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Abstract

Recent works have studied fair resource allocation in social settings, where fairness
is judged by the impact of allocation decisions rather than more traditional mini-
mum or maximum thresholds on the allocations themselves. Our work significantly
adds to this literature by developing continuous resource allocation strategies that
adhere to equality of impact, a generalization of equality of opportunity. We derive
methods to maximize total welfare across groups subject to minimal violation of
equality of impact, in settings where the outcomes of allocations are unknown but
have a diminishing marginal effect. While focused on a two-group setting, our
study addresses a broader class of welfare dynamics than explored in prior work.
Our contributions are threefold. First, we introduce Equality of Impact (EoI), a
fairness criterion defined via group-level impact functions. Second, we design
an online algorithm for non-noisy settings that leverages the problem’s geometric
structure and achieves constant cumulative fairness regret. Third, we extend this
approach to noisy environments with a meta-algorithm and empirically demon-
strate that our methods find fair allocations and perform competitively relative to
representative baselines.

1 Introduction

Resource allocation problems are those in which a limited supply of some resource must be distributed
across groups with varying welfare needs. In social applications, allocation decisions often have
significant fairness and equity implications. For example, in urban planning, the efficient and
equitable management of services like water and power distribution across urban and rural areas is
critical [Turley, 2023, Prieto, 2021]. Similarly, in economic aid distribution, large-scale funds must
be strategically allocated to different regions to maximize economic outcomes while reducing issues
such as discrepancies in unemployment or poverty levels [Tang and Zhang, 2017].

Many frameworks have been developed to define fairness in resource allocation Singh [2020], Mashiat
et al. [2022]. For example, Allocative Equality of Opportunity (AEoO) [Elzayn et al., 2019] adapts
Equality of Opportunity [Hardt et al., 2016], a fairness notion from classification, to allocation
problems. AEoO requires that qualified individuals from different groups have equal probabilities
of receiving a resource. While this criterion promotes fair access to opportunity, it depends on the
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ability to measure individual-level probabilities of success, which can be unavailable or infeasible to
estimate in practice Corbett-Davies et al. [2023]. Additionally, many real-world settings naturally
involve collective or systemic allocation impacts, where fairness must instead be evaluated at the
group level.

For example, in water allocation problems studied by Crespo et al. [2022], social welfare is closely
linked to ecological outcomes such as the preservation of environmental flows and overall ecosystem
health. These outcomes, which we refer to as impacts, can be quantified using metrics like ecosystem
health scores or improvements in water quality and pollutant reduction. Similar considerations arise
in resource management, where fairness is often assessed through measures such as the relative
deprivation index, which evaluates group-level deviations from equitable states [Zhang et al., 2022,
Sullivan, 2002]. Together, these examples highlight the need for fairness notions that account for the
collective consequences of allocation decisions on groups rather than individuals. To address this
need, we introduce Equality of Impact (EoI), a fairness notion that generalizes AEoO by shifting the
focus from individual opportunity to the measurable impacts of allocations on groups.

We study continuous resource allocation settings that require EoI. Our goal is to create an algorithm,
or a learning agent, able to make allocation decisions that maximize total welfare while ensuring
EoI across two groups. We consider learning in an online censored-feedback setting where the agent
makes allocation decisions over a series of independent rounds, and receives only feedback on the
resources deployed to each group. Critically, the agent has no prior knowledge of which allocations
violate fairness or maximize welfare, and only observes the resulting welfare and impact outcomes
after each allocation. Therefore, to determine the best allocation, the agent must strategically explore
sub-optimal allocations while minimizing the impact disparities across the groups. We assume that
the relationship between allocations and outcomes conforms to a class of functions characterized
by diminishing marginal returns (as more resources are allocated to a group, the incremental gain
decreases). While this assumption informs the structure of the problem, the agent must still balance
fairness and welfare objectives when exploring.

Contributions First, we propose Equality of Impact (EoI), a generalization of Allocative Equality of
Opportunity that defines fairness through application-specific impact functions based on group-level
outcomes (Section 2). Second, we design an online algorithm for the non-noisy setting that exploits
the problem’s geometric structure (Sections 3 and 4); we prove this algorithm achieves constant
O(1) cumulative fairness regret (Section 5). Finally, we propose a meta-algorithm for noisy settings
(Section 6) and provide an empirical validation (Section 7). Our experiments confirm our theoretical
results in the non-noisy setting, and show that our algorithm for noisy settings can compare favorably
to standard baseline methods across a range of datasets.

2 Problem formulation

We consider a learning agent that, at each round t ∈ (1, 2, . . . , T ), receives q ∈ R≥0 units of
continuous resource. The agent distributes this resource across groups A and B according to
allocation scheme at = ⟨atA, atB⟩, where ati represents the amount of resources allocated to group
i ∈ {A,B} at round t. When the round is clear from context, we drop the t superscript, e.g., aA.
Allocations must be greater than zero and sum to no more than q at each round, thus defining the
action set A of allowable allocations A = {at : atA ≥ 0, atB ≥ 0, atA + atB ≤ q}.

Each group i ∈ {A,B} has a reward function ri : [0, q] → R, which quantifies the welfare derived
from its allocation, and an impact function hi : [0, q] → R≥0, which quantifies a different implication
of the allocation, such as a societal benefit or harm. We discuss impact functions in Section 2.1.

At each round, the agent makes an allocation decision and receives outcomes from the reward and
impact functions. We assume the relationship between allocations and outcomes is characterized
by diminishing marginal returns: As more resources are allocated to any function in this class, the
incremental benefit gained does not increase. Formally,

Definition 1 (Marginal Returns Class). A function f : [0, q] → R belongs to the Marginal Returns
Class if it satisfies the following three properties:

1. Non-decreasing: ∀ ⟨ai, a′i⟩ ∈ [0, q]2, ⟨ai < a′i⟩ =⇒ (f(ai) ≤ f(a′i)).
2. Concavity: For all α ∈ [0, 1] and ⟨ai, a′i⟩ ∈ [0, q]2, f

(
αai+(1−α)a′i

)
≥ αf(ai)+(1−α)f(a′i).
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3. Continuity: f is continuous with respect to a ∈ [0, q].2

This modeling choice is common in economics, where increasing inputs typically yield progressively
smaller gains due to factors like resource saturation or efficiency losses [Nicholson and Snyder, 1997].
It also reflects real-world phenomena observed in applications such as water management [Klocke
et al., 2006] and bandwidth allocation [Shenker, 1995]. We also assume that the reward and impact
functions are known when no resources are allocated.
Assumption 1 (Reward and Impact Function Properties). For all i ∈ {A,B}, ri and hi belong to the
Marginal Returns Class, ri(0) is known, and hi(0) = 0.

We consider the utilitarian welfare function, or utility function for short, which is the sum of rewards
for each group. We denote by x⋆ a reward-maximizing allocation that maximizes utilitarian welfare:

u(at) = rA(a
t
A) + rB(a

t
B), x⋆ ∈ argmax

a∈A
u(a). (1)

2.1 Allocative fairness

Elzayn et al. [2019] defines an allocation to be unfair if among eligible individuals in two groups,
those from one group have a higher probability of receiving a resource than those from the other group.
They refer to this notion as Allocative Equality of Opportunity (AEoO). In the predictive policing
example from their paper, AEoO implies that, conditioned on committing a crime (eligibility), the
probability of apprehension should not depend on the district (group) where the crime occurs.

Our notion of Equality of Impact (EoI) broadens AEoO to incorporate metrics that assess group-
level outcomes, and not just individual-level probabilities. We use the impact function hi introduced
previously to measure the application-specific effect an allocation has on group i. We say an allocation
scheme is fair if it satisfies approximate EoI across groups, defined as follows:
Definition 2 (Equality of Impact). Define AG as:

AG = {a ∈ A : |hA(aA)− hB(aB)
∣∣ ≤ G}

for G ∈ [0,∞). Then allocation scheme a satisfies EoI if a ∈ AG.

Definition 2 captures the principle that it is unfair if one group consistently has better outcomes than
those in another group. Notice that setting G ≥ max(hA(q), hB(q)) imposes no fairness constraint
on the allocations, and setting G = 0 requires strict EoI.For intuition, below we provide two examples:
Mapping AEoO to EoI, and framing a water allocation problem in the context of EoI.

Example: Allocative Equality of Opportunity As stated previously, AEoO formalizes the intuition
that it is unfair if eligible individuals from one group have a higher probability of receiving resources
than individuals in another. Specifically, Elzayn et al. [2019] assume that each group i contains ci
candidates, where ci ∼ Ci is a random variable indicating the number of individuals the agent would
like to receive resources. Additionally, associated with each group i is a discovery model disc(ai, ci)
which, given ai resources and ci total candidates, returns the number of candidates that receive a
resource. Given a group’s allocation and discovery model, for all groups i and j, Elzayn et al. [2019]
define AEoO as ∣∣fi(ai, disc(·), Ci)− fj(aj , disc(·), Cj)

∣∣ ≤ G,

where Ci is a fixed but unknown marginal candidate distribution, and

fi(ai, disc(·), Ci) = Eci∼Ci

[
disc(ai, ci)

ci

]
is the expected probability that a random candidate from group i receives a unit of resource at
allocation ai. Then AEoO can be mapped to EoI (Definition 2) by setting hi(ai) = fi(ai, disc(·), Ci).
Similarly, if the reward function is the expected number of discovered candidates ri(ai) =
Eci∼Ci

[disc(ai, ci)], the utilitarian welfare function (1) maps to theirs. Appendix A details how the
impact and reward functions in Elzayn et al. [2019] belong to the Marginal Returns Class.

Example: water allocation Water allocation problems often require balancing efficiency and
fairness, particularly in drought-prone regions or transboundary water management, where unequal

2One might model problems with large numbers of discrete resource units (e.g., millions) as being continuous.

3



distribution can exacerbate shortages for vulnerable communities. These problems are commonly
modeled with diminishing marginal returns because additional water tends to result in progressively
smaller benefits [Klocke et al., 2006]. In water allocation, fairness can be measured by metrics like
the relative deprivation index [Zhang et al., 2022, Sullivan, 2002], which quantifies an allocation’s
deviation from an ideal equitable distribution. We can define a logarithmic impact function hi(x) =
log(1 + ai

di
) (concave, non-decreasing) to model the relative deprivation index of group i ∈ {A,B},

where di is a predefined fair reference level (e.g., the minimum required water to meet basic needs).

2.2 Optimization objective

The agent’s goal is to find an allocation a⋆ that maximizes utility subject to satisfying EoI:
a⋆ ∈ arg max

a∈AG
u(a). (2)

We refer to allocations that satisfy (2) as optimal allocations. Since the reward and impact functions
are stationary (do not depend on round t), a⋆ satisfies (2) for all rounds t if it does so at one round.

In our setting, both the reward and impact functions are unknown to the agent a priori (except for the
value at zero allocation), and at each round the agent only receives single-point outcomes indicating
the effectiveness of its allocation decisions. Because of this, the agent must reason about the best
allocations to make at each round, incurring regret, i.e., the gap between the outcomes of its decisions
and the outcomes that could have been achieved by allocating a⋆.

Our theoretical analysis in Section 5 considers cumulative fairness regret, which measures the
total extent to which allocations deviate from EoI over T rounds. To quantify this, let h(a) =
hA(aA)− hB(aB) be the difference in impact between groups, and define the instantaneous fairness
regret as g(a,G) = max(0, |h(a)| − G), which is zero when an allocation satisfies EoI. The
cumulative fairness regret is then Rfair(T ) =

∑T
t=1 g(a

t, G). When clear from context, we write
g(a,G) simply as g(a).

3 Characterizing optimal allocations

In this section we argue that it suffices to search the set of allocation schemes utilizing all resources,
denoted Q = {a ∈ A : aA + aB = q}, to find an optimal allocation. To do so, we first show that
there always exists a (possibly singleton) set of allocation schemes in Q that satisfies EoI and contains
an optimal allocation. We also show that this set corresponds to a single closed interval, a property
our algorithm (described in Section 4.4) leverages to efficiently search for an optimal solution. Lastly,
we consider the utility-maximizing allocation schemes that utilize all resources, denoted X . Our
methods (detailed in Sections 4.4 and 6) rely on estimates of X to efficiently find optimal allocations.
All proofs for theorems and lemmas in this section are located in Appendix B.

Denote the set of fair allocation schemes that utilize all resources as
QG = {a ∈ [0, q] : ⟨a, q − a⟩ ∈ Q ∩AG}.

We first show that a fair allocation scheme utilizing all resources always exists. We then show that
QG is a closed interval and always contains at least one optimal allocation.
Lemma 1. Given Assumption 1, and for all G ≥ 0, QG is non-empty.
Theorem 1. Given Assumption 1, QG is a single closed interval.

Theorem 2 shows that there exists an optimal allocation in the set of fair allocations that utilize all
resources. This implies that we can restrict our search to the set of allocation schemes that sum to q.
Theorem 2. Given Assumption 1, there exists an a⋆ ∈ QG.

Moving forward, we reference allocation schemes based on the allocation assigned to group A, i.e.,
allocation x refers to the allocation scheme ⟨x, q− x⟩. Lastly, we define the set of utility-maximizing
allocations that utilize all resources as

X = argmax
x∈[0,q]

u(⟨x, q − x⟩),

and show in Lemma 2 that X is a closed interval and a subset of all utility-maximizing allocations.
Lemma 2. Given Assumption 1, X forms a single closed interval in [0, q] and is a subset of
argmaxx∈A u(x).
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4 Strategies for deterministic settings

In the noise-free setting, at each round t, the outcomes observed by the agent after sampling an
allocation correspond to the exact values of the respective impact and reward functions. Therefore,
bounds can be constructed that contain the impact and reward functions with absolute certainty.
In this section, we derive these bounds (Section 4.1), use them to derive estimates of X and QG

(Section 4.3), and present an algorithm that leverages them to compute a⋆ (Section 4.4). All proofs
for this section are located in Appendix D.

4.1 Properties of the marginal returns class

By Assumption 1, the reward and impact functions belong to the Marginal Returns Class. We show in
Appendix C, Lemma 7, that properties of the chords connecting allocations can be used to derive strict
bounds within which these functions must lie (see Figure 1 for an example). Following Lemma 7,
let Lt

hi
, U t

hi
and Lt

ri , U
t
ri denote the respective lower and upper bound functions of the impact and

reward function for group i ∈ {A,B} at round t. For example, if the black curve in Figure 1 is
hA, then after the allocation decisions x0 and x1, the upper bound function U t=2

hA
is represented by

the orange line, and the lower bound function Lt=2
hA

is represented by the blue line. Appendix C,
Property 6, details additional characteristics of these bounds, including their continuity, monotonicity,
and concavity, which are later used to construct estimates of X and QG.

4.2 Estimating the reward-maximizing set

0 x1 x00

y1

y0

Figure 1: Example of a function belonging to the
Marginal Returns Class (black curve) with two
sampled outcomes y0, y1 at allocations x0, x1. The
concavity and non-decreasing properties permit
lower and upper bounds (the blue and orange lines,
respectively) to be constructed, between which the
non-sampled portions of the function must lie.

At any round t ∈ {1, . . . , T}, the upper and
lower bounds of the utility function can be
described as the summation of the upper and
lower bounds of the reward functions, since
these bounds are continuous and non-decreasing
(Property 6):

Lt
u(x) = Lt

rA(x) + Lt
rB (q − x), (3)

U t
u(x) = U t

rA(x) + U t
rB (q − x).

Our goal is to use the utility function bounds at
round t to construct an estimate of X , denoted
X̂t, that contains all allocations that could be
in X . To construct X̂t, denote the largest lower
utility bound as ℓt = maxx∈[0,q] L

t
u(x). Any

allocation with an upper utility bound less than
ℓt cannot be a utility-maximizing allocation, be-
cause there exists at least one allocation where the utility is guaranteed to be at least ℓt. We therefore
include only allocations with upper utility greater than ℓt in X̂t, and show in Lemma 3 that X̂t is a
single closed interval:

X̂t = {x ∈ [0, q] : U t
u(x) ≥ ℓt}. (4)

Lemma 3. Given Assumption 1, for all t > 1, the set X̂t−1 is a single closed interval in [0, q].

4.3 Estimating the fair set

We construct two different estimates of QG at each round. The first estimate is a subset of QG,
called the guaranteed fair set, and contains all allocations in Q guaranteed to be fair at round t. The
second estimate is a superset of QG, denoted the potentially fair set, and contains all guaranteed fair
allocations in Q, as well as allocations that are potentially fair.

To define the guaranteed fair set, we establish a property that ensures fairness of an allocation:
Property 1. Given Assumption 1, if an allocation x is contained in the set {x ∈ [0, q] : |Lt

hA
(x)−

U t
hB

(q − x)| ≤ G} ∩ {x ∈ [0, q] : |Lt
hB

(q − x)− U t
hA

(x)| ≤ G} at round t, then it is fair.

Definition 3 (Guaranteed Fair Set). The guaranteed fair set at round t, denoted A−
t , is the set

containing only the guaranteed fair allocations at round t, i.e., the allocations that satisfy Property 1.
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Algorithm 1: Non-Noisy
Input: Budget q, Final round T

1 X̂1=[0, q], A−
1 =[.], A+

1 =[0, q], a1=q/2
2 for t = 1 to T do
3 RA = rA(at), RB = rB(q − at)
4 HA = hA(at), HB = hB(q − at)
5 updateBounds(RA, RB , HA, HB , at)
6 updateEstimates(Lt

hA
, U t

hA
, Lt

hB
, U t

hB
)

7 X̂t={x∈[0, q] : U t
u(x)≥ max

x′∈[0,q]
Lt
u(x

′)}

8 at+1 = nextAlloc(A+
t , A

−
t , X̂t)

Output: aT

Algorithm 2: nextAlloc
Input: Potential fair set A+ = [pL, pR],

Guaranteed fair set A−, Potential
reward-max set X̂ = [x̂L, x̂R]

1 if x̂R < pL then
2 return pL

3 else if pR < x̂L then
4 return pR

5 else
6 F = (A+ ∩ X̂) \A−

7 return x ∈ argmaxx′∈F Uu(x
′)

In Lemma 4, we show that for any round t, the guaranteed fair set is a single interval (or empty).
Lemma 4. For all t > 1, A−

t is a single interval in [0, q].

The potential fair set consists of all allocations that could satisfy EoI, i.e., those for which feasible
values of hA(x) and hB(q − x) exist at round t. We show that this set also forms a single interval.

Definition 4. The potential fair set at round t, denoted A+
t , is the set of allocations x for which there

exists a yA ∈ [Lt
hA

(x), U t
hA

(x)] and yB ∈ [Lt
hB

(q − x), U t
hB

(q − x)] such that |yA − yB | ≤ G.

Lemma 5. For all t > 1, A+
t is a single interval in [0, q].

4.4 Algorithm

Algorithms 1 and 2 outline our method for finding optimal allocations under non-noisy outcomes. In
each round, after sampling the reward and impact functions (Algorithm 1, lines 3 and 4), their bounds
are updated (line 5) along with the estimates of QG and X (lines 6, 7). Algorithm 2 then uses these
estimates to select the next allocation. Specifically, if X̂ lies entirely to the left or right of A+, an a⋆

must be on the boundary of QG, and the algorithm selects the corresponding boundary point on A+

(lines 1–4). Otherwise, it maximizes the upper bound of the utility function over (A+ ∩ X̂) \ A−.
Appendix F.5 discusses the computational efficiency of updating these bounds and estimators.

5 Regret analysis

We show that Algorithm 1 achieves bounded cumulative fairness regret. In addition to Assumption 1,
we assume that the impact functions are well-behaved at the boundaries of their domain:
Assumption 2. Assume that the one-sided derivatives of the impact functions at 0 and q are finite,
specifically ∂+hi(0), ∂

−hi(q) ∈ R, where i ∈ {A,B}.
Theorem 3. Given Assumptions 1 and 2, Algorithm 1 achieves a cumulative fairness regret
Rfair(T ) = O(1).

Proof. See Appendix E.

6 Strategies for noisy settings

In this section, we build on the insights from Section 3 to develop a meta-algorithm that identifies
optimal allocations in settings where the sampled allocation outcomes are noisy. Importantly, even
under noise, the set QG remains guaranteed to contain at least one optimal allocation. Similar to the
deterministic setting, this allows us to restrict our search space to QG and thereby reduce complexity.

Assume that instead of observing the true outcomes for the reward and impact functions, the agent
receives noisy outcomes of the form ĥi(x) = hi(x)+ ϵhi

and r̂i(x) = ri(x)+ ϵri where i ∈ {A,B},
and each ϵhi

and ϵri is drawn independently from a zero-mean normal distribution. This assumption
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is common in settings where noise arises from the accumulation of independent factors, as suggested
by the central limit theorem.

Because the agent now receives noisy outcomes when sampling the reward and impact functions, the
bounds derived in Lemma 7 are no longer guaranteed to contain the true functions. This implies our
previous method of constructing the potential and guaranteed fair sets A+, A− is not suitable. In
this section, we show how these sets can be estimated given impact function estimates in the form of
confidence intervals (in the frequentist case) or credible intervals (in the Bayesian case). We assume
the user provides confidence or credible bounds and updates them as noisy outcomes are observed.
Similarly, we assume that the user maintains upper and lower bounds on the utility function, Uu and
Lu. Using these estimates, we develop a method to identify an optimal allocation a⋆.
Assumption 3. For all f ∈ {hA, hB , u}, the lower and upper bound functions Lf and Uf satisfy the
following properties:

1. Each f is continuous over [0, q].
2. For a significance level δf and for each x ∈ [0, q], the provided bounds [Lf (x), Uf (x)] are

constructed such that they contain the true function f(x) with a high degree of confidence
or credibility of at least 1 − δf . The specific interpretation of this probability (frequentist or
Bayesian) depends on the underlying estimation method.

3. As more observations are collected, the bound shrinks, i.e., ∀ x ∈ [0, q] and any round t > 1,

U t
f (x)− Lt

f (x) ≤ U t−1
f (x)− Lt−1

f (x).

For concreteness, in Section 6.1 we provide an example using credible intervals as provided by
Gaussian processes.

The bounding functions are not assumed to be monotone, which allows greater flexibility in updating
the impact and reward functions. As a consequence, we must carefully define our estimates of the
potential and guaranteed fair sets to handle non-monotonicity. At each round t, let

Dt
1 = {x ∈ [0, q] : |Lt

hA
(x)− U t

hB
(q − x)| ≤ G},

Dt
2 = {x ∈ [0, q] : |Lt

hB
(q − x)− U t

hA
(x)| ≤ G}.

Then the estimates of the potential fair and guaranteed fair sets are given by the following intervals:

Â+
t = [a+L , a

+
R], Â−

t = [a−L , a
−
R],

where

a+L = min
(
Dt

1 ∪Dt
2

)
, a+R = max

(
Dt

1 ∪Dt
2

)
,

a−L = min
(
Dt

1 ∩Dt
2

)
, a−R = max

(
Dt

1 ∩Dt
2

)
.

These sets include all allocations that are potentially (or guaranteed) fair (with a high degree of
confidence or credibility), in addition to some that are not.

Algorithm 3 describes our method. Similar to Algorithm 1, we first observe (now noisy) outcomes
of the reward and impact functions. These are passed to a user-provided function that updates the
bounds. We then construct estimates of the guaranteed and potential fair sets as discussed above, as
well as the set of reward-maximizing allocations.

6.1 Gaussian Process Estimators

To illustrate Algorithm 3 for noisy settings, we consider using Gaussian Processes (GPs) to estimate
the reward and impact functions because they allow a natural way to maintain credible bounds. Given
noisy observations, a GP models function f as f(x) ∼ GP(m(x), k(x, x′)), where m is the mean
function and k is the kernel. The posterior distribution f̂(x) ∼ N (µf (x), σ

2
f (x)) provides mean and

variance estimates that allow for the construction of credible bounds

Lf (x) = µf (x)− βσf (x) and Uf (x) = µf (x) + βσf (x),

where β controls the width of the credible interval.

Notice that the GP estimators of the reward and impact functions satisfy Assumption 3. First, GPs with
commonly used kernels, such as the radial basis function (RBF) and Matérn kernels, produce function
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Algorithm 3: Noisy
Input: Continuous resource budget q, final round T , bound estimator function update_bounds

1 X̂1 = [0, q], A−
1 = [], A+

1 = [0, q], a1 ∈ (0, q)
2 for t = 1 to T do
3 R̂A = rA(at) + ϵrA , R̂B = rB(q − at) + ϵrB
4 ĤA = hA(at) + ϵhA

, ĤB = hB(q − at) + ϵhB

5 {Lt
f , U

t
f} = update_bounds(R̂A, R̂B , ĤA, ĤB , at)

6 Â+
t = [min(Dt

1 ∪Dt
2),max(Dt

1 ∪Dt
2)], Â−

t = [min(Dt
1 ∩Dt

2),max(Dt
1 ∩Dt

2)]

7 X = {x ∈ X̂t−1 : U t
u(x) ≥ maxx′∈X̂t−1

Lt
u(x

′)}, X̂t = [minX ,maxX ]

8 F = Â+
t if X̂t ∩ Â+

t = ∅ else X̂t ∩ Â+
t

9 at = argmaxx∈F U t
u(x)

10 return aT

estimates that are (probabilistically) smooth and continuous over [0, q]. Second, under Gaussian
assumptions, the posterior distribution f̂(x) ∼ N (µf (x), σ

2
f (x)) implies that the probability of the

true function value lying within the interval [µf (x)− βσf (x), µf (x) + βσf (x)] is given by 1− δf ,
where β = Φ−1(1 − δf/2) and Φ−1 is the inverse CDF of the standard normal distribution. This
construction ensures that the credible interval Pr(f(x) ∈ [Lf (x), Uf (x)]) ≥ 1− δf . Finally, as more
data points are sampled, the posterior variance of the GP does not increase, thereby satisfying the
condition that the width of the credible bounds does not grow over time.

7 Empirical analysis

We test our agent’s performance in various deterministic and noisy settings. We consider two research
questions: Q1: Do the theoretical guarantees established in the noiseless setting hold empirically? Q2:
In the presence of noise, can our method identify high-performing allocations effectively? Further
experiment details can be found in Appendix F, including experiments related to reward-based regret.

Environments We consider three instantiations of reward and impact functions, which we refer
to as environments. In the imbalanced-rewards environment (IRE), we consider a scenario where
one group’s reward function consistently yields lower rewards at the same allocation than the other,
making the reward-maximizing solution favor the higher-yielding group. To promote more equitable
reward distribution, we set rA = hA and rB = hB . In the imbalanced-impact environment (IIE),
we assess how the algorithm manages similar reward functions that have imbalanced social impacts
across groups. For example, two community policing initiatives with similar funding may achieve
comparable crime reduction (reward), but one community may experience greater negative impact
if increased policing heightens tensions and distrust between law enforcement and marginalized
groups. Lastly, motivated by works that develop models showing the effects of water allocation under
diminishing marginal returns [Klocke et al., 2006], we consider an environment in which reward
could represent the crop yield per unit of land, and impact as the log-based formulation of the relative
deprivation index. We term this the water allocation environment (WAE).

Baselines For Q1, we aim to assess whether Algorithm 1 adheres to the theoretical guarantees
established in Theorem 3. Because the objective is to verify consistency with this bound, baseline
comparisons are not necessary; however, we additionally include results for two simple reference
allocators:

• Explore-then-Commit (ETC): Assumes knowledge of Theorem 2 (there exists an optimal
allocation using all resources), but not of Theorem 1 (QG is a closed interval). It operates in
two phases. In the explore phase, the allocator performs a stratified random search: it divides
[0, q] into a fixed number of bins, samples one allocation from each, and evaluates their fairness
and welfare. In the commit phase, it selects the allocation with the highest welfare among those
that are maximally fair and uses it for all remaining rounds.
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Figure 2: From left to right, environments WAE, IIE, and IRE are displayed, comparing our algorithm
(green) to baselines. Upper plots: Average fairness regret (Rt/t) on a log-log scale over 50 rounds.
The dashed red line represents the theoretical regret bound from Theorem 3. The stochastic ETC
baseline is run 50 times (shaded area is standard deviation). Algorithm 1 and RS are deterministic
and shown for a single trial. Our method empirically achieves the lowest regret and supports the
theoretical bound. Lower plots: Cumulative fairness regret in the noisy setting, with shaded regions
indicating the standard deviation across 50 trials.

• Brent-Search (BS): Has knowledge of Lemma 8 (that h(x) = |hA(x)− hB(q − x)| is non-
increasing on [0, aL] and non-decreasing on [aR, q]), as well as Theorems 2 and 1. It simulates
an oracle that first solves for QG and then finds the reward-maximizing allocation a⋆ within
that set. It first uses a numerical root-finding routine to determine the boundaries of QG, then
applies Brent’s optimization method to identify the welfare-maximizing allocation. BS commits
to the final optimal allocation for all remaining rounds once the search completes.

For Q2, we compare Algorithm 3 in the noisy setting to Non-dominated Sorting Genetic Algorithm
III (NSGA-III) Deb and Jain [2013] and Multi-Objective Evolutionary Algorithm Based on De-
composition (MOEA/D) Zhang and Li [2007], two common methods used in real-world continuous
resource allocation problems requiring multiple objectives [Tang and Zhang, 2017, Miriam et al.,
2021, Peng et al., 2022].

Results and discussion Figure 2 shows our results. In the noiseless setting (top row), the average
fairness regret curves for our method align closely with the O(1/T ) reference lines in each environ-
ment, supporting our claim that the bound from Theorem 3 is asymptotically valid. Algorithm 1
empirically outperforms both baselines across all three environments. BS also follows the O(1/T )
trend but incurs a consistently higher regret than our approach and appears to suffer from numerical
instability in the WAE environment (left), as shown by its sharp regret spike. The ETC baseline (blue)
performs worst, illustrating the cost of its mandatory exploration phase. In the IRE environment
(right), its regret increases significantly before it can “commit” to a good allocation, causing its
average regret to converge much more slowly. In the noisy setting (bottom row), all algorithms were
allocated a 150-query budget, representing 150 allocation decisions and their associated observed
rewards and impacts. For a fair comparison, we tuned the number of generations and population sizes
for the evolutionary baselines (MOEA/D, NSGA-III) to match this query budget. This ensured that
each algorithm received the same total information about the environment. Across all environments,
our method consistently accumulates less cumulative fairness regret than the baselines, with narrower
confidence bands in IIE and IRE, indicating more stable performance. However, in WAE, the standard
deviation intervals overlap, suggesting more comparable performance in this setting.

8 Additional related work

As stated previously, our work extends Allocative Equality of Opportunity (AEoO) [Elzayn et al.,
2019] to include collective impacts of allocations, as defined by application-specific impact functions.
This aligns with calls for context-aware fairness metrics that reflect real-world outcomes [Selbst et al.,
2019]. In fair division, resources are often classified based on their characteristics: divisible (continu-
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ous) or indivisible (discrete), and homogeneous (where only the quantity matters) or heterogeneous
(where items have distinct identities) [Brandt et al., 2016, Brams and Taylor, 1996]. Our setting,
which considers a continuous quantity of a single type of resource, falls in the divisible, homogeneous
category. Classical solutions in fair division often assume known preferences or utility functions, and
consider fairness notions such as proportionality, envy-freeness, or equitability [Moulin, 2004].

Our problem is an online learning task with censored feedback: the agent sequentially allocates
resources without knowing the true reward and impact functions and observes only the outcomes
corresponding to the chosen allocation. This setting aligns with frameworks such as multi-armed
bandits (MAB) and online convex optimization (OCO) [Lattimore and Szepesvári, 2020, Agarwal
et al., 2II, Shalev-Shwartz et al., 2012, Joseph et al., 2016]. Prior work on fair online resource
allocation typically focuses on discrete allocations [Hossain et al., 2021]—we instead consider
outcome-based fairness in a continuous allocation setting. This situates our problem within continuous
MABs or bandit convex optimization, particularly for concave objectives [Hazan et al., 2007]. A
related OCO approach by Yu and Neely [2020] studies convex objectives under convex constraints
and achieves comparable constraint violation rates to Theorem 3. Equality of impact can be cast
in their framework by taking the negatives of the concave reward and impact functions. However,
the online learning problem studied in this work differs in the type of allocation feedback assumed:
while Yu and Neely [2020] assumes gradient access, we derive bounds from point-wise evaluations
of the reward and impact functions, without gradients.

The non-noisy setting is similar to non-stochastic bandit and online learning frameworks, where agents
observe noise-free feedback. In these settings, sublinear regret can be achieved without algorithms
designed for noise robustness [Cesa-Bianchi and Lugosi, 2006], and prior work demonstrates that
exact feedback enables tight regret bounds [Yan et al., 2023, Zhao et al., 2023]. Our work adds to this
literature by considering constraint violation (Theorem 3) in the non-noisy case.

9 Limitations and future work

Our analysis relies on simplifying assumptions that suggest directions for future work. First, our regret
analysis only considers fairness regret, and assumes access to ground-truth feedback from reward
and impact functions; extending it to stochastic environments and reward-based regret is a natural
next step. In particular, we note that stronger assumptions on the reward functions, such as strict
concavity [Hazan et al., 2007], smoothness conditions [Xu and Wang, 2021], or additional gradient
information [Yu and Neely, 2020], could be used to achieve different reward-based regret rates.
Second, we assume allocations affect only the corresponding group’s welfare and impact. In reality,
allocations often produce spillover or network effects. For example, improving one road can reduce
congestion on connected roads and benefit multiple groups—capturing such interdependencies would
require more complex tools such as game theory or network flow algorithms [Jackson and Zenou,
2015]. Finally, while we focus on a two-group setting relevant to inequity between disadvantaged
and majority populations, extending our framework for learning allocations that satisfy Equality of
Impact to multiple groups is an important direction for future work. Some of our current results
already carry over: if the reward and impact functions satisfy Assumption 1, the fair set remains
closed and convex, and welfare remains a sum of concave functions. The main challenge in higher
dimensions lies in scaling the estimation of the fair sets and the utility-maximizing set.

10 Conclusion

We introduced Equality of Impact, a novel fairness criterion for resource allocation problems that
extends equality of opportunity to group-level outcomes. We studied EoI in continuous allocation
settings with diminishing marginal returns and developed Algorithm 1 for non-noisy settings that
exploits this geometric structure. We show that Algorithm 1 achieves bounded cumulative fairness
regret and extended our approach with a meta-algorithm for noisy settings. Empirical results support
our theory, and demonstrate that in stochastic environments, our method performs competitively
relative to strong baselines. Overall, this work provides a practical, provably effective framework for
allocation problems where group-level impacts are the primary concern.
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NeurIPS Paper Checklist

The checklist is designed to encourage best practices for responsible machine learning research,
addressing issues of reproducibility, transparency, research ethics, and societal impact. Do not remove
the checklist: The papers not including the checklist will be desk rejected. The checklist should
follow the references and follow the (optional) supplemental material. The checklist does NOT count
towards the page limit.

Please read the checklist guidelines carefully for information on how to answer these questions. For
each question in the checklist:

• You should answer [Yes] , [No] , or [NA] .

• [NA] means either that the question is Not Applicable for that particular paper or the
relevant information is Not Available.

• Please provide a short (1–2 sentence) justification right after your answer (even for NA).

The checklist answers are an integral part of your paper submission. They are visible to the
reviewers, area chairs, senior area chairs, and ethics reviewers. You will be asked to also include it
(after eventual revisions) with the final version of your paper, and its final version will be published
with the paper.

The reviewers of your paper will be asked to use the checklist as one of the factors in their evaluation.
While "[Yes] " is generally preferable to "[No] ", it is perfectly acceptable to answer "[No] " provided a
proper justification is given (e.g., "error bars are not reported because it would be too computationally
expensive" or "we were unable to find the license for the dataset we used"). In general, answering
"[No] " or "[NA] " is not grounds for rejection. While the questions are phrased in a binary way, we
acknowledge that the true answer is often more nuanced, so please just use your best judgment and
write a justification to elaborate. All supporting evidence can appear either in the main paper or the
supplemental material, provided in appendix. If you answer [Yes] to a question, in the justification
please point to the section(s) where related material for the question can be found.

IMPORTANT, please:

• Delete this instruction block, but keep the section heading “NeurIPS Paper Checklist",

• Keep the checklist subsection headings, questions/answers and guidelines below.
• Do not modify the questions and only use the provided macros for your answers.

1. Claims
Question: Do the main claims made in the abstract and introduction accurately reflect the
paper’s contributions and scope?

Answer: [Yes]

Justification: We prove or theory in Section 5, and support our theory and additional noisy
algorithm empirically in Section 7.

Guidelines:

• The answer NA means that the abstract and introduction do not include the claims
made in the paper.

• The abstract and/or introduction should clearly state the claims made, including the
contributions made in the paper and important assumptions and limitations. A No or
NA answer to this question will not be perceived well by the reviewers.

• The claims made should match theoretical and experimental results, and reflect how
much the results can be expected to generalize to other settings.

• It is fine to include aspirational goals as motivation as long as it is clear that these goals
are not attained by the paper.

2. Limitations
Question: Does the paper discuss the limitations of the work performed by the authors?

Answer: [Yes]
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Justification: Limitations are discussed in Section 9.

Guidelines:

• The answer NA means that the paper has no limitation while the answer No means that
the paper has limitations, but those are not discussed in the paper.

• The authors are encouraged to create a separate "Limitations" section in their paper.
• The paper should point out any strong assumptions and how robust the results are to

violations of these assumptions (e.g., independence assumptions, noiseless settings,
model well-specification, asymptotic approximations only holding locally). The authors
should reflect on how these assumptions might be violated in practice and what the
implications would be.

• The authors should reflect on the scope of the claims made, e.g., if the approach was
only tested on a few datasets or with a few runs. In general, empirical results often
depend on implicit assumptions, which should be articulated.

• The authors should reflect on the factors that influence the performance of the approach.
For example, a facial recognition algorithm may perform poorly when image resolution
is low or images are taken in low lighting. Or a speech-to-text system might not be
used reliably to provide closed captions for online lectures because it fails to handle
technical jargon.

• The authors should discuss the computational efficiency of the proposed algorithms
and how they scale with dataset size.

• If applicable, the authors should discuss possible limitations of their approach to
address problems of privacy and fairness.

• While the authors might fear that complete honesty about limitations might be used by
reviewers as grounds for rejection, a worse outcome might be that reviewers discover
limitations that aren’t acknowledged in the paper. The authors should use their best
judgment and recognize that individual actions in favor of transparency play an impor-
tant role in developing norms that preserve the integrity of the community. Reviewers
will be specifically instructed to not penalize honesty concerning limitations.

3. Theory assumptions and proofs
Question: For each theoretical result, does the paper provide the full set of assumptions and
a complete (and correct) proof?

Answer: [Yes]

Justification: Assumptions are stated in the main text and all proofs are provided in the
supplement.

Guidelines:

• The answer NA means that the paper does not include theoretical results.
• All the theorems, formulas, and proofs in the paper should be numbered and cross-

referenced.
• All assumptions should be clearly stated or referenced in the statement of any theorems.
• The proofs can either appear in the main paper or the supplemental material, but if

they appear in the supplemental material, the authors are encouraged to provide a short
proof sketch to provide intuition.

• Inversely, any informal proof provided in the core of the paper should be complemented
by formal proofs provided in appendix or supplemental material.

• Theorems and Lemmas that the proof relies upon should be properly referenced.

4. Experimental result reproducibility
Question: Does the paper fully disclose all the information needed to reproduce the main ex-
perimental results of the paper to the extent that it affects the main claims and/or conclusions
of the paper (regardless of whether the code and data are provided or not)?

Answer: [Yes]

Justification: Experimental details are described in the supplement.

Guidelines:
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• The answer NA means that the paper does not include experiments.
• If the paper includes experiments, a No answer to this question will not be perceived

well by the reviewers: Making the paper reproducible is important, regardless of
whether the code and data are provided or not.

• If the contribution is a dataset and/or model, the authors should describe the steps taken
to make their results reproducible or verifiable.

• Depending on the contribution, reproducibility can be accomplished in various ways.
For example, if the contribution is a novel architecture, describing the architecture fully
might suffice, or if the contribution is a specific model and empirical evaluation, it may
be necessary to either make it possible for others to replicate the model with the same
dataset, or provide access to the model. In general. releasing code and data is often
one good way to accomplish this, but reproducibility can also be provided via detailed
instructions for how to replicate the results, access to a hosted model (e.g., in the case
of a large language model), releasing of a model checkpoint, or other means that are
appropriate to the research performed.

• While NeurIPS does not require releasing code, the conference does require all submis-
sions to provide some reasonable avenue for reproducibility, which may depend on the
nature of the contribution. For example
(a) If the contribution is primarily a new algorithm, the paper should make it clear how

to reproduce that algorithm.
(b) If the contribution is primarily a new model architecture, the paper should describe

the architecture clearly and fully.
(c) If the contribution is a new model (e.g., a large language model), then there should

either be a way to access this model for reproducing the results or a way to reproduce
the model (e.g., with an open-source dataset or instructions for how to construct
the dataset).

(d) We recognize that reproducibility may be tricky in some cases, in which case
authors are welcome to describe the particular way they provide for reproducibility.
In the case of closed-source models, it may be that access to the model is limited in
some way (e.g., to registered users), but it should be possible for other researchers
to have some path to reproducing or verifying the results.

5. Open access to data and code
Question: Does the paper provide open access to the data and code, with sufficient instruc-
tions to faithfully reproduce the main experimental results, as described in supplemental
material?

Answer: [No]

Justification: Does not provide open access to code yet but will upon submission—sufficient
instructions to reproduce the main experimental results are located in the supplemental
material.

Guidelines:

• The answer NA means that paper does not include experiments requiring code.
• Please see the NeurIPS code and data submission guidelines (https://nips.cc/
public/guides/CodeSubmissionPolicy) for more details.

• While we encourage the release of code and data, we understand that this might not be
possible, so “No” is an acceptable answer. Papers cannot be rejected simply for not
including code, unless this is central to the contribution (e.g., for a new open-source
benchmark).

• The instructions should contain the exact command and environment needed to run to
reproduce the results. See the NeurIPS code and data submission guidelines (https:
//nips.cc/public/guides/CodeSubmissionPolicy) for more details.

• The authors should provide instructions on data access and preparation, including how
to access the raw data, preprocessed data, intermediate data, and generated data, etc.

• The authors should provide scripts to reproduce all experimental results for the new
proposed method and baselines. If only a subset of experiments are reproducible, they
should state which ones are omitted from the script and why.
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• At submission time, to preserve anonymity, the authors should release anonymized
versions (if applicable).

• Providing as much information as possible in supplemental material (appended to the
paper) is recommended, but including URLs to data and code is permitted.

6. Experimental setting/details
Question: Does the paper specify all the training and test details (e.g., data splits, hyper-
parameters, how they were chosen, type of optimizer, etc.) necessary to understand the
results?

Answer: [Yes]

Justification: Experimental details are described in the supplement.

Guidelines:

• The answer NA means that the paper does not include experiments.
• The experimental setting should be presented in the core of the paper to a level of detail

that is necessary to appreciate the results and make sense of them.
• The full details can be provided either with the code, in appendix, or as supplemental

material.

7. Experiment statistical significance
Question: Does the paper report error bars suitably and correctly defined or other appropriate
information about the statistical significance of the experiments?

Answer: [Yes]

Justification: See Section 7. We use standard deviation to measure variation.

Guidelines:

• The answer NA means that the paper does not include experiments.
• The authors should answer "Yes" if the results are accompanied by error bars, confi-

dence intervals, or statistical significance tests, at least for the experiments that support
the main claims of the paper.

• The factors of variability that the error bars are capturing should be clearly stated (for
example, train/test split, initialization, random drawing of some parameter, or overall
run with given experimental conditions).

• The method for calculating the error bars should be explained (closed form formula,
call to a library function, bootstrap, etc.)

• The assumptions made should be given (e.g., Normally distributed errors).
• It should be clear whether the error bar is the standard deviation or the standard error

of the mean.
• It is OK to report 1-sigma error bars, but one should state it. The authors should

preferably report a 2-sigma error bar than state that they have a 96% CI, if the hypothesis
of Normality of errors is not verified.

• For asymmetric distributions, the authors should be careful not to show in tables or
figures symmetric error bars that would yield results that are out of range (e.g. negative
error rates).

• If error bars are reported in tables or plots, The authors should explain in the text how
they were calculated and reference the corresponding figures or tables in the text.

8. Experiments compute resources
Question: For each experiment, does the paper provide sufficient information on the com-
puter resources (type of compute workers, memory, time of execution) needed to reproduce
the experiments?

Answer: [Yes]

Justification: The computing environment is described in the supplement.

Guidelines:

• The answer NA means that the paper does not include experiments.
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• The paper should indicate the type of compute workers CPU or GPU, internal cluster,
or cloud provider, including relevant memory and storage.

• The paper should provide the amount of compute required for each of the individual
experimental runs as well as estimate the total compute.

• The paper should disclose whether the full research project required more compute
than the experiments reported in the paper (e.g., preliminary or failed experiments that
didn’t make it into the paper).

9. Code of ethics
Question: Does the research conducted in the paper conform, in every respect, with the
NeurIPS Code of Ethics https://neurips.cc/public/EthicsGuidelines?

Answer: [Yes]

Justification: The research adheres to the Code of Ethics.

Guidelines:

• The answer NA means that the authors have not reviewed the NeurIPS Code of Ethics.
• If the authors answer No, they should explain the special circumstances that require a

deviation from the Code of Ethics.
• The authors should make sure to preserve anonymity (e.g., if there is a special consid-

eration due to laws or regulations in their jurisdiction).

10. Broader impacts
Question: Does the paper discuss both potential positive societal impacts and negative
societal impacts of the work performed?

Answer: [Yes]

Justification: Potential societal impacts are implicit in the motivation sections of the main
text and are discussed further in the supplement.

Guidelines:

• The answer NA means that there is no societal impact of the work performed.
• If the authors answer NA or No, they should explain why their work has no societal

impact or why the paper does not address societal impact.
• Examples of negative societal impacts include potential malicious or unintended uses

(e.g., disinformation, generating fake profiles, surveillance), fairness considerations
(e.g., deployment of technologies that could make decisions that unfairly impact specific
groups), privacy considerations, and security considerations.

• The conference expects that many papers will be foundational research and not tied
to particular applications, let alone deployments. However, if there is a direct path to
any negative applications, the authors should point it out. For example, it is legitimate
to point out that an improvement in the quality of generative models could be used to
generate deepfakes for disinformation. On the other hand, it is not needed to point out
that a generic algorithm for optimizing neural networks could enable people to train
models that generate Deepfakes faster.

• The authors should consider possible harms that could arise when the technology is
being used as intended and functioning correctly, harms that could arise when the
technology is being used as intended but gives incorrect results, and harms following
from (intentional or unintentional) misuse of the technology.

• If there are negative societal impacts, the authors could also discuss possible mitigation
strategies (e.g., gated release of models, providing defenses in addition to attacks,
mechanisms for monitoring misuse, mechanisms to monitor how a system learns from
feedback over time, improving the efficiency and accessibility of ML).

11. Safeguards
Question: Does the paper describe safeguards that have been put in place for responsible
release of data or models that have a high risk for misuse (e.g., pretrained language models,
image generators, or scraped datasets)?

Answer: [NA]
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Justification: The paper does not pose such risks.
Guidelines:

• The answer NA means that the paper poses no such risks.
• Released models that have a high risk for misuse or dual-use should be released with

necessary safeguards to allow for controlled use of the model, for example by requiring
that users adhere to usage guidelines or restrictions to access the model or implementing
safety filters.

• Datasets that have been scraped from the Internet could pose safety risks. The authors
should describe how they avoided releasing unsafe images.

• We recognize that providing effective safeguards is challenging, and many papers do
not require this, but we encourage authors to take this into account and make a best
faith effort.

12. Licenses for existing assets
Question: Are the creators or original owners of assets (e.g., code, data, models), used in
the paper, properly credited and are the license and terms of use explicitly mentioned and
properly respected?
Answer: [Yes]
Justification: Authors of baselines are credited and the supplement describes where the
corresponding code was obtained.
Guidelines:

• The answer NA means that the paper does not use existing assets.
• The authors should cite the original paper that produced the code package or dataset.
• The authors should state which version of the asset is used and, if possible, include a

URL.
• The name of the license (e.g., CC-BY 4.0) should be included for each asset.
• For scraped data from a particular source (e.g., website), the copyright and terms of

service of that source should be provided.
• If assets are released, the license, copyright information, and terms of use in the

package should be provided. For popular datasets, paperswithcode.com/datasets
has curated licenses for some datasets. Their licensing guide can help determine the
license of a dataset.

• For existing datasets that are re-packaged, both the original license and the license of
the derived asset (if it has changed) should be provided.

• If this information is not available online, the authors are encouraged to reach out to
the asset’s creators.

13. New assets
Question: Are new assets introduced in the paper well documented and is the documentation
provided alongside the assets?
Answer: [No]
Justification: Not well-documented and not provided alongside the assets. Details of the
code will be released upon arXiv or acceptance, and details about training and limitations
are provided in the appendix.
Guidelines:

• The answer NA means that the paper does not release new assets.
• Researchers should communicate the details of the dataset/code/model as part of their

submissions via structured templates. This includes details about training, license,
limitations, etc.

• The paper should discuss whether and how consent was obtained from people whose
asset is used.

• At submission time, remember to anonymize your assets (if applicable). You can either
create an anonymized URL or include an anonymized zip file.

14. Crowdsourcing and research with human subjects
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Question: For crowdsourcing experiments and research with human subjects, does the paper
include the full text of instructions given to participants and screenshots, if applicable, as
well as details about compensation (if any)?
Answer: [NA]
Justification: The work does not involve human subjects.
Guidelines:

• The answer NA means that the paper does not involve crowdsourcing nor research with
human subjects.

• Including this information in the supplemental material is fine, but if the main contribu-
tion of the paper involves human subjects, then as much detail as possible should be
included in the main paper.

• According to the NeurIPS Code of Ethics, workers involved in data collection, curation,
or other labor should be paid at least the minimum wage in the country of the data
collector.

15. Institutional review board (IRB) approvals or equivalent for research with human
subjects
Question: Does the paper describe potential risks incurred by study participants, whether
such risks were disclosed to the subjects, and whether Institutional Review Board (IRB)
approvals (or an equivalent approval/review based on the requirements of your country or
institution) were obtained?
Answer: [NA]
Justification: The work does not involve human subjects.
Guidelines:

• The answer NA means that the paper does not involve crowdsourcing nor research with
human subjects.

• Depending on the country in which research is conducted, IRB approval (or equivalent)
may be required for any human subjects research. If you obtained IRB approval, you
should clearly state this in the paper.

• We recognize that the procedures for this may vary significantly between institutions
and locations, and we expect authors to adhere to the NeurIPS Code of Ethics and the
guidelines for their institution.

• For initial submissions, do not include any information that would break anonymity (if
applicable), such as the institution conducting the review.

16. Declaration of LLM usage
Question: Does the paper describe the usage of LLMs if it is an important, original, or
non-standard component of the core methods in this research? Note that if the LLM is used
only for writing, editing, or formatting purposes and does not impact the core methodology,
scientific rigorousness, or originality of the research, declaration is not required.
Answer: [NA]
Justification: LLMs were not used in the core development of this research.
Guidelines:

• The answer NA means that the core method development in this research does not
involve LLMs as any important, original, or non-standard components.

• Please refer to our LLM policy (https://neurips.cc/Conferences/2025/LLM)
for what should or should not be described.

19

https://neurips.cc/Conferences/2025/LLM


A Mapping Allocative Equality of Opportunity to Equality of Impact

Elzayn et al. [2019] consider two types of discovery models, i.e., models of how resources deployed
to a particular group reach the candidates. These are termed the random discovery and precision
discovery model. In the random discovery model, regardless of the number of units allocated to a
given group, all individuals within that group are equally likely to be assigned a unit, regardless of
whether they are a candidate:

disc(ai, ci) = ai
E[ci]

mi
,

where mi are the total number of individuals in group i. In the precision discovery model, units of
resource are given to actual candidates within a group, as long as there is sufficient supply of the
resource:

disc(ai, ci) = min(ci, ai).

Similar to our setting, Elzayn et al. [2019] consider utilitarian welfare, which in their setting can be
described as the expected number of discovered candidates over all feasible allocations:

u(a, disc(·), C) =
∑

i∈{A,B}

Eci∼Ci
[disc(ai, ci)].

The reward and impact functions defined using these discovery models are concave, continuous, and
non-decreasing functions of the allocations, and therefore belong to the Marginal Returns class.

B Proofs for Section 3

Many of the proofs in this section are structured around a sequence of intermediate results, denoted
[H1], [H2], . . . , or [C1], [C2], . . . , each of which establishes a key step in the argument. These
claims are referenced by label throughout the proofs.

We begin this section by defining relevant properties used in later proofs. Consider the function
hq : [0, q] → R defined as

hq(aA) = hA(aA)− hB(q − aA),

where ⟨aA, aB⟩ is an allocation scheme. Property 2 and 3 show that this function is continuous and
non-decreasing over [0, q].

Property 2. Given Assumption 1, the function hq is continuous.

Proof. This function is continuous over [0, q] because the impact functions are continuous due to
Assumption 1, and because subtraction preserves continuity.

Property 3. Given Assumption 1, hq is non-decreasing.

Proof. Consider any 0 ≤ x1 ≤ x2 ≤ q. We must show that hq(x2) ≥ hq(x1). Observe that

hq(x2)− hq(x1) = [hA(x2)− hB(q − x2)]− [hA(x1)− hB(q − x1)]

= [hA(x2)− hA(x1)]− [hB(q − x2)− hB(q − x1)].

Since hA is non-decreasing (by Assumption 1) and x2 ≥ x1, we have that hA(x2)− hA(x1) ≥ 0.
Also, because hB is non-decreasing and q − x2 ≤ q − x1, it follows that

hB(q − x2) ≤ hB(q − x1) =⇒ hB(q − x2)− hB(q − x1) ≤ 0.

Therefore, hq(x2)− hq(x1) ≥ 0, and hq is non-decreasing on [0, q].

We now prove Lemma 1, which states that the set of fair allocations schemes that sums to q, i.e., QG

is non-empty.

Lemma 1: Given Assumption 1, and for all G ≥ 0, QG is non-empty.
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Proof. Notice that for any G ≥ 0, QG=0 is a subset of QG. Therefore it suffices to show that
QG=0 ̸= ∅ to establish our claim. We do this by employing the Intermediate Value Theorem to show
that there exists an allocation x such that hq(x) = 0, i.e., that QG=0 contains at least x.

Consider the allocations aB = ⟨0, q⟩, where all resources are allocated to group B, and aA = ⟨q, 0⟩,
where all resources are allocated to group A. Evaluating hq at these points, we get:

hq(a
B
A) = hA(0)− hB(q) = 0− hB(q) ≤ 0

hq(a
A
A) = hA(q)− hB(0) = hA(q)− 0 ≥ 0.

This simplification relies on Assumption 1, specifically that the impact functions are non-decreasing
and that hA(0) = 0 and hB(0) = 0. Because hq is continuous over [0, q] (Property 2), the Intermedi-
ate Value Theorem guarantees there exists some allocation scheme a such that

hq(aA) = hA(aA)− hB(q − aA) = 0.

Since hq(aA) = 0, it follows that ∀ G ≥ 0, |h(aA)| = 0 ≤ G. Therefore, a ∈ Q ∩ AG=0, and for
any G ≥ 0, QG is non-empty.

Next, we provide a property of continuous monotone functions that will be used to show that QG is a
closed interval (Theorem 1).

Lemma 6. Let f : [0, q] → R be a continuous, monotone function (either non-decreasing or
non-increasing), and let G ≥ 0. Then the set

S = {x ∈ [0, q] : |f(x)| ≤ G}

is a (possibly degenerate or empty) closed interval in [0, q].

Proof. At a high level, we show that S is an interval (steps [H1] and [H2]), and that S is closed (step
[H3]). To begin, we first re-write S using the fact that |f(x)| ≤ G implies −G ≤ f(x) ≤ G:

S = {x ∈ [0, q] : f(x) ≤ G}︸ ︷︷ ︸
S1

∩{x ∈ [0, q] : f(x) ≥ −G}︸ ︷︷ ︸
S2

.

[H1] Monotonicity implies each set is (at most) one interval. Assume without loss of generality
that f is continuous and non-decreasing (the argument for a non-increasing f is similar).
Then:

• Consider S1. We show that it is either empty or can be represented as [x′, xmax].
– If f(0) > G, then for all x ≥ 0, f(x) > G. Therefore S1 is empty.
– If f(0) ≤ G, then S1 is non-empty. Define xmax = maxS1. Because f is non-

decreasing, all values in [0, xmax] are therefore also contained in S1.
• Consider S2. Using a similar monotonicity argument, S2 can only be empty (if
f(q) < −G) or can be represented as [xmin, q], where xmin = minS2.

[H2] Intersection of intervals is an interval. From [H1], we have that S1 and S2 are each
intervals in [0, q]. The intersection of two intervals on the real line is itself an interval
(possibly empty or a single point). Therefore S = S1 ∩ S2 is at most one interval in [0, q].

[H3] Continuity ensures closedness. Because f is continuous (and monotone), S1 and S2 are
closed in [0, q]:

• If S1 is not empty, let {xn} ⊆ S1 be a sequence with xn → x∗ ∈ [0, q]. By definition
of S1, f(xn) ≤ G for all n. The continuity of f implies that

f(x∗) = lim
n→∞

f(xn) ≤ G,

so x∗ ∈ S1 and therefore, S1 is closed.
• A similar argument shows S2 is closed.

Therefore their intersection S = S1 ∩ S2 is also closed in [0, q].
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(R, q − R)S∖𝒬G

Figure 3: The triangular region above shows A and information relevant to the proof of Theorem 2.
Possible allocations to group A are on the x-axis and possible allocations to group B are on the
y-axis. The line connecting points (L, q − L) and (R, q −R) is the closed interval containing QG.
The regions AL and AR do not contain AG. Lastly, A1, A2, A3, and A4 are a partition of S \ QG.

Next, we prove Theorems 1 and 2.

Theorem 1: Given Assumption 1, QG, is a closed interval in [0, q].

Proof. This follows directly from the above properties and Lemma 6. By Properties 2 and 3 (which
require Assumption 1), hq is continuous and non-decreasing (on [0, q]). Then, by Lemma 6, the set
{x ∈ [0, q] : |hq(x)| ≤ G} is a closed interval in [0, q]. This is the definition of QG.

Theorem 2 Given Assumption 1, there exists an a⋆ ∈ QG.

Proof. To show our result, we first define a set S such that AG ⊆ S, where AG is the set of allocation
schemes that satisfy EoI. We then demonstrate that for any allocation a ∈ S \ QG, there exists an
allocation a′ ∈ QG such that u(a′) ≥ u(a)—consequently, a utility-maximizing allocation in AG

exists in QG, i.e., there exists an a⋆ ∈ QG. Throughout our proof we will refer to the diagram in
Figure 3, which shows the feasible set of allocation schemes A, and other relevant variables.

[H1] Define a superset of AG. From Theorem 1 and Lemma 1, the set QG can be expressed as a
non-empty interval [L,R]. Define the set S as:

S = {⟨aA, aB⟩ ∈ A : aA ≤ R, aB ≤ q − L} .

We claim that AG ⊆ S. To show this, we define two disjoint subsets AL and AR whose
union contains all points in A \ S, and show that no point in AL ∪AR belongs to AG.

• Defining disjoint sets of S. Define:

AL = {⟨aA, aB⟩ ∈ A : aA < L, aB > q − L} ,
AR = {⟨aA, aB⟩ ∈ A : aA > R, aB < q −R} .

Since S, AL, and AR are a partition of A (see Figure 3 for intuition), any allocation
not in S must be in AL ∪AR.
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• No allocation in AL or AR satisfies EoI, i.e., AG ∩ (AL ∪AR) = ∅. For contradiction,
assume that there exists an aL such that aL ∈ AL and aL ∈ AG. Since aL ∈ AL, it
follows that aLA ∈ [0, L) and aLB ∈ (q − L, q]. Given that the impact functions hA

and hB are non-decreasing (see Assumption 1), any allocation aL with aLA ∈ [0, L)
and aLB ∈ (q − L, q] would result in |h(aLA)| > G, which contradicts the assumption
that |h(aL)| ≤ G. Thus, if aL ∈ AL then aL ̸∈ AG, i.e., AL ∩ AG = ∅. A similar
argument holds for any aR ∈ AR. Consequently, if an allocation a belongs to AL∪AR,
it cannot be in AG. Therefore, AG must reside within S, because AG is non-empty (by
Assumption 1) and because S,AL, and AR together partition A.

[H2] For any allocation scheme a ∈ S \ QG, there exists an allocation a′ ∈ QG such that
u(a′) ≥ u(a). Notice that we can write S \ QG as

S \ QG = {a ∈ S : aA + aB < q} .
Define the following partition of S (see Figure 3 for reference):

A1 = {a ∈ S : aA ≤ L, aB ≥ q −R}
A2 = {a ∈ S : aA < L, aB < q −R}
A3 = {a ∈ S : aA ≥ L, aB ≤ q −R}
A4 = {a ∈ S : aA > L, aB > q −R}

For any a ∈ S \ QG, denote the unused units of resource as s(a) = q − (aA + aB). Below,
we show one way to reallocate this surplus to transform a into an allocation a′ ∈ QG:

a ∈ A1 ∪A4 a′ = (aA + s(a), aB)

a ∈ A2 a′ = (R, aB + s(a)− (R− aA))

a ∈ A3 a′ = (aA, aB + s(a)).

In each case, a′A + a′B = q and L ≤ a′A ≤ R, ensuring a′ ∈ QG.

We now verify that u(a) ≤ u(a′). For cases a ∈ A1 ∪A4 and a ∈ A3, resources are added
to either aA or aB , and the reward functions being non-decreasing (Assumption 1) ensures
that u(a) ≤ u(a′). For case a ∈ A2, we show that no resources are subtracted from aA or
aB , and therefore u(a) ≤ u(a′).

• Claim: aA ≤ a′A. For a ∈ A2, we have that aA < L ≤ R = a′A, where aA < L by
definition of A2, and R = a′A by the transformation function. Therefore a non-negative
value is added to aA.

• Claim: aB ≤ a′B . For contradiction, assume that aB > a′B . Then the following
inequalities must hold:

aB > a′B [our assumption for contradiction]

aB > aB + s(a)− (R− aA) [defn of a′B]
aB > aB + q − (aA + aB)− (R− aA) [defn of s(a)]
aB > q −R. [simplify and rearrange]

But by definition of A2, aB < q −R. This is a contradiction, and therefore, aB ≤ a′B .

Therefore, non-negative resources are added to each element a ∈ A2, and because the
reward functions are non-decreasing, we also have u(a) ≤ u(a′) for this case.

[H3] An optimal allocation exists in QG. Define allocation schemes b and c that achieve
maximum utility in QG and S \ QG, respectively:

b ∈ arg max
a∈QG

u(a), c ∈ arg max
a∈S\QG

u(a).

[H2] implies that there exists an a′ ∈ QG that achieves at least as much utility as c, i.e.,
u(a′) ≥ u(c). Since b maximizes u(a) over QG, we have:

u(b) ≥ u(a′) ≥ u(c).

Therefore, the maximum utility over AG is achieved at a⋆ = b ∈ QG. Thus,

a⋆ ∈ arg max
a∈AG

u(a) ∈ QG.
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Lastly, we show that Lemma 2, which will be used to justify Algorithm 1.

Lemma 2: Given Assumption 1, the set X satisfies the following properties:
[C1] Let X ′ = {⟨x, q − x⟩ : x ∈ X}. Then X ′ ⊆ argmaxx∈A u(x).
[C2] X forms a closed interval in [0, q].

Proof. Define the following notation (some of which has been previously defined), which will be
used throughout this proof:

X = argmax
x∈[0,q]

u(⟨x, q − x⟩), X ′ = {⟨x, q − x⟩ : x ∈ X} = argmax
x∈Q

u(x),

X⋆ = argmax
x∈A

u(⟨x, q − x⟩), Q = {x ∈ A : xA + xB = q}.

[C1] Claim: X ′ ⊆ X⋆. We prove the claim by first establishing that all allocations in X ′ achieve
the same utility as all allocations in X⋆. Then we leverage the relationship between Q and
A to show that every allocation in X ′ must also belong to X⋆.

[H1] Claim: maxx∈X⋆ u(x) = maxx∈X′ u(x). We prove the claim by constructing an
allocation in X ′ using an allocation in X⋆ that does not utilize all resources. Specifi-
cally, we show that such an allocation still belongs to X⋆, and because it utilizes all
resources, it also belongs to X ′, ensuring our claim.
Choose any x⋆ ∈ X⋆ such that x⋆

A + x⋆
B < q. By construction, x⋆ ̸∈ Q and thus

x⋆ ̸∈ X ′. Let the unused resources for x⋆ be defined as s(x⋆) = q − (x⋆
A + x⋆

B).
Construct a new allocation x′ as follows:

x′ = ⟨x⋆
A + s(x⋆), x⋆

B⟩.
The utilities of these allocations are:

u(x′) = rA(x
⋆
A + s(x⋆)) + rB(x

⋆
B)

u(x⋆) = rA(x
⋆
A) + rB(x

⋆
B).

To prove u(x′) ≥ u(x⋆), assume for contradiction that u(x′) < u(x⋆). Then:

u(x′) < u(x⋆) [assumption]
rA(x

⋆
A + s(x⋆)) + rB(x

⋆
B) < rA(x

⋆
A) + rB(x

⋆
B) [definition of utility]

rA(x
⋆
A + s(x⋆)) < rA(x

⋆
A) [simplify].

By definition, s(x⋆) ≥ 0, so x⋆
A + s(x⋆) ≥ x⋆

A. From Assumption 1, the reward
functions are non-decreasing, i.e., for any x1 ≤ x2, rA(x1) ≤ rA(x2). This creates a
contradiction, as rA(x⋆

A + s(x⋆)) ≥ rA(x
⋆
A).

Therefore, u(x′) ≥ u(x⋆), which implies x′ is also contained in X⋆. Since all
allocations in X ′ have the same utility by definition, and all allocations in X⋆ have the
same utility by definition, it follows that maxx∈X⋆ u(x) = maxx∈X′ u(x).

[H2] Claim: X ′ ⊆ X⋆. By [H1], all x′ ∈ X ′ achieve the same utility as all x⋆ ∈ X⋆. Since
X ′ ⊆ Q, and Q ⊆ A, it follows that all x′ ∈ X ′ are contained within A. Moreover, by
the definition of X⋆ = argmaxx∈A u(x), any x′ ∈ X ′ that achieves the same utility
as x⋆ ∈ X⋆ must also belong in X⋆. Therefore, X ′ ⊆ X⋆.

[C2] Claim: X forms a closed interval. We prove our claim by showing that utility function
u is concave and continuous. Then we use the property that the argmax of a concave and
continuous function over a closed interval is itself a closed interval.

(a) Claim: u is a continuous, concave function. From Assumption 1, the reward functions
rA and rB are concave and continuous. By definition, u is the sum of rA and rB . Since
the sum of two concave functions is concave, u is concave. Moreover, since the sum of
two continuous functions is continuous, u is continuous, because addition preserves
continuity.
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(b) Claim: X forms a closed interval in [0, q]. From [H1], u is a continuous and
concave function. The argmax of a concave and continuous function over a closed
interval is itself a closed interval. Since u is defined over the closed interval [0, q], and
X = argmaxx∈Q u(⟨x, q − x⟩), it follows that X must also form a closed interval in
[0, q].

C Deriving Properties of Functions in the Marginal Returns Class

In this section we formally derive bounds within which functions belonging to the Marginal Returns
Class must lie (Lemma 7) and provide specific properties of these bounds.

We first define a secant line as the line through two points (x1, f(x1)) and (x2, f(x2)):

s(x) = f(x0) +
f(x1)− f(x0)

x1 − x0
(x− x0).

Lemma 7. If function f belongs to the Marginal Returns Class, then the following are lower
and upper bounds of f at x:

Lf (x) = si(x), x ∈ [xi, xi+1], i = 0, . . . , n,

Uf (x) =


s1(x), x ∈ [x0, x1],

sn−1(x), x ∈ [xn, xn+1],

min{si−1(x), si+1(x)}, x ∈ [xi, xi+1], i = 1, . . . , n− 1.

(5)

Proof. We first provide properties of secant lines that will be used to show our final result.

• We first show that a secant line between two points of a concave function forms an upper
bound outside the interval between those points.

Property 4. Given a concave function f(x) and a secant line s(x) passing through
(x0, f(x0)) and (x1, f(x1)) with x0 < x1, we have s(x) ≥ f(x) for x /∈ (x0, x1).

Proof. Consider the case x ≥ x1 (the case x ≤ x0 is analogous). Since f is concave,

f(x1) = f

(
x− x1

x− x0
x0 +

x1 − x0

x− x0
x

)
≥ x− x1

x− x0
f(x0) +

x1 − x0

x− x0
f(x).

Multiplying both sides by (x− x0)/(x1 − x0) and rearranging yields

x− x0

x1 − x0
f(x1)−

x− x1

x1 − x0
f(x0) ≥ f(x).

The left-hand side is an affine function of x and equals f(x0) at x = x0 and f(x1) at x = x1.
It is therefore an expression for s(x), hence s(x) ≥ f(x) for x ≥ x1.

• Next, we show that the slopes of consecutive secant lines of a concave function are non-
decreasing.

Property 5. Given a concave function f(x), let s0(x) be a secant line passing through
(x0, f(x0)) and (x1, f(x1)) (x0 < x1) with slope m0, and s1(x) be a second secant line
passing through (x1, f(x1)) and (x2, f(x2)) (x1 < x2) with slope m1. Then we have
m0 ≥ m1.
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Proof. Similar to the proof of Property 4, since f is concave,

f(x1) ≥
x2 − x1

x2 − x0
f(x0) +

x1 − x0

x2 − x0
f(x2).

From this we obtain
x2 − x1

x2 − x0
(f(x1)− f(x0)) ≥

x1 − x0

x2 − x0
(f(x2)− f(x1)),

f(x1)− f(x0)

x1 − x0
≥ f(x2)− f(x1)

x2 − x1
,

which we recognize as m0 ≥ m1.

Lastly, we use these properties to construct the piecewise lower and upper bounds of f .

Lower bound: For x ∈ [xi, xi+1], the corresponding segment of si(x) between (xi, f(xi)) and
(xi+1, f(xi+1)) is a chord of f . Since f is concave, this chord must lie below f .

Upper bound: Property 4 ensures that for x ∈ [xi, xi+1], any secant line sj(x), j ̸= i is an upper
bound on f(x). Taking the minimum of two such secant lines also yields an upper bound. Each
segment of Uf (x) falls under one of these cases. (Figure 1 shows graphically that the choices of
secant lines in Uf (x) yield the best possible upper bounds from these secants.)

Lastly, we show that the lower and upper bound functions described in Lemma 7 satisfy properties of
continuity, monotonicity, and concavity properties.

Property 6. Let function f : [0, q] → R belong to the Marginal Returns class, and define
Lf : [0, q] → R and Uf : [0, q] → R to be the lower and upper bound functions in Lemma 7.
Then, the following is true over [0, q]:

[C1] Lf and Uf are continuous and pass through the points (xi, f(xi)), i = 1, . . . , n.
[C2] Lf and Uf are non-decreasing.
[C3] Lf is concave.
[C4] Uf is locally concave over each interval [xi, xi+1], i = 0, . . . , n.

Proof. Continuity of Lf (x): At each transition point xi, i = 1, . . . , n, Lf (x) transitions from
secant line si−1(x) to si(x). Each such pair of consecutive secant lines also intersects at the point
(xi, f(xi)). Therefore Lf (x) is continuous and passes through the points (xi, f(xi)), i = 1, . . . , n.

Continuity of Uf (x): At each transition point xi, i = 1, . . . , n, Uf (x) transitions from secant
line si(x) to si−1(x) (see also Figure 1). Thus, similar to Lf (x), Uf (x) passes through the points
(xi, f(xi)), i = 1, . . . , n, and is continuous at these points. Within each interval [xi, xi+1], Uf (x) is
the minimum of two affine functions, and hence a continuous function. Therefore Uf (x) is continuous
over [0, q].

Non-decrease: Both Lf (x) and Uf (x) are composed of secant lines si(x) passing through
(xi, f(xi)), (xi+1, f(xi+1)), where f is a non-decreasing function. Therefore all of the si(x) are
non-decreasing functions. Together with the continuity of Lf (x) and Uf (x), this implies that they
are non-decreasing over [0, q].

Concavity of Lf (x): We have established that Lf (x) is a continuous piecewise linear function with
pieces given by segments of s0(x), . . . , sn(x). Lemma 5 implies that the slopes of s0(x), . . . , sn(x),
i.e., the slopes of the pieces of Lf (x), are non-increasing. Hence Lf (x) is concave.

Local concavity of Uf (x): In each interval [xi, xi+1], i = 0, . . . , n, Uf (x) is either an affine function
or the minimum of two affine functions. Both of these are concave functions over [xi, xi+1].

D Proofs for Section 4

Many of the proofs in this section are structured around a sequence of intermediate results, denoted
[H1], [H2], . . . , or [C1], [C2], . . . , each of which establishes a key step in the argument. These
claims are referenced by label throughout the proofs.
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First, we show that X̂ is a closed interval.

Lemma 3: Given Assumption 1, for all t > 1, the set X̂t−1 is a closed interval in [0, q].

Proof. Lt
u(x) is piecewise linear: As discussed in Section 4.1, we assume that the existing allocations

are indexed in increasing order, x0 = 0 < x1 < · · · < xt < xt+1 = q. Denote by sA0 , . . . , s
A
t the

secant lines used to construct lower and upper bounds on rA(x), where sAi passes through (xi, rA(xi))
and (xi+1, rA(xi+1)). For rB , we work with its flipped version rB(q − x), and index its secant lines
sB0 , . . . , s

B
t such that sBi passes through (xi, rB(q − xi)) and (xi+1, rB(q − xi+1)). Then it follows

from (3) that the lower bound on utility satisfies

Lt
u(x) = sAi (x) + sBi (x), x ∈ [xi, xi+1], i = 0, . . . , t,

i.e., it is also piecewise linear with knots x0, . . . , xt+1 because the knots of the individual lower
bounds Lt

rA(x) and Lt
rB (q − x) are aligned.

Concavity of Lt
u(x) and its implications: Let mA

i , mB
i denote the slopes of secants sAi , sBi . Since

Lt
rA(x) and Lt

rB (q − x) are concave, so too is their sum Lt
u(x), and the slopes mA

i +mB
i of Lt

u(x)
are thus non-increasing. Furthermore, due to concavity, the maximum ℓt = maxx∈[0,q] L

t
u(x) is

achieved at an interval [xil , xir ] bounded by knots xil , xir (which could be the same if the maximum
is unique). It follows from this definition of [xil , xir ] that the slope to the left is strictly positive,
mA

il−1 +mB
il−1 > 0, while the slope to the right is negative, mA

ir
+mB

ir
< 0.

Decomposition of X̂t into three contiguous intervals: Since Lt
u(x) = ℓt for x ∈ [xil , xir ] and

U t
u(x) ≥ Lt

u(x), by the definition of X̂t (4), we have [xil , xir ] ⊆ X̂t. We show below that X̂t can
also include a second interval [xir , x

+
ir
] where x+

ir
< xir+1, but no points greater than x+

ir
. By an

analogous proof (which we omit), X̂t can include a third interval [x−
il
, xil ] where x−

il
> xil−1, but no

points less than x−
il

. Taken together, these facts imply that X̂t = [x−
il
, x+

ir
], i.e., a single interval as

desired.

Considering the interval [xir , xir+1]: First, if xir = xt+1 = q, then we can only have x+
ir

= q

(i.e., [xir , x
+
ir
] is a single point). Suppose then that xir < q. Property 6 implies that at the knots xir ,

xir+1, the lower and upper bounds coincide with the utility function, Lt
u(xir ) = u(xir ) = U t

u(xir )
and Lt

u(xir+1) = u(xir+1) = U t
u(xir+1). Furthermore, since xir is the right endpoint of the

interval that maximizes Lt
u(x), we have Lt

u(xir ) = U t
u(xir ) = ℓt and Lt

u(xir+1) = U t
u(xir+1) < ℓt.

We also have from Property 6 that U t
u(x) is locally concave in [xir , xir+1] (because U t

rA(x) and
U t
rB (q − x) are locally concave). Local concavity implies that the super-level set {x ∈ [xir , xir+1] :

U t
u(x) ≥ ℓt} is a single interval [xir , x

+
ir
], where x+

ir
< xir+1. This super-level set is the restriction

of X̂t to [xir , xir+1], i.e., X̂t ∩ [xir , xir+1] = [xir , x
+
ir
].

Considering x ≥ xir+1: From the previous paragraph, U t
u(xir+1) < ℓt. Thus, if U t

u(x) is
non-increasing for x ≥ xir+1, then X̂t cannot include any of these points. Let us consider first
the interval [xir+1, xir+2]. On this interval, the form (5) of the upper bounds U t

rA(x), U
t
rB (q − x)

implies that the slope of U t
u(x) = U t

rA(x) + U t
rB (q − x) can take one of at most four values:

{mA
ir +mB

ir ,m
A
ir +mB

ir+2,m
A
ir+2 +mB

ir ,m
A
ir+2 +mB

ir+2}.

Since mA
i , mB

i are slopes of secants of concave functions rA(x), rB(q − x), the largest of these four
sums is mA

ir
+mB

ir
. It was previously shown in this proof that mA

ir
+mB

ir
< 0 (by definition of xir ),

and thus the slope of U t
u(x) on [xir+1, xir+2] must be negative. By similar arguments, the slope of

U t
u(x) on subsequent intervals [xir+2, xir+3], etc., must be at least as negative. We conclude that

U t
u(x) is indeed non-increasing for x ≥ xir+1.

In the rest of this section, we additionally use the following notation:

dt1(x) = Lt
hA

(x)− U t
hB

(q − x), dt2(x) = Lt
hB

(q − x)− U t
hA

(x)

Dt
1 = {x ∈ [0, q] : |dt1(x)| ≤ G}, Dt

2 = {x ∈ [0, q] : |dt2(x)| ≤ G}.
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Property 1: Given Assumption 1, if an allocation x is contained in the set Dt
1 ∩Dt

2 at round
t, then it is fair.

Proof. We use proof by contradiction to show that x ∈ Dt
1 ∩Dt

2 implies x satisfies EoI.

For contradiction, assume x ∈ Dt
1 ∩Dt

2 but does not satisfy EoI. By the definition of EoI, this means
|hA(x) − hB(q − x)| > G. Using the properties of absolute value, this implies that x satisfies at
least one of the following conditions:

hA(x)− hB(q − x) > G, (6)
hB(q − x)− hA(x) > G. (7)

First, consider the case where x satisfies (6). By Lemma 7, at round t, the values of hA(x) and
hB(q−x) are guaranteed to lie within the intervals [Lt

hA
(x), U t

hA
(x)] and [Lt

hB
(q−x), U t

hB
(q−x)],

respectively.

Since x ∈ Dt
1 ∩Dt

2, we know:

|Lt
hA

(x)− U t
hB

(q − x)| ≤ G and

|Lt
hB

(q − x)− U t
hA

(x)| ≤ G.

However, if x satisfies (6), we would have:

U t
hA

(x)− Lt
hB

(q − x) > G.

This creates a contradiction because the possible values of hA(x) and hB(q − x), constrained by
their respective intervals, cannot result in a difference greater than G. Therefore, x cannot satisfy (6).

Similarly, if x satisfies (7), the same argument applies. In both cases, we reach a contradiction,
meaning x must satisfy EoI. Therefore, any x ∈ Dt

1 ∩Dt
2 is fair.

Next, towards showing Lemma 4 and later results, we show that D1 and D2 are empty or closed
intervals.
Property 7. Given Assumption 1, sets D1 and D2 are empty or closed intervals over [0, q].

Proof. At a high level, we show that these sets are empty or closed intervals by showing that d1 and
d2 are continuous, monotone functions, and appealing to Lemma 6.

[H1] Claim: dt1 and dt2 are continuous functions over [0, q]. By Property 6, the upper and
lower bounds of functions belonging to the Marginal Returns Class are continuous. By
Assumption 1, the impact functions belong to this class and employ these bounds. Because
dt1 is the difference of two continuous functions, it is also continuous, because subtraction
preserves continuity. The same argument applies to dt2.

[H2] Claim: dt1 and dt2 are monotone functions over [0, q]. To prove this claim, we show that
dt1 is the sum of two non-decreasing functions, implying it is non-decreasing and therefore
monotone. A similar argument holds for dt2. By definition,

dt1(x) = Lt
hA

(x)− U t
hB

(q − x)

dt2(x) = Lt
hB

(q − x)− U t
hA

(x),

where all aforementioned bound functions are non-decreasing (by Property 6).

To prove that dt1(x) is a non-decreasing function over [0, q], we analyze the behavior of its
components. Since U t

hB
(x) is non-decreasing in x, U t

hB
(q − x) is non-increasing in x. For

x1 ≤ x2, we have q − x1 ≥ q − x2. So,

U t
hB

(q − x1) ≥ U t
hB

(q − x2).

Multiplying a non-increasing function by −1 makes it non-increasing, so −U t
hB

(q − x)
is a non-decreasing function of x. Because the sum of two non-decreasing functions is
non-decreasing, we have that dt1 is non-decreasing in x, and therefore monotone.
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A similar argument can be made to show that dt2 is a non-increasing function. That is,
Lt
hB

(q − x) is a non-increasing function of x, and −U t
hA

(x) is a non-increasing function of
x. Therefore, their sum is non-increasing, and dt2 is therefore monotone.

[H3] From [H1] and [H2], functions dt1 and dt2 are continuous and monotone. Then from Lemma 6,
the sets {x ∈ [0, q] : |dt1(x)| ≤ G} and {x ∈ [0, q] : |dt2(x)| ≤ G} are closed intervals (or
possibly empty). These sets are exactly D1 and D2, respectively.

Next, we show that the guaranteed fair set is a closed interval.

Lemma 4: At any round t > 1, A−
t is an empty or closed interval in [0, q].

Proof. This follows directly from Property 7 and the fact that the intersection of two closed intervals
is empty or itself a closed interval. By the definition of the guaranteed fair set and Property 1,
A−

t = D1 ∩ D2. From Property 7, we have that D1 and D2 are empty or closed intervals. The
intersection of two closed intervals is itself a closed interval (or empty). Therefore, our claim
holds.

Before proving Lemma 5, we introduce the concept of overlapping bound functions, which helps
build intuition for the proof. We begin by noting that the functions hA(x) and hB(q − x) intersect
when G = 0. Using this observation, we previously proved Lemma 1 by applying the Intermediate
Value Theorem to show that there exists an x ∈ [0, q] such that hq(x) = hA(x)− hB(q − x) = 0.
This result implies that at some allocation x,

hA(x) = hB(q − x).

In other words, the functions hA and hB intersect at least once.

Now consider the bounds on hA and hB from Lemma 7. At any round t, we are guaranteed that:

hA(x) ∈ [Lt
hA

(x), U t
hA

(x)] and hB(q − x) ∈ [Lt
hB

(q − x), U t
hB

(q − x)].

Since hA(x) and hB(q − x) must intersect at some allocation x, their respective bound functions
[Lt

hA
(x), U t

hA
(x)] and [Lt

hB
(q − x), U t

hB
(q − x)] must also overlap at some point. To capture the

allocations at round t where this overlap occurs, we define the overlap set:

Doverlap = {x ∈ [0, q] : [Lt
hA

(x), U t
hA

(x)] ∩ [Lt
hB

(q − x), U t
hB

(q − x)] ̸= ∅}.

Next, we show that the overlap set is a closed interval.
Property 8. Doverlap is a non-empty, closed interval in [0, q].

Proof. Define

IA(x) = [Lt
hA

(x), U t
hA

(x)],

IB(q − x) = [Lt
hB

(q − x), U t
hB

(q − x)].

[C1] Claim: Doverlap is non-empty. Consider an allocation x where hA(x) = hB(q − x). Such an
allocation must exist because by Assumption 1, hA(x) is non-decreasing in x and hB(q−x)
is non-increasing in x, and hA(0) = hB(0) = 0. Therefore, the two impact functions must
intersect at some point.

By Lemma 7, the bound functions are guaranteed to contain their respective impact functions
at any allocation in [0, q]. Therefore, it must be the case that IA(x) ∩ IB(q − x) ̸= 0. By
definition this x must belong to Doverlap.

[C2] Claim: Doverlap is a closed interval. We first show that for any x1 ≤ x2 ≤ x3 such that
x1 and x2 are in Doverlap, x2 ∈ Doverlap. We then show that Doverlap contains its boundary
points.
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[H1] Recall from Lemma 7 and Property 6 that the following hold:
• Bound functions LhA

(x) and UhA
(x) are non-decreasing in x.

• Bound functions LhB
(q − x) and UhB

(q − x) are non-increasing in x.
Notice that x ∈ Doverlap is equivalently,

LhA
(x) ≤ UhB

(q − x) and LhB
(q − x) ≤ UhA

(x).

Assume that x1 ∈ Doverlap and x3 ∈ Doverlap with x1 ≤ x3. Our goal is to show
that every x2 such that x1 ≤ x2 ≤ x3 is also contained in Doverlap. To confirm this
relationship, we need to show that

LhA
(x2) ≤ UhB

(q − x2) and LhB
(q − x2) ≤ UhA

(x2).

Consider the first inequality. We derive this expression using given information.

LhA
(x2) ≤ LhA

(x3) [defn of non-decreasing function]
UhB

(q − x3) ≤ UhB
(q − x2) [defn of non-increasing function]

LhA
(x3) ≤ UhB

(q − x3) [true because x3 ∈ Doverlap]
LhA

(x2) ≤ LhA
(x3) ≤ UhB

(q − x3) ≤ UhB
(q − x2)

=⇒ LhA
(x2) ≤ UhA

(q − x2).

Next, we consider the second inequality. We also derive this expression using given
information.

UhA
(x1) ≤ UhA

(x2) [defn of non-decreasing function]
LhB

(q − x2) ≤ LhB
(q − x1) [defn of non-increasing function]

LhB
(q − x1) ≤ UhA

(x1) [true because x1 ∈ Doverlap]
LhB

(q − x2) ≤ LhB
(q − x1) ≤ UhA

(x1) ≤ UhA
(x2)

=⇒ LhB
(q − x2) ≤ UhA

(x2).

So x1 and x3 in Doverlap imply x2 ∈ Doverlap.
[H2] Next, we must show that Doverlap contains its boundary points. Note that any non-empty

subset of [0, q] has a finite infimum and supremum, which we denote as

xL = inf(Doverlap), xU = sup(Doverlap).

Our goal is to show that xL and xU both belong to Doverlap. For contradiction, assume
xL /∈ Doverlap. Then at xL, at least one overlap inequality fails (e.g. LhA

(xL) >
UhB

(q − xL)). Because LhA
(x) is non-decreasing in x and UhB

(q − x) is non-
increasing in x, the same strict inequality LhA

(x) > UhB
(q − x) holds for all x in

some interval (xL, xL + ε), leaving no points of Doverlap arbitrarily close to xL from
the right. But this contradicts xL being the infimum of a nonempty set. Therefore
xL ∈ Doverlap.
We can use a similar argument shows xR ∈ Doverlap: if xR /∈ Doverlap, then either
LhA

(xR) > UhB
(q − xR) or LB(β) > UA(β), and by monotonicity that failure also

persists in a left-neighborhood of xR, contradicting xR as the supremum. Therefore
xL and xR are contained in Doverlap.

Lemma 5: At any round t > 1, the potential set A+
t is a closed interval in [0, q].

Proof. At a high level, we show that the set of potentially fair allocations A+
t forms a single closed

interval by demonstrating that the underlying function defining this set—the minimum possible
impact difference d(x)—is continuous and quasi-convex. This ensures its sublevel sets are intervals.

The potential fair set at round t, denoted A+
t , contains all allocations x ∈ [0, q] (where q is the

total resource budget) for which there could exist an outcome satisfying the Equality of Impact
(EoI) condition, given the current information about the impact functions. Specifically, A+

t = {x ∈
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[0, q] : d(x) ≤ G}, where G ≥ 0 is the fairness tolerance parameter from Definition 2 (Equality
of Impact). The function d(x) represents the minimum possible absolute difference between a
potential impact on group A, yA, and a potential impact on group B, yB . These potential impacts
are constrained by intervals derived from the observed data: yA ∈ IA(x) = [Lt

hA
(x), U t

hA
(x)] if

group A is allocated x, and yB ∈ IB(x) = [Lt
hB

(q − x), U t
hB

(q − x)] if group B is allocated
q − x. Here, Lt

hi
and U t

hi
are the lower and upper bounds for the true impact function hi of group

i ∈ {A,B} at round t, as constructed from sampled outcomes according to Lemma 7. Thus,
d(x) = min{|y′A − y′B | : y′A ∈ IA(x), y

′
B ∈ IB(x)}. This minimum difference can be expressed

explicitly as:

d(x) = max
(
0, Lt

hA
(x)− U t

hB
(q − x), Lt

hB
(q − x)− U t

hA
(x)

)
.

Let f1(x) = Lt
hA

(x)− U t
hB

(q − x) and f2(x) = Lt
hB

(q − x)− U t
hA

(x).

By Property 6 (specifically, properties [C1] Continuity and [C2] Non-decreasing), the functions
Lt
hA

(x) and U t
hA

(x) are continuous and non-decreasing on [0, q]. Similarly, Lt
hB

(y) and U t
hB

(y) are
continuous and non-decreasing with respect to their argument y. Consequently:

• U t
hB

(q − x) is continuous and non-increasing in x on [0, q].

• Lt
hB

(q − x) is continuous and non-increasing in x on [0, q].

Therefore:

• f1(x) = Lt
hA

(x)−U t
hB

(q−x) is the sum of a continuous non-decreasing function (Lt
hA

(x))
and another continuous non-decreasing function (−U t

hB
(q − x)). Thus, f1(x) is continuous

and non-decreasing on [0, q].

• f2(x) = Lt
hB

(q−x)−U t
hA

(x) is the sum of a continuous non-increasing function (Lt
hB

(q−
x)) and another continuous non-increasing function (−U t

hA
(x)). Thus, f2(x) is continuous

and non-increasing on [0, q].

Since f1(x) and f2(x) are continuous, and the max function preserves continuity, d(x) =
max(0, f1(x), f2(x)) is continuous on [0, q]. As A+

t is the set {x ∈ [0, q] : d(x) ≤ G}, it is
the sublevel set of a continuous function. Since d(x) ≥ 0 and G ≥ 0, A+

t is the preimage of a closed
set (e.g., [0, G] restricted to the range of d(x)), and thus A+

t is a closed set.

To show that A+
t is a single interval, we examine the shape of d(x).

• As x increases, f1(x) (non-decreasing) tends to increase from potentially negative to positive
values.

• As x increases, f2(x) (non-increasing) tends to decrease from potentially positive to negative
values.

The function d(x) = max(0, f1(x), f2(x)) will therefore exhibit the following behavior:

• When f2(x) is positive and dominates f1(x) (and 0), d(x) follows f2(x) and is non-
increasing.

• When both f1(x) ≤ 0 and f2(x) ≤ 0, d(x) = 0. This corresponds to the region where the
intervals IA(x) and IB(x) overlap.

• When f1(x) is positive and dominates f2(x) (and 0), d(x) follows f1(x) and is non-
decreasing.

This overall behavior (non-increasing, then potentially constant at zero, then non-decreasing) charac-
terizes d(x) as a quasi-convex function on the interval [0, q].

A key property of such a quasi-convex function d(x) (which we also established is continuous)
is that its sublevel sets are convex. Specifically, the definition of quasi-convexity (d(λx1 + (1 −
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λ)x2) ≤ max(d(x1), d(x2)) for λ ∈ [0, 1] and x1, x2 ∈ [0, q]) ensures that if d(x1) ≤ c and
d(x2) ≤ c for some constant c, then it must also be that d(λx1 + (1− λ)x2) ≤ c. This means that
if any two points x1, x2 belong to a sublevel set {x ∈ [0, q] : d(x) ≤ c}, then all points on the
segment connecting x1 and x2 also belong to that set, which is the definition of a convex set. Since
A+

t = {x ∈ [0, q] : d(x) ≤ G} is such a sublevel set, and d(x) is continuous, A+
t is both closed and

convex. A closed and convex subset of the real line R (like A+
t within [0, q]) must be a single closed

interval (this interval could be empty, a single point, or an interval of the form [a, b]).

Thus, A+
t is a single closed interval in [0, q].

Lastly, we show that regardless of how Algorithm 1 chooses allocations, X̂ and A+ do not increase
in size at each round.
Property 9. Given Assumption 1, for all t > 0, A+

t−1 ⊇ A+
t .

Proof. By definition,

A+
t = {x : ∃yA ∈ [Lt

hA
(x), U t

hA
(x)], yB ∈ [Lt

hB
(q−x), U t

hB
(q−x)] such that |yA−yB | ≤ G}.

The lower and upper bounds evolve as follows: for all i ∈ {A,B}

Lt
hi
(x) ≥ Lt−1

hi
(x) U t

hi
(x) ≤ U t−1

hi
(x).

Then the intervals [Lt
hi
(x), U t

hi
(x)] are nested at t− 1, i.e., [Lt

hi
(x), U t

hi
(x)] ⊆ [Lt−1

hi
(x), U t−1

hi
(x)].

Therefore, any pair (yA, yB) that exists at round t must also have existed at round t− 1. Therefore
A+

t ⊆ A+
t−1.

Property 10. Given Assumption 1, for all t > 0, X̂t ⊆ X̂t−1.

Proof. For contradiction, assume X̂t ̸⊆ X̂t−1, i.e., there exists an allocation x contained in X̂t but
not in X̂t−1. Let ℓ(t) = maxx′∈[0,q] L

t
u(x

′). Then by definition,

X̂t = {x′ : U t
u(x

′) ≥ ℓ(t)}
X̂t−1 = {x′ : U t−1

u (x′) ≥ ℓ(t− 1)}.

The following expressions must hold:

U t−1
u (x) ≥ U t

u(x) [monotonicity of the upper bound]

U t
u(x) ≥ ℓ(t) [defn of X̂t]
ℓ(t) ≥ ℓ(t− 1). [monotonicity of the lower bound]

Therefore, U t−1
u (x) ≥ ℓ(t− 1), implying x ∈ X̂t−1. But this contradicts our assumption. So x must

also be contained in X̂t−1, and therefore X̂t ⊆ X̂t−1.

E Fair Regret Analysis

In this section we prove Theorem 3, which is restated below.

Theorem 3: Given Assumptions 1 and 2, Algorithm 1 achieves bounded fairness regret. In
particular, the cumulative fairness regret satisfies Rfair(T ) = O(1).

Proof. To show that Rfair(T ) = O(1), we note that at each round t, an allocation decision xt is located
in one of three (mutually exclusive) sub-intervals in A+, and derive the worst-case instantaneous
regret in each sub-interval. We then show that the cumulative regret of this worst-case problem is
bounded by a constant.

We first show that each allocation made by Algorithm 1 must lie in the potential fair set A+.

Property 11. At each round t, Algorithm 1 chooses an allocation in A+
t .
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Proof. Algorithm 1 employs Algorithm 2 to choose an allocation at the next round. Algorithm 2
makes allocation decisions based on three general cases—we show that in each case, the allocation
decision resides in A+. In case one (lines two and three of Algorithm 2), pL is returned. By definition,
pL ∈ A+. Similarly, in case two (lines four and five), pR ∈ A+ is returned. In the last case (lines
seven through nine), allocations belonging to F = (A+ ∩ X̂) \ A− are returned. This definition
implies F ⊆ A+. Therefore, all allocation decisions made by Algorithm 1 belong to A+.

We can further divide A+ into sub-intervals of interest—specifically, we consider [pL, aL), [aL, aR],
and (aR, pR], which form a partition of A+. In each of these cases, we will determine the worst-case
instantaneous regret, and use these values later to construct an upper bound on the cumulative regret.

Trivially, note that xt ∈ [aL, aR] =⇒ xt ∈ QG, and no fairness violation occurs because g(xt) = 0
for any xt ∈ QG. Next, we show that the worst-case regret in [pL, aL) and (aR, pR] can be obtained
at pL and pR, respectively. In other words, the worst-case regret of A+ can be seen at its boundaries.
Towards this, we first provide a property of the function |hq(x)| = |hA(x)− hB(q − x)| that will be
used to show this result:

Lemma 8. Given Assumption 1, the function |hq(x)| = |hA(x)− hB(q− x)| is non-increasing over
[0, aL], zero over [aL, aR], and non-decreasing over [aR, q].

Proof. This follows from the properties of the impact functions hA and hB defined in the Marginal
Return Class (Assumption 1), which implies that hA is a non-decreasing function of x, and hB

is a non-increasing function of q − x. We also use the definitions of non-increasing and non-
decreasing functions. Consider values x1 and x2 such that x1 < x2. A function f is non-increasing
if f(x1) ≥ f(x2), and non-decreasing if f(x1) ≤ f(x2). To prove our claim, we consider each case
individually.

• Case: x ∈ [0, aL]. Note that hA is non-decreasing in x to aL, and that hB is non-increasing
in q − x to aL, at which point hA(aL) = hB(q − aL) = 0. Then to show that |hq| is
non-increasing, we must show that ∀x1 and x2 ∈ [0, aL], |hq(x1)| ≥ |hq(x2)|:

|hq(x1)| ≥ |hq(x2)|
= |hA(x1)− hB(q − x1)| ≥ |hA(x2)− hB(q − x2)| [defn of hq]
= hB(q − x1)− hA(x1) ≥ hB(q − x2)− hA(x2) [hB > hA over [0, aL]]
= hB(q − x1)− hB(q − x2) ≥ hA(x1)− hA(x2) [rearrange].

The last expression holds from the fact that hB is non-increasing (and therefore the difference
hB(q − x1) − hB(q − x2) is non-negative), and hA is non-decreasing (and therefore the
difference hA(x1)− hA(x2) is non-positive).

• Case: x ∈ [aL, aR]. By Theorem 1, QG is a closed interval and is represented by [aL, aR].
By definition, for any x ∈ QG, |h(x)| = 0.

• Case: x ∈ [aR, q]. A similar argument as in the first case can be derived, where instead
we show that |hq(x1)| ≤ |hq(x2)|, and use the fact that hA > hB over [aR, q] to prove this
case.

Next, we show that over the sub-intervals [pL, aL) and (aR, pR], the highest fair regret within each
sub-interval exists at pL and pR, respectively. We will use this to

Property 12. Given Assumption 1, let x1 and x2 belong to [0, q] such that x1 < x2. Then

1. If x1 and x2 belong to [ptL, aL), then g(x1) ≥ g(x2)

2. If x1 and x2 belong to (aR, p
t
R], then g(x2) ≥ g(x1).
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Proof. We start by showing the first case. By Lemma 8, |h| is non-increasing over [0, aL] and
therefore non-increasing over [ptL, aL). This implies that |hq(x1)| ≥ |hq(x2)|. Then the following
inequalities must hold:

|hq(x1)| ≥ |hq(x2)| [def of non-increasing function]
=⇒ |hq(x1)| −G ≥ |hq(x2)| −G

=⇒ max(0, |hq(x1)| −G) ≥ max(0, |hq(x2)| −G)

= g(x1) ≥ g(x2). [def of fair regret]

A similar argument can be made to show the second case. By Lemma 8, |hq| is non-decreasing over
[aR, q] and therefore non-decreasing over (aR, ptR]. This implies that |hq(x2)| ≥ |hq(x1)| for all
xt ∈ (aR, p

t
R]. A similar series of algebraic steps can be used to show g(x2) ≥ g(x1).

By definition, if Rfair(T ) = O(1), then there must exist a positive constant C such that

T∑
t=1

g(xt) ≤ C,

where Rfair(T ) =
∑T

t=1 g(xt). We split this summation into the partition of A+ that was previously
defined. Let Xt be the set of all allocation decisions made by Algorithm 1 from round 1 until (and
including) round t, and let

PL(t) = Xt ∩ [0, aL) PR(t) = Xt ∩ (aR, q].

The cumulative regret can then be split into the sum of the regret due to allocations belonging to these
sets:

T∑
t=1

g(xt) =

 ∑
x∈PL(T )

g(x)

+

 ∑
x∈PR(T )

g(x)

+

 ∑
x∈QG

g(x)


︸ ︷︷ ︸
allocations in fair set

=

 ∑
x∈PL(T )

g(x)

+

 ∑
x∈PR(T )

g(x)

+ 0.

Property 12 implies that choosing the boundary of A+ at each round leads to an upper bound on the
cumulative regret by summing an upper bound on the instantaneous regret:

T∑
t=1

g(xt) =

 ∑
x∈PL(T )

g(x)

+

 ∑
x∈PR(T )

g(x)


≤

 ∑
xt∈PL(T )

g(ptL)

+

 ∑
xt∈PR(T )

g(ptR)

 .

A valid but looser upper bound can be derived by summing the maximum possible regret from both
PL and PR for every round t = 1, · · · , T :

T∑
t=1

g(xt) ≤
T∑

t=1

g(ptL) +

T∑
t=1

g(ptR). (8)

In the rest of this proof, we derive a constant to bound each term in (8). We first focus (in bullets
[H1] to [H4]) on the left boundary of A+, and derive a constant that upper-bounds

∑T
t=1 g(p

t
L). In

[H1], we derive an expression for pL in terms of the impact function bounds. In [H2] and [H3], we
derive an upper bound on the worst-case instantaneous regret per round. Lastly, in [H4], we use this
derivation to derive a constant that upper-bounds

∑T
t=1 g(p

t
L).
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[H1] Derive an expression for pL using the impact function bounds. Denote xi as the leftmost
neighbor of ptL. Let xleft represent the sample left of xi. If no such allocation exists, let
xleft = 0 and hA(xleft) = 0. Similarly, let xright represent the sample right of xi, and denote
xright = 0 if none exists. The left boundary of A+

t can then be defined as the x-value
satisfying

Lt
hB

(q − x)− U t
hA

(x) = G, (9)

where x ∈ [xi, pL] and Lt0
hB

(q − x) and U t
hA

(x) are defined as

Lt
B(q − x) =

hB(q − xi)− hB(q − xright)

(q − xi)− (q − xright)
((q − x)− (q − xright)) + hB(q − xi)

=
hB(q − xi)− hB(q − xright)

xright − xi︸ ︷︷ ︸
mL

(xright − x) + hB(q − xi)

U t
A(x) =

hA(xleft)− hA(xi)

(xleft − x)︸ ︷︷ ︸
mU

(x− xi) + hA(xi).

As the round number increases, xi and xleft can be replaced with xt and xt−1, respectively.
We adopt this notation throughout the remainder of this proof.

[H2] Derive a lower bound on the minimal change in pL. In [H1], we derived an expression
for pL based on the bounds of the impact functions. In this section, we use Property 9,
which states that A+

t+1 ⊆ A+
t , to derive a lower-bound on the smallest amount that pL can

change between consecutive rounds. In [H3] we show that this implies a worst-case fair
instantaneous regret incurred between rounds.

Recall that x = pL is the allocation that satisfies LhB
(q − x)− UhA

(x) = G. Intuitively,
when the slopes of Lt

h and U t
h become steeper, pt+1

L shifts to the left, closer to ptL. We
formally establish this (general) relationship in the following property.

Property 13. Define the following lines, where ϵ > 0, ml and mu are non-negative values,
and bu < bl:

L(x) = −mlx+ bl, U(x) = mux+ bu,

L′(x) = −(ml + ϵ)x+ bl, U ′(x) = (mu + ϵ)x+ bu.

Increasing the steepness of either L(x) or U(x) shifts the intersection point further to the
left. Specifically, let xLU denote the intersection of L and U . Then the intersection of L
and U ′ occurs at a value x < xLU , and the intersection of L′ and U also occurs at a value
x < xLU .

Proof. The intersection of L and U is the solution to −mlx+ bl = mux+ bu, which gives
xLU = bl−bu

ml+mu
.

The intersection of L and U ′ is the solution to −mlx+ bl = (mu + ϵ)x+ bu, which gives
xLU ′ = bl−bu

ml+mu+ϵ .

Since ϵ > 0, the denominator of xLU ′ is greater than the denominator of xLU . Because the
numerator (bl − bu) is positive, it follows that xLU ′ < xLU .

A similar argument holds for the intersection of L′ and U , which gives xL′U = bl−bu
ml+mu+ϵ ,

also less than xLU . Therefore, increasing the steepness of either line shifts the intersection
point to the left.

In context of the impact functions, Property 13 implies that by increasing the steepness of
slopes mU and mL, the intersection of the bounds LhB

(q − x) and UhA
(x) moves leftward.

Therefore, making mL and mU as steep as possible results in a lower bound on the smallest
difference between the allocations chosen in consecutive rounds, and therefore the worst
possible regret at the next round.
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We can find the lines representing the an upper bound on mU and mL using the definition
of concavity. Define the lines passing through the origin and the impact functions at xi as

Li
B(q − x) =

hB(q − xi)

(q − xi)
(q − x) (10)

U i
A(x) =

hA(xi)

xi
x. (11)

Then concavity implies that the impact of any allocation x ≥ xi is bounded above by U i
A(x),

and that the impact of any allocation q − x ≤ q − xi is bounded below by Li
B(q − x). We

can therefore substitute (11) and (10) into (9) and solve for the allocation resulting in the
smallest difference between consecutive rounds. We solve for q − xt as this has been more
intuitive for showing our main result. The final form is

q − xt = (q − xt−1)

[
1− xt−1g(xt−1)

xt−1hB(q − xt−1) + (q − xt−1)hA(xt−1)

]
. (12)

Lastly, in Lemma 9, we show that q − xt < q − xt−1, i.e., the samples (for group B) are
strictly decreasing towards q − aL when the allocation is unfair.

Lemma 9. Given Assumption 1, for all t, q − xt < q − xt−1.

Proof. Consider the iterative relationship defined in (12), which determines each subsequent
allocation. To analyze the behavior of this sequence, we define the function f so that
xt = f(xt−1):

f(q − x) = (q − x)

[
1− xg(x)

xhB(q − x) + (q − x)hA(x)

]
.

Notice that f(q−x) is equivalent to some fraction of its input, i.e., f(q−x) = (q−x)[1−c].
Therefore, if we show that 0 < c < 1, then this implies f(q − xt−1) < q − xt−1.

We first show that c > 0. As our goal is to find the worst-case instantaneous fair regret,
we assume the input x is unfair. Therefore the function g is always positive. Lastly,
by Assumption 1, hB and hA are non-negative functions. Therefore, the numerator and
denominator are both positive values, and are never zero.

Next, we show that c < 1. If this is true, then the denominator must be greater than the
numerator, i.e., xhB(q − x) + (q − x)hA(x) > xg(x). For contradiction, assume instead
that xhB(q − x) + (q − x)hA(x) < xg(x). Then the series of simplifications below must
hold:

xhB(q − x) + (q − x)hA(x) < xg(x)

xhB(q − x) + (q − x)hA(x) < xhB(q − x)− xhA(x)− xG (13)
xhB(q − x) + qhA(x)− xhA(x) < xhB(q − x)− xhA(x)− xG

qhA(x) < −xG,

where x[hB(q − x)− hA(x)−G] is substituted for xg(x) in (13). The last expression is a
contradiction because q and G are non-negative by definition, and by Assumption 1, hA is a
non-negative function. Therefore, 0 < c < 1, and for all t, q − xt < q − xt−1.

[H3] Simplifying the bound. In this section we show that the bound on the smallest improvement
between ptL and pt+1

L derived in [H2] implies an upper bound on the instantaneous fair
regret between rounds. To show our result, we first show that Assumption 2 implies that the
instantaneous fairness regret function g is Lipschitz continuous over [0, q].

Lemma 10. Given Assumptions 1 and 2, the instantaneous regret function g(x) =
max(0, |h(x)| −G) is Lipschitz continuous.

Proof. From Assumption 1, the impact functions hA and hB are concave, continuous, and
finite-valued over [0, q]. From Assumption 2, we have that the one-sided derivatives at 0
and q are well-defined and finite. Let

LhA
= max{|∂+hA(0)|, |∂−hA(q)|}, LhB

= max{|∂+hB(0)|, |∂−hB(q)|}.
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Then the impact functions satisfy

|hA(x)− hA(y)| ≤ (LhA
+ LhA

)|x− y|,
|hB(x)− hB(y)| ≤ (LhB

+ LhB
)|x− y|

for all x, y ∈ [0, q], i.e., the impact functions are Lipschitz continuous. The function g is
a 1-Lipschitz transform of h (it does not increase the distance between any two function
values), and is therefore Lipschitz continuous with constant Lh = LhA

+ LhB
.

From Lemma 9, we have that the sequence q − xt is strictly decreasing. The relationship of
q − xt and q − xt−1 can be simplified further by employing the Lipschitz continuity of hA

and hB :

hA(x) ≤ LhA
x, hB(q − x) ≤ LhB

(q − x).

Then Equation (12) can be simplified as follows:

f(q − x) = (q − x)

[
1− xg(x)

xhB(q − x) + (q − x)hA(x)

]
≤ (q − x)

[
1− xg(x)

xL(q − x) + (q − x)Lx

]
= (q − x)

[
1− g(x)

2L(q − x)

]
= (q − x)− (q − x)g(x)

2L(q − x)

= (q − x)− 1

2L
g(x),

where L = max(LA, LB). Solving for xt, we obtain

q − xt ≤ (q − xt−1)−
1

2L
g(xt−1)

xt ≥ xt−1 +
1

2L
g(xt−1). (14)

When xt−1 is unfair, this is a strictly increasing, positive sequence. If xt−1 is fair, then aL
has been found and the regret incurred is zero.

[H4] Finding the cumulative fair regret. Next, we use the relationship in (14) to calculate the
cumulative regret when choosing pL at each round. Rearranging (14), we have that

g(xt−1) ≤ 2L(xt − xt−1).

This implies that the cumulative regret can be bounded as

T∑
t=1

g(ptL) ≤
T∑

t=1

2L(xt − xt−1)

= 2L(xT − x0) [simplifying telescoping sum]
≤2L(aL − 0)

= 2LaL

A similar constant can be derived when considering the cumulative regret when choosing pR at each
round. In this case, the relationship between q − xt and q − xt−1 can be written as

q − xt+1 ≥ (q − xt)

[
1 +

xtg(xt)

(q − xt)hA(xt) + xthB(q − xt)

]
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Using a similar Lipschitz substitution, we can derive a similar expression for the instantaneous fair
regret. Rearranging the above expression, we have(

q − xt+1

q − xt
− 1

)[
(q − xt)hA(xt) + xthB(q − xt)

]
≥ xtg(xt)

=⇒ xtg(xt) ≤
xt − xt+1

q − xt

[
(q − xt)hA(xt) + xthB(q − xt)

]
[simplify]

≤xt − xt+1

q − xt

[
(q − xt)Lxt + xtL(q − xt)

]
[Lipschitz substitution]

= (xt − xt+1)2xtL [simplify]
=⇒ g(xt) ≤ (xt − xt+1)2L.

Then the cumulative fair regret can be written as∑
xt∈PR

g(ptR) ≤ 2L

T∑
t=1

(xt − xt+1)

= 2L(x0 − xT ) [telescoping sum]
≤ 2L(q − aR).

Therefore, the total cumulative fair regret Rfair(T ) can be bounded as follows:

T∑
t=1

g(xt) ≤

 ∑
xt∈PL(T )

g(ptL)

+

 ∑
xt∈PR(T )

g(ptR)


≤

T∑
t=1

g(ptL) +

T∑
t=1

g(ptR)

≤ 2LaL + 2L(q − aR) = 2L(aL + (q − aR)),

and therefore Algorithm 1 achieves a cumulative regret of O(1), with the bounding constant C =
2L(aL + (q − aR)).

F Empirical Analysis Details

F.1 Environment Details

The functions used to model the deterministic environment are as follows. In all of the functions
below, ehA

, ehB
, erA , and erB represent noise. In the noiseless setting, these are set to zero when

x = 0; otherwise, they are drawn from either a uniform or Gaussian distribution.

Imbalanced-reward environment (IRE). In this environment, the reward and impact functions
are identical:

rA(x) = 15 log(5x+ 1) + erA , erA ∼ N (0, 0.1)

rB(x) =

{
−w(x− 50)2 + 2500w + erB if 0 ≤ x < 50

2500w + erB if x ≥ 50,

hA(x) = 15 log(5x+ 1) + ehA
,

hB(x) =

{
−w(x− 50)2 + 2500w + erB if 0 ≤ x < 50

2500w + ehB
if x ≥ 50,

where w = 0.015, ehB
∼ N (0, 0.1), erA ∼ N (0, 0.1), erB ∼ N (0, 0.1). The allocation satisfying

G = 0 (the minimum of the red function in the top plot of Figure 4) minimizes disparity. As G
increases, notice that the optimal allocation shifts closer to x⋆.

Imbalanced-impact environment (IIE). In this environment, the reward and impact functions
measure separate outcomes, and the impact functions are imbalanced. The reward functions are
represented by power functions and the impact functions are represented by log functions.
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Figure 4: Upper plots. The three utility functions (blue) and respective reward functions (light blue)
considered in the experimental section. The reward-maximizing allocation is also labeled: 58.52 for
IRE, 56.69 for IIE, and for 40.12 SE. Lower plots. The three pairs of impact functions considered
(yellow), and their respective absolute difference (red). The allocation satisfying EoI when G = 0 is
labeled: 2.24 for IRE, 90.10 for IIE, and 78.87 for SE. Further function details are in Appendix F.1.

rA(x) = 15x0.3 + erA ehA
∼ N (0, 3)

rB(x) = 18x0.25 + erB ehA
∼ N (0, 3)

hA(x) = 7 log(3x+ 1) + ehA
ehA

∼ N (0, 0.1)

hB(x) = 10 log(5x+ 1) + ehB
ehB

∼ N (0, 0.4)

Water allocation environment (WAE). In this environment, the reward and impact functions
measure separate outcomes. The impact functions model logarithmic growth, while the reward
functions model scenarios where growth is slow, and beyond a certain point, additional allocations
yield no further gains.

hA(x) = 3 log(60x+ 1) + ehA
ehA

∼ N (0, 0.2)

hB(x) = 4.5 log(3x+ 1) + ehB
ehA

∼ N (0, 0.5)

rA(x) =

{
−w(x− 50)2 + 2500w + erA if x < 50

2500w + erA if x ≥ 50
,where w = 0.01, erA ∼ N (0, 2).

rB(x) =

{
−w(x− 50)2 + 2500w + erB if x < 50

2500w + erB if x ≥ 50
,where w = 0.015, erB ∼ N (0, 1)
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F.2 Additional Baseline Details for Deterministic Setting

This section further details the baselines used in the non-noisy setting.

Explore-then-Commit (ETC) This baseline implements the two-phase algorithm described in
Section 7. It takes the total time T and an exploration budget nexplore as hyperparameters.

1. Phase 1: Explore (t = 1 to nexplore)
• The algorithm first defines nexplore bins (strata) by creating nexplore + 1 evenly-spaced

boundaries.
• For each bin i ∈ [0, . . . , nexplore − 1], it samples exactly one allocation ai using a

uniform random sampler.
• For each sampled allocation ai, it samples the reward and impact functions, then

calculates the total welfare and EoI violation.
• The algorithm stores all nexplore allocations, welfare values, and violations. These
nexplore allocations are the first nexplore actions in the final returned array.

2. Phase 2: Commit (t = nexplore + 1 to T )
• After the exploration phase, the algorithm analyzes its stored results. It first finds the

minimum fairness violation achieved: vmin = min(v0, . . . , vnexplore−1).
• It identifies the set of all indices that achieved this minimum violation: Ifair = {i |
vi = vmin}.

• From this “most fair” set, it finds an index corresponding to the single best allocation
by maximizing welfare â⋆.

• For all remaining T − nexplore rounds, the algorithm “commits” by repeatedly playing
â⋆.

The final output is an array of length T , consisting of the nexplore unique sampled allocations followed
by T − nexplore allocations â⋆.

Brent-Search (BS) Simulates an oracle with full knowledge of the problem structure (except how
to construct bounds). It operates in two main phases, logging every function evaluation to simulate a
sampling budget T .

1. Phase 1: Find Fair Set QG

• The algorithm uses the problem’s structural properties (e.g., Lemma 8) and a numerical
root-finder to solve for the exact boundaries of the fair set, QG = [aL, aR]. This is
done by first finding an allocation aG=0 such that |hA(x)− hB(q − x)| = 0. Then, a
numerical root-finder is used to find the boundaries of QG over [0, aG=0] and [aG=0, q].
All function evaluations (samples) used during the root-finding process are recorded
and count toward the allocation budget.

2. Phase 2: Optimize Reward within QG

• The algorithm defines the reward function to be maximized: r(x) = rA(x)+rB(q−x).
• If the fair set is a single point (i.e., np.isclose(aL, aR)), that point is designated

the optimal allocation a⋆.
• Otherwise, it calls scipy.optimize.minimize_scalar to find the allocation X

that maximizes r(x) (by minimizing −r(x)) within the bounds [aL, aR], using the
‘bounded’ (Brent) method.

• All function evaluations performed by this optimizer are appended to the allocations
list from Phase 1.

3. Budget Handling and Commit Phase
• At this point, allocations is a list of all samples from both stages.
• If the total number of samples tsearch = len(allocations) is less than T , the algorithm

"commits" to a⋆ for the remaining T − tsearch rounds.
• If tsearch ≥ T , the search process exhausted the budget. The algorithm simply truncates

the list and returns the first T allocations it sampled (as a NumPy array).
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F.3 Baselines for Noisy setting

Evolutionary multi-objective algorithms For evaluating our noisy algorithm (Algorithm 3), we
compare against two common evolutionary multi-objective optimization algorithms: Non-dominated
Sorting Genetic Algorithm III (NSGA-III) [Deb and Jain, 2013] and Multi-Objective Evolutionary
Algorithm Based on Decomposition (MOEA/D) Zhang and Li [2007]. These are suitable for problems
with continuous variables and multiple objectives, such as maximizing total reward while minimizing
fairness violations (or satisfying a fairness constraint).

Both NSGA-III and MOEA/D were configured to solve a two-objective problem:

1. Maximize utility: rA(aA) + rB(q − aA)

2. Minimize fairness gap: |hA(aA)− hB(q − aA)|

The decision variable is aA ∈ [0, q], with aB = q − aA.

• NSGA-III: Uses a set of pre-defined reference directions to maintain diversity among
solutions on the Pareto front, particularly effective for many-objective problems, but
also commonly used for two or three objectives. In our implementation, we used
‘get_reference_directions(‘das-dennis’, 2, n_partitions=k)’ to generate reference directions,
where k was chosen such that the number of reference directions approximately matched the
target ‘pop_size’. The ‘pop_size’ and ‘n_generations’ were tuned to ensure the total number
of function evaluations (queries to reward and impact functions) matched the 150-query bud-
get of our algorithm. The problem was defined to output ‘[-reward, fairness_gap]‘ to align
with minimization objectives. From the resulting Pareto front, solutions where the fairness
gap was ≤ G were considered feasible. The feasible solution with the highest reward was
selected as the ‘best’ solution for that run. The history of all evaluated individuals across all
generations was used to calculate cumulative regret.

• MOEA/D: Decomposes the multi-objective optimization problem into a number of single-
objective scalar subproblems, which are then solved simultaneously using information from
neighboring subproblems. We used the Tchebycheff decomposition method. Reference
directions were generated using ‘get_reference_directions(‘das-dennis’, 2, n_partitions=k)’,
where k was chosen to align the number of subproblems (and thus population size) with
the target ‘pop_size’. The population size was tuned to match the 150-query budget of
our algorithm. Crossover was set as Simulated Binary Crossover (SBX) with ‘prob=0.9’,
‘eta=20’, and mutation as Polynomial Mutation (PM) with ‘prob=0.9’, ‘eta=10’. Our
MOEAD implementation uses default crossover and mutation if not explicitly passed. We
also set ‘n_neighbors=15‘ and ‘prob_neighbor_mating=0.9‘. Similar to NSGA-III, the
problem was defined to output ‘[-reward, fairness_gap]’. Feasible solutions (gap ≤ G) were
identified from the Pareto front, and the one maximizing reward was chosen. The history of
all evaluated individuals was used for regret calculation.

For both baselines, the reward (rA, rB) and impact (hA, hB) functions provided to them were the
noisy versions, meaning each function call returned the true value plus a sample from the noise
distribution N (0, 0.05772). The total number of queries (function evaluations) for these baselines
was ‘n_generations * pop_size‘, which was set to be comparable to our algorithm’s 150 queries.

F.4 Computational environment

All experiments were conducted on a MacBook Air (M1, 2020 model) featuring an Apple M1 chip
(8-core CPU) and 8 GB of RAM, running macOS Sequoia 15.1.1. No external GPUs were utilized.
The experiments were implemented in Python 3.10.9. Key libraries utilized include NumPy (version
1.22.4), SciPy (version 1.7.3), Matplotlib (version 3.5.1), and scikit-learn (version 1.4.1.post1),
Pymoo (version 0.6.1.3).

F.5 Computational Efficiency of Algorithm 1

In this section we discuss the computational efficiency of updating the bounds of the reward and
impact functions, as well as the set estimators A+, A−, and X̂ . The key observation is that these
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Figure 5: Cumulative reward regret across three environments: WAE, IIE, and IRE (left to right). Each
plot shows 50 rounds. For the stochastic Explore-then-Commit (ETC) baseline, the shaded region
indicates standard deviation over 50 trials. The Brent-Search (BS) baseline and Algorithm 1 are
deterministic, so only a single trial is shown.

bounds are constructed directly from observed allocations using simple algebraic operations on secant
lines. As a result, the updates do not require solving nested optimization problems or performing
costly numerical approximations, and the overall procedure remains lightweight. This makes the
computational complexity of each round essentially linear in the number of samples, with only modest
overhead from maintaining the bound functions.

In addition to updating the bound functions, maintaining the set estimates A+, A−, and X̂ is
also computationally straightforward. Since each set is a closed interval, it can be represented by
just two endpoints, and the update step reduces to simple algebra. Importantly, this process does
not require enumerating all possible allocations: in the two-group setting, the maximizers arise
at intersection points of neighboring allocations (or at the allocations themselves), which can be
identified analytically.

F.6 Additional Experiments

In this section, we present experiments evaluating the reward regret of Algorithm 1. We define
cumulative reward regret as the sum of the absolute difference between the optimal allocation a⋆ and
the allocation chosen at each round:

Rreward(T ) =

T∑
t=1

∣∣a⋆ − u(at)
∣∣ .

Figure 5 shows the cumulative reward regret for the baselines and Algorithm 1. While Brent-Search
exhibits high reward regret in the WAE and IRE environments, it achieves lower regret than Algo-
rithm 1 in the IIE environment. The more information-limited Explore-then-Commit baseline
consistently performs poorly across all environments.

Overall, Algorithm 1 consistently achieves sublinear cumulative reward regret across all three environ-
ments, with the performance gap being particularly pronounced in the WAE and IRE environments.

F.7 Additional Noisy Algorithm Details

This section provides further details on the Gaussian Process (GP) estimators used in our noisy
algorithm (Algorithm 3) in Section 7. Our noisy algorithm utilizes GPs to model the unknown reward
(rA, rB) and impact (hA, hB) functions when observations are subject to noise. Each of these four
functions is modeled by an independent GP.

Kernel selection and hyperparameter tuning We employed a systematic approach to select
appropriate kernels for each function (rA, rB , hA, hB) within each of the three environments (IRE,
IIE, WAE).

• Candidate kernels: We considered three common kernel types suitable for functions
exhibiting diminishing marginal returns:

– Radial Basis Function (RBF) kernel: ‘C(1.0, (1e-3, 1e3)) * RBF()’.
– Matérn kernel: ‘C(1.0, (1e-3, 1e3)) * Matern()’.
– Rational Quadratic kernel: ‘C(1.0, (1e-3, 1e3)) * RationalQuadratic()’.
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The ‘ConstantKernel C’ is used to scale the kernel.
• Tuning process: For each true underlying function in each environment, we performed

a ‘GridSearchCV’ with 5-fold cross-validation to identify the best kernel and its optimal
hyperparameters (‘length_scale‘ for RBF, ‘length_scale’ and ‘nu‘ for Matérn, ‘length_scale’
and ‘alpha’ for Rational Quadratic). This tuning was performed on noise-free samples of
the true functions, with 400 training points linearly spaced between 0 and q = 100.

• Storing kernels: The best-performing kernel (with its optimized hyperparameters) for each
function and environment was used during the experiments.

• Special case: For the Imbalanced-Rewards Environment (IRE), the reward functions were
set to be identical to their respective impact functions (rA = hA, rB = hB), so the kernels
for rA were set to those tuned for hA, and similarly for rB and hB . An override was also
implemented for the ’IR’ environment’s ’hB’ function to use a specific Matern kernel with
‘length_scale=0.5’, ‘nu=2.5’, and a lower GP ‘alpha=0.001’ for better fitting in a specific
region.

GP model configuration in noisy algorithm When the ‘NoisyAlgorithm’ is initialized, it creates
instances of ‘NoisyFairnessFunction’ and ‘NoisyUtilityFunction’. These classes, in turn, initialize
separate ‘GaussianProcessRegressor’ models from scikit-learn for hA, hB , rA, and rB , using the
pre-tuned kernels.

• The ‘GaussianProcessRegressor’ for each function was configured with
‘n_restarts_optimizer=10‘ and an ‘alpha=1e-3’ (representing the noise variance as-
sumed by the GP model, which can also be interpreted as a Tikhonov regularization term).
This ‘alpha’ in the GP regressor is distinct from the Rational Quadratic kernel’s alpha
parameter.

Handling Noisy Observations

• Noise model: In the noisy setting, when the environment is sampled at an allocation at,
the true function values ri(at) and hi(at) are corrupted by additive noise. The noise ϵfi for
each function f ∈ {r, h} and group i ∈ {A,B} is drawn independently from a zero-mean
normal distribution N (0, σ2).

• Noise level: For the experiments, the standard deviation of the observation noise was set to
0.0577 for all reward and impact functions, meaning the noise was N (0, 0.05772). This is
passed via the ‘noise_dict’ to the environment sampling step.

• Updating GPs: At each round t, after receiving a noisy observation (R̂A, R̂B , ĤA, ĤB)
for an allocation at, the corresponding GPs are updated by fitting them to all observations
collected thus far for that function. Specifically, the ‘add_point’ method in ‘NoisyFairness-
Function’ and ‘NoisyUtilityFunction’ appends the new observation and re-fits the respective
GP. The point (0, 0) is added to the training data for rA, hA, and (q, 0) for rB , hB (by trans-
forming q − xB to x′

B and hB(xB) to hB(x
′
B) for the GP) as these are known boundary

conditions.

F.7.1 Construction of Confidence/Credible bounds

The posterior distribution from each GP, f̂(x) ∼ N (µf (x), σ
2
f (x)), is used to construct credible

bounds.

• The lower bound Lf (x) = µf (x) − 1.96σf (x) and upper bound Uf (x) =
µf (x) + 1.96σf (x) are used, corresponding to an approximate 95% credible inter-
val. These bounds are then used to estimate the optimistic and pessimistic fair sets
(Â+

t , Â
−
t ) and the optimistic reward set (X̂t) as described in the main paper. The

‘find_optimistic_and_pessimistic_intervals’ method in ‘NoisyFairnessFunction‘ and ‘up-
date_optimistic_set‘ in ‘NoisyUtilityFunction‘ implement this based on predictions over a
discretized space (resolution=1000 points).
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