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Abstract

We study the local behavior of splitting methods for sparse optimal transport. By leveraging
finite-time identification properties, we relate the algorithms’ local convergence behavior to graph-
theoretic properties of the solution. This connection offers insights into suitable stepsize choices,
which we use to design a simple stepsize heuristic. We demonstrate the efficiency and robustness
of the heuristic on a range of experiments.

1. Introduction

Optimal Transport (OT) has become an increasingly important tool in machine learning, computa-
tional biology, and beyond. Since OT can be formulated as a large linear program, efficient solvers
are essential for large-scale applications (see [20] for an excellent overview). Splitting methods for
OT have gained attention recently due to their robustness, GPU compatibility, and strong conver-
gence guarantees [8, 14, 16, 17]. However, their performance depends heavily on stepsizes that are
often difficult to tune optimally—particularly in ways that account for local problem structure.

In this work, we study the local properties of a Douglas—Rachford-based algorithm proposed
in [14] and derive a graph-theoretic characterization of its local behavior. This characterization
provides insights into how stepsizes should be tuned for different OT variants. Building on this,
we propose a computationally inexpensive stepsize heuristic that yields substantial speedups for
quadratically regularized OT within certain ranges of the regularization parameter.

Related work.  There is a natural connection between optimal transport and graphs, since the
associated linear program is directly related to a network flow problem. This makes network sim-
plex methods well-suited for OT problems for moderate sizes [19]. To address larger problems,
other sparse but approximate approaches have been developed that leverage strongly convex regu-
larization schemes to obtain smooth dual problems [4, 8, 15]. In parallel, sparse splitting methods
have been proposed to handle unregularized OT problems while effectively leveraging GPU paral-
lelization [17]. These methods have since been extended for more general regularization schemes,
that do not need to be strongly convex [14]. Related approaches have also been proposed in [5],
which extends to general Bregman divergences, as well as restarted primal—dual splitting method
[16] using restarts.
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2. Splitting methods and OT

For two probability vectors p € R’ and ¢ € R} !, the associated transportation polytope is given by
T(p,q) ={y e RP*" : 41, = p, 7 T1,, = q}. Given a positive cost C € R*™, and a regularizer
h, the regularized OT problem is given by

minimize tr(CTv) + h(y).

YET(P,9) ( ) ) M
In this paper, we will focus on the quadratic regularizer h(y) = § 7]/%, o > 0. We allow o = 0,

which recovers the unregularized OT problem. We comment on how these results extend to other
regularizers in Section 6. Conclusions and future outlook.

Douglas—Rachford splitting. We analyze the DR-approach to optimal transport introduced in
[14]. Specifically, by considering the following composite optimization problem involving two
closed, convex, and proper functions f and g,

minimize f(x)+ g(x). (2)

z€eR™

DR-splitting finds an approximate solution by generating fixed point iterates y;+1 = Tpryx via the
operator

Tpg = Id + prox,, (2pr0xpf () — Id) —prox, (+) . 3)

An approximate solution is then obtained via yj41 = prox, s ().
The OT-problem is readily modeled as a composite optimization problem by introducing indi-

cator functions:
FO) ={Cm) p + tgroen (7) + h(7), and g(7) = 17,4 (7))

where T (p, q) is given by T (p,q) = { € R™*" : 41,, = p, ¥ 1,, = ¢}. Under the assumption
that h is sparsity-promoting (see [14][Def. 2.1]) the DR-update can be simplified as follows:

a1 = proxg, ([ + rs11y + Lnpler — pCl4 ) )
with the auxillary variables ¢ and ¢y, updated according to

T T
Thtl = Yetiln =Py Skl = Veg1lm — @ M1 = [ Trg1/(m+n),
Or+1 = Ok — Mit1, Q41 = Ak — Tk, bry1 = b — Sp41,

Grr1 =0 (ag — 2rr + (20641 — 0k) 1), @rr = m ! (b — 28541 + (20641 — O1) 1) -
%)

Most notably, if h(y) = 5 |7 % and o > 0, then

Yer1 = (L+ pa) [y + Gyl + 1m‘P;+1 — pCl4. (6)

1. By this we mean that their total mass is one, i.e. 11 p=11g=1
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Global convergence. A range of global convergence guarantees have been established for DR-
splitting applied to non-smooth problems, including an ergodic O(k~!) rate and and non-ergodic
O(kfl/ 2) rate [7]. For unregularized OT, leveraging sharpness-conditions of the solution set further
allows us to establish a global linear convergence rate [17]. Similar conditions have also been used
with restarts for closely related algorithm classes [1, 16]. However, it is not always clear how tight
these results are, partly since the sharpness constants are, in general, difficult to estimate. To this
end, we resort to analyzing the local rather than global behavior for tighter guarantees, and all our
proofs are included in the appendix.

Local guarantees. The study of active constraint identification in first-order methods dates back to
Hare and Lewis [9], and has more recently been adapted to a range of sparse first-order algorithms
[10-13]. Under suitable non-degeneracy assumptions on the solution to which the algorithm at
hand converges, these algorithms will identify the correct sparsity pattern of the solution in finitely
many iterations. In the case of DR-splitting applied to quadratic, as well as unregularized OT, these
condition reduces to the following strengthened optimality condition for an optimal primal-dual pair
(v, u*,v*).
Given that Y1 — y* and v* = prox, (y*), and that the non-degeneracy condition holds

75 =0 uf + v — ¢ <0, (7

then we have the following finite-iteration sparsity identification result (which follows from [12][Thm.
5.1].

Proposition 1 Assume h(y) = § |7 2, « >0, and that (7) holds. Then there is a K > 1 such
that for all k > K, (v)ij = 0 if and only lf’yfj =0.

Once the sparsity pattern is identified, a faster local convergence rate typically dominates, which
has been characterized exactly for locally polyhedral functions [12]. However, beyond this function
class, an exact characterization is generally substantially more difficult to establish, and results are
often restricted to certain stepsize ranges (c.f. [21]). We address this issue for OT with quadratic
regularization, specifically, for which we can relate the local rates to spectral properties of the graph
structure associated with the optimal solution.

Similarly to the analysis in [12], the local behavior of this class of algorithms reduces to a
composition of projections onto subspaces. For OT, the subspaces in question are the following

Ty ={y €eR™ " =0, ify; =0} To={yecR"™":~41,=0, 1, = 0}.

In particular, Proposition 1 states that v, € 17 if £ > K. By invoking finite-time identification
of the true sparsity pattern, we establish the following result for OT with quadratic regularization.
Proofs are included in the supplementary material.

Proposition 2 Assume h(v) = §||v||%, where a > 0, and let = pa(1 + pa)~t € [0,1). Then
when k > K, the Douglas—Rachford update given by (3) simplifies to yr11 = Mpgyy, where

Mg = Pr, Py + Pry Pro + B(Pry Pry — Pr, Pry) ®)

Note that since we allow . = 0, Proposition 2 also applies to the unregularized OT problem, which
clearly corresponds to 8 = 0.

The convergence of such compositions is best described using principal angles—most notably
the Friedrich angle. These quantities are defined as follows:
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Definition 3 Let X and Y be two subspaces in R"™*" with p := dim(X) and q := dim(Y). We
assume 1 < p < q < mn. Let X1 = X and Y1 = ), then the cosine of the ith principal angle
0; € [0,7/2] is defined iteratively fori =1,2,...,p.

cosb; = (u;,v;) = | Hm\?)ﬁ (u,v) where Xiy1 = X; N span(ui)J‘, Vir1 =ViN span(vi)J‘.
=|jv||=1
uueXi, Z'Eyz
Moreover, if dimX NY = d, then 8; = 0 for i = 1,2,...d. The first non-zero angle is called the
Friedrich angle, denoted 0 := 04,1 > 0. For convenience, we if 0; € {0,1} foralli =1,2,...,p,
we let cos O = 0.

We establish the following result which characterizes the spectral properties of Mg in terms of the
Friedrich angle.

Proposition 4 Let Mg be defined by (8) and let O denote the Friedrich angle between T and
Ty, which is assumed to fulfill 0 < w/4. Then X = 1 € eig(Mg) is semisimple, and it is the
only eigenvalue fulfilling |\| = 1. In addition, the norm of the second largest eigenvalue (i.e.
subdominant eigenvalue), denoted ((Mp), is determined by the following cases:

i) If B =0, then ((Mpg) = cos(0r). In this case, Mg is normal, and the eigenvalues associated
with ((Mpg) = cos(0p) are complex-valued.

ii) If B > 0, then ((Mg) > cosfp/(sinfp + cosOp), where the lower bound is attained at
B =sin20r/(1 + sin20r). The leading eigenvalue is real when 3 > sin20r /(1 4 sin 20p).
IfTiNTy = {0} and B < sin20p/(1 + sin20F), then the leading eigenvalue is complex
valued. Otherwise, it is real when 0 < 8 < sin2 6 r, and complex valued when sin? Or < B <
2sinfp /(1 + sin 20F).

When 0 > 7/4, i) still holds. However, for ii), the subdominant eigenvalue will be determined
by other principal angles in this setting. It is important to note that fp << 7/4 for practical
applications, and should therefore be considered an edge-case.

These spectral properties allow us to establish the following local linear rates (see e.g. [3]).

Theorem 5 Let k > K where K is given by Proposition 1. Then the DR-splitting algorithm for
quadratically regularized OT enjoys the following linear rate:

ke — vl < er®llye = v* Il Noner — 2% < e Hlyg — vl

For the unregularized case, i.e., o = 0, then ¢ = 1 and v = cosOp. If o > 0, then ¢ > 0 and
r=1rg=7y(Mg) > cosOp/(cos O + sin0r), which is determined by Proposition 4.

Proposition 2 and Theorem 5 provide several useful algorithmic insights. For the unregularized case,
the local rate is independent of the stepsize, which offers a strong justification for only optimizing
the stepsize for the global sublinear rate. Moreover, at least locally, the iterates will spiral towards
a solution due to the complex-valued leading eigenvalue, a phenomenon also observed in practice.
However, with quadratic regularization, the local rate can be optimized. In particular, the best rate is
attained at 3 = sin 20 /(1 + sin 20 ), which corresponds to the stepsize p = a~! sin 20 . Smaller
stepsizes yield spiral-like local convergence, while larger stepsizes lead to linear convergence along
a straight line. This behavior is illustrated in Figure 1 for a toy example.
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Primal residual Sparsit:

— Small stepsize
— Large stepsize

Figure 1: Typical convergence behavior for different stepsizes—small stepsizes give oscillating conver-
gence behavior, while larger stepsizes result in monotone decreases.

3. Graph characterization of local convergence

For sparse OT, relating the solution to an unweighted bipartite will prove helpful in characterizing
the local rates. Specifically, we consider the following graph G = (N, V) with nodes and vertices

N =[mluln], V={(7) € [m] x[n]:7j; > 0}. ©)

The graph interpretation of (9) allows us to express the principal angles, including the Friedrich
angle, in terms of the edge Laplacian of G (see e.g. [2] for an overview).

Proposition 6 Let G = (N, V) be the graph in (9) and let d = |V|. Define Ay, Ay € R*¥*? by
(A1)ij = lifedges i and j share a source (else 0), and analogously for As with shared targets. Set

Q= I—I—%ldlg—%Al—%Ag, then cos 0; = \/Aq—i(Q). If m = n, then Q) = I—I—#ldlg—%[@,
where L. is the edge Laplacian of G.

The following results characterize the eigenvalues of ().
Proposition 7 Let Q be defined as in Proposition 6, then

o Ifm = n and d = n?, i.e. the bipartite graph is fully connected, then \;(Q) € {0,1}.

e Ifm=n,and d =n, then \;(Q) € {1 —2/n,1—1/n}.

* Ifm = n and the bipartite graph in q-regular, meaning that d = nq, then 1 —d/m is an eigenvalue
of Q, which serves as a lower bound to the greatest eigenvalue of Q) with magnitude less than 1.

These results can thus be adapted for the Friedrich angle.
Corollary 8 The Friedrich angle is determined by the following cases

o Ifm = n, and d = n? (maximally dense), then cos 0 = 0,
* If m =n, and d = m (maximally sparse), cos 0 = (1 — 1/m)1/2,

e Ifm = n and the bipartite graph in q-regular, meaning that d = nq, then cosp > (1— d/n2)1/2.

For general graphs, deriving exact bounds is typically difficult. In certain cases, however, analogous
results are available (e.g., via Cheeger’s inequality [6]). We leave such characterizations for future
work.

Heuristic for quadratic OT. As demonstrated in the previous sections, quadratic regularization
can lead to local acceleration. Moreover, as quadratic regularization renders the solution denser, it
should make the sparsity pattern easier to identify. However, the optimal stepsize is determined by
an eigenvalue problem involving an edge Laplacian, which is clearly intractable to solve online. We
therefore propose a simple heuristic motivated by the special cases detailed in Proposition 8.
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Since d = |V| = mn — ||7*|

o> by letting 5 = ||7*|, /(mn), we use the lower bound cos 0 <
r;/ % which is exact in the maximally sparse and dense cases, and it is a proper lower bound in the
g-regular case. This yields an approximate optimal stepsize p, = 2o~ (r5(1 — r4))'/2. Based on
this, we propose the following heuristic: 1) Run the algorithm given by (6) using a fixed stepsize
(e.g p = 2(m + n)~'/||C||s0> as proposed in [14]), until the sparsity has stabilized. ii) Compute
the stepsize candidate pj, = 2a~"(rs(1 — r4))'/2. iii) If the proposed stepsize candidate is smaller
than the default stepsize, it is chosen; otherwise, the default stepsize is used. The last step improves
generalization, though at the expense of being more conservative. The rationale is that local stepsize
tuning is most beneficial when the regularization parameter is relatively large—a setting where
smaller stepsizes tend to yield better rates. In contrast, in the low-regularization regime, the potential
gains are minor while very precise sparsity ratio estimates are required.
Figure 2 illustrates the heuristic’s performance: it yields a modest improvement for low regular-
ization parameters and substantially accelerates the algorithm when regularization is high.

Regularization parameter: 1 Regularization parameter: 4 Regularization parameter: 16

—— Primal (H) —— Primal (H) —— Primal (H)
-~ Duality gap (H) ~~ Duality gap (H)
el — Primal (D) — Primal (D)
-~ Duality gap (D)

—— Duality gap (D)

Residual
Residual

Iteration Iteration

Figure 2: Performance of heuristic, and the constant stepsize approach, for three different regularization
parameters.

In addition, we re-run the benchmark used in [14], by extending their GPU-kernel to feature
our stepsize heuristic. The benchmark is composed of 50 OT problems per OT-problem size. Each
method is run until the 2-norm marginal constraint deviation is within an error tolerance of 10~°.
The results are included in Figure 3, which shows that the heuristic often leads to a substantial
improvement.

N=500, M=500 N=1000, M=1000 N=5000, M=5000
W Default stepsize BN Default stepsize e BN Default stepsize
H H

=t =
mmﬁﬁﬁi;uwﬁﬁ#%? ”#mtﬁ

Regularization parameter Regularization parameter Regulari

Runtime [ms]
Runtime [ms]
Runtime [ms]

Figure 3: Performance of heuristic vs. the default stepsize p = 2(m + n)~!/||C||o on 50 test instances.
4. Conclusions and future outlook

In this work, we characterized the local behavior of a splitting method for sparse optimal transport
and showed that it is governed by graph-theoretic properties of the solution. This insight enabled
a stepsize heuristic that accelerates the method in several settings. Our findings suggest multiple
directions for future work: extending the analysis to other splitting schemes such as PDHG, and to
broader classes of first-order methods.

The graph-theoretic characterization used here is still relatively simple; consequently tighter
bounds on the subdominant eigenvalues likely exist. Though the results also extend to other regu-
larizers, the corresponding rate analysis becomes more intricate due to need to account for second-
order information at the solution. Developing a simplified treatment could further clarify algorith-
mic behavior under alternative regularization schemes.
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Appendix A. Sparsity identification

The finite-iteration identification property is a consequence of [12][Thm. 5.1], which holds since
f and g specified for quadratic OT are partially smooth. Specifically, f is partially smooth at any
v € R™™ with respect to {x € R™*" : x;; = 0if 7;; = 0, otherwise ;; > 0}, and g is partially
smooth at any 7' € T (p, q) with respect to T (p, ¢). Moreover, the non-degeneracy conditions

1 1
p(y* - 7*) €ridf(y*) and p(v* - y*> € ridg(v"),

simplifies significantly for quadratic OT. The second condition always hold since ri 0g = dg. For
the first condition, it holds that p~!(y* — 7*) = u*1, + 1,,v* " where (u*, v*) is a dual solution
to the OT problem [14]. For the entries corresponding to positive entries in v*, the first condition
clearly holds. For entries corresponding to zeros in v*, the condition reduces to

* *
u,; +U] < Cij

which is indeed the condition stated in (7).

Appendix B. Convergence to //s;—Proof of Proposition 2

The DR-updates can be written

Yer1 = (L+ pa) [y — pel+
Ver1 = Prp.g 2vk+1 — Yi) (10)

Yk+1 = Yk + Vi1 — Vet

Further, when k£ > K, the correct sparsity pattern is identified, then vy, = Pr, v, which can be used
to simplify the updates further:

Yet1 = (1 + pa) "' Pr, (yx — pe)
r)/llg-i-l = P’T(p,q) (27k+1 - yk) (11)
Ykt1 = Uk + Vip1 — Vot
Write
2Yk41 — Yk =7+ Thp1 + i1,

where 7,1 is a tangent vector to 7 (p, q), i.e. Tpy1 € To and ny 1 is a normal to 7 (p, q), then
Pj—(pﬁq)(Q’yHl — Yg) = ¥* + Tg41. Subtracting 27y* — y* from both sides gives:

2Ve+1 =) — (e —¥") = =(V" = ¥") + Tha1 + i
By noting that (v* — y*) is a normal to 7 (p, q), and projecting both sides onto T gives:

2P, (Yr41 — ’Y*) — Pr,(yr — y*) = Tk+1-
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Now consider

Yet1 — 7" = (14 pa) "' Pr, (yx — y*)
and
Y1 — Y = Uk + Prip o) (241 — Yk) — Vo1 — Y
=Y — ¥ — (Vo1 — V) + Tht1

which gives:

Ykl — Y =y — Y — (V1 — 2°) + 2P, (Y1 — =) — Py (yk — ¥°).
or
Y1 —y" = (I — (14 pa) ' Pp, 4+ 2(1 + pa) ' Pr, Pry — Pr,)(yx — y*)
= (I - PT1 + 2PT2PT1 - PTz)(yk - y*) + /B(PTl - 2PT2pT1)(yk - y*)
= Mﬁ(yk - y*)7

where 8 = pa(l + pa)~t € [0,1). Notice that the mapping Mz with 3 = 0 coincides with the
criterion proposed in [12]. Moreover, the linear operator Mg can be rewritten as

Mﬁ = P, Pr, + PT;_PTlJ_ + ﬁ(PT1 — QPTQPTl)
= PT2 PT1 + PTQL PTll + B(PTQL PT1 — PT2 PTl)-

Appendix C. Spectral characterization of 1/3;—Proposition 4

Assuming 1 < ¢ := dim(T}) < p := dim(72) < n, and that p + ¢ < mn, using a technique
proposed in [3], we can form a basis matrix D such that the first p columns span 77. We will, by
the end of the proof, extend this to the case when p 4+ ¢ > mn. This means that we can express the
projections as follows:

I, 000 c: CcS 0 0
B 0 00O T B cs 82 0 0 T
Pr=D\ g g oD =D o I, 0 b
0 00O 0 0 0 0
where C' = diag(cos 1, cosbs, ..., cosb,), = diag(sinfy, sinfs, ...,sinf,) and 6; is the ith

principal angle between the subspaces 77 and 75. Using Proposition 2, we can express Mg as
follows:

BI+(1-28)C? —CS 0 0
B (1-2B)CS c? 0 0 T
Mg =D 0 00 0 D'
0 0 0 Inpy

10



GRAPH-THEORETIC PERSPECTIVES ON SPLITTING METHODS FOR SPARSE OPTIMAL TRANSPORT

Moreover, given that d = dim 77 N 75 > 0, then

C =diag(1, 1, ...,1, cos 441, cosbita...cosb,)
S = diag(0, 0, ...,0, sinfgy1, sinfgyg...sinf))

where 0 < cos g4, < 1forl < k < p—d, or equivalently
I 0 0 O
C_[O Cd}’ S_[O Sd}

Cq = diag(cos Og1, cosbgta...cosby),

where

Sq = diag(sin g1, sinfgi2...sinb,).

This gives that

[ (1—8)I 0 0 0 0 0
0 BI+(1-28)C? 0 —CsSs 0 0
B 0 0 I 0 00 T
Mp =D 0 (1-28)CsSs 0 C2 0 0 b
0 0 0 0 00
.0 0 0 0 0 I |

Due to the block—diagonal property of the matrix given by (12), we have that
(M) {0} U {1} Ueig(Mjy), ifdim71 N7y =0
ei =
& (0} U {1} U {1 — B} Ueig(M,), ifdimTyNTs > 0,

where M block corresponding to the positive principal angles:

M, — [ BI+ (1 —-2B)C? —C4S, ]

(1 - 2/8)0555 Cs2
To compute eig(M;), we consider the characteristic equation:

‘ BI+(1-28)C2— X —CS

(1—-28)CS C? -\ ‘:O

By expanding block determinants via Shur complements (see e.g. [18][page 475]), we obtain
|C2 — XI| - |BT + (1 = 2B)C2 — X 4+ C,S,(C? — XI)7(1 — 2B)CsSs| = 0.

Both determinants involve diagonal matrices, meaning that the left-hand side simplify to

p

H (cos®0; — \)

1=d+1
P

X H (B + (1 —28) cos® B; — X + cos 0; sin 0;(cos? ; — X\) "1 (1 — 23) cos §; sin ;)

i=d+1
p

= H (cos®0; — N\)(B 4 (1 — 28) cos? 0; — \) + (1 — 23) cos® §; sin® 6;.

i=d+1

11

12)

(13)
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Therefore, to find the zeros to the characteristic polynomial we need to solve the following equation
for every 0;

0 =(cos?0; — \)(B + (1 —28) cos® 6; — \) + (1 — 2) cos* 6; sin” 6;

0 =X\ = X\(B+ (1 —28) cos®; + cos? 0;) + Bcos® O; + (1 — 28) cos* ;
+(1-208) cos? 6; sin® 6;

0=XA2 = X\(B+2(1—B)cos®6;) + (1 — B) cos® b;.

The roots are given by:

Ai = g + (1 — B) cos? 0; + \/i(ﬁ +2(1 — B)cos?0;)? — (1 — ) cos? b;

Notice that the expression under the square root can be simplified:

ﬁ + (1 = B)Bcos?b; + (1 — B)? cos* 6; — (1 — B) cos b;

4
_ ﬁ: + (1= ) cos? (8 + (1 — ) cos? 6; — 1)
_ B: + (1 - B)? cos® fi(cos? 6; — 1)

62
T

— i(ﬂQ — (1 — pB)?*sin? 201-).

—(1- 5)2 cos? 6; sin® 6;

This gives the following simplified equation for the roots

N= 5 (1= B cos 0ok 552 — (1= )2 20, (14)

If 32 — (1 — 3)?sin? 26; < 0, which happens when 3 < 1_553121%'9_ , the eigenvalue is complex-valued
with

|IAil = /1 — B cosb;.

then the square root of (14) is zero, giving the root:

sin 20

Moreover, if § = 7550,

0;
M= (- Beosto, =

2 sinf; + cos;

If = 02 4 o with k > 0, then 82 — (1 — 8)2sin? 26; > 0 and the eigenvalue is real, and

1+sin 20
since g + (1 =) cos?f; > 0for0 < B < 1, the eigenvalue with the largest magnitude is given by
_B 29 1 /5 2 in?
)\—§+(1—ﬁ)cos 9i+§ B?% — (1 — B)?sin” 26;

12
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which establishes the three cases. Notice that the last eigenvalue, when expressed in terms of «, is
given by

cos b; K K2 ) )
\i = m + 5~ Kk cos® 0; + \/4 + K sin6; cos§; — k2 cos? 0; sin? 6;
cos 0;

K K .
= S0, 1 cosd, + 5~ K cos® 0; + \/(2 — kcos?6;)? + Kksinb; cos b;

cos 0; K \/ K2 K .
= — —co0s26; — cos? 20; + — sin 20;
sinf; +cosf; 2 cos 20 + 4 Cos™ 20 + 2 St 2V
From which it is clear that \; > cos8;/(sin6; + cos6;) for k > 0, and equality holds if and only
k=0.
For the first two cases, it is clear that |\;| < 1 since ; > 0. For the third case, we observe that

)\:§+(1—5)00829¢+
< B+ (1—B)cos®b;
— C082 0; —|—ﬂ(1 — COS2 91)

< 1.

g (-p)

1 1 sin® 26;

As a consequence, all eigenvalues corresponding to M are within the unit circle, and by considering
(12), it is clear that the blocks corresponding to the eigenvalue A = 1 are diagonal, and hence it is
semisimple. Similarly, if d > 0, then also 1 — [ is a semisimple eigenvalue.

If p + g > mn then there exists an s’ and I’ such that s = nm + 1 > p + ¢. By letting
T{ = T\ x {0}} and Ty, = T x {0}, we can apply the previous result directly Pr and Pry instead,
since dim T} = p, dim T} = ¢, and T}, Ty € R", and p + ¢ < s by construction.

Appendix D. Graph-theoretic characterization—Proof of Proposition 6 and

Proposition 7

We will use the following lemma (see [3] for further details) when relating the angles to graph-
theoretic properties.

Lemma 9 Assume x1,x2,...Tp, and y1,y2, ...,y form orthonormal bases of X and ), respec-
tively, and let Z = RP*? be a matrix whose entries are given by Z;; = tr(xl—-'—yj). By computing the
singular value decomposition of Z, i.e.

Z=UDV'
then the principal angles can be obtain via cos 0; = Dy;.

In order to use Lemma 9 to compute the principal angles between subspaces 77 and 75, we
hence need to form two orthonormal bases of 7 and 7% such that the eigenvalue computations
become tractable. The following bases will prove useful.

13
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Lemma 10 Consider the subspaces Ty and Ty given by (9) Then dim Ty = dy = |V| and dim Ty =
dy = (m—1)(n—1). Letting u; be the ith canonical basis vector of R™, and v; be the jth canonical
basis vector of R™, then a basis of T is given by

T
{uiv; }ajev-
By letting
! 11 1,0 TERm , =1,2 1
ro—= 4 1. — o i= Loom—
) i+1 |3 I s Um—i—1 ; ) “y
o= =111 210, TeR”j:12 n—1
7 ]+1 ] B sy Un—j—1 ) g Ly oo )

then {Tis;'r}ije[m—l]x (n—1] forms an ortonormal basis for Ts.

Proof Establishing the dimension and basis for 7} is trivial. For T, we have that 75 = ker. A
where A : R™*" — R™*" given by Ay = (y1,;7 " 1,,). Since rank A = m +n — 1, dim T, =
mn—(m+n—1)=(m-—1)(n—1).

If 4 < 4/, then
N 71 1
riri/_\/i—i—l\/i’—l—l(ii’lili_i’

=0.

Moreover

= 1.
Therefore, r; are orthonormal, and so are s;, which is proven analogously. Moreover, r;r 1, =

szln = 0, which implies risz € Ty: In addition tr((risz)(r;s;-T)) = 0;,0; 7, which establishes

that {ris;}ije[m_l]x in—1) forms an ortonormal basis for T5. [ |

By imposing and ordering the vertices V, ie. let V = {(is,s)}se[q,)> then for s € [di],
(k,1) € [m — 1] x [n — 1], we let

Lspl == <uisvaS,TkslT>
= tr(UjSviTSrkslT)
= (rk)i, % (81)j,

resulting in

0 is>k+1lorjs>1+1,
%7 is=k+1,js=10+1
.871 . . —_—
Zs7k7l _ _ jsi(k+1)’ 15 < k+ 17 Js =1+ 17

_\/E’ is=k+1,7s<l+1
1 . ,
HoFGEn: J <k+Li<i+1.

14
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If we let ay, = [(i(i + 1))Y2)" and by = [(5(j + 1))~ 1/2]” !, then for a fixed s € [d;], the
matrix generated by all but the first mdex of Z 1.1 is given by

My = [Zs k1l (k1) efm—1] x[n—1]
0 0

o )

0 —, /]Sj_lals aleT

To compute the SVD of Z, we need to find the eigenvalues of Z ' Z. Equivalently, we need the
eigenvalues of the matrix Q € R4 x4 determined by Q;; = (M;, M;). Before computing this, we
note that:

1 1 1
i ai) = == 15
{ai, a2) Lo k(k+1) i m (1)
n—1

1 1 1
bi,b:) = = - — — 16
(b;:65) l:jl(l+1) i n (16)

Therefore
(is—1(Gs—1) is—1 Js—1
<M57 MS> = . + <bjs7 b]s> + <a’i57a’i5> + <bis7 b'Ls> <ajs7 b]s>

1s])s s Js

_ <ZZ‘ L <az-s,az-s>> (jsjz Ly <bjs,bjs>)
(50

For the off-diagonal elements of (), we have to consider the following cases separately.

Case 1. First consider s,t € [m], and assume i < i;, and js < j;. In this case, it will only be the
lower-right subblock between ¢ to n — 1, and j, to n — 1 that will contribute to the inner product.
This gives

s — 1)(Js — 1 1
(01,04 = \/< i )\/
is]s Zs]s s —
fis —1 Jt —
b ) b s a'ls ) als
\/ —1) (3. \/ \/]t (Je — 1) )

+ (ai,, ai,) bje? b,]s

1 1 1

= T — b's,b‘s — — (Qi,, A4 + Qi Qg b'sab‘s
o bbi) —  {an) + (i) ()

1 1

= | {ais; ai;) — — ) | (0je, bje) — —
(<as as> Zs) (< Jt ]t> ]t)

_ 1

_mn

15
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Case 2. Now assume ¢ < 7, and js > 7j, then

b — 1 1 i — 1 1
<M5,Mt> s B Jt B
is Jt Jt - 1) Jt Zs(
—1 Jt —
\/ b b;
ZS Zs o 1 Jt’ ]t \/ \/Jt ]t . 1 a/7497 a‘%)

+ <a’i57 ais) <bjt7 b]t>

L i) — = (s, a) + {ai, ai,) (b bi)
.. ity Y5 — ais,ais ais7ais jt5 Vgt
1sJt lg J J Jt ! !

— ((aisaau) - i) <<bj“bjt> - Jlt>

1

mn

Case 3. Ifi; = i, but js < jy, then

s =D =1) Jis—1 1
Mo, Mi) = ¢ isjs ¢ is  Js(ds — 1)

ts—1 [ig—1 Js— 1 1
—i—\/i — b'q?b.s - B B B ais’aig
s ls < Jer I > \/ Js \/JS(]S - 1) < >
+ <al.s7al.s> <b‘7.s7b].s>

(is —1)2  ig—1 1
- + <b.757b]5> - <a’i57a’i5> + <a’7;s’a’is> <b.757b]5>

1s])s ls Js

Due to symmetry, the remaining cases are completely analogous.
In conclusion, we have that

IL—n"t—m™ 4+ (mn), ifs=t,

1 -1 .
—-m~ "+ (mn) ", if s, [ share rows
Qsl = <M87Ml> = -1 ( ),1 .
—n~" + (mn)7F, if s, [ share col
+(mn)~L, otherwise.

Therefore, we can express the matrix as

1 1
Q—I+ 1d11d1 Al_ﬁAQ

16
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where (A1);; = 1if edge i and j share source, and otherwise it is zero. A, is the target counterpart.
In particular, if m = n, then L, = A + As, where L, is the edge Laplacian. In this case

1. o+ 1

This establishes Proposition 6.
For Proposition 7, we first note that if the graph is maximally sparse, i.e., d = n, then L, = 21,
then

2 1.

The eigenvalues of () are 1 — 1/m and 1 — 2/m, which corresponds to the eigenspaces span{1,,},
and {v : 1] v = 0} respectively.

Conversely, if the graph is maximally dense, i.e., d; = n2, then the eigenvalues of L. are
{0,n,2n}, corresponding to the eigenspaces {v : Ajv = 0 and Ayv = 0}, {v = Ays1+Assy, and 1751 =
17sy = 0}, and span(1,,2), respectively. Note that 1Tv = 0 is contained in the first subspace.
Therefore, it is straightforward to establish that the eigenvalues of C' in this case are either 0 or 1.

Finally, if d-regular bipartite graphs, these results partially generalize, as L.1 = 2d1. As d; =

nd in this case, then

d 2d d
Cl=1+—2-1=(1-%n
n

n? n

meaning that (1 — d/n) is an eigenvalue.
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