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Abstract

Mechanistic interpretability aims to explain a model’s behavior by identifying
causally responsible internal structures. Dictionary-based explainers such as sparse
autoencoders and transcoders are a primary tool, but their faithfulness under out-
of-distribution (OOD) shift has received little systematic attention. We show that
distribution shift rotates the subspace that the model actively uses, misaligning
the explainer’s dictionary trained on in-distribution (ID) activations. We formalize
this misalignment as the faithfulness gap, a geometric distance between the ID
dictionary and the OOD-active subspace, and show that it controls OOD faith-
fulness degradation. To reduce this gap, we propose the Geometry-Adaptive
Explainer (GAE), which realigns the explainer’s dictionary with the OOD-active
subspace while preserving the original feature structure. This requires only unla-
beled OOD activations and no gradient updates. We prove that GAE improves over
the unadapted ID explainer, with excess loss bounded quadratically by the second-
moment shift. Empirically, GAE even matches or surpasses all training-based
baselines in causal faithfulness across multiple models and OOD settings.'

1 Introduction

Mechanistic interpretability aims to explain a model’s behavior by identifying internal structures
that are causally responsible for its outputs [1-3]. A primary approach is to train an explainer, a
post-hoc module such as a sparse autoencoder (SAE) [4] or transcoder [5], that decomposes hidden
activations into sparse combinations of learned feature directions (a dictionary). These dictionary-
based explainers have recently been scaled to large language models [6, 7] and used to uncover
interpretable feature circuits [8]. A central requirement for such explanations is faithfulness: they
should accurately reflect the computations the model actually uses [9, 1].

When a model encounters out-of-distribution (OOD) inputs, the dictionary learned in-distribution
(ID) can no longer capture the directions the model actively uses [10]. Prior work has addressed
this vulnerability from two angles, each limited in scope. Attribution-level robustness studies [11-
14] focus on input perturbations rather than hidden-state geometry. Dictionary-explainer remedies
such as retraining on the model’s own generations [15], upweighting rare concepts [16, 17], and
adding residual modules [18] remain heuristic, without diagnosing the underlying misalignment.
Consequently, the mechanism driving this failure and a principled correction remain unaddressed.

In this work, we identify a geometric mechanism for OOD faithfulness degradation in dictionary-based
explainers. These explainers learn their feature directions from ID activations, so their dictionaries
reflect the geometric structure of ID hidden representations [19]. This structure is captured by
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Figure 1: Faithfulness gap and GAE. Left: distribution shift (illustrated as a language change)
rotates the OOD-active subspace Iloop away from the ID-trained explainer subspace [14e. ~ Ilip,
opening a faithfulness gap A(Il4ec). Right: GAE closes this gap in two steps. Step 1 rotates I1jec
onto ITpop via orthogonal Procrustes. Step 2 refits individual feature directions within the aligned
subspace to match OOD activations while preserving the original feature structure.

the second moment of hidden activations, which distribution shift typically alters [20], leaving the
ID-trained dictionary misaligned with the OOD-active subspace. As illustrated in Figure 1 (left), we
call this misalignment the faithfulness gap, a geometric distance between the ID dictionary and the
OOD-active subspace. We prove that this gap controls OOD faithfulness degradation and that it is
itself upper-bounded by the magnitude of the second-moment shift. Reducing this gap is therefore
necessary for restoring OOD faithfulness, motivating methods that directly realign the dictionary.

We instantiate this idea with the Geometry-Adaptive Explainer (GAE), a closed-form, post-hoc
method that closes the faithfulness gap using only unlabeled OOD activations. GAE first rotates the
ID-trained dictionary so that its subspace aligns with the OOD-active subspace, choosing the rotation
closest to the original dictionary to preserve feature structure (Step 1 in Figure 1). A constrained
decoder refit then adjusts individual feature directions to match OOD activations while maintaining
this alignment (Step 2 in Figure 1). The entire pipeline requires no gradient computation, yet we
prove it is guaranteed to improve over the unadapted explainer (Theorem 1). Empirically, GAE
matches or surpasses all training-based baselines in causal faithfulness across multiple language
models and OOD settings, including methods that retrain from scratch on OOD data.

Our main contributions are summarized as follows:

* We identify the faithfulness gap as a geometric mechanism for OOD faithfulness degradation and
prove that excess loss grows at most quadratically with second-moment shift.

* We propose GAE, a closed-form dictionary realignment method that targets the faithfulness gap
with a theoretical guarantee while preserving feature structure.

* Without any gradient computation, GAE matches or surpasses all training-based baselines, including
full OOD retraining, in causal faithfulness across multiple models and diverse OOD settings.

2 Related Work
2.1 Faithfulness in Mechanistic Interpretability

Dictionary-based explainers such as SAEs [4, 21] and transcoders [5, 22] decompose hidden acti-
vations into sparse feature directions and have become a primary tool for mechanistic interpretabil-
ity [1, 2, 6-8]. Faithfulness is typically evaluated via causal interventions that ablate features and
measure the effect on model outputs [9, 23, 24], and is a prerequisite for reliable circuit discovery
and model editing [8, 25, 26]. These explainers’ dictionaries reflect the geometric structure of ID
hidden representations [19], so distribution shift can degrade faithfulness by misaligning the learned
directions with those the model actively uses. Recent empirical reports support this concern: SAE-
based features underperform dense baselines on OOD downstream tasks [10], yet this vulnerability
has received little systematic attention, with no formal diagnosis of its cause.

2.2 Interpretability under Distribution Shift

The faithfulness assumption above becomes problematic when the model encounters OOD inputs.
Early work showed that saliency maps are fragile under input perturbations [11, 12]. Subsequent
studies examined explanation consistency under shift more broadly [14, 13]. These analyses primarily
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concern attribution methods and attribute failures to predictive degradation or input-level perturbations,
rather than to structural changes in hidden representations. Yet evidence from OOD detection
shows that OOD inputs produce statistically distinguishable activation patterns in hidden layers [20].
Representation comparison methods [27-29] enable quantifying such geometric changes across
conditions, but the connection to explainer faithfulness has not been drawn.

For dictionary-based explainers, proposed remedies include retraining the explainer on OOD data,
training on the model’s own generations to avoid external dataset dependence [15], upweighting
tail samples during training [16, 17], or adding residual capacity via boosting [18]. However, these
approaches either require full retraining or do not directly address the geometric misalignment
between the explainer’s learned dictionary and the OOD-active subspace. Post-hoc methods that
realign the explainer’s dictionary with the OOD-active subspace remain unexplored.

3 Hidden-Space Geometry Shift and Faithfulness Degradation

When a neural network encounters OOD inputs, do its mechanistic explanations remain faithful? We
show that they generally do not. Distribution shift alters the geometry of hidden activations, creating
a misalignment between the directions the model actively uses and those the explainer was trained
to reconstruct. We call this misalignment the faithfulness gap, and prove that (i) it grows at most
proportionally with the second-moment shift for ID-trained explainers (Proposition 1), and (ii) it
controls the reducible part of OOD faithfulness loss (Proposition 2).

3.1 Setup and Faithfulness Gap

Target model and explainer. The target model is a fixed, pretrained neural network whose internal
computations we wish to explain. For an input X, it produces a hidden representation h(X) € R? at
a designated layer. An explainer is a post-hoc module that decomposes hidden representations into
interpretable components. Among various approaches, dictionary-based explainers such as SAEs
and transcoders have become a primary tool for mechanistic interpretability [4, 30]. These methods
learn a decoder (dictionary) Wyec € R4*k and an encoder Wy, € R¥*4 where the k columns of
Waec serve as learned feature directions. SAEs reconstruct the hidden activation h(X) itself, while
transcoders reconstruct the MLP output at the same layer; both share the form

]Al(X) = Wdec U(Wenc h(X) + benc) + bdec; (1)

where o is a sparsifying nonlinearity (e.g., ReLU or TopK) [21]. The explainer represents hidden
activations through a learned dictionary, so its behavior is tied to hidden-space geometry.

In-distribution, out-of-distribution, and second-moment shift. We call the data distribution
on which the explainer was trained ID, denoted by Pp; the dictionary Wy, is learned from ID
activations. At deployment, however, the explainer may encounter OOD inputs from a different
distribution Poop. Our goal is to understand whether the explainer remains faithful under this shift.

We characterize the shift via second-moment matrix M, := Ex.p [h(X)h(X)T], e € {ID,00D}.
Dictionary-based explainers minimize reconstruction error whose optimum depends on the eigen-
structure of M, [21], so a shift in M, changes the directions the explainer should reconstruct. A
second-moment shift occurs when Moop # Mip; we measure its magnitude by || Moop — Mip|| -

Active subspace and faithfulness gap. Since hidden activations concentrate energy along a
few directions [31-33], the top eigenspace of M, captures most of the model’s representational
activity [28]. We write II, = U, UJ , where U, € R?*7 contains the top-r eigenvectors of M.,
and call this the active subspace in environment e. Every reconstruction lies in the column space
of Waec, but the reconstruction energy concentrates along the top-r left singular directions [21].
Similarly, Ilgec = Udec U(LC, where Ugee € R4*" contains the top-r left singular vectors of Wec, is
the explainer subspace. OOD faithfulness depends on how well I14¢. aligns with Iloop.

Under second-moment shift, [Ioop may diverge from II;p, opening a gap between the explainer
subspace and OOD-active subspace. We call this misalignment the faithfulness gap, which tightly
controls how much faithfulness degrades under OOD, as we formalize in Proposition 2:

Definition 1 (Faithfulness Gap). The faithfulness gap of an explainer subspace 1o under OOD is

A(l_Idec) = ”HOOD - Hdec||F~

A large gap means the explainer is reconstructing along directions that the model no longer uses, and
the second-moment shift directly upper-bounds this gap for ID-trained explainers (Proposition 1).
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3.2 Second-Moment Shift Enlarges the Faithfulness Gap

The previous subsection defined the faithfulness gap as a geometric quantity. We now show that
second-moment shift directly enlarges this gap for ID-trained explainers. In practice, explainers
are trained on ID activations and deployed without modification [30, 34]. Since a well-trained ID
explainer satisfies I14.. ~ IIip (empirically validated in Appendix B.2, Table 4), its OOD faithfulness
depends on how far IIip lies from IIpop. The following result, a consequence of the Davis—Kahan
sin © theorem [35], bounds this distance in terms of the second-moment shift.

Proposition 1 (Second-Moment Shift Bounds the Faithfulness Gap of the ID Explainer). Suppose
that Mip has eigengap yip = Ar(Mip) — A1 (Mip) > 0 at rank r. Then

2
A(IIip) = |[lloop — Hip||F < P |Moop — Mip||F-

The faithfulness gap of the ID explainer grows at most proportionally with the second-moment shift
|Moop — Mip ||, with sensitivity controlled by the inverse eigengap 1/41p (proof in Appendix A.1;
empirical verification in Appendix B.4). This establishes that the faithfulness gap can grow large
under distribution shift. The next question is whether reducing it improves faithfulness.

3.3 The Faithfulness Gap Controls OOD Degradation

We now formalize the connection between the faithfulness gap and OOD faithfulness loss, showing
that A(TI4ec) is the central quantity an adaptation method should target.

OOD faithfulness objective. An ideal explainer subspace I14.. minimizes reconstruction error on
OOD activations. We formalize this objective as

L60D (Mdec) = ExPoop 1(X) — Haech(X)]]3. 2

This measures how much OOD activation is lost when projected onto Ige.. Loop (Igec) is a valid
surrogate since hidden-layer reconstruction constrains logit-level faithfulness [23, 24].

Decomposition of Loop (ITgec). To isolate the part of the OOD loss that the explainer can reduce,
we decompose Loop (I1dec) into two terms. Let C,. denote the set of rank-r orthogonal projectors in
R?. For any I14e. € C,,

Loop(Haec) = LoopMoop) + Loop(Iaec) — Loop Hoop) - 3)

irreducible explainer-dependent

The explainer-dependent component is nonnegative (proof in Appendix A.2), so Iloop minimizes
Loop over C,.. The irreducible component depends on the target model and the OOD distribution,
both fixed at deployment; adapting the explainer cannot reduce it. The explainer-dependent component
is the only part the explainer can reduce.

Faithfulness gap as a tight proxy. The faithfulness gap A(I14..) measures the distance between
two subspaces, making it a direct optimization target. The next proposition shows that controlling
A(TT4ec) is equivalent to controlling the explainer-dependent component.

Proposition 2 (Faithfulness Gap Controls the Explainer-Dependent Term). Assume that the OOD
eigengap at rank r, yoop = A\-(Moop) — Ar+1(Moop) > 0. Then for any Mge. € C,,

A1 (M — Aa(M
’702013 A(Mgee)® < Loon (Maee) — Loon (Moop) < 1{Moop) 5 ¢(Moop)

The lower bound shows that any nonzero gap incurs a positive cost (misalignment cannot be free);
the upper bound shows that reducing A (Tge) is sufficient. Together, they establish that controlling
A(IT4ec ) is equivalent to controlling the explainer-dependent faithfulness loss (proof in Appendix A.3;
empirical verification in Appendix B.3). Reducing A(Iqec) is therefore both necessary and sufficient
for improving OOD faithfulness. Section 4 introduces a method that directly targets this quantity.

A(Tgee)?.

4 Geometry-Adaptive Explainer (GAE)

Section 3 showed that OOD faithfulness degradation is controlled by the faithfulness gap A(Tgec)-
We now propose the Geometry-Adaptive Explainer (GAE), which reduces A(II4.) by realigning the
explainer’s dictionary with the OOD-active subspace while preserving the original feature structure.
We present an objective for this adaptation and a closed-form solution.

4
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4.1 Problem Formulation

Section 3.2 showed that an ID-trained explainer’s faithfulness degrades under OOD because its
subspace diverges from IIoop. Minimizing A(Il4e.) amounts to choosing a Wy whose induced
subspace aligns with IIoop. To restore faithfulness, we adapt the existing dictionary VVCIICDC € Raxk
using a set of unlabeled OOD activations {h;} ;, from which we estimate the OOD-active subspace
ﬁOOD. We seek Wy that closes the faithfulness gap while preserving the original feature structure:

. I 2
%jﬁ Lrecon + /\geom ||HOOD - HdecHF + >\pres HWdec decHF7 4
reconstruction subspace alignment feature preservation

where Liecon = % Zf\il lh: — h; |3 is the mean reconstruction error.” GAE holds the encoder
fixed to preserve the learned feature decomposition [4]. The three terms serve complementary roles.
The reconstruction term fits individual OOD activations, since subspace alignment alone does not
guarantee sample-level reconstruction. The subspace alignment term directly targets the faithfulness
gap A(ITgec ), which Proposition 2 showed controls the explainer-dependent component. The feature
preservation term keeps the adapted dictionary close to the original, maintaining the encoder-decoder
pairing for downstream circuit analyses [8].

4.2 Dictionary Adaptation

Eq. (4) is non-convex in Wyec, as I14.. depends on it through a top-r SVD. However, the subspace
alignment term can be enforced as a hard constraint, and once the subspace is fixed, the remaining
terms are quadratic with a closed-form solution. GAE exploits this in two steps (Algorithm 1):
Step 1 enforces subspace alignment by rotating the ID-trained dictionary onto IIoop, choosing the
rotation closest to the original. Step 2 refits the decoder via constrained ridge regression, solving the
reconstruction and feature preservation terms while preserving this alignment.

Algorithm 1 GAE

Require: WP € R¥F; Wi, bene; OOD activations {h; }Y 13 Ageoms Apres
Ensure: (W$AE, bg’e/zE)

1: MOOD(—NZ@ 1hhT

2: Ugec +— top-r left singular vectors of lee)c, UOOD < top-r eigenvectors of M, 00D

3 G+ Udechec(Wdec)TUOOD’ T* « VU from SVD(G)

4 Waee < Ué)O)DT*Udechec > Step 1: Subspace rotation
5: 2z; < 0(Wene hi + beyc) for each h; > frozen encoder
6: WEAE « Eq. (8); bGAE + Eq. (9) > Step 2: Constrained decoder refit

Step 1: Subspace rotation. Let Ug.. € R%*" be the top-r left singular vectors of WdD (the
explainer subspace defined in Section 3.1), and let U(():QD be the top-r eigenvectors of the empirical
second-moment matrix Moop = % Zi\; hih;r . We constrain the rotated dictionary to the form

WdeC(T) = éTO)D T UdTec Wdec? T e OT? (5)

where O, = {T € R"™*" : TTT = I}. Every column of WdCC(T) lies in span(UOOD) so the
column space of We.(T') is contained in this r-dimensional subspace. Since We(T') has rank r, its

induced explainer subspace equals ﬁOOD exactly, and the faithfulness gap vanishes (A(Ilge.) = 0)
Jorany T € O,. Among all rotations that achieve this alignment, we select the one that keeps the
rotated dictionary closest to the original:

T 2
T = arg 1{21& HWdec(T) — WéeDCHF. 6)

This is an orthogonal Procrustes problem [37]. Let G = U, dTec VVdec (Wdec) U OD € R™", with
SVD G = UXV'T. Then T* = VU (derivation in Appendix A.5). Since HS@E := Illpop by
construction, the residual faithfulness gap reduces to the eigenspace estimation error. This yields a
quantitative improvement over the unadapted ID explainer.

2The full dictionary-based explainer objective (Eq. (1)) includes a sparsity penalty on z; = o(Wenc ;i + benc ). GAE
holds the encoder fixed, so z; is constant with respect to Wge. and the sparsity term drops out, leaving only the reconstruction
term. This also means GAE applies regardless of sparsity mechanism (¢, Top-K [7], JumpReLU [36], etc.).
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Theorem 1 (Improvement over ID Explainer). Suppose yoop := Ar(Moop) — Ar+1(Moop) > 0,
A(Iip) > 0, and TIoop ~ Hoop (holds with sufficient OOD samples). Then

Loon(II§2") < Loon (M) — 702013 A(ITp )2 7

The improvement grows quadratically with the ID explainer’s misalignment, so the more severe the
shift, the larger the guaranteed gain. The proof is given in Appendix A.7.

Step 2: Constrained decoder refit. Step 1 aligns the subspace but does not optimize sample-level
reconstruction. Step 2 refits L..con While preserving the alignment from Step 1. Since the encoder
is fixed, the feature activations z; = o(Wepc by 4 benc) for each OOD sample h; are constants, and
reconstruction reduces to a linear least-squares problem in Wy and bqec.. To keep the decoder

geometrically aligned, we penalize decoder mass outside oop with Ageom || (L — ﬁOOD) Waee||%-
To preserve the feature structure from Step 1, we regularize toward Waec (1) with Apres ||Waec —
Waee(T*)||%. The combined objective is convex and quadratic, yielding the closed-form solution

WEAE = Tloop C B~ + (I —Toop) C (B 4 Ageom )Y, ®)
bin® = %2 hi — WEAR L3 4, ©)

h T
where B=21S 2l — (352)(F502) 4 Apres ], (10)
C= % Zi hZZ@T - (% Zz hz) (% Zi Zi)T + /\pres Wdec(T*)- (11)

To summarize, GAE works by first rotating the ID dictionary so that its column space coincides
with the OOD-active subspace (Step 1), then refitting the decoder via a closed-form ridge regression
that matches sample-level reconstruction while preserving this alignment (Step 2). The Step 2
solution applies regularization strength A5 to decoder mass inside the OOD-active subspace and
the larger strength Apyes + Ageom OUtside it, so any decoder mass that drifts off the Step 1 alignment
is automatically shrunk back. The full derivation is in Appendix A.6.

Applying GAE at inference. At inference, the ID-trained encoder remains unchanged: given
an OOD activation h, the explainer extracts features z = o(Wepnc b + benc) and reconstructs h =
WGAE 5 1 pGAE This applies identically to both SAEs and transcoders.

dec dec

S Experiments

We evaluate whether GAE restores explanation faithfulness under distribution shift. Section 5.1 tests
the geometric mechanism in a controlled setting, and Section 5.2 evaluates on language models.

5.1 Controlled Experiment -~

Fixed
3.5 ~* GAE (ours) 0.38

—e— Fixed
—=— GAE (ours)

We first test whether the geometric mech- 3
anism from Section 3 holds in a controlled s
setting. We train a 2-layer ReLU MLP with
hidden dim d =256 and output dim p=S3§, 25,

e
@
&

Recon. error

and a linear-decoder SAE on its ID hid- Y| D S B 032

den activations, then continuously increase  ®4 o5 0 o 100
OOD severity by rotating and rescaling the OOD severity OOD severity

input covariance (details in Appendix B.1). (a) Faithfulness gap. (b) Reconstruction error.

Figure 2 confirms that as severity increases,

the faithfulness gap and reconstruction er- Figure 2: Controlled experiment on a toy MLP

ror of the Fixed explainer (the ID-trained Wwith OOD severity varied from 0 (ID) to 1 (maxi-

explainer, used without adaptation) grow, mum shift). (a) The Fixed explainer’s faithfulness gap

while GAE closes the gap to near zero and A(Ilgec) grows monotonically. (b) Its reconstruction

keeps reconstruction error nearly flat. error rises accordingly. GAE maintains near-zero gap
and flat error throughout.

5.2 Experiments on Language Models

5.2.1 Setup

Target models and explainers. We evaluate on two frozen pretrained language models: GPT-2
Small [38] and Pythia-1.4B [39]. For each model, we train transcoders [5] and Top-K SAEs [7], both
with dictionary size k=32d, as dictionary-based explainers (Eq. (1)).
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OOD settings. We consider three categories of distribution shift: temporal (FineWeb [40], web
text collected after each model’s pretraining cutoff), domain (Edgar [41], financial filings whose
specialized vocabulary and structure differ from general web text), and adversarial (HaluEval [42],
hallucination-inducing prompts that elicit atypical hidden representations). All three induce measur-
able second-moment shift in hidden activations, as verified in Appendix B.4.

Baselines. We compare training-free and training-based approaches. Fixed applies the ID-trained
explainer without adaptation. TERM [16, 17] trains the ID explainer with tilted ERM to upweight
tail samples. Among training-based methods, Finetune [43] warm-starts from the ID explainer on
OOD activations, Retrain trains from scratch on OOD data, SAEBoost [18] adds a residual booster
on OOD reconstruction residuals, and Faithful SAE [15] retrains on the model’s own generations.
GAE (ours) is training-free: it uses only unlabeled OOD activations with no gradient computation.

Detailed descriptions are in Appendix D.2. Table 1: Computational cost per method.

As shown in Table 1, all training-based base- Training-based baselines require gradient optimiza-
lines require gradient-based optimization over tion over millions of tokens. GAE adapts in under
millions of tokens. Even the lightest, Finetune, 3 s without training.

processes SM tokens over several minutes; Re-

train, SAEBoost, and FaithfulSAE each con- Method Tokens Wall-clock
sume 100M tokens and take hours on a single GPT-2  P-14B
GPU. GAE requires no gradient computation at Finetune 5M ~2min  ~12min
all: the entire closed-form pipeline completes in Retrain 100M  ~39min  ~4hrs

0.5 s for GPT-2 and 2.9 s for Pythia-1.4B, using SAEBoost 100M  ~39min  ~4hrs
only ~2,048 unlabeled OOD activations. This FaithfulSAE ~ 100M  ~39min  ~4hrs
makes GAE practical for on-the-fly adaptation

whenever the deployment distribution changes. GAE 2K 0.5s 29s

Evaluation metrics. We evaluate causal faithfulness using three metrics. Normalized AOPC
(mAOPC) [23] averages the normalized logit drop across multiple feature budgets when top-m
features are removed (1 is better). Normalized comprehensiveness (nComp) [24] measures the
normalized logit drop at a single budget m*=32 (1 is better). Both measure the logit-level effect of
ablating top features. Delta cross-entropy (ACE) [7] measures reconstruction quality: the cross-
entropy change when activations are replaced with the explainer’s reconstruction (= 0 is better).
GAE optimizes a geometric objective (the faithfulness gap); improvements on these causal metrics
confirm that geometric realignment yields faithfulness gains. Formal definitions are in Appendix D.4.

5.2.2 Faithfulness Results

Table 2: Faithfulness under distribution shift (Transcoder, two models x three OOD settings).
GAE is training-free yet leads in all nine columns on GPT-2 and achieves the best nComp and |ACE]
in 5 of 6 Pythia-1.4B columns. Bold: best per column. Underline: second best.

FineWeb (Temporal) Edgar (Domain) HaluEval (Adversarial)
Method nAOPCT nComp?t |ACE|/ nAOPCt nComp? |ACE|] nAOPCt nCompt |ACE|]
GPT-2 Small
Fixed 0.857 1.017 0.0281 0.975 1.025 0.0201 0.735 0.737 0.0473
TERM 0.853 0.993 0.0283 0.964 0.999 0.0198 0.730 0.732 0.0523
Finetune 0.856 0.984 0.0172 0.971 1.117 0.0047 0.579 0.579 0.0105
Retrain 0.895 1.118 0.0218 0.936 1.034 0.0015 0.521 0.528 0.2763
SAEBoost 0.958 1476 0.0177 0.979 1.542 0.0072 0.840 0.921 0.0212
FaithfulSAE 0.936 1.186 0.0213 0.976 1.134 0.0197 0.738 0.740 0.0586
GAE (ours) 0.960 1.494 0.0167 0.981 1.618 0.0009 0.871 0.963 0.0014
Pythia-1.4B
Fixed 0.839 1.091 0.0278 0.725 0.828 0.0300 0.899 1.021 0.0354
TERM 0.845 1.043 0.0271 0.895 0.981 0.0298 0.896 1.104 0.0349
Finetune 0.859 1.249 0.0264 0.684 0.860 0.0282 0.925 1.502 0.0280
Retrain 0.894 1.315 0.0405 0.746 0.821 0.0329 0.894 1.393 0.0305
SAEBoost 0.908 1.296 0.0284 0.903 1.297 0.0296 0.965 1.530 0.0283
FaithfulSAE 0.858 1.056 0.0272 0.724 0.822 0.0323 0.899 1.171 0.0307

GAE (ours) 0.915 1.354 0.0269 0.988 1.652 0.0230 0.968 1.693 0.0276

Table 2 reports faithfulness across three OOD settings for GPT-2 Small and Pythia-1.4B (Transcoder).
Despite using no gradient updates, GAE leads on all three metrics for GPT-2 across every OOD
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setting, surpassing training-based baselines that consume up to 100M tokens (cf. Table 1). The largest
gains appear on adversarial shift, where GAE improves nComp over the strongest training-based
baseline SAEBoost by 4.6% (0.963 vs 0.921) and reduces |ACE| by 93% (0.0014 vs 0.0212). On
Pythia-1.4B, GAE achieves the best nAOPC and nComp on all three settings; | ACE] is best on Edgar
and HaluEval but slightly elevated on FineWeb (0.027 vs Finetune’s 0.026), where the more diffuse
eigenvalue decay weakens the rank-r approximation.

Table 3: Faithfulness under distribution shift (SAE, two models x three OOD settings). GAE
leads in all nine columns on GPT-2 and leads on nComp and |[ACE]| in 5 of 6 Pythia-1.4B columns.
Bold: best. Underline: second best.

FineWeb (Temporal) Edgar (Domain) HaluEval (Adversarial)
Method nAOPCT nCompt |ACE|| nAOPCt nComp? |ACE|] nAOPCt nCompt |ACE|]
GPT-2 Small
Fixed 0.735 0.796 0.0185 0.650 0.667 0.0089 0.930 1.134 0.0406
TERM 0.741 0.790 0.0183 0.655 0.682 0.0145 0.898 0.987 0.0401
Finetune 0.725 0.802 0.0015 0.658 0.687 0.0068 0.932 1.155 0.0218
Retrain 0.766 0.856 0.0375 0.715 0.797 0.0065 0.930 1.276 0.0300
SAEBoost 0.704 0.786 0.0120 0.604 0.650 0.0098 0.909 1.243 0.0448
FaithfulSAE 0.725 0.760 0.0262 0.657 0.683 0.0074 0.908 1.082 0.0278
GAE (ours) 0.768 0.871 0.0011 0.723 0.809 0.0037 0.953 1.303 0.0017
Pythia-1.4B
Fixed 0.962 1.536 0.0216 0.953 1.690 0.0170 0.985 1.425 0.0252
TERM 0.965 1.486 0.0237 0.959 1.787 0.0167 0.984 1.762 0.0292
Finetune 0.963 1.618 0.0216 0.959 1.832 0.0131 0.988 1.880 0.0174
Retrain 0.983 1.681 0.0563 0.970 1.848 0.0261 1.000 1.855 0.0209
SAEBoost 0.971 1.451 0.0211 0.955 1.598 0.0152 1.000 1.830 0.0166
Faithful SAE 0.982 1.642 0.0307 0.953 1.769 0.0205 1.000 1.678 0.0514
GAE (ours) 0.985 1.677 0.0207 0.968 1.946 0.0098 1.000 1.885 0.0163

Table 3 reports the same evaluation for Top-K SAEs. On GPT-2, GAE again surpasses every training-
based baseline on all nine columns, with the largest margins on Edgar (nComp 0.809 vs Retrain’s
0.797) and HaluEval (|JACE]| 0.0017 vs Finetune’s 0.0218). On Pythia-1.4B, Retrain is a stronger
competitor than for transcoders, taking best nComp on FineWeb (1.681 vs 1.677) and best nAOPC on
Edgar (0.970 vs 0.968). GAE still leads on nComp and |ACE]| in 5 of 6 columns and achieves the
best |ACE| across all three settings. The pattern is consistent: GAE matches or surpasses methods
that require orders of magnitude more computation.

5.2.3 Case Study: Circuit Attribution under Distribution Shift
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Figure 3: Per-feature DLA on a prompt predicting ¢ American’ (GPT-2, Transcoder). Both
methods share the same encoder and top-3 features; only the decoder columns differ. Each cell shows
a feature’s direct logit attribution (DLA) to nationality tokens (left, 20 tokens) vs. non-nationality
controls (right, 10 tokens). Fixed’s total class-specificity is —0.55 (circuit points away from the target
class); GAE’s is +1.39 (circuit points toward it).

We select a prompt where the model predicts ‘ American’ and measure each feature’s direct logit
attribution (DLA), the dot product of its decoder column with the token’s unembedding vector scaled
by the feature activation. DLA quantifies how much each feature pushes the model toward a given
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next token. Since GAE keeps the encoder frozen, both Fixed and GAE extract the same top-3 features
with the same activations, so any change in DLA isolates the effect of the decoder rotation. For each
feature, we compute the difference between its mean DLA on 20 nationality tokens (the target’s
semantic class) and 10 non-nationality controls, then sum across features to obtain a class-specificity
score that measures whether the identified circuit points toward the correct token class.

Fixed scores —0.55: its circuit points away from the target class on average. GAE scores +1.39:
every top feature contributes more to nationalities than to controls, as shown in Figure 3. The
decoder rotation alone corrects feature-level attribution without altering which features are selected.
Appendix E repeats this analysis on two further prompts whose target tokens are a male first name
(+1.00 — +4.51) and a profession (+0.54 — +0.99).

5.2.4 Mechanism Analysis
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Figure 4: Mechanism analy51s (GPT-2, Transcoder). (a) Sorted pr1n01pal angles between each

explainer’s top-r subspace and HOOD GAE’s subspace aligns with HOOD, while Fixed and Finetune
leave large angular gaps. (b) Step ablation: Step 1 closes the faithfulness gap to 0 yet drops nComp
from 0.74 to 0.44. Step 2 restores nComp to 0.96 at the cost of a small gap (1.59).

Subspace alignment. Figure 4(a) measures the principal angles between each explainer’s top-r

decoder subspace and the OOD-active subspace [lpoop. Fixed and Finetune leave 40°-90° angular
gaps across all rank indices and OOD shift types, while GAE drives every angle to ~1073 °. This
confirms that GAE’s faithfulness gains arise from explicit geometric alignment, validating the
mechanism of Section 4. The persistence of Finetune’s gap further shows that gradient-based

reconstruction loss does not, by itself, drive subspace alignment with lloop. Appendix C verifies
that the projection-loss improvement scales quadratically with A(II;p)?, as predicted by Theorem 1.

Step ablation. Figure 4(b) ablates each step of GAE on HaluEval. Step 1 alone closes the faithful-
ness gap from 7.63 to 0 by construction, yet nComp drops from 0.74 to 0.44 since the orthogonal
rotation diffuses the encoder-decoder feature pairing that the top-k ablation in nComp measures.
Step 2 refits the decoder within Step 1’s subspace, accepting a small gap (1.59) in exchange for the
highest nComp (0.96) and the lowest |ACE| (0.0014). The two steps are complementary: Step 1
chooses the subspace, Step 2 makes the dictionary causally coherent within it. A hyperparameter
sensitivity analysis is reported in Appendix F.

6 Conclusion

We showed that OOD faithfulness degradation in dictionary-based explainers has a geometric cause:
the decoder subspace drifts from the directions the model actively uses. The faithfulness gap A (Igec)
formalizes this misalignment and provably controls the reducible part of OOD faithfulness loss.
GAE closes the gap with a closed-form subspace rotation and constrained decoder refit, using only
unlabeled OOD activations. Across two models and three shift types, GAE outperforms all training-
based baselines on 5 of 6 settings, completing in under 3 seconds without any gradient computation.
A limitation is that we have not yet evaluated on larger-scale models. GAE also relies on a top-r
SVD truncation of W}E., so any feature information carried in the residual (d—r) singular directions
is dropped before adaptation. Extending GAE to adaptive rank selection, encoder adaptation, and
connections to optimal transport on the Grassmannian [44] are promising future directions.
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A Proofs and Derivations

A.1 Proof of Proposition 1

Setup. Write the second-moment shift as £ = Moop — Mip, so that Moop = Mip + E. The
projectors IIip and Ilpop correspond to the top-r eigenspaces of Mip and Mip + E, respectively.
We wish to bound A(ITip) = ||lToop — Iip||F in terms of || E|| r.

Step 1: Projector distance via principal angles. Let 61, ..., 0, be the principal angles between
the column spaces of II1p and IIpop. For two rank-r orthogonal projectors, the Frobenius norm of
their difference satisfies

T
[Tloop — HID”% = 2Zsin2 0;.
i=1

Step 2: Applying Davis—Kahan. The Frobenius-norm form of the Davis—Kahan sin © theorem [35,
45] bounds the sum of squared sines in terms of the perturbation F and the eigengap:

- I —1Iip) ElLp |2
Y sin; < ¢ ID2) ID”F,
P Rii)

where yip = A (Mip) — Ar41(Mip) is the eigengap of Mip at rank r.

Step 3: Bounding the cross term. The matrix (I — II;p) E Ijp is the component of F that maps
the ID-active subspace into its orthogonal complement. Since I — IIjp and IIjp are orthogonal
projectors, each has operator norm 1, so by the submultiplicativity of the Frobenius norm under
operator-norm factors,

(I =ip) Ellip|lp < |[{ = Opllz - [|E|lF - Hplle =1 [|Ellr -1 = ||E|F.

Step 4: Combining. Substituting back,

~ V2 V2
ZZst 9; < — ||E|lr = — |[Moop — Mmp||F,
YID YD

=1

A(IIip) = |Hoop — ip||F =

where the first equality is Step 1, the inequality combines Steps 2 and 3, and the last equality uses
FE = Moop — Mip from the Setup. ]

A.2 Decomposition Eq. (3)

Step 1: Expressing Loop in terms of Moop. For any rank-r orthogonal 1. € C,., the recon-
struction error under Poop is

L0600 Mace) = Ex~poop [2(X) = Mace h(X)|13
=E|[|(I — Maee) M(X)|3
= E tr[(I — Tlaee) H(X) h(X) T (I = Maec) ]
= tI‘[(I - Hdec) MOOD (I - Hdec):lu (12)

where the third step uses ||al|2 = tr(aa ') and the fourth step swaps expectation and trace, with
Moop = E[h(X)h(X)"]. Since I — Il e is an orthogonal projector, it is idempotent: (I —ITgec)? =
I — Tl4ec. Using the cyclic property of trace,

tr[(I — Maec) Moop (I — aee)] = tr[(I — Haec)* Moop]| = tr[(I — Haec) Moop].  (13)
Step 2: Deriving the decomposition. Applying the same identity with Ilpop gives
Loop (HOOD) = tr[([ - HOOD) MOOD] . Taking the difference,
L60p (Maec) — Loon(Moop) = tr[(I — Haee) Moon| — tr[(I — oop) Moop)|

= tr[(HOOD — Igec) MOOD]- (14)
Rearranging gives the claimed decomposition:

L0600 (Haec) = Loop(Hoop) + tr[(Hoop — Haec) Moob] -

13
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Step 3: Nonnegativity and optimality. It remains to show that the second term is nonnegative. Let
Moop = Zle i uzu;r be the eigendecomposition with Ay > --- > Ay > 0. Since [Ioop projects
onto the top-r eigenspace,

tr(lloop Moop) = Z Ai
By Ky Fan’s maximum principle, ;_, \; = maxp,_.ec, tr(Ilqec Moop). Therefore, for any
Hdec S C’r,
tr[(oop — Iaec) Moon| = tr(Illoop Moon) — tr(Ilaec Moon) > 0,
with equality if and only if I14.. also projects onto a top-r eigenspace of Moop. This proves both

the nonnegativity and the optimality IIoop € argminm,__ec, LooD (Ildec)- O

A.3 Proof of Proposition 2

From the decomposition (3), the explainer-dependent component equals tr [(HOOD — gec) MOOD] .
We derive both bounds by expanding this trace in the eigenbasis of Moop.

Setup. Let Moop = Ele by uzulT be the eigendecomposition with Ay > --- > Ay > 0. The
OOD-active subspace is Illoop = 22:1 uiuj, SO uiTHOOD u; = 1;<,. For the explainer subspace
I4ec € C,, define p; := uiTHdCC u; € [0, 1], the fraction of the i-th OOD eigendirection captured by
IT4ec. Expanding the trace in this eigenbasis gives

d
tr[(oop — Maee) Moon] = > A; (u] Hoop ui — p;)

i=1
:Z 1_pz Z )\zpz (]5)
i=1 i=r+1

The first sum captures the OOD energy in the top-r directions that the explainer misses (since 1 — p;
is the fraction lost). The second sum captures the OOD energy in the bottom directions that the
explainer unnecessarily covers.

Connecting to the faithfulness gap. For two rank-r subspaces, the Frobenius norm of their
difference satisfies ||[Iloop — Hgec||% =2 ;_, (1 — p;). Moreover, since both have the same rank,

r d . r
Yoim(l=pi) => i, 1 pi Denoting S := > ;| (1 — p;), we have

A(Maec)? = [Moop — MaeclF =25, and > p;=S5. (16)
1=r+1

Upper bound. Using \; < A fori < rand \; > A4 fori > rin Eq. (15),

r d
D Al —pi) - Z /\zpzﬁ/\lz(l—pi)—)\d > i
i=1 i=r+1 i=r+1
A (Moop) — Aa(Moop)

:Ale)\dS:()\lf/\d)S: 9

A(TTgee)?.
(17

Lower bound. Using A\; > A, for¢ < rand \; < Ay fore > r,

r d
Z)\i(l Z AiDi > Ar Z 1 _pz r+1 Z Di
=1

1=r+1 i=r+1
= A S = A1 S = — Api1) S = ”O;D A(llgee)?. (18)

O
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A4 Corollary: Second-Moment Shift Upper-Bounds OOD Faithfulness Degradation

Combining Propositions 1 and 2 yields an explicit bound on how much faithfulness the ID explainer
loses under OOD.

Corollary 1 (Second-Moment Shift Upper-Bounds OOD Faithfulness Degradation for the ID Ex-
plainer). Suppose yip := A\.(Mip) — A\r1(Mip) > 0. Then

A1 (Moob) — Aa(Moob) (ﬂ

Loop(IIip) — Loop(IIoop) < 5
YD

2
|Moop — MID”F) .

Proof. Setting 114, = Ilip in the upper bound of Proposition 2,

A (Moop) — Aa(Moob)
2

Loop(IIip) — Loop(Iloop) < A(TIp)?.

Proposition 1 gives A(Iljp) < ’\vg |[Moop — Mip||r. Substituting yields the result. The upper

bound of Proposition 2 does not require yoop > 0. [
The explainer-dependent component grows at most quadratically with the second-moment shift.

A.5 Derivation of the GAE Procrustes Solution (Step 1)

We derive the closed-form solution to the feature preservation problem in Eq. (6). Substituting
Waee(T) = USQD TUS . W and expanding:

[Waee(T) = WIR |2 = [WIR |12 + UL WIR |2 — 2t [(WIR) TUSH, T UL WIR],  (19)

where we used 777 = I and (Ung)TUSQD = I. The first two terms are independent of T, so
minimization reduces to

T* = arg max tr(GT), G = Udec Wdec (Wdec) UC():QD

TeO,

Let G = USV be the SVD of G. Setting R = VT TU, we have tr(G T) = tr(X R) = 3, 0 Ris.
Since R € O,, each |R;;| < 1, so the maximum is achieved at R = I,., giving T* = VUT. O

A.6 Derivation of the Step 2 Closed-Form Solution

With the encoder fixed, Step 2 solves the following convex quadratic objective over Wye. € RI**
and b € R%:

N
W Z ||hz _Wdec i _b”2 + )\geom ||(I_HOOD) Wdec”% + /\pres ”WdeC_Wdec(T*)H%
dem —1

Bias. Setting 9/0b = 0 gives b* = 1 >, hi — Wi.. v 2, %i» i.e., Eq. (9).

Decoder. Substituting b* centers the data: define b = h; — & > jhjand 2§ = 2z — = ;%
The problem reduces to

‘r/rVnn -— Z Hho Wdec C||2 + >\geom H(I 1_IOOD) Wdec”F + >\pres HWdec - WdeC(T*)HF

dec

Setting 8/5‘Wdec =0:
[)\presl+>\geotrl(1_ﬁOOD)] Wdec + Wdec N Zz ZC 1 - N Z hc CT + /\pres Wdec(T*)-
The left-hand coefficient A = Apres I + Ageom({ — HOOD) is diagonal in the OOD basis,

with eigenvalue Appes ON span(U(():QD) and Apres + Ageom ON its complement. Denoting B =

20262 4 Apres T and C' = & 37 h§2ET 4 Apres Waee(T*), the system decouples row-wise in
the OOD bas1s into two standard ridge regress1ons
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¢ Inside ﬁOOD (first r rows): Wi, = Cin B~ 1, with ridge level Apres.
* Outside IIoop (remaining d—7 rows): Wout = Cout (B + Ageom 1) ™1, with ridge level A\pres +

)\geom~
Combining via the projector yields Eq. (8): WSAE = oop C B! + (I — Tlpop) C (B +
Ageom 1 )L O

A.7 Proof of Theorem 1

Proof. By Eq. (5), every column of WdeC(T*) lies in span(UggD), )

I§A" = Ugop(Uson) " = Toon. (20)
Under the condition loop = Hoop, this gives A(TISAE) = |Hoop — HGAE|| £ = 0 and therefore
Loop(II§4A") = Loop(oob)- 21
Applying the lower bound of Proposition 2 to Ilje. = Iip:

Loop(IIip) — Loop(Iloop) > WO;D A(TIp)?. (22)

Substituting EOOD(HS‘QE) = Loop (Ioop) and rearranging:
Loop(I§4E) = Loop(Moon) < Loon (i) — 702013 A(Mp)*. (23)
O

B Empirical Evidence for Section 3

This appendix provides empirical support for the theoretical results in Section 3. We verify three
claims: (i) the explainer subspace aligns with the ID-active subspace, (ii) the explainer-dependent
component in the decomposition (3) accounts for a meaningful fraction of the total OOD error, and
(iii) second-moment shift enlarges the faithfulness gap as predicted by Proposition 1.

B.1 Controlled Toy Setting

All experiments in this appendix use a controlled toy setting that allows us to vary OOD severity
continuously while keeping the model and explainer fixed.

Target model. The target model is a 2-layer ReLU MLP with input dimension d;,,=128, hidden
dimension d=256, and output dimension p € {4, 8,16}:

h(x) = ReLU(Wyz +b1) € RY,  o(x) = Wa h(z) + by € RP.

The hidden activations h(x) € R correspond to the hidden representations analyzed in the main text.
The explainer operates on these d-dimensional activations.

Explainer. We train both a transcoder and an SAE on ID hidden activations using the standard
reconstruction-plus-sparsity objective (ERM), with dictionary sizes k € {d/2, 1d, 2d, 4d, 8d, 32d}.
The subspace rank is set to 7 = p, matching the rank of the output weight matrix W, € RP*9:
since o(x) = Wa h(x) + ba, the model’s output depends on h(x) only through its projection onto
span(W, ), which has dimension p. This makes 7 = p the natural rank at which the active subspace
captures all output-relevant directions.

OOD generation. ID inputs are drawn from x ~ AN(0,1 ). OOD inputs are generated as
x = A, z where z ~ N(0, I, ) and A is a severity-dependent transformation matrix. Specifically,
let Q € R%»*din be a fixed random orthogonal matrix and s € R%» be fixed slopes linearly spaced
in [—5, S] with S=6. The base input covariance under severity s is

Yhase(s) = Qdiag(e**) QT (I +sp(1+5)VVT),
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where V € R%»*"V is a fixed random orthonormal matrix (ry=32) and p=10. The base covariance
is then rescaled directionally: variance in the output-relevant subspace span(W,' ) is reduced by
factor (1 — 0.6s), and variance in its orthogonal complement is amplified by factor (1 + 2s2). Finally,
the covariance is globally normalized so that tr(X(s)) = d;, for all s, ensuring that reconstruction
error differences are not driven by trivial scale changes. The transformation matrix A is the matrix
square root of the resulting ¥(s). At s=0, ¥(0) = I (ID); as s increases toward 1, the input
covariance undergoes progressive rotation and anisotropic rescaling, which propagates through the
ReLU layer to induce second-moment shift in hidden space. We use N=20,000 samples for all
geometric computations.

Validation on real models. We also validate the results on pretrained language models (GPT-2
Small, Pythia-1.4B) under temporal, domain, and adversarial distribution shifts, using the experimen-
tal setup described in Section 5. Unlike the toy setting, OOD severity is not varied continuously;
instead, we compare ID and pure OOD for each shift type.

B.2 Explainer Subspace Alignment with the ID Dominant Subspace

Section 3.1 claims that the explainer subspace II aligns closely with II;p for a well-trained ID
explainer. We verify this by measuring the subspace overlap

1
overlap(Ugec, Urp) := - U4 U3 € [0,1],

where Urp € R4*" contains the top-r eigenvectors of Mp. A value of 1 indicates perfect alignment;
0 indicates orthogonality.

B.2.1 Toy Setting

We sweep dictionary sizes k € {d/2, 1d, 2d, 4d, 8d, 32d} for both transcoders and SAEs to test
whether the claim holds across different levels of overcompleteness. Figure 5 reports the overlap as a
function of OOD severity for each dictionary size. In both panels, solid lines show the explainer—ID
overlap and dashed lines show the explainer—OOD overlap.

Lop ! ! - 100f ! ! ! i
g w‘---«eZ‘V‘EE’l::Q\ Fo e = EE
§ 0.75 Ny 1 § 0.75 ‘_,L_,__,__“t;.:\ :
@) M*\\ o R O
¥ 050} 1 gos0f N .
é Mvs I k=24 N\\ é Mvs I k=24 \'\‘\ )
= 0251 “-n::nﬁ:m b4 k=dd *\; = 0.25F ___n::Hﬁ:m b4 k=dd \thw
S S
[75] ® k=d2 V k=8d v ® k=d2 V k=8

k=1d k=32 k=1d k=32
0‘00 - 1 1 1 = 0‘00 - 1 1 1 =
0.00 0.25 0.50 0.75 1.00 0.00 0.25 0.50 0.75 1.00

OOD Severity (s) OOD Severity (s)

Figure 5: Explainer subspace overlap between the explainer and the ID-active subspace (solid)
vs. the OOD-active subspace (dashed), as a function of OOD severity s, for dictionary sizes
k € {d/2,1d,2d,4d,8d,32d}. Left: Transcoder. Right: SAE. For k > 4d, both explainer types
maintain high ID overlap (> 0.89) regardless of severity, while OOD overlap degrades monotonically.

Transcoder (left). The explainer—ID overlap (solid) remains above 0.89 for all dictionary sizes and
all severity levels. The overlap is largely insensitive to k: even an undercomplete dictionary (k=d/2)
captures the ID-active subspace well. The explainer—OOD overlap (dashed) degrades monotonically
with severity, dropping below 0.3 at s=1.0 regardless of k.

SAE (right). The explainer—ID overlap depends more on k. For k > 4d, the overlap exceeds
0.93, comparable to the transcoder. For smaller k (k=d/2 or k=1d), the overlap drops to 0.70—
0.77, indicating that undercomplete SAEs do not fully capture the ID-active subspace. As with the
transcoder, the explainer—OOD overlap degrades with severity for all .
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Interpretation. For sufficiently overcomplete dictionaries (k > 4d, the standard setting in practice),
both transcoders and SAEs align closely with the ID-active subspace regardless of OOD severity,
confirming the claim in Section 3.1. The divergence between the ID overlap (flat) and the OOD
overlap (decreasing) is precisely the faithfulness gap: the explainer remains anchored to the ID
geometry while the model’s active subspace rotates away under OOD shift.

B.2.2 Real-Data Setting

Figure 6 reports the subspace overlap for ID-trained explainers on GPT-2 Small and Pythia-1.4B
under temporal, domain, and adversarial shifts. The rank is =64 for both models.

1.0 EZZ Mvs T T vs Toop (Domain) 1.0 EZA Mvs T T vs Toop (Domain)
W 11vs [loop (Temporal) W 11 vs Ioop (Adversarial) W 11vs [loop (Temporal) W 1 vs Ioop (Adversarial)

o
=3
o
3

e
>
e
>

Subspace Overlap
°
kS

Subspace Overlap

026 026

e
o

0.06 0.06

0.04 005

0.0 0.0

GPT-2 Pythia-1.4B Pythia-1.4B

(a) Transcoder (b) SAE

Figure 6: Subspace overlap on pretrained language models. Hatched bars: explainer vs. ID-active
subspace. Colored bars: explainer vs. OOD-active subspace under temporal, domain, and adversarial
shifts. The explainer—ID overlap consistently exceeds the OOD overlaps across both explainer types
and all shift types.

Transcoder. Across both models, the explainer—ID overlap (hatched bars, 0.53—-0.73) substantially
exceeds the explainer—OOD overlap, which drops to 0.10-0.25 for domain and adversarial shifts. The
gap is larger for domain and adversarial shifts than for temporal shift, consistent with the stronger
geometric distortion induced by these shift types.

SAE. SAE explainers show a similar pattern. The explainer—ID overlap (0.23-0.26) exceeds the
OOD overlap under domain and adversarial shifts (0.04—0.06), while temporal shift retains a larger
portion of the ID overlap (0.19-0.26). The overall overlap values are lower than transcoders because
SAESs reconstruct residual-stream activations rather than MLP outputs, spreading energy across more
directions.

Interpretation. The ID overlap values are lower than in the toy setting (0.89+). This is expected:
real language models have higher effective dimensionality, and the rank r=64 captures a smaller
fraction of the total hidden dimension (d=768 for GPT-2, d=2048 for Pythia-1.4B) than r=p in
the toy setting. Despite this, the relative pattern (ID overlap above OOD overlap under domain and
adversarial shifts) holds consistently for both transcoders and SAEs, confirming the alignment claim
in Section 3.1 on real models. Temporal shift produces a milder gap, consistent with its smaller
second-moment perturbation.

Faithfulness gap on Mip vs. on Moop. Definition 1 measures the gap of Il against IIoop. To
assess the residual ID-side misalignment, we additionally report the analogous quantity against IIjp,

Arp(Hgec) = [[TIip — Haec| 7,

which directly quantifies how well the ID-trained explainer captures II;p. Frobenius gap and overlap
encode the same information through |[I14 — Hp||r = /2r (1 — overlap(Ua, Ug)), so Table 4
reports the gaps converted from the same measurements as Figure 6. The maximum value at r=64 is

V2r =+/128 = 11.31.

For transcoders, Arp (IL4ec) is consistently smaller than A(IT4e. ), with the OOD-side gap exceeding
the ID-side gap by 1.35-1.69x under domain and adversarial shifts, where the second-moment shift
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Table 4: Frobenius faithfulness gap of the ID-trained explainer at r=64. Columns 4-6 report
Arp(Hgec) = [[Tip — HaecllFs A(Hgec) = [[Tloop — Iaec|| 7, and [[IIip — Hoop||r. The last
column is the ratio A(Tgec ) /Arp (Igec ). Maximum possible value at =64 is /128 ~ 11.31. All
values are derived from the overlap measurements behind Figure 6.

Explainer Model Shift A1p (Hdec) A(Hdec) ||H1D — IMoop HF Ratio
GPT-2 Small ~ Temporal 5.89 6.17 5.65 1.05x
GPT-2 Small Domain 5.89 9.79 9.83 1.66 %
GPT-2 Small  Adversarial 5.89 9.97 9.83 1.69x

Transcoder
Pythia-1.4B Temporal 7.73 8.72 7.68 1.13x
Pythia-1.4B Domain 7.73 10.75 10.78 1.39x
Pythia-1.4B Adversarial 7.73 10.46 10.49 1.35%
GPT-2 Small Temporal 9.76 9.75 4.83 1.00x
GPT-2 Small Domain 9.76 10.98 10.33 1.12x

SAE GPT-2 Small  Adversarial 9.76 10.95 10.30 1.12x
Pythia-1.4B Temporal 9.95 10.20 7.65 1.03x
Pythia-1.4B Domain 9.95 11.10 10.88 1.12x
Pythia-1.4B Adversarial 9.95 11.03 10.71 1.11x

is largest. Moreover, ||IIip — Hoop||r tracks A(Tlgec) to within 3% under these shifts, empirically
supporting the substitution 114, ~ II;p used in Proposition 1. SAE explainers exhibit a larger
Arp (Igee) (close to the upper bound at r=64), reflecting the lower per-rank overlap of residual-
stream dictionaries; the ordering A(ITgqec) > Arp(Ilgec) still holds under domain and adversarial
shifts but with a smaller margin (1.11-1.12x). Temporal shift produces nearly equal ID- and
OOD-side gaps for both explainer types, consistent with its milder second-moment perturbation.

B.3 Relative Magnitude of the Explainer-Dependent Term

The decomposition of Eq. (3) separates OOD faithfulness as
Loop(I) = Loop(Hoon) + tr((Moop — ) Moop) -

irreducible explainer-dependent

Adaptation can only reduce the explainer-dependent component. If this component is negligible rela-
tive to the irreducible component, no adaptation strategy can meaningfully improve OOD faithfulness.
We measure the explainer-dependent ratio

tr[(lloop — 1) Moop]
Loop(IT)
to assess whether the explainer-dependent component is an actionable target.

n =

B.3.1 Toy Setting

Figure 7 plots i as a function of OOD severity s for each dictionary size k. At s=0, n < 0.05 for
most k: when ID and OOD coincide, the explainer subspace is near-optimal. As severity increases, 7
grows steadily to 7 = 0.31 at s=1.0 for both transcoders and SAEs, with little variation across k.

The moderate value of n at maximum severity is a consequence of the toy setting’s low rank ratio:
r = p = 8 out of d = 256 dimensions, so only 3.1% of the hidden space is retained. The irreducible
term Loop(Iloop) = ZLTH Ai(Moop) sums 248 discarded eigenvalues and dominates by
construction. In real models where r is chosen to capture a larger fraction of the activation energy,
7 is substantially higher (Section B.3.2). The key observation in this toy setting is that 7 increases
monotonically with severity, confirming that distribution shift enlarges the explainer-dependent
component relative to the total error.

B.3.2 Real-Data Setting

Figure 8 reports n at pure ID and pure OOD for GPT-2 Small and Pythia-1.4B under temporal,
domain, and adversarial shifts.
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Figure 7: Explainer-dependent ratio n as a function of OOD severity s for dictionary sizes
ke {d/2,1d,2d,4d,8d, 32d}. At s=1.0,n ~ 0.31 for both explainer types, independent of k.

Transcoder (left). At pure OOD, domain and adversarial shifts reach n > 0.99 across both
models: the explainer-dependent component dominates the total error almost entirely. Temporal
shift yields  ~ 0.66—0.99 depending on the model, reflecting its milder geometric distortion. These
values are substantially higher than in the toy setting (n ~ 0.31), because the toy setting uses
r/d = 8/256 = 3.1% so the irreducible term dominates by construction.

SAE (right). SAE explainers exhibit the same trend. Under domain and adversarial shifts, > 0.99
for both models, confirming that the explainer-dependent component dominates. Temporal shift
yields n ~ 0.68-0.99 depending on the model, consistent with its milder geometric distortion. At
pure ID, 7 =~ 0.51 (GPT-2) and 1 ~ 0.99 (Pythia-1.4B), reflecting the larger model’s higher effective
dimensionality relative to 7=64.
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Figure 8: Explainer-dependent ratio 7 at pure ID (hatched) and pure OOD (colored) (r=64).
Under domain and adversarial shifts, n > 0.99 for both explainer types.

B.4 Empirical Verification of Proposition 1

Proposition 1 predicts that second-moment shift controls the faithfulness gap via

V2
A(Ilip) £ — |[Moop — Mip||F-
YD

Since this bound depends only on Mp and Moop, it is independent of the explainer architecture
and dictionary size. We verify it empirically on both the toy setting and real models.
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B.4.1 Toy Setting

Figure 9 plots the normalized second-moment shift against A(ITip), with color indicating OOD
severity s. The two quantities are near-perfectly correlated (Pearson 7=0.993, Spearman p=1.000),
consistent with the linear upper bound.
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Figure 9: Proposition 1 verification (toy). X: normalized second-moment shift. Y: faithfulness gap
A(II1p). Color: OOD severity s. The result is independent of explainer type and dictionary size.

B.4.2 Real-Data Setting
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Figure 10: Proposition 1 verification (r=64) at pure OOD. Top row: Transcoder. Bottom row:
SAE. Within each model, larger shifts correspond to larger gaps for both explainer types.

Figure 10 shows the second-moment shift and faithfulness gap for GPT-2 Small and Pythia-1.4B
(r=64) at pure OOD for both transcoders (top row) and SAEs (bottom row). Within each model, the
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ordering is consistent: temporal shift produces the smallest second-moment shift and the smallest
faithfulness gap, while domain and adversarial shifts produce larger shifts and correspondingly larger

gaps.

SAE. The same ordering holds for SAE explainers: temporal shift produces the smallest second-
moment shift and faithfulness gap, while domain and adversarial shifts produce larger values. The
magnitudes are comparable to transcoders, confirming that the proposition is independent of the
explainer architecture.

Summary. The proposition holds across all models and both explainer types under diverse real-
world distribution shifts, confirming that the theoretical predictions generalize beyond the controlled
toy setting.

C Empirical Verification of Theorem 1

Theorem 1 predicts that GAE’s projection-loss improvement over the ID explainer grows at least
quadratically with the faithfulness gap: Loop (IIip) —Loob (HffeéE) > %VOOD A(TIip)2. We verify

this in the controlled toy setting (Section 5.1) by fixing r = p = 8 and sweeping OOD severity from
5=0 (ID) to s=1 (maximum shift). At each severity, we compute the Step 1 GAE projector IIAF =

dec
IToop and measure the projection-loss improvement I(s) = Loop,s(Hip) — Loon,s(IIoop)
against the squared faithfulness gap A (ITip)2.

/;\ 1.0
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Figure 11: Empirical verification of Theorem 1 on the controlled toy setting. Projection-loss
improvement I (s) versus the squared faithfulness gap A (IIp)?, swept across OOD severity s € [0, 1].
The dashed line is a linear fit (R? = 0.93, Pearson 7 = 0.96), supporting the quadratic dependence
predicted by Theorem 1.

Figure 11 shows a strong linear relationship between I(s) and A(IIip)? (Pearson 7 = 0.96, R? =
0.93), supporting the quadratic dependence predicted by Theorem 1. The empirical improvement
exceeds the guaranteed lower bound at every severity (0 violations out of 11), confirming that the
bound is non-vacuous. The bound uses the worst-case eigengap yoop/2 as its constant, which is
conservative relative to the effective improvement rate, as expected for a spectral-gap-based guarantee.
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D Experimental Details

D.1 Model and Explainer Details

Table 5 summarizes the model and explainer configurations. All models are frozen pretrained
checkpoints; only explainer components are adapted.

Table 5: Model and explainer configurations.
Model d Layer k (32d) ID Corpus

GPT-2 Small 768 8 24,576 OpenWebText [46]
Pythia-1.4B 2,048 15 65,536 The Pile [47]

For each model, we train two explainer types: Top-K SAEs [7], which reconstruct residual-stream
activations using Top-K sparsity, and transcoders [5], which reconstruct MLP outputs from MLP
inputs. All explainers use dictionary size k=32d [4] and are trained on in-distribution activations
with the standard reconstruction-plus-sparsity objective.

D.2 Baseline Details

* Fixed (ERM). The ID-trained explainer applied to OOD inputs without any adaptation. This is
the default deployment setting for existing dictionary-based explainers.

* TERM. An ID explainer trained with tilted empirical risk minimization [16, 17], which upweights
high-loss (rare/tail) samples during training to improve coverage of infrequent concepts. This is
an alternative ID training strategy, not an OOD adaptation method.

* Finetune [43]. The ID-trained explainer finetuned on OOD activations with a warm start. This
adapts the existing dictionary to OOD data via gradient-based training.

* Retrain. The explainer retrained from scratch on OOD activations with the same architecture
and hyperparameters. This baseline provides a reference point but is not an oracle upper bound:
retraining on OOD data can distort pretrained feature structure [48].

* SAEBoost. A residual boosting approach [18]: a secondary explainer is trained on the OOD
reconstruction residuals of the ID-trained base explainer, and the two outputs are summed at
inference (h = hpase + hresia)- This adds OOD-specific capacity while retaining the base
dictionary, but requires OOD training data.

* FaithfulSAE. The explainer retrained on the target model’s own unconditional generations [15],
avoiding dependence on external datasets. Requires full retraining but no OOD data.

* GAE (ours). Training-free geometric adaptation (Algorithm 1). Step 1 rotates the ID dictionary’s
subspace to align with the OOD-active subspace via orthogonal Procrustes. Step 2 refits the
decoder via constrained ridge regression with geometry and preservation regularization. The
entire pipeline is closed-form; no gradient computation or iterative training is required.

D.3 GAE Implementation Details

Step 2 regularization. The closed-form decoder refit (Section 4.2, Step 2) regularizes the decoder
toward the Step 1 output Weo(T*) with weight A5, following Eq. (8).

Decoder interpolation. The Step 2 closed-form solution W2 optimizes sample-level recon-

struction under geometry constraints. With limited OOD samples, this solution can overfit to the
estimation noise in {z;, h; }. To mitigate this, we interpolate the Step 2 output with the Step 1 rotated
dictionary:

Wenal = (1 — ) WEAP + o Waeo (T), (24)

dec

where o € [0, 1] controls the interpolation. When o = 0, the output equals the closed-form solution
in Section 4.2. When a = 1, the output equals the Step 1 rotation without reconstruction refinement.
We treat o as a hyperparameter selected per OOD setting.
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Hyperparameter selection. GAE requires no gradient computation or iterative optimization. The
hyperparameters (7, Ageom, Apres, @) are selected per OOD setting using a small held-out portion
of unlabeled OOD activations, monitoring reconstruction quality (|ACE|) and causal faithfulness
(nComp). No OOD labels are required. Once selected, the same hyperparameters are used for all
evaluation prompts.

Hyperparameter summary. Tables 6 and 7 list the GAE hyperparameters for transcoders and

SAEs, respectively. All settings use the second-moment matrix (not centered covariance) for OOD
subspace estimation, as prescribed in Algorithm 1.

Table 6: GAE hyperparameters for transcoder experiments.

Model OOD Setting T Ageom Apres O Nt

GPT-2 HaluEval (Adversarial) 32 0.1 02 0 2,048
GPT-2 Edgar (Domain) 3 0.1 02 0 2,048
GPT-2 FineWeb (Temporal) 6 0.1 0.04 0 2,048
Pythia-1.4B  HaluEval (Adversarial) 64 15 2 0 2,048
Pythia-1.4B  Edgar (Domain) 64 0.1 02 0 2,048
Pythia-1.4B  FineWeb (Temporal) 64 20 1 0 2,048

Table 7: GAE hyperparameters for SAE experiments. When only Step 1 (Procrustes rotation) is
applied, all Step 2 hyperparameters are set to zero.

Model OOD Setting r Ageom Apres @  Npg
GPT-2 HaluEval (Adversarial) 639 0 0 1 0
GPT-2 Edgar (Domain) 462 0 0 1 0
GPT-2 FineWeb (Temporal) 700 0 0 1 0
Pythia-1.4B  HaluEval (Adversarial) 3 0.1 02 0 2,048
Pythia-1.4B  Edgar (Domain) 1,750 0 0 1 0
Pythia-1.4B  FineWeb (Temporal) 3 0 02 0 2,048

D.4 Evaluation Details

Normalized comprehensiveness (nComp). We measure causal faithfulness via logit-level feature
ablation [4, 21]. Given a prompt, let ¢y, denote the target-token logit under the explainer’s full
reconstruction, and /4 the logit when all features are ablated to zero. For a feature budget m*, let
£\ ,+ be the logit after removing the top-m* features. We define

fo — f\m*

o — Lo
where m* = 32. Higher values indicate that the top features are causally important for the model’s
output.

nComp = , (25)

Delta cross-entropy (ACE). We measure reconstruction quality by the cross-entropy increase
when original activations are replaced with the explainer’s reconstruction [7]:

ACE = CE(h) — CE(h), (26)

where CE(R) is the loss with original activations and CE(h) is the loss with reconstructed activations.
Lower values indicate better preservation of the model’s predictive behavior.

Normalized AOPC (nAOPC). nAOPC [23] averages the normalized logit drop across multiple
feature budgets when top-m features are removed:

o — ¢
nAOPC = —= oo 27)
|M‘ meM

where M = {1,2,4,8,16,32,64,128}. Higher values indicate that the identified features are
causally important across a range of budgets.
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Evaluation protocol. We evaluate at the last token position using zero-residual ablation (replacing
ablated features with zero). The denominator |y — {| normalizes each example by the logit range
between full and empty reconstruction, enabling cross-example comparison regardless of the absolute
logit scale. We exclude examples where |y — £z| < 0.1 to avoid unstable normalization. Feature
budgets are M = {1,2,4,8,16, 32,64, 128} with m* = 32. We use Neya = 1,000 evaluation
prompts per setting and seed = 2026 throughout.

D.S Compute Resources

All experiments run on a single NVIDIA RTX A6000 GPU (48 GiB VRAM) with an Intel Xeon
Gold 6326 CPU and 252 GiB of system RAM. No experiment requires multi-GPU or model-parallel
execution. GPT-2 runs use peak GPU memory under 8 GiB. Pythia-1.4B runs with batch size 64 use
peak GPU memory under 24 GiB.

Per-method wall-clock. Table 1 reports the cost of a single (model, OOD setting) run for each
adaptation method. Finetune processes SM tokens, taking about 2 minutes on GPT-2 and 12 minutes
on Pythia-1.4B. Retrain, SAEBoost, and FaithfulSAE each process 100M tokens, taking about
39 minutes on GPT-2 and 4 hours on Pythia-1.4B. GAE finishes in 0.5s on GPT-2 and 2.9s on
Pythia-1.4B using a single forward pass over ~2,000 OOD activations and no gradient computation.
Faithfulness evaluation (nAOPC, nComp, ACE on 1,000 prompts) adds about 1 minute per (model,
OOD setting, baseline).

Total compute. The full result table (two models, three OOD settings, six adaptation baselines)
requires roughly 50 GPU-hours on a single RTX A6000, dominated by the Retrain-style baselines on
Pythia-1.4B. The GAE rows themselves contribute under 1 GPU-minute to this total. Pretraining of
the ID dictionaries (transcoders and SAEs on OpenWebText / The Pile) is a one-time cost that we
treat as external to the adaptation experiments.

E Additional Case Studies on Other Semantic Classes

This appendix repeats the body case-study protocol on two further HaluEval prompts whose target
tokens fall in distinct semantic classes: male first names and professions. The protocol is unchanged
from Section 5.2.3: we keep the encoder frozen, take the top-3 features by GAE causal effect on
the target token, and report each feature’s direct logit attribution to 20 class-member tokens and 10
unrelated noun controls. Fixed and GAE share the same encoder and the same top-3 features, so any
difference in attribution comes entirely from the decoder rotation.

Fixed (total: +1.00)

first name (target's semantic class) non-first name controls
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Figure 12: Per-feature DLA on a prompt predicting ¢ Henry’ (GPT-2, Transcoder). The truncated
input is “Question: What nationality was James”’; the next token is a male first name. Each cell
reports the feature’s direct logit attribution to a candidate token, with 20 male first names on the left
and 10 unrelated noun controls on the right. Fixed’s total class-specificity is +1.00 and GAE’s is
+4.51, a 4.5 amplification of the same encoder-selected features’ pull toward the first-name class.

In both cases the decoder rotation alone reproduces the body-case finding: the same top-3 features,
with the same activations, contribute more to their target’s semantic class under GAE than under
Fixed. The feature selection itself is identical because the encoder is shared.
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Figure 13: Per-feature DLA on a prompt predicting ¢ politician’ (GPT-2, Transcoder). The
truncated input is “Question: Which American”; the next token is a profession. The 20 class-member
tokens are common professions and the 10 controls are unrelated nouns. Fixed’s total class-specificity
is +0.54 and GAE’s is +-0.99. The GAE row drives several control cells negative (blue), where Fixed
leaves them positive, sharpening the contrast between the class and its controls without changing
which features were selected.

ss F  Hyperparameter Sensitivity

gos  We sweep GAE’s three hyperparameters on HaluEval (GPT-2 + Transcoder), holding the other two at
10 the defaults r =32, Noop =2000, Apres =0.2 (Figure 14).
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Figure 14: Hyperparameter sweeps on HaluEval (GPT-2, Transcoder): nComp (orange, left axis)
and |ACE]| (cyan, right axis) are stable across rank r, OOD sample size Noop, and preservation
weight Apres.

g1t Rank r: nComp stays above 0.95 for every r € {1,...,64}; rank-1 already gives 0.951, confirming
si2  that the ID-to-OOD drift concentrates in a few directions. OOD sample size Noop: |ACE| improves
s13  from 0.038 at NV =500 to 0.001 at N > 2000 as the covariance estimate stabilizes. Preservation
814 weight A5 increasing Apyes trades a small nComp decrease (0.02) for a large | ACE| improvement
815 (0.026 — 0.001), with the default near the elbow.
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