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Abstract

This paper presents a novel extension of neural
scaling laws to Mixture-of-Experts (MoE) mod-
els, focusing on the optimal allocation of com-
pute between expert and attention sub-layers.
As MoE architectures have emerged as an effi-
cient method for scaling model capacity with-
out proportionally increasing computation, de-
termining the optimal expert-attention compute
ratio becomes critical. We define the ratio r
as the fraction of total FLOPs per token dedi-
cated to the expert layers versus the attention
layers, and explore how this ratio interacts with
the overall compute budget and model sparsity.
Through extensive experiments with GPT-style
MOoE Transformers, we empirically find that
the optimal ratio r* follows a power-law re-
lationship with total compute and varies with
sparsity. Our analysis leads to an explicit for-
mula for 7*, enabling precise control over the
expert-attention compute allocation. We gen-
eralize the Chinchilla scaling law by incorpo-
rating this architectural parameter, providing
a new framework for tuning MoE models be-
yond size and data. Our findings offer practical
guidelines for designing efficient MoE models,
optimizing performance while respecting fixed
compute budgets.

1 Introduction

Modern large language models (LLMs) are increas-
ingly trained under strict and explicit compute bud-
gets. In industrial settings, model developers must
operate within fixed GPU resources, training win-
dows, and inference throughput constraints, mak-
ing efficient use of computation a primary design
objective rather than an afterthought . Mixture-of-
Experts (MoE) (Shazeer et al., 2017; Fedus et al.,
2021; Lepikhin et al., 2021; Jiang et al., 2024;
Dai et al., 2024; Muennighoff et al., 2024; Qwen,
2024) architectures have emerged as a practical
solution in this regime, enabling substantial param-
eter growth while keeping per-token computation
nearly constant through sparse expert activation.

However, adopting MoE architectures introduces
new architectural decisions that are largely absent
in dense Transformers (Vaswani, 2017). Beyond
choosing the number of experts or the activation
sparsity, practitioners must implicitly decide how
computation is distributed inside the model. In par-
ticular, how much of the available compute should
be allocated to attention layers versus expert (feed-
forward) layers remains an open question. In prac-
tice, this allocation is often inherited from dense
Transformer designs or tuned heuristically, despite
the fact that expert layers can dominate the com-
pute budget in large-scale MoE models.

From a systems perspective, this raises a funda-
mental yet underexplored question: given a fixed
training compute budget, what is the optimal way
to allocate computation between attention and ex-
pert components in an MoE Transformer? We
characterize this trade-off using the FLOPs ratio
r = Cpg/Cy, which directly controls where the
majority of per-token computation is spent. Unlike
traditional hyperparameters, r governs a first-order
resource allocation decision and can substantially
affect model performance at scale.

Existing neural scaling laws (Kaplan et al., 2020;
Henighan et al., 2020; Hoffmann et al., 2022;
Chowdhery et al., 2023) provide powerful guid-
ance for allocating compute across model size and
data. The Chinchilla scaling law, for example,
prescribes an optimal balance between parameters
and training tokens under a fixed compute budget.
Recent extensions to MoE models further incor-
porate sparsity and expert count into this frame-
work (Ludziejewski et al., 2024; Abnar et al., 2025;
Wang et al., 2024). However, these approaches im-
plicitly assume a fixed internal compute allocation,
leaving the expert—attention trade-off unmodeled.
As aresult, current scaling laws offer limited guid-
ance on how MoE architectures themselves should
evolve with increasing compute.

In this work, we show that the optimal expert—



attention compute allocation is not fixed, but
instead follows a predictable scaling behavior.
Through controlled experiments across multiple
model scales and sparsity regimes, we demonstrate
that the optimal FLOPs ratio r* increases as a
power law of total training compute, with scaling
coefficients that depend systematically on sparsity.
Building on this observation, we incorporate the
expert—attention trade-off into a unified scaling law,
extending the Chinchilla framework to account
for internal architectural allocation. Our results
provide practical, compute-aware guidelines for
designing MoE models that achieve better perfor-
mance under fixed resource budgets.

2 Theoretical Motivation

This section provides a minimal theoretical ratio-
nale for why the optimal compute allocation be-
tween attention and expert components in MoE
models should vary with scale. Rather than propos-
ing a detailed mechanistic model, our goal is to
capture the essential trade-off underlying expert—
attention compute allocation and to motivate the
empirical scaling behavior observed in later sec-
tions.

2.1 Compute Allocation in MoE Transformers

In an MoE Transformer, the dominant per-token
computation arises from two sources: self-attention
and expert (feed-forward) layers. Let C'4 denote
the FLOPs consumed by attention and Cg the
FLOPs consumed by expert layers. Under a fixed
per-token compute budget C' = C'4 + Cg, their rel-
ative allocation is fully characterized by the FLOPs
ratior = Cg/Cjy.

In addition to compute allocation, MoE mod-
els are defined by their activation sparsity. We
characterize sparsity by the fraction of inactive ex-
perts, S = (E — Ey)/E, where E is the total
number of experts and F, is the number of ex-
perts activated per token. Sparsity controls how
expert capacity is utilized: lower sparsity implies
that more experts contribute computation per to-
ken, while higher sparsity concentrates compute on
fewer experts.

Unlike dense Transformers, MoE architectures
expose both r and S as explicit design choices. Fix-
ing either implicitly constrains the effectiveness of
the other. As a result, optimal compute allocation
cannot be determined independently of sparsity.

2.2 Diminishing Returns under Sparse Expert
Activation

Allocating additional compute to either attention or
expert layers yields diminishing returns. However,
in MoE models, the rate of diminishing returns
for expert computation depends critically on spar-
sity. When sparsity is low (i.e., more experts are
activated), additional expert compute can be dis-
tributed across multiple specialized subnetworks,
leading to higher marginal gains. In contrast, under
high sparsity, expert computation is concentrated
on a small set of experts, and additional compute
is more likely to saturate existing representations.

This asymmetry implies that the effective elastic-
ity of expert compute is sparsity-dependent. While
attention computation primarily benefits global to-
ken interaction modeling and is largely insensitive
to sparsity, expert computation derives its benefit
from both capacity and diversity, the latter being
directly controlled by S.

2.3 Implications for Optimal Allocation

Under a fixed compute budget, optimal perfor-
mance is achieved by balancing the marginal utility
of attention and expert computation. Because spar-
sity modulates the effectiveness of expert compute,
the optimal FLOPs ratio * must depend on both
total compute C' and sparsity S. A minimal conse-
quence of this interaction is that 7* is not constant,
but instead follows a scale-dependent law of the
form

r(C,S) = a(S)CPS), (1)

where the sparsity-dependent coefficients reflect
how expert utilization changes under different acti-
vation regimes.

This formulation yields a clear, testable predic-
tion: models with lower sparsity should benefit
more from allocating additional compute to expert
layers as scale increases, while highly sparse mod-
els should favor relatively greater attention capacity.
In the following sections, we empirically validate
this prediction and quantify how sparsity shapes
the scaling behavior of 7.

3 Empirical Scaling Behavior of the
Optimal Compute Allocation

Motivated by the sparsity-aware allocation ratio-
nale developed in Section 2, we now empirically in-
vestigate how the optimal expert—attention FLOPs
ratio emerges in practice. Rather than evaluating a
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Figure 1: Loss as a function of FLOPs ratio and total compute. Black dashed lines trace optimal r*. Color indicates
active parameters. Low-sparsity models (left) favor higher r* at scale.

particular MoE architecture, our focus is on char-
acterizing the behavior of the optimal allocation
itself as a function of total training compute and
sparsity. Specifically, we aim to answer three ques-
tions: (i) whether a well-defined optimal ratio 7*
exists under fixed compute and sparsity, (ii) how
this ratio evolves as the compute budget increases,
and (iii) whether sparsity systematically modulates
this evolution.

To this end, we perform controlled sweeps over
the FLOPs ratio r while holding the per-token com-
pute budget fixed, across multiple model scales
and sparsity regimes. This experimental design
isolates the effect of internal compute allocation
from confounding factors such as parameter count
or data scale. We show that the optimal ratio r*
is stable, scale-dependent, and exhibits consistent
trends that form the empirical basis for the scaling
laws developed in the following sections.

3.1 Ecxistence of a Scale-Dependent Optimal
Ratio

We first examine whether a well-defined optimal
FLOPs ratio r* exists under fixed training compute
and sparsity. Figure 1 visualizes the training loss as
a function of the FLOPs ratio 7 and total compute
C for two representative sparsity levels. Across
all compute budgets, the loss surface exhibits a
clear and smooth minimum along the r dimension,
forming a pronounced valley rather than a flat or
noisy region. This observation indicates that * is
a stable and well-defined quantity, rather than an
artifact of random variation or overfitting.

As the total compute increases, the location of
this minimum shifts systematically toward larger
values of r, indicating that allocating proportionally
more compute to expert layers becomes increas-
ingly beneficial at scale. Importantly, this shift
is monotonic and smooth, suggesting a structured
dependence on compute rather than isolated local
effects. These trends are consistently observed
across model sizes and training runs, confirming
that the optimal ratio r* is a robust property of the
training regime.

Comparing the two sparsity settings in Figure 1
further reveals that sparsity strongly influences how
rapidly the optimal ratio evolves with compute. In
lower-sparsity models (left), where more experts
are activated per token, the optimal r* increases
more steeply as compute grows. In contrast, under
higher sparsity (right), the shift in 7* is more grad-
ual, reflecting a reduced marginal benefit from ad-
ditional expert computation. This qualitative differ-
ence provides direct empirical evidence that spar-
sity modulates the scale-dependent effectiveness of
expert computation.

These results establish that a stable, scale-
dependent optimum exists and that sparsity sys-
tematically reshapes its evolution.

3.2 Scaling of the Optimal Ratio with
Compute

We next examine how the optimal FLOPs ratio r*
evolves with increasing training compute. For each
fixed sparsity level, we extract r* from the loss
minima in Figure 1 and plot it against the total
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Figure 2: (a) Relationship between the optimal FLOPs ratio r* and total per-token compute C, fitted with the power
law 7* = a,.CPr. (b) Dependence of the fitted coefficient v,. on the fraction of activated experts (1 — S), showing a
clear power-law trend. (c) Dependence of the fitted exponent 3, on (1 — .S), also following a power-law. All axes

are plotted on log—log scales.

per-token compute C. As shown in Figure 2(a),
r* increases monotonically with compute across
all sparsity regimes and follows an approximately
linear trend on log—log scales.

This behavior is well captured by a power-law
relationship,

r* = a,CP,

which provides an accurate description of the ob-
served data across model scales. These results es-
tablish that the optimal expert—attention allocation
is itself a scale-dependent quantity rather than a
fixed architectural constant.

3.3 Sparsity-Dependent Scaling Coefficients

We now analyze how sparsity modulates the scaling
behavior of the optimal FLOPs ratio. Figures 2(b)
and 2(c) show the dependence of the fitted coeffi-
cients o, and (3, on the fraction of activated experts
(1 —S). Both parameters vary systematically with
sparsity: «, decreases while 3, increases as more
experts are activated.

These trends indicate that sparsity affects not
only the magnitude of the optimal ratio, but also
its rate of growth with compute. Lower-sparsity
models exhibit a steeper increase in r* as scale in-
creases, whereas under high sparsity the growth is
more gradual. This confirms that sparsity reshapes
the scaling regime of expert—attention allocation
rather than acting as a simple constant offset.

Empirically, we find that the scaling coefficients
follow simple power-law relationships with spar-
sity:

o =6.7x107°(1 — §)~1%,

B, = 0.24(1 — §)%2L,

These expressions provide a closed-form parame-
terization of the optimal allocation across sparsity
regimes.

3.4 Summary: An Empirical Law for Optimal
Allocation

The results in this section establish that the opti-
mal expert—attention FLOPs ratio is a well-defined
and scale-dependent quantity. Across a wide range
of model scales and sparsity regimes, the optimal
ratio r* follows a simple power-law relationship
with total compute, with scaling coefficients that
vary systematically with sparsity. Together, these
findings yield an empirical allocation law of the
form 7*(C, S) = a,.(S) CP(5), which compactly
captures how internal compute allocation should
co-evolve with model scale and sparsity. In the next
section, we incorporate this allocation law into a
unified scaling framework to quantify its impact on
training loss.

4 Scaling Laws with Expert—Attention
Trade-offs

Section 3 establishes that the optimal expert—
attention FLOPs ratio r* follows a scale- and
sparsity-dependent allocation law. We now incor-
porate this allocation law into a loss-level scaling
framework to quantify the impact of internal com-
pute misallocation. By explicitly modeling devi-
ations from the optimal ratio, we extend conven-
tional scaling laws to account for architectural allo-
cation effects under fixed compute budgets.
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Figure 3: Scaling law fit on data obtained from training compute-optimal models. (a) shows the fit on the data used
to estimate the coefficients for Eq. 2, (b) validates these coefficients on a held-out dataset. All data points with S =
97.67% were excluded from the fitting process for out-of-sample validation.

4.1 From Allocation Law to Loss Scaling

The empirical results in Section 3 indicate that per-
formance under a fixed compute budget depends
not only on how much compute is used, but also
on how it is allocated between attention and expert
components. Conventional scaling laws implicitly
assume a fixed internal allocation, treating models
at the same compute budget as equivalent. Our re-
sults show that this assumption leads to systematic
performance degradation when compute is misallo-
cated.

To capture this effect, we extend existing scaling
laws with two additional terms that penalize devia-
tions from the optimal FLOPs ratio and excessive
expert allocation. These terms do not introduce new
resources; instead, they quantify the inefficiency
arising from suboptimal use of a fixed compute
budget.

To instantiate this formulation, we adopt the fol-
lowing extended scaling law:

a b
TN D @)
B k) LR
¢ NA r+1 ™

where a, b, ¢, d, o, B, A\, y, T are fitted parameters.
In the next subsection, we evaluate the predictive
accuracy of this formulation.

4.2 Empirical Validation of the Extended
Scaling Law

We evaluate the predictive accuracy of the extended
scaling law in Equation 2, which augments con-
ventional loss scaling with explicit penalties for
expert—attention misallocation. Figure 3(a) shows
strong agreement between predicted and observed
loss on the data used for coefficient estimation.
More importantly, Figure 3(b) validates the same
coefficients on a held-out sparsity level that was en-
tirely excluded from fitting, demonstrating robust
out-of-sample generalization.

To assess whether the model captures training
dynamics beyond final loss values, Figure 4 com-
pares predicted and observed loss trajectories for
a representative MoE model. The close alignment
indicates that the extended scaling law provides a
consistent description of loss evolution under fixed
compute allocation. Estimated coefficients are re-
ported in Table 1.

4.3 Practical Implications under Fixed
Compute Budgets

The extended scaling analysis implies that optimal
MoE design requires internal compute allocation
to co-scale with both total compute and sparsity.
Maintaining a fixed expert—attention ratio across
model scales leads to systematic inefficiencies, ei-
ther underutilizing expert capacity at large scale
or overspending compute on experts under high
sparsity.



Coefficient a I5; A 0% T a b c d
Estimate 0.6288 0.0453 0.4228 0.0431 13.7354 15.12 18.62 39.55 0.0499
Table 1: Estimated values for coefficients in Equation 2.
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Figure 4: Comparison between the actual training curve
of a model with 30M activation parameters and 550M
total parameters (with 95.38% sparsity) and the fitted
curve derived from Equation 2.

In practice, given a target compute budget C
and sparsity level .S, the empirical allocation law
r*(C,S) provides a direct guideline for select-
ing the appropriate expert capacity. This en-
ables architecture-level optimization under fixed
resource constraints, ensuring that additional com-
pute is translated into effective modeling capacity
rather than wasted through suboptimal allocation.

5 Related Work

Neural Scaling Laws. Prior work has established
that language model performance follows power-
law relationships with model size, data, and com-
pute (Kaplan et al., 2020; Hoffmann et al., 2022).
These scaling laws provide principled guidance for
allocating total training resources, but typically as-
sume fixed internal architectural configurations.

Scaling Laws for MoE Models. Mixture-of-
Experts (MoE) architectures (Fedus et al., 2021;
Lepikhin et al., 2021; Dai et al., 2024) decouple
parameter count from per-token compute through
sparse expert activation. Recent studies analyze
how performance scales with total parameters, ex-
pert count, granularity, and sparsity (Clark et al.,
2022; Ludziejewski et al., 2024; Wang et al., 2024;
Abnar et al., 2025). However, these works largely
treat internal compute allocation as fixed and do
not explicitly model how compute should be dis-
tributed between attention and expert components.

6 Discussion

6.1 Compute Allocation as a Scaling Variable

Our results show that expert—attention compute
allocation in MoE models is a scale- and sparsity-
dependent variable rather than a fixed hyperparam-
eter. The optimal FLOPs ratio forms an additional
scaling dimension that must co-evolve with total
compute; otherwise, misallocation leads to measur-
able performance loss. Sparsity further reshapes
this allocation regime, with lower sparsity favor-
ing expert-heavy configurations and higher sparsity
favoring greater attention capacity. Architecture-
level compute distribution should therefore be opti-
mized jointly with sparsity and training scale.

6.2 Limitations

Our analysis is restricted to autoregressive lan-
guage modeling with fixed sparsity and does not
account for multimodal tasks, adaptive routing,
or hardware-level communication costs, which re-
main important directions for future work.

7 Conclusion

In this paper, we establish that expert—attention
compute allocation is a critical and previously
under-modeled dimension of MoE scaling. The
optimal FLOPs ratio follows a predictable law gov-
erned by total compute and sparsity, and deviations
from this optimum reduce efficiency. By integrat-
ing allocation-aware modeling into a Chinchilla-
style framework, we move MoE design from static
heuristics toward compute-optimal co-scaling, pro-
viding practical guidance for resource-constrained
training.
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A Complete Derivation

A.1 Base Framework: Optimal Allocation

We begin by deriving the intrinsic relationship be-
tween the optimal FLOPs ratio r* and the total
compute C', assuming fixed architectural parame-
ters. The model’s loss L is governed by two com-
peting factors:

Attention Capacity (A): This represents the
ability to model token interactions and scales sub-
linearly with attention compute C'4. The reason for
this sublinear scaling is that as the model’s attention
mechanism captures more long-range dependen-
cies in the input sequence, the additional improve-
ment from each extra unit of compute becomes
progressively smaller. Beyond a certain point, the
model reaches a level where further compute con-
tributes less to the overall understanding of token
interactions. This diminishing return is commonly
observed in large-scale attention models, which can
be captured by the relation A(C4) = C/#, where

HaA € (07 1)

Expert Capacity (&): This refers to the model’s
ability to process specialized features and scales
sublinearly with expert compute C'r. As more
compute is allocated to experts, the model’s per-
formance improves at first, but the gains decrease
due to the overhead of managing additional experts
and the limited interactions between them. Further-
more, in MoE models, only a subset of experts are
activated for each token, so the additional compute
does not always result in proportionally more active
experts, leading to diminishing returns. This behav-
ior is reflected in the scaling law £(Cg) = CLF,
where i € (0,1).

The total loss £ is modeled as a weighted sum
of these two components:

,CIOJA'.A(CA)iyA—l—OAE'S(CE)*’yE, 3)

where 74 and g represent diminishing returns
for attention and expert capacities, respectively, and
a4 and ag are architecture-dependent coefficients.

A.2 Optimality Condition

The goal is to find the optimal compute alloca-
tion between attention and expert capacity, defined
by the ratio r* = Cg/Cy4, which minimizes the
model’s loss. The optimal ratio is found by setting
the derivatives of the loss with respect to C'4 and
CE equal to each other:

oL oL QAVAMA  QEYEME
0Cs  OCg C;Y‘AHAJrI - C%E!LE+1'

To proceed, we express C4 and C'g in terms of
the total compute C' and the FLOPs ratio r. Assum-
ing the following relationships:

_ C C Cp= Cr ’
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we substitute these into the optimality condition
and solve for r*. This gives the optimal FLOPs
ratio r* as:

Ca

r* =a, - CP, 4)

where «,- and 3, are defined as:
S U
<O[E’}/E/_,[/E> YARATYERE+L
Ay = | —— )
YATALA

_  YEHE — YAHA
" vapa+yepE + 1
This relationship establishes a power-law scaling
between the optimal ratio r* and total compute
C, with the constants « and 8 determined by the
elasticity parameters 4, Ug, YA, VE-

B Experimeal Setup

In this section, we detail the core components and
procedures underpinning our empirical evaluation.
We begin by describing the model architecture, in-
cluding the design of sparse MoE layers and the
configuration used to control per-token compute.
Next, we outline the composition and sourcing of
our training data, highlighting its multilingual and
multimodal nature. Finally, we present our strategy
for selecting the optimal FLOPs ratio r*, including
criteria for handling unexpected fluctuations in the
loss landscape. Together, these subsections provide
a comprehensive overview of how we ensure fair-
ness, reproducibility, and practical relevance in our
experiments.

B.1 Model Architecture and Training
Configuration

We implement a GPT-style decoder-only Trans-
former model, with sparse Mixture-of-Experts
(MoE) layers replacing the conventional feed-
forward networks (FFNs). Each MoE layer is de-
signed to activate a subset of experts, specifically
3 experts per token, consisting of 1 shared expert



and 2 routed experts. This design yields a spar-
sity factor S = E-3 where E represents the total
number of experts per layer. We evaluate mod-
els with varying expert counts, specifically £ €
{17, 33, 65,129}, which correspond to sparsity lev-
els of S € {82.35%,90.91%, 95.38%, 97.67%},
covering a broad spectrum of sparsity commonly
found in current MoE models. This range ensures
that our findings are broadly applicable and rele-
vant to contemporary MoE model designs.

To ensure fairness and consistency in our ex-
periments, we maintain a constant total per-token
compute budget across all models. The per-token
compute cost, Cioken, is defined as:

Ca+Cg

Ttoken

C’token =

where C'4 and Cg, represent the compute costs for
the attention and expert layers, respectively, and
Nioken 1S the number of tokens processed. We vary
the compute allocation ratio, r = %’ in the range
of r € 0.2, 1.5], adjusting the dimensions of the
attention and expert layers while keeping the total
compute budget fixed.

We conduct experiments across six benchmark
models of different sizes—spanning a total param-
eter count NV from 100 M to 5 B, with the largest
training FLOPs reaching 1 x 10?'—for each spar-
sity level. For each model, we fix the per-token
compute budget Ciken and vary the FLOPs ratio
r by independently scaling the dimensions of the
attention and expert sublayers. All variants share
the same depth (number of layers) and number
of attention heads. Each model is assigned the
activation-parameter label /N, based on its corre-
sponding benchmark, ensuring that models with
identical Cioken but different r share the same label.
Prior to experiments, we performed a hyperparam-
eter search over learning rates and batch sizes for
each label, finding that all models within a label
shared a single optimal combination of learning
rate and batch size. These hyperparameter set-
tings are summarized in Table 2. For consistency
across all experiments, we fix the context length
to nex = 4096 tokens and the vocabulary size to
Nyocab = 128k tokens. All experiments were con-
ducted on an A100 GPU cluster.

B.2 Datasets

The training dataset is carefully curated to provide
a comprehensive and balanced representation of di-
verse domains, ensuring the model’s generalization

across various languages and content types. The
dataset is composed primarily of Chinese (15%),
English (60%), and code (25%), reflecting the
model’s focus on multilingual and multimodal ca-
pabilities. The content is sourced from a wide va-
riety of domains, with the largest proportion com-
ing from web-based data (50%), followed by code
(25%), books (5%), academic sources (5%), and
math-related content (5%). Other domains, includ-
ing news, social media, and exam-related content,
contribute smaller yet significant portions.

This diverse selection of training data not only
enables the model to learn from a wide range of lin-
guistic and contextual patterns but also facilitates
its ability to generate high-quality content across
different modalities. By incorporating a mixture of
textual and code-based data, the model is equipped
to handle a variety of real-world tasks, from natu-
ral language understanding and generation to code
completion and debugging. The inclusion of data
from multiple languages further enhances its ro-
bustness, allowing for effective processing and gen-
eration in both English and non-English contexts.

B.3 Selection Strategy for the Optimal Point

7,,>l<

In our experimental setup, for a fixed set of param-
eters—specifically, the total FLOPs C' and sparsity
S—the optimal value of r is typically chosen based
on the lowest loss observed during the experiments.
This value of r is selected as the optimal point r*.

However, in cases where the actual optimal point
does not align with expectations, we consider the
possibility of selecting a suboptimal point. This oc-
curs when, despite an increase in the total FLOPs,
the value of the optimal ratio r* decreases. This
observation contradicts the common industry ex-
pectation that, as training volume increases, the
proportion of attention should decrease. In such in-
stances, we interpret this behavior as a fluctuation,
rather than a clear deviation. Consequently, we se-
lect the suboptimal point as the theoretical optimal
point, provided that the loss difference between the
suboptimal point and the actual optimal point is
less than 0.001.

C Estimating MoE FLOPs

In this section, we describe the computation of
floating-point operations (FLOPs) for training
a Mixture of Experts (MoE) model, following
Narayanan et al. (2021). Specifically, we consider



Table 2: Key Hyperparameters

Label Layers (njayer) Heads (nnead) Batch Size Learning Rate
20M 8 8 96 0.0015
30M 8 8 160 0.0013
55M 10 10 224 0.0011
100M 14 12 320 0.0009
200M 16 16 512 0.0008
the forward and backward passes, with a focus on
matrix multiplications that dominate the computa- Cvféétiféht = 2n§txdm dden-
tional cost. This section breaks down the FLOPs
into several key components: attention mecha-
nisms, sparse MLP layers, and output layers. CV = e diigen-

The FLOPs for the backward pass are assumed to
be approximately twice that of the forward pass
unless otherwise specified.

C.1 Attention Mechanism FLOPs

The attention mechanism in a Transformer model
consists of several stages, including query, key, and
value projections, followed by the computation of
the attention weights and their application to the
values.

Query Projection The query projection is com-
puted as a matrix multiplication between the input
sequence and the query projection matrix. The
FLOPs for the query projection are given by:

CQ

_ 2
proj - 2nCthhidden'

Key-Value Projection For MoE models, the
number of key and value heads is typically dif-
ferent from the number of attention heads. If a
generic query architecture (GQA) is used, the key
and value projections require separate computa-
tions for the keys and values. The corresponding
FLOPs are given by:

CKV

proj — 4nctxdﬁidden + kv head ratio.

Otherwise, without GQA, the key-value projec-
tion FLOPs are twice that of the query projection:

— Q
=209,

Attention Weights and Value Application The
computation of the attention weights involves ma-
trix multiplications between the queries and keys,
and their application to the values:

KV
Cproj

10

Final Output Projection After applying the at-
tention weights, a final output projection is com-
puted:

COutput

_ 2
proj = 2Metx Ahidden-

The total FLOPs for the attention mechanism
(including both projections and attention computa-
tions) are then given by:

Attn Forward FLOPs =Attn Projection FLOPs+
Attn Mechanism FLOPs.

C.2 Sparse MLP Forward FLOPs

In MoE models, the sparse expert mechanism intro-
duces additional computational overhead due to the
dynamic selection of experts for each token. The
sparse MLP forward pass involves a combination of
linear transformations and matrix multiplications
across the selected experts.

The FLOPs for the sparse MLP forward pass are
calculated as follows:

C’expert = MNetx - (2dhiddenE +3-2- dhiddendexpert
: (top-k + nshared,experts) ) .

C.3 Output Layer FLOPs

Finally, the output logits layer computes the prob-
ability distribution over the vocabulary for each
token. The FLOPs for the output layer are given
by:

CYlogits = 2ncixdhiddenMvocab-



C.4 Decoder Layer FLOPs

Each transformer decoder layer combines attention
and sparse MLP computations. The total FLOPs for
a single decoder layer forward pass are therefore
the sum of the attention and sparse MLP FLOPs:

Clayer

forward

= Attention Forward FLOPs
+ Sparse MLP Forward FLOPs.

Total Forward Pass FLOPs The total forward
pass FLOPs for the entire model, excluding gradi-
ent checkpointing, is given by:

Ctorward = nlayercllgf\i,;rd + Clogits-
Backward Pass FLOPs The backward pass typi-

cally incurs twice the computational cost of the
forward pass, as it requires the computation of
gradients for all parameters. If PEFT (Parameter-
Efficient Fine-Tuning) is used, we assume that the
backward pass will require a factor of 2. Otherwise,
we use a factor of 3:

C1b£lckward = Cforward - factor.

Gradient Checkpointing If gradient checkpoint-
ing is enabled, the forward pass computations are
adjusted to store intermediate results during the for-
ward pass to reduce memory usage, but at the cost
of additional computational overhead. The total
FLOPs in this case are given by:

Ctorward = nlayercéif\;;rd'

Given these calculations, the total hardware
FLOPs and model FLOPs can be computed for
both the forward and backward passes. The spe-
cific computational cost depends on factors such
as the use of gradient checkpointing, the PEFT set-
ting, and the number of active experts in the MoE
model.

D Detailed Analysis and Visualizations of
the Scaling Law Fitting Process

D.1 Initialization Parameters for L-BFGS
Optimization

Table 3 shows the parameters used to initialize L-
BFGS, which was employed to fit the proposed
parametric scaling law presented in Equation 2.

(factor+1)+Ciogits-factor.
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D.2 Justification for the Efficiency Loss Term

To justify the use of the ﬁ form for the efficiency
loss term, we analyze its mathematical properties
in relation to diminishing returns. This function
exhibits three key characteristics that align with
empirical observations of expert compute alloca-
tion:

* Bounded Growth: Asr — oo, HLl — 1, pre-
venting unbounded loss growth while main-
taining sensitivity to allocation changes in
practical r ranges (typically r € [0.2,1.5] in
our experiments). This reflects the physical
reality that over-allocating compute to experts

cannot infinitely degrade performance.

* Sublinear Scaling: The derivative
4 (H%) = ﬁ decreases quadrati-

cally with r, explicitly modeling diminishing
marginal returns from increasing expert
allocation.  This matches our empirical
finding that performance gains from expert
compute saturate faster than those from
attention compute.

» Zero-Cost Baseline: At r = 0 (no expert
allocation), the term vanishes (% = 0), en-
suring no artificial penalty when experts are
disabled. The linear regime 7 ~ r when

r < 1 matches observed near-linear improve-

ments at small r values.

~
~

Alternative formulations like log(1 + ) or 1 —
e~ " were tested but showed poorer empirical fit,
particularly in matching the saturation behavior ob-
served at high r. The chosen form provides the
best trade-off between empirical accuracy and pa-
rameter efficiency, requiring only a single scaling
coefficient d to capture the full efficiency loss tra-
jectory.

D.3 Visualizations of Alternative Formula Fits

In this subsection, we compare the observed val-
idation losses with the predictions made by two
previously proposed scaling formulas, using scatter
plots to assess their fitting quality.

Wang et al. (2024) extend the traditional dense-
scaling law by introducing the total number of ex-
perts E as an additional factor:

a

ﬁzw‘i‘mﬁ‘f

)

However, this formulation ignores the fraction
of activated experts and is constrained to £ <



Coefficients Initial Values

log(a),log(b),log(c), log(d) [0, 10, 20]
a, B\, 7y [0, 0.25, 0.5, 0.75, 1, 1.25]
log(7) 1.5

Table 3: Initial values used to estimate coefficients in Equation 2.

100, which limits its applicability to modern high-
sparsity, fine-grained MoE models (DeepSeek-Al
et al., 2024). Figure 5(a) shows that, across all
model scales, Equation 5 fails to capture the true
loss trends.

Abnar et al. (2025) incorporate sparsity .S into

their fit:

o U S N—

N NP (1-8) (1-S)YNv
(6)

As plotted in Figure 5(b), this formula performs
reasonably well on large models but still exhibits
substantial errors for smaller ones.

E Additional Visualizations
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Figure 5: Comparison of observed versus predicted validation losses for two alternative scaling formulas. (a)
Predictions using the Wang et al. (2024) formulation (Equation 5), which fails to generalize across modern high-

sparsity settings. (b) Predictions using the Wang et al. (2024) formulation, which fits large models well but
underperforms on smaller ones. The solid diagonal line indicates perfect agreement.
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Figure 6: Loss as a function of FLOPs ratio and total compute. Black dashed lines trace optimal r*. Color indicates
active parameters. Low-sparsity models (left) favor higher r* at scale.
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