E.1)

where O(-) hides polylogarithmic factors in N and constants depending only on (k, D, 3, Cin)-

Remark E.2 The only difference (highlighted in red and bold face) of|[Theorem E.l\and|Theorem 2.2|
is that the exponent in|Equation (E.D)|is (8 — 1) instead of (3 as in|Equation (15)|

We now provide a more detailed proof sketch for[Theorem E.T}

Proof. The proof consists of three main steps:

* Characterize the topological, geometrical, and analytical regularity of the set M,, = {z € U :
n(x) = 0} for the functions 7 in the set D¥ (D.4).

Topology of M. We first show M,, is connected with a deformation retract argument. Moreover,
since every 1) € Dy is locally a Morse-Bott function, we can further conclude that M,, is a
CA~1 smooth embedded submanifold of R” without boundary. This result is summarized in

Theorem G.31
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We highlight that in general, for a C® Morse-Bott function 7, we can only show that
its critical set, M,,, is CP~! submanifold. In contrast, if  happens to be the squared
distance function to M, this can be further improved to CB,e. g. by (Denkowskil
2019, Theorem 2.14). However, at this stage, we cannot show that 7 is a squared
distance function to M,, and this is the fundamental reason why we can only have a

weaker result (in the sense of regularity) in[Theorem E.T}

Geometrical Property of M,,. Our next goal is to derive a local geometric description of M,,.

Specifically, we show that for every point x € M, there exists a D-dimensional Euclidean
open ball centered at x in which M,, can be represented as the graph of a function over
an open ball in R*. This is highly nontrivial because it requires a uniform positive lower
bound on the reach of M,,. The reach depends on both the curvature of the manifold and the
possibility of near self-intersections. The smoothness assumption in (last line)
controls the curvature, but it does not directly control near self-intersections.
To overcome this difficulty, we prove two facts. First, in a neighborhood of fixed radius around
every point x € Y;, C M*, the function 7 is exactly the squared distance function to M,,; see
Second, this implies that the same neighborhood contains no points from the
medial axis of M,,; see[Theorem G.6 Together, these two facts yield the desired local graph
representation of M,,.

Regularity of the local graph representation of M,. Our next step is to convert the regularity
and the smoothness of M, to its local graph representation. This step is mainly built on the
implicit function theorem.

* Show that, for a candidate solution s, that fulfills the corresponding function
i € Dﬁ also minimizes a Principal Manifold Estimation (PME) loss 1!

 Show that when the PME loss is small for 7, a polynomial estimation loss (H.19) is also small.

The third statement can be converted into a bound on the Hausdorff distance between the estimated
manifold M and the ground-truth manifold M*. Finally, since both M* and M have reach
bounded away from zero, this Hausdorff control can in turn be translated into closeness of the
corresponding projection maps on the intersection of their tubular neighborhoods. |

F A GRAPH-OF-FUNCTION REPRESENTATION OF A SMOOTH SUBMANIFOLD

We collect here the preparatory material needed to specify the function class in For any
closed (compact without boundary) k-dimensional C? (3 > 2) submanifold M embedded in R”,
it admits the following representation; see [Figure F.I} Let z,., € M be any given reference point.
There exist open sets V' C RP centered at z,., and U C R¥ centered at 0, such that every point
x € V N M can be represented as

x=U(0) = Zpog + Wepv + erfN,.ef(v) with some v € U. (F.1)
Here W, € R%** is a column orthogonal matrix that spans the tangent space T, M, i.e.
Ty,.. M, = span(W.,,), and W, € R(@=k)xk g jts orthogonal complement; N, : RF — R~ is
locally a C# function and (v, N,;(v)) € R¥ x R?~* is the coordinate of = under the basis (W,.;, W.1).
Moreover, N, admits the following conditions

N.t(0)=0  and  D[N,(0) =0, (F2)

where v = 0 corresponds to the point .., in the chosen chart. The first condition ensures that M
passes through z,.;, and the second ensures that the tangent space of M at .. is exactly span(W,.;).

Further, by compactness, for a fixed C? submanifold, we have (1) its reach is bounded from below and
(2) for any z,., € M™*, the operators of DJ [N..| are bounded from above within the open domain V.
To derive concrete statistical complexity bounds for submanifold recovery, we follow the previous
work (Aamari & Levrard, 2019) and specify these bounds as follow.

Definition F.1 For 8 > 3, (yin > 0, and L := (Lo, Ls,...,Lg), let C?mm L be the class of
k-dimensional closed submanifolds M C RP such that:
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span(Wier)

Figure F.1: A local representation of a submanifold M € C?.

* Reach condition: reach(M) > (nin.

* Local graph representation: For every x..t € M, there exists a radius v > ﬁ, an open set

V C RP, and a C® map Nyet = Bi(0,7) — RP=F such that M NV admits a one-to-one
parametrization

U B(0,r) > M0V, U asin[Equation (FD|with Nyet.

s Derivative bounds: For every v € RF with |v] <
I1D7 Niet (0)llop < L;.

i and every 2 < j < j3,

Here D7 ¢(v) denotes the jth derivative of a map ¢ : R* — RP~F at v, viewed as a j-linear form,
and || - ||op is the associated operator norm.

We note that the submanifold class is exactly the same as the one considered in (Aamari & Levrard,

2019, Definition 1) and hence the lower bounds in (Aamari & Levrard, 2019, Theorems 3, 5, 7) also
apply here.

G AUXILIARY DETAILS FOR THE FUNCTION CLASS CONSTRUCTION

This section records additional details underlying the construction of the function class used in

[Section 2.3

Connectedness of U. Recall that in[Section 2.3 we let

SUpP(fhemp) = Yn = {y1,-.-,yn} S M™.

=o(5))

A standard covering argument implies that, for NV sufficiently large, Yy is an e-net of the target
manifold M* with e = h/2, with probability at least 1 — N—F/%; see, e.g., (Aamari & Levrard, [2019,
Lemma 4).

Recall the definition of U from (D.2):

Set

U= LNJBD(yG;) (G.1)
i=1

where (i denotes the minimal reach over the manifold class under consideration. By construction,
U C RP is a neighborhood of M*. The next lemma records the basic topological and geometric
properties of U.
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Lemma G.1 (Connectivity and minimum width of U) Suppose that Yy is an e-net of M* (in the
ambient Euclidean metric) for some € < (pin/2. Then U is connected. Moreover, U contains the
tubular neighborhood of M* of radius (imin/2 — ¢, Le.,

Teoin/a—e(M*) = {z € RP : dist(z, M*) < (in/2 — €} C U.

Please find the proof i In the rest of this section, we will justify the construction of

the function class Df (D.4) by showing every member function 1 € Dy is “distance-like”; Moreover,
on a subset of U, 1 is exactly a distance function to some embedded submanifold.

* We first consider a superset of Df: With only the Eikonal equation and the non-escape

boundary condition (first and second lines in[Equation (D.4)), define

D:={necCf)| VzelU, |Vnx)|?=_2n(x) (Eikonal equation)

36 > 0,V € 90U, Vn € 7i(x), Vn(z) -n > §},
(Boundary barrier)

where we recall the definition of the outward normal set 7i(z) in[Equation (D.3)l We show
in[Section Gl that all members of the above function class are distance-like functions: For
every 1 € D, define M,, = {x € U | n(z) = 0}.

- M,, is a connected closed smooth embedded submanifold of R”;
- n(z) = $d3(z, M), where
dy(z, M,) = inf{Length(a) | : [0,1] — U absolutely continuous,
a(0) =z, a(l) € ./\/l,,}. (G.2)

Further, consider the following open set (half-size to U)
N Gt
Uy = L_Jl By (yis 250, (G3)

- We show that for z € Uy, dy(xz, M,)) = dist(z, M,)).

— Built on this result, and together with the feature ball lemma (Deyl 2006, Lemma 1.1),
we show that for any D-dimensional ball U C Us, U N M,, has at most only one
connected component.

We then show that M, can be locally represented as the graph of a function, as discussed in[Section F}
This is useful for our later derivations.

» With the further anchoring constraint, rank constraint, and subspace angle constraint (third,
fourth, fifth lines in , we show in that for every n € Dk,
the dimension of its zero set M,, := {z € U | n(x) = 0} is k and locally, it admits a
representation as discussed in i.e. the graph of a function over a ball in R*.

» With the smoothness constraint (last line in[Equation (D.4)), we show in[Section G.3|that the

graph-of-function representation of M,, has nice regularity properties; i.e., the derivatives of
the corresponding local function are bounded in terms of operator norm up to order 8 — 1.

G.1 DISTANCE-LIKE FUNCTION CLASS RESTRICTED ON U

Lemma G.2 (Global-in-time existence of gradient flow under (Boundary barrier)) Recall the

definition of U in[Equation (D.2)| Forn € D, consider the negative gradient flow
i(t) = =Vn(z(t),  2(0)=z0€l. (G.4)

Then a unique global solution exists and x(t) € U for all t > 0.
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Please find the proof in Built on the above result, we can identify the manifold
structure of the zero set of any n € D.

Lemma G.3 For any function n € D, define M,, := {z € U | n(z) = 0}. We have that M,, # ()
and it is a closed connected CP~1 smooth embedded submanifold of RP.

Please find the proof in[Section G.4.3] Note that we cannot determine the dimension of M,, with only

the requirements in D, and further assumptions like the rank constraint (fourth line in[Equation (D.4))
are needed for that purpose.

Theorem G.4 (Classical eikonal solution equals the distance to M) Recall the definition of U

in|Equation (D.2)| For any n € D, define M,, := {x € U | n(x) = 0}, which from|Theorem G.3|we
know is an embedded smooth submanifold. Recall the definition of dy(-, M) in|Equation (G.2)] We
have

1
n(z) = 3 dy(z, M,;)? vz € U.

Please find the proof in Moreover, we show that on Us, a smaller neighborhood of Y,,
dy(-, M,,) identifies with dist(-, M,,).

Lemma G.5 On Us, we have dy(-, M,) = dist(-, M,,).
Proof. For any point = € Us, by definition, there exists y € Y,, such that ||z — y|| < Cnin/4. We

clearly have dist(z, M,,) < ||z — y|| < (min/4. since we also have y € M,, (anchoring constraint).
Consequently, we have
. Cmin

7Tn((E) € BBC(:% 2

Now both z and 7, () are in B (y; 4"‘7“) C U, and note that B} (y; C“T) is a convex set. So

)CU. (G.5)

the whole line segment between x and 7, (x) is in B} (y; C“‘f) C U. Consequently, dy(z, M,) =
d(z, M) for any point x € Us.

Lemma G.6 For any open ball U C U, and any n € D, we have that U N M, has at most one
connected component.

Proof. We prove by contradiction. Suppose that there exists an open ball U C U, such that U N M,
has at least two connected components. Use k to denote the dimension of M,,. Clearly, U intersects
with M,, at least two points. Moreover, since U N M, is not connected, it is not homeomorphic to a

ball in R*. By the feature ball lemma (Dey, |2006, Lemma 1.1), there exists a medial axis point in U.
However, since U C Us, by n= % distQ(-, ./\/l,,) is non-differentiable at this medial
axis point (since the projection onto M, is not unique). However, since for any n € D, n € C AUy,
we have a contradiction.

G.2 GRAPH-OF-FUNCTION REPRESENTATION OF MT? ON A LOCAL PATCH

Theorem G.3|shows that, for any 1 € D (a superset of Df), Mi, :={z € U | n(x) = 0} is a smooth

submanifold. The rank constraint (fourth lines in[Equation (D.4)) specifies the dimension of the zero
set for ) € Df.

Lemma G.7 For every n € Dy, its zero set M,, := {x € U | n(x) = 0} is a k-dimensional
connected closed CP~1 smooth embedded submanifold.

Recall the extra anchoring constraint (third line in|[Equation (D.4))) in D]’f. According to[Section EL in
the neighborhood of every anchoring point .., € Y,,, we can represent M, locally as the graph of a

function over a ball in the tangent space T}, , M, C R¥. Please see|Figure G.1|for an example.

Remark G.8 We highlight that this is a non-trivial result since we do not make assumptions on the

reach of M,,: To establish the graph-of-function representation of M, in we need

to rule out the case where, for some 1 € D, M, is almost self-intersecting. Since otherwise, it
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is possible that for any d-dimensional ball U with a fixed radius, there exists some 1 € D where
U N M,, could have two disconnected components. While this worst case scenario can be naturally
avoided by a global reach lower bound, we manage to exclude it in even without making
such a strong reach assumption.

n > Ty, .My = span(Wy)

Figure G.1: Understanding the hypothesis score function class {s,,} in the local coordinate: i) pick
a reference point z,.; € M?*; ii) any k-dimensional C®~' submanifold M,, passing z,.; can be
parameterized by [WW,,, Nn] in the sense that for all £ € M,, N B}y (,.r, h), there exists a unique
coordinate (@, N,,()) under the basis (W, W,); iii) for any # € Bjy (.., h), the projection
onto M, is unique, denoted by m,(z); iv) the score function indexed by 7 can be written as

Sp(tyz) == fw for x € BE (2er, h).

For each ), let W), € R%** be a column-orthonormal matrix whose columns span the tangent space
Ty, . My. Let Wi € R(4=F) denote an orthonormal complement, and let N, : R¥ — R9~* be a

polynomial map of total degree at most 3 — 1. As discussed in for a sufficiently small
chart neighborhood V" around z,.., every point £ € M, NV admits the representatio

& =T+ Wy + WEN, (),  @eR" (G.6)

The anchoring and tangency at .., impose the normalization conditions (see [Equation (F.2))
N,(0)=0 and  D[N,](0) =0, (G.7)

where & = 0 corresponds to the point x,., in the chosen chart.

G.2.1 CHANGE OF BASIS

For the subsequent analysis, it is more convenient to re-express the same local patch around z..; in
the unknown ground-truth basis (W,.;, W.1,), where T}, _, M* = span(W,.;).

ref

Accordingly, given a point & € M,, around z,.;, we derive its coordinates (u, N,(u)) under the
ground-truth basis (W,.;, W) from its coordinates (i, N, (i)) under the hypothesis basis (17, Wh).

ref
This change of coordinates implicitly defines a new function N,, : R¥ — R?~*_ which will be the
object used in our analysis. Concretely, for any & € M,, N BY (2,.:, h), we can represent it under
both bases

&= Toer + Wyt + W Ny (@) = Toe + Wieeew + WEN, (u). (G.8)
Define two functions F : R¥ — RF and G : R¥ — R4—*

Fla) =W WEN, (@) and G(2) = W Wya+WhL WEN,(a).  (G9)

Wi+ W,

ref

>Since we assume that, for every 7 € Dy, the operator norms of its derivatives are uniformly bounded, it
follows that the size of V' is bounded below by a positive constant. We provide the details below.
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Multiplying both sides of [Equation (G.8)|by W.[. and (W.1) T yields two equations

F(4) = wand G() = Ny(u). (G.10)

We highlight that the subspace constraint (fifth line in ensures that F is invertible
locally around @ = 0 (¢ = 0 corresponds to the point z..;), and hence one can locally write

N, (u) = [G o F7Y|(u). (G.11)

‘We make the above derivation rigorous using the inverse function theorem. We highlight that [V, is
only used in the analysis. It is not practically available as it involves W.., which is unknown.

T, M = span(Wier)

> Ty, .M, = span(W,))

Figure G.2: Change of basis. For any point & € M, N B%C(xmf,h), use (@, N, (@) and
(u, Nyy(u)) to denote its coordinates under the bases (W,,, W) and (W,.., W, ) respectively. When

ref
Umin(WnT W..:) > 0, for a sufficiently small 4 > 0, one can identify N,, with Nn up to a diffeomor-
phism.

Theorem G.9 (Change of basis) Letn € D¥. Recall the expressions of F and G in|Equation (G.10)
Under this condition, for a sufficiently small h and for all w € By(0, h), the function F defined in

quation (G.10)|is invertible and the local coordinate function N, under the basis [W, WJ-] writes
N, (u) = [G o FY(u). (G.12)

Further, one has that

* The minimum eigenvalue of D[F)(0) is lower bounded by 1/1 — sin®(0.27) > 0.
* The Jacobian of N, is given by
DIN,](u) = DIG)(F~"(u)) D[F~")(u) = D[G](F~ ! (u))(DIFI(F~(u))) ™", (G.13)

D[G](a) = WL W, + WL WLEDN,) (@) (G.14)

ref ref

D[F)(@) = W[ W, + W, W, D[N, ] (i0). (G.15)

ref ref

Moreover, the first-order Taylor expansion of N,, around 0 is
Ny(v) = Ny(0) + D[N, ] (0)v + O([[]*),

where we have

ref ref

N, (0) = 0.and D[N,)(0) = WL "W, (WLw,) ™" (G.16)

* N, € CP~1 and the operator norms of the derivatives of Ny, up to order 3 — 1 is bounded in

Bi(0, 1),
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Proof. We prove this result using the implicit function theorem (Krantz & Parks| [2002, Theorem

3.3.1). We highlight that the subspace angle constraint (fifth line in [Equation (D.4)) plays a key role
in establishing the invertibility of F'.

Clearly, to show the existence of N, as defined in Equatlo_n (G. lzil, we only need to show the
existence of F'~1. Following the notation of (Krantz & Parks, [2002, Theorem 3.3.1), set

b(u, ) =u— F(a). (G.17)
If we can verify that D, ® is invertible around 0, we have the existence of F'~! around 0 and moreover
we can explicitly write down its Jacobian by the implicit function theorem. To this end, recall that
D[N,](0) = 0 by construction; see [Equation (G.7){ We can hence calculate
Dg[®)(0) = ~W,[ W,

Use 0yin and 0p,,x to denote the minimum and maximum singular value of a matrix. Note that by
(J1-Guang, |1987, Theorem 2.1)

amin(WT W,)) = c08 Omax (span(W,.,), span(W,,)) = \/1 — sin? Omax (span(W..), span(W,))

ref

where we recall that 6., denotes the largest principal angle between two subspaces. Hence by the
subspace angle constraint (fifth line in[Equation (D.4)), we have that singluar values of D;[®](0) are

lower bounded by v/1 — sin® 0.1z > 0 and hence Dy [®](0) is invertible. |

G.3 REGULARITY OF THE GRAPH-OF-FUNCTION REPRESENTATION

To derive a concrete statistical complexity bound, we need to ensure that the operator norms of the
derivatives of N, are bounded by some constant. In the following, we show in[Theorem G.10|that
the smoothness constraint (last line in[Equation (D.4)) can be used to bound the operator norms of
Di Nn (defined in lEquation (G.6)|), which in turn bounds the operator norms of D7 N, (defined in

Equation (G.12)), as shown in|Theorem G.11}

Lemma G.10 Let n € Dy. Denote its zero set M, = {x € U | n(x) = 0}. Let z,.. € M* be any
fixed reference point and recall the definition of ]\7,7 in lEquation (G.6)I By|Theorem G.5l we have
that Vi (z) = x — m,(x) on Uy, where , denotes the projection onto M,. Then, we have that
]\7,7 € CP~1 and for each j € {2,...,3 — 1} there exists constants L = (Lo, ... ,I:j7 . ,ﬁﬁ,l)
that only depends on (k, D, j, L) such that, for all h below a constant threshold

Vu € Bi(0,h), | DIN,)(w)]op = Lih and | DIN,)(w)]lop < L. (G.18)

Please find the proof in

Lemma G.11 Let ) € Dy. Denote its zero set M,, = {x € U | n(z) = 0}. For any z,.; € Yy,
recall the graph-of-function representation of M* N B (%,.¢, h) under the unknown ground truth
basis in and the definition of N,, in For h below some constant

threshold, we have the following results:

 Forall i € Bi(0, h), we have omin (DF (1)) > m for some universal constant m > 0 and
hende DF (4) is invertible on By (0, h).

* There exists some L' = (L}, Ly, ..., L) = L'(L, j,d, D) such that

1D N,y (0)[|op < L. (G.19)

Proof. Recall the definition of NV, in|Equation (G.12)| First, we show that for all & € B (0, h), the

matrix D[F|() is invertible.
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Invertibility of D[F|(@). To see this, calculate that
DIF)(a) = W, W, + W, W, D[N, ] (@),
and hence we can bound

IDIF)@)lop > W, Wallop — W,

T/ ref

W, DIN,)(@) lop.

From [Theorem G.9} we know that |[W.]. W, ||,, = || D[F](0)||lop > V/1 — sin® 0.27. Moreover,
from [Theorem G.10, we know that ||W,[ W= D[N, ](@)||sp = O(h). All together, for all u €

ref

By(0, ), we have that || D[F](@)]|,p is bounded from below by some universal constant m.

By the inverse function theorem, we can ensure that the operator norms of the derivative of 1
can be bounded by the operator norms of the derivative of F'. Consequently, by the chain rule
of composition, the operator norms of D’ N, can be bounded by that of D/N,. Together with

and the smoothness constraint (last line in[Equation (D.4)), we have the result. W

G.4 PROOFS OF[SECTION Gl
G.4.1 PROOF OF[THEOREM G.1]

Proof. Connectedness of U. We first show that M* C U: Since Y, is an e-net of M*, for any
x € M*, there exists y € Y, such that ||z — y|| < € < (min/2. Hence z € BY (Y, (min/2) C U.
Consequently, a connected path between any two points z; € B%(y1,(min/2) and z2 €
B%(y2,Cmin/2) in U can be constructed as first connect z; with y;, ¢ = 1,2, and connect y;
and yo through M*.

Inclusion of a tubular neighborhood of M*. Consider any point  in the tubular neighborhood
of M* with radius (Cmin/2 — €), the projection of x onto M* is unique. We denote this point by
m(x). Since Y, is an e-net of M*, there exists some y € Y,, such that ||7(x) — y|| < e. By triangle
inequality, one has

[ =yl <llm(z) — 2] + [I7(2) =yl < Cmin/2 = = € BE(y; Guin/2) € U.

[ |
G.4.2 PROOF OF[THEOREM G.2|
Proof. Recall the definition of U in[Equation (D.2), Define
L Cmin L
gi(x) == 5 |z — v, b(x) == 113111_2%%91(30), (G.20)
where y; € Y.
Assume for contraction the gradient flow (G.4) hits the boundary of AU in finite time, i.e.
T=inf{t>0]|xz(t) ¢ U} < . (G.21)
Denote x,. = z(T') and use I to denote the active set at x,, i.e. the indices that ||z, — y;|| = %
The corresponding outward normal vector at « # y; is denoted by
ni(z) = — 2 (G.22)
[ —will
Pick any 7 € I, and define along the trajectory
hi(t) = gi(x(t)) = ri — |2(t) — yil.
Each h; is C* on ([0,T]), and
] . . . SC(t) Yi o
hi(t) = (Vgi(x(t)), 2(t)) = ( — FOETL —Vin(x(t) ) = (ni(x(t)), Vn(z(t)).  (G.23)
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By the continuity of n; and V7 (w.r.t. ), there exists a radius p such that for all z € U N B(z., p),

(), V() > 3.
Since x(t) — x, as t 1 T, there exists 7 € (0,7 such that
x(t) € B(xy,p) forallt € [T —7,,T].
Consequently, forall ¢t € [T — 7, T,

hi(t) >

N

Since i € I, we have h;(T') = g;(z.) = 0. Integrating (G.23) from ¢ to T' gives

T T
o—hxt):hi(T)—m(t):/t ms)dsz/t )

hence
hi(t)g—g(T—t)<0 Vte [T —1,T).

So T is not the first hitting time of x(¢) on OU, which contradicts with the definition of T". ]

G.4.3 PROOF OF[THEOREM G.3|

Proof. Since 7 is a continuous function and U is compact, M,, is compact. Moreover, we have from
(Boundary barrier))
M, NoU = 0.

Moreover, by the (Eikonal equationl), » > 0. Hence (Eikonal equation)) also implies that 7 satisfies the

Polyak-tojasiewicz (PL) inequality on U. Consider the negative gradient flow (G.4).
shows that it exists globally in time. Moreover, note that

%n(ﬁf(t)) = —[IVn(z(®)|I* = —2n(=(t)) = n(z(t)) — 0ast — 0. (G.24)

By the PL inequality, x(t) is convergent. Moreover, we have z(co) ¢ OU since otherwise

Vn(z(00)) = 0 which contradicts with (Boundary barrier). Consequently, z(co) € M, # (.

Manifold structure of M,,. Let M; be an arbitrary connected component in M,,. For any point
x € My, since 7 satisfies the PL inequality on U (and hence around ), from (Rebjock & Boumal,
2024), we know that M is locally a C#~! embedded submanifold without boundary.

Connectedness of M,. Our strategy is to show that there exists a deformation retract ' : U x
[0,1] — U of U onto the topological subspace M,, C U. If this is true, using the standard result in
topology, e.g. (Hatcher, 2002), M,, shares the same connectivity with U. Since we have shown that
U is connected, so is M,,.

The negative gradient flow (up to a change of time) induced by the potential 1 gives a natural
construction of the deformation retract, please see (Criscitiello et al., 2025)). The only thing we need
to change in their proof is that their domain is R”. But since under our boundary condition, the
gradient flow never leaves U, the proof remains the same.

We have proved the statement. ]

G.4.4 PROOF OF[THEOREM G.4|

Proof. We denote in the following p = 1/27. Since n > 0, p € C#~1(U \ M,,). One can calculate
that

2Vn
= ||—| = 1. 2
1Vl = I35 (G.25)
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Step 1: p(z) < dy(xz, M,). Fix x € U. Let « : [0, 1] — U be absolutely continuous with a(0) = x
and a(1) € M,,. For s € (0, 1) the map p o « is absolutely continuous on [0, s] and for a.e. ¢t € [0, 5]
we have (using Cauchy—Schwarz and |Vp| = 1 on U \ M,))

%P(a(t)) = Vpla(t)) - o/ (t) = =|Vp(a(t) o' ()] = —[a’(t)].

Integrating from O to s yields

plals)) — pla) > / (o) dr.

Letting s 1 1 and using continuity of p on U plus p(«(1)) = 0 gives

1
p(z) < / |’ (t)] dt = Length(a).
0

Thus p(x) < Length(a) for every admissible «, hence p(z) < dy(x, M,,) after taking the infimum
in (2.
Step 2: dy(z, M,) < p(z) for x € U\ M, (characteristics). For each z € U\ M,, let
vz : [0,Ty) = U\ M,, be the maximal (classical) solution of the characteristic ODE

'7;@) = —Vp(1(1)), 72(0) = =, (G.26)
where T, € (0, o0] is the maximal existence time in U \ M,,.
Following a similar proof as in[Theorem G.2} the solution ~, exists on [0, p(x)] and remains in U.
For t € [0, p(x)), differentiating p(~.(t)) and using (G.26) gives

%p(%(t)) = V(1) - 7. (t) = Vo(r(®) - (=Vp(1:(1) = =[Vp(ra(1))]* = —1.
Therefore p(7,(t)) = p(z) —t for t € [0, p(x)), and by continuity we obtain
p(12(p(2))) = lim p(yx(t)) = 0.
ttp(x)
Since p = 0 precisely on M,, it follows that v, (p(z)) € M,,.
Next, since |Vp| = 1on U\ M,,

p(x) , p(x) p()
Length (o) = [ atoldt= [ (Vptn@nlat= [ 1dt = pla).
0 0 0
Thus 7z [0, ()] is an admissible curve from z to M., of length p(x), so dy(z, M) < p(x).

Step 3: conclude equality. Combining Steps 1 and 2 yields p(z) < dy(z, M,) < p(x) for all
xz € U\ M,,. For x € M,, both sides are 0 by definition. Hence p(z) = dy(z, M,,) forall z € U
and it is unique. u

G.4.5 PROOF OF[THEOREM G.10]

Proof. From [Theorem G.5, we know that on Us, one has n(-) = %distz(-7 M,,), and hence

Vn(z) = x — 7, (), where 7, denotes the projection operation onto the hypothesis manifold M,,.
Define the function ¥ : R¥ — M,, as

U(u) = 0 + Wyu + W;‘Nn(u) with some u € RF.
where we recall the definition of W, W,f- and Nn in There exists an open
neighborhood U C R* around 0, on which one has the identity
VueU, m(¥(u))="(u),
since ¥(u) € M, and , is an identity operation on M,;. Following the discussion in[Section F we
have that N,, € C#~! since M,, is C°~1. Moreover, we will exploit the following fact:

Yz € My, D[my)(z) = Prom,,
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where for some subspace of R”, V, Py, denotes the orthogonal projection matrix onto V.

Apply (W) on both sides, one has
(W) T (W (u)) = Ny (u). (G.27)
Take derivative w.r.t. u, one has
(W) Dlmy) (W) D)) = (W) Dy ((w)) (W, + W, DING ) (w)) = DINy | (u).

Rearranging terms, we have
-1

DIN,J(u) = | Tpox — (W5) " DlmJ(@()W | (W) " Dl (W ()W,

=:A =B

Invertibility of A. Use W, to denote an orthogonal basis of span (7 ,)M,). And for com-
pactness, denote P, = Pr,, m, = W, W, and P = P(T "= W(W )T, We

Tref

M
have

T T T
(W) DlmJ(¥(u)W," = (W) PW, = (W,") W, W, W, (G.28)
Let 0pax(+) denote the largest singular value of a matrix. One has
T T
Umax((W;_) WUWJW;_) = O—maX(WJW;_ (W;_) Wu)

Note that .
Tonzdl L T T
w, Wn (Wn ) Wy + W, Wan W, =1.
Note that if A + B = I, then oppnin(A) = 1 — omax(B), and hence

.
Omax (W, W (W) W) =1— 02, (W, Wa).

Use (Ji-Guang} |1987, Theorem 2.1) again to obtain
omax((WnL)T WUWJWUL) = sin? Omax (span(Wy,), span(Wy,)) = || Py, — Pn||§p.
Note that
Py = D[ry](¥(u)) = Ip — D*[](¥(u)) and P; = Dlmy)(2.er) = Ip — D[)(.cr)-
Hence by the smoothness constraint (last line in[Equation (D.4)), we have
1Pu = Pyli3, = ID*[0](® (w) = D*[n](@er)l5p < Lall®(u) — zocll* = O(R?),  (G29)

op —

since U(u) € B%(z,., h). Consequently, A = (1 — O(h?))Ip_j, > 0 for h sufficiently small.

Boundedness of B. We can simply bound
T T
1(Wy) Dlry)(2(@))Wallop = | (W) WuW, Wallop < [IW, Wyllop.
Following the derivation in Note that
Y € Bi(0,1), W) Wallop = 1P — Pyllop = Lsh.

Combining the above derivation, we conclude that with ﬁl =213
ID[N,)(u) < Lah,
for all h below a constant threshold.

For higher derivatives, apply the multivariate Faa di Bruno formula to the composition (V[/;f-)—rw77 oW,
Atorder j > 2, every term in D7 (W) T, o W] (u) is a finite sum of tensors built from:
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* D'm,)(¥(u)) for 1 < ¢ < 4, and
o derivatives DI[¥](u) for 1 < g < j.

Crucially, the only term in the expansion of D7 [(W;-) "7, o W] () that contains D7 [N,,] (w) is

(W3) T Dl (% (w)) Wy DY [Ny (), (G.30)
Hence the order-j identity obtained by differentiating (G.27) at 0 has the form

DN, () = A7'F; ({D m) (@) oy, DN ()11 ).

where F'; is a universal multilinear combination (coming from the Faa di Bruno formula) that does not
involve D7 [N, (u) on the right-hand side. This yields an induction: assuming bounds for D9[N,](u)
for 1 < ¢ < j—1, one bounds D7[N,,](u) by a polynomial in || D[, ] (®(w))]], .. ., || DI [x,](®(u))|
with a constant L ; depending only on (k, D, j, L). This proves (G.18). [ |

G.5 FEASIBILITY OF THE GROUND TRUTH DISTANCE FUNCTION, L.E. * € Df

Suppose that the parameters in L are taken to be sufficiently large. All requirements in
are straight-forward to verify except for the non-escape boundary condition (second line).

To verify the non-escape condition, for any x € JU, if we can show that for any x € 90U,
dist(x, M*) > (min/2 — €, conditioned on the high probability event that Y;, C M™* is an e-
net of M*. We can then use[Theorem 1.4]to show that all points y on M* such that ||y — || = (min/2
are close to proj(z) in the manifold geodesic distance. Since we have that the Euclidean distance
between y and Proj, ,(x) is bounded by the corresponding geodesic distance, we can use the law of
cosines to ensure the existence of § in the non-escape boundary (note that Vi*(x) = « — Proj,,()).

To establish a lower bound for dist(x, M™*), notice that since Y,, is an e-net of M*, there exists
y € Y, such that ||y — Proj,, (z)| < e. Moreover, since x € 9U, ||y — x| > (min/2 (otherwise,
2 € U which is not in 9U). We hence have

[l = Proj (@)l = [z =yl = [ly — Projy ()] = Cuin/2 — €. (G3D)

d3« (y, Proj,,(z)) = O(e). Following the above discussion, we ensure that Vi*(z) = z —

Proj () fulfills the non-escape boundary condition (second line of [Equation (D.4)).

Now use with M = M*, d = dist(z, M*) and note that ¢ < ¢, we have that

H PROOF OF[THEOREM 2.2

We take the following steps to prove[Theorem E.T} We then prove[Theorem 2.2|based on[Theorem E. ]|
in[Section H.5|

* We first show can be translated to guarantee that a local principal manifold
estimation (PME) problem is solved with high accuracy.

* We then show that the small PME loss implies a polynomial estimation problem is solved
up to the accuracy of ¢.

* By picking t = O(h?(®~1), we can use (Aamari & Levrard, 2019, Proposition 2) to show
that we have estimated the derivatives of the graph-of-function representation for the ground
truth manifold M* to a high accuracy. We can hence follow the same argument as (Aamari &
Levrard,|2019, Theorem 6) to conclude the closeness between M* and M,, in the Hausdorff
sense.

H.1 FROM DENOISING SCORE MATCHING TO PRINCIPAL MANIFOLD ESTIMATION

Recall the definition of Us in and recall [Theorem G.3| which proves that for any fixed
n € Df,
1
Ve e Uy, n(x)= 5 dist2(ac,/\/ln), (H.1)
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where M,, = {x € U | n(x) = 0} is the corresponding zero set. Consequently, we have for every
sy € S (we use the subscript to highlight the correspondence between 71 and s)

Vo e Uy, sy(t,x) = _%n(x)’ (H.2)
where 7, denotes the projection onto M,,.
Define the truncated Gaussian measure as
£~ N 0.t12) = 1 oo L1 <0
Zi-(1-Pr([e] = )) 2t

where Z, is the normalizing factor for the standard d dimensional Gaussian with variance ¢, and s is
some threshold.

For a given reference point x,.. € Y,,, we define a corresponding Principal Manifold Estimation
(PME) loss as follows

PME.(n) :=E oogiht

Zo~Hemp 7$:-’I:0+272NN£~(07tld)

[dist®(z, M,)] . (H.4)

We justify the naming of PME by noting that the above loss defines the average deviation of the
samples x from the corresponding zero set M,,. This is a non-linear extension to the classical
principal component analysis.

Lemma H.1 Let s; € S be a function that satisfies Let 1) be the corresponding
function in DF. We have

PME(77) = O(t). (H.5)
Proof. Recall the definition of DSM;(s; zg) in[Equation (4)l Expand the above quadratic, we have
DSM,(8;20) = B, (afzo) [I5( 2)[I* + I Ve log ge (2 | 20)[|” — 25(t,2) - Vo log g (2 | 20)]
Using Young’s inequality for the last term, one has
1
125(t,x) - Vi log g ( | wo)| < g\IS(t,ﬂc)II2 +2[Vz log gi( | o).

Moreover, one can explicitly calculate that

lz —@o?] _ 1
Eonqs (zlwo) IV 108 G (z | 0) 1] = E(a—ag)n(0,t14) {tg =7 (H.6)
We hence have, for any s € S
1 9 1 3 9 3
gEfNQt,(z\fﬁo) [”S(tﬂx)u ] 7 < DSMy(s;70) < iEqut(rlxo) [|‘S(t7$)|| ] + n H.T

Let 7 denote the projection onto the ground truth manifold M*. We use s* to denote the score
function corresponding to the ground truth manifold, i.e.
x—71*(x .
§* = _7() forz €U and s* = 0 otherwise. (H.8)

We have (use N (z; zo,tI4) to denote the density of N (z,tI,) at x)

1.
Baatotan [I5@IF] = [ 2 dist(o, MO 2N (@10, T
xe

. 1 1
(since zp € M*) < / . t—2||x — 20||2PN (z; 20, tTy)dax < / t—2||x — 20||PN (z; 20, t1g)dz
xTe
1
- 0(3). (H.9)

Using the first inequality in[Equation (H.7)] we have
1 2
LE, et ooy Ll53(@)I] =

mp

<E

1
T [DSM; (s7; 20)] (H.10)

Tref,h
IONHGII:[)
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Using [assumption 2| (w.l.0.g., assume the constant C' therein is C' = 1) and
3 . *-
JEIDI% E o [DSM;(sp;0)] <E [DSMe(s™; 20)]

Trofsh Trefsh
emp Lo~ Pemp

(since s* is feasible), we have

1
epern [DSMe (855 20)] < E ererh [DSMe (8%520)] + n (H.11)

o~ HMHemp o~ Hemp

Using the second inequality in [Equation (H.7)|and [Equation (H.9), we have

3
orerh [DSMe (™5 20)] < iE Zrofoh

To~fhemp To~pehsy  sT~qi(x|To)

. 3
[ls*@)[I°] + 5 = 0(3) (H.12)
Combining the above results, we have

rof
ION#Z}% " w~ge (z]T0)

1
[llsa(@)II”] = O(-) (H.13)
By [Theorem G4} one has

R [d3(z, M5)] = O(t). (H.14)
Since d(z, Mj) > 0, we clearly have
zoNH:r'hergﬁh,INt]t(I|x0)']1(U2)[diStZ(x’Mﬁ)] = O(t)’ (H.15)

where we used that dist(x, M) and dist*(z, M) agree on Us.

Next, we show that [Equation (H.15)|implies PME, (7)) = O(t). Note that for any n € Df

: 1 [HE
PME;(n) =E 4o dist? , — d
() =By /Mgh 72y (i ) R T
2
<E Crofrh / dist? (zo + 2, M) ! exp(— =] )dz
LM |1 < ronin /4 Zy - (L= Pr(l|z] = h)) 2t

1

= — z. e h ist?
= TPl 3 B) Ceonting " aactatao) 1) [ (@ M)

Hence it suffices to show that for z ~ N(0, t1,)

Pr(||z|| = h) < (H.16)

DO =

The probability that ||z|| > 2 We note that the probability of the event that ||z|| > h is bounded

by (up to a constant)
1 2
I(t) == —/ e IF/tdz,
272 Jyzizn

up to some constant. Moreover, by the standard gamma function asymptotics, we have
I(t) = Ot~ P2 exp(—h/t)). (H.17)
Since we choose t = O(h2(#=1)), Pr(||z|| > h) < L for a sufficiently small h.

H.2 FROM PRINCIPAL MANIFOLD ESTIMATION TO POLYNOMIAL ESTIMATION

Recall the parameterization of the hypothesis submanifold M, under the ground-truth basis
(W,or, W) in|Section G.2.ll To approximately recover the ground truth manifold M*, it is sufficient

ref

if one shows the hypothesis coordinate function N,, (defined in [Equation (G.12)) is close to the

ground truth one N,,. In this section, we show that when the PME loss is small, so is the £? distance
between N, and N,., under the measure [ugﬁ;’h}. This result together with (Aamari & Levrard,
2019, Proposition 2) shows that the coefficients of the Taylor’s expansion of IV, and V.., around 0
(this corresponds to z,.) are close up to the Bt order. Following the same argument as in (Aamari &

Levrard, |2019), one can bound the Hausdorrf distance between M, and M*.
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Lemma H.2 Let s; € S be the hypothesis score function that satisfies[Assumption 2|and let 7 be the
corresponding function in D¥. We have (denote v(xg) = W.I (1o — ..¢))

ref

st IV (0(0)) = Nz = O) 1)
Further, let Tg(v) denote the (3 — 2)t" order Taylor expansion of (N,.; — Ny)) around 0. By taking
t = O(h?B=1), we have

E  aen

$0""ll'em‘p

Ty (v(@o))|I”] = O(R*P~V). (H.19)

Proof. First, let us decompose the PME loss into span(W.,.;) and span(W =

). To do so, notice that
we can rewrite the z ~ ¢:(z | 2o) equivalently as

L2042, mg € MY, 2~ N(0,t1y). (H.20)

Recall the local representation of a submanifold in we can write (note that for every
there is a corresponding v = VVL(Q:O — Tret))

L0 = Tret + Wit + WEN,(v). (H21)

ref

Decompose the random noise z accordinig to the basis (W,.;, W.5)

2 =Wezp + W2y, where 2z ~ N(0,tI;,) and zy ~ N(0,tT4_1). (H.22)

ref

In the following discussion, we condition on the event that ||z|| < h (since in the PME; loss, the

expectation is conditioned on this event). Recall the representation of M,, under the basis (..., W)

Neer (v) | Net(v) = Nyw)l| 1

in{Theorem G.9} Define the function %, : RF — R
Tp(u) = Tpor + Wieeu + VVéNn(u) (H.23)

By definition, we have &, (u) € M,,. The projection operator onto M, can be recovered in the
following way: Define
uy(z) = argmin ||z — &, (u)|?, (H.24)
w:||lv—u||<Cph

For some sufficiently large constant C}, > 4 (to be decided later). Note that the constraint |Jv — || <

Cy,h is inactive, as discussed in[Section H.3.1] One has
() = Weeetty () + Wi Ny (uy (). (H.25)
We can hence decompose dist”(z, M,,) under the basis (W,.;, W)
dist* (@, M) = min_ {fla = dy(u)|* = [[v+ 27 = ull® + [ Neus (v) + 25 = Ny (w)|*} -
uillv—ul|<Crh
(H.26)
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Define A, = u — v (we focus on A,, = O(h) due to the constraint in[Equation (H.24)) and define
L:R¥ 5 R

Iz — &y (w)]|* = L(Ay) := | Ay = 22[* + [ Noer (v ) +an = Np(v+ A)| (H.27)
Recall the first-order Taylor expansion of N, in
Ny(v+ Ay) = Ny(v) + DINyJ(v) A, + O(|A, %), (H.28)

with D[N, ] specified in[Equation (G.13)| For compactness, we use J,, to denote D[N, ](v).

To exploit this expansion, define
Lo(Av) = Ay = 27”4 [ N (v) + 23 = Ny(v) = Tu Ao %, (H.29)

that is, we ignore the higher order term in the second term of [Equation (H.27)l We note that Lo (A,)
is quadratic in A,,.

The difference between L(A,) and Lo(A,) writes
L(Ay) = Lo(Ay) = 2Neus(v) + 23 = N (v) = I Ap, O([ A7) + O(I A1), (H.30)
One can hence bound
L(Av) = Lo(A0)| < 2(N.s(v) = Ny(v) = I3 Ao, O A1) + O Aul*) + lzn]I?
= 2((Neet(v) = Ny(@)) |82, O AN ) + (T Au, O A)) + O(IA*) + [[znf?
< || N.os(v) = Ny@) 21 A0 ]| + O A [P) + [l
O(h)[[N.es (v) = Ny(0)[|* + O(R) [ Ao |I* + [l
where we use the fact that A, = O(h). Combining the above results, we have
L(Ay) 2 Lo(Ay) = O(R) [Nyt (v) = Ny (0) 2 = O(W)[| A |12 = [l2n > (H31)
Take minimum on both sides, we have

. S . B B 2 2 _ 21
B LA min A Lo(A) — OB N (v) = Ny ()] = O A = 2]}
(H.32)

This is of interest because

dist? = i — % 2 = i L(A,). H.33
ist”(z, M,)) u:‘lvgll‘ngchhllw Zp(u)| Av:uglfﬁlgchh( ) (H.33)

Notice that the R.H.S. of [Equation (H.32)| is a quadratic w.r.t. Ay, i.e. we have Lo(A,) —
Oh)[|Au|* = |Au]1% + 2{A,, D) + ¢ with

A=T+3] I, —O(h),
b= 21 + Ju(Neet(v) + 28 — Ny(v)),
¢:= [ Nuer(v) + 25 = Ny ()[|* + ||z 1.
Denote Aoy = Omax(J, J,). Note that
1-0(h) 2 A=<14 Anax — O(h).

The minimizer of the above quadratic is attained at A* = A~1b. We can show that A* = O(h) so
it remains feasible when C, defined in is sufficiently large. This is discussed in
Section H.3.2|

Hence

in _ Lo(Ay) = O(W)|Ay]* = ¢ — |IblI%-
Av:HinlenSChh O( ) ( )H || c || ||A 1

= [Nee(v) + 28 = Ny() 1 + llzzl* = 27 + Jo(Neee (v) + 25 — Nyg(0)) 51

= [Nt (v) = Ny (0)[[* = [T (Noer () = Nip(0)) |51
+ 202, Nt (V) = Ny(0)) = 227 + Tozn, To (Nres (v) = Nyp(v))) 41

+llenl® + ller + Jozn G0 + ller|?
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Bound
1—O(h) + Amax 9 1 1—0(h) 9
2 N...(v) — N, <4 - N.s(v) = N, )
e, Nua() = Ny(o))] < A== llenlfa + 3 =g 1y INer(2) = Na(o)]
=0(|1=11?)

and
2/(zr + Jozn, Jo(Neer (v) — Ny (v))) a-1]

1- O(h) + /\max
1—00)

1-O(h)

1
<4 —
- O(h) +)\max4H

197 A or + 3] AT T2 |2 = N.or(v) = Ny (0)]?

=0(||z11?)
We have that
1-0(h)
1= O(h) + Amax

190 (Nece (v) = Ny ()51 < (1= MNeer (v) = Ny (0),

i Lo(Ay) — Oh)||A, |12

1 1-0@0
21— O(h) + Amax

> [ Neet(v) = Ny(@)[ = [[Fo(Neer (v) = Ny ()51 — IN:es (v) = Ny (0) |2 = O(1]]*)

1 1—0(h) 9 9
> — N.,.:(v) — N, -
> 5 (1o ) W¥ealo) = Ny(0)I? - OeIP)
We can hence bound (for £ sufficiently small)
. 1 1—0(h) 1
42 2y > & o) 2y o 2
dist? (2, M) +O(|2]) 2 (1 o0+ Am) IN@) =Ny I 2 g5y INas ()= Ny o) P

Take expectation w.r.t. z = xg + z with z ~ N{.(0,¢I;) and zg ~ pZ=-". The first term on the
L.H.S. becomes PME,(7) and the second term can be bounded by

E.oni 0.1 [I121°] < Eenro,er 12117 = O(). (H.34)

and we hence have the first conclusion by taking n = 7.

Polynomial Estimation. Recall that by definition N, € CP and its derivatives are bounded in
operator norm (see . Moreover, recall that we prove in{Theorem G.9| N,, € CA~" and
show that its derivatives are bounded in operator norm in{Theorem G.11] Consequently, we have that
(N, — N,;) is a CP~! and with its derivatives (up to (3 — 1) order) bounded in operator norm. Let
T5(v) denote the (8 — 2)" order Taylor expansion of (N,.; — N,;) around 0. We have

crorn ([ T5(0) = (Nt (v) = Ny (v)) ] = O(R*P~1). (H.35)

Zo~ Hemp
By taking t = O(h?(®~1)), we have (note that W.[.(z — z,.;) = v)
re T3 (0) 7] = O(R2P7D). (H.36)

Lo~ Herm

H.3 FROM POLYNOMIAL ESTIMATION TO HAUSDORFF DISTANCE BOUND

[Theorem H.2|together with (Aamari & Levrard}, 2019] Proposition 2) ensures that the coefficients of
the polynomial T3 are all close to 0. We can hence use (Aamari & Levrard, 2019, Theorem 6) to
conclude that

dp(M*, My) = O(R°™)

B8 1
with probability at least 1 — O ((}V) k) if we take h = © <(1°§VN) " )
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H.3.1 MISSING PROOFS: THE CONSTRAINT IN |[EQUATION (H.24)|

Under the condition that ||z|| < h, we have

dist?(z, My) = ||z =y (2)|* < ||~ @.es 12 < 2llzo — @e|* + 212> = 482,

2 = llwo+2 = Tt

Moreover, considering only the error in the tangent space, we have

lz—my (@)1 > |W,

et (=20t =W L (0 (1) =20) P = [Jotzr =ty (1) 2 5 o (@) * =227 .

Combining these two inequalities together, we have
o — iy (a)||? < 1202

Hence the constraint in [Equation (H.24)|is inactive, if we take C}, > 12.

H.3.2 MISSING PROOFS: BOUND ON [|Af]|

For a sufficiently small h, A is close to identity. All we need to bound is ||b||. Note that both ||z ||
and ||z || are bounded by ||z|| and J,, is bounded in operator norm. We hence only need to bound

[Neet (0) = Ny ()]

Using N,.(0) = N,,(0) =0 and DN,,(0) = DN, (0) = 0, that we have
[Nret () = Ny ()| = [[Neet (v) = Noet (0) = (N (0) = Ny (0)) ]
< INer (0) = Neer ()| + [N (v) = Ny (0) || = O([Jv[]) = O(),

o(llvlI*) o(llvlN
where the first term is of higher order since by definition D[N,.,](0) = 0 (see[Theorem F.I)) and the
estimation of the second term is from the Lipschitz continuity of D[V, ] in[Theorem G.11
Combining the argument above, we have the conclusion ||A*|| = O(h). Hence if we take C), >

max 12, L}, the constraint is not active. Here we recall the definition of L} in|{Theorem G.11

H.4 HAUSDORFF CLOSENESS IMPLIES PROJECTION CLOSENESS

Lemma H.3 (Hausdorff closeness implies projection closeness) Let M, M C RP be closed em-
bedded submanifolds, and assume

reach(M) > Cnin, reach(ﬂ) > Cminﬁ dH(M,M\) <e,

for some Cin > 0and e € (0, Cmin/4). Fix any r € (0, (min —2¢) and let Proj . : T¢,.. (M) — M

and Proj g : T, (M) — M denote the nearest-point projections. Then, for every x € T.(M),
both Proj ,,(z) and Proj o () are well-defined and

dist(x, M) e + €2
Proj — Proj o < 2 . H.37
| Proj,, () ~ Projg(a)]| < <+ \/ iy s (H37)
In particular, taking the supremum over x € T, (M) yields the uniform bound
re+e?
Proj,, — Proj g || 1, < 2| —————————— (.. . H.38
| Proj,, —Projg [z (rmy) < e+ \/1_ ) o Sminor Ve (H.38)

Proof. Fix x € 7,.(M) and set
pi=Proj, (z) €M, q:=Proja(z) €M, d:=|z—q|=dist(z, M), dy = |z—p| = dist(z, M).
SwWe applywith M the true manifold and
M:={zeU:3(z,t) =0},

where § denotes the estimated score in The manifold M has positive reach by assumption, and the
analogous reach property for M follows from the proof in
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Since dq (M, /\//l\) < g, there exists y € M\ such that
ly —pll <e. (H.39)

Consequently,
lz =yl < llz—pll + llp—yll < dn +e (H.40)

Also, Hausdorff closeness implies d = dist(z, M\) > dist(x, M) — e = dpr — €, hence
|z -yl <dm+e<d+2e. (H.41)

Step 1: reach inequality on M. Since reach(M ) > Cmin and © € T (M) with r < (pin — 2,
we have

d= dist(a:,ﬂ) < dist(z, M) + dH(M,M\) <7r+4¢e < Cmin,

sox € Tepp (M ) and ¢ = Proj () is uniquely defined. A standard consequence of positive reach
(see, e.g., Federer’s theory of sets with positive reach) is that for every y € M,

- d
a2 > 2 _||$ ql| a2 — g2 —al2. )
o=yl = e =alP 4 (1= 5 )y =l = @4 (1= 2 )l -l H4)

(One way to derive (H.42) is to use the hypomonotonicity inequality for the normal cone; it is the
same inequality used in[Theorem I.4]to pass from ambient “near-optimality” to a chord bound.)

Combining (H:42)) with (H.4T) gives

(1= 25Vl —alP < o —gl? & < (@420 = 4de +42%,

Cmin
ly—q <2 -E1E (H.43)

Step 2: conclude by the triangle inequality. Using (H:39) and (H.43),

de + €2
—ql<llp— —qll <e+ 24—,
lp =gl < llp =yl +ly —qll < e +2 /3= Ao

Finally, since d < dp + € = dist(z, M) + ¢, we have 1 — d/(min > 1 — (dlSt({E M) + 5)/le n
and substituting this bound proves (H.37). Taking the supremum over x € 7,.(M) yields (H.38). B

and therefore

H.5 PROOF OF[THEOREM 2.2l CONDITIONED ON [THEOREM E.1|

We now show that the Hausdorff approximation guarantee can be improved from O (N~(#=1/F) in

hcorm 10 O(~#4). s nThorem 23

First, given [Theorem E.T] and provided the number of samples NV is sufficiently large,
(M, M) < (min/8 = Mj; C Us. (H.44)
Here, the set inclusion can easily be shown via contradiction.

Recall that for any n € Df, 5 is the squared distance to M,, = {z € U : n(z) = 0} on Us.
Consequently, U; is an open domain that contains the entirety of M, on which 7 is CP®. Using the

Poly-Raby Theorem (see, for example, (Denkowski, 2019, Theorem 2.14)), we have that /\//T is CB.

We can then exactly follow the proof of concretely [H.T]and [H.2] (replacing

B — 1 with § therein), again to derive the improved approximation guarantee.
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I AUXILIARY RESULTS

I.1 EXPERIMENTAL SETUP FOR[FIGURE 1]

We train score-based diffusion models to learn distributions over the rotation group SO(d). Training
data consists of rotation matrices sampled from either the Haar measure or a Projected Normal
distribution on SO(d), with d = 5. The model is trained with a continuous-time Variance-Preserving
(VP) noise schedule using the standard denoising score matching (DSM) objective. We vary the
training set size n, network capacity (width and depth), and regularisation strength across six
preset configurations, spanning a spectrum from strong memorisation (small n, large models, weak
regularisation) to generalisation (large n, smaller models, moderate regularisation). During training,
we track several diagnostic metrics: alignment of the predicted score with the ideal denoising direction,
the tangent-to-normal ratio of gradients on SO(d), and nearest-neighbour distances between generated
and training/test samples. We quantify memorisation by comparing the ratio of the first to second
nearest-neighbour distances in the training set for each generated sample, and report the fraction of
generated samples classified as memorised.

Architecture. The score model is an MLP with residual blocks. Time is embedded via Fourier
features of the log-SNR, processed through a two-layer MLP producing a 128-dimensional condi-
tioning vector. Input rotation matrices are flattened to R and projected to the hidden dimension.
The backbone consists of residual blocks each containing two LayerNorm + Linear layers with SiLLU
activations and additive time conditioning. The output is scaled by 1/c(t) to parameterise the score.

Training. The loss is the variance-weighted DSM objective:
2
L=F . [Var(t) Also(@r,t) = (—e/a(®))]| } : (L1)

where z; = «a(t) xo + o(t) € and Var(t) = 1 — &(t). Optimisation uses AdamW with gradient
clipping (max norm 1.0).

Sampling. Samples are drawn using annealed Langevin dynamics over 16 noise levels linearly
spaced from t=1 to t,in, With 60 Langevin steps per level. Generated samples are projected onto
SO(d) via SVD for evaluation.

Memorisation metric. For each generated sample, we compute the Frobenius distances to all
training points. The ratio d2/d3 of the squared distance to the nearest and second-nearest training
point is computed; samples with ratio < 0.5 are classified as memorised.

Configuration presets. [lable I.1|summarises the six configurations used in our experiments. All
experiments use d=>5, batch size 512, and an evaluation set of 2 000 fresh samples. Each configuration
is swept over data distributions (Haar, Projected Normal with o € {0.2,1.0}) and random seeds.

Table I.1: Hyperparameter presets spanning from memorisation to generalisation.

Preset nwain  Hidden Layers Weight Decay — Steps LR Bmax  tmin
deep_memo 50 2048 8 10~8 20000 1073 200 10°°
fast memo 100 1024 6 10-8 20000 103 200 10~*
std_small 100 512 4 10—6 10000 5x10* 100 10~*
std.med 200 512 4 10—6 10000 2x10~* 100 103
rob_med 200 512 3 1072 10000 2x10™* 50 1073
gen 1000 512 3 10—6 5000 2x107* 50 1073

1.2 CONVOLUTION SIMPLIFIES ESTIMATION

The key step in the proof of is the following:
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Theorem L1 (Explicit 1/N rate in KL after Gaussian smoothing) Ler i be a probability mea-

sure on R supported on the Euclidean ball B(0, R). Let Xi,..., Xy iid 1 and let py =
~ Zi\il dx,. Fix o > 0 and denote by

2
o) i= (2m0?) 2 exp 1010
202

the density of N'(0, 02 1;). Define the smoothed densities

N
p(x) = (p* @o)(x) =E[pos(z — X)],  qn(x) := (un * o) (x Z (z—X

where X ~ i is an independent copy.

Then, for every N > 1 and every § € (0, 1), with probability at least 1 — §,

d/2
KL(pllgn) < 2Nexp<127R ) (1+ v/ 2log( 1/6) (12)

In particular, for any a > 0, with probability at least 1 — N ¢,
24/2 17 R?
KL(p|lgn) < X p( > (1+\/2alogN)
We will need the following standard lemma.

Lemma 1.2 (A basic KL—x? upper bound) Let p, q be densities with ¢ > 0 almost everywhere.

Then
L(pIIq)=/Rd p(z) log Eg dr < /Rde“’“

Proof. For u > 0 we have logu < u — 1. With u(z) = p(x)/q(x),

KL(pIQ)=/p10gu</p(u—1)=/<pq2—p> =/p:—1,

since [ p = 1. Moreover,

[ (o) [ foe [

because f g = 1. Combining the two displays yields the claim. |
Proof. [Proof of Theorem L]

Step 1: Lower bound ¢y deterministically. Since supp(p) € B(0, R), we have || .X;|| < R
almost surely. Fix z € R%. Then for each i,

[l = Xl < flzll + 11X < ll=[l + R,

hence
_ z|| + R)?
vo(z — X;) > (21n6%) 2 exp <—(|”202)> . (1.3)
Averaging over ¢ gives the deterministic pointwise bound
R 2
an(z) > q(z) = (2mo?)~Y/? exp(—(”g[;”z—i;)) (Vz € RY). (L4)
= o
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Step 2: Reduce KL to a weighted ? norm. By Lemma[l.2]

KL(pllgn) < /(p_q:iN)z.

Using ([L4) (so 1/qn < 1/q),

KL(p[lqn) < /Rd (@) —an(@)*

q(z)

Introduce the Hilbert space
H = L*(q(z) 'dx)

I11B= | ‘Z((‘";)) ar.

KL(pllan) < llay — pll3,-

with norm

Then (L3) reads

Step 3: A uniform bound on the kernel in 4. Fory € B(0, R),
2 Yo (T — y)2
Pol- =Y = / ——dx.
|| ( )HH Rd g(x)
Since |ly|| < R, we have
lz =yl = [lzll = lyll| = ll=]l - R,

hence

0o (z —y)* < (2m0?) " exp (— 5

g

Using the definition of q,

(]l = R)?

(lzll + R)*

exp( -0 ~R?

oo =l < (2ro? 2 [ =

R

As in the original Gaussian integral computation, writing r = ||z|| gives

LG—R? (r+RP_ b4 3R 4R

o2 202 o2
and using
2
BRr < — + 9R?
yields
_r (3R _r R
202 02 T 402 o2
Therefore,
_ R? 9R?
oot~ )13 < o) 2 exp( ~ 0 + 20 [ e
Since
O 2 WS
Xp 107 x = (dmo*)?/ =,
R4
we obtain

lvlI<R
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Step 4: Center the empirical process in 7{. Define the H{-valued random variables

Zi = o (- — Xi) — p-

Since

we have E[Z;] = 0in #, and

Hence, by (L.6),

Also, by Jensen’s inequality and (L.7)),

Ipllx = [1E[eo (- = X)],, < Elleo(- = X)ln < VA

Therefore, for every realization of X,

1Zill# < llpo (- = Xo)ll2 + [Pl < 2V As

1.8)

Step 5: Bound the mean square of the empirical average. Because the Z; are independent and

mean zero in the Hilbert space H,

LA . 1
_ 2 2
B2 % =52 2 ElZillk = 5 ElZil3
=1 H =1
Moreover,
E||Z1|3 = Ellgs (- = X) = pll3 = Ellps (- = X3, = lIpll3; < Ao,
SO )
N
1 A,
E|— i < —.
NG| Sy
i=1 H
By Cauchy-Schwarz,
N
1 A
Ell—= ) Zi| <i/=Z.
TP T
=1 H

If only the i-th sample is changed from X; to X/, then

f( X1, Xy, XN) — (X, X XN
has absolute value at most

1 2/ A
(- = Xi) — po(- — X3 < 222
v ol ) — @al Dl < =%

1.9)

1.10)

Thus f satisfies the bounded-differences condition with constants ¢; = 24/A,/N. McDiarmid’s

inequality gives that, for every § € (0, 1), with probability at least 1 — 4,

N

FEf |5 () tos(1/0).

i=1
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Since

N
oy A A,
Z ¢ N2 N’
i=1
we obtain, using (.10},

f<\/> [2A, 1og1/5 \/>1+\/W)

Squaring and using ([.8) yields that with probability at least 1 — 4,

Ao 2
KL(pllaw) < 52 (1+ v21og(1/5)) -
Recalling the definition
1 2
A, = 2%/2 exp<7R> ,

2 o2
this is exactly ([.2)).
Finally, substituting 6 = N~ gives the stated 1 — N~ bound. |

1.3 AUXILIARY GEOMETRIC LEMMAS

This section collects several geometric lemmas—each provable by standard arguments—that we will
invoke in later proofs.

Lemma 1.3 (Euclidean displacement under projection) Let M C RP be closed and let Proj ™
be the nearest-point projection defined on a set containing y +v. If y € M and v € R are such
that Proj ,,(y + v) is defined, then

[ Proju(y+v) —yll < 2[lvf].

Proof. By the triangle inequality,
[ Proj (y +v) —yll < [ Proj,(y +v) — (y + )| + [[].
Since y € M is a feasible competitor in the minimization defining Proj,,(y + v),
[ Proju(y +v) = (y+ o)l < lly = (y+ o)l = [lv]l.

Combining yields || Proj . (y + v) — y|| < 2[v]|. [ ]

Lemma 1.4 (Ambient near-optimality implies small geodesic shift) Let M C R” be an embed-
ded submanifold with reach (yin := reach(M) > 0, and let Proj,, : T¢,..(M) — M denote
the nearest-point projection. Let d aq be the geodesic distance on M. For any x € T¢ . (M) with
d = dist(x, M) < (min and any y € M satisfying

|z -yl < d+¢,
one has

. 2de’ + (¢)?
d?\/((PI"OJM@Ly) < Cgeo 1d/C(',

where Cyeo is an absolute constant (e.g. one may take Cyeo, = 4 whenever ||y —Proj . (z)|| < (min/2
and Cyeo = 72 /4 whenever ||y — Proj ,,(z)]| < Cmin)-

Proof. Letp := Proj,(z) € Mandn := z — p, so that ||n|| = d and n L T, M. We proceed in
two steps.
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Step 1: reach inequality = chord control. A standard consequence of positive reach (often stated
as a “hypomonotonicity inequality”; see, e.g., Federer (1969)) is that for every y € M,

||”|| 2 d 2
n, Yy — < — = — . L11
(n, y—p) < 2 min [ | 2Womin |y — ol (L1D)

Expanding ||z — y||? = ||n — (y — p)||* and using (CTT) yields

o=yl = &+ ly = ol = 2ny = p) = &+ (1= =) Iy - pl*
Rearranging gives
ly—pl* < W (@.12)
By the near-optimality assumption ||z — y|| < d + &/,
lo =yl —d* < (d+€)? —d* =2de" + ('),
and hence
ly —pl* < 2de’ + ()" (113)

1-— d/Cmin '

Step 2: chord-arc comparability = geodesic control. Let v : [0,¢] — M be a unit-speed
minimizing geodesic from p to y, so £ = da(p, y). Since M has reach (i, its second fundamental
form is bounded in operator norm by 1/(min, and therefore the ambient curvature of + satisfies
17(8)|] < 1/Cumin for all s. A standard chord-arc inequality for C? curves with curvature bounded by
1/Cnin implies that, whenever ||y—p|| < (nin/2, one has £ < 2||y—p|| (and whenever ||y—p|| < (imins
one has ¢ < (7/2)|ly — p||). Consequently,

BAu(p,y) = 02 < Caeo v — pl1?,

with Cyeo = 4 (tesp. Cgeo = 72 /4) under the corresponding local condition. Combining with ([T3))
yields

| 2d e’ + ()2
d%(PrOJM(I)ay) < Cgeom7

as claimed. |

J  PROOFS FOR NORMAL AND TANGENTIAL DRIFTS

Controlling normal and tangential drifts. Recall the reverse-time probability-flow ODE associ-
ated with the learned score (cf. (8)):

dX, = —L8(Xp,t)dt,  tito N\, ¢.D

where to > 0 is the terminal-time threshold in [Section 2.3|and 7 € (0, to) is a fixed cutoff to be
chosen later. It is convenient to reparametrize in forward time by X, := X _; fort € [0,¢o — 7],
which yields

dX; = 33(Xeto—t)dt, t:0 Mtg—T. J.2)
Under the terminal score model (T8)—(T9), the dominant component of the drift is the normal “pull”
—(x—Proj,,(x))/t, which contracts trajectories toward M*. The next lemma makes this quantitative
and shows that the flow drives points into an O(e)-tube around M*.

Lemma J.1 (Contraction to an e-tube) Assume X, € T¢, .. ja(M*). Under (I8)—(I9), the termi-
nal point Xy, satistifes

dist(X;,_r, M*) < V2e + dist(Xo, M*) \/7T/to.

In particular, taking 7 [ty = &2 yields dist(X;, ., M*) < e

~
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[Theorem J.1|bounds the normal error by showing that the terminal-time flow drives points into an
(7)(6)-tube around M*. This alone does not preclude large motion along M*: a trajectory may
stay close to M* while sliding far in geodesic distance. Thus we must also control the rangential
displacement induced by the terminal map. Since Proj(x) need not lie on M*, we measure
tangential motion via the “re-projection” Proj ,,(Proj (x)) € M*.

Lemma J.2 (Tangential drift bound) Assume the terminal score model (I8)-(19) holds on
T /a(M*), and let Proj g denote the terminal-time map induced by the forward ODE
run on [0,tg — 7). Then, for any x € T¢, . ;4(M*), the choice T = toe® yields

dpm- (Proj (), Proj,,(Proj(z))) < O(Ve).
J.1 PROOF OF[IHEOREM J.1

Proof of Recall the forward-time terminal ODE
X, = 13X to—1),  te[0,to—7], (1.3)
and the terminal score model (I8)—(19): for all ¢ € [r,to] and = € Tub,.(M*),

x — Proj,,(z) n e(x,t)

§(I’,t) = — ¢ t )

le(z,t)]| <e.

Step 1: differentiate the squared distance. Define
ap = 5 dist?(X;, M*),  te[0,to— 1]
On Tub, (M*) (with r < reach(M*)), the map  — & dist®(z, M*) is C* and
\Y{ %diStZ(l‘,M*)) = z — Proj, (z).
Therefore, for a.e. t € [0,t9 — 7],

a = (Xi — Proj, (Xy), Xy). J.4)

Step 2: plug in the terminal drift and bound. Using (I.3) and the score model at time ¢¢ — ¢,
1 - - 1

X,=——— (X, — Proj, (X ——e(X;,to — t).
t 20— 1) (Xi — Proj (X¢)) + 2(to — 1) e(Xt to — 1)
Substituting into yields
1 . . 1 7 _ _
1y = ———|| Xy — Proj, (X)||*? + ——(X; — Proj (X X, tg —1)).
at Z(to — t) || t TOJM( t)H + Q(to — t)< t rOJM( t)7 6( ts L0 )>
Since || X; — Proj,,(X;)||> = 2a; and |e(X¢,to — t)|| < &, Cauchy—Schwarz gives
1 1 S S 1 € 1
< — X,—Proj (X)) e = — N
G0 < =3 b, —p IR Prolu(Xll e = —rg e g vaa < —pm ack
{d.5)

Step 3: solve the one-dimensional inequality. Let b, := ,/a;. Whenever b; > 0 we have
by = a,/(2by), hence from ([3)

1 1

b .

et 2o —1) °

o
T

(When b; = 0, the same bound holds for the upper Dini derivative, so the comparison argument
below remains valid.) Define u; := b; — €. Then

1
b, <
B TO P
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s0 t = uy(tg — t)~/? is nonincreasing. Using ug = by — € and to — t = to(1 — t/to), we obtain,

forall ¢t € [0,y — 7],
bt S E—f—(b(]—&f)\/l—t/to. (J6)

Step 4: evaluate at terminal time. At ¢ = ¢, — 7, (I.6) gives
Vi, < e+ (Vao —e)y/T/to < £ +v/ag\/7/to.

Recalling dist(X;, M*) = v/2a; and \/ag = dist(Xo, M*)/+/2, we conclude
dist(Xy,_r, M*) < V2e + dist(Xo, M*)\/7/to,

as claimed. Finally, taking 7/to = ¢° yields dist(X;,—,, M*) < V2 e + dist(Xo, M*)e/2 < ¢
for & small (with the implicit constant depending on an a priori bound on dist(X,, M*), e.g. Xy 0 €
Tub, (M*)). [ ]

J.2 PROOF OF[THEOREM J.2]
We first need a simple bound:

Lemma J.3 (Terminal-time path-length bound) Let X, solve the forward-time ODE (I.2) for t €
[0,t0 — 7], and assume that the terminal score model (I8)—(19) holds on T, (M*) for some r <
reach(M®*). Define ag := % dist?(Xo, M*) and suppose /ag > €. Then

_ _ _ t
1Ko — Kol < dist(Xo, M*) + O(sln?o).

Proof. Write X; := X, for readability. By the fundamental theorem of calculus,

to*T . to*‘f‘ .
Xer =Xl = || [ ] < [T 1apae
0 0

We now bound the path length. By the forward-time ODE (J.2) and the terminal score model
(I8)—(19), for t € [0,to — 7] we have

. 1 1
Xi = 5(Xto—t) = -

m (Xt—PrOJM(Xt)) +

——e( X, tg—t X, to—1)|| <
2(t0—t) 6( ts L0 )7 ||€( ty L0 )||—€a

and hence
15

1
2(tg — t) 2(tg —t)°

Next, let a; := % dist?(X,, M*). The distance estimate ([T26) (proved in|Theorem J.1) yields, for all

t e [O,to—’r},

X < dist(X,, M*) + a7

Var < e+ (Vao —e)/1—t/ty < e+ Vao
where we used |/ag > €. Recalling dist(X;, M*) = \/2a; and dlst(Xo,M* = v/2ag, we obtain

to —t
dist(X;, M*) < V2e + dist(Xo, M*) Ot . (.8)
0
Plugging (I-8) into (I77) gives
. dist (X, M* 1 1+vV2 ¢
1%, < JstXo M)

2% =i T2 -t
Integrating from ¢ = 0 to ¢ = ¢y — 7 and using the change of variables u =ty — ¢ yields
to—T . dlSt X ,M* to—T7 dt 1 + \[ to—T
[ i s B0 -/
0 2V/to 0 to—1
_ dist(Xo, M) 0 du 142 (" du

to—t

2Vt Je Y
dist(Xo, M*) 1+v2 ¢t
= AWRevD) 4 e T

. N to
< —
< dist(Xo, M*) + O(eln T),

44



GRaM workshop at ICLR 2026 Proceedings Track

which is the desired bound (with an absolute implied constant). |

Proof. [Proof of [Theorem J.2|] Fix = € T,.(M*) and set x = X, where X; is the solution of (J.2).
Define the on-manifold comparison point

y := Proj,,(Projg(z)) € M*.

We will verify the hypothesis of [Theorem 1.4{ with &’ of order O(e), which readily completes the
proof.

Step 1: an ambient near-optimality bound. By the triangle inequality,

lz—yl < llz=Projg ()| + || Projg(x)—Proj,,(Projg(z))| = llz—Projg ()| + dist(f}rojﬁ(ﬂﬁ%/\/l*)-
The path-length bound [Theorem J.3] gives o
|~ Projg(@)]| < dist(z, M*) + O[cIn ’%”) (.10)
Moreover, applyingwith initial condition X = x yields
dist(Proj o (z), M*) < V2e + dist(z, M*) \/7/to. (J.11)

Combining (T.9)—(@-TT), we obtain
t
|z —y| < dist(z, M*) + €, e = O(E In ?O) +V2e + dist(z, M*)\/T/tg.  (J.12)
Since x € T,.(M*), we have dist(z, M*) < r, hence for 7 = toe?,

1 -
g = O(slng) +V2e+1re%? = O).

Step 2: transfer to geodesic distance. We may now apply [Theorem L4 with z < z, y < y, and
¢’ as in (J.I2). This gives

2 dist(z, M*) e’ + (¢/)?
1 — dist(z, M*)/Cmin

Using dist(z, M*) < rand 1 — dist(z, M*)/Cmin > 1 — 7/Cnin, We obtain

di/l* (PI‘OjM(Qj), y) /S

. 2re’ + (¢')?
diy- (Proj ., (2),y) < 17'/C( ) < ¢

and hence

dp- (Proj,(z),y) S Ve = O(Ve),

where we used ¢’ = O(e) for 7 = toe®. Recalling y = Proj ,, (Proj () completes the proof. W

K COVERAGE OF THE POPULATION SURROGATE [i,,.;

Throughout, M* C R” is a closed C? embedded submanifold. We write Proj,, : Tub,  (M*) —
M* for the nearest-point projection, where

Cmin := reach(M*) > 0, Tub, (M*) := {z € RP : dist(z, M*) < r}.
Let d ¢+ denote the geodesic distance on M*, and Vol 4+ its Riemannian volume measure.

For (v, ) and y € M*, recall the thickened geodesic ball
BM (y) := {x € Tubg(M™*) : dist(z, M*) < «, Proj,,(z) € B({V‘*(y)}, (K.1)

where B (y) := {z € M*: dum-(2,y) < 6},
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The surrogate. Letty > 0 be fixed and define
V= flgaea * N(0, t0Ip), Prproy 1= Projgu v,

where Proj i; : RP — RP is the terminal-time probability-flow map (9)). We first rewrite[Theorem 2.4
in a more modular form:

Theorem K.1 (Coverage of [i..,) Assume pi... has a density p w.r.t. Vol satisfying
0 < Pmin <P < Pmax <00 on M*.
Fix any tube radius p € (0, (min)-
Assume the terminal-time analysis provides the following two conclusions for Proj :
(N) (normal contraction) there exists o > 0 such that

dist(Proj g (z), M*) <o forv-a.e. ; (K.2)

(T) (restricted tangential drift) there exists 5 > 0 such that

sup  dum+(Proj,,(z), Proj,, (Projg(z))) < 5. (K.3)
2 E€Tub, (M*)

Define § := 36 and assume & < inj(M*)/ 2. Then there exists a constant cyin € (0,1) depending
only on puin, Pmax, to, p and geometric parameters of M* such that [i.o; (0, 8, Cinin ) -COVETS Ly,

in the sense of[Theorem 2.3
By|[lheorem J.1|and [Theorem 1.4} the terminal-time flow satisfies the normal and tangential controls

— with

a=0(e) and 0= O(Ve).
Under the statistical rate ¢ = @(N ~(B=D/(2k) this yields
0= O(N-(B-D/CR) 5 35— G(N-(F-D/h)
which completes the proof of Thus, for the rest of this section, we focus on the proof of

Proof.

Uniform lower bound on thickened balls. Fix y € M™* and define the preimage event
E, = {x € Tub,(M*) : Proj,,(z) € ng(y)}

We first show that E, is mapped by Proj o into B (y), up to a v-null set. Indeed, if 2 € E,, then

by (K3),

da+(Proj . (Proj g (), Proj,,(z)) < 5.
Since also d g+ (Proj,, (z),y) < 8, the triangle inequality on (M*, d ) yields
das(Proj,, (Proj (), y) < das(Proj . (Proj g (z)), Proj . (x))+da(Proj . (z), y) < 25 < 6,

so Proj,,(Proj 4 (z)) € B (y). Moreover, (K22) gives dist(Proj 4 (z), M*) < « for v-a.e. z.
Together these imply Proj (x) € By (y) for v-a.e. x € E,. Consequently,

fipros (Bs.o () = I/(Projﬁ_l(BQ’;* () = v(Ey). (K.4)

It remains to lower bound v(E,) uniformly in y. To this end, we employ the standard technique of
local trivialization.

"It is well-known that the reach lower bound implies a corresponding lower bound on the injectivity radius;
see, e.g.,|Aamari et al.[(2019).
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Local trivialization and a convolved-mass lower bound. Let
Us(y) := Proj,, (B (y)) N Tub, (M").
By definition, Uz(y) = E,. Consider the map
Uy Us(y) = B (y)x{n € NM*: [ln] <p},  ¥y(a) = (Proju(z), na), o= ngrojM(xl
On Tub,(M*), n, is well-defined and normal to M* at Proj,,(x). Thus ¥, provides the na(tljfaf

“basepoint + normal displacement” coordinate system on the patch Uz(y); the next proposition turns
this into a quantitative lower bound on v(Us(y)).

Proposition K.2 (Lower bound for v(Us(y)) via local trivialization) Assume p € (0, (nin) and
§ < min{inj(M*)/2, Cmin/4}. Let Y ~ pgun and Z ~ N(0,tolp) be independent and set
Xo:=Y + Z ~ v. Then for every y € M* and every x € (0, 9),

v(Us(y)) = P(Xo € Us(y)) > Pumin Volu(Bi2. (1) PGkl < a) P(IGp-kll < p/2), (K.6)
where G, ~ N(0,tol,,) and

1Y K } L L Cmin

2 2L o Cmin - p (K7)

a = mln{

Proof. Fixy € M* and r € (0,). Define the “inner” ball B_ := B2*" (y) and the event
E:={Y e B_}n{[|Zr (V)| < a} n{lIZn (V)| < p/2},

where Z7(Y) € Ty M* and Zn(Y) € Ny M* denote the tangent/normal components of Z with

respect to an orthonormal frame at Y (defined below), and a is as in (K.7).

Step 1: orthonormal trivialization of the normal bundle over B#*" (y). Since § < inj(M*)/2,
the geodesic ball B (y) is geodesically convex and contractible; in particular, the restricted normal
bundle over this ball is trivializable. Thus we can choose smooth orthonormal fields

er1(u),...,ex(u) € T,M*, vi(u),... VD,k(u) € NyM*, u € B2 (y),

forming an orthonormal basis of R” at each u. Let U (u 3 be the orthogonal matrix whose
columns are (e (u), ..., ex(u),vi(u),...,vp_r(u) For z € R”, define

ar(w) = U(u)" 2z € RF x RP7F,

v (u)

By rotational invariance of Z ~ N(0,toIp), conditionally on Y = u we have
Zrp(Y) ~ N(0,t01y), ZN(Y) ~N(0,tolp_i), Zr(Y) L Zn(Y),
and these conditional laws do not depend on wu.
Step 2: deterministic inclusion E C {X, € Uz(y)}. OnE,setzg:=Y +Zn(Y),s0 ||z Y| <

p/2 < (min and zo € Tub, . (M*). By the normal-fiber property of projections under positive
reach (standard for metric projections on tubes),

Proj,,(zo) =Y. (K.8)
Moreover, Xg = xg + Z7(Y') satisfies || Xo — zo|| = || Zr(Y)]| < a < p/2, hence
dist(Xo, M*) < [|Xo — Y| < |1Zr (V)| + |1Zn (V)] < p,
so X € Tub,(M*) and Proj,,(Xo) is defined.

We next control the basepoint Proj,,(Xo). The projection Proj,, is Lipschitz on Tub,(M*) with
constant L, = Cmin/(min — p): for all z, 2" € Tub,(M*),

I Proj () — Proj, (2')|| < L, [l — a']|. (K.9)
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Applying (K29) with = X, and 2’ = x¢, and using (K8,
[ Proj, (Xo)=Y|| = || Proj (Xo)—=Proj . (zo)|| < L, [ Xo—xol| = L, | Z2 (V)| < L, a < 5/2.
To convert this Euclidean bound into a geodesic one, use the local comparison

A (u,v) < 2||u — || for all u,v € B2 (y), (K.10)
which holds since & < Cmin/4 and M* has reach (;, (this is a standard result; see [Theorem 1.3).
SinceY € B_ C B (y) and || Proj,,(Xo)—Y | < k/2 < §, we also have Proj, ,(Xo) € B2 (y),
so (K.10) applies and yields

da (Proj, (Xo),Y) < 2[|Proj,,(Xo) — Y| < k.
Therefore,

dge (Proj,, (Xo), ) < das (Proj,,(Xo), Y) + da (Y,y) < K+ (8 — k) = 0,

ie. Proj, (Xo) € B (y). Together with Xy € Tub,(M?*), this shows X, € U;(y). Hence
EC{XocUs(y)}

Step 3: lower bound P(E). Since E C {X, € Uz(y)},
v(Us(y)) = P(Xo € Us(y)) > P(E).
By the conditional independence from Step 1,
P(E) =P(Y € B_) - P(|Gi|| < a) - P([|Gp—«| < p/2).
Finally, using p > ppin on M*,
P(Y € B-) = ftasa(B-) = Pmin Volars(B-) = pmin Vola=(B.(v)),
which gives (K:6). [ ]

Now, back to the proof of
Convert v(E,) into a coverage inequality. By (K:4) and E,, = U;(y),
fioroi (B3 (9) 2 v(Us(y)).-

Applywith K = 6/2 to obtain

fioro (B2 (4)) = Pmin Volar(B3/: () P(IGll < a) P(|G -kl < p/2), (K.11)
with @ = min{p/2, (6/2)/(2L,)}.
On the other hand, since p < pax,

Haaa (B (4)) < Pinax Volae (B (). (K.12)

Because 6 < inj(M*)/2 and M* is compact, small geodesic balls have uniformly comparable
volumes: there exist 0 < ¢y < Cyop < 00 depending only on M* such that for all y € M* and all
0<s<é,

Cvor 8* < VOIM*(BSM*(y)) < Cyor s~ (K.13)

Applying (K13) with s = 6/2 and s = § = 34 yields
Volve (Bfs (9) vt (0/2)F _ vt |1

Voo (B2 (y)) = Cuad® Cuot 203F (1D
Combining (K:11)), (K:12)), and (K:14) gives
froros (B2 () > Cmin Hawa( B () = Cmin fawa (Bot (1))
where the last equality uses that p,,,, is supported on M*, and we may take
i 1= 228 0k (1G] < @) PUIGD -] < p/2). (K.15)
This proves item 2 of uniformly in y € M*, and completes the proof. [ |
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Remark K.3 It follows directly from the proof that one may take a = p = O((in) in (KII).

Remark K.4 (Explicit Gaussian factors) The Gaussian terms in admit closed-form expres-
sions in terms of (incomplete) gamma functions, and can be bounded explicitly using elementary
volume arguments. For G, ~ N (0,t0I,,) and any t > 0,

2 ,/Tm/2

t
PG, || < 1) > (2mte) ™2 ex (f—) W B Wy = K.16
(Gl 1) 2 (2rte) ™ exp(~5- e S
Indeed, (K16) follows by lower bounding the Gaussian density on the Euclidean ball {z : ||z|| < t}
by its minimum value and multiplying by the ball volume. Applying with (m,t) = (k,a) and
(m,t) = (D —k, p/2) yields a fully explicit lower bound for the product P(||Gr|| < a) P(||Gp—k| <
P / 2) appearing in the coverage constants.
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