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Abstract

Machine learning algorithms minimizing average risk are susceptible to distribu-
tional shifts. Distributionally Robust Optimization (DRO) addresses this issue by
optimizing the worst-case risk within an uncertainty set. However, DRO suffers
from over-pessimism, leading to low-confidence predictions, poor parameter es-
timations as well as poor generalization. In this work, we conduct a theoretical
analysis of a probable root cause of over-pessimism: excessive focus on noisy
samples. To alleviate the impact of noise, we incorporate data geometry into cali-
bration terms in DRO, resulting in our novel Geometry-Calibrated DRO (GCDRO)
for regression. We establish that our risk objective aligns with the Helmholtz free
energy in statistical physics, and this free-energy-based risk can extend to standard
DRO methods. Leveraging gradient flow in Wasserstein space, we develop an ap-
proximate minimax optimization algorithm with a bounded error ratio and standard
convergence rate and elucidate how our approach mitigates noisy sample effects.
Comprehensive experiments confirm GCDRO’s superiority over conventional DRO
methods.

1 Introduction

Machine learning algorithms with empirical risk minimization (ERM) have been shown to perform
poorly under distributional shifts, especially sub-population shifts where substantial data subsets are
underrepresented in the average risk due to their small sample sizes. As an alternative, Distributionally
Robust Optimization (DRO) (Namkoong and Duchi, 2017} |Blanchet and Murthy} 2019} [Blanchet
et al., 2019a; |Duchi and Namkoong, |2021;|Zhai et al., 2021} [Liu et al.| 2022a}|Gao and Kleywegt,
2022;|Gao et al.l [2022)) aims to optimize against the worst-case risk distribution within a predefined
uncertainty set. This uncertainty set is centered around the training distribution, and generalization
performance can be guaranteed when the test distribution falls within this set.

However, DRO methods have been found to experience the over-pessimism problem in practice (Hu
et al., 2018} Zhai et al., 2021)) (i.e., low-confidence predictions, poor parameter estimations, and
generalization), recent studies have sought to address this issue. From the uncertainty set perspective,
Blanchet et al.| (2019b); |Liu et al.| (2022a,b) proposed data-driven methods to learn distance metrics
from data. However, these approaches remain vulnerable to noisy samples, as demonstrated in Table[2]
Recently, [Stowik and Bottou|(2022); Agarwal and Zhang|(2022) observed that DRO may overly focus
on sub-populations with higher noise levels, leading to suboptimal generalization. Consequently,
from the risk objective perspective, they suggest incorporating calibration terms to mitigate this issue.
Nevertheless, applicable calibration terms either require expert knowledge or are computationally
intensive, and few practical algorithms have been proposed.

To devise a practical calibration term for DRO, we first aim to identify the root causes of over-
pessimism, which we attribute to the excessive focus on noisy samples that frequently exhibit higher
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prediction errors. For typical DRO methods (Namkoong and Duchil, 2017} |Staib and Jegelkal, 2019
Duchi and Namkoong, 2021} [Liu et al., 2022b), based on a simple yet insightful linear example,
we theoretically demonstrate that the variance of estimated parameters becomes substantially large
when noisy samples have higher densities, in line with the empirical findings reported in (Zhai et al.}
2021). Furthermore, we demonstrate that existing outlier-robust regression methods are not directly
applicable for mitigating noisy samples in DRO scenarios where both noisy samples and distribution
shifts coexist, highlighting the non-trivial nature of this problem.

In this work, inspired by the ideas in (Stowik and Bottou, 2022} |Agarwal and Zhang] [2022)), we design
calibration terms, 7.e., total variation and entropy regularization, to prevent DRO from excessively
focusing on random noisy samples. In conjunction with the Geometric Wasserstein uncertainty set
(L1u et al., 2022b) utilized in our methods, these calibration terms effectively incorporate information
from the data manifold, leading to improved regulation of the worst-case distribution in DRO.
Specifically, during the optimization, the total variation term penalizes the variation of weighted
prediction errors along the data manifold, preventing random noisy samples from gaining excessive
densities. The entropy regularization term, also used in (Liu et al.l 2022b), acts as a non-linear
graph Laplacian operator that enforces the smoothness of the sample weights along the manifold.
These calibration terms work together to render the worst-case distribution more reasonable for DRO,
leading to our Geometry-Calibrated DRO (GCDRO) approach. We validate the effectiveness of our
GCDRO on both simulation and real-world data.

Furthermore, from a statistical physics perspective, we demonstrate that our risk objective corresponds
to the Helmholtz free energy, comprising three components: interaction energy, potential energy, and
entropy. The free energy formulation generalizes typical DRO methods such as KL-DRO, x?-DRO
(Duchi and Namkoong] 2021), MMD-DRO (Staib and Jegelka, [2019) and GDRO (L1u et al., [2022b).
This physical interpretation provides a novel perspective for understanding different DRO methods
by drawing parallels between the worst-case distribution and the steady state in statistical physics,
offering valuable insights. From the free energy point of view, our GCDRO specifically addresses the
interaction energy between samples to mitigate the effects of noisy samples. Motivated by the study of
the Fokker-Planck equation (FPE, |Chow et al.|(2017); Esposito et al.|(2021)), through gradient flow
in the Geometric Wasserstein space, we derive an approximate minimax algorithm with a bounded
error ratio e~CTin after T}, inner-loop iterations and a convergence rate of O(1/v/Toyt) after Tyy:
outer-loop iterations. Our optimization method supports any quadratic form of interaction energy,
potentially paving the way for designing more effective calibration terms for DRO in the future.

2 Preliminaries: Noisy Samples Bring Over-Pessimism in DRO

Notations. X € X denotes the covariates, Y € ) denotes the target, fy(-) : X — ) is the predictor
parameterized by 6 € ©. Py denotes the empirical counterpart of distribution P(X,Y") with N
samples, and p = (p1,...,pn)T € RY is the probability vector. [N] = {1,2,..., N} denotes the
set of integers from 1 to N. The random variable of data points is denoted by Z = (X,Y) € Z.
The random vector of n dimension is denoted by A, = (h1,...,hn)T. Gy = (V, E, W) denotes
a finite weighted graph with N nodes, where V' = [N] is the vertex set, E is the edge set and
W = {wi;} i j ek is the weight matrix of the graph. And (z); = max(z,0).

Distributionally Robust Optimization (DRO) is formulated as:

0" (P) =argmin sup Eq[¢(fo(X),Y)] (1)
9€© Qep(p)

where ¢ is the loss function (typically mean square error) and P(P) = {Q : Dist(Q, P) < p}
denotes the p-radius uncertainty ball around the distribution P. Different distance metrics derive
different DRO methods, e.g., f-divergence DRO (f-DRO, Namkoong and Duchi|(2017); Duchi and
Namkoong| (2021)) with the Cressie-Read family of Rényi divergence, Wasserstein DRO (WDRO,
Sinha et al.[(2018)); Blanchet and Murthy| (2019); Blanchet et al.| (2019alb)), MMD-DRO (Staib and
Jegelkal |2019) with maximum mean discrepancy, and Geometric DRO (GDRO, |Liu et al.| (2022b))
with Geometric Wasserstein distance. Although DRO methods are designed to resist sub-population
shifts, they have been observed to have poor generalization performances (Hu et al., 2018} [Frogner|
et al.,[2019; [Stowik and Bottou, |2022)) in practice, which is referred to as over-pessimism.

In this section, we identify one of the root causes of the over-pessimism of DRO: the excessive focus
on noisy samples with typically high prediction errors.
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Figure 1: Visualizing the Worst-Case Distribution for Different DRO Methods: We show the data
manifold and sample weights for each point, where blue points represent the major group, green ones
represent the minor group, and red ones are noisy samples. The bars display the total sample weights
of different groups, and the original group ratio is major (93.1% ), minor ( ), (noisy 2%).

o We showcase DRO methods’ excessive focus on noisy samples in practice and reveal their probabil-
ity densities are linked to high prediction errors in worst-case distributions.

e Through a simple yet insightful regression example, we prove that such a phenomenon leads to
high estimation variances and subsequently poor generalization performance.

e We demonstrate that existing outlier-robust regression methods are not directly applicable for
mitigating noisy samples in DRO scenarios, emphasizing the non-trivial nature of this problem.

Problem Setting Given the underlying clean distribution Ppjean = (1 — &) Prajor + @ Pinor, 0 <

a < %, the goal of DRO can be viewed as achieving good performance across all possible
sub-populations P, ;... Denote the observed contaminated training distribution by P;,.4;,. Based
on Huber’s e-contamination model (Huber,|1992), we formulate Pj,.4;., as:

Ptrain = (1 - E)Pclean + EQ = (1 - 5)(1 - a)Pmajor + (1 - 5)05Pminor + EQ 5 (2)
major sub-population minor sub-population noisy sub-population

where () is an arbitrary noisy distribution (typically with larger noise scale), 0 < € < % is the noise

level. Note that the minor sub-population could represent any distribution with a proportion of «
in P. However, we explicitly specify it here to emphasize the distinction between our setting and
the traditional Huber’s e-contaminated setting, as the latter does not take sub-population shifts into
account.

Empirical Observations. Following a typical regression setting (Duchi and Namkoong, [2021; [Liu
et al.,[2022b), we demonstrate the worst-case distribution of KL-DRO, x“-DRO, and GDRO in Figure
where the size of each point is proportional to its density. In this scenario, the underlying distribution
P comprises a known major sub-population (95%, blue points) and a minor sub-population (5%,
green points). And the noise level € in Py,q;,, is 2%. DRO methods are expected to upweigh samples
from minor sub-population to learn a model with uniform performances w.r.t. sub-populations.
However, from Figure |1}, we could observe that KL-DRO, x2-DRO and GDRO excessively focus
on noisy samples, resulting in a noise level 10 to 15 times larger than the original. This observation
helps to explain their poor performance on this task (detailed results can be found in Table [2).

Theoretical Analysis. To support our observations, we first analyze the worst distribution of
KL-DRO, x2-DRO and GDRO, shedding light on the underlying reasons for this phenomenon.

Proposition 2.1 (Worst-case Distribution). Let Q% = (¢%,45,--.,qx)T € RY denotes the worst-
case distribution, and {(fo(x;),y;) (abbr. £;) denotes the prediction error of sample i € [N]. For
different choices of Dist(-,-) in P(P) = {Q : Dist(Q, P) < p}, we have:

® KL-DRO: q} /q; o exp({; — £;);

® GDRO's final state (gradient flow step T' — 00): q; /q} o< exp(€; — £;);

® X*-DRO: q; /q; = (li — X)1/(; = N) 4, and X\ > 0 is the dual parameter independent of i.

Proposition demonstrates that for KL-DRO, y2-DRO, and GDRO (large gradient flow step), the
relative density between samples is solely determined by their prediction errors, indicating that a
larger prediction error results in a higher density. However, in our problem setting, samples from both
minor sub-population Py, ;.. and noisy sub-population () exhibit high prediction errors. The primary
goal of DRO is to focus on the minor sub-population P, ;,., but the presence of noisy samples in
@ significantly interferes with this objective and hurts model learning. As shown in Figure|l| for
KL-DRO, x2-DRO and GDRO, noisy samples attract much density. Intuitively, it is not surprising
that an excessive focus on noisy samples can have a detrimental impact. As KL-DRO, x2-DRO, and
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GDRO can be viewed as optimization within a weighted empirical distribution, we use the following
simple example with the weighted least square model to demonstrate how this excessive focus on
noisy samples can lead to high estimation variance, ultimately causing over-pessimism.

Example (Weighted Least Square). Consider the data generation process as Y = kX + &£, where

X,Y € R and random noise § satisfies £ L X, E[§] = 0 and E[{Q] (abbr. o?) is finite. As-
sume that the training dataset X p consists of clean samples {zc , Yo )}ze N.] and noisy samples
{330 2 Yo )}ie[No] with 02 < 2. Consider the weighted least-square model f(X) = 6X. Denote the
sample weight of a clean sample (mgl), ygl)) as wﬁ“ € Ry, i € [N.], and the sample weight of a noisy
sample (ac((f), ygl)) as w((f) € Ry, i € [N,] with ZiG[NC] wﬁ” + Zie[No] w((f) = 1. The variance of

the estimator 0 is given by:

Var[f| X p) = SN (i) (2)202 + SN ()2 (28)) 20
[Zi;1w< ( ) JerVj ( ())]

T, 3

where Xp = {x( )}1 cuU {;1: )}1 are the sampled covariates zn the dataset Besides, the minimum
variance is achieved if and only if V1 <i < N.,1 < j < N,, wo /wC =02/02 < 1.

From the results, we make the following remarks:
o If noisy samples have higher weights than clean samples (e.g., w,/w. > 1), the variance of the

estimated parameter 6 will be larger, suggesting that the learned 6 could be significantly unstable.

e In conjunction with Proposition [2.T} DRO methods tend to assign high weights to noisy samples,
which can lead to unstable parameter estimation. While this example is relatively simple, this
phenomenon aligns with the empirical findings in|Zhai et al.[(2021), which demonstrate that DRO
methods can be quite unstable when confronted with label noise.

Relationship with Conventional Outlier-robust Regression. We would like to explain why
conventional outlier-robust regression methods cannot be directly applied to our problem. The main
challenge stems from the coexistence of noisy samples and minor sub-populations, both of which
typically exhibit high prediction errors, leading to a misleading worst-case distribution in DRO.
Conventional outlier-robust regression methods (Diakonikolas and Kanel [2018; Klivans et al., 2018}
Diakonikolas et al.l 2022)) primarily focus on mitigating the effects of outliers without considering
sub-population shifts. For instance, the Ly-estimation-error of outlier-robust linear regression is
O(elog(1/¢)) (Diakonikolas and Kane, 2018), where ¢ represents the noise level in Equation 1
However, as analyzed in Proposition @] and demonstrated in Figure [T} during the optimization
of DRO, the noise level € significantly increases, rendering even outlier-robust estimation quite
inaccurate. Moreover, Klivans et al.| (2018)) propose finding a pseudo distribution with minimal
prediction errors to avoid outliers (see Algorithm 5.2 in (Klivans et al.,|2018)). Nevertheless, this
approach might inadvertently exclude minor sub-populations, which should be the focus under
sub-population shifts, due to the main challenge: the coexistence of noisy samples and minor sub-
populations. [Zhai et al.| (2021) incorporate this idea into DRO. Still, their method requires an implicit
assumption that the prediction errors of noisy samples are higher than those of minor sub-populations,
which does not always hold in practice. And|Bennouna and Van Parys|(2022) build the uncertainty
set via two measures, KL-divergence and Wasserstein distance, leading to a combined approach of
KL-DRO and ridge regression. Despite this, as we discussed earlier, DRO tends to increase the noise
level in data, making it difficult to fix using ridge regression.

Based on the analysis above, we stress the importance of integrating more data-derived information.
In pursuit of this, we propose to leverage the unique geometric properties that distinguish noisy
samples from minor sub-populations to address this issue.

3 Proposed Method

In this work, with a focus on regression, we introduce our Geometry-Calibrated DRO (GCDRO). The
fundamental idea is to utilize data geometry to distinguish between random noisy samples and minor
sub-populations. It is motivated by the fact that prediction errors for minor sub-populations typically
exhibit local smoothness along the data manifold, a property that is not shared by noisy samples.



176 Discrete Geometric Wasserstein Distance. We briefly revisit the definition of the discrete geomet-
177 ric Wasserstein distance. Given a weighted finite graph Gy = (V, E, W), the probability set (G y)

178 supported on the vertex set V is defined as Z(Gy) = {p € RY| Zﬁilpi =1,p; >0,fori € V},

179 and its interior is denoted as Z,(Gy). A velocity field v = (vij)ijev € RN on Gy
180 is defined on the edge set E satisfying that v;; = —vj;; if (4,j) € E. & (p) is a func-
181 tion interpolated with the associated nodes’ densities p;,p;. The flux function pv € RNVXN
182 on G is defined as pv := (vi;&;;(P))(i,j)er and its divergence is defined as divg, (pv) =

18 — (3 jevi(i)er 1 /w505 (P))N; € RN, Then for distributions pg, p1 € Z,(G ), the discrete
184 geometric Wasserstein distance (Chow et al.,|2017; |Liu et al., [2022b) is defined as:

) b1 d .
GWE, (Po,p1) = inf / 3 > &ulp®)vidt S-td*It) +diva, (pv) = 0,p(0) = po, p(1) = p1
v 0 2 GeE
(€]

185 Equation [ computes the shortest (geodesic) length among all potential plans, integrating the total
186 kinetic energy of the velocity field throughout the transportation process. A key distinction from the
187 Wasserstein distance is that it only permits density to appear at the graph nodes.

188 Formulation Given training dataset Dy, = {(x;,y;)})Y, and a finite weighted graph Gy =
189 (V, E, W) representing the inherent structure of sample covariates. Denote the empirical marginal
190  distribution as Py, the formulation of GCDRO is:

N N
. (e
min sup {RN(Q Q) =Y qil(fo(w),y:) — 3 > wiqigi (6 — ;)" =B gilogg: },
i=1 i=1

6co 2 5 L
agWg | (Px.a)<p (t,5)eE

Calibration Term II

(5)
191 where p is the pre-defined radius of the uncertainty set, ¢; is the loss on the 4-th sample and w;; € W
192 denotes the edge weight between sample ¢ and j. a and 3 are hyper-parameters.

Geometric Wasserstein set Calibration Term I

193 Illustrations. In our formulation, for any distribution q within the uncertainty set,

194 Calibration term I (3_; /) p wi;iq; (i — ¢;)?) calculates the graph total variation of prediction
195 errors along the data manifold that is characterized by G . Intuitively, when selecting the worst-case
196 distribution, this term imposes a penalty on distributions that allocate high densities to random noisy
197 samples, as this allocation significantly amplifies the overall variation in prediction errors. Conversely,
198 this term does not penalize distributions that allocate high densities to minor sub-populations, as their
199 errors are smooth and have a relatively small impact on the total variation along the manifold. This
200 differing phenomenon arises from the distinct geometric properties of random noisy samples and
201 minor sub-populations, as samples from the latter typically cluster together on the data manifold.
202 Further, during the optimization of model parameter 0, this term acts like a variance term, resulting
203 in a quantile-like risk objective, which helps to mitigate the effects of outliers.

204 Calibration term II (va:l q; log q;) represents the negative entropy of distribution q. As discussed
205 in Section[3.2} during optimization, this term transforms into a non-linear graph Laplacian operator
206 that encourages sample weights to be smooth along the manifold, avoiding extreme sample weights
207 in the worst-case distribution.

208 3.1 Free Energy Implications on Worst-case Distribution

200 We first demonstrate the free energy implications of our risk objective Ry (6, q). Intuitively, the
210 change of sample weights across N samples (the inner maximization problem of R (6, q)) can be
211 analogously related to the dynamics of particles in a system, wherein the concentration of densities
212 coincides with the aggregation of particle masses at [V distinct locations (in the case of infinite
213 samples, these locations converge to the data manifold). As a result, a deeper understanding of the
214 steady state in a particle system can offer valuable insights into the worst-case distribution for DRO.

215 Building on this analogy, we can dive deeper into the physics of particle interactions. When particles
216 exist within a potential energy field, they are subject to external forces. Simultaneously, there are
217 interactions among the particles themselves, leading to a constant state of motion within the system.
218 In statistical physics, a key point of interest is identifying when a system reaches a steady state. In a
219 standard process like the reversible isothermal process, it is established that spontaneous reactions
220 consistently move in the direction of decreasing Helmholtz free energy (Fu et al.,[1990; Reichl, | 1999;



221 [Friston} 2010), which consists of interaction energy, potential energy and the negative entropy:

N
Ea@= a'Kq + qa'V -8 (~glogg)=—Rn(0,q). 6)
: . =1
Interaction Energy Potential Energy

Temperature X Entropy

222 By taking V = —/ and K;j = Sw;;(¢; — £;)? for (i, j) € E, our risk objective is a special case of
223 Helmbholtz free energy, where the potential energy of sample ¢ is —¢;¢; and the interaction energy
224 between sample ¢ and j is $w;;(¢; — €;)?q;q;. Specifically, such mutual interactions can manifest as
225 repulsive forces between adjacent particles, thereby preventing the concentration of mass in locations
226 where local prediction errors are significantly high. And this explains from a physical perspective
227 why our calibration term I could mitigate random noisy samples.

228 Additionally, Proposition[3.1]offers physical interpretations to comprehend the worst-case distribution
229 of various DRO methods. We make some remarks: (1) current DRO methodologies, except MMD-
230 DRO, do not explicitly formulate the interaction term between samples in their design considerations
231 (x2-DRO does not involve interaction between samples), despite the corresponding interaction energy
232 between particles being a common phenomenon in physics; (2) MMD-DRO simply uses kernel gram
233 matrix for interaction and lacks efficient optimization algorithms; (3) by considering this interaction
234 energy, our proposed GCDRO is capable of mitigating the impacts of random noisy samples.

235 Proposition 3.1 (Free Energy Implications). The dual reformulations of some typical DRO methods
23 are equivalent to the free-energy-based minimax problem mingee x>0 Mmaxqe 2 § Ap — £(q,6, A)

237 with different choices of &, p and K,V, H|q] in the free energy E. Details are shown in Table

Table 1: Free energy implications of some DRO methods. Ay denotes the N-dimensional simplex,
7 in marginal DRO is the dual parameter.

Method Energy Type Specific Formulation
Interaction  Potential ~ Entropy K \%4 Hlq] @
KL-DRO X v v - - Hiq] An
x2-DRO v v X A -7 - Ay
Kernel Gram 7oA T
MMD-DRO v v X Motin 10 (- REKTL - An
. > AN with Holder
. al v2- (- - N
Marginal x*-DRO X v X —n)+ continuity
7 Geometric
GDRO X v v —£ Hlq] Wasserstein Set
Interaction > Geometric
GCDRO v v v Matrix K —t Hlq] Wasserstein Set

238 Through free energy, we could understand the type of energy or steady state that DRO methods
239 strive to achieve, and design better interaction energy terms in DRO. Moreover, our optimization, as
240 outlined in Section[3.2] could accommodate multiple quadratic forms of interaction energy.

241 3.2 Optimization

242 Then we derive an approximate minimax optimization for our GCDRO. For the inner maximization
243 problem, we approximately deal with it via the gradient flow of —R (6, Q) w.r.t. @ in the geometric
2s4 Wasserstein space (Z,(Gx),GWq, ). We show that the error rate is O(e~Tin) after T}, iterations
245 inner loop, which gives a nice approximation. For the outer minimization w.r.t. model parameters
246 6, we analyze the convergence rate of O(1/v/T,:) after T, iterations outer loop when the risk
247 function satisfies Lipschitzian smoothness conditions.

24¢  Inner Maximization. We denote the Continuous gradient flow as q : [0,T] — Z,(Gn), the
249 probability density of sample ¢ at time ¢ is abbreviated as ¢;(t), and the Time-discretized gradient
250 flow with time step 7 as q,. For inner maximization, we utilize the 7-time-discretized gradient flow

251 (Villani} 2021) for —R (6, q) in the geometric Wasserstein space (%, (G ), QW%;N) as:
. 1 .
Gr(t+7) = argmax R (0,q) — -GWE, (a-(1), a)- (7)
Q€ Z,(GN) T
252 The gradient of q in Equation[7]is given as (when 7 — 0):
dg;
dqt = > wiiky (q, i — L5+ Bllogg; —loggi) +a( D> (n— ) wingn — > (bn — f¢)2wihqh)),

(i,§)€E hEN(5) REN (i)
3
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where F is the edge set of G, w;; is the edge weight between node 4 and j, N (¢) denotes the set of
neighbors of node ¢, ¢; denotes the loss of sample ¢, and &;; (-, ) : Z(Gn) x R = Ris:

&ij(q,v) = v (I(v > 0)g; +1(v < 0)gi),v €R, ©)
which is the upwind interpolation commonly used in statistical physics and guarantees that the
probability vector q keeps positive. From the gradient, we could see that the entropy regularization
acts as a non-linear graph Laplacian operator to make the sample weights smooth along the manifold.
In our algorithm, we fix the steps of the gradient flow to be T},, and prove that the error ratio is e ~¢ 7=
compared with the ground-truth worst-case risk R (6, q*) constrained in an p(6, T}, )-radius ball.
Proposition 3.2 (Approximation Error Ratio). Given the model parameter 0, denote the distri-
bution after time Ty, as g7 (0), and the distance to training distribution PX as p(0,T;,) =
QW%;N (Px,qTin(0)) (abbr. p(6)). Assume R (0,q) is convex w.r.t q. Then define the ground-truth
worst-case distribution ¢*(0) within the p(0)-radius ball as:
q"(9) := arg sup Ry (9,q). (10)

agWg | (Px,a)<p(0)
The upper bound of the error rate of the objective function Ry (0, q') satisfies:

(Rx(0,a") = R (0,4"))/ (Rn(6.a7) = R (6, Px) ) < e=Tir, an

R 1

=2 )\vec L Amin 2 I 12

C = 2mAwc(L) (VRN)(T+1)2>0 (12)

where L is the Laplacian matrix of G . Asec, Amin are the second smallest and smallest eigenvalue,
m, 1 are constants depending on Ry, Gy, B.

We make some remarks:

e For the assumption that Ry is convex w.rt. q, the Hessian is given by V2Ry =
Bdiag(1/q1,...,1/qn) + 2K. Since K is a sparse matrix whose nonzero elements in each row
is far smaller than N, it is easily satisfied in empirical settings that the Hessian matrix V2R is
diagonally dominant and thus positive definite, making the inner maximization concave w.r.t q.

o During the optimization, our algorithm finds an approximate worst-case distribution that is close
to the ground-truth one within a p(6)-radius uncertainty set. Our robustness guarantee is similar to
Sinha et al.|(2018) (see Equation 12 in|Sinha et al.|(2018))).

e The error ratio is e~“Ti» enabling to find a nice approximation efficiently with finite T, steps.

Outer Minimization. The convergence property relies on the risk objective R (6,q). When
R (0,q) is smooth w.r.t. 8, the following proposition guarantees convergence to a stationary point

of problem at a standard rate of O(1/V/T).

Proposition 3.3 (Convergence). Assume F(0) := SUPG.oW2,  (Px.a)<p(0) Rn(0,q) is L-smooth,
and Ry (0,q) is Ly-smooth w.rt. q such that ||VqRn(0,d) — VqRN(0,d')|2 < Lglla — d'[|2.
p(0) follows the definition in Proposition Take a constant Ap > F(0(°)) — infy F () and set
step size as o« = \/Ap/(LT). For ||qT" — q*||3 < 7y of the inner maximization problem, we have:

T
1 1+ 2L« 2A
i E : 2| _ 2 F

From Proposition as T — oo, Vo F (A®) exhibits a standard square-root convergence. Further-
more, the parameter v can be effectively controlled, owing to the concavity inherent in the inner
maximization problem and the rapidly diminishing error ratio as described in Proposition[3.2}

3.3 Mitigate the Effects of Random Noisy Samples

Finally, we prove that our GCDRO method effectively de-emphasizes 'noisy samples’ with locally
non-smooth prediction errors. Due to the challenge of assessing intermediate states in gradient flow,
we focus on its final state (as T}, — c0). Notably, in Proposition[3.2] the convergence rate of gradient
flow is O(e~¢Tin), implying that an efficient approximation of the final state is feasible.

For the worst-case distribution ¢*, we denote the density ratio between samples as (¢, j) := ¢}/ q;-
In sensitivity analysis, when only sample ¢ is perturbed with label noises, we denote the density ratio



293
294

296

297
298
299

300
301

302

303
304
305
306

308

309
310
311

312

314
315
316
317
318
319

321
322
323
324

325
326
327
328
329
330
331
332

in the new worst-case distribution ¢* as Y (4, j) := ¢/ q;* The sample weight sensitivity £(i, j)
is defined as £(4, 7) = log y"% (i, j) — log¥(4, j), which measures how much density ratio changes
under perturbations on one sample. Larger £(4, j) indicates larger sensitivity to noisy samples.
noisy _ gi > Q(ZkEN(i) ‘I;wilczk _fi

Proposition 3.4. Assume ¢; ) which is locally non-smooth. For any

ZkEN(i) 9 Wik
a > 0 (in Equation El) we have Egepro < Egpro- Furthermore, there exists M > O such that for any
a > M, we have epro(i,7) < 0 < min{&2_pro(i, j), Eepro (i, §)(= Exr-pro(i, 7))}, indicating
that GCDRO is not sensitive to locally non-smooth noisy samples.

In practice, we do a grid search over « € [0.1, 10] on an independent held-out validation dataset to
select the best . The complexity of gradient flow scales linearly with sample size.

4 Experiments

In this section, we test the empirical performances of our proposed GCDRO on simulation data and
real-world regression datasets with natural distributional shifts. As for the baselines, we compare with
empirical risk minimization (ERM), WDRO, two typical f-DRO methods, including KL-DRO, x2-
DRO (Duchi and Namkoong| 2021)), GDRO (Liu et al., 2022b), HRDRO (Bennouna and Van Parys|
2022) and DORO (Zhai et al.,|2021), where HRDRO and DORO are designed to mitigate label noises.

Table 2: Results on the simulation data. We report the root mean square errors.

Weak Label Noise (noise level 0.5%) Strong Label Noise (noise level 5%)
Train (major) Train (minor) Test Mean Test Std l;irta gl:;t)err Train (major) Train (minor) Test Mean Test Std 1;;:;:?:
ERM 0.337 0.850 0.598 0.264 0.423 0.368 0.855 0.599 0.243 0.431
WDRO 0.337 0.851 0.589 0.292 0.424 0.368 0.857 0.600 0.268 0.432
x?-DRO 0.596 0.765 0.680 0.088 0.447 1.072 0.708 0.875 0.193 0.443
KL-DRO 0.379 1.616 0.974 0.660 0.886 0.468 1.683 1.037 0.621 0913
HRDRO 0.325 1.298 0.794 0.516 0.693 0.330 1.343 0.801 0.522 0.694
DORO 0.347 0.793 0.565 0.230 0.384 0.334 0919 0.611 0.295 0.449
GDRO 0.692 0.516 0.605 0.094 0.198 0.618 0.752 0.677 0.063 0.421
GCDRO 0411 0.554 0.482 0.070 0.190 0.494 0.591 0.540 0.044 0.268

4.1 Simulation Data

Data Generation. We design simulation settings with both sub-population shifts and noisy samples.
The input covariates X = [S,U, V]T € R consist of stable covariates S € R5, irrelevant ones
U € R* and the unstable covariate V' € R:

[S,U] ~ N(0,25),Y = 655 +0.1515255 + N(0,0.5), V ~ Laplace(sign(r) - Y, 1/51In |r|),  (14)

where fs € R is the coefficients of the true model, |r| > 1 is the adjustment factor for each
sub-population, and Laplace(-, -) denotes the Laplace distribution. From the data generation, the
relationship between S and Y stays invariant under different , U 1 Y, while the relationship
between V and Y is controlled by r, which varies across sub-populations. Intuitively, sign(r)
controls whether the spurious correlation V-Y" is positive or negative. And |r| controls the strength
of the spurious correlation: the larger |r| is, the stronger the spurious correlation is. Furthermore, in
order to conform to real data which are naturally assembled with label noises (Zhai et al.,|2021)), we
introduce label noises by an e proportion of labels as Y ~ A(0, Std(Y")). € controls the noise level.
Settings. In training, we generate 9,500 points with » = 1.9 (majority, strong positive spurious
correlation V'-Y') and 500 points with r = —1.3 (minority, weak negative spurious correlation V-Y").
In testing, we vary r € {3.0,2.3, —1.9, —2.7} to simulate different spurious correlations V-Y. We
use linear model with mean square error (MSE) and report the prediction root-mean-square errors
(RMSE) for each sub-population, the mean and standard deviation of prediction errors among all

testing sub-populations. Also, we report the parameter estimation errors |6 — 6*||2 of all methods
(0* = (0%,0,...,0)T). The results over 10 runs are shown in Table

Analysis. From Table (1) compared with ERM, all typical DRO methods, especially y2-DRO
and KL-DRO, are strongly affected by label noises. (2) Although DORO is designed to mitigate
outliers, it does not perform well under strong noises (x = 5%), because it relies on the assumption
that noisy points have the largest prediction errors, which does not always hold. (3) Our proposed
GCDRO outperforms all baselines under different strengths of label noises, which demonstrates
its effectiveness. (4) Compared with GDRO, we could see that our calibration terms in Equation
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Figure 2: Results of real-world datasets with natural shifts. We do not manually add label noises here,
since real-world datasets intrinsically contain noises.

[)is effective to mitigate label noises. From Figure [T} the worst-case distribution of our GCDRO
significantly upweighs on the minority (green points) and does not put much density on the noisy data
(red points), while the others put much higher weights on the noisy samples and perform poorly.

4.2 Real-world Data

We use three real-world regression datasets with natural distributional shifts, including bike-sharing
prediction, house price, and temperature prediction. For all these experiments, we use a two-layer
MLP model with mean square error (MSE). We use the Adam optimizer |Kingma and Ba| (2015) with
the default learning rate 1e — 3. And all methods are trained for 5e3 epochs.

Datasets. (1) Bike-sharing dataset (Dua and Graff,|2017) contains the daily count of rental bikes
in the Capital bike-sharing system with the corresponding 11 weather and seasonal covariates. The
task is to predict the count of rental bikes of casual users. Note that the count of casual users is likely
to be more random and noisy, which is suitable to verify the effectiveness of our method. We split
the dataset according to the season for natural shifts. In the training data, the ratio of four seasons’
datais 9 : 7 : 5 : 3. We test on the rest of the data and report the prediction error of each season.

(2) House Price dataselﬂ contains house sales prices from King County, USA. The task is to predict
the transaction price of the house via 17 predictive covariates such as the number of bedrooms, square
footage of the house, etc. We divide the data into 5 sub-populations according to the built year of
each house with each sub-population covering a span of 25 years. In training, we use data from the
first group (built year < 1920) and report the prediction error for each testing group.

(3) Temperature dataset (Dua and Graff} [2017) is largely composed of the LDAPS model’s next
day’s forecast data, in-situ maximum and minimum temperatures of present-day, and geographic
auxiliary variables in South Korea from 2013 to 2017. The task is to predict the next-day’s maximum
air temperatures based on the 22 covariates. We divide the data into 5 groups corresponding with 5
years. In the training data, the ratio of five years’ datais 9 : 7 : 5 : 3 : 1. We test on the rest of the
data and report the prediction error of each year. More details could be found in Appendix.

Analysis. (1) From the results in Figure 1] we could see that the performances of ERM drop a lot
under distributional shifts, and DRO methods have better performance as well as robustness. (2) Our
proposed GCDRO outperforms all baselines under strong shifts, with the most stable performances
under natural distributional shifts. (3) As for the kNN graph’s fitting accuracy of the data manifold,
we visualize the learned manifold in Appendix and we could see that the learned kNN graph fits
the data manifold well. Besides, we show in Appendix that the performances of our GCDRO are
relatively stable across different choices of k. Also, our GCDRO only needs the input graph Gy to
represent the data structure and any manifold learning or graph learning methods could be plugged
in to give a better estimation of G .

5 Future Directions

Our work deals with the over-pessimism in DRO via geometric calibration terms and provides free
energy implications. The high-level idea could inspire future research on (1) relating free energy with
DRO:; (2) designing more reasonable calibration terms in DRO; (3) incorporating data geometry in
general risk minimization algorithms.

"https://www.kaggle.com/c/house-prices-advanced-regression- techniques/data
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