
Under review as submission to TMLR

Multi-objective Bayesian optimization for Likelihood-Free in-
ference in sequential sampling models of decision making

Anonymous authors
Paper under double-blind review

Abstract

Statistical models are often defined by a generative process for simulating synthetic
data, but this can lead to intractable likelihoods. Likelihood free inference (LFI) meth-
ods enable Bayesian inference to be performed in this case. Extending a popular approach
to simulation-efficient LFI for single-source data, we propose Multi-objective Bayesian Op-
timization for Likelihood Free Inference (MOBOLFI) to perform LFI using multi-source
data. MOBOLFI models a multi-dimensional discrepancy between observed and simulated
data, using a separate discrepancy for each data source. The use of a multivariate dis-
crepancy allows for approximations to individual data source likelihoods in addition to the
joint likelihood, enabling detection of conflicting information and deeper understanding of
the importance of different data sources in estimating individual parameters. The adaptive
choice of simulation parameters using multi-objective Bayesian optimization ensures simula-
tion efficient approximation of likelihood components for all data sources. We illustrate our
approach in sequential sampling models (SSMs), which are widely used in psychology and
consumer-behavior modeling. SSMs are often fitted using multi-source data, such as choice
and response time. The advantages of our approach are illustrated in comparison with a
single discrepancy for an SSM fitted to data assessing preferences of ride-hailing drivers in
Singapore to rent electric vehicles.

1 Introduction

In many scientific applications, the most natural way to incorporate subject matter knowledge into a
statistical model is by specifying a generative algorithm (or simulator) for synthetic data. In this case, the
likelihood function can sometimes be difficult to compute, and this makes traditional statistical inference
methods hard to apply. In response to this challenge, researchers have developed likelihood-free inference
(LFI) methods for conducting Bayesian inference using only simulation from the model, without any likeli-
hood evaluations. An alternative name for LFI is simulation-based inference (SBI), which stresses the role
of simulating synthetic data.

Our work considers settings where it is important to obtain accurate approximations to the posterior
density using as few simulations as possible, and where the likelihood factorizes into terms for different data
sources. We extend a widely-used simulation efficient method for single source data, Bayesian optimization
for likelihood-free inference (BOLFI) (Gutmann & Corander, 2016). BOLFI uses Bayesian optimization to
sequentially choose the simulation parameters to make best use of a limited computational budget. In the
case of multi-source data, we consider a multi-objective extension which we call MOBOLFI, which measures
fidelity between synthetic and observed data by a multi-dimensional discrepancy with a component for each
data source. The multi-dimensional discrepancy is modelled, and this allows approximation of likelihood
terms for different data, which is important for understanding the importance of different data sources for
inference about individual parameters and for model checking.

There are many existing methods for LFI. One of the most well-established methods is approximate
Bayesian computation (ABC, Sisson et al., 2018), which approximates the posterior by parameter samples
for which a simulated dataset has a discrepancy from the observed dataset below a certain tolerance. See
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Section 2.1 for a more detailed discussion. ABC implicitly uses a kernel density approximation to the
likelihood for data summaries. A competitive approach, probability density approximation (PDA, Turner
& Sederberg, 2014), has also been widely used for over a decade. However, with high-dimensional summary
statistics, both ABC and PDA can perform poorly, making then unsuitable for many highly parameterized
models.

Structured density estimation approaches which deal better with high-dimensional summary statistics
include synthetic likelihood, which is based on a working normal model for summary statistics (Wood, 2010;
Frazier et al., 2022), flexible extensions of synthetic likelihood based on copulas or empirical saddle point
approximation (Fasiolo et al., 2018; An et al., 2020) and neural density estimation approaches (Papamakarios
& Murray, 2016; Papamakarios et al., 2019; Greenberg et al., 2019). However, these structured density
estimation methods require a large number of model simulations to obtain adequate approximations, which
may be infeasible if simulation from the model is computationally expensive. A preferred approach in such
settings is to use active learning approaches such as Bayesian optimization for Likelihood-Free inference
(BOLFI, Gutmann & Corander, 2016), and extending these methods is the focus of our work. We review
the BOLFI approach in Section 2.3, and related existing literature in Section A.2 of the Appendix.

Another challenge for LFI methods is model misspecification (Wilkinson, 2013; Frazier et al., 2020; Frazier
& Drovandi, 2021; Ward et al., 2022). There is an extensive literature on this issue, but here we focus on
model checking with multi-source data, where the different data sources may bring conflicting information
about the model parameter (Presanis et al., 2013). Modern LFI methods have been used in the context of
Sequential Sampling Models (Radev et al., 2023) and for multi-source data (Schmitt et al., 2023; Bahg et al.,
2020), but questions of model adequacy have been previously addressed in a global way. The MOBOLFI
method proposed here has the capability to approximate both the joint likelihood as well as likelihoods for
individual data sources, enabling checks of the consistency of information supplied by different parts of the
data. Examining this consistency is essential for trustworthy analysis of complex multi-source data such
as those arising for Sequential Sampling Models (SSMs). It is also valuable for understanding which data
sources are most informative for the estimation of individual SSM parameters.

This work makes three main contributions. First, the multi-objective aspect of our MOBOLFI method
ensures efficient exploration of the high-likelihood region for the separate likelihoods of all data sources. Sec-
ond, the difficulty of combining multiple discrepancies from individual data sources into a single discrepancy
- with the consequent information loss and highly conservative uncertainty quantification if poor choices are
made - is avoided in the MOBOLFI approach, making it easier to use in practice. Finally, MOBOLFI is able
to leverage likelihood approximations for individual data sources to check their consistency and understand
their importance for estimating individual SSM parameters.

The paper is organized as follows. Section 2 gives background on Bayesian optimization and the BOLFI
method of Gutmann & Corander (2016). Section 3 then discusses multi-objective optimization, the motiva-
tion for the MOBOLFI method, and its implementation. Section 4 presents two instructive examples, one
involving a Brownian motion and the second involving a SSM. These examples illustrate the advantages
of MOBOLFI compared to the BOLFI method with a single discrepancy in settings involving multi-source
data. In the second example, we use an empirical choice-response time (choice-RT) dataset on consumer
preferences for electric vehicles, and demonstrate MOBOLFI’s application in establishing the importance of
different data sources for estimation of parameters of an SSM. Key takeaways and avenues for future research
are discussed in section 5.

2 Method

Before explaining the MOBOLFI method, we give some necessary background on Bayesian optimization,
ABC and the traditional BOLFI approach.

2.1 Approximate Bayesian computation

ABC methods approximate the likelihood by the probability of a synthetic dataset being close to the
observed data in terms of some discrepancy. The discrepancy is often defined in terms of data summary
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statistics. It is important to explain the ABC likelihood approximation, since this motivates the BOLFI
approach discussed in subsection 2.3. For a more extensive discussion of ABC than we give here see Sisson
et al. (2018).

Let θ be parameters in a statistical model for data y ∈ Y to be observed. Write yobs for the observed
value and p(yobs|θ) for the likelihood, where p(y|θ) is the density of y|θ. In ABC, inference is usually based
on a lower-dimensional summary of the original data of dimension d say, defined by a mapping S : Y → Rd.
The observed summary statistic value S(yobs) will be denoted by Sobs.

In ABC we first approximate the posterior density p(θ|yobs) ∝ p(θ)p(yobs|θ) by the partial posterior
density which conditions on Sobs rather than yobs,

p(θ|Sobs) ∝ p(θ)p(Sobs|θ).

If the summary statistics S are sufficient, then there is no loss in replacing yobs with Sobs, but non-trivial
sufficient statistics will not exist in most complex models of interest, and we only require summary statistics
to be informative about θ. Next, since p(Sobs|θ) is infeasible to compute if p(yobs|θ) is, we replace p(Sobs|θ)
with the “ABC likelihood” denoted pt(Sobs|θ) for some tolerance t > 0:

pt(Sobs|θ) ∝
∫

p(S|θ)I(∆θ(S, Sobs) < t) dS, (1)

where ∆θ(S, Sobs) = ∥S−Sobs∥ and ∥·∥ is some distance measure. ∆θ(S, Sobs) is a measure of the discrepancy
between the simulated and observed summary statistics. As discussed further below, the ABC likelihood at
θ can be thought of as proportional to the probability that a synthetic dataset S ∼ p(S|θ) is within t of the
observed data in terms of the discrepancy. The ABC posterior is

pt(θ|Sobs) ∝ p(θ)pt(Sobs|θ), (2)

and there are a variety of methods for sampling from equation 2, which are based on the fact that the right-
hand side of equation 1 can be estimated unbiasedly by I(∆θ(S, Sobs) < t) for S ∼ p(S|θ). The discussion
above can be generalized by replacing the indicator function with a more general kernel.

2.2 Bayesian optimization

Next we briefly describe Bayesian optimization (BO), which is used in the BOLFI method discussed in
subsection 2.3. A more detailed introduction can be found in Garnett (2023). Bayesian optimization is used
for finding a global optimum of a function f(θ), θ ∈ Θ ⊆ Rp, where derivatives of f(·) are not available and
evaluations of f(·) may be corrupted by noise. Here we consider minimization problems, but changing sign
of the objective function turns minimization into maximization. BO models noisy evaluations of f(θ) with
a surrogate model describing our uncertainty about f(·) given the function evaluations made so far. This
surrogate model is usually chosen to be a Gaussian process (Rasmussen, 2003), and it guides the decision of
where further function observations should be made.

Since the surrogate model we use for BO is a Gaussian process (GP), we need some background about
GPs. A random function f(·) defined on Θ is a GP with mean function µ : Θ → R and positive definite
covariance function C : Θ × Θ → R if, for any n, and any θ1, . . . , θn ∈ Θ, the random vector f(θ1:n) =
(f(θ1), . . . , f(θn))⊤ is multivariate normally distributed, with mean vector (µ(θ1), . . . , µ(θn)), and covariance
matrix C(θ1:n, θ1:n) = [C(θi, θj)]ni,j=1. Suppose we observe the Gaussian process f(·) with noise at points
θ1, . . . , θn ∈ Θ. The noisy observations are

zi = f(θi) + ϵi, i = 1, . . . , n, (3)

where ϵi
iid∼ N(0, σ2), for some variance σ2 > 0. Write z≤n = (z1, . . . , zn)⊤. We are interested in describing

uncertainty about f(θ∗) for some θ∗ ∈ Θ, given the noisy observations z≤n. The distribution of f(θ∗)|z≤n is
Gaussian, N(µn(θ∗), σ2

n(θ∗)), where the form of µn(θ∗) and σ2
n(θ∗) are given in Section A.1 in the Appendix.
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The uncertainty quantification provided by the Gaussian process surrogate can be used to decide which
θ∗ should be used to obtain a further noisy observation

z∗ = f(θ∗) + ϵ∗, ϵ∗ ∼ N(0, σ2),

in our search for the minimizer of f(·). θ∗ is usually chosen to minimize a so-called acquisition function. As
an example, in the BOLFI method described next, Gutmann & Corander (2016) suggested using the lower
confidence bound acquisition function (Cox & John, 1997; Srinivas et al., 2012),

An(θ) = µn(θ) −
√

η2
nσ2

n(θ), where η2
n = 2 log

(
n

p
2 +2 π2

3ϵη

)
, (4)

with the default value ϵη = 0.1. Intuitively, µn(θ) is an estimate of f(θ) from the noisy observations so far,
and choosing θ∗ to minimize An(θ) encourages choosing θ where this estimate is small, or where σ2

n(θ) is
large and we are highly uncertain about f(θ). Hence the Gaussian process model can help to manage an
“exploration-exploitation trade-off" in searching for the minimum. Other acquisition functions can also be
used (Järvenpää et al., 2019). Forms for the mean and covariance function need to be specified, and any
parameters, including the noise σ2, estimated. This is usually done using marginal maximum likelihood.

2.3 BOLFI

We now discuss the use of Bayesian optimization in the BOLFI method of Gutmann & Corander (2016).
A discussion of more recent work improving the BOLFI method is given in Section A.2 of the Appendix.
We can rewrite the ABC likelihood equation 1 as

pt(Sobs|θ) ∝ Pr(∆θ(S, Sobs) < t), (5)

for S ∼ p(S|θ). Hence the ABC likelihood can be approximated if we know the distribution of ∆θ(S, Sobs),
S ∼ p(S|θ). This suggests we may be able to approximate the distribution of ∆θ(S, Sobs) as a function of θ
using regression, in order to obtain an approximation of the ABC likelihood. This is what the BOLFI method
does, while using a sequential design approach based on BO to choose which θ to simulate from next for
maximum benefit. The sequential design aspect allows simulation efficient exploration of the high likelihood
region, making BOLFI highly suited for the case of computationally demanding simulation models.

Gutmann & Corander (2016) propose selecting parameter values for simulation using a BO algorithm to
minimize the expected discrepancy function:

D(θ) = E(∆θ(S, Sobs)), (6)

where the expectation is taken with respect to S ∼ p(S|θ). In their approach, first some initial set of locations
θi ∈ Θ, i = 1, . . . , n0, are chosen according to some space-filling design. Synthetic data are then simulated
at these locations to obtain discrepancy values ∆i = ∆θi

(Si, Sobs), Si ∼ p(S|θi), i = 1, . . . , n0. We can write

∆i = D(θi) + ϵi, i = 1, . . . , n0, (7)

where the ϵi are zero mean error terms. In BOLFI it is usually assumed, perhaps after a transformation of
the ∆i, that ϵi ∼ N(0, σ2) for some variance parameter σ2.

Next, model D(θ) as a Gaussian process, and denote the training data used to fit the Gaussian process
model required for BO as Tn0 = {(θi, ∆i) : i = 1, . . . , n0}. A new location θn0+1 is then chosen to simulate
the next summary statistic value and obtain the discrepancy ∆n0+1. This is done by optimization the BO
acquisition function, which uses the uncertainties of the Gaussian process model to define the benefit of
simulating a new discrepancy at any θ. The Gaussian process is then refitted with training data Tn0+1 =
Tn0 ∪ {(θn0+1, ∆n0+1)}. The process of optimization of the acquisition function, simulation and retraining is
repeated until some computational budget nf > n0 of simulations has been exhausted. The final Gaussian
process model is then fitted to the training data Tnf

. Using the Gaussian process model and the noise
assumption for equation 7, we can approximate the distribution of a discrepancy value observed at any
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θ. If we assume that ∆ = D(θ) + ϵ, and write µnf
(θ), σ2

nf
(θ) for the mean and variance of the predictive

distribution of D(θ) given Tnf
, then D(θ) ∼ N(µnf

(θ), σ2
nf

(θ)) and ϵ ∼ N(0, σ2) independently. We can
approximate the distribution of ∆ as ∆ ∼ N(µnf

(θ), σ2
nf

(θ) + σ2). Further details about the derivation and
form of µnf

(θ) and σ2
nf

θ) are given in Section A.1 in the Appendix. Employing this Gaussian approximation
to calculate the tail probability on the right-hand side of equation 5, we obtain

pt(Sobs|θ) ∝∼ Φ

 t − µnf
(θ)√

σ2
nf

(θ) + σ2

 ,

where ∝∼ denotes “approximately proportional to”. This likelihood approximation can be used with MCMC
sampling to draw approximate posterior samples from pt(θ|Sobs). The choice of tolerance t in our examples
is discussed later.

3 The MOBOLFI method

Next we describe LFI with multi-source data with a discrepancy for each data source and the method of
approximating the likelihood we consider. This is followed by background on multi-objective optimization,
and finally the description of the new MOBOLFI method.

3.1 Likelihood approximation with multiple discrepancies

To ease notation, we consider the case of two data sources but the extension to three or more sources
is immediate. Suppose the data y comprises y = (x⊤, w⊤)⊤ ∈ Y = X × W and decompose the joint
density for y|θ as p(y|θ) = p(x|θ)p(w|x, θ). The observed data is yobs = (x⊤

obs, w⊤
obs)⊤, the likelihood is

p(yobs|θ) = p(xobs|θ)p(wobs|xobs, θ), and now there are summary statistics S = (T ⊤, U⊤)⊤ : Y → Rd, where
S concatenates summary statistic mappings T and U for the data sources x and w respectively, T : X → Rb,
U : W → Rc, d = b + c. Write Sobs = S(yobs), Tobs = T (xobs) and Uobs = U(wobs).

Similar to our previous discussion of ABC, we replace the likelihood p(yobs|θ) with the summary statistic
likelihood

p(Sobs|θ) = p(Tobs, Uobs|θ) = p(Tobs|θ)p(Uobs|Tobs, θ). (8)

We then consider two discrepancies, Λθ(T, Tobs) and Ψθ(U, Uobs), for simulated summary statistic values
S = (T ⊤, U⊤)⊤, and formulate an ABC likelihood approximating equation 8 as

pt(Sobs|θ) ∝
∫

p(S|θ)I(Λθ(T, Tobs) < t1)I(Ψθ(U, Uobs) < t2) dS, (9)

where t = (t1, t2)⊤ is a discrepancy vector with t1, t2 > 0 Another way of writing equation 9 is

pt(Sobs|θ) ∝ P (Λθ(T, Tobs) < t1, Ψθ(U, Uobs) < t2)
= P (Λθ(T, Tobs) < t1) × P (Ψθ(U, Uobs) < t2|Λθ(T, Tobs) < t1), (10)

for S = (T ⊤, U⊤)⊤ ∼ p(S|θ).

The first term on the right-hand side of equation 10 approximates p(Tobs|θ), while the second approximates
p(Uobs|Tobs, θ) (up to constants of proportionality). We could also approximate P (Uobs|θ) and p(Tobs|Uobs, θ)
by switching the two discrepancies in equation 10. Our extension of BOLFI will model ∆θ(S, Sobs) for S ∼
p(S|θ) as a bivariate Gaussian process. We will use this bivariate process for sequential design using multi-
objective Bayesian optimization, and also for approximation of data-source specific likelihood contributions
such as those shown in equation 10.
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3.2 Multi-objective optimization

Our MOBOLFI extension of BOLFI uses multi-objective optimization, and we describe this now. Let
f(θ) = (f1(θ), . . . , fK(θ))⊤ be a multivariate function, and suppose we wish to minimize the components of
f(·). There need not be any common θ∗ ∈ Θ for all components where a minimum is achieved, and multi-
objective optimization methods approximate the set of “nondominated" solutions which are not obviously
inferior to any other solution. We say that a value θ ∈ Θ dominates θ′ ∈ Θ if fj(θ) ≤ fj(θ′), j = 1, . . . , K,
with the inequality being strict for at least one j. The dominated solution is inferior for minimizing f(·)
along some dimensions and no better for other dimensions. Multi-objective optimization algorithms try to
find the set of nondominated points in Θ, the “Pareto optimal set”.

The Pareto optimal set is infinite in general, and numerical multi-objective optimization methods obtain
finite approximations to it. The Pareto set is mapped by f(·) onto the Pareto frontier, the set of optimal
function values obtained by the points in the Pareto set. Multi-objective Bayesian optimization in Garnett
(2023, Section 11.7) uses surrogate models to implement multi-objective optimization for expensive to eval-
uate functions, possibly observed with noise. Similar to Bayesian optimization with a scalar objective, the
representation of uncertainty given by the surrogate is used to efficiently decide where to perform the next
function evaluation.

The surrogate model in our work is a multivariate Gaussian process, and we need to explain what this
means. Let f(θ) = (f1(θ), . . . , fK(θ))⊤, θ ∈ Θ, be a multivariate random function. It is a multivariate
Gaussian process with mean function µ : Θ → RK , µ(θ) = (µ1(θ), . . . , µK(θ))⊤, and positive definite
covariance function C : Θ × Θ → RK×K , if for any n, and θ1, . . . , θn ∈ Θ, f(θ1:n) = (f(θ1)⊤, . . . , f(θn)⊤)⊤

is multivariate Gaussian with mean µ(θ1:n) = (µ(θ1)⊤, . . . , µ(θn))⊤, and covariance matrix C(θ1:n, θ1:n) =
[C(θi, θj)]ni,j=1, with K × K block elements C(θi, θj). Once again extending the discussion of subsection 2.2,
suppose we observe values of f(·) with noise at θ1, . . . , θn ∈ Θ, to obtain

zi = f(θi) + ϵi, (11)

where now zi ∈ RK and ϵi
iid∼ N(0, Σ) where Σ ∈ RK×K is some positive definite covariance matrix. For

any θ∗ ∈ Θ, and writing z≤n = (z⊤
1 , . . . , z⊤

n )⊤, The distribution of f(θ∗)|z≤n is multivariate Gaussian,
N(µn(θ∗), Σn(θ∗)), where the form of µn(θ∗) and Σn(θ∗) are given in Section A.3 in the Appendix. Given
the uncertainty quantification provided by the multivariate Gaussian surrogate, an acquisition function can
be defined. If there is a finite set of points, say θ1, . . . , θn, approximating the Pareto set, with corresponding
approximation f1, . . . , fn of the Pareto frontier, one measure of performance that has been used is the volume
of the space dominated by the current approximation of the Pareto frontier and bounded below by a reference
point, the so-called Pareto hypervolume. Expected hypervolume improvement (EHVI) was first used as an
acquisition function in multi-objective Bayesian optimization by Emmerich (2005). For implementing the
MOBOLFI method of the next section, we use the noisy expected hypervolume improvement (NEHVI)
method of Daulton et al. (2021a) which copes well with noisy function evaluations and the trialing of
batches of solutions in parallel with reduced computational demands. The method is implemented in the
open source python package BoTorch (Balandat et al., 2020). We will not discuss further the extensive
literature on multi-objective Bayesian optimization, but refer the reader to Garnett (2023, Section 11.7) for
an accessible introduction.

3.3 MOBOLFI

While BOLFI provides a closed form approximate likelihood for inference tasks, it cannot approximate
likelihoods for individual data sources for multi-source data. Multi-source data has become increasingly
common in SSM design in recent years. Often it is natural to choose summary statistics and discrepancy
metrics separately for each data source, and with the classic BOLFI approach we then need to combine all
discrepancies into a single one. If this is not done carefully, the information in the combined discrepancy
may not reflect correctly the relative importance of different data sources, resulting in information loss and
highly conservative uncertainty quantification.

Motivated by these issues for multi-source data, we develop our MOBOLFI extension of the original
BOLFI method. It achieves simulation efficient likelihood approximations in LFI for multi-source data by
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applying multi-objective BO methods to a vector of data-source specific discrepancy functions. Consider
again the bivariate setting and notation of subsection 3.1 for simplicity, and define the vector of expected
discrepancies

D(θ) = E(∆θ(S, Sobs)) = (D1(θ), D2(θ))⊤,

where D1(θ) = E(Λθ(T, Tobs)), D2(θ) = E(Ψθ(U, Uobs)), S = (T, U) ∼ p(S|θ). A multi-objective Bayesian
optimization algorithm applied to D(θ) efficiently explores the set of θ where both of the data source dis-
crepancy components is likely to be small, leading to efficient approximations to the likelihood contributions
from multiple data sources.

The optimization algorithm proceeds similarly to the case of a univariate objective. Firstly, we choose
some initial set of points θ1, . . . , θn ∈ Θ according to some space filling design. We then simulate discrepancy
values ∆i = ∆θi

(Si, Sobs), Si ∼ p(S|θi), i = 1, . . . , n0, and we can write

∆i = D(θi) + ϵi, (12)

where the ϵi are zero mean independent errors. It will be assumed that ϵi ∼ N(0, Σ), for some covariance
matrix Σ. Assuming a Gaussian process model for D(·), we fit a Gaussian process surrogate model to the
training data Tn0 = {(θi, ∆i) : i = 1, . . . , n0}, learning all hyperparameters including Σ from the data. We
can then choose the next observation point θn0+1 to minimize the NEHVI acquisition function (or perhaps
choose a batch of points), retrain the GP and acquire new points, continuing until we have nf training points
for the final fitted GP. In GP fitting, we use a constant mean function and Matérn covariance kernel.

From the model equation 12 and the assumed N(0, Σ) distribution of the errors, we can approximate
the ABC likelihood equation 10 up to a proportionality constant by a bivariate Gaussian probability given
a well-chosen vector-valued tolerance t = (t1, t2):

p̃t(Sobs|θ) :=Φ((t1, t2); µnf
(θ), Σnf

(θ) + Σ), (13)

where Φ(·; µnf
(θ), Σnf

(θ)) denotes the cdf of a normal N(µnf
(θ), Σnf

(θ)+Σ) distribution. Henceforth we will
omit the “up to a proportionality constant” qualification when we talk about likelihood approximations. It is
also possible to decompose the bivariate probability equation 13 into marginal and conditional components,
approximating the terms P (Λθ(T, Tobs) < t1) and P (Ψθ(U, Uobs) < t2|Λθ(T, Tobs) < t1) which in turn
approximate p(Tobs|θ) and p(Uobs|Tobs|θ). The discrepancies can also be swapped in the above expressions.
Write µn(θ) = (µn1(θ), µn2(θ))⊤, and write Σnij(θ) and Σij for the (i, j)th entries of Σn(θ) and Σ respectively,
j = 1, 2. We approximate p(Tobs|θ) by

p̃t(Tobs|θ) := Φ
(

t1 − µn1(θ)√
Σn11(θ) + Σ11

)
, (14)

and p(Uobs|Tobs, θ) by

p̃t(Uobs|Tobs, θ) := Φ
(

t2 − µn2|1(θ)√
Σn2|1(θ)

)
, (15)

where
µn2|1(θ) = µn2(θ) + Σn12(θ) + Σ12

Σn22(θ) + Σ22
(Tobs − µn1(θ)),

and
Σn2|1(θ) = Σn22(θ) + (Σn12(θ) + Σ12)2

Σn22(θ) + Σ22
.

The likelihood for p(Uobs|θ) can be approximated by

p̃t(Uobs|θ) := Φ
(

t2 − µn2(θ)√
Σn22(θ) + Σ22

)
. (16)

7



Under review as submission to TMLR

Gutmann & Corander (2016) chose the tolerance t in the univariate BOLFI method as the q-quantile of
∆1, ..., ∆nf

, where q ∈ (0, 1). In the bivariate MOBOLFI method, we extend the choice of tolerance t =
(t1, t2) to the 2-dimensional vector q-quantile of ∆1, ..., ∆nf

, where q ∈ (0, 1)2. The approximate likelihood
equation 13 is sensitive to the value of t. For results in this paper, we set the q = 0.05. A comparison
study over different q-quantile tolerance is given for 3 different examples in the Appendix. The dependent
noise covariance matrix Σ is estimated by the covariance of a repeatedly simulated sample {∆iΣ,j}nΣ

j=1,
where ∆iΣ,j = D(θiΣ) + ϵiΣ are simulated noisy discrepancies for some θiΣ . For results in this paper, we set
nΣ = 100 and θiΣ = arg min

(θi,∆i)∈Tnf

(∆i−µnf
(θi)⊤Σnf

(θi)−1(∆i−µnf
(θi)). For better performance and numerical

stability, we apply scaling to control the magnitude of ∆. Details of scaling are provided in Section A.3 of
the Appendix.

3.4 Checking consistency of different data sources

There are a number of advantages in separately approximating likelihood contributions in a problem
with multi-source data. One of the most important is the ability to detect conflicting information about
the parameter from different parts of the data. Given a prior p(θ) we can use the likelihood approximation
equation 13 to sample from the approximate posterior

p̃t(θ|Sobs) ∝ p(θ)p̃t(Sobs|θ). (17)

Using MCMC to sample from this does not involve any further (computationally expensive) simulation
from the model. This is true for the other posterior approximations discussed below also. If the two
components of the likelihood are in conflict and induce modes in different regions of the parameter space,
our method of multivariate approximation can capture some of that complexity by separately considering
the likelihood contributions for the different data sources.

If we want to know what information is contained in the first data source only, we can compute the
approximate posterior

p̃t(θ|Tobs) ∝ p(θ)p̃t(Tobs|θ). (18)

Comparing the posterior densities equation 17 and equation 18 tells us how the second data source changes
the inference. We could also consider a weakly informative prior pW (θ) and consider the information about
the parameter contained in each data source through the posterior approximations

p̃t(θ|Tobs) ∝ pW (θ)p̃t(Tobs|θ) (19)

and

p̃t(θ|Uobs) ∝ pW (θ)p̃t(Uobs|θ). (20)

The purpose of using a weakly informative prior here is to separate the information in the data from that
contained in the prior, in so far as that is possible.

In this work we consider only informal comparisons of posteriors based on different data and prior choices,
but there are more formal methods to check for conflict between priors and data, or more generally between
information in different parts of a hierarchical model. We refer the reader to Evans & Moshonov (2006),
Marshall & Spiegelhalter (2007) and Presanis et al. (2013) for further discussion of these.

4 Examples

In this section, we implement MOBOLFI in several examples. First, we apply MOBOLFI to a simple
synthetic data example where we can illustrate the advantages of MOBOLFI compared to BOLFI for multi-
source data, including the situation where misspecification is present. Following this, we use MOBOLFI
to estimate a sequential sampling model (SSM), the Multi-attribute Linear Ballistic Accumulator (MLBA),
to highlight MOBOLFI’s superior design for choice-RT joint data sources compared to BOLFI. MLBA is

8
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chosen from other SSMs because of its generality for diverse choice situations and its closed-form likelihood,
which enables gold-standard comparisons to be made for the likelihood approximations used in MOBOLFI.
MOBOLFI requires training a bivariate GP, which involves higher computational cost than the BOLFI
training of a univariate GP. However, if model simulation is computationally expensive, this will dominate
the computation time for both methods. Although the likelihood is tractable for the MLBA model, summary
statistic based Likelihood-Free inference can be of interest when the assumed model is misspecified. In this
case, conditioning on insufficient statistics that discard information which cannot be matched by the assumed
model while matching important features can be used to develop models that are “fit for purpose” - see for
example Lewis et al. (2021) for further discussion.

The detailed setup of our experiments and further analyses are described in Sections
B and C of the Appendix. Section D in the Appendix discusses an example on bac-
terial transmission in day care centres (Gutmann & Corander, 2016; Numminen et al.,
2013). Codes and detailed results are submitted to github: https://github.com/DZCQs/
Multi-objective-Bayesian-Optimization-Likelihood-Free-Inference-MOBOLFI.git.

4.1 Toy example

Our first synthetic example uses the MOBOLFI method to infer a parameter θ = (θ1, . . . , θ10)⊤ ∈ R10 for
a model with two data sources.

The example is modified from Schmitt et al. (2023). The first data source consists of N = 20 independent
10-dimensional normal observations with mean θ, Xn ∼ N(θ, I), n = 1, . . . , N . The second data source
consists of M = 50 10-dimensional observations Wm, m = 1, . . . , 50. The Wm are obtained by observing
discretely the following ten-dimensional Brownian motion (BM) with drift:

dw(t) = θdt + σdW (t), t ∈ [0, 3],

where w(0) is a ten-dimensional vector of zeros, W (t) is a standard ten-dimensional BM, and σ = 0.5, leading
to Wm = w((m − 1)δ), δ = 3/(M − 1), m = 1, . . . , M .

For the dataset X = {Xn}N
n=1, and corresponding observed data denoted {Xo

n}N
n=1, we write X =

N−1∑
n Xn, X

o = N−1∑
n Xo

n and the discrepancy for data source X is ∆1(X, Xo) = ∥X − X
o∥, where

∥ · ∥ denotes the Euclidean distance. For data W = {Wm}M
m=1, and observed data W o = {W o

m}M
m=1,

we write ∆Wm = wm+1 − Wm, m = 1, . . . , M − 1, ∆W o
m = W o

m+1 − W o
m, m = 1, . . . , M − 1, ∆W =

(M − 1)−1∑M−1
m=1 ∆Wm and ∆W o = (M − 1)−1∑M−1

m=1 ∆W o
m. Then the discrepancy used for data source Y

is ∆2(W, W o) = ∥∆W − ∆W o∥.

We generate the observed data (Xo, W o) for the analysis by simulation with θtrue =
(−0.7, 0.7, ..., −0.7, 0.7)T . For implementing BOLFI and MOBOLFI, 100 initial prior samples
{θ(i), (X(i), W (i))}100

i=1 are drawn, where X(i) = {X
(i)
n }N

n=1, W (i) = {W
(i)
m }M

m=1, θ(i) ∼ N(0, I),
and X(i) and W (i) are the ith simulations for X and W given θ(i). The training data is
{θ(i), (∆1(X(i), Xo), ∆2(W (i), W o))}100

i=1. For implementing the BOLFI approach, we get a single discrep-
ancy by a weighted sum of the two data source specific discrepancies, 0.4∆1(X, Xo) + ∆2(W, W o). The
weight of 0.4 on the first discrepancy is chosen to put the two data source specific discrepancies on a similar
scale. For implementing MOBOLFI, we use the vector discrepancy (∆1, ∆2). For both approaches, 150
acquisitions are made in the BO algorithm, and 250 model simulations are needed in total.

Given the symmetry of the model in the way that the components of θ, X and W are generated,
without loss of generality we present only results for inference about θ1. Figure 1 compares MOBOLFI
and BOLFI approximate posteriors of θ1. We make three observations. First, in the left column of the
figure, Hamiltonian Monte Carlo (HMC) samples from the MOBOLFI approximate posterior exhibit lower
variance compared to those from the BOLFI posterior, and the MOBOLFI posterior is closer to the true
posterior. This suggests that there is information loss using a single discrepancy compared to MOBOLFI
with multiple discrepancies unless the combination of data-source specific discrepancies is done very carefully.
Second, the true posterior has smaller variance than the approximate posteriors. This is expected and mostly
reflects the finite tolerance used and uncertainty in the likelihood approximation from the surrogate model.
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(a) Joint Likelihood (b) Information in X (c) Information in W

Figure 1: Approximate posteriors for the toy example. The left column shows approximate posteriors for the
joint likelihood. The middle/right columns show approximate posteriors conditioning only on X/W . The
blue and orange curves are kernel density estimates obtained from HMC samples for MOBOLFI and BOLFI
posteriors respectively. The green curves shows the true posteriors (joint/X/W on left/middle/right column
respectively), and the red dash line is θtrue

1 = −0.7.

Third, the MOBOLFI approximations to the posterior conditional on X or W only show similar posterior
location to the corresponding true posteriors, but with somewhat larger variance. The MOBOLFI posteriors
conditional on individual data sources are obtained without significant additional computation after the
posterior approximation for the joint posterior has been obtained. Additional findings are described in
Section B.2 of the Appendix, where we explore the effect of tolerance and the number of BO acquisitions
on the inference. An additional experiment is described there that investigates whether the performance of
MOBOLFI is affected when some parameters are present in only a subset of the data source-specific models.

4.1.1 Misspecified simulator

We continue the above example by modifying it to introduce misspecification. Our purpose is to
demonstrate that MOBOLFI is useful for understanding misspecification when different data sources pro-
vide conflicting information. In the modified example the observations are one-dimensional, Xn ∼ N(θ, 1),
n = 1, . . . , N , and Wm, m = 1, . . . , M , with Wm = w((m − 1)δ), δ = 3/(M − 1) with w(t), t ∈ [0, 3] a
univariate process defined by

dw(t) = θdt + σdW (t), w(0) = 0,

with W (t) a univariate standard BM, and N , M and σ as before.

The true data generating process (DGP) is not the above assumed model. Instead, in the true DGP there
are different values of θ in the models for X and W , so that Xn ∼ N(θX , 1) and dw(t) = θW dt+σdW (t), where
θX ̸= θW . We simulate the observed data for the analysis using θX = 0.3, θW = −0.7. In the misspecified
assumed model the likelihood contributions for different data sources produce conflicting information about
θ.

Approximate posteriors for θ are presented in Figure 2. The MOBOLFI and BOLFI approximate
posteriors are similar when conditioning on both X and W , with the posterior mode lying between θX

and θW . The middle/right columns shows the MOBOLFI approximate posterior conditioning on only X,
or only Y , compared to the corresponding true posterior and the BOLFI posterior conditioning on both
X and Y . We make two observations. First, the MOBOFLI approximate posteriors conditioning on X
only and on Y only produce good estimates of θX and θW , and the conflicting information in the two data
sources is evident. Second, the approximations of the individual data source posteriors in MOBOLFI are
obtained without substantial additional computation, since the joint likelihood and likelihoods for X and Y
are obtained simultaneously in the MOBOLFI approach.

10
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(a) Joint Likelihood (mis) (b) Information in X (mis) (c) Information in w (mis)

Figure 2: Approximate posteriors for the toy example under misspecification. The left column shows
MOBOLFI and BOLFI approximate posterior densities conditional on both X and W . The middle/right
presents approximate posterior densities conditioning only on X/W . The blue and orange curves are kernel
estimates of posterior densities from HMC samples for MOBOLFI and BOLFI respectively. The green curve
shows the true posterior (joint/X/W on left/middle/right column respectively). The two red dash lines are
θX = 0.3 and θW = −0.7.

4.2 Multi-attribute Linear Ballistic Accumulator

MLBA is a state-of-the-art SSM for understanding the human decision-making process. We will apply
MOBOLFI to infer parameters of one variant of MLBA (Hancock et al., 2021b) using a simulated dataset
where θ is known, and for a real-world dataset on preferences of ridehailing drivers to rent electric vehicles
in Singapore.

4.2.1 Simulator introduction

MLBA assumes that decision-making can be seen as an evidence accumulation process, as illustrated in
Figure 3. For a decision-maker facing M alternatives, MLBA posits there exist M independent evidence
accumulators starting to collect supporting evidence for each corresponding alternative a from a random
starting point qa

i.i.d.∼ U [0, A]. Each alternative-specific accumulator evolves linearly at drift rate va
indep.∼

N(da, s2), where a = 1, · · · , M . da depends on the pairwise attribute comparisons for all K attributes of
alternative a with the remaining alternatives for each observation. A and s2 are constant over observations to
measure the scale of initial preference and unobserved accumulation process noise, respectively. Finally, the
alternative whose evidence accumulator reaches the common threshold χ first is considered the final choice,
and the deliberation time is the same as this alternative’s evidence accumulation time χ−q

v . Strictly, the
response time (RT) is defined as the sum of the deliberation time and the non-decision time, which stands for
information encoding and decision execution time. However, for complex choice tasks with multi-attribute
information, non-decision time can be omitted if it does not contribute significantly to RT.

The MLBA model can be described in two parts. The back-end part, Linear Ballistic Accumulator (LBA),
was originally proposed by Brown & Heathcote (2008) for implicit choice situations (i.e., choice tasks without
listed attribute values). To extend LBA to MLBA, Trueblood et al. (2014) added the front-end part to LBA
by specifying alternative-specific drift rates. Several variants of the front-end part have been investigated to
define the drift rate mean of MLBA. We choose Hancock et al. (2021b)’s specification because it can handle
more than two attributes. For a choice set C, the drift rate mean da for the alternative a is:

da = max{I0 + δa +
∑

b∈C,b ̸=a

K∑
k=1

ωabkβk(Xak − Xbk), 0}, (21)

where Xak is the value of attribute k of alternative a and

ωabk =
{

exp{−λ1|βk(Xak − Xbk)|} βk(Xak − Xbk) ≥ 0
exp{−λ2|βk(Xak − Xbk)|} βk(Xak − Xbk) < 0.

(22)

11
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Figure 3: The simulation process of MLBA for three alternatives (M = 3). In this case, the final choice
outcome is Alternative 1 (in blue and its accumulator is bold). The RT is the time for Alternative 1 to
reach the threshold with non-decision time τ0. The directed solid lines demonstrate the realized evidence
accumulation trajectory for each alternative. The MLBA simulator contains three steps annotated above.
After iterating sufficient times, the choice proportion and its conditional RT distribution can be acquired.

The final simulation output is a concatenation of RT and choice outcome:

(RT, CH) = (((χ − gCH)/vCH) + τ0, argmin
a∈C

(χ − ga)/va) (23)

Λ := (λ1, λ2) is interpreted as a vector of sensitivity parameters of positive/negative difference of attribute
pairwise-comparisons respectively; I0 is a common drift rate mean constant that prevents negative drift
rate; β = (β1, ...βK) are scaling parameters for the attributes; and δ = (δ1, ..., δM ) are alternative-specific
constants for the drift rate mean. Thus, the estimable parameter is θ = (Λ, I0, β, δ−1, χ), while (A, s, τ0, δ1)
are fixed for parameter identification and δ−1 = (δ2, ..., δM )T . Following Brown & Heathcote (2008) and
Terry et al. (2015), the joint likelihood of observing the response time RT and the choice made CH of
multiple candidates has a closed form expression. It is presented in Section C.1 of the Appendix. We
use the closed-form likelihood as a gold-standard to benchmark approximate posteriors obtained by LFI in
subsequent experiments.

4.2.2 Synthetic data

We use the survey question design and alternative-specific attribute matrix for the real example of
section 4.2.3. A choice question with M = 3 alternatives is provided to candidates. Each alternative
offers values of K = 3 attributes, and a respondent will make decisions by evaluating the alternative and
its attributes. For data generation, the synthetic output data is simulated using θ = (Λ, I0, β, δ, χ) =
((0.1, 0.8), 2, (−22, −5, −6), (0, 3, 1.5), 100), resulting in 1280 = 320 · (3 + 1) observations, after concatenating
CH (in one-hot encoding) and RT for 320 candidates. The size of the alternative-specific attribute matrix
X is 320 × 9. For parameter estimation, the true values of parameters we target in inference are θtrue =
(λ1, β1, β2, δ2, δ3, log(χ − A))true = (0.1, −5, −6, 3, 1.5, log(99)). The parameters A, s, τ0, δ1 are fixed at
1, 1, 0, and 0 for identifiability, and λ2 = 0.8, I0 = 2, β3 = −6 are assumed to be known for reducing
the computational cost in further training such as facilitating scaling of the estimable parameters. This
implementation is common in empirical studies since MLBA is designed bottom-up so that some parameters
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are highly correlated with each other. Lastly, we have log-transformed χ − A in order to increase sampling
efficiency, since the magnitude of log(χ − A) is much smaller than that of χ.

Figure 4: Approximate posteriors for MLBA example. The plots shows marginal posteriors for different
methods and each parameter of interest. The blue/red curve represents the MOBOLFI approximate pos-
terior/BOLFI approximate posterior. The purple curve is the sample from the closed form posterior1,
calculated using the closed form likelihood of MLBA. The orange/green curves are the MOBOLFI approxi-
mate posteriors calculated by marginal approximate likelihood of RT/CH data. The red dashed line is the
value of θtrue.

The synthetic data (RT o, CHo) is simulated by MLBA taking θtrue as input, where RT and CH
are response time and choices. For implementing BOLFI and MOBOLFI, 100 samples from the prior
are used as initialization, {θ(i), (RT (i), CH(i))}100

i=1, where RT (i) = {RT
(i)
1 , ..., RT

(i)
320}, and CH(i) =

{CH
(i)
1 , ..., CH

(i)
320} are the simulated data given θ(i). For response times RT , write R̃T for the vector

of order statistics of RT . Similarly, R̃T
0

is the vector of order statistics of RT 0. The training data is
{θ(i), (∆1(RT (i), RT o), ∆2(CH(i), CHo))}100

i=1, where ∆1(RT, RT o) and ∆2(CH, CHo) are discrepancies for
the response and choice data respectively. The first discrepancy is defined as

∆1(RT, RT o) = ∥ log(R̃T
0
) − log(R̃T )∥1, (24)
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where ∥ · ∥1 denotes the L1 distance. For the second discrepancy, recall that the CH data is represented by
3 dimensional one-hot encoding of 3 alternatives, and we define

∆2(CH(i), CHo) = 1
3∥ 1

320

320∑
j=1

|CHo
j − CH

(i)
j |∥1. (25)

The prior assumes independence between components of θ, with each marginal prior uniform on an
interval of length 8 centred on the true value, with the exception of the parameter λ which has a prior
uniform on [0, 1]. Differential emission MCMC (De-MCMC, see Turner et al. (2013)) is used to sample from
the approximate posterior. Further details of the experiment are given in Section C.2 of the Appendix.

Figure 4 shows approximate posterior distributions obtained using the BOLFI and MOBOLFI methods.
We make a number of observations. First, the variance of the MOBOLFI approximate posterior is smaller
than that for BOLFI. In fact, MOBOLFI using only the response time data produces more accurate approx-
imations of the true posterior than BOLFI given both data sources. This suggests that when it is natural to
define discrepancies separately for different data sources, combining them linearly, even with weights, may
result in information loss. Second, both MOBOLFI and BOLFI posterior variances are larger than for the
true posterior, which is expected, due to the irreducible information loss from approximation. Third, when
comparing the MOBOLFI posteriors calculated by likelihoods of different data sources, the posterior using
both data sources is better than any posterior using only one data source. Fourth, for inference of β and λ1,
the posterior using only CH has its marginal maximum a posteriori probability (MAP) value far from the
value of θtrue; for inference of χ the posterior using only CH has variance larger than that of the posterior
using the joint likelihood, compared to using RT only or the joint likelihood. In psychology and economics,
researchers usually focus on the choice data CH in parameter inference for SSMs like MLBA. The figure
shows that using response time data in inference not only reduces the approximate posterior variance to
make it closer to the true posterior variance, but also helps locate the area of the global maximum. Such
conclusions are likely to extend to other variants of MLBA and LBA. Section C.3 of the Appendix details
additional experiments on the factors affecting the performance of MOBOLFI in this example.

4.2.3 Real-world data

MOBOLFI is applied to infer parameters of MLBA on a real-world dataset from a consumer choice
experiment. This experiment assesses the rental preferences of ride-hailing drivers in Singapore for electric
vehicles (EVs) via a street-intercept survey (Ding et al., 2024). Before the stated preference experiment, the
driver’s basic information such as working days per week, and information about currently rented internal
combustion engine vehicles (ICEVs) is collected. The drivers were asked to make a choice among three
alternatives including ICEVs, Electric Vehicle Model A (EVA), and Electric Vehicle Model B (EVB) with
three listed attributes, which are monthly rental cost (RC, in SGD), daily operating cost (OC, in SGD), and
daily mileage (DR, in km). The time that elapses from the appearance of information to the confirmation
of choice is recorded as RT. Note that EVA and EVB are assumed to be identical except for their values of
three listed attributes. After data preprocessing, 149 participants with 584 valid observations are used in the
parameter estimation. Since monthly rental cost (RC) and daily operating cost (OC) capture the monetary
aspect, these two can be merged into one alternative specific attribute for the monthly total cost (TC, in
SGD).

TCna = RCna + OCna × WFn × 52
12 , (26)

where n and a are the indices of observation and alternative respectively. WFn is the number of working
days per week, hence TCna is the monthly total cost for alternative a in observation n. Lastly, due to the
heavy-tailed distribution of DR, it is transformed to log scale. In summary, the size of the attribute matrix
X is 584 × 6, and the real output data for the MLBA simulator (RT, CH) is 584 × 4.

The unknown parameter is θ = (λ1, log βT C , log βlog DR, δICEV , log (χ − A)), and the rest of the parame-
ters are fixed at known values. We set constants A = 45, s = 1, δEV B = 0, and I0 = 1 to ensure parameter
identification. The alternative-specific constant δ is often interpreted as the initial preference of the cor-
responding alternative before considering the attribute values in empirical studies. A mild and reasonable
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assumption made here is that δEV A = δEV B = 0, since both are EVs. Furthermore, based on prospect theory
that consumers pay more attention to loss than gain (Camerer et al., 1998), λ2 is normally smaller than λ1.
Therefore, to simplify the estimation, we set λ2 = 0 for the final empirical analysis. Finally, similarly to
synthetic data estimation, βT C , βDR and χ − A are log-transformed to increase sampling efficiency.

We use independent priors λ1 ∼ U [0, 5], δICEV ∼ U [−3, 5], log βT C ∼ U [−3, 5], log βDR ∼
U [−3, 5], and log (χ − A) ∼ U [−2, 6]. For the implementation of MOBOLFI, 282 initial samples
{θ(i), (RT (i), CH(i))}282

i=1 are obtained using a space-filling design (Santner et al., 2018). The training data
is {θ(i), (∆∗

1(RT (i), RT o), ∆∗
2(CH(i), CHo))}282

i=1, where (RT o, CHo) are observed empirical data. Unlike the
synthetic data experiment where a single simulated dataset is used for computing discrepancies at each
parameter by eq. (24) and eq. (25), (RT (i), CH(i)) = {(RT

(i)
s , CH

(i)
s )}S

s=1 is a collection of multiple simula-
tions independently generated by the MLBA simulator with θ(i) and attribute matrix X. The discrepancy
for the RT data source ∆∗

1(RT (i), RT o) is the log-average of 1-Wasserstein distance between the empirical
distribution of log-transformed RT o and the S = 50 replicates of RT

(i)
s :

∆∗
1(RT (i), RT o) = log

(∑S
s=1 ∥ log(R̃T

o
) − log(R̃T

(i)
s ))∥1

3S

)
, (27)

where R̃T is the vector of order statistics of RT .

The discrepancy ∆∗
2(CH(i), CHo) for the choice data is the log-average of SSE of choice proportion over

the S replicates for the synthetic choice data and the observed choice outcomes (i.e. the average squared
difference between empirical choice proportions by simulations and observed outcomes):

∆∗
2(CH(i), CHo) = log

(∑S
s=1 1

T
N (CH

(i)
s − CHo)(CH

(i)
s − CHo)T1N

9SN2

)
, (28)

where N = 584 is the number of observations and 1N ∈ RN×1 is the vector whose each element is 1.

There are two reasons for adopting ∆∗ instead of ∆ in eq.(24) and eq.(25) for the empirical experiment.
First, log transformation on both discrepancies encourages the MOBOLFI to explore more in the high-
density area (when ∆ is closed to 0), and therefore, letting the approximate log-likelihood be more sensitive
(larger gradient) around the high-density area in parameter space. Second, the simulation data from S
replicates provide a more robust discrepancy for each data source by reducing randomness brought by the
MLBA simulator. De-MCMC is used for both the MOBOLFI approximate posterior and closed-form MLBA
posterior estimation.

Figure 5 shows approximate marginal MOBOLFI posteriors for selected parameters and the corresponding
posteriors for the closed-form MLBA likelihood. The figure demonstrates that the contributions of differ-
ent data sources to the estimation of individual parameters can vary greatly according to the parameter,
and MOBOLFI can reveal these relationships. On the one hand, the CH data contributed more to the
estimation of the front-end parameters of MLBA (δICEV , β, λ1) related to the preference across alternatives
and attributes, while the RT data contributes more to estimation of the back-end parameters of MLBA
(log (χ − A)). For example, the MOBOLFI marginal posterior of λ1 and log (βDR) is very diffuse when
conditioning on only response-time data, showing that the MOBOLFI posterior conditioning on joint data
sources is informative mostly because of the choice data. In contrast, the log (χ − A) MOBOLFI marginal
posterior conditioning on both choice and response time is more similar to its marginal posterior conditional
on response time only. This is consistent with the interpretation that χ reflects the decision difficulty and
respondent’s cautiousness, which are associated with RT. On the other hand, the approximate MOBOLFI
posterior conditional on both data sources is always less dispersed than the MOBOLFI posterior conditional
on a single data source only. This observation is aligned with the finding (Li & Bansal, 2024) that joint
choice-RT data provides a more efficient parameter estimate compared to an estimate applying marginal
data sources (CH or RT only).

The posterior estimates of MOBOLFI are different from those of closed-form in Figure 5, mainly on log βT C

and δICEV . Figure 6 examines how well the observed data are reproduced in the fitted model for these point
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Figure 5: Approximate and closed-form posteriors with posterior mean for MLBA example. Each plot
from the figure shows the marginal posterior of the parameter of interest. The green curve represents
the MOBOLFI approximate posterior for joint data sources. The orange/blue curve shows the marginal
MOBOLFI approximate posterior conditional on RT /CH data, respectively. The green dot is the posterior
mean. The red curve shows the closed-form posterior conditional on both data sources, i.e. product closed-
form likelihood of both data sources and a Uniform prior. The red dot denotes the posterior mean of
closed-form MLBA estimated with the same sampling strategy.

estimates. The left column in the figure shows that log discrepancies for synthetic data simulated using
the posterior mean of MOBOLFI are generally larger than those for the closed-form likelihood posterior
mean value on both CH and RT . The right column of the figure compares simulated discrepancies for
MOBOLFI and close-form MAP point estimates. The RT log discrepancies simulated using MOBOLFI
MAP are smaller, while CH log discrepancies simulated using closed-form MAP are smaller.

5 Discussion

We developed Multi-objective Bayesian Optimization for Likelihood-Free Inference (MOBOLFI) to address
Bayesian inference with multi-source data in complex models with intractable likelihood, such as SSMs.
MOBOLFI extends the classic BOLFI method, which acquires model simulations at the most beneficial
parameter values by using Bayesian optimization (BO) applied to minimization of an expected discrepancy
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Figure 6: The histogram of discrepancies with 1000 replicates based on different point estimates. The MAP
of MOBOLFI has slight distance from its post mean mainly on δICEV and log (βT C), whose value can be
checked in Section C.4 of the Appendix.

between synthetic and observed data. The surrogate model used in BOLFI is also used for approximating the
likelihood. The MOBOLFI extension for multi-source data considers a discrepancy for each data source, and
considers multi-objective BO for exploring the parameter values where any individual data source likelihood
is high in a simulation efficient manner. Major advantages of the approach include avoiding information
loss from naive methods for combination of data-source specific discrepancies into a single discrepancy, and
the ability to approximate both the joint likelihood and likelihood for individual data sources. The latter is
useful for detecting conflict between data sources, and for understanding the importance of the data sources
for estimation of individual parameters.

Although the MOBOLFI method is motivated by the parameter inference of SSMs with multi-source
data, it can be applied to Likelihood-Free inference of other complex models. For example, in Section D
of the Appendix we consider an example on bacterial infection in day care centres where parameters of
a latent Markov process are inferred. We partition 4 data summaries into two and apply MOBOLFI for
inference. MOBOLFI is competitive with BOLFI even in this example with only an individual data source.
For the case of SSMs, we use the MLBA simulator as the simulator of interest in our experiments, and
MOBOLFI could be used in a wide range of SSM variants, especially for those whose likelihood functions
are intractable like DDM, MDFT, etc. An interesting direction for future work is to consider different
choices of the acquisition function in the MOBOLFI approach. Multi-objective BO is an active area of
research in Bayesian optimization, and new developments in BO methodology may translate into improved
performance in Likelihood-Free applications. State-of-the-art computational methods for the MLBA with
closed-form likelihood, including variants of the model including random effects, are discussed in Gunawan
et al. (2020). Evans (2019) addresses the important issue of efficient simulation from various SSM models,
which is particularly important for likelihood-free inference.
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In applying MOBOLFI there are a number of challenges. One is that the initialization of the algorithm
can be very important, and an adequate initial covering of the space is needed. This seems to be especially
crucial with acquisition functions based on expected hypervolume improvement, where the BO algorithm
can keep proposing points in a small area of the space without a proper initialization. Another difficulty,
common to many other LFI algorithms, is the choice of data summary statistics used to define discrepancies.
In Section C.3 of the Appendix we consider alternative choices of summary statistics to the ones considered
in section 4.2.2 based on auxiliary model approaches to summary statistic construction which are widely
used in the ABC literature (Drovandi et al., 2015). The choice of informative summary statistics remains
challenging when working with complex models like SSMs. Further exploration of these issues is left to
future work.
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A Derivation of Methods & details of implementation

A.1 Gaussian Processes and Bayesian optimization

Here we provide further background on Gaussian processes and Bayesian optimization (BO). To make
the discussion self-contained, there is some repetition of definitions and concepts explained in the main text.
BO with a Gaussian process surrogate is used in the BOLFI method which inspires the new MOBOLFI
approach in our work.

Bayesian optimization attempts to find a global optimum of a function. We will consider Bayesian optimiza-
tion for finding a global minimum. We want to minimize f(θ), θ ∈ Θ ⊆ Rp, where derivatives of f(·) are
not available, and evaluations of f(·) may be corrupted by noise. BO is most suitable for problems where
the dimension of θ is not too large, although high-dimensional BO is an active area of current research. We
model the noisy evaluations of f(θ) with a “surrogate model” describing uncertainty about f(·) given the
function evaluations previously made. A common surrogate model in BO is a Gaussian process, and this is
used in the BOLFI method.

We establish some notation and definitions first. Suppose that Θ̃ is an n × p matrix, with ith row
θ̃i ∈ Θ. For any function g : Θ → R, we write g(Θ̃) for the vector obtained by applying g(·) to the rows of
Θ̃, i.e. g(Θ̃) = (g(θ̃1), . . . , g(θ̃n))⊤. Suppose that Θ is an m × p matrix, where the ith row is θi ∈ Θ. For
any function h : Θ × Θ → R, we write h(Θ̃, Θ) for the n × m matrix with (i, j)th entry h(θ̃i, θj). For
θ1, . . . , θn ∈ Θ, denote by θ1:n the n × p matrix with ith row θi. A random function f(·) defined on Θ is a
Gaussian process with mean function µ : Θ → R and positive definite covariance function C : Θ × Θ → R
if, for any n, and any θ1, . . . , θn ∈ Θ, the random vector f(θ1:n) is multivariate normally distributed,
f(θ1:n) ∼ N(µ(θ1:n), C(θ1:n, θ1:n)).

Suppose we observe the Gaussian process f(·) with noise at points θ1, . . . , θn ∈ Θ. The noisy observations
are

zi = f(θi) + ϵi, i = 1, . . . , n, (29)

where ϵi
iid∼ N(0, σ2), for some variance σ2 > 0. In many applications, the Gaussian noise assumption can be

reasonable in the vicinity of the minimizer with an appropriate transformation. Write z≤n = (z1, . . . , zn)⊤.
We are interested in describing uncertainty about f(θ∗) for some θ∗ ∈ Θ, given the noisy observations z≤n.
Since f(·) is a Gaussian process with mean function µ(·) and covariance function C(·, ·), (f(θ1:n)⊤, f(θ∗))⊤ is
multivariate normal, and because of the independent normally distributed noise in equation 29, (z⊤

≤n, f(θ∗))⊤

is easily shown to be multivariate normal. It follows that f(θ∗)|z≤n ∼ N(µn(θ∗), σ2
n(θ∗)), where

µn(θ∗) = µ(θ∗) + C(θ∗, θ1:n)
{

C(θ1:n, θ1:n) + σ2I
}−1 (z≤n − µ(θ1:n)), (30)

σ2
n(θ∗) = C(θ∗, θ∗) − C(θ∗, θ1:n)

{
C(θ1:n, θ1:n) + σ2I

}−1
C(θ1:n, θ∗). (31)

The uncertainty quantification provided by equation 30 and equation 31 can be used to decide which θ∗

should be used to obtain a further noisy observation

z∗ = f(θ∗) + ϵ∗, ϵ∗ ∼ N(0, σ2),

having the most benefit in the search for the minimizer. θ∗ is chosen through an optimization, of the
“acquisition function”. This acquisition function can be the expected loss for some formal decision problem
where the expectation is taken with respect to the the Gaussian process uncertainty about f(·), or it might
be chosen using more heuristic reasoning.

In the BOLFI method, Gutmann & Corander (2016) suggested using the lower confidence bound acquisition
function (Cox & John, 1997),

An(θ) = µn(θ) −
√

η2
nσ2

n(θ), (32)

22



Under review as submission to TMLR

where
η2

n = 2 log
(

n
p
2 +2 π2

3ϵη

)
,

with the default value ϵη = 0.1. With such design of the η2
n, the cumulative regret of a GP using Upper

Confidence bound as the acquisition is proved to be bounded with high probability (Srinivas et al., 2009).
In the day care center example discussed in Section 4, we implement BOLFI using η2

n. However, in the two
examples presented in the main text, the large number of parameters p results in a large η2

n. This increases
the probability that the acquisition point is not close to the global optimum, necessitating more iterations and
longer training times for the implementation of BOLFI. Additionally, this approach risks proposing points
outside the range of the uniform prior, potentially leading to numerical problems. To ensure numerical
stability and efficient training, for the two examples in main text, we replace η2

n with

η2∗
n = 2 log

(
n2 π2

3ϵη

)
.

We posit that using η2∗
n specifically for these examples strikes an effective balance between exploration and

exploitation.

Further discussion of the intuitive basis for this acquisition function is given in the main text. We
have described the process of choosing a new location for taking a new noisy function evaluation in BO
algorithms. To completely specify a BO algorithm, we need to describe a method of initialization (where
some initial function values are obtained, perhaps using a space-filling design on Θ), a stopping rule (most
simply we might stop when a given budget of function evaluations is exhausted) and a method for estimating
Gaussian process hyperparameters, and updating estimates as the algorithm proceeds. For further details
on these practical issues see (Garnett, 2023). For the two examples in the main text, we considered different
initializations, with details given in Sections 2.1 and 3.2.

A.2 Related work on BOLFI

The BOLFI approach of Gutmann & Corander (2016) has been very successful for simulation efficient
estimation of posterior distributions with expensive simulators, and the basic method has been further de-
veloped in a number of ways. Järvenpää et al. (2018) explores the importance of the Gaussian process
formulation used in the BOLFI framework, including transformations of the discrepancy, heteroskedastic or
classifier Gaussian process formulations for likelihood approximations, and different utilities for Gaussian
process model choice. Järvenpää et al. (2019) go beyond generic acquisition functions from the Bayesian op-
timization literature and develop alternatives tailored to simulation-based inference problems targeting the
reduction of posterior uncertainty. Järvenpää et al. (2021) consider Bayesian optimization for likelihood-free
inference with noisy log-likelihood evaluations and batch sequential strategies amenable to parallel compu-
tation. Aushev et al. (2022) consider replacing the Gaussian process used in BOLFI with a deep Gaussian
process, and demonstrate that this can result in more accurate posterior approximations, particularly when
the target posterior density is multi-modal. Kandasamy et al. (2015) uses Bayesian optimization with some
novel acquisition functions to query an expensive to evaluate likelihood, before estimating the posterior using
the cheap to evaluate surrogate. A generalized Bayesian version of BOLFI, which is suitable for mis-specified
models and when the summary statistic dimension is high, is described by Thomas et al. (2020).

The use of a Gaussian process or other “surrogate" models to obtain a likelihood approximation is not
only used in the context of BO methods. Wilkinson (2014) considers a Gaussian process surrogate for a
synthetic likelihood (Wood, 2010; Price et al., 2018) in so-called history matching algorithms (Craig et al.,
1997). Meeds & Welling (2014) considers Gaussian process surrogate models for summary statistic means
and variances for a synthetic likelihood, and adaptively acquire simulations in order to reduce uncertainty in
a Metropolis-Hastings accept/reject decision for posterior simulation. A similar more sophisticated approach
has recently been considered by Järvenpää & Corander (2021), where the authors use a Gaussian process
surrogate for the log-likelihood itself, and are more explicit about acquisition rules for augmenting the training
set for the Gaussian process. A surrogate model can be useful too in applications where exact likelihood
calculations can be made, but are expensive. See, for example, (Kennedy & O’Hagan, 2001; Rasmussen,
2003; Bliznyuk et al., 2008; Fielding et al., 2011; Conrad et al., 2016) among many others.
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A.3 Implementation of MOBOLFI

Here we give details of multi-objective Bayesian optimization which are not given in the main text.
Multi-objective BO is used in implementing the MOBOLFI method developed in the main text. Once again,
there is some repetition with definitions and concepts in the main text to make the discussion self-contained.

Let f(θ) = (f1(θ), . . . , fK(θ))⊤ be a multivariate function, for which we are interested in minimizing the
components of f(·). In general there is no value θ∗ ∈ Θ where all components are minimized simultaneously.
Multi-objective optimization methods approximate the set of “non-dominated" solutions which are not ob-
viously inferior to other solutions. A value θ ∈ Θ dominates θ′ ∈ Θ if fj(θ) ≤ fj(θ′), j = 1, . . . , K, with
the inequality being strict for at least one j. The dominated solution is inferior in the sense that there is
another point at which f(·) is strictly smaller along some dimensions and no larger for the other dimensions.
Multi-objective optimization algorithms try to find the Pareto optimal set of non-dominated points in Θ.

Numerical multi-objective optimization methods obtain finite approximations to the Pareto set. The Pareto
frontier is the set of optimal function values obtained by the points in the Pareto set. Multi-objective Bayesian
optimization Garnett (2023, Section 11.7) uses surrogate models to implement multi-objective optimization
for expensive to evaluate functions, possibly observed with noise. Similar to Bayesian optimization with a
scalar objective, the representation of uncertainty given by the surrogate is used to efficiently decide where
to perform the next function evaluation.

Multivariate Gaussian processes are a common choice of surrogate for multi-objective Bayesian optimiza-
tion, and we give some background and notation now, extending the discussion of Section 2.3. Suppose that
g : Θ → RK , and that Θ̃ is an n × p matrix with ith row θ̃i ∈ Θ. We write g(Θ̃) = (g(θ̃1)⊤, . . . , g(θ̃n)⊤)⊤ ∈
RKn. Let h : Θ × Θ → RK×K be a K × K matrix-valued function. Let θ be an n × m matrix with ith row
θi. We write h(θ̃, θ) for the partitioned matrix with n block rows and m block columns where the (i, j)th
block entry is h(θ̃i, θj) ∈ RK×K . A random function f(·) = (f1(·), . . . , fK(·))⊤ is a multivariate Gaussian
process with mean function µ : Θ → RK and positive definite covariance function C : Θ × Θ → RK×K if for
any n and θ1, . . . , θn, f(θ1:n) is multivariate normal, N(µ(θ1:n), C(θ1:n, θ1:n)).

Once again extending the discussion of Section 2.2, suppose we observe values of f(·) with noise at θ1, . . . , θn ∈
Θ, to obtain

zi = f(θi) + ϵi, (33)

where now zi ∈ RK and ϵi
iid∼ N(0, Σ) where Σ ∈ RK×K is some positive definite covariance matrix. As in

our discussion of the univariate case, for some θ∗ ∈ Θ, and writing z≤n = (z⊤
1 , . . . , z⊤

n )⊤, (z⊤
≤n, f(θ∗)⊤)⊤ is

multivariate Gaussian and the conditional density of f(θ∗)|z≤n is multivariate normal with mean vector and
covariance matrix

µn(θ∗) = µ(θ∗) + C(θ∗, θ1:n) {C(θ1:n, θ1:n) + Dn(Σ)}−1 (z≤n − µ(θ1:n) (34)
Σn(θ∗) = C(θ∗, θ∗) − C(θ∗, θ1:n) {C(θ1:n, θ1:n) + Dn(Σ)}−1

C(θ1:n, θ∗), (35)

where Dn(Σ) ∈ RnK×nK is the block diagonal matrix with the K ×K diagonal block entries equal to Σ. For
reducing computation cost, in our later numerical experiments we consider multivariate Gaussian processes
where the components of f(·) are independent, but we consider correlated noise in equation 33 i.e. Σ is not
diagonal.

The noise ϵi can be observed by the variation of repeated simulation {zi,j}j=1 give input θi. Therefore, the
dependent noise covariance matrix Σ is estimated by the covariance of a repeated finite simulation sample
{∆iΣ,j}nΣ

j=1, where ∆iΣ,j = D(θiΣ) + ϵiΣ for some θiΣ is a simulated bivariate noisy discrepancy. For results
in this paper, we set nΣ = 100 and θiΣ = arg min

(θi,∆i)∈Tnf

(∆i − µnf
(θi)⊤Σnf

(θi)−1(∆i − µnf
(θi)).

Given the uncertainty quantification provided by equation 34 and equation 35, if there is a finite set
of points, say θ1, . . . , θn, approximating the Pareto set, with corresponding approximation f1, . . . , fn of the
Pareto frontier, expected hypervolume improvement (EHVI) measures the volume of the space dominated by
the current approximation of the Pareto frontier and bounded below by a reference point, the so-called Pareto
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hypervolume. EHVI was firstly used as an acquisition function in multi-objective Bayesian optimization by
Emmerich (2005), where an expectation of the hypervolume improvement is taken with respect to the
surrogate model uncertainty to define the acquisition function. In the MOBOLFI method, multi-objective
BO is applied to a vector of expected discrepancies, and the simulated discrepancies are noisy. For this reason,
we use the noisy expected hypervolume improvement (NEHVI) (Daulton et al., 2021b) for the acquisition
function. NEHVI implements a Bayesian treatment when calculating EHVI, integrating uncertainty about
the Pareto frontier. This makes NEHVI more suitable than EHVI as an acquisition function with noisy data.

Gutmann & Corander (2016) chose the tolerance t in the univariate BOLFI method as the q-quantile
of ∆1, ..., ∆nf

, where q ∈ (0, 1). In the bivariate MOBOLFI method, we extend the choice of tolerance
t = (t1, t2) to the 2-dimensional vector q-quantile of ∆1, ..., ∆nf

, where q ∈ (0, 1)2. Given that the evaluation
of ABC approximate likelihood involves t, we also did a comparison study over different q-quantile tolerance
for 3 different examples, by letting q = 0.01/0.05/0.1/0.2. Our visuals present the affect of tolerance on
performance of inference, varying by examples.

In multi-objective Bayesian Optimization, one practical difficulty is the scaling of objectives. For a fixed
diagonal matrix V , instead of applying multi-objective BO to a vector of noisy discrepancies ∆, we could
apply it to V −1∆ instead, and in general the results are not invariant to the choice of V . Figure 7 studies
the effect of scaling on inference in a toy example with V −1 = diag(w, 1), where w is a scalar weight. Since
only two objectives involved, we follow the notation in Section 4.1, where ∆ = (∆1(X(i), Xo), ∆2(W (i), W o))
denotes the joint objective over two data sources X and W . From the figure, we find that with different w,
if we simply add the discrepancy to get a univariate discrepancy for the BOLFI posterior the approximate
posterior differs markedly, while for MOBOLFI the approximate posterior is less sensitive to w. Not doing
scaling is equivalent to setting the V −1 = I2, i.e. the red curve in this figure, which is not the choice with
the best performance.

One classic scaling method in the machine learning literature is normalization by using Mean absolute
deviation (MAD). Algorithm 1 presents the detailed steps of doing scaling of a joint noisy objective ∆ for
implementing BOLFI. They key idea of Algorithm 1 is to put each elements of ∆ on a similar scale. The
use of Algorithm 1 does not always result in the best performance. In the plot 7a, the green curve with
w = 0.7 os chosen by Algorithm 1 (rounding to 1 decimal places). The scaling with best performance is
example specific, depending on the information of each data source, the LFI method and the BO acquisition
function. We leave further investigation of optimal scaling approaches to future work. For the results of this
paper, by default we choose the scaling as the outcome (rounded to 1 decimal places) from algorithm 1 using
n = 100. The auxiliary model example (orange curve in Figure 12) defines a discrepancy as the score vector
of an auxiliary model, and the scaling in this example is slightly different and will be discussed in Section
C.3 of Appendix.

(a) BOLFI with different scaling (b) MOBOLFI with different scaling

Figure 7: Approximate posterior in the toy example given different scaling weights to ∆1. The left column
shows the BOLFI approximate posteriors given weight = 0.1/0.4/0.7/1.0 scaling, while the training objec-
tives for BO is defined to be weight ∗ ∆1 + ∆2. The right column presents the MOBOLFI approximate
posteriors given the same scaling.
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Algorithm 1 Scaling of discrepancies in (MO)BOLFI

Require: Prior π(·) of θ, target function ∆ = (∆1, · · · , ∆K)T to scale, number of sample size n
Sample θ(i) ∼ π(θ), i = 1, · · · , n
For each θi, evaluate the corresponding target function ∆(θ(i)) = (∆1(θ(i)), · · · , ∆K(θ(i)))T

For j = 1, · · · , K, write v(j) = MAD{∆j(θ(1)), · · · , ∆j(θ(n))}
Write V = diag(v(1), · · · , v(K))
Scale the target function ∆scale = V −1∆
(In BOLFI, ∆ = ∆1 + · · · + ∆K , and the scaled discrepancy is ∆scale = V −1

11 ∆1 + · · · + V −1
KK∆K)

B Experiment setup and extra findings - Toy example

We give some further details of the implementation of MOBOLFI and some additional experiments that
were not included in the main text due to space limitations. Code to implement all experiments can be
obtained at

https://github.com/DZCQs/Multi-objective-Bayesian-Optimization-Likelihood-free-Inference-MOBOLFI.
git.

B.1 Experiment setup - toy example

In the toy example in the main text initial training data of 100 observations was used, and
BOLFI/MOBOLFI was used to train 1-dimensional/2-dimensional surrogate GP models respectively with
200 BO acquisitions. Parameter samples are drawn from the approximate posterior distribution (Section 2.3)
using Hamiltonian Monte Carlo (HMC) with tolerance t set to be the 1% quantile of the training data dis-
crepancies. This is done element-wise for each discrepancy to get the vector of tolerances for MOBOLFI. We
implement HMC using the hamiltorch package (Cobb & Jalaian, 2021), running four chains for 8,000 itera-
tions each, using step size 0.1 and one step within each proposal (which corresponds to a Metropolis-Hastings
adjusted Langevin algorithm).

For MOBOLFI, the objective function optimized is

D(θ) = (E(∆1(X, Xo)), E(∆2(W, W o))⊤,

where X is the synthetic data and Xo is the observed data for the first data source, ∆1(X, Xo) is the discrep-
ancy for the first data source, W is synthetic data and W o is the observed data for the second data source,
and ∆2(W, W o) is the discrepancy for the second data source. The definition of the discrepancies is given in
the main text. For implementing BOLFI, the training data is {θi, w ·∆1(X(i), Xo)+∆2(W (i), Wo)}100

i=1, where
w = 0.4 is the scaling with best performance from a number of alternatives (see figure 7a in Section A.3 of this
Appendix). We use the lower confidence bound acquisition function for BOLFI with η = 0.1 in eq.32. For
implementing MOBOLFI, the training data is {θi, (w · ∆1(X(i), Xo), ∆2(W (i), Wo))}100

i=1. We use the NEHVI
acquisition function (Daulton et al., 2021b) with a reference point mini((∆1(X(i), Xo), ∆2(W (i), W o)))−0.1.
Each optimization in the multi-objective BO iterations approximates the optimum of the acquisition func-
tion from 100 candidate samples in 10 restarts. To avoid observations with discrepancy values which are too
large (which affects GP training), we set a mild rejection criterion to filter out observations higher than a
threshold, i.e. the 99%-quantile (rounded to 1 decimal places) obtained from simulated discrepancies that
are drawn without any filtering criterion.

The botorch package maximizes the supplied objective function by default, and so in implementation
of BOLFI we maximize the negative expected discrepancy. Gutmann & Corander (2016) minimizes the
lower confidence bound as (32) in their work, and when maximizing the negative expected discrepancy it is
equivalent to use the upper confidence bound as acquisition function,

An(θ) = µn(θ) +
√

η2
nσ2

n(θ). (36)
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(a) Different iterations for GP training (b) Different choices of tolerance

Figure 8: Approximate posterior for the toy example given different numbers of training iterations and tol-
erances. The left column shows the MOBOLFI approximate posteriors given 50/100/150/200 BO iterations.
The right column presents the approximate posteriors for threshold t set to 20%/5%/1% quantiles of the
training data discrepancies. All approximate posterior densities are kernel density estimates from HMC
samples. The red dashed line is at θtrue

1 = −0.7.

B.2 Extra findings - toy example

In addition to the experiments in the main text, Figure 8 shows MOBOLFI approximate posteriors of θ1
for different choices of the number of iterations in the BO algorithm and for different choices of tolerance.
The approximate posteriors are kernel density estimates from HMC samples. The left-hand column of the
figure demonstrates that the MOBOLFI approximate posterior variance decreases with more BO iterations.
This is expected, since the surrogate model uncertainty contributes to the uncertainty in the MOBOLFI
approximate posterior. The right-hand column of the figure demonstrates that the MOBOLFI approximate
posterior is closer to the true posterior when a smaller quantile of the training data is used for the tolerance.
In Figure 8 (b), 200 BO acquisitions were used. Gutmann & Corander (2016) suggested using the 5%
quantile of the training data, but a 1% quantile attains comparable performance in this example. Both the
selection of tolerance levels in the likelihood approximation and the number of BO iterations used are crucial
for achieving accurate approximate posterior distributions using MOBOLFI.

MOBOLFI differs from BOLFI by using multiple discrepancies in the BO algorithm. To explore the
sensitivity of inference to including multiple data sources when the model for some data sources does not
depend on some parameters, we modify the simulator as follows. The first 8 elements of θtrue are shared
by both X and Y. However, the 9th element of θtrue contributes to X only, and the 10th element of θtrue
contributes to Y only. Specifically,

θ ∼ N(θ|0, I)
Xn ∼ N(x|θ, I), n = 1, ..., N

w(t) = θdt + σdW (t)
θX = (θtrue,1, ..., θtrue,8, θtrue,9)T

θW = (θtrue,1, ..., θtrue,8, θtrue,10)T

(37)

We apply MOBOLFI with the same experiment setup as in Section B.1 of this Appendix. The MOBOLFI
and BOLFI approximate posteriors are presented in Figure 9. We focus on the parameters θ9, θ10, which
are parameters influencing the distribution of only one of the data soruces. In plot 9a, the MOBOLFI
approximate posterior, leveraging correlated noise between data sources, still outperforms BOLFI in inference
of θ9, θ10. In plot 9b, for θ10 not depending on X, the MOBOLFI approximate posterior conditional on of X
does not obtain smaller variance than the BOLFI approximate posterior. That is not surprising to see, since
information from X is viewed as useless and redundant for inference of θ10. On the other hand, MOBOLFI
still performs better than BOLFI in the inference of θ9. Plot 9c shows that approximate MOBOLFI posterior
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conditional on W only does not obtain smaller variance than the BOLFI approximate posterior, for θ9 not
depending on W .

(a) MOBOLFI vs BOLFI

(b) Information in X

(c) Information in W

Figure 9: Approximate posterior for the updated toy example with two parameters θ9, θ10 solely depending
on two data sources X, W , respectively. The row 9a shows the MOBOLFI and BOLFI approximate posteriors
under the updated simulator, colored by blue/orange. The green curve is the real posterior, the red curve
is the prior and the dash red line is the true value of θ9, θ10. In row 9b/9c the MOBOLFI and BOLFI
approximate posteriors calculated by marginal likelihood of X/W are given by blue/orange lines. The green
curve is the real posterior of X/W respectively.

C Experimental setup and extra findings: MLBA example

C.1 MLBA closed form likelihood function

Consider decision-making for a single individual first. For a drift rate va ∼ N(da, s2), a = 1, ..., M , the
probability density function (pdf) of the time t taken for the accumulator a to reach the threshold χ is (see
Brown & Heathcote (2008), Appendix A for a derivation):

fa(t) = 1
A

[
−daΦ

(
χ − A − tda

ts

)
+ sϕ

(
χ − A − tda

ts

)
+ daΦ

(
χ − tda

ts

)
− sϕ

(
χ − tda

ts

)]
, (38)

where ϕ(.) and Φ(.) are the pdf and cdf of the standard normal distribution.
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Its associated cumulative density function (cdf) is:

Fa(t) = 1 + χ − A − tda

A
Φ
(

χ − A − tda

ts

)
− χ − tda

A
Φ
(

χ − tda

ts

)
+ ts

A
ϕ

(
χ − A − tda

ts

)
− ts

A
ϕ

(
χ − tda

ts

)
.

(39)

The joint pdf of CH = a and RT = t + τ0 is

MLBAjoint(CH = a, RT = t + τ0) = fa(t)Πb ̸=a(1 − Fb(t)), (40)

and the marginal pdf of CH = a is

MLBAchoice(CH = i) =
∫ ∞

0
fa(t) Π

b∈C,b ̸=a
(1 − Fb(t))dt, (41)

where C is the choice set.

We follow the adjustment suggested by Terry et al. (2015), where the drift rate follows a truncated
normal distribution: va ∼ TN(da, s2, 0, ∞), with 0 and ∞ as lower and upper bounds of the support. This
distribution helps correct the original pdf and cdf in eq.38 and eq.39. Moreover, the truncated normal
distribution resulted in superior performance in empirical experiments conducted by Hancock et al. (2021a).
Therefore, both fa(t) and Fa(t) are additionally divided by a factor Φ( da

s ) in eq.38 and eq.39.

C.2 Experimental setup - MLBA

When working on synthetic data, we firstly construct a training dataset {θ(i), (RT (i), CH(i))}100
i=1 of 100

observations.

In BOLFI/MOBOLFI, a univariate/bivariate GP is trained with 1000 iterations. Likelihood approxi-
mations for BOLFI/MOBOLFI use tolerance t given by the 1% quantile of the training discrepancies, and
samples were generated from the approximate posterior distributions using De-MCMC. These samples are
compared to samples from the posterior with the closed form likelihood 40 above.

For MOBOLFI, the objective function optimized is

D(θ) = (E(∆1(RT, RT o)), E(∆2(CH, CHo))⊤,

where RT, CH are synthetic response time and choice data respectively, RT o and CHo are the correspond-
ing observed data, ∆1(RT, RT o) is the discrepancy for the response time data and ∆2(CH, CHo) is the
discrepancy for the choice data. The definition of the discrepancies is given in the main text. In BOLFI, the
training objective is w · ∆1(RT, RT o) + ∆2(CH, CHo), where w = 0.7. In MOBOLFI, the training objective
is the 2-dimensional vector (w · ∆1(RT, RT o), ∆2(CH, CHo)). In BOLFI, the acquisition function is defined
to be the Lower Confidence bound with variance weight η = 0.1 defined in eq.32.

In MOBOLFI the Bayesian Optimization acquisition function is chosen to be the qNEHVI (see
https://botorch.org/api/acquisition.html#botorch.acquisition.multi_objective.monte_carlo.
qNoisyExpectedHypervolumeImprovement for details). Both MOBOLFI and BOLFI surrogate models are
trained with 1000 BO acquisitions.

For faster convergence, we set different hyperparameters for running De-MCMC to sample from
MOBOLFI/BOLFI and the posterior with closed form likelihood. When sampling from the posterior for
closed form likelihood, we set 9 chains, sample size 20000, burn-in size 18000 and migration rate 0.5. When
sampling from BOLFI/MOBOLFI approximate posteriors, we set 9 chains, sample size 16000 and burn-in
13000. The coefficient γ in the De-MCMC algorithm is set to be the fixed constant 2.38/

√
2 · nθ, where

nθ = 6 is the number of parameters we infer.

Similar to the toy example, we set some rejection criteria in sampling the initial training set for BO. Points
with values of any one of the discrepancies greater than a threshold, i.e. the 99%-quantile obtained from
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simulated discrepancies that are drawn without any filtering criterion, are discarded. In MLBA simulation
we observe that there are some prior samples θ(i) that simulate RT (i) = {RT

(i)
1 , · · · , RT

(i)
320} where RT

(i)
j ≈

RT o, ∀j ∈ {1, · · · , 320}, where RT o denotes the sample mean of RT o. Ideally the prior should be constrained
to avoid such degenerate regions of the parameter space, but these regions are not easily characterized
analytically. Hence we also filter out θ(i) such that Var(RT (i)) < Var(RT o) · 0.7.

Figure 10: Approximate posteriors for MLBA example given different numbers of iterations for the BO
algorithm. Each plot shows approximate marginal posteriors for one parameter of interest. The densities
shown are kernel density estimates obtained from MCMC samples. The dashed red line shows the location
of the corresponding true parameter.

C.3 Extra findings - MLBA example (Synthetic data)

Similar to the toy example, we build MOBOLFI approximate posteriors given different number of
iterations for the BO algorithm. Figure 10 compares kernel density estimates obtained from samples from
the approximate posteriors. Due to the complexity of the MLBA simulator, we need many more iterations
in the BO algorithm than for the toy example to obtain good approximations. The Figure shows that 100
iterations in the BO algorithm is too little, but the approximation to the marginal posteriors has mostly
stabilized after 300 iterations for most parameters.

We also investigate the affect of tolerance t on MOBOLFI performance in MLBA. In Figure 11, we
compare the MOBOLFI approximate posteriors for tolerances specified as 10%/5%/1% quantiles of the
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Figure 11: Approximate posteriors of MLBA example given different levels of quantile of training dataset as
the tolerance t. The blue/orange/green curve represents the MOBOLFI approximate posterior (with 1000
iterations training) using 10%/5%/1% quantile of the training dataset as the tolerance t respectively. The
dashed red line shows the location of the true parameter.

training discrepancies. Given enough BO iterations, the 1% quantile is the best choice. Although the
performance of MOBOLFI is sensitive to the choice of t, setting the tolerance to a 1% or 5% quantile of the
training data works well across many problems.

When a summary statistic is used in the definition of the discrepancy, its choice is another factor that
affects the performance of MOBOLFI. For summary statistic based LFI methods, the choice of summary
is important, because good summaries can reduce the computational burden with little loss of information.
In Figure 12, we evaluate MOBOLFI approximate posteriors obtained using two approaches. The first
approach uses the discrepancies discussed in the main text. The second approach changes the discrepancy
used for the choice data, by defining summary statistics using an auxiliary model (e.g., Drovandi et al.,
2015). Specifically, we adopt the score vector evaluated at the maximum likelihood estimate (MLE) for the
observed data for a multinomial logit (MNL) model as the choice data discrepancy.
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To explain further, the MNL model is a discrete choice model based on random utility maximization
theory (McFadden, 1974). In the MNL, the choice probability for the alternative a is

Pa = exp (Va)∑
b exp (Va) (42)

where Va is a systematic utility of the alternative a, represented by a set of attributes X = (X1, ..., XK)
and corresponding parameters ξ = (ξ1, ..., ξK), where K is the total number of parameters. Since it has a
closed-form likelihood function, the parameters can be estimated by maximum likelihood estimation. Write
pA(CH; ξ) for the likelihood for the MNL auxiliary model for choice data CH and parameter ξ. The score
function is SA(CH; ξ) = ∇ξ log pA(CH : ξ). Writing CHo for the observed choice data, and ξ̂ for the MLE
for the observed choice data, we have SA(CH0; ξ̂) ≈ 0, and for simulated choice data CH we use as summary
statistics SA(CH; ξ̂) (i.e. we use the (K × 1) score vector for the data CH evaluated at the MLE ξ̂ for the
observed choice data as the vector of summary statistics).

Each component of the score vector has a different scale from the others because the parameters ξ
correspond to different scales of attributes (e.g., driving range and purchase price). Therefore, the score vector
SA(CH; ξ̂) should be converted into a scalar value to be used as choice data discrepancy ∆2(CH, CHo). We
scale parameter-specific components of the score vector to put all components on a similar scale as follows.
Sample from the prior θ(i) ∼ π(θ), i = 1, . . . , n. For each i, we evaluate the corresponding score vector
S(i) = SA(CH(i); ξ̂), where CH(i) is the choice data simulation given θ(i). Then, we apply Algorithm 1 to
obtain the scaling weight V −1

1 of the parameter-specific K-components of the score vectors with sample size
n = 100 and target function SA(·; ξ̂). Finally, the choice data discrepancy is defined as ∆2(CH, CHo) =
V −1

1 SA(CH; ξ̂).

To implement the MOBOLFI approach, we need to calculate the training objective by calculating two
data source-specific discrepancies. The response data discrepancy is the one used in the main text, and the
joint discrepancy is (∆1(RT, RT o), V −1

2 ∆2(CH, CHo)) where V −1
2 is obtained by Algorithm 1.

In our experiment, we generated n = 100 MLBA datasets for K = 5 parameters of the MNL auxiliary
model and obtained V −1

1 = (128.4, 226.2, 1656.6, 519.9, 2269.1) and V −1
2 = 0.0007, respectively.

In Figure 12, we compare MOBOLFI using the choice discrepancy from the main text with the auxiliary
model choice discrepancy (MOBOLFI AUX). The closed-form likelihood (MLBA) is used as a benchmark
model. Given enough training, the MOBOLFI and MOBOLFI AUX show different advantages in approx-
imating the posterior with regard to point estimate and posterior variance. The lower posterior variance
indicates more robust estimates, while the point estimate closer to the true parameter indicates accuracy
for decision-making in practice (e.g., an estimate of electric vehicle adoption rate in this MLBA case). Since
the MLBA parameters are behaviorally related to both reaction time and choice decision, the MOBOLFI
AUX affects all parameters. For λ1, β1, and log(χ − A), the MOBOLFI AUX outperforms the MOBOLFI
by providing a slightly better point estimate while reducing posterior variance in parameter inference, in-
dicating the validity of adopting summary statistics based on an auxiliary model. For β2, δ2, and δ3, the
approximate posterior distributions from the MOBOLFI are superior to those from MOBOLFI AUX with
similar posterior variance but much better point estimates. This result suggests that the performance of
MOBOLFI and MOBOLFI AUX are comparable.

C.3.1 Misspecified MLBA

In the main text we have argued that including response time data in addition to choice data improves
parameter estimation for the MLBA model. We now consider a situation involving misspecification, and
illustrate the advantages of MOBOLFI in detecting conflict between different parts of the data. We adjust
the experimental setup by defining two sets of parameters θtrue

RT = (0.2, −25, −3.5, 6, 4, log(99)) and θtrue
CH =

(0.05, −24, −6.5, 3, 1.5, log(199)) for simulating response time and choice data respectively. We simulate
data (RT rt, CHrt) by MLBA taking θtrue

RT as input, data (RT ch, CHch) by MLBA taking θtrue
CH as input.

The synthetic observed data (RT o, CHo) = (RT rt, CHch) concatenates the response time data generated
using θtrue

RT and the choice data simulated using θtrue
CH . Therefore, the two data sources provide conflicting

information about the parameter vector.
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Figure 12: Approximate posteriors of MLBA example estimated by different data summary for response
choice. The blue and orange curves represent the MOBOLFI approximate posterior (with 1000 iterations
training) using the original distance (MOBOLFI) and score function of an auxiliary model (MOBOLFI AUX)
as the data summary, respectively. The red dash line is the value of true parameter θtrue.

We follow the same design as in Sec 4.2.2 with some minor changes. Firstly, we remove the criteria that
filters out points with values of any one of the discrepancies greater than the 99%-quantile obtained from
simulated discrepancies that are drawn without any filtering criterion. This is done because, with conflicting
information, parameter samples are likely to obtain low value of discrepancy on one data source and high
value on the other. Secondly, the number of iterations for the BO algorithm is set to be 500.

Applying MOBOLFI to such (RT o, CHo), we claim that the Bayesian Optimization explores a range
of local optimum points (including θtrue

RT and θtrue
CH ), in terms of minimizing E((∆1, ∆2)). Although we

cannot observe the expected discrepancy, Figure 13 shows the noisy negative discrepancy values of Bayesian
Optimization acquisitions. Besides θtrue

RT and θtrue
CH , the points in the top-right corner of the plot, i.e. in the

region around the green point, obtain discrepancy values close to 0. With high probability, the expected
negative discrepancy of these points are no smaller than that of either θtrue

RT or θtrue
CH on at least one data

source. Points in the top-right corner suggest that, with respect to randomness of noise, MOBOLFI is able to
deal with the complexity of conflicting information from multi-source data, acquiring all the local optimum
points that minimize the expected discrepancy given enough iterations for training.
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Figure 13: Noisy Negative discrepancy values of Bayesian Optimization acquisition points. The horizontal
axis denotes the negative RT discrepancy, the vertical axis denotes the negative CH discrepancy. The
discrepancies have been scaled to a similar range. The yellow/orange point represents simulated discrepancies
obtained using θtrue

RT /θtrue
CH as input. The green point is a simulated vector of negative discrepancies obtained

at the mode of the MOBOLFI approximate posterior.

MOBOLFI approximate posteriors of these parameters under misspecification are shown in Figure 14.
For λ1, both data sources contribute to the inference, and the posterior calculated using single data sources
are similar to the posterior calculated by the joint likelihood. For log(χ − A), the definition of χ determines
that inference of it mainly depends on the response time data RT . It is unsurprising to see that the posterior
calculated by the joint likelihood has similar location to the posterior calculated conditional on RT only.
The posterior calculated conditional on CH only provides much less information, having a large variance.
For β1, the true values for the different data sources lie in the tail of the posterior calculated using the joint
likelihood, while the posterior calculated conditioning on only one data source are similar and consistent
with the true values from both data sources. As discussed above, there is a set of local optimum points that
could obtain similar performance in evaluating the discrepancy to θtrue

RT and θtrue
CH . The marginal approximate

posterior of β1 calculated by the joint likelihood puts weight on points other than θtrue
RT and θtrue

CH consistent
with the data. For β2, we found the posterior calculated using the joint likelihood is closer to the posterior
calculated conditioning only on the CH data but with variance larger. This differs from the behaviour for
β1. We believe this is because given the fixed β3 = −6, the values of β2 in θtrue

RT and θtrue
CH are close to

the value of β3 but away from β1. This suggests that in the synthetic data example, attribute 1 is more
important in evaluating evidence of alternatives which directly affects the response time. It is not surprising
then to see that β2 measures influence of the less important attribute 2 and appears to be more sensitive
to the choice data CH than β1. For δ2 and δ3, the alternative specific constant is added into the drift
rate mean calculation directly, unrelated to the attribute pairwise-comparison, which is the main source of
variation of drift rate mean. Therefore, the posterior calculated using the joint likelihood appears similar to
the posterior calculated conditional on CH only. Inference of δ2 and δ3 should mainly depend on the CH
data. However, we do observe that the conflicting information from RT does brings more uncertainty to
the approximate posterior calculated by joint likelihood, which shows larger variance than the approximate
posterior calculated conditional on CH only.

C.4 Extra findings - MLBA example (empirical case)

Figure 15 shows the difference between the posterior mean and MAP estimates from the MOBOLFI ap-
proximate posterior and closed-form true posterior. The largest differences are for δICEV and log βT C .
Point estimates from the MOBOLFI approximate posterior have smaller value of δ̂ICEV and larger value on
log β̂T C , when compared to estimates from closed-form posterior.

34



Under review as submission to TMLR

Figure 14: Approximate marginal posteriors for MLBA example under mis-specification. The blue curve
represents the MOBOLFI approximate posterior calculated using the joint likelihood of two data sources.
The orange/green curve are the MOBOLFI approximate posteriors calculated by the approximate likelihood
of RT/CH data only. The orange/green dash line shows the location of the true parameters in θtrue

RT and
θtrue

CH .
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Figure 15: The posterior density and point estimates of MOBOLFI and closed-form based on CH and RT
data sources.
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D Day care center example

Next we consider data from Numminen et al. (2013) measuring infections of bacteria strains over individuals
in a number of day care centres. We refer the reader to Numminen et al. (2013) for a detailed description
of the model. The data are indicators for whether individuals are infected with different strains at different
times. We use the simplified model in Example 3, Gutmann & Corander (2016), and in their notation Rs(t)
is the rate of infection with strain s at time t. Rs(t) is informed as a weighted sum of a probability for
infection from within the day care centre (which may vary by strain and time) and a probability of infection
from outside (which varies by strain). The weights in the weighted sum are unknown parameters, denoted
β and Λ. There is a further unknown parameter, which we denote by ϑ, which controls the relative rate
of infection with strain s between situations when an individual is already infected with another strain,
compared to when they are not. The set of all unknowns is θ = (β, Λ, ϑ).

(a) Joint Likelihood

(b) Varying the number of BO iterations

(c) Varying tolerances

Figure 16: Approximate posteriors for the day care center example: (a) estimated posteriors using the
joint likelihood, and the blue/orange curves show MOBOLFI/BOLFI approximate posterior; (b) estimated
posteriors using varying number of BO iterations, and the blue/orange/green curves show MOBOLFI ap-
proximate posteriors with 250/150/50 BO iterations; (c) estimated posteriors for different tolerances and the
blue/orange/green curves compare MOBOLFI approximate posteriors using 1%/5%/20% tolerance levels.
The dashed blue lines show the location of the true parameter values.The approximate posteriors are kernel
density estimates based on importance sampling.
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Following Gutmann & Corander (2016) we consider synthetic data where the the number of day care
centres, the number of attendee individuals sampled in each day care center and the number of strains are
set to 29, 36, 33 respectively. We generate the observed data from the model with θtrue = (3.6, 0.6, 0.1),
and implement MOBOLFI with 50/150/250 BO iterations and tolerances set as 20%/5%/1% quantiles of
the training data discrepancies. We consider the same four summary statistics S = (S1, S2, S3, S4)⊤ as
Numminen et al. (2013), which can be computed for each daycare centre and averaged. The prior is the
Uniform distribution illustrated in Example 8, Gutmann & Corander (2016). A discrepancy for BOLFI
is then obtained by the Euclidean distance between simulated and observed summary statistics. For the
MOBOLFI method, we consider two discrepancies: the first is the Euclidean distance between the first and
fourth summary statistics for simulated and observed data, and the second is the Euclidean distance between
the second and third summaries. The reason for this partitioning is that the first and fourth summaries
represent diversity of prevalence of strains, and hence it could be beneficial to consider a discrepancy for these
summaries separately. In this example, discrepancies are not scaled, yet a MAD scaling (see algorithm 1) is
applied to the four data summaries in simulation. We consider approximate posterior densities obtained as
kernel density estimates from an importance sampling with size 20000, and compare MOBOLFI approximate
posterior densities with those obtained from BOLFI. The choice of auxiliary density for importance sampling
has some flexibility, for results here we use a multivariate student-t distribution, with location middle points
of the uniform prior and degree of freedom 3. No rejection criteria are used.

Figure 16 shows approximate BOLFI and MOBOLFI posteriors. In Figure 16a, the MOBOLFI approxi-
mate posterior exhibits similar variance compared to BOLFI. Figure 16b compares approximate posteriors
trained with different numbers of BO iterations. With more training iterations, the approximate marginal
posterior densities stabilize. Figure 16c shows approximate posteriors with different tolerance levels, using
250 BO iterations. Inference with a 1% quantile tolerance appears superior.
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